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Spectrally indistinguishable biphotons via dual spontaneous four-wave mixing processes
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We model the generation of multiple photon pairs (biphotons) through engineering of two coexisting nearly
resonant spontaneous four-wave-mixing (SFWM) processes in five-level atoms driven to a quasi-dark state
trapping regime. This is achieved through a suitable choice of two pump beams and one coupling beam whose
spectral profiles are taken into account both to provide realistic estimates for the effects of their linewidths
on atomic populations, coherences, and photon correlations and to engineer the joint spectral amplitude (JSA)
distributions of generated biphotons directly by tuning the beams’ parameters. We specifically leverage this
tunability to control the degree of spectral indistinguishability of two biphotons with ultranarrow linewidths.
The large degree of indistinguishability achievable in our model can be harnessed for advanced applications in
quantum communication and information processing and potentially adapted to compatible solid-state interfaces.
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I. INTRODUCTION

Entangled photon pairs (biphotons) are a cornerstone of
optical quantum technologies [1-6], with applications span-
ning quantum key distribution [7,8], quantum cryptography
[9], quantum computing [10,11], and quantum teleportation
[12,13]. In these applications, photon indistinguishability—
ensuring that photons are identical in frequency, polarization,
spatial mode, and temporal characteristics—is crucial for
achieving high-fidelity entangled states and robust quan-
tum interference [ 14—19]. Indistinguishable photons minimize
cross-talk and enhance interference visibility, both essential
for secure communication and accurate information process-
ing.

Various nonlinear optical processes, including sponta-
neous parametric down-conversion (SPDC) [20-23] and
spontaneous four-wave-mixing (SFWM) [24-33], have been
employed to generate entangled photon pairs. The former con-
verts a photon from a strong (laser) pump into a pair of signal
and idler photons by a second-order (x*) nonlinear optical
process that is only present in noncentrosymmetric crystals.
The latter converts two photons from one or two strong
laser pump(s) into two single photons by a third-order (x?)
nonlinear optical process. Conversely, SFWM processes are
present in a vast array of materials viz. laser-cooled, room-
temperature, or hot atoms; integrated photonic chips; and
optical fibers. Furthermore, biphotons generated in nonlinear
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crystals via SPDC have such large bandwidths (terahertz)
that they do not match the working bandwidths of quantum
memories or frequency conversion devices that are to be in-
terfaced. Cavity-enhanced methods to reduce the linewidths
of SPDC biphotons can still be used, though they are far
more cumbersome than directly generating SFWM biphotons
with intrinsically narrow bandwidths [34-37]. Additionally,
operating SFWM processes near an atomic resonance can
enable high generation rates of biphotons even at low optical
powers [33,38]. Resonant enhancement of SPDC processes is
also possible but often more challenging to implement in the
x® materials.

SFWM processes in atoms are especially amenable to
achieving the control of spectral properties of photon pairs
owing to the native (spectral) tunability of the underlying x ®
optical response. By tailoring its dispersion, photon pairs can
be generated in an atomic sample with a spread of different
target frequencies. Such a remarkable flexibility is important
for applications involving quantum states that rely on spec-
trally tunable biphotons [39-43]. Efficient spectral tailoring of
a biphoton is especially important when multiple SFWM pro-
cesses coexist in a common medium. In this case, achieving
spectral overlap among multiple biphotons being generated is
primarily challenging, as we anticipate in the present work.
Spectral control of a biphoton becomes critically important
when strong (photon) indistinguishability is required in, e.g.,
heralding indistinguishable single photons, whereby the de-
tection of a photon of the pair signals the presence of its twin,
or in creating single-photon superposition states that exhibit
frequency entanglement [44-46].

The present work focuses on an atom-based mechanism
whereby two photon pairs with ultranarrow linewidths and

©2026 American Physical Society
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FIG. 1. Diagram of a five-level atomic system, where a pump
wp1 (wpy) and a coupling w, field are applied to generate a Stokes
ws1 (wy52) and an anti-Stokes w1 (w,4y2) photon through the SFWM
process A (B) starting from ground state |1) (|3)) as denoted by the
blue (red) lines. In the absence of all generated fields, this five-level
system reduces to two subsystems: a A subsystem driven by two
pump fields and a two-level subsystem driven by the coupling
field. A quasi-dark state trapping most populations in ground states
[1) and |3) can be attained in the A subsystem, which enables
the SFWM generation of {w;, w.1} and {ws,, w.n} photon pairs
even at exact resonance. The D, line of 8’Rb atoms is chosen here
with states |1) = [5Si0, F = 1,m = —1);|2) = |58ip, F =2, m =
1):13) =158, F =1,m=1);|4) = |5P;5, F =1,m=0); and
[5) = |5Py)2, F =2, m = 0) as an example.

a large degree of spectral indistinguishability can be effi-
ciently created by establishing a quasi-dark state trapping
regime. More specifically, this hinges on the creation of
two pairs of Stokes and anti-Stokes photons, {wy;, @y} and
{ws, was0}, via two partially overlapping SFWM processes
(A and B) within the five-level atomic configuration shown
by Fig. 1. Our independent biphotons can be employed to
create heralded indistinguishable single photons, e.g., through
coincidence counting of two anti-Stokes photons from dif-
ferent transitions |4) <> |1) and |4) < |3). Indistinguishable
single photons are certainly sought for in applications such
as two-photon interference and entanglement swapping [47].
Such a swapping is essential to long-distance quantum com-
munication [48,49]. Our independent biphotons can also be
employed to create heralded single-photon superposition state
involving two anti-Stokes photons [41] triggered, e.g., by
detecting indistinguishable Stokes photons from the same
|5) <> |2) transition. The resulting state exhibits frequency-
entanglement characteristics, akin to the well-established
phenomena of path entanglement and time-bin entanglement,
that have long been fundamental to quantum information
protocols [50-53]. More generally, multipair generation in a
single system is interesting in itself as it enhances scalabil-
ity and information carrying capacity of quantum devices. A
scheme to multiplex two coexisting SFWM processes in a sin-
gle cold atomic setup has been used to generate a narrow-band
four-photon Greenberger-Horne-Zeilinger state [54].

Moreover, it is important to recall that within this context
light-atom interactions depend on the frequency distributions
of driving beams involved, though the complexity of each
SFWM process often causes the effects of laser linewidths
to be overlooked. Building upon a previously developed
model [38], extended here to a five-level atomic configuration
supporting two SFWM processes, we additionally incorpo-
rate the explicit linewidth effects for two pump beams and
one coupling beam. That is, we solve density-matrix equa-
tions through energy-conserving integrations over Lorentzian
spectral profiles [55-57] to evaluate the actual influences
of finite laser linewidths of the beams on the spectral in-
distinguishability of two photon pairs. Unlike the familiar
antidiagonal spectral dispersion lines observed for monochro-
matic setups [34-37,58—63], our numerical analysis confirms
that finite laser linewidths give rise, as expected, to spindle-
shaped distributions of two joint spectral amplitudes (JSAs)
for the two {w;1, wa} and {wy, wun} pairs of photons.
Interestingly, we find that by primarily tuning the central
frequencies of the multimode pump beams, both JSAs can be
actively tuned to achieve nearly perfect overlap and hence a
large degree of spectral indistinguishability.

