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Non-Hermitian optical scattering in cold atoms via four-wave mixing
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Nonlinear effects may play a crucial role in addressing optical nonreciprocal behaviors in scattering media.
Such behaviors are however typically observed within a single transmission channel and predominantly in media
with fixed optical structures, which inherently restrict the tunability of a nonreciprocal response. We suggest to
combine the (intrinsic) nonlinearities of a coherent multilevel medium with a tailored driving geometry that relies
on two phase-mismatched standing-wave (SW) beams. This combination is essential for creating extra scattering
channels over which, in addition, fully tunable optical nonreciprocal reflection can be attained. Our general
approach is adapted here to four-level double-A atoms that are found to exhibit distinct forms of nonreciprocal
multichannel scattering and to be quite sensitive to easily tunable parameters of two SW driving beams. The
numerical results we present offer valuable insights into the field of non-Hermitian optical scattering and arise
indeed from the interplay of interference among scattering processes and Bragg reflection.
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I. INTRODUCTION

Investigations of optical nonreciprocity by trying to go
beyond the Lorentz reciprocity [1] are of fundamental in-
terest, driven by the crucial role of nonreciprocal devices in
applications such as photonic signal processing and quan-
tum networks [2-5]. It has been shown that a multitude of
nonreciprocal devices, including unidirectional isolators [3],
circulators [6], and amplifiers [7], can be designed via unusual
techniques for achieving direction-dependent transmission
properties. One intuitive technique relies on magneto-optical
effects to break time-reversal symmetry as the basis of Lorentz
reciprocity, hence establishing optical nonreciprocity, with
a magnetic field applied as an external bias [8,9]. In view
of the intractable difficulties in achieving low loss, small
size, and less costly magnetic materials, however, magnet-
free nonreciprocal devices have attracted growing interest and
have led to many frontier studies. Such devices may be re-
alized by resorting to optomechanical interactions [10-13],
spatiotemporal modulation [14—18], stimulated Brillouin scat-
tering [19-21], spinning cavities [22-24], moving atomic
lattices [25-27], and thermal atomic vapors [4,28-30], all
requiring external biases to break time-reversal symmetry.

It is of particular interest that significant progress has
been made recently in leveraging nonlinearities to achieve
the transmission nonreciprocity [31-33]. However, much of
this work relies on fixed optical structures and requires
strong optical signals, thereby limiting the tunability and
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application scenarios of relevant nonreciprocal devices. For-
tunately, such difficulties can be overcome by utilizing the
effect of electromagnetically induced transparency (EIT) typ-
ically examined in the three-level A atomic system [34],
which allows us to observe tunable nonlinear effects for
weak optical signals by suppressing linear absorption on
resonance. For instance, coherent four-wave mixing (FWM)
in four-level double-A [35-41] and double-ladder [42-45]
atomic systems has been well investigated for a growing num-
ber of applications, including frequency conversion [38,39],
squeezed light or biphoton generation [46-53], optical stor-
age or quantum memory [54-57], and quantum information
processing [58—60]. Returning to the topic of our concern, we
note that tunable FWM in the double-A atomic system has
been explored recently for achieving an efficient transmission
nonreciprocity based on directional phase matching [61], yet
requiring neither special structures nor strong signals. The
scheme relies on two traveling-wave (TW) coupling and driv-
ing fields, which render the atomic medium transparent to a
backward probe field in the case of large phase mismatch but
convert a forward probe field into another FWM field in the
case of perfect phase matching.

While devices like optical isolators necessitate breaking
the Lorentz reciprocity theorem [3], broader forms of non-
reciprocity are clearly of interest as well, such as optical
nonreciprocity in the reflection mode, also known as unidirec-
tional invisibility and reflectionless [62—66]. These nontrivial
forms of nonreciprocal phenomena could be harnessed to
construct photonic devices with more abundant isolation func-
tions and have been achieved at exceptional points exhibited,
in particular, by non-Hermitian structures with parity-time
(PT) symmetry or antisymmetry [62—70]. In optics, P7T sym-
metry (antisymmetry) usually refers to the case of dn(z) =
dn*(—z)[6n(z) = —én*(—z)], with én(z) the spatially modu-
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lated part of a complex refractive index n(z) = ng + én(z) by
considering the isomorphic equivalence between the paraxial
wave equation and the Schrodinger equation [62—68]. In the
common case of sinusoidal spatial variations, there should
be a fixed out-of-phase relationship (7 /2) between the real
and imaginary parts of dn(z) equivalent to, e.g., a half of the
induced susceptibility x (z). Actually, non-Hermitian photonic
structures based on P7 symmetry or antisymmetry may be
implemented in linear EIT systems when two standing-wave
(SW) fields are applied [64-68] to drive (or trap) atoms
in an appropriate geometry. A FWM system driven by two
TW strong fields has also been proposed to examine the
‘PT -antisymmetric phase transition between coherent power
oscillation and optical parametric amplification of two con-
jugate weak fields when the effective Hamiltonian A in a
coupled wave equation anticommutes with the combined P7T
operator [71].

Building upon these prominent proposals and experiments,
here we suggest leveraging FWM to attain fully tunable con-
trol of optical nonreciprocity in multilevel coherent media via
out-of-phase non-Hermitian modulations more general than
PT symmetry or antisymmetry. The essence is to combine
the medium’s intrinsic nonlinearities with a specific external
driving layout involving two phase-mismatched SW gratings.
To this end, we consider a double-A archetype where two
atomic transitions are driven by a coupling and a dressing SW
field with a phase shift ¢, clearly more involved than those
driven by two TW fields [61,71]. The probe and signal fields
acting upon two other transitions have distinct frequencies and
may propagate to the right (entering at z = 0 and exiting at
z = L) or to the left (entering at z = L and exiting at z = 0). In
this regard, our work extends the two-mode design [61,71] to
a four-mode input-output device, viz., two distinct frequency
modes (probe and signal) and two opposite (left and right)
spatial modes. Distinct forms of nonreciprocity are then found
that entail both direct (same-frequency) and cross (different-
frequency) reflections and likewise for cross transmission, but
with direct transmission remaining reciprocal. These forms
of nonreciprocity are the direct results of out-of-phase non-
Hermitian modulations in terms of both linear and nonlinear
susceptibilities. They can also be deemed as arising from
the interplay between nearly resonant scattering in an atomic
ensemble, whether at identical or distinct frequencies, and
the enhancement effect induced by Bragg reflections off two
phase-mismatched SW gratings.

Numerical results will be discussed for a cold sample of
87Rb atoms as the scattering medium and restricted to the
case of a single-mode input with only a probe or a sig-
nal entering our four-mode atomic device. Accurate tuning
and optimization of the nonreciprocal response are achieved
through a careful engineering of the outgoing reflection and
transmission amplitudes, which turn out to be sensitive to
easily adjustable parameters of two strong SW driving beams
(e.g., detuning, strength, and phase mismatch), making our
proposal viable for a potential implementation. Our findings
address, at least in part, the limited tunability of scattering
observed in earlier approaches that relied on fixed device ar-
chitectures. They also lay the ground for achieving multicolor
optical nonreciprocity within a single device. Although the
scheme we propose is general, our results for an atomic im-
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FIG. 1. (a) Schematic diagram of a four-mode four-channel
input-output device driven by a pair of phase-mismatched (¢) cou-
pling E.(z) and dressing E,(z) grating fields (see the text for details).
A forward probe E ;f (0) (solid line) incident from the left may scat-
ter into four output modes {Elj 0), E;(0), E;r (L), EF (L)} (dashed
lines), through different channels denoted by direct reflection, cross
reflection, direct transmission, and cross transmission, respectively.
The same holds for a forward signal E."(0) (solid line) incident from
the left or the other way around for a backward probe E (L) (solid
line) or a backward signal £ (L) (solid line) incident from the right.
(b) Level configuration of a double-A system for all atoms (yellow
filled circles) in the scattering device driven by two strong fields
(thick transition lines) of Rabi frequencies 2. ,(z) and detunings
A4 together with two weak fields (thin transition lines) of Rabi
frequencies €2, ; and detunings A, .

plementation further aim to provide insights into the important
field of non-Hermitian optical scattering.

