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Abstract

This paper investigates the behavior of microstructured viscoelastic metamaterials with complex
topologies, focusing on their wave propagation characteristics, specifically the behavior of damped
Bloch waves. Fourier-based methods are used to solve the governing dynamic equations, taking into
account both spatial and temporal damping effects. The study addresses eigenproblems related to
Bloch wave dispersion, with a particular emphasis on rational eigenproblems, which are solved using
an enhanced derationalization technique previously proposed by the authors. To efficiently approxi-
mate the Fourier coeflicients, the technique utilizes the quasi-Monte Carlo integration method, which
is particularly effective for complex geometries. An illustrative example based on triply periodic
minimal surface structures is provided to demonstrate the effectiveness of the proposed approach.
The results highlight the potential of these metamaterials for applications in noise reduction, impact

resistance, and other advanced engineering fields.
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1. Introduction

Metamaterials with periodic complex topologies and viscoelastic phases are widely recognized for
their capability to tailor mechanical properties and control wave propagation through optimized mi-
crostructural design and material composition [1-5]. These systems integrate the overall physical-
mechanical response derived from complex topologies with the time-dependent behavior of viscoelas-
tic phases. Such integration enables advanced functionalities, including controlled energy dissipation,
selective wave filtering, vibration attenuation, shock mitigation, and mechanical energy trapping and
absorption in response to impacts. The innovative design of these metamaterials, which may in-
corporate hierarchical microstructures, makes them suitable for applications such as noise-reduction
devices, acoustic cloaks, and impact-resistant materials. Furthermore, their adaptability highlights
potential applications in fields such as biomedical engineering, including prosthetic devices, tissue

engineering scaffolds, and tunable structures for robotics and adaptive systems [6—15].
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Micromechanical models are utilized to rigorously characterize the behavior of individual phases and
their interactions at the microscale, enabling a highly detailed description of the constitutive behavior
of metamaterials. However, increased geometric complexity often renders these approaches compu-
tationally prohibitive due to the substantial resources required. In such instances, asymptotic, asymp-
totic variational and computational multiscale homogenization techniques offer more efficient and
theoretically robust alternatives to direct micromechanical simulations. They enable the systematic
derivation of effective macroscopic models—either local or non-local—that faithfully capture key mi-
croscale behaviors, even in the presence of complex multiphysics phenomena in periodic and/or quasi-
periodic microstructures. These approaches ensure a consistent and predictive multiscale framework
for representing the underlying mechanical and physical responses. [16-25]. To approximate the
dispersive properties of metamaterials, particularly at high frequencies, advanced high-contrast and
high-frequency asymptotic homogenization techniques are applied [26, 27]. For metamaterials with
discrete microstructures, such as lattice or layered systems, continualization methods are also effective
[28, 29]. Alternatively, the frequency band structure of a periodic metamaterial can be determined by
solving the micromechanical problem using Floquet-Bloch theory, which involves an eigenproblem
[30-32]. For complex topologies, advanced and efficient numerical methods are typically required
for this solution [33].

In the case of metamaterials with viscoelastic phases, which are characterized by integro-differential
field equations, the study of wave propagation can be approached either through integral transforms
[2, 34, 35] or, alternatively, by employing added-variable approaches. In particular, the latter method
allows the integro-differential problem—with a kernel expressed as a Dirichlet-Prony series—to be
transformed into a higher-dimensional differential problem [36, 37]. For these viscoelastic meta-
materials, the free propagation of Bloch waves in arbitrary directions is analyzed based on wave
number and frequency. For Bloch waves with spatial damping, the waves are described by a gen-
erally complex wave number, and the problem is expressed as a polynomial algebraic eigenproblem
parametrized by real frequency. Conversely, Bloch waves with temporal damping are characterized by
a generally complex frequency, and the corresponding problem is formulated as a rational eigenprob-
lem parametrized by real wave number. Rational eigenproblems, which are commonly encountered
in the analysis of wave propagation in viscoelastic metamaterials, present significant challenges re-
gardless of whether an analytical or computational approach is used. A potential solution to overcome
these difficulties involves the use of derationalization techniques. More precisely, for a rational eigen-
problem that includes both a polynomial and a rational component, where the rational term is the
sum of scalar rational functions multiplied by constant matrices, a common method for solving it is
to linearize the rational part, as outlined by Mehrmann and Voss in [38]. Linearization, in this case,
transforms the problem by multiplying it by the scalar functions, which results in a polynomial eigen-
problem of a higher degree. This new polynomial can then be solved using linearization techniques,
such as those described by Mackey et al. in [39, 40] and others. However, this technique tends to be
effective only for problems of low dimensionality. As an alternative, the rational eigenproblem can be