II. THEORETICAL MODEL

We consider in Fig. 1 a five-level atomic system where
two pump fields and one coupling field of amplitudes (fre-
quencies) E,i, Ep, and E. (wp1, @y, and w.) are applied
upon three dipole-allowed transitions |1) <> |5), |3) < |5),
and |2) < |4) with dipole moments (frequencies) ds, dss, and
dyy (ws1, ws3, and wyp), respectively [38]. Then, we can define
the corresponding detunings A, = ws; — @wp1, Ap = ws3 —
wp, and A, = wy — . as well as Rabi frequencies 2, =
Ep1d15/2h, sz = Ep2d35/2fl, and QC = Ecd24/2fl. Consid-
ering the general case of A, # A, a pair of Stokes and
anti-Stokes photons with Rabi frequencies 25; = Eg1das/2h
and Qg = Ey1di4/2h as well as detunings Ay = wsy —
ws1 and Ay = w41 — wys1 Will be generated through the
SFWM process |[1) — |5) — |2) — |4) — |1) (process A,
corresponding to the blue paths in Fig. 1). Another pair of
Stokes and anti-Stokes photons with Rabi frequencies Q2,, =
Exdys/2h and Q2,0 = E 0d34/20 as well as detunings Ay, =
wsy; — wy and Ay = w43 — waep Will be generated through
the other SFWM process |3) — |5) — |2) — [4) — |3) (pro-
cess B, corresponding to the red paths in Fig. 1). It is easy to
see that processes A and B share the same coupling transition
but involve different pump transitions starting from ground
states |1) and |3), respectively.

The population in excited state |4) will decay to ground
states |1), |2), and |3) with spontaneous emission rates Iy,
Iy, and T'43, while that in state |5) will decay with rates
I's;, I'sp, and I's3 to states |1), |2), and |3). The coher-
ence associated with transition |i) <> |j) will decay instead
with the dephasing rate given by y;; = > ,(I'y +T)/2,
where [ £ i # j may also include states that are external
to our five-level atomic system. In this regard, we have
indeed yu1 42,43 = ¥51.52.53 = ¥, with y referring to the com-
mon natural linewidth of all six single-photon transitions.
Note also that, in previous SFWM studies, coherent atom-
field interactions have commonly been treated employing
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single-frequency continuous-wave laser beams for simplic-
ity [24,33,64-66]. However, laser beams always have finite
linewidths, which is a feature we wish to incorporate for
obtaining more accurate descriptions. That is, the pump and
coupling fields should be characterized by a spectral distri-
bution of frequencies w;, modeled here using a normalized
Lorentzian profile,

O P — —
7 (wj — ;) + Y

(D

where @w; and y; with j € {pl, p2, ¢} denote the distribution’s
central frequency and its half linewidth.

The basic procedure for including laser linewidths in a sim-
pler three-level A system via the quantum-Langevin approach
is given in Appendix A. Following the same spirit, it is viable
to examine the coexisting SFWM processes A and B in our
five-level atomic system with laser linewidths of all three driv-
ing fields suitably accounted for as detailed below. To reduce
the complexity arising from multiple atomic levels and finite
laser linewidths, we now consider that the generated Stokes
and anti-Stokes fields are weak enough to be taken as pertur-
bations. In this case, atomic populations and coherences can
be decomposed into zeroth-order and first-order components,

J

with higher-order ones being safely neglected. Accordingly,
we have written down Heisenberg-Langevin equations for
the zeroth-order components in Appendix B and the first-
order components in Appendix C for process A while in
Appendix D for process B. Zeroth-order solutions reveal pop-
ulations in five atomic states and coherences for the applied
pump and coupling fields, while first-order solutions describe
linear and nonlinear optical responses to the generated Stokes
and anti-Stokes fields.

III. ATOMIC POPULATIONS

In the absence of spontaneously generated Stokes and
anti-Stokes fields (€251 451.52.052 — 0), our five-level atomic
system reduces to two separate subsystems: a three-level
11), 13), 15)}) A-type subsystem and a two-level ({|2), |4)})
subsystem. The corresponding zeroth-order dynamics in-
volves equations for 25 density matrix elements P,‘(,(')) with
i,je{l,2,3,4,5}, whose solutions yield both populations
(i = j) and coherences (i # j) (see Appendix B). In partic-
ular, steady-state solutions corresponding to 9, pi(](.)) = O canbe
found and used to compute the following ones averaged by all
Lorentzian profiles

o (Pu) = / dwp1 f(@p1) / dwpf(@p) / docf @ )P (@p1, @52, @)

0
Vpl VPZchi(j )(Cl)pl » Wp2, )

1 00 po0 oo
= — dw,dwpdo,
3 /;oo /;oo /;oo ’ r [(wpl -

with Py = {@wp1, @p2, @e, ¥p1, Vp2, Yo} denoting the set of
driving parameters accounting for spectral distributions. They
will be used to describe how the two subsystems respond
together to an additional (weak) Stokes or anti-Stokes field,
when atoms are driven by multimode pump and coupling
fields. Hence, the optical responses of our five-level atomic
system are in general modified or dressed by broadband elec-
tromagnetic excitations via P.

Notice that Eq. (2) is valid only when the two pump fields
are correlated in their phase fluctuations (see Appendix A).
It is also well known that, under two-photon resonance
conditions (A, = A,), the A-type subsystem exhibits the
following dark state [38,67-71]:

Q

_ P2 $2
V2 4+ 1
pl p2

1
D) - P13
V&, + Q)

) ) 3)

so that when both y3; — 0 (i.e., no ground-state dephasing)
and y,1 = ¥, — 0 (i.e., zero pump linewidths), most pop-
ulations will be trapped in |D) with 01((1)) + 03(2) — 1. This is
critical for attaining efficient SFWM resonant biphoton gener-
ation in the presence of little linear absorption and Raman gain
[33,38]. Conversely, when the two pumps are not two-photon
resonant and we account for the finite pump linewidths, our
five-level atomic system will not support the ideal dark state
|D). Deviations may be assessed by examinin§ how two
population sums 0'1((1) + 03(2 ) and 02(2) + aﬁ) + 05(5) vary with
central pump detunings A 10 = ws; — @y and A g = ws3 —

@p1)? + szl][(“)ﬂ —wp) + 7/52][(“)6 —w) + ch] ’

2

(

@ ,» while taking a resonant coupling (A.y = w4 — @, = 0).
This has been done in Fig. 2 for y,; = yp» = y. = yr, which
shows that a narrower linewidth (27 x 20 kHz) allows for a
tighter population trapping within dark state |D), as ‘71(?) +
03((3)) remains close to unity (0.96) while 02(2) + aﬁ) + 05((5)) is
still quite small around Ao = Apz. In contrast, a broader
linewidth (27 x 200 kHz) leads to an essential population
transfer outside of dark state |D), as indicated by the signifi-
cant decrease of ‘71((1)) + 03(2) in a wider range around A, =
Apo. That is, the common linewidth and central detunings
of driving beams are both crucial for maintaining the dark-
state condition and hence optimizing biphoton generation. In
general, dark-state trapping benefits from using a narrower
common linewidth and nearly equal central detunings of the

two pumps.