II. MODEL AND EQUATIONS

Our attention will now turn to a simplified version of the
four-mode input-output scheme, focusing on the nonlinear
scattering of a single-mode input field by a coherently driven
cold atomic sample of length L. Besides the usual trans-
mission and reflection processes, two additional scattering
processes can be constructed by leveraging (i) the intrinsic
optical nonlinearities of the atomic medium and (ii) the tun-
able geometries of two SW driving fields. These scattering
processes can be effectively viewed and from now on are
referred to as four channels within the input-output coupling
scheme of Fig. 1(a). This scheme illustrates such an enlarged
scattering geometry where a forward probe field E ;f (0), e.g.,
entering from the left input port at z = 0 scatters not only
into the probe modes E I;L (L) (direct transmission) and E, (0)
(direct reflection) but also into signal modes E;“(L) (cross
transmission) and E;(0) (cross reflection), at a different fre-
quency. It is worth noting that cross transmission results just
from nonlinear frequency conversion at variance with cross
reflection which originates from the interplay between the
atomic medium’s nonlinearities and the SW driving geometry.
The same holds for a forward signal field E;(0) entering
from the left input port at z = 0 except the subscript s (p)
indicates direct (cross). A backward probe Ep_ (L) or signal
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E (L) field entering from the right input port at z = L scat-
ters also into four outgoing modes, but with {E£ » (0), E;7(0)}
{E p+ (L), E;’ (L)}] being the transmitted (reflected) pair.

The four scattering channels involving different outgoing
fields (£, (0), E;(0), E ;r (L), Ef (L)} can be characterized by
the complex amplitudes

++ E;(L) BT

PPERO) Y EF(0)

=59 _EO M

mTESL) YT ESWL)

for direct transmission and the amplitudes
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for cross transmission, which solely originate from nonlin-
ear frequency conversion along two counterpropagating (4z)
directions. Similarly, one has
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for direct reflection and
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for cross reflection, which results instead from the inter-
play of nonlinear frequency conversion and Bragg reflection.
We recall that all the above 16 reflection and transmis-
sion amplitudes are defined here for a single-mode input
field; when (only) E[f (0) # 0, for instance, the resulting
transmission and reflection amplitudes are those in the
top left grid corners in Eqgs. (1)-(4). Similarly, the trans-
mission and reflection amplitudes given in the top right,
bottom left, or bottom right grid corners in Egs. (1)-(4)
occur when only EJ(0)#0, E,; (L) #0, or E; (L) #0,
respectively.

The four outgoing electric fields entering the above com-
plex amplitudes can be obtained by solving steady-state
Maxwell equations in the slowly varying envelope approxi-
mation [see Eq. (B1) in Appendix B] with polarizations P3;(z)
and P4 (z) oscillating at the probe and signal frequencies,
respectively, as driving terms. A spatial integration of the
resultant four-mode coupled equations [see Eq. (B3)] would
yield the spatial variations of {Ef(2), E, (2), E{ (2), E; (2)}
in the atomic device. Then, taking z = 0 and z = L for two

device boundaries, it is straightforward to further obtain

EX(L) E+(0) E(0)
g | o | _ | Eo
Erwy |~ | Ero =M EXO) | )
E-(L) E-(0) E-(0)

which connects the four electric fields on the left (z = 0) to
those on the right (z = L) via a 4 x 4 transfer matrix M. The
matrix elements M;;, when computed for appropriate bound-
ary conditions [72], enable us to determine the transmission
and reflection amplitudes in Egs. (1)—(4). Detailed general
expressions of these amplitudes in terms of various M;; for
two SW driving fields can be found in Appendix B, while the
usual case with two TW driving fields where only transmis-
sion amplitudes are relevant is first discussed in Appendix A
for comparison.

We now apply our previous general discussion to the spe-
cific scenario involving two spatially periodic non-Hermitian
polarizations Ps;(z) and Py (z). This can be realized by using
a coupling and a dressing fields whose electric fields in the
SW pattern are given by

E.(z) = 2&y cos(k.z),
(6)
E; (2) = 2&y cos(kyz + ),

with a phase mismatch ¢ but equal maximal strengths 2&.
Here k. = 2w cos 6, /A. and k; = 27 cos 0, /A4 are introduced
to describe different wave numbers of the two SW fields,
with A, and A, (6, and 6,) representing their wavelengths
(misalignments with respect to the 4z directions). The two
required polarizations can be evaluated then by considering
a four-level atomic system in the double-A configuration
as shown by Fig. 1(b), where the weak probe E, and sig-
nal E; fields of frequencies w, and w drive two left-arm
1) <> |3) and |1) <> |4) transitions, respectively, while the
strong coupling E.(z) and dressing E,(z) fields of frequen-
cies w, and w, drive two right-arm |2) <> |3) and |2) < |4)
transitions, respectively. A complete description of such co-
herent atom-light interactions further relies on four detunings
defined by A, = w, — w31, Ay = w5y — w41, Ae = 0 — W32,
and A; = wg — w4y as well as four Rabi frequencies defined
by Qp = Epdl3/2h» Qg = Egd1a/2h, Q:(2) = Ec(2)dy3/2H,
and 24(z) = E4(z)da4 /2R, with wj; (d;;) the resonant frequen-
cies (dipole moments) of relevant transitions.

Under both electric dipole and rotating-wave approxima-
tions, we write the interaction Hamiltonian as

Hp = —N(8:12) (2] 4+ ApI3) (3] + 8314) (4]) — A[L2,[3)(1]
+ 2 [4) (1] + Qc(2)13) (2] + Q24(2)14) (2] + Hee ], (7)

where 8 =A,— A, and 83 =A,— A, + A; are two-
photon and three-photon detunings, respectively. Above, we
have considered A; = 63 to ensure energy conservation in a
desired FWM process. This Hamiltonian can be employed
together with the Lindblad superoperator £(p) accounting for
population decay rates I';; and coherence dephasing rates y;;
to derive a set of dynamic equations for 16 density matrix
elements p;;. Setting 9,0;; =0 in the limit of weak probe
and signal fields (€2, ; — 0), it is not difficult to obtain two
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steady-state solutions

i[821841 + Q3(2)]2)p — ()R (),

(L
3 (2) =
! 31821841 + 23(2)] + 8412(2)
= A(2)Q2, + B(2)L,
[g21831 + Q2] — Qc(2)R(2)Q
o = ik ] ’

g31[g21841 + Q%(2)] + guR2(2)
= C(Z)QA + D(Z)Qp7 (8)

while pfi)(z) — 1 to the first order of 2, and €2, with all
other solutions being totally negligible. Here we have intro-
duced the complex dephasing rates g»; = y»1 — i, 831 =
v31 — iA,, and g41 = y41 — i83, where y»; (dipole forbidden
transition) is smaller by at least three orders than y3; >~ y4
(dipole allowed transitions). The out-of-phase spatial period-
icities of ,03“1) (z) and pﬂ) (z) can be seen in a much clearer way
by further considering

Q2(z) = 2Gj[1 + cos(2ko2)],
Q3(2) = 2G3[1 + cos(2koz + 2], )
Q.(2)Q(2) = 2G3[cos(2koz + ¢) + cos(p)],

where we have defined Gy = &ydy/2h. We recall that in this
equation (i) dy3 = dyy = dy and (ii) k. = ks = ko have been
taken for simplicity. The former can be easily achieved via
a proper choice of relevant atomic states, as we do in the
next section. The latter, critical for ensuring a common Bragg
condition for both probe and signal fields so that their reflec-
tions can be simultaneously enhanced, is viable by carefully
adjusting 6, and 6,.

Note in particular that pé?(z) reduces to the familiar
expression i€2,/g3; for a two-level coherence when both cou-
pling and dressing fields are absent [€2.,(z) — O] or the
coherence ig>1€2,/[g21831 + Q%(z)] for a three-level A system
when only the dressing field vanishes [©24(z) — 0]. Subtle
is instead the effect of the SW dressing field on the probe
response, manifesting in two distinct ways. First, it renor-
malizes the two-level coherence through the extra spatial
modulation term proportional to £(z) inside the two sets of
square brackets of Eq. (8). Second, it quantifies a nonlinear
effect of the signal strength €2, on the probe response through
the cross-modulation term proportional to 2.(z)2,4(z) in the
numerator of Eq. (8). The same holds for pﬁ(z) with an
exchange of the roles played by the probe and signal fields.
We have purposely reformulated Eq. (8) to highlight the probe
and signal coupled propagation dynamics using the last terms
on the right-hand side of the above expressions for ,o_ép (z) and
pilﬁ(z). This coupling is quantified by the cross terms B(z)
and D(z), both of which are proportional to 2.(z)2,(z), the
product of two SW gratings. These cross terms not only are
crucial for evaluating the mutual influence between probe and
signal modes and their combined propagation dynamics, but
also enable us to modulate the nonlinear mixing process in
space for generating multiple outgoing scattering channels, as
detailed in the next section.

With the above results for pé?(z) and pi? (2), it is straight-
forward to write the polarizations

P51(2) = Ndi3py) (2) = Ndi3[A(D)R, + B(2)]
=P/ () + (),

P11(2) = Ndiapl) (2) = Ndu[C(2) + D(2)$2,]
=P)@)+ P ) (10)

for a cold atomic sample of density N. Here Ps;(z) has
been split into the linear (direct) P;i)(z) and nonlinear (cross)
R;(;')(z) components, which jointly determine the propaga-
tion dynamics of the probe field [see also Egs. (11) and
(12) below]. Similarly, P} (z) and P{’(z) represent the linear
and nonlinear responses, respectively, at the signal frequency.
The above discussion indicates the potential for an all opti-
cally controlled scheme that combines two frequencies wp,
and two directions £z to operate an archetype of four-mode
four-channel scattering devices. Needless to say, operations
involving more than four modes are also achievable, natu-
rally enabling a larger number of outgoing scattering channels
within the same atomic sample driven by two SW gratings.
This is possible provided an appropriate configuration of
atomic levels along with their symmetries is selected.

