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Abstract The paper derives a thermodynamic scheme for SMAs. The new idea of the
thermodynamic approach is the formulation of the second lawwhere also the entropy
production is given by a constitutive equation. Also by analogy with the usual one-
dimensional experimental setting, the paper describes SMAs in a thin parallelepiped
form. The body is taken to be subjected to the standard balance equations and the
material is characterized by constitutive equations where the temperature, the stress,
their time derivatives, and the mass fraction of a phase (martensite) are the variables.
The thermodynamic analysis leads to a skeleton surface consisting of equilibrium
states and to rate equations governing the evolution of the fields, outside the skeleton
surface. It emerges that the rate equations allow a whole account of hysteretic loops
induced by temperature or by stress.

1 Introduction

Shape memory alloys (SMAs) are metallic alloys that exhibit a rich variety of hys-
teretic behaviours. In essence, SMAs show hysteretic effects induced by temperature
and stress. Hysteresis is associated with the shape memory effect whereby the body
undergoes a change of spatial form. This is due to the fact that the metallic lattice has
two different equilibriumconfigurations, one is the high-symmetric high-temperature
austenite and the other is the low-temperature martensite.

The practical interest arising from the shape memory is accompanied by the
concern into the mathematical models of hysteretic phenomena induced by both
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temperature and stress. A reasonable report on the literature on SMAs is given by
recent review papers on the subject; among them we mention [1, 2, 3] while further
references on the subject are [4, 5, 6, 7].

Many works are based on microscopic models with various potential energies
of interaction between particles. Other approaches of macroscopic character have
been developed where the main technical point is the evolution equation for the
mass fraction b of a phase [3]. Often suitable internal variables are associated
with the deformation and then the scheme is completed through corresponding
thermodynamic forces [8]. Thermodynamic approaches have been developed by
modelling themass fraction as a phase change variable (e.g. [9]) or an order parameter
(e.g. [10]) and accordingly introducing a generalized thermodynamic force in the
balance equations.

Physically-admissible models are required to be thermodynamically consistent.
Furthermore, a systematic thermodynamic approach should simplify the description
of a material by using a few constitutive functions possibly without introducing ad-
ditional forces and powers and hence changing the balance equations. With this idea,
a recent approach of ours allows the formulation of thermodynamically-consistent
models of hysteresis in terms of free energy and entropy production (see, e.g.,
[11, 12]).

The new idea of our approach is to regard the entropy production as a constitutive
function per se, just as it happens for all of the constitutive functions. It is apparent that
this feature results in more general schemes. Technically, this allows the formulation
of rate equations where the entropy production is a non-negative valued function of
the variables under consideration (see, e.g., [13]).

Also in view of the usual one-dimensional experimental setting, in this paper
we describe SMAs in a thin parallelepiped form with the stress applied in the
longitudinal direction. The body is taken to obey the standard balance equations
and the material is characterized by constitutive equations where the temperature,
the stress, their time derivatives, and the mass fraction of a phase (martensite) are
the variables. The purpose is to derive from thermodynamics a scheme where both
equilibrium states and evolution equations are established. The scheme is expected
to describe equilibrium states, evolutions and, in particular, hysteretic loops induced
by temperature or by stress.

2 Notation and balance equations

The body occupies a time-dependent three-dimensional region Ω; we let Ω be in a
parallelepiped form Ω = {� × (} where � is a segment and ( is a square orthogonal
to �. The position vector of a point in Ω is denoted by x. The symbol ∇ denotes the
gradient while ∇· is the divergence operator.

The motion is specified by a function x = 6(X, C), where X is the position vector
of the point in a reference configuration R. Hence formally we canwriteΩ = 6(R, C).
The symbol F denotes the deformation gradient, in suffix notation �8 = m- j8 . The
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symbol 5 (x, C) denotes the value of 5 at x, at time C ∈ R. The symbols mC , mG8 , m- 
denote partial derivatives. Hence v = mC 6(X, C) is the velocity. A superposed dot
denotes the total time derivative so that for 5 (x, C) it is ¤5 = mC 5 + (v · ∇) 5 .

Let d be the mass density. The conservation of mass is expressed locally in the
form

¤d + d∇ · v = 0.

If � = det F > 0 then it follows that

d� = d',

d' (X) being the mass density in the reference configuration.
The equation of motion is written in the form

d ¤v = ∇ · T + db,

where (∇ · T)8 = mG 9)8 9 and b is body force density. Also, T is the Cauchy stress
tensor; by the balance of angular momentum we have T = T) .

Let L be the velocity gradient, !8 9 = mG 9 {8 , and D the stretching tensor, namely
D = symL. Denote by Y the internal energy density, q the heat flux vector and A the
energy supply. The balance of energy leads to

d ¤Y = T · D − ∇ · q + dA. (1)

Let \ be the absolute temperature, [ the specific entropy density, j the entropy
flux, and A/\ the entropy supply. The balance of entropy leads to

d ¤[ + ∇ · j − dA
\
= dW,

where W is the (rate of) entropy production.
A process P is the set of fields entering the balance equations. As with re-

cent applications of ours, we let W be given by a constitutive function. Physically
admissible sets of constitutive functions are required to satisfy the second law of
thermodynamics in the following form.

Postulate. For every process P admissible in a body the inequality

d ¤[ + ∇ · j − dA
\
= dW ≥ 0, (2)

is valid at any internal point.

Henceforth eq. (2) is referred to as Clausius-Duhem (CD) inequality. Let j =
q/\ + k. Substitute ∇ · q − dA from (1) into (2) to obtain

−d( ¤k + [ ¤\) + T · D + \∇ · k − 1
\

q · ∇\ = d\W, (3)

where k = Y − \[ is the Helmholtz free energy.
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The following scheme holds with k = 0. Nonzero k occur in connection with
nonlocal properties expressed by gradients of the variables. Hereafter it is understood
and not written that W ≥ 0.