IV. LINEAR AND NONLINEAR SUSCEPTIBILITIES

The Stokes and anti-Stokes photon pairs {w;si, g1} and
{ws2, was0} can be generated through SFWM processes A and
B as shown by blue and red paths, respectively, in Fig. 1,
which involve the annihilation of different pump photons w),
and w,, but a common coupling photon w,. In our specific
context, biphoton generation takes place through a five-level
open interaction loop in a regime of quasi-dark state trapping.
This is a condition that prevents population redistribution
among different states and effectively makes our five-level
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FIG. 2. Populati O 4o d
. 2. Population sums o, + o033 (a;, by) an

a§§>+a;2>+a§§)(az,b2) within and outside of the dark state,

respectively, plotted against central pump detunings A ;o and A
for a common laser linewidth y; = y,1 0, = 2w x 20 kHz (a;, a,)
or 2m x 200 kHz (by, by). Other parameters are y = ysq/2 =
V53,5251 = Ya3.42.41 = 25040 = 6F53,51,43,41 = 2m x 3 MHz,
V32,3121 = 2w x 3 kHZ, QPLPZ = )//6, QC = 4)/, and AC() =0.

atomic system to exhibit two nearly independent SFWM pro-
cesses. This is thoroughly discussed in Appendixes C and
D, where we explicitly provide the full set of density-matrix
equations for processes A and B, respectively.

Since the generated Stokes and anti-Stokes fields are very
weak, the first-order perturbative approach with respect to €2
and 2,4, in process A while to 2, and 2, in process B will
be employed to describe the biphoton generation mechanism.
For process A, density-matrix equations can be solved in the
steady state with o, pi(.l) = 0 to obtain ,oi( b containing only
first-order terms of 2, and €2,,. Note in partlcular that p(l)
and p, 1) determine polarizations Ps, = Nydas ,052 at the Stokes

frequency and Py; = Nodi4 pﬁ) at the anti-Stokes frequency,
respectively, for an atomic sample of density Ny through

Ps; = €0X§11)Es1 + GOXS(i)a‘Y]EplECE;;lv (4a)
Py = EOX;:l)Easl + GOX;S?J]EplEcEs*y (4b)

Here, x{! denotes a linear susceptibility whose real and imag-
inary parts govern, respectively, the dlspersmn and absorption
(or Raman gain) of w, photons, while x, ) is a nonlinear
susceptibility accounting for the subsequent generation of wy
photons with already existing wg photons [33]. It is easy to

learn by comparing Ps; and Py in Eq. (4) that only xml s
needs to be considered in the following discussions, while
X s(13 ’)asl can be neglected because population ,oég) in state |2) is
vanishing so that w,; photons must be generated before wy
photons.

Before concluding this section, we briefly recall relevant
optical responses of our atomic sample to the generated w;
and wyy fields in the monochromatlc hmlt by computing in

Fig. 3 susceptibilities Xfl , Xxl’, and xml , for a vanishing

laser linewidth (y; = 0). Linear susceptibility Xs(11 ) describes
a transition channel between two weakly populated states |5)
and |2) with negligible Raman gain for all values of Stokes
detuning Ag;. In the anti-Stokes channel, linear susceptibil-
ity X;Q exhibits an electromagnetically induced transparency
(EIT) window centered at A, = 0 with absorption strongly
suppressed between two peaks centered at A, = +4y. Non-
linear susceptibility Xasl 41 seems more prominent around both
absorption peaks but is also essential around the EIT win-
dow, where we have more efficient biphoton generation as

shown in the next section. With finite linewidths (y; # 0), X;Q
(1) 3)

asl,sl
increase noticeably. For instance, the magnitude of ng 5 will
increase by about eight times at y;, = 27 x 20 kHz and about
30 times at y;, = 27w x 200 kHz, compared to that attained in

the monochromatic limit (examined but not shown).

remains nearly unchanged, while both x ,’ and x will

V. NONLINEAR PHOTON PAIRS GENERATION

The nonlinear spontaneous generation of Stokes and anti-
Stokes photon pairs for SFWM process A can be described by
the effective Hamiltonian [38]

N €A [T Al A
At = 5 [ denS B DB G 0B G DE o1
0

+Hec., ®)

with L being the interaction length and A the area that the
Stokes and anti-Stokes photons cross as they propagate in
the z direction. Note that we just include me 41 arising from

10° Tm %Y

Asl/"{

FIG. 3. Real (red-solid) and imaginary (blue-dashed) parts of (a) X;ll), (b) X(l) and (c) X(3)

Aas] /Y

Aasl /Y

plotted against their respective detunings Ay

asl? asl,sl

or A in the monochromatic limit of y;, — 0 so that A,jp = A1, Ay = Ap, and Ay = A.. Other parameters are the same as in Fig. 2

except atomic density Ny = 9 x 10" em ™3,
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pﬂ) in H;(¢) because an essential population can be found in

state |1) while neglecting the contribution of X‘v(l3,)as1 arising
from ,oélz) because state |2) is roughly empty in the "quasi"-
dark-state regime. This aligns with the fact that Xs(l3,)asl has
no contributions to the biphoton generation rate given below
due to a vanishing contour frequency integration of this com-
plex function in the upper half-plane [27]. In this regime, we
have also very weak nonlinear (SFWM) interactions, which
make the simultaneous generation of multiple Stokes and anti-
Stokes photon pairs unlikely. Within such a weak scattering
limit, the well-known first-order term in the dynamic evolu-
tion viz. 1 + % f dt B,(t) projects the vacuum state |0) onto
the general state |) = |0) + |W)4 + - - -, where

|\I">A :/‘da)sl/‘da)asll:/dwplfpl(wpl)

« / Ao f(@)jal. )

X 8(0)5 + wp] — W51 — wasl):|a;r1 (wsl)&le(was1)|0)~

(6)

The § function in |W), indicates energy conservation and
arises directly from the time integration of H;(t), following a
multimode expansion of two classical driving fields in terms
of complex amplitudes {E,, E.} and frequency-dependent
envelopes {f,1., fc} as well as a standard procedure for the
quantized Stokes E,; and anti-Stokes £, fields [72]. Note
also that the product

Jal. ) =L xkalo..) x ®al...) 7)

comprises the nonlinear wave-mixing function

A/ WOs1Was1 (3 E

and the phase-mismatch function

iAksLY . AksL
@A(...)zexp(— > )smc( > ), 9

which arises instead from the space integration of Hj(r).
Here, we have denoted by Aky = kp — kg + ke — ka1 the
mismatch of wave vectors, including k,;; = @gs17451/c With
ngs1 = (1 + Xgl))l/ 2 being the refractive index at the anti-
Stokes frequency that is, in turn, directly related to the linear
component of p;’. Similar expressions and discussions hold
for k1, kg1, and k.. Moreover, (...) is a shorthand for all
frequency dependencies appearing in the linear and non-
linear components of pﬂ), required to determine the linear
ngil) and nonlinear X;s%,ﬂ susceptibilities in Egs. (8) and (9),
hence their product j4. These explicitly consist of the pump
(wp1), coupling (w.), and photon pairs (wyi, wa1) frequency
variables besides the set of driving parameters P, used in
Eq. (2). .

We recall that H; in Eq. (§) is an effective Hamiltonian,
through which we have accounted for the effects of two pump
and one coupling linewidths indirectly through the linewidth-
averaged zeroth-order populations and coherences cri(o) that
contribute to both linear and nonlinear susceptibilities (see
Appendix C). That means we adopt here a description of our
atomic sample’s optical responses in terms of dressed linear
and nonlinear susceptibilities because they are built from so-
lutions of Egs. (C2) that depend on the zeroth-order averages
oi(jo) in Sec. IIL.