III. RESULTS AND DISCUSSION

In this section, we explore the nonreciprocal scatter-
ing effects that originate from coherent nonlinear mixing
(FWM) attained with out-of-phase periodic coupling and
dressing (SW) fields. We specifically consider four single-
mode input cases whereby a probe or signal field enters
the four-mode four-channel atomic sample in Fig. 1(a)
from either the left or the right side. In each of the
four cases, the four-channel outgoing scattering states are
assessed by calculating the transmission and reflection am-
plitudes in Egs. (1)-(4). For numerical calculations, we
focus on a scattering medium consisting of cold ¥’Rb atoms
with the four levels |1) = [5%S)0, F = 1,m=—1), [2) =
152810, F =2,m=1), [3)=|5?Pip, F =1,m=0), and
|4) = |5 2P1/2, F =2, m = 0) chosen on the D; line exhibit-
ing the wavelengths A, ; . 4 2~ 795 nm.

We first plot in Fig. 2 the moduli of all transmission and
reflection amplitudes against probe detuning A, by taking
¢ = 0 to make the SW coupling and dressing fields spatially
modulated in phase. It is easy to observe that the eight trans-

o . . . . T
mission amplitudes remain reciprocal with |z \ | =7, " |
P L .
and |7, | = |t,,,], an invariance upon the exchange of input

directions 4+ <> —, like those shown in Appendix A for the
TW coupling and dressing fields. The main difference lies in
that here we have also eight nonvanishing reflection ampli-
tudes except when | A | is too large or tends to zero, which are

equally reciprocal with |r;pfm| = |r;pfm| and |rlj§fsp| = |rp‘:;p|.
Moreover, we should note that |1,-5| = [15:*], [1,75] = 11,71,
|r[ff| = |'"$3F|’ and |r;—Lf| = |rsi[f|, which indicate another in-

variance upon the exchange of input fields p <> s as a result
of the symmetric driving detunings (A, = A,). There is no
doubt that this invariance will be broken for the asymmetric
driving detunings (A, # Ay).
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FIG. 2. Moduli of (a) direct and (b) cross transmission ampli-
tudes as well as (c) direct and (d) cross reflection amplitudes vs probe
detuning A,. The two SW driving fields are resonant and balanced
with A, = A; =0, Gy =27 x 7.0 MHz, and ¢ = 0. The scattering
medium of cold ¥’Rb atoms exhibits density N = 1.0 x 10'2 cm~3,
length L =0.4 mm, dephasing rates y3 = yu = 10%y, =27
x 3.0 MHz, and dipole moments dp; 4 = ﬁd13,14 = 1.268 x
107% Cm.

Then we examine in Fig. 3 another case with ¢ = n /4
instead to make the SW coupling and dressing fields spatially
modulated out of phase. It is interesting that nonreciprocal

behaviors occur for both cross transmissions with |tps Sp| #*
|tpY Yp| and direct reflections with |r . s 7 |r . + .| when [Ap|
is neither vanishing nor too large. However, reciprocal direct

transmissions with |t | = |t | and cross reflections with

pvc PP,SS
;g‘m |er ;p| remain valid everywhere, i.e., independent of
1.00 0.28 —
@ by It 1=l - 12, =1t
0.75 {021 /\/\
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FIG. 3. Moduli of (a) direct and (b) cross transmission ampli-
tudes as well as (c) direct and (d) cross reflection amplitudes vs probe
detuning A, attained with the same parameters as in Fig. 2 except a
nonzero phase shift ¢ = 7 /4.
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FIG. 4. Moduli of (a) direct and (b) cross transmission ampli-
tudes as well as (c) direct and (d) cross reflection amplitudes vs probe
detuning A, attained with the same parameters as in Fig. 3 except
Gy =27 x 85 MHz and L = 0.6 mm.

A,. Moreover, we have an invariance upon the simultaneous
exchange of input fields and directions with |z, ¥ | = |t7 I,
|t])? ?])| = |t¥p pst? |r]1[1 S'Y| = |rYS' pp? and |r])\' Ypl = |r\'[7 p?l That
means the phase shift ¢ alone cannot break all intrinsic sym-
metries in our double-A atomic system, though it plays a
crucial role in achieving nonreciprocal cross transmissions
and direct reflections. It is also easy to find from Fig. 3 an
invariance of all transmission and reflection amplitudes upon
the simultaneous exchange of input directions and detuning
signs, so it is enough to focus just on the regime of A, > 0in
the following discussion for simplicity.

We have numerically checked that all reflections gradu-
ally increase until becoming saturated, direct transmissions
continuously decrease until approaching zero, and cross trans-
missions first increase and then decrease, for an increasingly
longer atomic sample when the two driving fields are kept
strong enough. In light of this fact, we increased L from
0.4 mm to 0.6 mm and Gy/27 from 7.0 MHz to 85 MHz
to seek more favorable scattering results in Fig. 4. It is clear
that nonreciprocal direct reflections further turn out to be
unidirectional direct reflections in a visible region of A, > 0,
though cross transmissions remain nonreciprocal. To be more
specific, we have found |r ’+| =|r}7| - Oaround A, /27 =~

40 MHz whereas |rpp | = |r T are nonzero and up to 0.2 in
a broader region of A,. This 1nteresting behavior of unidirec-
tional direct reﬂection could even be reversed with |r+‘ =
lrstl— 0 around A, /2w >~ —40 MHz due to the exchange
symmetry of |rt A “(A,,)I =1r,, +s(—A )| with respect to two
detuning signs. Note, however, that the two symmetric detun-
ing regions of unidirectional direct reflection will gradually
shrink toward A, = 0 and finally disappear if we reduce Gy
as in Fig. 3.

The above results refer to the specific case of reso-
nant coupling and dressing fields with A, = A; = 0. Hence,
we examine in Fig. 5 a more general case where the
coupling and dressing fields exhibit opposite nonzero
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FIG. 5. Moduli of (a) direct and (b) cross transmission amplitudes as well as (c) direct and (d) cross reflection amplitudes vs probe detuning
A, attained with the same parameters as in Fig. 4 except A, = —A; = 27 x 60 MHz and Gy = 27 x 70 MHz.

detunings A, = —A; # 0. We can see that direct reflections
remain nonreciprocal with |r | #£ |rpp | and [rf7| # |r T
in a quite wide region, but are umdlrectlonal just ata specific
point of A,/2w ~ 43 MHz for the probe field or A /2w =~
76 MHz for the signal field. It is more interesting that cross re-
flections exhibit similar nonreciprocal behaviors with |r[f;| +
|r;s+| and |rj1')‘| # |rs‘p+|, which are unidirectional at both
A,/2m ~ 43 MHz and A,/2m >~ 76 MHz, identical to di-
rect probe and signal reflections, respectively. That means
there exists no reflected probe (signal) field leaving from
the left side due to |1/ "| = |17 | = 0 (|ri7| = |7 = 0) at
A,/2m >~ 43 MHz (76 MHz) regardless of whether a probe
or a signal field is input. Note also that cross transmis-
sions remain nonreciprocal especially around A,/2mw =~ 43
and 76 MHz, albeit in a less evident way. Moreover, the simul-
taneous exchanges of two input fields and directions cannot

result in the invariance of |70 | = |17 ool [t 55,1 = 1t
lrt |, and [rf

I ppasl = s ppls psspl = |Tsp, ps' again.

We can quantify the degree of nonreciprocal reﬂections
by defining the isolation ratios IR}, = 1010g10| o /T +|2
with u, v € {p, s}. It is easy to learn from Fig. 6 that, at
A,/2m ~ 43 MHz, the isolation ratios of direct (IR;p) and
cross (IR()) reflections reach 64.0 and 29.1 dB, respectively,
for a probe output field; at A, /2w =~ 76 MHz, the isolation ra-
tios of direct (IRf,) and cross (IR;S) reflections reach 57.3 and
28.8 dB, respectively, for a signal output field. These large iso-
lation ratios exceeding 20 dB indicate that our non-Hermitian
nonlinear atomic sample can serve as a high-performance
nonreciprocal optical device with regard to two reflection
modes. Here we do not show the isolation ratios of various
transmissions because nonreciprocity in cross transmission is
much less evident as compared to direct and cross reflections,
while direct transmission remains always reciprocal.