3 One-dimensional thermodynamic scheme for SMAs

ConsiderΩ in the parallelepiped formΩ = �×( with � = [0, ; (C)]. We let G ∈ [0,∞)
be the variable along the axis comprising � and - ∈ [0, ; (0)]. The deformation
gradient F is diagonal and we let � = m-G > 0. Let ! = mG{ be the velocity gradient
in the chosen G-direction; hence ! = ¤��−1.

Let f be the traction in the G-direction while the other entries of T are zero.
Hence the surface � × m( is traction free. We let � = det F. In view of the diagonal
structure of F we can write

� = ��2
⊥,

where �⊥ is the common value of F at the lateral faces. The product �d is the
referential mass density, say d'. While in general d' can depend only on the position
we assume that d' is independent of X and hence is constant. For simplicity we
neglect heat conduction (q = 0) and the CD inequality (3) can be written in the form

−d( ¤k + [ ¤\) + f ¤��−1 = d\W. (4)

Define ℎ = ln �. Hence it follows

−d( ¤k + [ ¤\) + f ¤ℎ = d\W.

The crucial property of SMAs is the transformation between austenite andmarten-
site. In this paperwe confine our attention to positive-oriented (or detwinned)marten-
site which occurs when the values of both absolute temperature \ and tensile stress f
are not too small. The single-martensite model has often been chosen for a detailed
study because of its simplicity and ease of experimental verification [1]. To describe
the related properties we use the (martensitic) phase fraction b,

b =
d"

d� + d"
,

d�, d" being the mass densities of austenite and martensite.
Multiply (4) by � and let �f = g to obtain

−d' ( ¤k + [ ¤\) + g ¤ℎ = d'\W. (5)

Let
q = k − 1

d'
gℎ. (6)

Hence the CD inequality (5) can be written in the form
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−d' ( ¤q + [ ¤\) − ℎ ¤g = d'\W. (7)

We append some comments on the modelling of ℎ and [ and the definitions of g
and q. By analogy with the literature (e.g. [2]), we assume ℎ and [ are given by the
additive decompositions

ℎ = ℎ4 + ℎCA , [ = [4 + [CA . (8)

The terms ℎ4 and [4 are then viewed as strain and entropy and are assumed to arise
from an energy potential, as with elastic solids, though here ℎ4 and [4 can depend
also on the mass fraction b. The quantities ℎCA and [CA (often called transition or
transformation functions) are additional terms related to the presence of austenite and
martensite and arise from the transformation mechanism between the two phases.

By the Nanson formula ([14], p. 20; [15], p. 71) the current surface element n 30
and the corresponding reference surface element n'30' are related by

n 30 = �F−) n'30' .

Since T = fn ⊗ n, and F is diagonal, then n = n' and

30 = ��−130' .

If we denote by f' the reference stress we have f 30 = f'30', whence

f' = ��
−1f.

This relation is consistent with the definition of the first Piola stress tensor ([16], ch.
24; [17], p. 94)

T' = �TF−)

as the stress in the reference configuration. Instead,

g = �f

is merely the n-component of the Kirchhoff stress T = �T.
In connection with (6) we observe that, in classical thermodynamics, q = k+ ?/d

is the specific Gibbs free energy (or total free energy if the kinetic energy is included
in Y = k + \[ [18]). Since g/d' = f/d then, relative to the Gibbs free energy, the
present function q is a modified Gibbs free energy with the mechanical term −fℎ/d
in place of ?/d. This definition is motivated directly by the balance of entropy (4).

4 Thermodynamic restrictions

The expected evolution equation is thought as a relation among ¤b, ¤g, ¤\, possibly with
¤b as a function of ¤g, ¤\ and \, g, b. This suggests that we let
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\, g, b, ¤\, ¤g

be the variables.Hence q, ℎ, [, W, and ¤b are taken to be given by constitutive functions.
Indeed ℎ, [, W, and ¤b are given by continuous functions while q is continuously
differentiable. Upon computation of ¤q we can write the CD inequality (7) in the form

−d' (m\q + [) ¤\ − (d'mgq + ℎ) ¤g − d'mbq ¤b − d'm ¤\q ¥\ − d'm ¤gq ¥g = d'\W. (9)

The linearity and arbitrariness of ¥\ and ¥g imply

m ¤\q = 0, m ¤gq = 0.

In dealing with a thermoelastic solid we would find that [ = −m\q, ℎ = −mgq. By
analogy we let

[4 = −m\q, ℎ4 = −d'mgq. (10)

Consequently the functions [CA , ℎCA and ¤b are required to satisfy the reduced inequal-
ity

−d'[CA ¤\ − ℎCA ¤g − d'mbq ¤b = d'\W. (11)

By the general constitutive assumption, the entropy production W is a function of
\, g, b, ¤\, ¤g. Instead, it is q = q(\, g, b). Likewise, and also in connection with
experimental data [19], we let both [CA and ℎCA be functions of \, g, b.

In the following sections we will see that eq. (11) gives a full description of the
one-dimensional martensitic phase transitions. Indeed, upon suitable selections of
the functions q, ℎCA , [CA and W, eq. (11) determines the hysteretic loops related to the
austenite� martensite transformations.

Since we are considering a single variant of martensite, we confine our attention
to the temperature-stress domain

D = {(\, g) : \ ≥ \̂" > 0}.

In fact, for temperatures below \̂" , the material is always in the martensitic phase
(twinned, mixed or detwinned). The introduction of a phase transition temperature
\̂" is not new in the literature (see, e.g., Fig. 1.a of [3] where "0

5
stands for \̂" ). In

particular, \̂" ' 200◦ K for NiTi-based single crystals (see, e.g., [20]).

4.1 Isothermal cyclic processes

Further consequences follow in connection with closed thermodynamic processes as
it happens with hysteretic loops. At isothermal processes ( ¤\ = 0) eq. (11) simplifies
to

−d' ¤q − ℎ ¤g = d'\W, (12)
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while q, ℎ, and W are given by functions of the form q̂(g, b), ℎ̂(g, b, ¤g), Ŵ(g, b, ¤g). Let
(g(C), b (C)) : R → R2 be a closed function on [0, )], namely g()) = g(0), b ()) =
b (0). Hence q(C) = q̂(g(C), b (C)) satisfies q()) = q(0). Since W ≥ 0 then integrating
(12) on [0, )] we find ∫ )

0
ℎ ¤g3C = −d'\

∫ )

0
W(C)3C ≤ 0.

Denote by �g the closed curve �g : C ↦→ (g(C), ℎ(C)), g()) = g(0), ℎ()) = ℎ(0).
Hence ∫

�g

ℎ3g =

∫ )

0
ℎ ¤g3C ≤ 0.