approached as a general nonlinear eigenproblem, which can be tackled with nonlinear eigensolvers,
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such as those proposed by Ruhe in [41] or more recently by Lietaert et al. in [42]. However, this
method only provides approximate solutions and requires careful convergence analysis to verify its
accuracy and effectiveness. An enhanced derationalization technique was proposed in [43], inspired
by the work of Su and Bai in [44], and has demonstrated significant efficiency even for large-scale
problems. More specifically, this technique proved instrumental in the design of a microstructured
active metafilter with extruded planar geometry and a piezoelectric phase shunted to an RLC circuit.
Within this framework, the present work investigates a microstructured viscoelastic metamaterial with
arbitrary complex three-dimensional topologies. The objective is to develop a high-performance
metafilter, studying both spatial and temporal damping associated with Bloch waves propagating
through the periodic microstructure. The idea is to exploit the periodicity of the metamaterial by
using a Fourier-based method to address the governing equations of the dynamic problem [45, 46].
Specifically, all periodic fields, both known and unknown, are expanded in Fourier series. In the
case of simple geometries, as addressed in [43], it was possible to analytically determine the Fourier
coefficients of the periodic constitutive tensors and inertial terms. However, when dealing with mi-
crostructures that have generic, complex topologies, as presented here, numerical approximations for
these coefficients are generally required. The study of the free propagation of Bloch waves is char-
acterized by an infinite-dimensional eigenproblem in terms of frequency and wave number, which
is polynomial for spatial damping or rational for temporal damping. The problem is then truncated,
and in the case of temporal damping, the enhanced derationalization technique is applied, based on
LU factorization of the matrix containing the rational part of the eigenvalue problem, followed by
linearization. This approach proves effective in computing the complex frequency Floquet—Bloch
spectra ensuring good convergence. To reduce the computational burden in the numerical approxi-
mation of the Fourier coefficients, advanced techniques based on Monte Carlo (MC) or quasi-Monte
Carlo (qMC) integration are often required. This is due to the need to handle the dense matrices of
the coefficients involved in the eigenproblems addressed by the Fourier-based method.

MC and ¢MC methods are effective techniques for performing integration over complex domains
[47-51]. The MC method relies on generating random samples from a probability distribution, while
gMC uses deterministic samples, to estimate numerical quantities—in this case, integrals—by aver-

aging the results of these samples. In particular, such methods approximate the integral of a function

f foodx~ 5 if(x‘)
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where |€] is the measure of the integration domain Q and N is the number of samples. Therefore,

as

MC and gMC methods are cubature formulas with uniform positive weights, relying solely on a well-
distributed set of points within the integration domain. These methods do not require prior knowledge
of the domain’s geometry, making them particularly suitable for complex or irregular integration
domains. For domains Q with complex geometries, a box 8 containing € is introduced, along with a

set X, of M points well distributed within 8B, which, for boxes, are well-known in literature. Using



the indicator (or characteristic) function of QQ named yo(x), the integral becomes:

f Fx)dx = f FX)ya(x)dx ~ @if(x)
o P M L

X,EQ

In this way, it is possible to integrate over domains with complex geometries by relying solely on an
indicator function for the domain, without requiring detailed knowledge of the geometry itself [52—
54]. An important advantage of using MC and gMC methods for integration, as opposed to traditional
tensor product cubature methods, is their ability to overcome the so-called curse of dimensionality.
This refers to the exponential growth in the number of points required to maintain the same level
of accuracy as the dimensionality increases. Unlike tensor product methods, which suffer from this
exponential increase, MC and qMC methods exhibit convergence rates that are independent of the
dimensionality. Specifically, the convergence rate for MC is of order O(N~!/?), while for gMC it is of
order O(N~1). In light of the above considerations, this work focuses on gMC methods.

The structure of this paper is as follows. Section 2 provides an overview of the periodic architected
material, focusing on its constitutive and governing equations in the dynamic regime. In Section 3,
the propagation of damped Bloch waves is examined, focusing on temporal damping characterized by
complex angular frequency and spatial damping described by complex wave number. Section 4 ad-
dresses the truncation of the infinite-dimensional eigenvalue problem and introduces a derationaliza-
tion procedure for handling the resulting finite-dimensional rational eigenproblem. Section 5 presents
the gMC integration scheme used to approximate the Fourier coefficients efficiently. An illustrative
example of a viscoelastic architected material based on a triply periodic minimal surface (TPMS)
structure is given in Section 6 to demonstrate the capabilities of the proposed approach. Finally, Sec-
tion 7 concludes the paper with a summary of the main findings and suggestions for future research

directions.

2. Constitutive characterization and field equations of the periodic architected material

One considers a periodic heterogeneous periodic architected material with a complex microstruc-
tural topology made of different phases distinguished between elastic and viscoelastic. The three-
dimensional architected material is obtained through the spatial repetition of a periodic cell A =
[0, £]%[0, 0&]X[0, {e] along three perpendicular directions. In a Cartesian coordinate system {ey, e;, €3},
the periodic cell U is thus characterized by the three periodicity vectors v; = de;, v, = dde,, and
v; = {de;. Denoting with x = x;e;, with i = 1,2, 3, the position vector of each material point and
t the time variable, the constitutive response of the different phases is described through the elastic

relaxation tensor G(x, 1) = G;ju(X, )e; ® €; ® e, ® e;, whose components are expressed in terms of a

al t
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Prony series as

Gijn(X, 1) = G (X)
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where Gl.jhk

relaxation function and 7/ represents the n-th relaxation time. The constitutive equation expressed in