The nonreciprocal and unidirectional scattering behaviors
we find can be explained by extending the language of out-of-
phase non-Hermitian optics [62—-68] from the linear-response
case to the FWM regime. As noted above, our atomic sample

pP.SS

driven by the strong SW coupling and dressing fields can
be seen as an all-optical scattering device with four modes
corresponding to different choices of frequencies w,; and
directions £z of the weak probe and signal fields. Two po-
larizations governing the scattering processes as given by
Eq. (10) can be described in terms of the following response
functions for the probe and signal fields: the direct (or linear)
susceptibilities

!
xO(z) = P{(2)  NdLA(2)
P &k, 2e0hi
!
o P(z)  NdLC()
X (@) = = an
6‘0Es Zé‘oh
80 - 36 .
) — I, ®) — Ix,
601 27
40+ 18
20+ 9
0+ 0
0 25 50 75 100 0 25 50 75 100
A,/2n (MHz) A,/2m (MHz)
68 36
(©) — IR, (d) — IR,
514 27
344 18
171 9
0 0
0 25 50 75 100 0 25 50 75 100
A,/2n (MHz) A,/2m (MHz)

FIG. 6. Isolation ratios of (a) and (c) direct and (b) and (d) cross
reflections for (a) and (b) a probe or (c) and (d) a signal output field
vs probe detuning A, attained with the same parameters as in Fig. 5.
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and the cross (or nonlinear) susceptibilities

wo_ PPG@)  NdizdiuB(2)

Xp (@) = = .
28080E5 480h50
P{(z)  Ndi3diuD(2)

X§n)(z) — 41 > . 13d1 2 (12)
28()50Ep 480}150

Clearly, linear susceptibilities x /) are the only ones that
would survive even if we switch off the dressing and coupling
fields; in nonlinear susceptibilities XI(,”) the main dependence
on the dressing and coupling fields has been factored out.
We note, however, that both x{') and x ) still depend in an
involved way on the coupling and dressmg fields, as evident
from Eq. (8), and the four-channel scattering processes they
describe (in particular the cross ones) stem from nonlinear
wave-mixing effects.

In the case of A, = Ay and ¢ = 0, it is easy to learn from
Eq. (8) that A(z) = C(z2) and B(z) = D(z); thereby we must
arrive at x\") = x{ and x\” = x, which is why all reflec-
tions and transmissions are symmetric, i.e., invariant upon an
exchange of the probe and signal fields. It is worth noting that
xy) = x{" and x{” = x™ are in-phase non-Hermitian with
Im( X(l Y and Re( X(l ")) sharing the same spatial dependence
in the case of ¢ = kn hence all reflections and transmissions
are reciprocal, i.e., invariant upon an exchange of the input and
output ports. Nonreciprocal transmissions and reflections can
only be attained with out-of-phase non-Hermitian susceptibil-
ities in the case of ¢ # kx and will become most pronounced
when Im(x (' and Re( X (M) exhibit the largest spatial phase
mismatch for ¢p=(k=x1l /4)7r of course depending also on
whether A, = A, or not.

In Fig. 7 we plot the linear and nonlinear susceptibilities
against position z in a single period of our atomic sample at
A,/2m = £43 MHz with the same parameters as in Fig. 4. It
iss easy to observe that linear susceptibilities x " (z) and x{"(z)
exhibit exact P77 antisymmetric resonances [64] because their
imaginary (real) parts are even (odd) functions with respect
to respective resonance centers. It is also clear that X,(f)(z)
and Xs(l)(Z) are similar in profile with identical imaginary
parts but opposite real parts though staggered by a 1/4 period
in space. This is why nonreciprocal and even unidirectional
direct reﬂections have been observed for the probe and signal
fields due to |r; | # |r, 7| and |r 7| # |r;*| and why they
are reversed in terms of input and output directions due to
lri | = lr*| and |r,F| = |rf~|. On the other hand, non-
llnear susceptibilities x (" (z) = x"(z) exhibit two spatially
staggered resonances in accordance with those of x(l )(z) and

x{P(z), respectively, but are just partially P77 antisymmetric
with their real (imaginary) part deviating from an odd (even)
function with respect to the center of each resonance. It is the
interplay between exact P77 antisymmetric linear susceptibili-
ties and partially P77 antisymmetric nonlinear susceptibilities
that results in nonreciprocal cross transmissions. To attain
nonreciprocal cross reflections, we should further reduce the
similarity between two linear susceptibilities by introducing
asymmetric driving fields with A, # A,.

The above numerical discussion can be substantiated by
straightforward, albeit laborious, analytical calculations based

18 18

O mess’ [T 0= |- m ez
o — 10°Re(z") 9 — 10°Re(2))
s === 10"Im(z)) " === 10'Im(x)

7000 025 050 075 1.00 000 025 050 075 1.00

zla zla
18

© !

n
“
'
4K

'

O _____________
_9]— 10"Re()
gl 10 ImG") 8 --- 10°Im(")
0.00 025 050 075 1.00 000 025 050 075 1.00
zla zla
12 12
(e) — 10'Re(A)E.E,) )
0.6 . 104Im(;tp8)E Ed) 0.6 )
0.0 g 0.04----- e
4
06 06 o Re(Zu0EE,)
--- 10" Im(") E E,)
12 12 (Z((s) C
0.00 025 050 075 1.00 0.00 025 050 075 1.00
z/a z/a

FIG. 7. Susceptibilities (a) and (b) )(”’ (c) and (d) x, and
(e) and (f) x " = x vs atomic position z attained with the same
parameters as in Fig. 4 except A, = 27w x 43 MHz in (a), (c), and
(e) and A, = —27 x 43 MHz in (b), (d), and (f).

on an expansion and a truncation of the transfer matrix M
as detailed in Appendix C. These calculations show that
the truncated transfer matrix M,, and hence all transmission
and reflection amplitudes are clearly expressed in terms of
the zeroth-order and positive- or negative-first-order Fourier
components of linear X(”(z) and nonlinear x")(z) suscepti-
bilities. Then out-of- phase non-Hermitian scattering should
occur when the first-order and negative-first-order Fourier
components become different for each susceptibility in the
case of ¢ # km, thereby leading to nonreciprocal direct re-
flections, cross reflections, and cross transmissions in general,
while direct transmissions are intrinsically reciprocal. One
exception is that cross reflections may happen to be recip-
rocal when the coupling and dressing fields are applied in
a symmetric way so that the zeroth-order and positive- and
negative-first-order Fourier components also exhibit a certain
exchange symmetry. Finally, we note that it is enough to
capture most features of direct reflections, cross reflections,
and direct transmissions with the first-order truncation, while
nonreciprocal cross transmissions will not appear until the
second-order truncation is considered.

IV. CONCLUSION

Optical nonreciprocity is a long-standing phenomenon of
fundamental interest, yet today largely driven by applications
of nonreciprocal devices in areas such as signal processing
and quantum networks. Within this context, achieving full
control over nonreciprocity has been a highly desirable and
remarkable feature for any such devices. Here we have har-
nessed third-order nonlinearities and induced Bragg scattering
in a familiar multilevel (double-A) configuration to attain
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nonreciprocal direct reflections as well as nonreciprocal cross
reflections and transmissions, where direct (cross) refers to a
beam scattering off a single-input port onto another one of
the same (different) frequency. In a specific atomic medium,
which we suitably engineered to implement our proposal, it is
possible to adjust parameters of the medium’s driving scheme
to switch between these nonreciprocal scattering channels.
By the same means, we encompassed both in-phase and
out-of-phase non-Hermitian modulations in space, making
our results a valuable contribution to the understanding of
non-Hermitian optical scattering. Finally, the present atomic
archetype may be operated in a regime where more than one
input port is used (unlike in this work). Our results would
establish then the ground for investigating multicolor optical
nonreciprocity within a single device, further enhancing their
significance.
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APPENDIX A: EQUATIONS FOR TW COUPLING
AND DRESSING FIELDS

It is known that the propagation dynamics of a light field
with amplitude E inside a medium with polarization P is
governed by the Maxwell equation

9’E 1 9%E 3P

a2 2 oarr M

when E and P oscillate in time (space) with roughly the same
frequency (wave number) w (k = w/c). Now we focus on
the double-A atomic system in Fig. 1(b) and consider the
simpler case where both coupling and dressing beams are
in the TW pattern and travel in the forward direction with
Rabi frequencies Qe and Qye™*+?. Under the slowly vary-
ing envelope approximation, it is viable to reduce the above
Maxwell equation into

(AL)

E[’ eikpz

_ () ikyz (n) i(k,—Ak)z
9z = np(P3) " + Py e ).