Direct linewidth contributions of one pump and the cou-
pling field to photon pair state |W),, represented by the
square-bracket term in Eq. (6), are included by convolving
Ja(...) with the spectral envelopes f,1(wp1) and f.(w.) under
the condition of energy conservation. This yields the joint

ka(...) = i ast.s1EprEe ®) spectral amplitude (JSA) [35-37],
J
o .
Yp1Ve (w , Ws1, Wasl, Pd)
JA(wsl,wm,Pd>=/ dwy— e JA el Bl D) — (10)
—00 T [(Cl)pl —wp)* + V,;]][(a)sl + Was1 — Wp1 — @)+ Vc]
where w, has been replaced by w1 + w41 — @)1 in the expressions of j4 and f.. The biphoton state then becomes
W)y = / dws, f dwas1 Ja (@31, s, Pa)atly (@412 (@as1)10), (11)

where J, gives the degree of spectral correlation between two photons emitted in pair while its square |J4|? refers to the joint
spectral intensity (JSI), a directly measurable quantity in experiment. For driving beams with vanishing linewidths {y,1, .} — 0,
Ja recovers jy as a point-wise JSA evaluated at the pump (z,1) and coupling (=) central frequencies [38] with the generated
biphotons subject to the constraint of wy; + w51 > @y + @, emerging from the §-function limit of the Lorentzian modulation.
For driving beams whose linewidths {y,, y.} are nonzero but sufficiently smaller than the spectral variations of phase-mismatch
@ and wave-mixing « functions, i.e., for Lorentzians that are much narrower than the linear and nonlinear spectral responses,
we can still set w,; — @, and w. — @, inside j4 to approximate J4 as

oo

. VYp1Ve
Ja(wst, wast, Pa) = jalwst, o 1,73d)></ dwp
) “ ’ “ —o0 4 772[((1)/71 — Wpi1 )2 + Vgl][(wxl + was1 — Wp1 — ZUC)2 + VCZ]

12)

L P 1 2y
= Ws1, Wasl X — .
Jakest ! ¢ T (wsl + Was1 — Wpl — wc)z + (ZVL)2

13)

The final expression has been obtained by taking y,i = y. = y. under a narrow bandwidth approximation.
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FIG. 4. (a) JSA modulus |J4| plotted against detunings Ay and
Agr. (b—=d) |J4| plotted against detunings A, and A,y after a 45°
rotation. The common linewidth of two pump beams and one cou-
pling beam is set as y, = 2w x 20 kHz (a and b), 27 x 2.0 kHz (c),
and 2w x 0.2 kHz (d), which result in different detuning scales in
(b), (c), and (d). Other parameters are the same as in Fig. 3 except
L = 100 um.

In Fig. 4(a), we plot |J4] in Eq. (10) as a function of
Stokes Ay and anti-Stokes A ;5 detunings. Two slender bright
regions along the antidiagonal pinpoint the spectral domains
where the w;; and w,; photons are most likely to be generated
in pair. This is a distinctive feature of the spindle-shaped JSA
profile displaying how the wy; and w,g photons are spectrally
anticorrelated due to energy conservation. Such correlations
are crucial for applications that rely on strongly correlated
photon pairs. We also introduce in Fig. 4(b) a transformation
(rotation) to the overall detuning As = A, + Ay (antidiag-
onal direction) to provide a better preview of the results. The
mean extent of this overall detuning turns out to be approxi-
mately 2y;, when the pump and coupling beams are resonant
(Apio = Ao = 0) with equal linewidths as considered in
Fig. 2. A comparison of Figs. 4(b), 4(c), and 4(d) reveals that
the photon pair’s linewidth is primarily determined by y;, only
in certain cases. As y; decreases, its influence on shaping the
photon pair’s linewidth becomes clearly less and less relevant.
In particular, Fig. 4(d) shows that, while the photon pair’s
linewidth (FWHM) is approximately 4 x 1073y, the average
overall spread of A4 induced by the pump and coupling beams
is more than an order of magnitude smaller.

Notice, on the other hand, that the approximation given
by Eq. (12) provides a basic understanding into how the
common laser linewidth y; can influence the overall JSA:
Ja(ws1, was1, Pg). The latter consists, in fact, of a point-wise
function ja(@p1, ws1, Was1, Pa) at central frequencies @ and
@, of two driving beams modulated by a Lorentzian distribu-
tion at twice the linewidth 2y;, as a result of the convolution
integral in the first line of Eq. (12). The linewidth dependence
of Jy is therefore tied both to such Lorentzian modulation and
to the point-wise function j4. The former modulation clearly
yields a broadening of the peak as the linewidth increases,
and this closely aligns with the broadening of the spectral
amplitude observed at larger y,’s in Fig. 4. The latter ju

5.0 105+
(b)
5 -
T2 R
— <
".o 5]

o
=)

80 0.01 0.26 0.51
T4 (1S) Q/ly=Qy,/y

FIG. 5. (a) Intensity correlation function Gf) plotted against time
delay t4 and (b) biphoton generation rate S, plotted against pump
Rabi frequencies 2,; = 2, for the common laser linewidth y; of
values 27t x 200 kHz (red solid), 2 x 20 kHz (blue dashed), and
2w x 2.0 kHz (green dotted). Other parameters are the same as in
Fig. 4.

function, primarily governed by the nonlinear susceptibility
X(Sl) 51» 1s enhanced instead for larger y;’s (see Sec. IV). The
overall dependence of J4 on y; is then governed by the in-
terplay between the Lorentzian modulation and the nonlinear
response of the medium. Above, we have considered that
the phase-mismatch function ®,4 is largely insensitive to the
variations in y;, (not shown), which is why k4 and hence j4
basically depends on X;jisl.
Next, we consider the intensity correlation function,

G (o1, tas1) = {0181 (151 aast (tas)| W), (14)

between a Stokes photon (w,;) generated at time f,; and an
anti-Stokes photon (w,) generated at time 7,5 [27]. Here,
a;(t;) is an inverse Fourier transformation of the annihilation
operator a(w;) appearing in Eq. (6) with

1 .
a:(t)= — | dw;a;(w;)e ", 15
i) /—27_[/ jaj(w)) (15)
and obeys the commutation relation
[a;(t)), &;(t})] =8t —1). (16)

With the help of Eq. (11), this intensity correlation function
can be written in a more explicit form as

2
G ()
L2 : |
= 4_7_[2 // dw.vldwaleA(wsl » Wasl, ,Pd)eil(A'ﬂiAM)rA/ P

7)

which just depends on the time delay t4 = 7,5 — t;; since
our dressed atomic sample is statistically stationary so that
the generation of {wy, w,s} photon pairs is time-translation
invariant. The relevant generation rate can finally be computed
through S, = fdrAGg )(74).

Both intensity correlation function Gf) and biphoton gen-
eration rate S4 have been calculated in Fig. 5 for three different
values of the common laser linewidth y;. We can see from
Fig. 5(a) that Gf) exhibits significantly enhanced maximal
amplitudes at two specific values of t4 while keeping roughly
unchanged oscillating profiles as y; increases from 2w X
2.0 kHz to 2w x 20 kHz until 27 x 200 kHz. In Fig. 5(b),
Sa shows a nonmonotonic and nonoscillatory dependence on
pump Rabi frequencies 2,1 = R, and is also significantly
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enhanced with the increase of y;. Moreover, we find that opti-
mal pump Rabi frequencies corresponding to most efficient
biphoton generation appear in a wider, flatter, and higher-
valued range with the increase of y.. Note, however, that a
large enough y;, may result in a remarkable population transfer
outside of the dark state, hence increasing the linear absorp-
tion and Raman gain of generated photon pairs (see Fig. 2). In
this regard, we need to pursue a balance on achieving efficient
biphoton generation and maintaining dark-state stability by
carefully controlling yy.