Consequently the closed curve �g is oriented in the counterclockwise sense, in the
g − ℎ plane, and

Ag = d'\

∫ )

0
W(C)3C

is the positive area bounded by �g . However, in the most natural strain-stress plane
the overturned closed curve �̃g is oriented in the clockwise sense as depicted in the
schematic Fig. 1 below inspired by Fig. 1.b of reference [3].

4
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Figure 4. Stress-strain major hysteresis loop at constant temperature:
θ0 > θ∗ (dashed), θ1 > θ0 (solid) and τ0 = τs

M (θ0), τ1 = τs
M (θ1).
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Figure 5. Temperature-induced deformation. Major hysteresis loop of
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(black) and τ̃ = τ̃1 (blue), τ̃1 > τ̃0 > τ∗.
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Figure 6. Major (gray) and minor (solid) hysteresis loops.

Fig. 1 Schematic major hysteresis loops in the strain-stress plane at constant temperature: \0
(dashed) and \1 > \0 (solid).

In Fig. 1 we implicitly assume \0 ≥ \̂�, where \̂� represents the final temperature
of an austenitic transformation during heating in a stress-free state and corresponds
to �0

5
in [3, Fig. 1.a]. Since the transformation temperatures are sensitive to small

alloy composition changes, in commercial NiTi-based alloys \̂� covers a range from
approximately 250 to 400◦ K (see, e.g., [21]). Moreover, g0 and g1 denote the starting
stresses of a martensitic transformation at temperatures \0 and \1, respectively. This
means that g0 = g

B
"
(\0) and g1 = g

B
"
(\1), as can be seen from the subsequent Fig. 2.

Likewise look at processes with ¤g = 0. We can then write eq. (11) in the form
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− ¤q − [ ¤\ = \W,

where q is a function of \, b while [, W are functions of \, b, ¤\. As C ∈ [0, )] the
image (\ (C), [(C)) yields the closed curve �\ . Hence we have∫

�\

[3\ =

∫ )

0
[ ¤\3C = −

∫ )

0
\W3C ≤ 0.

Thus ∫
�\

[3\ = −A\ ,

where A\ is the (positive) area bounded by �\ . The negative value of the integral
denotes that �\ is run counterclockwise in the \ − [ plane. Thus, closed curves
in the stress-strain and temperature-entropy planes are oriented counterclockwise.
Unfortunately, loops of this type are usually neither studied nor represented in the
SMA literature. However, temperature-entropy hysteresis loops are described in a
recent papers on first-order transitions in magnetocaloric materials [22].

4.2 Mass fraction loops

For cycles involving the mass fraction b, no direct conclusion follows directly from
thermodynamics. In order to develop a simple but complete model, it is however
reasonable to assume that both the logarithmic deformation ℎ and the entropy d'[
linearly depend on b.

If ℎ is assumed in the form

ℎ = ^(g, \) + _(g)b, (13)

then, along cyclic isothermal processes,

0 ≥
∫ )

0
ℎ ¤g3C =

∫ )

0
ˆ̂(g) ¤g3C +

∫ )

0
b_(g) ¤g3C,

where ˆ̂ denote the function ^ at constant temperature. Consider the closed curve
�† : C → (g(C), b (C)), g()) = g(0), b ()) = b (0). If 0 < _̄ ≤ _(g) then we have

_̄

∫
�†
b3g ≤

∫
�†
b_(g)3g ≤ 0.

Hence the closed curve�† in the g−b plane is oriented counterclockwise (see Fig. 2),
which is consistent with experimental data (see, e.g., [23]). Since_(g) = ℎb=1−ℎb=0,
then _(g) equals the variation of ℎ due to a complete phase change at a fixed stress
g.

Likewise, assume the entropy is given in the form
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5

θf
M θs

M θs
A θf

Aθ∗ θ

1

0

ξ

martensite

austenite

0 1 2 3 4 5

1

τ 

ξ 

θ/θ* 

o

Figure 2. Temperature-induced transition. Major hysteresis loop of the
martensite concentration ξ as a function of the temperature θ at constant stress
τ = τ0 > τ∗. Theoretical description (left), numerical simulation (right). The
skeleton curve is dashed in both pictures.

Equazione della simulazione numerica ϑ = θ/θ∗

(1) ξ̇ = −α0ϑ̇ + γ0sgn[ξ − S(ϑ) + T (ς0)]|ϑ̇|, α0 > 0, γ0 ≥ 0, ς0 = τ0/τ∗.

Nella figura a destra: α0 = 1,

γ0 =

{
1 if 0 ≤ ξ ≤ 1,

0 otherwise,
S(ϑ) = ϑ, T (ς0) =

5

2
.

τf
A τs

A
τs

M τf
M τ

1

0

ξ

martensite

austenite

0 1 2 3 4 5 6

1

τ/τ* 

ξ 

o

Figure 3. Stress-induced transition. Major hysteresis loop of the marten-
site concentration ξ as a function of the stress τ at constant temperature

θ = θ0 > θ∗. Theoretical description (left) and numerical simulation (right).
The skeleton curve is dashed in both pictures.

Equazione della simulazione numerica ς = τ/τ∗

(2) ξ̇ = β0ς̇ + γ0sgn[ξ − S(ϑ0) + T (ς)]|ς̇ |, β0 > 0, γ0 ≥ 0, ϑ0 = θ0/θ∗

Nella figura a destra: β0 = 1,

γ0 =

{
1 if 0 ≤ ξ ≤ 1,

0 otherwise,
T (ς) = ς, S(ϑ0) =

7

2
.