(A2)
%eim = 1, (P 4 P itk s002),
z
with n, = iw,/2g9c and n; ='ia)s/280c in _the steady state.
Here E is replaced by E,e*»* and E,es* for a probe
and a signal field, both traveling in the forward direction,

and accordingly P by P\, e 4 P{eitr=202 and p{leihs 4
Pﬂ’)e"("f*“)z with a wave-number difference Ak = k, — k. +
kg — ks, which would result in a phase mismatch during light
propagation. Relevant linear and nonlinear polarizations are
given by

P{) = Ndi3p}) = ai3AE,,

P{y) = Ndi3p3} = a13BE,,
1 1 (A3)
Py = Ndupl) = anCE,,

P = Ndiupy = a1sDE,,

with A, B, C, and D defined as in Eq. (8) but becoming space-
invariant here. Moreover, a3 = Nd%; /2 and a4 = Nd?,/2h
are introduced for convenience.

In the ideal case of perfect phase matching (Ak = 0),
substituting Eq. (A3) into Eq. (A2), we further attain the
two-mode coupled equations

0 (E o (E A B\(E,
aele) =5 (2) = (6 o)(2)

with A/A = B/B = npai3L and C/C =D/D = nsl. A
formal integration of this equation yields

Ep(L)\ _ g7 (Er(©)

Ey(L) Ey(0) )’
where M7 = %7 is a 2 x 2 transfer matrix composed of four
elements M|, M1,, M},, and M7,.

Based on Eq. (AY), it is viable to ultimately calculate the
direct and cross transmission amplitudes

(A4)

(A5)

CEW_ . _ED_
= "M TR T o
_EW _ EL) _

tS - = ) ts - — )
P EP(O) 21 P EY(O) 12

which are very simple because forward probe and signal
fields will not be scattered into backward ones. Considering a
backward incidence with E,e~** and E;e~'%?, we can attain
the same transmission amplitudes as a result of the Lorentz
reciprocity theorem [1]. In Fig. 8, the moduli of transmis-
sion amplitudes [,,[, |fs], |fps], and |t5,| are plotted against
the coupling Rabi frequency €. It is easy to see that direct
transmission |¢,,| of the probe field gradually increases from
0.1 (resonant absorption) while direct transmission |¢y| of the
signal field gradually decreases from 1.0 (EIT effect) when
2. is turned on and rises continuously. We also find that cross
transmissions [f,s| and |z, resulting from nonlinear conver-
sions are always equal to each other due to A, = Ay, both
vanish in the case of Q. = 0, and they reach a maximum for
balanced coupling and dressing fields with Q. = ;. These
findings are consistent with those in Ref. [39].

APPENDIX B: EQUATIONS FOR SW COUPLING
AND DRESSING FIELDS

In the more complicated case where the coupling and
dressing beams are in the SW pattern with electric fields
E.(z) and E;(z) described by Eq. (6), the Maxwell equations
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FIG. 8. Moduli of transmission amplitudes vs Rabi frequency €2,
for a finite atomic sample driven by the TW coupling and dressing
fields. Relevant parameters are the same as in Fig. 2 except A, =
Ay =0and Q; =27 x 10 MHz.

reduced in the slowly varying envelope approximation and in
the steady state turn out to be

0ET oE- .
P ikpz _ P —ikpz P:
9z ¢ 0z ¢ @)
JET . oE- _.
s elkxz _ _Seflk‘z = 1sP41(2). (BD)
9z 0z

Here both probe and signal fields are assumed to contain a
forward and a backward component because they fulfill the
phase-matching requirement Ak = 0 with different Fourier

J

MMy — My My,

components of the periodic polarizations Ps;(z) and Py;(z)
in Eq. (10). Assuming k. = k; = ko as in the main text,
we expand the space-dependent terms A(z) = n,a13LA(z)
X (2), B(z) = npaisLB(z) o x"(2), C(z) = nsa14LC(z)
XS(I)(z), and D(z) = ns014LD(z) XS(”)(z) into the Fourier
series

A@R) = Ay + Aj et 4 A et oL

B(z) = By + By + By_e ot ..
; , (B2)
C(z)y=Co+ C1+612koz + C17e7’2k0Z 4+,

D(z) =Dy + DH_eiZkOZ + 'Dl_e—i2koz 4+,

where the zeroth-order Y, and the first-order Y+ compo-
nents with Y € {4, B, C, D} can be calculated through Yy =
L[ Y(@)dz and Yy =1 [ T(2)et7dz, with a =7 /ko
the common period of SW coupling and dressing fields. Sub-
stituting the space-dependent polarizations in Eq. (10) and
coefficients in Eq. (B2) into Eq. (B1), we can derive the
four-mode coupled equations

+ +
9 g”* g”*
— 1= 1 =x1"r

Lol [ =% | (B3)
E- E-

where the coefficient matrix X is given by

Ay A Bo Bi-

%= -A —A By B
- Do 'le C’0 le
-Di+ =Dy —Ci+ —Co

A formal integration of Eq. (B3) then leads to Eq. (5) in the
main text, where a 4 x 4 transfer matrix M relates the probe
and signal fields at z = L to the other two at z = 0. Transfer
matrix elements M;; and relevant boundary conditions [72]
allow us to ultimately calculate

_ MMy — MisMy

= e ,
rp My Myy — MraMy; pp My Myy — MrsMys (B4)
e Ma3May — MoyMys —y _ MxMsy — MyuMs,
* MMy — MosMyy’ MyMyy — MouMayy’
referring to the direct reflection amplitudes of probe and signal fields coming from the +z directions;
e Mo My — MMy, — M3y Myy — M3a My
s MynMyy — MpsMy™ P MyMas — MosMyy’ (B5)
. M My3 — Mr3Mayy — MMz — MMy
v MpMyy — MMy, MyMayy — MMy’
referring to the cross reflection amplitudes of probe and signal fields coming from the +z directions;
= My 4+ My (MaaMyy — MaiMay) + Mia(Mo My — Mo May)
p— l 1 9
pp MyMas — MruMyy
Mz (MoaMyz — MozMay) + Mag(Mp3sMay — M My3)
1t =My + , (B6)
My May — MruMy
— M44 _ M22

t = s
pp MoyMyy — MrsMy

" MypMyy — MoyMyy'
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FIG. 9. Moduli of (a) direct and (b) cross transmission amplitudes as well as (c) direct and (d) cross reflection amplitudes vs probe detuning
A, attained with the same parameters as in Fig. 4. Lines in (ai)—(di) are exact results while those in (aii)—(dii) and (aiii)—(diii) refer to transfer
matrices truncated at first-order and second-order Taylor expansions, respectively.

referring to the direct transmission amplitudes of probe and signal fields coming from the +z directions; and

tht = Ms +

Mo (MyppM3y — MagM3p) 4+ My (MasM3y — Moy M3y)

My Myy — MrsMy

Mo (MayMy3 — MyaMo3) + Mi4(Mao Moz — M Ms3)

tht =M+ (B7)
P Moy Mys — MrsMy;
R My - My
b MpMyy — MMy’ MpMyy — MauMyy'
referring to the cross transmission amplitudes of probe and signal fields coming from the £z directions.
(
APPENDIX C: EXPANSION AND TRUNCATION we derive the approximate reflection amplitudes
OF THE TRANSFER MATRIX
. . s+ _ _BoDis + A — Co)
In f)rder to bette.r uqderstand the nonrec1proca1 scattering pp (1 — Ao)(1 — Co) — ByDy’
behaviors observed in Figs. 3-5, below we derive approximate DB A (d-cC
analytical expressions for all 16 reflection and transmission 7;; = oBi- +Ai-(1 = Co) ,
amplitudes. This seemingly formidable task can be accom- (1 = Ap)(1 = Co) — BoDo
plished by expanding the transfer matrix M into a Taylor series e Do A+ + Dy (1 — Ay)
o= ,
P (1= Ay = Co) — ByDy
M= =1+X+X2204+ %331+ (C) st _ DG+ D1 —-Co) ©)
P (1= Ay = Co) — ByDy

and making truncations to the first and second orders of X.
The accuracy of such truncations for appropriate parameters
is verified in Fig. 9 by comparing exact results to both first-
order and second-order approximate results. It is clear that
first-order approximations on direct transmissions, direct re-
flections, and cross reflections are already accurate enough,
whereas second-order approximations should be adopted to
attain similarly accurate cross transmissions. That means
X3/3! and other higher-order terms do not contribute essen-
tially to direct and cross reflections or to direct and cross
transmissions. Taking the first-order truncation M, =F+2X,

With the second-order truncation M, = I + X + X2 /2!, we
get the approximate transmission amplitudes

7 = - C(/)
rp rp (I — AN —-C) — B{)D(J{’

'D+
it = 0 , C3
ps (I —-Apa —C(’))—B(’)Dg €3
o Dy

t - ’
P (L= A1 —C)) — ByDf
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FIG. 10. Elements (ai) Ay, (bi) Ay, (ci) Bi. = Dy, and (di) Cy, as well as (aii) Cy, (bii) A,_, (cii) B;- = D,_, and (dii) C;_ in the
coefficient matrix X vs probe detuning A » attained with the same parameters as in Fig. 4.