VI. INDISTINGUISHABILITY
OF TWO SFWM PROCESSES

We have analyzed frequency and time correlations of the
{ws1, w451} photon pairs through joint spectral amplitude Jy
and intensity correlation function G?, respectively, in Figs. 4
and 5. Process B can be treated similarly by introducing
another joint spectral amplitude Jz and another intensity cor-
relation function Gg), following the same approach as for
process A, along with newly defined parameters Ag = A, +
Ay and g = ;0 — ty. [tis not difficult to imagine that Jp and
Gg) would exhibit the same behaviors as J4 and G(z), respec-
tively, in the symmetric pump case of 2,; = ,; and Ao =
A »0. We now proceed to identify with numerical analysis the
parameter regimes of Q2,1 # Q7 and A9 # Ao, Where Jy
and Jp are still indistinguishable as y; is varied, but will not
examine the difference between Gﬁ\z) and Gg) since it is trivial
for comparing processes A and B.

Once again, we consider that states of higher photon num-
bers can be ignored in the weak spontaneous scattering limit.
Then, the overall output state including both process A and
process B can be expressed as

[WU)oue 2 [0) + [W)a + [¥)5, (18)

with the biphoton state for process B being [cf. Eq. (11)]
[W)p

— / deoss / A5z, Guszs Pl (@52)a] (0as2)]0),
(19)

where Jg(ws2, Was2, Pg) 1S given by an expression analogous
to Ja (w1, was1, Pa) in Eq. (10) upon a suitable label exchange
(1 <> 2) for pump fields and photon pairs. The degree of spec-
tral indistinguishability between the photon pairs generated
through processes A and B can be assessed by computing the
normalized mismatch

Bl = al
Tl + Jal’

with D; approaching zero indicating best spectral frequency
indistinguishability at variance with D, approaching +1 in-
dicating that one process exhibits a significantly different
joint spectral intensity than the other. Recall that the quan-
tities directly measurable in experiment are typically the JSI
functions |J4|? and |J|? for processes A and B, respectively.
Even when the overall output state |W),, is employed for
the heralded generation of color-entangled photons, the rel-
evant figure of merit (i.e., negativity of partial transpose) only

J (20)

depends on |J4| and |Jp| and achieves its maximum value
(unity) when D; = 0 [41]. The variations of D; reported in
Figs. 6 and 8 across the two-parameter spaces of pump central
detunings and Rabi frequencies then offer valuable insights
into minimizing spectral differences and hence into the in-
distinguishability of biphotons created via different SFWM
processes. While D; characterizes the spectral distinguishabil-
ity between processes A and B, the relative phase of J4 and J
may also affect their overall indistinguishability. This may be
assessed instead through the phase-sensitive mismatch, D; =
[Tg — Jal/+/1Ig|2 + |J4|%, whose results are also presented in
Figs. 6 and 8 for comparison.

A. Effects of pump detunings

In order to study the effect of pump detunings (and later on
of Rabi frequencies), we fix our attention on J4 for values of
Ay and Ay corresponding to one of the maxima appearing
as red spots in Fig. 4, and similarly for Jg, while other choices
of Stokes and anti-Stokes frequencies lead to analogous re-
sults (another example being discussed in Appendix E). We
show in Fig. 6 a detailed analysis of JSA moduli |J4| and |Jg|
along with their normalized mismatch D, in relation to central
detunings A,jp and A 5y of the two pumps. It is easy to find
from Figs. 6(a) and 6(b) that |J4| and |Jp| are both nonzero
only in a small region centered at {A ;0 = 0, A 50 = 0} while
their maxima appear around {A ;0 = 0, A0 = £0.05y} and
{Ap10 = £0.05y, Apg = 0}, respectively. In any case, |J4|
and |Jp| in their coexisting central region are roughly equal
and at most about 5.3 times smaller than their maxima found
in orthogonal off-centered regions, indicating thus an essential
indistinguishable generation of the {w;, w41} and {wy, wus}
biphotons. The degree of this spectral indistinguishability can
be assessed from Fig. 6(c), where we find D; &~ 1079 at point
(Ap10, Apzo) = (0, 0) and thus have a spectral indistinguisha-
bility approaching 100% around this central point. Increasing
the common laser linewidth y; from 27 x 20 kHz to 27 x
200 kHz, we further find from Fig. 6(d) a remarkable change
of Dy, which varies within +0.93 at the 20-kHz linewidth but
within £0.1 at the 200-kHz linewidth. This reduction of |Dy|
owing to an increase of y;, not only reflects an enhanced spec-
tral overlap between |J4| and |Jp| in orthogonal off-centered
regions, but also corresponds to a broader coexisting central
region where |J4| and |Jp| remain nearly identical to result in
D 7 — 0.

It is also clear, upon a close inspection of Figs. 6(c) and
6(d), that a large degree of spectral indistinguishability occurs
near both diagonals even for quite large values of |A ;0| =
[Apiol, where |J4] and |J/z| must exhibit an optimal overlap
with minimal variations. Keep in mind, however, that |J4| and
|Jz| become very small when deviating from the coexisting
central region along both diagonals, so that the correspond-
ing indistinguishability is meaningless since biphotons cannot
be efficiently generated. For comparison, we also show in
Figs. 6(e) and 6(f) the phase-sensitive metric D;, which is
small only along the main diagonal (A9 > A,jp) while it
grows large along the antidiagonal (A >~ —A,10) because
here the relative phase between J4 and Jp is close to 7. To be
more specific, at (A 19, Apg) = (0.05y, —0.05y), we have
|Dy| = 0.005 corresponding to a 99.5% indistinguishability
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FIG. 6. JSA moduli |J4| (a) and |Jp| (b), normalized mismatch D, (c), and phase-sensitive mismatch Dy (e) for yL = 2m x 20 kHz plotted
against the pump detunings Ao and A . Same in (d) and (f) for a larger linewidth y; = 27 x 200 kHz. Here we set A,y = —Ay =
3.9 y and A, = —Ay = 3.9 y corresponding to best SFWM efficiency generation, respectively, for process A and B [see Fig. 4(a)]. Other

parameters are the same as in Fig. 4.

just in amplitude but |D,| ~ 0.9 corresponding to a 10% in-
distinguishability including phase.

Examining the case of two pumps with different central
detunings (A0 # Aj0) in Fig. 7, we observe that JSA mod-
uli |J4| and |Jg|, reflecting the joint detection probability
spectrum of processes A and B, exhibit a gradual deviation
from the complete overlap. While for equal detunings (A 19 =
Apo) |Jal and |Jp| fully overlap with vanishing values of Dy,

8 — B >5 0.9
- m3-~s -
N Jo~3 =,
7o Pa0THED g 00
&) o
z B >s =
z d3~s Z
< <
o1 @) 0o~3 i) -0.9
20.1 00 015 (10° 1) =0.1 0.0 o1
Ap/yorAgly Ay /yorAgly ’
d B >s 8 0.9
- H3-~s
% ‘.’ Oo~3 =
< W (0% HzY)
5 0 . <0 0.0
2 B >s 5
2
= ‘ g3~s =
< 3 (b)) go-~3 <
0.1 0.0 0.1l 0*HzYy 8 0.0 0.1 D*°9
Ay /yorAgly Ay/yorAgly !