Fig. 2 Schematic description of the stress-induced transition.Major hysteresis loop of themartensite
concentration b as a function of the stress g at constant temperature \ = \0 > \̂�.

d'[ = ℓ(g, \) − `(\)b, (14)

and consider the closed curve �‡ : C → (\ (C), b (C)), \ ()) = \ (0), b ()) = b (0).
Along cyclic processes at constant stress, g = g0, by (7) and (14) it follows that

0 ≥ d'
∫ )

0
[ ¤\3C =

∫ )

0
ℓ̂(\) ¤\3C −

∫ )

0
b`(\) ¤\3C,

where ℓ̂(\) = ℓ(g0, \). Let 0 < `(\) ≤ ˆ̀. It follows that

ˆ̀
∫
�‡
b3\ ≥

∫
�‡
b`(\)3\ ≥ 0. (15)

Hence the closed curve�‡ in the \−b plane is oriented clockwise (see Fig. 3), which
is consistent with experimental data (see, e.g., [24, ch. 1]) that show the condition
¤\ ¤b ≤ 0. Since `(\) = d' ([b=0 − [b=1), then `(\) equals the variation of entropy
d'[ due to a complete phase change at a fixed temperature \.

5 Constitutive assumptions

We now derive a thermodynamically consistent model by choosing appropriate
functional expressions for the Gibbs free energy, q, the transition functions, [CA , ℎCA
and the entropy production function, W.
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Figure 1. The (θ, τ)-diagram: (a) temperature-induced transition (τ =
τ0 > τ∗); (b) stress-induced transition (θ = θ0 > θ∗) m denotes the slope, d
the width of the light-grey strip.
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Figure 2. Theoretical description of the temperature-induced transition.

Major hysteresis loop of the martensite concentration ξ as a function of the
temperature θ at constant stress τ = τ0 > τ∗. Theoretical description (left),
numerical simulation (right). The skeleton curve is dashed in both pictures.

• Ipotesi semplificativa: a temperatura costante θ = θ0

h = τ/ν + Λξ, ḣ = τ̇ /ν + Λξ̇.

Questa relazione si ottiene se nella ... assumiamo le quantità S ′ = cθ, T ′ = cτ e
κ = κ0 costanti come α,

λ(τ) = cτ + ακ0 =: Λ, κ(τ, θ) = −∂τG(τ, θ) − κ0[cθθ − cτ τ ]

dove

−∂τG = he|ξ=0 =: he
0

Fig. 3 Schematic description of the temperature-induced transition. Major hysteresis loop of the
martensite concentration b as a function of the temperature \ at constant stress g = g0 > g∗.

5.1 Gibbs free energy

First, we look for a Gibbs free energy q consistent with (13) and (14). Assume d'q
in the simple form (quadratic in b)

d'q = G(g, \) − 1
2Ub

2 + [S(\) − T (g)]b, (16)

where U is a constant and G(g, \) represents the Gibbs free energy of the austenite.
In view of (13) and (14), we let

U > 0, S′(\) > 0, T ′(g) ≥ _̄ > 0, S(0) = 0, T (0) = 0. (17)

From (16) we have
d'mbq = −Ub + S(\) − T (g), (18)

d'm\q = m\G(g, \) + S′(\)b, d'mgq = mgG(g, \) − T ′(g)b.

Consequently, from definitions (10) it follows

d'[
4 = −d'm\q = −m\G(g, \) − S′(\)b,
ℎ4 = −d'mgq = −mgG(g, \) + T ′(g)b.

(19)

5.2 Transition functions

For definiteness in later developments we assume the following expressions of the
transition functions

[CA = : (\)mbq, ℎCA = ?(g)d'mbq, (20)
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with the functions : (\) and ?(g) to be determined. By virtue of (18), it follows that

d'[
CA = −: (\) [Ub − S(\) + T (g)],
ℎCA = −?(g) [Ub − S(\) + T (g)] .

(21)

To determine the connections with ^, _, ℓ, and ` appearing in (13) and (14) we
observe that

d'[ = d' ([4 + [CA ) = −[U: (\) + S′(\)]b − m\G(g, \) + : (\) [S(\) − T (g),

ℎ = ℎ4 + ℎCA = [T ′(g) − U?(g)]b − mgG(g, \) + ?(g) [S(\) − T (g)] . (22)

Hence, a comparison with (14) and (13) yields

`(\) = U: (\) + S′(\), ℓ(g, \) = −m\G(g, \) + : (\) [S(\) − T (g)],

_(g) = T ′(g) − U?(g), ^(g, \) = −mgG(g, \) + ?(g) [S(\) − T (g)] .

Consistency with the results on the orientation of closed curves obtained in
Sect. 4.2 holds if

T ′(g) − U?(g) ≥ _̄ > 0, S′(\) + U: (\) > 0.

By virtue of (17), these conditions are satisfied provided only that : (\) > 0 and
?(g) < 0. For formal convenience we then let

?(g) = −p(g), p(g) > 0

and ℎCA can rewritten as

ℎCA = p(g) [Ub − S(\) + T (g)] . (23)

One might introduce expressions for the free energy q that are more involved than
(16). For example, quite a general expression for q might be

d'q = G(g, \) − Ξ(b) + [S(\) − T (g)]Ξ′(b),

where Ξ′(b)b > 0. Unfortunately, the corresponding expressions for ℎ and [ would
no longer be linear in b and the term Ub would be replaced with Ξ′(b) in equations
(21) and in the following ones. Hence, for a more direct illustration of the method,
hereafter we consider d'q in the form (16).