where five corrected parameters are defined as

,A% + ByDy — A1 A- — B1.D;_

sy = Ay - ]
B(/) — Bo _ AOBO + B()C() — ,;1+817 — B]+61, ’
/ Cg + BoDO — Cl+Cl— _ Dl+Bl—
Co=Co — 5 ,
D = Dy — AoDy + CoDy — 021+D1_ — AI_DH_’
D D — 'D - _D
DazDo—AO o + CoDo J;ll+ 1 Ci 1+ 4

For simplicity, we restrict our following discussion to the
case of A, = Ay and y3; = y4; = y. Further taking ¢ = 0, it
is easy to find from Eq. (8) that A(z) = C(z) and B(z) = D(2);
thereby we should arrive at Ay = Cy, By = Dy, A1+ = Ci+,
and By+ = Dj+. Accordingly, all reflections and transmis-
sions must be reciprocal as shown in Fig. 2, where the plotted
curves are also symmetric with respect to A, = 0. Taking
¢ = m /4 as in Figs. 3 and 4, we plot relevant elements of the
coefficient matrix X against probe detuning A » in Fig. 10,
which shows that Ay =Cy, A =iCiy, B = iBjy, and
Cy_ = iA;,. Further considering Dy = By and D+ = By in
our model, we learn from Eq. (C2) that |F5~| = 7| due
to .A1+/61, =D;+/D,_ and Ay = Cy, while |I7;_p_| #* |I7;p+|
due to Dy /Dy # A1/ A~ and Dy = By. We also learn
from Eq. (C3) that |t~;f,;| = |t~[jp+| always holds true, while
|f;;‘| + |t~p‘s+| is attained because of A1+ # Cj4+ with A,_ =
iC+ and C;_ = iA;4, as shown by Fig. 10. Note, however,
that we have |flj;_| = |fp_s+| when both D and D, are re-
placed by D, for the first-order truncation of transfer matrix
M. That means it is the second-order scattering effect that

results in |fp+s’| - |t~p’s+| # 0, so that it is less evident than
|75, | — 7,71 # 0. The above discussion explains well how

linear {Ay, A+, Cy, Ci1+} and nonlinear {By, Bi+, Dy, Di+}

contributions together lead to nonreciprocal direct reflection
and cross transmission but reciprocal cross reflection and di-
rect transmission.

The above numerical results can be further verified by the
following analytical expressions. In the case of a symmetric
driving considered here, we can define F = n,a13L = no4L
and attain, from Egs. (8) and (B2),

iF [1 —sin(2kz)] + B

AR = g31 [2 + cos(2kz) — sin(2kz)] + B’

Bz) = il —[1 4 cos(2kz) — .sin(2kz)] /2 ©S)
g31 [2 4+ cos(2kz) — sin(2kz)] + B
ir [1+ cos(2kz)] + B

C(z) =

231 [2 + cos(2kz) — sin(2kz)] + B’

with D(z) = B(z) and B = g51831/G>. Then it is viable to
further attain their Fourier components

—A+dd +p)+iz_]F

Ay =Co =
C (24 —2-)83
V2L +i) = 2iz_1F
By =
2(z4 —z-)831
A =i, = LA FPdr )
(24 —2-)g3
Bi- =iB; = V21 =D+ Bzt
2z —z-)g31
0 =id, = LZ 1= CHp+ipIr
2zy — z-)831

with zo = [(i — D2 + B) £i/2(B% + 4B + 2)]/2. We have
checked that these analytical expressions can be used to gen-
erate the same results as shown in Fig. 10.

Finally, choosing A, = —A; = 60 MHz and ¢ = 7 /4 as
in Fig. 5, we plot relevant elements of the coefficient matrix

013707-11
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FIG. 11. Elements (ai) Ay, (bi) A;,, (ci) By = D1, and (di) C;, as well as (aii) Cy, (bii) A;_, (cii) Bi_ = D;_, and (dii) C;_ in the
coefficient matrix X vs probe detuning A p attained with the same parameters as in Fig. 5.

X against probe detuning A, in Fig. 11. It is not difficult
to find that Ay = Cp, Ai_ = iC]+, Bi_ = i81+, and C_ =
iA; do not hold anymore, so we further have |?;:‘| # |7;s+|
in addition to [F~| # |, F| and 77| # |fp_s+|.AThe above
discussion based on the truncated transfer matrix M,, indicates
that nonreciprocal scattering behaviors shown in the main text

can be attributed to out-of-phase non-Hermitian nonlinear in-
teractions between the probe and signal fields. In other words,
it is the non-Hermitian interplay of linear { Ao, A+, Co, C1+}
and nonlinear {By, B+, Dy, D;+} contributions in respective
reflection and transmission amplitudes that leads to the in-
triguing nonreciprocal results in Figs. 3—5 [see also Egs. (11)
and (12) for related discussion].

[1] H. A. Haus, Waves and Fields in Optoelectronics (Prentice-Hall,
New York, 1984).

[2] H.J. Kimble, The quantum internet, Nature (London) 453, 1023
(2008).

[3] D. Jalas, A. Petrov, M. Eich, W. Freude, S. Fan, Z. Yu,
R. Baets, M. Popovié¢, A. Melloni, J. D. Joannopoulos, M.
Vanwolleghem, C. R. Doerr, and H. Renner, What is—and what
is not—an optical isolator, Nat. Photon. 7, 579 (2013).

[4] C. Liang, B. Liu, A.-N. Xu, X. Wen, C. Lu, K. Xia, M. K.
Tey, Y.-C. Liu, and L. You, Collision-induced broadband optical
nonreciprocity, Phys. Rev. Lett. 125, 123901 (2020).

[5] Z.-B. Wang, Y.-L. Zhang, X.-X. Hu, G.-J. Chen, M. Li, P. F.
Yang, X.-B. Zou, P.-F. Zhang, C.-H. Dong, G. Li, T. C. Zhang,
G.-C. Guo, and C.-L. Zou, Self-induced optical non-reciprocity,
Light Sci. Appl. 14, 23 (2025).

[6] L. Tang, J. Tang, M. Chen, F. Nori, M. Xiao, and K. Xia,
Quantum squeezing induced optical nonreciprocity, Phys. Rev.
Lett. 128, 083604 (2022).

[7] R.-T. Sun, M.-Y. Peng, T.-X. Lu, J. Wang, Q. Zhang, Y.-F.
Jiao, and H. Jing, Multicolor nonreciprocal optical amplifier
with spinning active optomechanics, Phys. Rev. A 109, 023520
(2024).

[8] Z. Wang, Y. Chong, J. D. Joannopoulos, and M. Soljacic, Ob-
servation of unidirectional backscattering-immune topological
electromagnetic states, Nature (London) 461, 772 (2009).

[9] A. B. Khanikaev, S. H. Mousavi, G. Shvets, and Y. S.
Kivshar, One-way extraordinary optical transmission and non-

reciprocal spoof plasmons, Phys. Rev. Lett. 105, 126804
(2010).

[10] F. Ruesink, M.-A. Miri, A. Alu, and E. Verhagen, Nonre-
ciprocity and magnetic-free isolation based on optomechanical
interactions, Nat. Commun. 7, 13662 (2016).

[11] G. A. Peterson, F. Lecocq, K. Cicak, R. W. Simmonds, J.
Aumentado, and J. D. Teufel, Demonstration of efficient non-
reciprocity in a microwave optomechanical circuit, Phys. Rev.
X 7,031001 (2017).

[12] Y.-B. Qian, Z.-Y. Zhang, L. Tang, D.-G. Lai, and B.-P. Hou,
Temporal nonreciprocity in gently modulated three-mode op-
tomechanical systems, Phys. Rev. A 109, 043103 (2024).

[13] S.-T. Huang, Y.-B. Qian, Z.-Y. Zhang, L. Sun, B.-P. Hou,
and L. Tang, Nonreciprocal photon transport in a chiral op-
tomechanical system, Adv. Quantum Technol. 7, 2400217
(2024).

[14] K. Fang, Z. Yu, and S. Fan, Realizing effective magnetic field
for photons by controlling the phase of dynamic modulation,
Nat. Photon. 6, 782 (2012).

[15] D. L. Sounas and A. Alu, Non-reciprocal photonics based on
time modulation, Nat. Photon. 11, 774 (2017).

[16] E. A. Kittlaus, W. M. Jones, P. T. Rakich, N. T. Otterstrom,
R. E. Muller, and M. Rais-Zadeh, Electrically driven
acousto-optics and broadband non-reciprocity in silicon pho-
tonics, Nat. Photon. 15, 43 (2021).

[17] S. Guddala, Y. Kawaguchi, F. Komissarenko, S. Kiriushechkina,
A. Vakulenko, K. Chen, A. Alu, V. M. Menon, and A. B.