FIG. 7. (a;) JSA modulus |J4| (red) plotted against A, and
Ay and |Jp| (blue) plotted against Ap and A, for two narrow
pumps (y. = 27 x 20 kHz) symmetrically detuned slightly off res-
onance Vviz. Apjg = —App = 0.02y. (b;) Same as above for pumps
asymmetrically detuned viz. A,p = 0.04y and A,y = 0. (az) Nor-
malized mismatch D; between |J4| and |Jp| in (a;). (b)) Mismatch
D, for the two JSA’s |J4| and |Jp| in (by). Other parameters are the
same as in Fig. 4.

indicating optimal indistinguishability, tiny symmetric detun-
ings (Apio = —Apo) as in Fig. 7(a; ) or asymmetric detunings
(Apio # —Apo) as in Fig. 7(by) restrict the spectral over-
lap to regions around, respectively, Ay p >~ Apio + Apypo =0
and Ap g > Apig + Ay # 0, where |J4| and |Jp| are signifi-
cantly smaller than their maximum values.

B. Effects of pump Rabi frequencies

Next, in Fig. 8 we plot |J4| and |Jp| and their corresponding
mismatches D, and D; against the two pump Rabi frequencies
2,1 and . In Figs. 8(a) and 8(b), the color scale from blue
to red indicates increasing values of |J4| and |Jg|, with red
areas corresponding to higher probabilities of biphoton gener-
ation. It is clear that |J4| and |Jp| are sensitive to the changes
of pump Rabi frequencies and exhibit distinct regions of high
and low values. Again, along the diagonal (2,; = »), the
{ws1, was1} and {wy, w452} biphotons exhibit identical gener-
ation probabilities, leading thus to D; — 0 and the optimal
spectral indistinguishability as depicted in Figs. 8(c) and 8(d).
The corresponding phase-sensitive metric D; displayed in
Figs. 8(e) and 8(f) varies between 0 and 1 and follows the
same overall trend as Dy, i.e., approaching zero along the
diagonal where the two JSAs keep roughly equal in both
amplitude and phase. Deviating from the diagonal, e.g., with
Qp = y/3and Q,, = y /6, the two metrics become evidently
nonzero to different extents, giving |D;| ~ 0.25 (a 75% de-
gree of indistinguishability) and |D;| ~ 0.34 (a 66% degree
of indistinguishability). Note also that, with the increase of
laser linewidth y; from 20 to 200 kHz, the overall distributions
of both D; and D; become slightly narrower, although rather
good spectral indistinguishability is still maintained close to
the diagonal. In this regime, the phase contribution appears
minor, and amplitude matching remains the dominant factor
determining the spectral overlap between the two SFWM pro-
cesses.
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FIG. 8. Same as in Fig. 6 for the moduli |J4| (a) and |Jp| (b), with their normalized mismatch D, (c and d) and phase-sensitive mismatch

D; (e and f) plotted against pump Rabi frequencies 2, and Q,,.

With equal pump Rabi frequencies €2, = €, as consid-
ered in Fig. 4, JSA moduli |J4| and |Jp| should fully overlap
to result in the optimal indistinguishability with D; — 0 for
all frequency components of the {w;,1, w41} and {wy, was}
biphotons. In another case of Q2,5 # Q,,, however, we can
see from Fig. 9 that the spectral distributions of |J4| and |Jg]
turn out to be different in width though their centers and
shapes remain similar, restricting thus the indistinguishability
to only partial frequency components of the {w;;, w41} and
{ws2, wqs2} biphotons. To be more specific, due to 2, > Q2
as considered here, the {w;, w,s} biphoton can be generated
in a wider region with a lower probability than the {wy,, w5}
biphoton because |J4| exhibits a wider profile and a lower
amplitude than |Jp|. This makes D, no longer vanishing for
all frequency components of the paired biphotons generated
via two different SFWM processes.

VII. CONCLUSIONS

In summary, we have proposed an effective scheme for
generating a pair of indistinguishable biphotons via dual
SFWM processes in specific five-level cold atoms driven
by realistic laser sources. The accurate characterization of

Lorentzian spectral profiles for three driving beams not only
provides practical estimates of the atomic interface’s optical
responses including populations and coherences, but also of-
fers a straightforward way to control the JSA moduli |J4| and
|/p| and further quantify their normalized mismatch D; and
the phase-sensitive metric D;. Unlike crystal nonlinearities
typically characterized by frequency-independent susceptibil-
ities, in our atomic scheme the nonlinear optical responses
to two Stokes and two anti-Stokes components of the paired
biphotons strongly depend on corresponding frequencies. Ac-
cordingly, |J4| and |Jg| exhibit a significant spectral overlap
to yield a good spectral indistinguishability under specific
atomic sample preparation and driving conditions, among
which the most important one may be the narrow-linewidth
approximation of driving beams. In the case of two reso-
nant (A,j0 = Apo) and balanced (£2,) = Q2,,) pumps, for
instance, we find that D; — 0 and D; — 0 while both |J4]
and |Jp| remain appreciable, e.g., on the order of 108 Hz !,
confirming an efficient generation of photon pairs with a
concomitant large degree (up to 100%) of the spectral in-
distinguishability. Increasing the linewidths of driving beams
enlarges the parameter region where the indistinguishabil-
ity occurs, though this must be balanced against enhanced

- B T —
Zo Zo fg 0
% P g
< < >
- TL | ——
Sl
5@ : o 50 ‘ o g 0.2
0.1 0.0 0.1 0.1 0.0 0.1 201 0.0 0.1 :
Ayly 1, (10% Hz'Y) Ay ly g (10 Hz) AplyorAgly D,

FIG. 9. JSA modulus |/, plotted against A4 and A, (a) as well as |Jg| against Ag and A,y (b) along with their normalized mismatch D,
(c) for y;, = 2w x 20 kHz. Other parameters are the same as in Fig. 4 except 2, = y/3 and 2, = y /6.
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linear absorption and Raman gain associated with excessive ACKNOWLEDGMENTS
broadening.

Biphoton sources are basic building blocks for achieving
the required photon indistinguishability in heralding schemes.
For instance, the large degree of biphoton indistinguishability
observed here can be harnessed to obtain highly indistinguish-
able single photons via heralding messages [73] or coherent
and tunable heralded single-photon entanglement [41]. Both
of them are essential for applications in quantum communi-
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cations [48] and information processing [74]. Since SFWM DATA AVAILABILITY

third-order nonlinearities underpin modern integrated photon- The data that support the findings of this article are not
ics research, our scheme is desired to be extended to hybrid  pyplicly available upon publication because it is not techni-
photonic interfaces, provided they exhibit a comparable five- cally feasible and/or the cost of preparing, depositing, and

level dual-SFWM configuration. Our scheme may further be  pogting the data would be prohibitive within the terms of this

generalized to generate more than a pair of biphotons by  research project. The data are available from the authors upon
considering suitable multilevel atomic manifolds. reasonable request.