5.3 Entropy production

The functions [CA , ℎCA are represented by (21), (23) and are required to satisfy the
reduced dissipation inequality (11). In this connection we complete the scheme by



12 Claudio Giorgi and Angelo Morro

assuming the entropy production in the form

\W = 6(b) |mbq |
[
V(\) | ¤\ | + a(g) | ¤g |

]
, (24)

where 6, V and a are positive functions. Hence, by virtue of (20), eq. (11) can be
written in the form

−mbq: (\) ¤\ + mbqp(g) ¤g − mbq ¤b = 6(b) |mbq|
[
V(\) | ¤\ | + a(g) | ¤g |

]
, (25)

If mbq ≠ 0 then (25) reduces to a rate-type equation that determines the evolution of
b (C) induced by \ (C) and g(C). Indeed, by virtue of (18),

: (\) ¤\ − p(g) ¤g + ¤b = 6(b) sgn
[
Ub − S(\) + T (g)

] [
V(\) | ¤\ | + a(g) | ¤g |

]
. (26)

At constant stress, say g = g0, ¤g = 0, eq. (26) simplifies to

¤b = −: (\) ¤\ + V(\)6(b) sgn[Ub − S(\) + T (g0)] | ¤\ |, (27)

a hysteretic Duhem model describing temperature-induced transitions. If instead the
temperature is constant, say \ = \0, ¤\ = 0, then

¤b = p(g) ¤g + a(g)6(b) sgn[Ub − S(\0) + T (g)] | ¤g | (28)

provides the corresponding hysteretic Duhem model of stress-induced transitions.
It is worth remarking that eq.(̇26) is the general nonlinear model equation for

the one-dimensional evolution of a SMA when nonlocal effects are neglected. The
formulation of a three-dimensional model that also describes non-local aspects will
be considered in a future contribution.

As we show in the next sections, particular cases of eqs. (27) and (28) allow a
direct closed-form determination of the time functions \ (C), g(C), b (C).

6 Evolution equations and hysteresis loops

In this section we apply the previous thermodynamic results and establish an op-
erative description of the evolution of the temperature, stress, and mass fraction in
SMAs. Based on the thermodynamic relation (26) we look for an operative though
qualitative scheme without fitting data of particular alloys.

6.1 Equilibrium surface and its projections

We start by looking for themodelling functionsS(\),T (g) so that they are consistent
with the observed hysteretic properties of the transitions. If mbq ≠ 0 then eq. (25)
determines an evolution equation involving \ (C), g(C), b (C). If instead mbq = 0 then
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we have
Ub − S(\) + T (g) = 0, (29)

which characterizes equilibrium states (\, g, b) of the alloy. Indeed, from (24), it
follows W = 0. We then refer to (29) as the equilibrium surface and we can read it
from two different points of view. First, for any given pair (\, g) eq. (29) determines
the equilibrium fraction b. Second, for any given martensitic fraction b it gives a
curve in the \−g plane representing the temperature-stress equilibrium values. Since
the martensite fraction is subject to the constraint b ∈ [0, 1], the projection of the
equilibrium surface on the \ − g plane is

E = {(\, g) : 0 ≤ S(\) − T (g) ≤ U}.

For definiteness hereafter we let S(\) and T (\) be linear in that

S(\) = 2\ \ + 3\ , T (g) = 2g g + 3g ,

where 2\ and 2g are positive constants by virtue of (17). Hence eq. (29) is taken in
the form

Ub = 2\\ − 2gg + 23 , 23 = 3\ − 3g , (30)

and represents the set of all possible equilibrium states (\, g, b). Letting

< = 2\/2g > 0, g3 = 23/2g , @ = U/2g > 0,

and accounting for 0 ≤ b ≤ 1, the region E is represented by the strip

0 ≤ <\ − g + g3 ≤ @.

We now examine the relationship between the material parameters introduced
so far and the parameters characterizing the schematic hysteretic loops depicted in
Figs. 2 and 3. To this end we consider the projection of the equilibrium surface on
the planes \ = \0 or g = g0.

At constant temperature, \ = \0, the projection of (30) results in a segment in the
g − b plane, namely

Ub = 2\\0 − 2gg + 23 , 0 ≤ b ≤ 1.

In Fig. 2 this segment is represented by a dashed line, sometimes referred to as
‘skeleton curve’ of the cycle. In light of this schematic picture, as b = 0 or b = 1 we
obtain the values

gB
"
|\=\0 = <\0 + g3 , gB

�
|\=\0 = <\0 + g3 − @.

On the other hand, at constant stress, g = g0, the projection of (30) yields (see the
dashed line in Fig. 3)

Ub = 2\\ − 2gg0 + 23 , 0 ≤ b ≤ 1,
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whence, at b = 0 and b = 1, we have

\B
"
|g=g0 = (g0 − g3)/<, \B

�
|g=g0 = (@ + g0 − g3)/<. (31)

In particular we let
\† := \B

�
|g=0 = (@ − g3)/< (32)

Accordingly, the upper boundary of the equilibrium strip, namely (see Fig. 4)

AD = {(\, g) : g = <\ + g3},

can be viewed as the set of temperature-stress pairs at which a martensitic transition
starts when the evolution process leaves the equilibrium set E, whereas its lower
boundary, namely

Aℓ = {(\, g) : g = <\ + g3 − @},

represents the set of temperature-stress pairs at which an austenitic transition starts.

10
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Fig. 4 Schematic diagram of the starting points of the martensitic and austenitic transition at
constant stress, g = g0, or constant temperature, \ = \0.

6.2 Schematic representation of the phase transition diagram

At low stress, however, experimental data suggest that the onset temperature of a
martensitic transformation during cooling remains nearly constant [20]. Let

\∗ = \
B
"
|g=0

be the starting temperature of a martensitic transformation during cooling in a stress-
free state. The evolution of \B

"
as the tensile stress increases (g > 0) is described in
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Fig.3 of [20]. With a good approximation we can represent this evolution with the
piecewise-linear dashed curve in Fig. 5: the value of \B

"
remains equal to \∗ ("0

B in
[20]) until the stress reaches a threshold value g∗ (fcr ("0

B ) in [20]) and then assumes
a linear trend. According to experimental data concerning NiTi-based SMAs, also
called Nitinol, we infer that

\∗ ' 225◦K > \̂" , g∗ ' 125 MPa

and the slope 1/< is proportional to the strain of the CVP (corresponding variants
pairs)-structure formation of the SMA (see [20] Section 4).