013707-12


https://doi.org/10.1038/nature07127
https://doi.org/10.1038/nphoton.2013.185
https://doi.org/10.1103/PhysRevLett.125.123901
https://doi.org/10.1038/s41377-024-01692-y
https://doi.org/10.1103/PhysRevLett.128.083604
https://doi.org/10.1103/PhysRevA.109.023520
https://doi.org/10.1038/nature08293
https://doi.org/10.1103/PhysRevLett.105.126804
https://doi.org/10.1038/ncomms13662
https://doi.org/10.1103/PhysRevX.7.031001
https://doi.org/10.1103/PhysRevA.109.043103
https://doi.org/10.1002/qute.202400217
https://doi.org/10.1038/nphoton.2012.236
https://doi.org/10.1038/s41566-017-0051-x
https://doi.org/10.1038/s41566-020-00711-9

NON-HERMITIAN OPTICAL SCATTERING IN COLD ...

PHYSICAL REVIEW A 112, 013707 (2025)

Khanikaev, All-optical nonreciprocity due to valley polarization
pumping in transition metal dichalcogenides, Nat. Commun. 12,
3746 (2021).

[18] H. Li, S. Yin, and A. Alu, Nonreciprocity and Faraday rotation
at time interfaces, Phys. Rev. Lett. 128, 173901 (2022).

[19] J. Kim, M. C. Kuzyk, K. Han, H. Wang, and G. Bahl, Non-
reciprocal Brillouin scattering induced transparency, Nat. Phys.
11, 275 (2015).

[20] C. H. Dong, Z. Shen, C. L. Zou, Y. L. Zhang, W. Fu, and
G. C. Cuo, Brillouin-scattering-induced transparency and non-
reciprocal light storage, Nat. Commun. 6, 6193 (2015).

[21] W. Fu, F. J. Shu, Y. L. Zhang, C. H. Dong, C. L. Zou, and
G. C. Guo, Integrated optical circulator by stimulated Brillouin
scattering induced non-reciprocal phase shift, Opt. Express 23,
25118 (2015).

[22] R. Huang, A. Miranowicz, J.-Q. Liao, F. Nori, and H. Jing,
Nonreciprocal photon blockade, Phys. Rev. Lett. 121, 153601
(2018).

[23] S. Maayani, R. Dahan, Y. Kligerman, E. Moses, A. U. Hassan,
H. Jing, F. Nori, D. N. Christodoulides, and T. Carmon, Flying
couplers above spinning resonators generate irreversible refrac-
tion, Nature (London) 558, 569 (2018).

[24] Z.-F. Yu, P-F. Yan, J.-M. Gao, F-Q. Hu, Z. Zhang, A.-X.
Zhang, and J.-K. Xue, Nonreciprocal photonic transistor with
a spinning polaritonic microcavity, Phys. Rev. A 111, 013517
(2025).

[25] D.-W. Wang, H.-T. Zhou, M.-J. Guo, J.-X. Zhang, J. Evers, and
S.-Y. Zhu, Optical diode made from a moving photonic crystal,
Phys. Rev. Lett. 110, 093901 (2013).

[26] S. A. R. Horsley, J.-H. Wu, M. Artoni, and G. C. LaRocca,
Optical nonreciprocity of cold atom Bragg mirrors in motion,
Phys. Rev. Lett. 110, 223602 (2013).

[27] H. Ramezani, P. K. Jha, Y. Wang, and X. Zhang, Nonrecip-
rocal localization of photons, Phys. Rev. Lett. 120, 043901
(2018).

[28] K. Xia, F. Nori, and M. Xiao, Cavity-free optical isolators and
circulators using a chiral cross-Kerr nonlinearity, Phys. Rev.
Lett. 121, 203602 (2018).

[29] H.-M. Zhao, D.-D. Zheng, X.-J. Zhang, and J.-H. Wu, Broad-
band tunable transmission non-reciprocity in thermal atoms
dominated by two-photon transitions, New J. Phys. 26, 043018
(2024).

[30] G. Lin, S. Zhang, Y. Hu, Y. Niu, J. Gong, and S. Gong, Non-
reciprocal amplification with four-level hot atoms, Phys. Rev.
Lett. 123, 033902 (2019).

[31] A. B. Khanikaev and A. Alu, Nonlinear dynamic reciprocity,
Nat. Photon. 9, 359 (2015).

[32] Y. Shi, Z. Yu, and S. Fan, Limitations of nonlinear opti-
cal isolators due to dynamic reciprocity, Nat. Photon. 9, 388
(2015).

[33] D. L. Sounas, J. Soric, and A. Alu, Broadband passive isolators
based on coupled nonlinear resonances, Nat. Electron. 1, 113
(2018).

[34] M. Fleischhauer, A. Imamoglu, and J. P. Marangos, Electro-
magnetically induced transparency: Optics in coherent media,
Rev. Mod. Phys. 77, 633 (2005).

[35] S.-S. Hsiao, W.-K. Huang, Y.-M. Lin, J.-M. Chen, C.-Y. Hsu,
and I. A. Yu, Temporal profile of biphotons generated from a hot
atomic vapor and the spectrum of electromagnetically induced
transparency, Phys. Rev. A 106, 023709 (2022).

[36] A.J. Merriam, S. J. Sharpe, M. Shverdin, D. Manuszak, G. Y.
Yin, and S. E. Harris, Efficient nonlinear frequency conversion
in an all-resonant double-A system, Phys. Rev. Lett. 84, 5308
(2000).

[371 Y. Wu and X. Yang, Highly efficient four-wave mixing in
double-A system in ultraslow propagation regime, Phys. Rev.
A 70, 053818 (2004).

[38] C.-Y. Cheng, Z.-Y. Liu, P-S. Hu, T.-N. Wang, C.-Y. Chien,
J.-K. Lin, J.-Y. Juo, J.-S. Shiu, I. A. Yu, Y.-C. Chen, and Y.-F.
Chen, Efficient frequency conversion based on resonant four-
wave mixing, Opt. Lett. 46, 681 (2021).

[39] C.-K. Chiu, Y.-H. Chen, Y.-C. Chen, I. A. Yu, Y.-C. Chen,
and Y.-F. Chen, Low-light-level four-wave mixing by quantum
interference, Phys. Rev. A 89, 023839 (2014).

[40] L. Zhao, Y. Su, and S. Du, Narrowband biphoton generation in
the group delay regime, Phys. Rev. A 93, 033815 (2016).

[41] R. Kumar, D. Manchaiah, M. Ahmad, and R. K. Easwaran,
Effect of relaxation on the transfer of orbital angular momentum
via four-wave mixing process in the four-level double lambda
atomic system, New J. Phys. 26, 053045 (2024).

[42] R. T. Willis, F. E. Becerra, L. A. Orozco, and S. L. Rolston, Cor-
related photon pairs generated from a warm atomic ensemble,
Phys. Rev. A 82, 053842 (2010).

[43] B. Srivathsan, G. K. Gulati, B. Chng, G. Maslennikov,
D. Matsukevich, and C. Kurtsiefer, Narrow band source of
transform-limited photon pairs via four-wave mixing in a cold
atomic ensemble, Phys. Rev. Lett. 111, 123602 (2013).

[44] B. Yang, J. Xu, J. Fan, and H. Zhou, Frequency characteristics
of collimated blue light generated by four-wave mixing in ce-
sium vapor, Opt. Lett. 49, 3846 (2024).

[45] J. Wu, M. Guo, H. Zhou, J. Liu, J. Li, and J. Zhang, Experi-
mental realization of efficient nondegenerate four-wave mixing
in cesium atoms, Opt. Express 30, 12576 (2022).

[46] C. F. McCormick, A. M. Marino, V. Boyer, and P. D. Lett,
Strong low-frequency quantum correlations from a four-wave-
mixing amplifier, Phys. Rev. A 78, 043816 (2008).

[47] Q. Glorieux, L. Guidoni, S. Guibal, J.-P. Likforman, and T.
Coudreau, Quantum correlations by four-wave mixing in an
atomic vapor in a nonamplifying regime: Quantum beam split-
ter for photons, Phys. Rev. A 84, 053826 (2011).

[48] M. T. Turnbull, P. G. Petrov, C. S. Embrey, A. M. Marino,
and V. Boyer, Role of the phase-matching condition in nonde-
generate four-wave mixing in hot vapors for the generation of
squeezed states of light, Phys. Rev. A 88, 033845 (2013).

[49] V. Balic, D. A. Braje, P. Kolchin, G. Y. Yin, and S. E. Harris,
Generation of paired photons with controllable waveforms,
Phys. Rev. Lett. 94, 183601 (2005).

[50] S. W. Du, P. Kolchin, C. Belthangady, G. Y. Yin, and S. E.
Harris, Subnatural linewidth biphotons with controllable tem-
poral length, Phys. Rev. Lett. 100, 183603 (2008).