J

APPENDIX A: QUANTUM-LANGEVIN APPROACH

Here, we show how finite laser linewidths can be included with a quantum-Langevin approach by focusing on the A subsystem
composed of levels [1), |3), and |5). We first write down the Heisenberg-Langevin equation

. . o A
9611 = I's1655 — 1821615 + 127,651,

N . oA N
9,633 = I's3655 — 820635 + i€2,,653,

01651 = —(ys51 — iAp1)Gs1 4+ i2,1(611 — Gs5) + iQ20631,
0053 = —(y53 — iA)Gs53 + iR21613 + i20(633 — Gs5),
0631 = —(y31 — iDp1 + i )63 — iQp1 635 +i€2,651, (A1)

restricted by &1 + 633 + 655 = I and 6;; = &

Jji

as usual. By taking Q1 — 2,17, Qp — Qe 651 — 6517, 653 —
G53€'P, 631 — 631" ~P2) | 533 — 633, 69y — 62, and 6y; — 611 in the above equations to consider the laser linewidths
arising from free diffusions in phases ¢, (t) and ¢,(t), we further obtain

9611 = ['s1655 — iQp1615 + 2,651,

3633 = I's3055 — 120635 + i), 653,

0:651 = —lys1 —iAp +ipp1(t)1651 +i2,1(611 — G55) + 12,0631,

0053 = —[ys53 — iAp +ipp(t)]6s3 + i2,1613 + iR2,2(633 — G55),

0631 = —lys1 — iBp1 +iBp +ipp (1) — inp(t)]631 — iQ)1635 + Q) 651, (A2)
where we have considered that d;¢,;(t) = 1,;(t) with ,,;(¢) being the §-correlated Langevin-noise operators. The free-diffusion

coefficients of these operators are determined by half laser linewidths y,; via (u,;(t)u,;(t’)) = y,;jé(t —t’) corresponding to
the typical Lorentzian spectral profiles described by

1 .
flwp) = b

= , (A3)
T (wp; — @p)* + ¥

where w,; and @ ,; denote the carrier and central frequencies, respectively.
Then, we try to get the semiclassical solutions by taking p;; = (0;;) as the mean values of relevant transition (i # j) or
projection (i = j) operators. With this consideration, Eq. (A2) can be cast into
dp11 = Ts1pss — iQp1p15 + i€, 51,
d P33 = I's3pss — i35 + IS 53,
0 ps1 = —(¥s1 — i1Ap)ps1 + i{pp1()51) + i1 (011 — ps55) +i2p2031,
0053 = —(¥53 — iAp)ps3 + {up(t)s3) + 21013 + i2p2(033 — 055),
dp31 = —(y31 —iBp +iAp)p31 + il[up1(t) — wpa(t)]1631) — i2p1 035 + Q2 P51, (A4)
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where p1(2), ;tp2(t) and their difference in the last three equations are yet to be determined. These terms can be calculated
through the formal integrations of Eq. (A2) multiplied by )1 (2), (tp2(t), or pp1 () — pup(t), ie.,

i{pp1(t)6s1) = _/o dt’ (pp () p1 (t')851 (1)) ~ —/0 dt' (pp (O pp (1)) (651(1)) = —yp1ps1 (1),

i{up(t)6s3) = —/(; dt' (p (D pp(t)6s3(1") ~ —/0 dt' (p (O (")) (653() = —ypps3(t),

t

i{[up1 () — pupa(t)1631) = —/ dt'[{pp1 (1) — (O pp1 (1) — pp2(t)1631(1)) = —(Vp1 + V2 — Vpip2 — Vp2.p1)P31(t). (AS)
0

Here we take (1) 1,2 = ¥p2,p1 = 0 for two completely independent pump fields while (2) y,1 = V2 = Vp1,2 = Vp2,p1 for two
completely correlated pump fields. In case (2) of our interest, Eq. (A4) turns out to be

dp11 = Tsipss — iQp1p15 + i€, ps1,

dp33 = ['s3pss — iQpp3s + i82, 053,

0 ps1 = —(¥s51 + Vp1 — iAp)ps1 +i2p1(011 — ps5) + i2p2031,

0053 = —(¥53 + Vp2 — iAp2)ps53 + i2p1 013 + i2,2(033 — p55),

dp31 = —(y31 — iAp1 +iAp)p31 — iQp1p35s + i), 51, (A6)
with which we can examine steady solutions p;;(@p1 + iyp1, @y + iyp2) of the three-level A system by setting 9, 0;; = 0.

These solutions can also be attained from the twofold convolutions of p;;(w,1, wpy) calculated assuming zero laser linewidths
with the corresponding spectral profiles f(w,1) and f(w;), i.e.,

]

o0
Pij(@p1 + iVp1, Wpo + iVp2) = / dwplf(wpl)/ dwp f(@p)pij(wp1, ©p)
o0 —0oQ

1 00 poo . i
_ _2/ / dwydon, 7/p21 )/pzpz,(wm wp2) R (A7)
T J—o0 J—00 [(Cl)pl - wpl) + Vpl][(a)p2 - pr) + sz]

valid when p;; is analytic in the upper half planes of w,; and w». This verifies that the free-diffusion coefficients of phases ¢, ;(t)
are exactly half laser linewidths referring to Lorentzian spectral profiles f(w,;) [57]. Note, however, that the quantum-Langevin
approach becomes intractable when the full five-level system is considered due to the complex interplay among various carrier
frequencies, whereas the latter convolution approach is used in the main text to account for the statistically mean effects of finite
laser linewidths.

APPENDIX B: ZEROTH-ORDER SOLUTIONS DERIVED FROM DENSITY MATRIX EQUATIONS

Given the weakness of the four generated Stokes and anti-Stokes fields, the zeroth-order solutions for our five-level system
are attainable when exclusively accounting for three applied fields. The interaction Hamiltonian, considering the electric-dipole
and rotating-wave approximation without the four generated fields, can be rewritten as

Ho/h = —(Ap — ApD)13)(31 + Acl4) (4] + Api]5) (5] — (Rp115)(1] + 2,215) (3] + €2:14)(2] + H.c.), (BI)

satisfying the commutation relation ifi0; Pi(,(‘)) = [Hy, Pi(,('))]- The equations for the five-level system depend on 25 density matrix

elements, denoted as p;;, where i and j take values from {1, 2, 3, 4, 5}, corresponding to atomic populations (i = j) or coherences
i # ),

0 0 0 . 0 . 0
dpfy =Ts1p% + Tarpiy + i 08} — i 013,

0 0 0 . 0 . 0
azpéz) = F52p§5) + F4ZP£4) + lQ:pz(lz) - 190/0;4)a

0 0 0 . 0 . 0
3,,0§3) = F53p§5) + F43104(14) - ZQPZIO;S) + 1922,05(3)’

3o = —(Ta1 + Tap + Tu3)pY + i, 0 — i oY,

0 0 . 0 . 0 . 0
0p5y = —gsapsy + iy +iQpeyy — iP5,

0 0 . 0 . 0 0
3p = —gs30% +iQpipt + i (0% — pss)s

0 0 . 0 . 0 . 0
8IIO§2) = _g52p§2) + lQplpfz) + lQpZ,O;z) - ch:O§4)v

0 0 . 0 0 . 0
0050 = —gs1p5) +iRp1 (01} = p55) + 2204,

0 0 . 0 . 0
atp4(13) = _g43104(13) + chPéj;) - lszpis)a
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0, . 0 0
3;,04(12 = _842:04(12) + i€ (:052) :04(14))

azp(O) - _g41,041 - iQplpz(t(s)) +iQ2 -Pé(l)),
0D =~ + 200~ 1200,
31:0(0) _g31:03| + lQ*ng?) lQpl;Oé(j))a
0,03 = —gnpsy +iQpsy — Q59 (B2)

restricted by ,0(0) = p;?) and ), ,0(0) = 1. I';; denotes the population decay rate from level |7) to |j). The respective complex de-

cay rates are defined as follows: 854 = Ysa T i(Ac — Ap1), 853 = V53 + il p2, 852 = Y52 +iAp1, 851 = V51 + iAp1, 843 = ya3 +
(Ar = Apt +Ap2), g2 = var HiAg, ga1 = va1 +iA¢, 830 = y32 +i(Ap1 — Ap2), 831 = Y31 +i(Ap1 — App), and g21 = ya1.