Accordingly, Figure 5 provides a schematic but complete representation of the
phase transition diagram for a SMA (to be compared, e.g., with Fig. 1a of [3]).
Observe that all possible mixed states (austenite + martensite with b ∈ (0, 1)) are
allowed in the equilibrium region (see the dark grey strip in Fig. 5)

E∗ = {(\, g) : \ ≥ \∗, g ∈ [<\ + g3 − @, <\ + g3]}.

4
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Figure 2. Theoretical description of the temperature-induced transition.

Major hysteresis loop of the martensite concentration ξ as a function of the
temperature θ at constant stress τ = τ0 > τ∗. Theoretical description (left),
numerical simulation (right). The skeleton curve is dashed in both pictures.

• Ipotesi semplificativa: a temperatura costante θ = θ0

h = τ/ν + Λξ, ḣ = τ̇ /ν + Λξ̇.

Questa relazione si ottiene se nella ... assumiamo le quantità S ′ = cθ, T ′ = cτ e
κ = κ0 costanti come α,

λ(τ) = cτ + ακ0 =: Λ, κ(τ, θ) = −∂τG(τ, θ) − κ0[cθθ − cτ τ ]

dove

−∂τG = he|ξ=0 =: he
0

Fig. 5 Schematic \ − g phase diagram: (a) temperature-induced transition (g = g0 > g∗); (b)
stress-induced transition (\ = \0 > \̂�).

Since it is required that g∗ = <\∗ + g3 we infer that

g3 = g∗ − <\∗. (33)

(g3 is negative in Fig. 5). Moreover, by (32) we have

@ = g∗ + <(\† − \∗) (34)

The two light grey bands in Fig. 5, instead, represent transition temperature-stress
values in which the martensite concentration b lies in a neighborhood of 0 (the lower
band) or 1 (the upper band). We now look for determining the values of \ 5" , \

5
�
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and g 5" , g
5
�
. Indeed, the upper and lower contours of the above bands consist of the

collection of all pairs (\ 5" , g
5
" ) and (\

5
�
, g
5
�
) respectively.

Consider first the evolution, at constant stress g0, i.e. (\ (C), b (C)) as C ∈ [0, )]
such that

b (0) = 0, b ()) = 1, \ (0) = \B
"
, \ ()) = \ 5" .

This process describes the temperature-induced transition from austenite (b = 0) to
martensite (b = 1) as the temperature decreases from \B

"
to \ 5" (see Fig. 3). Now, at

C = 0
d'mbq = 2\\

B
"
− 2gg0 + 23 = 0.

Next b increases and \ decreases and then

d'mbq = −Ub + 2\\ − 2gg0 + 23 < 0

as C ∈ (0, )]. Thus eq. (27) becomes

¤b = −: (\) ¤\ − V(\)6(b) sgn[Ub − 2\\ + 2gg0 − 23] ¤\ = −: (\) ¤\ − V(\)6(b) ¤\. (35)

Integrating (35) on (0, )) gives the value of \ 5" . For simplicity let : (\) = :0 and
V(\)6(b) = V060. Then (35) simplifies to

¤b = −:0 ¤\ − V060 ¤\. (36)

Along the line from \B
"
to \ 5" the fraction b varies from 0 to 1; integration of (36)

then gives
\
5
" = \

B
"
− 1
:0 + V060

.

On the other hand, along the line from \B
�
to \ 5

�
the fraction b varies from 1 to 0 and

then integration of (36) yields

\
5
�
= \B

�
+ 1
:0 + V060

.

In light of (31) we can write \ 5" and \ 5
�
in the form

\
5
" =

g0 − g3
<

− 1
:0 + V060

, \
5
�
=
g0 − g3 + @

<
+ 1
:0 + V060

.

Note that in order to obtain the loop as depicted in Fig. 3 we need \ 5" (g0) ≥ \̂" (see
also Fig. 5a). Hence it is required that

g0 ≥ g3 +
<

:0 + V060
+ <\̂" := g∗.

Remembering (33) it follows
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1
:0 + V060

= \∗ − \̂" . (37)

Likewise we can consider the evolution at constant temperature, \ = \0. Consider
the line (g, b) (C) from (gB

"
, 0) to (g 5" , 1) (see Fig. 2). Now,

d'mbq = −Ub + 2\\ − 2gg + 23 (38)

vanishes at b = 0, g = gB
"
, \ = \0. Next b and g increase so that mbq < 0 as C ∈ (0, )].

In view of (28) with p(g) = p0 and a(g)6(b) = a060, the evolution equation reads

−p0 ¤g + ¤b = 60a0 ¤g.

Integration from C = 0 to C = ) yields

g
5
" = gB

"
+ 1
p0 + a060

and likewise
g
5
�
= gB

�
− 1
p0 + a060

.

Since gB
"
= <\0 + g3 and gB� = <\0 + g3 − @ then we find that

g
5
" = <\0 + g3 +

1
p0 + a060

, g
5
�
= <\0 + g3 − @ −

1
p0 + a060

,

where g3 = g∗ −<\∗. The loop can occur in the form depicted in Fig. 2 provided that
g
5
�
(\0) ≥ 0. Hence it is required that (see also Fig. 5b)

\0 ≥
@ − g3
<
+ 1
<(p0 + a060)

=: \̂�

and from (32)-(33) it follows

1
p0 + a060

= <(\̂� − \†). (39)

By construction of the schematic phase diagram in Fig. 5, \̂� − \† = \∗ − \̂" and
then from (37)-(39) it follows :0 + V060 = <(p0 + a060).

6.3 An operative example

The operative character of the present approach is now shown by considering par-
ticular linear cases.
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6.3.1 Temperature-induced transition processes

The austenite-martensite transition, induced by temperature, shows a behaviour like
that in Fig. 3.We now show how transitions are obtained through themodel equations
derived above. Also for numerical convenience we use relative non-dimensional
variables and hence the results hold irrespective of the alloy under consideration.