[51] H.-M. Zhao, X.-J. Zhang, M. Artoni, G. C. La Rocca, and J.-H.
‘Wu, Photon-pair generation on resonance via a dark state, Phys.
Rev. A 106, 023711 (2022).

[52] H.-M. Zhao, X.-J. Zhang, M. Artoni, G. C. La Rocca, and
J.-H. Wu, Nonlocal Rydberg enhancement for four-wave-
mixing biphoton generation, Phys. Rev. A 109, 043711 (2024).

[53] J.-S. Shiu, C.-W. Lin, Y.-C. Huang, M.-J. Lin, L.-C. Huang,
T.-H. Wu, P-C. Kuan, and Y.-F. Chen, Frequency-tunable
biphoton generation via spontaneous four-wave mixing, Phys.
Rev. A 110, 063723 (2024).

013707-13


https://doi.org/10.1038/s41467-021-24138-0
https://doi.org/10.1103/PhysRevLett.128.173901
https://doi.org/10.1038/nphys3236
https://doi.org/10.1038/ncomms7193
https://doi.org/10.1364/OE.23.025118
https://doi.org/10.1103/PhysRevLett.121.153601
https://doi.org/10.1038/s41586-018-0245-5
https://doi.org/10.1103/PhysRevA.111.013517
https://doi.org/10.1103/PhysRevLett.110.093901
https://doi.org/10.1103/PhysRevLett.110.223602
https://doi.org/10.1103/PhysRevLett.120.043901
https://doi.org/10.1103/PhysRevLett.121.203602
https://doi.org/10.1088/1367-2630/ad3d7a
https://doi.org/10.1103/PhysRevLett.123.033902
https://doi.org/10.1038/nphoton.2015.86
https://doi.org/10.1038/nphoton.2015.79
https://doi.org/10.1038/s41928-018-0025-0
https://doi.org/10.1103/RevModPhys.77.633
https://doi.org/10.1103/PhysRevA.106.023709
https://doi.org/10.1103/PhysRevLett.84.5308
https://doi.org/10.1103/PhysRevA.70.053818
https://doi.org/10.1364/OL.414263
https://doi.org/10.1103/PhysRevA.89.023839
https://doi.org/10.1103/PhysRevA.93.033815
https://doi.org/10.1088/1367-2630/ad4b59
https://doi.org/10.1103/PhysRevA.82.053842
https://doi.org/10.1103/PhysRevLett.111.123602
https://doi.org/10.1364/OL.525940
https://doi.org/10.1364/OE.452790
https://doi.org/10.1103/PhysRevA.78.043816
https://doi.org/10.1103/PhysRevA.84.053826
https://doi.org/10.1103/PhysRevA.88.033845
https://doi.org/10.1103/PhysRevLett.94.183601
https://doi.org/10.1103/PhysRevLett.100.183603
https://doi.org/10.1103/PhysRevA.106.023711
https://doi.org/10.1103/PhysRevA.109.043711
https://doi.org/10.1103/PhysRevA.110.063723

LIU, ARTONI, LA ROCCA, AND WU

PHYSICAL REVIEW A 112, 013707 (2025)

[54] N. B. Phillips, A. V. Gorshkov, and I. Novikova, Light storage
in an optically thick atomic ensemble under conditions of elec-
tromagnetically induced transparency and four-wave mixing,
Phys. Rev. A 83, 063823 (2011).

[55] D. Viscor, V. Ahufinger, J. Mompart, A. Zavatta, G. C. La
Rocca, and M. Artoni, Two-color quantum memory in double-
A media, Phys. Rev. A 86, 053827 (2012).

[56] J. Wu, Y. Liu, D. S. Ding, Z. Y. Zhou, B. S. Shi, and G. C.
Guo, Light storage based on four-wave mixing and electromag-
netically induced transparency in cold atoms, Phys. Rev. A 87,
013845 (2013).

[57] J. Geng, G. T. Campbell, J. Bernu, D. B. Higginbottom, B. M.
Sparkes, S. M. Assad, W. P. Zhang, N. P. Robins, P. K. Lam, and
B. C. Buchler, Electromagnetically induced transparency and
four-wave mixing in a cold atomic ensemble with large optical
depth, New J. Phys. 16, 113053 (2014).

[58] Y. Lou, Y. Lv, J. Wang, S. Liu, and J. Jing, Deterministic
all-optical continuous-variable quantum telecloning, Phys. Rev.
Lett. 132, 160803 (2024).

[59] D. Lei, D. Guo, J. Xin, and X.-M. Lu, All-optical correlated
noisy channel and its application in recovering quantum coher-
ence, Phys. Rev. A 109, 062410 (2024).

[60] J. Wang, Y. Lou, S. Liu, and J. Jing, Experimental en-
hancement of six-beam quantum squeezing by phase-sensitive
cascaded four-wave mixing processes, Opt. Express 32, 27188
(2024).

[61] T. Shui, W.-X. Yang, M.-T. Cheng, and R. K. Lee, Optical non-
reciprocity and nonreciprocal photonic devices with directional
four-wave mixing effect, Opt. Express 30, 6284 (2022).

[62] Z. Lin, H. Ramezani, T. Eichelkraut, T. Kottos, H. Cao,
and D. N. Christodoulides, Unidirectional invisibility induced
by P7T -symmetric periodic structures, Phys. Rev. Lett. 106,
213901 (2011).

[63] A. Mostafazadeh, Invisibility and P77 symmetry, Phys. Rev. A
87, 012103 (2013).

[64] J.-H. Wu, M. Artoni, and G. C. La Rocca, Non-Hermitian
degeneracies and unidirectional reflectionless atomic lattices,
Phys. Rev. Lett. 113, 123004 (2014).

[65] Y. He,J. Wu, Y. Hu, J.-X. Zhang, and S.-Y. Zhu, Unidirectional
reflectionless anti-parity-time-symmetric photonic lattices of
thermal atoms, Phys. Rev. A 105, 043712 (2022).

[66] X. Liu and J.-H. Wu, Unidirectional and bidirectional photon
transport blockade in driven atomic lattices of parity-time anti-
symmetry, New J. Phys. 26, 013048 (2024).

[67] Z. Zhang, Y. Zhang, J. Sheng, L. Yang, M.-A. Miri, D. N.
Christodoulides, B. He, Y. Zhang, and M. Xiao, Observation of
party-time symmetry in optically induced atomic lattices, Phys.
Rev. Lett. 117, 123601 (2016).

[68] Q. Yu, J. Yuan, Z. Liu, R. He, S. Liang, Y. Zhang, and Z.
Zhang, Discrete dynamics of light in an anti-parity-time sym-
metric photonic lattice in atomic vapors, Opt. Lett. 48, 5735
(2023).

[69] W. Cao, X. Lu, X. Meng, J. Sun, H. Shen, and Y. Xiao,
Reservoir-mediated quantum correlations in non-Hermitian op-
tical system, Phys. Rev. Lett. 124, 030401 (2020).

[70] N. Flemens and J. Moses, Hermitian nonlinear wave mixing
controlled by a PT -symmetric phase transition, Phys. Rev. Lett.
129, 153901 (2022).

[71] Y. Jiang, Y. Mei, Y. Zuo, Y. Zhai, J. Li, J. Wen, and S. Du, Anti-
parity-time symmetric optical four-wave-mixing in cold atoms,
Phys. Rev. Lett. 123, 193604 (2019).

[72] The four appropriate boundary conditions are (i) E;’(O) =
Ey and Ef(0)=E, (L) =E (L)=0, (ii) E}(0)=E, and
Ef(0)=E,(L)=E; (L) =0, (iii) E, (L) = E, and E;(O) =
Ef(0)=E (L)=0, and (iv) E (L)=E, and Ef(0)=
EF(0)=E,(L)=0.

013707-14


https://doi.org/10.1103/PhysRevA.83.063823
https://doi.org/10.1103/PhysRevA.86.053827
https://doi.org/10.1103/PhysRevA.87.013845
https://doi.org/10.1088/1367-2630/16/11/113053
https://doi.org/10.1103/PhysRevLett.132.160803
https://doi.org/10.1103/PhysRevA.109.062410
https://doi.org/10.1364/OE.522528
https://doi.org/10.1364/OE.446238
https://doi.org/10.1103/PhysRevLett.106.213901
https://doi.org/10.1103/PhysRevA.87.012103
https://doi.org/10.1103/PhysRevLett.113.123004
https://doi.org/10.1103/PhysRevA.105.043712
https://doi.org/10.1088/1367-2630/ad1df1
https://doi.org/10.1103/PhysRevLett.117.123601
https://doi.org/10.1364/OL.502932
https://doi.org/10.1103/PhysRevLett.124.030401
https://doi.org/10.1103/PhysRevLett.129.153901
https://doi.org/10.1103/PhysRevLett.123.193604