APPENDIX C: HAMILTONIANS AND DYNAMIC EQUATIONS FOR SFWM PROCESS A

In the specific context of the present work, pair generation takes place through a five-level open interaction loop, where
transitions occur sequentially without forming a closed loop. This five-level open-loop driven system may nevertheless be treated
as a combination of two four-level closed interaction loops A and B that share two excited states (|4) and |5)), the ground |2)
and the coupling beam, each subsystem implementing a familiar SFWM process [27]. They are depicted respectively by blue
and red transitions in Fig. 1.

It turns out that the two processes influence each other primarily through the Stokes channel, where the photon w;, (process B),
e.g., can impact process A via their shared transition, particularly when Stokes photons are nearly resonant (with that transition).
The quasi-dark state trapping regime adopted here (see Secs. III and IV) minimizes, however, population redistribution among
all five levels, further effectively suppressing spontaneous emission, intrinsically rather weak, from the excited state |5). In
the end, this effectively makes our five-level system to behave dynamically as two nearly independent or weakly interacting
four-wave mixing SFWM processes depicted respectively by blue (A) and red (B) color transitions in Fig. 1. Within this type of
approximation, the effective Hamiltonian for the generation of the photon pair {w;;, w,s } can be written as

Hy/h=(Apr = As)I2) 2] + Aast [4) (4] + Api5) (] = (1 [5) (1] + €2c[4) (2] + 24115) (2] + 451 |4) (1] + H.c.). (ChH

The spontaneously emitted Stokes w;; and anti-Stokes w,,; photon field strengths are relatively weak with respect to the driving
fields €2,,; and 2., so we can describe their generation adopting a perturbative approach with respect to the Stokes and anti-Stokes
field strengths. Inserting H, into the relevant master equations and with the help of the zeroth-order averaged populations and
coherences (ai(;))) yields the following set of equations for the first-order density matrix elements pi(jl):

31/);11) =- 54:0;11) + "Qplph - 19*,05) + ’Qs1024 - iQZSIUS(?)’

805 = —gnps) + iRy, — iQeps) + i (03 — 053),

3“0;) =- 51/’;) +iQ2p (Pill) - pé?) + iQslel - iQaslUsg)’

50 = —ghaold + 192 — ) + i) — 12010,

3t:04(1]|) = - 41:041 - ’Qplp45 + chle + ’.le(al?) - ‘Tﬁ))

) = by = 1)+ i2ELY — R0l + 10D, &

with respective complex decay rates defined as follows: g’§4 = ysa +i(Ap1 — Agst), g/gz = ys5o + iy, g‘;‘l =ys1 +ilp1, 3/22 =
Va2 +i(Ag1 — Api + Ay1), gﬁl = ya1 + A1, and gé, =1 +i(Ap1 — Agp). For the anti-Stokes transition channel, the

steady-state first-order solutions pll) (9, p(l) = 0), when appropriately decomposed into contributions from the linear and
nonlinear contribution, yield

pﬂ) - p41 as1 + ;041 plE Esl’ (C3a)

where pk; and p)F correspond to the linear and nonlinear responses, respectively. The corresponding linear and third-order
nonlinear susceptibilities are given by

1y _ Nodiy b0 Nodsdisdudy v,

= , =— o C3b
asl Flé() 41 Xasl,sl 4h3€0 41 ( )

Similarly, for the Stokes channel, the first-order coherences are given by
p$y = PHEq + P EpEEY,. (C4a)
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The corresponding linear and third-order nonlinear susceptibilities are

a _ Nodss 3 _ Nodosdisdiados ny

sl — heo 520 Xslasl — W'OSZ . (C4b)

APPENDIX D: HAMILTONIANS AND DYNAMIC EQUATIONS FOR SFWM PROCESS B
Similarly, the effective Hamiltonian for the generation of the other photon pair {w;;, w4} is
Hp/h = (Ap — Ap)[2) (2] + Aas2|4) (4] + Ap2]5) (5] — (€2215) (3] + 2c[4) (2] + Q2[5) 2] + Q42|4) (3] + Hocl). (DD
The first-order equations in process B also depend on the zeroth-order solutions,
005 = —ghupsy + iy — IR0 + 100y — iR004,
05y’ = —ghnsy iR (p3) — p57) — iQuaoyy +iQ0033,

1 1 . 1 . 1 . 0 0
aply = =858 +iQmpYy — iQepyy +iQ0(05; — o),

1 1 . 1 . 1 . 0 0
3,,023) =- 43/0:(13) + 190/’53) - lsz,Ofw) + 19052(03(3) - 0;4)),
1 D, 1 1 . 0 . 0
atpz(tz) == 42:04(12) + ch(,Oéz) - /04(14)) + ’Qas2°3(2) - 1952015)’
1 N, . . n o 0, - 0
dups) = —ghry) +iQpply) —iQeply) — Qa0 +i004, (D2)

with respective complex decay rates defined as follows: g§4 = ¥4 T i(Ap — Au), g§3 = ys53 + i, g§2 = ys5p + 1Ay, gﬁS =
Yoz +ilas, 85 = var +i(Au — Ao+ Ap), and g5, =y + (A — Ap).
Finally, it is worth rgiterating that, within our framework, both SFWM processes are based on the same zeroth-order
0)

perturbative solutions o;;” as Lorentzian averages of pi(;)) [see Eq. (2) in the main text].

APPENDIX E: JOINT SPECTRAL INTENSITY MAPS EVALUATED AT VARIOUS EMITTED-PHOTON FREQUENCIES

In Figs. 6 and 8 of the main text, we have chosen the Stokes and anti-Stokes detunings as (A, Ag1) = (3.9y, —3.9y)
and (Ay, Ayp) = (3.9y, —3.9y), which correspond to maxima of the SFWM efficiency for processes A and B. To get a more
complete picture, we also present the numerical results obtained at A, = —Ag; = 0and Ay = —Agp = 01in Figs. 10 and 11,
where the linear absorption and Raman gain are close to zero (see Fig. 3). Although the overall JSAs are correspondingly
reduced, the dependence on pump detunings and Rabi frequencies of the spectral indistinguishability of processes A and B
remain quite similar.

0.05 ! 0.1 0
—0.05 0.00 0.05 -
8 -1 DJ
Apm/y T4l (10° Hz')
2.7 0.3
=
<D-
0.1 0.0
0.00  0.05 R
D
Apio /¥ Vgl (10 Hz™) Ay /Y J

FIG. 10. JSA moduli |J4| (a) and |J5| (b) as well as their normalized mismatch D; (c and d) and the phase-sensitive metric D, (e and f)
shown for A, = —Ay = 0and A, = —Ajp = 0. All other parameters are the same as in Fig. 6 of the main text.
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1.2 1.0 1 1.0
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20.5 0 20.5
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0.0 0 -1
. 0 p,
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12 1.0 1
i -
«0.5 0 -
G
00 / !
0.5 1.0
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1
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0 g,

Qpl/y

0.5 1.0
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FIG. 11. JSA moduli |J,| (a) and |J| (b) as well as their normalized mismatch D; (c and d) and the phase-sensitive metric D; (e and f)
shown for A, = —Ay; = 0and A, = —Ay = 0. All other parameters are the same as in Fig. 8 of the main text.
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