Let o = \/\̂" . In view of (27) we consider the evolution equation in the form

¤b = −:0 ¤o + W0 sgn(b − S(o) + T (e0)) | ¤o |,

where :0 > 0, W0 := V060 > 0, and e0 = g0/g∗, g0 ≥ g∗. An hysteretic loop involves
both transitions, from austenite to martensite and vice versa. Note that the saturation
property at b = 0 (during heating) and at b = 1 (during cooling) is verified only if
W0 = :0.

In Fig. 3 the theoretical description of the loop is represented with its clockwise
orientation. Fig. 6, instead, shows the computed major hysteretic loop associated
with the data

:0 = 1, W0 =
{ 1 if 0 ≤ b ≤ 1,

0 otherwise, S(o) = o, T (e0) = 5
2 .

0 1 2 3 4 5

1

� 

� 

�/�* 

o

Fig. 6 Major loop of the temperature-induced transition

6.3.2 Stress-induced transition processes

We let \ = \0 ≥ \̂� and describe the evolution of g = g∗e and b via the linear
differential equation (28) that takes the form

¤b = p0 ¤e + X0 sgn[b − S(o0) + T (e)] | ¤e |, (40)
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where p0 > 0, X0 := a060 > 0, o0 = \0/\̂�. Note that the saturation property at b = 0
(during cooling) and at b = 1 (during heating) is verified only if X0 = p0.

While Fig. 2 describes the qualitative hysteretic loop oriented in the counter-
clockwise sense, Fig. 7 shows the numerical simulation obtained in the particular
case

p0 = 1, X0 =
{ 1 if 0 ≤ b ≤ 1,

0 otherwise, T (e) = e, S(o0) = 7
2 .

0 1 2 3 4 5 6

1

�/�* 

� 

o

Fig. 7 Major loop of the stress-induced transition

6.3.3 Stress-strain hysteresis at constant temperature (pseudoelasticity)

Let \ = \0 be the constant temperature. In view of (22) we can write the strain
variable ℎ in the form

ℎ = [T ′(g) + Up(g)]b − mgG(g, \0) − p(g) [S(\0) − T (g)] .

We keep regarding T (g) as linear. Furthermore we let p be constant, p(g) = p0, and
mgG(g, \0) be linear in g. We can then write ℎ in the form ℎ = Σg + Λb + Υ, where
Σ,Λ,Υ are constants, and then

¤ℎ = Σ ¤g + Λ ¤b. (41)

Using (40) with p0 = X0 we can determine ¤b in terms of ¤g. Then substitution in (41)
yields

¤ℎ = [Σ + X0Λ/g∗] ¤g + X0 (Λ/g∗) sgn[b − S(\0) + T (g)] | ¤g |.

A numerical simulation of this hysteretic Duhem equation provides loops at constant
temperature \0 in the stress-strain plane. Finally, a direct interchange of axes results
in the sought hysteretic loop in the ℎ − g plane (see Fig. 1).
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By (23) and (38), the linear approximation of the transition function ℎCA can be
written in the form

ℎCA = p0 (Ub + 2gg − 2\\ − 23),

that exhibits a linear dependence of ℎCA on b, g and \. Therefore, even in the
linear approximation at constant temperature, the current approach represents a
generalization with respect to others present in the literature, in which ℎCA depends
(linearly) only on b (see, e.g., [2, 25]).

7 Relation to other approaches

Within the literature on models for SMAs there is a variety of approaches with
differences and similarities to the present one. To illustrate the conceptual differences
it is natural to consider the pertinent aspects in the corresponding one-dimensional
setting.

7.1 Dissipation-consistent modelling

In [26] the generalized stress and strain are decomposed additively in energetic and
dissipative parts. The Helmholtz free energy (i.e. energy storage potential in [26])
per unit volume is subject to the dissipation inequality

3 := − ¤Ψ + g ¤ℎ ≥ 0,

where 3 is the dissipation density; in our notation 3 = d'\W. Letting Ψ = Ψ(ℎ, b)
we have

−mℎΨ ¤ℎ + g ¤ℎ − mkΨ ¤b ≥ 0.

The stress g is decomposed as the sum

g = g4= + g38B ,

respectively energetic and dissipative parts. Upon the assumption g4= = mℎΨ it
follows the reduced dissipation inequality

3 = g38B ¤ℎ − mbΨ ¤b ≥ 0.

So far the steps are consistent with the Coleman-Noll and present procedure.
Next -4= and -38B are defined by

-4= := mbΨ, -38B := −-4=

and then 3 can be written in the form
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3 = g38B ¤ℎ + -38B ¤b ≥ 0.

With this form the pair A = (g38B , -38B) is said to be the generalized force and
a = ( ¤ℎ, ¤b) the corresponding velocity. Next, based on the general assumption of
normal dissipativity (see, e.g., [27] and refs therein), it is assumed that there exists
a convex potential i(A) such that

a ∈ mi(A)

where m denotes the sub-differential.
Aside from the convexity requirement, the assumption would amount to consid-

ering g38B and -38B as the variables and ¤ℎ and ¤b as the sought constitutive functions.
Even though W is not allowed to be a constitutive function, we might say that in
our approach the derivative ¤b depends on both the other derivatives (e.g. ¤ℎ) and the
partial derivatives mℎΨ, mbΨ. This type of dependence is missing in principle within
the normal dissipativity.

7.2 Modelling through internal state variables

Among the approaches involving internal state of variables we revisit [24], ch. 3, in
the one-dimensional setting. The infinitesimal strain is split in the form n = n4; + n CA
and the CD inequality is assumed as

f ¤n − d( ¤k + [ ¤n) ≥ 0.

Next the free energy Φ = (k − fn/d) is considered so that

−d( ¤Φ + [ ¤\) − n ¤f ≥ 0,

possibly letting d be constant. Hence, with the variables f, \, n CA , b we have

−(n + dmfΦ) ¤f − d(m\Φ + [) ¤\ − dmn CAΦ ¤n CA − dmbΦ ¤b ≥ 0.

It follows
n = −dmfΦ, [ = −m\Φ

and
dmn CAΦ ¤n CA + dmbΦ ¤b ≤ 0.

Thanks to the particular free energy

Φ = − 1
2d
Sf2 − 1

d
f[U(\ − \0) + n CA ] + 2[\ − \0 − \ ln(\/\0)] − [0\ +Φ0 +

1
d
5 (b)

we have
mn CAΦ = −

1
d
f
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and then the inequality can be written

f ¤n CA − dmbΦ ¤b ≥ 0. (42)

At constant temperature, ¤\ = 0, equation (42) appears to be similar to (11) once we
recall that W ≥ 0. Yet the procedure in [24] does not determine evolution equations
on the basis of (42). Rather it is postulated that

¤n CA = Λ ¤b

with an ad hoc assumption on Λ and an appropriate parameterization depending on
the sign of ¤b.

7.3 A model involving a generalized surface force

An apparently different approach is developed in [10] through a nonlocal scheme.
Without entering the details we mention that the balance of energy, and then the CD
inequality, is changed by allowing for a surface force density& conjugate to ¤b in that
the corresponding power density is& ¤b though without affecting the balance of linear
momentum; in three dimensions the surface power density is Q ¤b · n and ∇ · (Q ¤b)
is the corresponding power per unit volume. The heat conduction inequality is set
aside and then the CD inequality becomes

f ¤n − d( ¤k + [ ¤\) + mG (& ¤b) ≥ 0, (43)

G being the Cartesian coordinate. Accordingly & ¤b may be viewed as an extra-
entropy flux. To account for nonlocality also mGb is a variable in addition to n, \, b.
Consequently the CD inequality (43) yields

−d(m\k + [) ¤\ + f ¤n − dmnk ¤n − dmmG bk(mGb)¤+ mG (& ¤b) ≥ 0.

The classical relation [ = −m\k follows. Now, since mG (& ¤b) = (mG&) ¤b +&mG ¤b and,
in the linear approximation,

(mGb)¤= mG ¤b − mGb ¤n .

The remaining inequality has the form

[f − d(mnk + mmG bk mGb)] ¤n + (mG& − dmbk) ¤b + (& − dmmG bk)mG ¤b ≥ 0.

Next letting f = f4 + f3 , and allowing f3 depend also on ¤n ref. [10] arrives to the
dissipation inequality

dX = f3 ¤n + - ¤b ≥ 0,

where
- = −dmbk + mG (dmmG bk),
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and possibly split in
f3 ¤n ≥ 0, - ¤b ≥ 0.

The evolution of b is then established by letting

¤b = ! -,

! being a positive constant.

7.4 Models based on the Ginzburg-Landau theory

It is worth mentioning Falk’s model ([28, 29]; [6], ch. 5) which is based on the
analogy with Landau-Devonshire form of the free energy for hysteretic materials.
The free energy is assumed in the form

k(\, �) = k0 (\) + U1 (\ − \0)�2 − U2�
4 + U3�6,

where U1, U2, U3 are positive constants. The body is thought as a stack of layers and
then to account for interfacial energies a term 1

2 a(mG�)
2 is comprised in the internal

energy. Hence the total free energy is considered in the form

kC>C = k(\, �) + 1
2 a(mG�)

2 − d1D

while 1
2 d(mCD)

2 is the kinetic energy density. Next Hamilton’s principle is applied
and the equation of motion is obtained in the form

dm2
C D − mGm�k(\, �) + am4

GD = d1(G, C), (44)

where G ∈ [0, 1] and C > 0. Among the conceptual differences, (44) is a fourth-order
equation in the displacement D via the term am4

GD. In addition the evolution of the
temperature is governed by the classical Fourier scheme.

In the framework of aGinzburg-Landau-Devonshire theory, theminimum (Gibbs)
free energy representation has been obtained in [25] as a quadratic function of the
stress f and the anelastic deformation ℎCA . The temperature is regarded as a given
parameter. This approach involves an order parameter i whose modulus represents
the martensitic mass fraction, namely b = |i|. In addition, the anelastic deformation
ℎCA is represented as a quadratic function of i2, so that the free energy turns out to
be an eighth-order function of i. This approach allows to highlight the role of the
Ginzburg-Landau equation when phase transitions occur in materials with hysteresis
such as SMAs.
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8 Conclusions

Within the wide literature on the modelling of SMAs we can distinguish among
microscopic and macroscopic models (see, e.g. [3]). Microscopically, a strain mea-
sure is considered which is based on interatomic potentials. Macroscopic approaches
are based on a free energy function of temperature and strain, the strain being de-
composed in elastic and transformation parts &4, & CA . Conceptually the macroscopic
approaches are characterized by the modelling of the transformation strain & CA ; some
ways are mentioned in sec. 6. In essence we can say that macroscopically the mass
fraction b of a constituent (e.g. martensite) is considered and the constitutive proper-
ties emerge from a free energy potential while the transition strain & CA is eventually
related to the b through a properly-defined rate equation.

In the present approach the constitutive equations depend on the temperature \,
the one-dimensional stress g, the mass fraction b, and the derivatives ¤\, ¤g while ¤b
is given by a constitutive rate equation. The main novelty of our approach is that
the entropy production density (here W) is itself given by a constitutive function (of
\, g, b, ¤\, ¤g). For simplicity the model is one-dimensional and the strain variable is
ℎ = ln �, with � the deformation derivative in the longitudinal direction. Within
this non-linear theory the whole set of thermodynamic restrictions is derived. Next
a free energy function q is considered in the form (16). Hence we find that

0 = d'mbq = −Ub + S(\) − T (g),

here referred to as skeleton surface, characterizes the equilibrium mixed states
(\, g, b). Meanwhile, upon the selection of the constitutive function (24) for the
entropy production, the evolution condition for b is obtained in the form (26).

The operative aspect of the theory is emphasized in section 6 by using a linearized
version of the equations so that their integration can be done in closed form. Hence
detailed hysteretic loops are derived according as they are induced by temperature
or by stress. Note that some characteristic parameters of the model, :0, p0, g3 , @, are
related to experimentally measurable quantities such as <, \∗, g∗, \†, \̂" , \̂�.

A further development along the lines of this paper is the generalization to bodies
subject to fields within a three-dimensional setting.
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