(x) refers to the long-term response of the material, y" is the n-th viscosity ratio of the

terms of a hereditary integral links the stress tensor o7 (x, 1) = 0;(X, t)e; ® €; to the time derivative of

the strain tensor &(X, 1) = &;;(X, 1)e; ® e; through (1) and it is expressed componentwise as

O','J'(X, 1) = f Gijhk(xa t—1)én(x,7)dr. 2)

(%Y

Since &€ = sym(Vu), with u(x, r) = u;(X, r)e; the displacement field vector, the substitution of (2) into

the balance equation
0o ij(x,1)

8xj

where b;(x, t) are the components of the body force vector b(x, r) and p(x) is the mass density, leads

+bi(X, 1) = p(X)iti(X, 1), 3)

to the integrodifferential field equation governing the material behavior in the time domain, namely

ai ( f Gijn(x, 1 — T)MdT) +bi(X,7) = p(X)il;(X, 1). 4
X \J-wo oxy,

Exploiting the bilateral Laplace transform in time of an arbitrary, time-dependent real-valued function
f(1), defined as

LU®) = f(s) = fR Fexp(—st)ds, 5)

where s € C is the Laplace argument and f : C — C, the components of the relaxation tensor in the

1 YT
St ST (%) + 1

n=1

transformed space read

Gim(x, 5) = G5 (x)

ijhk

. (6)

Since L(0"f(¢)/0r") = s" L(f(¢)) and L(f1(2) = f>(t)) = L(f1(2))L(f>(1)), each phase is governed by the

following equilibrium equation in the transformed space

0

— +bi(x, 5) = p(x)s (X, 5), (7)
ij

(éijhk(x’ s)ﬁug(—;(k,s))
where lsi(x, s) are the components of the transformed body force vector and C; ink(X, s) are the compo-
nents of the transformed elastic tensor € = C; i€ ® e; ® e, ® €. For a linear viscoelastic phase
they can be related to the components of the transformed relaxation tensor through the relation
C’,-.,-hk(s) = s(A;,-jhk(s), while if the phase is linear elastic they results to be s-independent and simply
denoted as C;j. Because of the periodicity of the architected material, the constitutive and inertial

properties are such that
Ciim(x +2v1, 8) = Cim(x, 8), p(x+2zv) =p(x), Vxeq 1=1,2,3, z€Z. (8)

As an alternative to the Prony series to characterize the viscoelastic kernel, further constitutive mod-



els have been proposed in the literature to describe the complex relaxation behavior of viscoelastic
materials, including approaches based on fractional calculus, which are particularly effective in cap-
turing memory effects and temperature-dependent phenomena, as in the case of thermo-rheologically

complex polymers [55-57].

3. Damped Bloch wave propagation and complex frequency band structure

In order to investigate the propagation of damped Bloch waves inside an architected material having

a complex microstructure, due to the Floquet-Bloch theory, it; can be decomposed as
i = e *™, )
where ii; are the 2A-periodic Bloch amplitude components. They are such that
i (x+zv, K, 8) = i; (X, K, 5), Vxel [=1,2,3,z€eZ (10)

where k = k;e;,j = 1,2, 3, is the wave vector, spanning all points of the reciprocal space, also known
as k-space. The elementary periodic cell in such space is known as the first Brillouin zone and is
denoted as 8. Due to the periodicity we can uniquely identify the periodic reciprocal lattice as the
discrete subgroup G = {G : G = mp;; m; € Z, i = 1,2,3} € R, being p, = p’/ e, j=1,2,3. The
periodicity vectors of the reciprocal lattice p; are defined as

2 y 2 y 21 y (a1
= —V V3, = —V Vi, ==V Vo,
P Vv 2 3 P> Vv 3 1 Ps Vv 1 2

where V = v; - (v, X v3) is the scalar triple product and corresponds to the volume of the cuboid
defined by the three vectors v;, in order to have that the dot product v, - p, = 279, holds. Inserting
equation (9) in (7) leads to

0 A 05[/2 A A aﬁh aéllh[ - A 2 -
8_xj (Cijhfa—x[) — ke [(Cijhf + Ci[hj) (9_xj + X iy | — (kjkz Cijne + ps 5ih) it, = 0. (12)
Because of the A-periodicity of the constitutive tensor components C; int> of the mass density p and of

the Bloch amplitude components ii;, their expansion in Fourier series with respect to the lattice G can
be defined as

1
i; = Z[ﬁ’]" eLG(n)-x’ [i;], = @ fﬁie—LG(n)'X dx, (13a)
neZ3 A
X 1 —G(v)x
o= Z[p]v e Ox [pl, = o f pe CVX dx, (13b)
veZ3 A
. . . 1 (.
Cie = ) [Conely €5V, [Cipely = m f Cjnee™ V™ dx, (13¢)
veZ3 A



where n = (n),ny,n3), v = (v|,v2,v3) with n,v € Z>, and || is the size of the periodic cell. Then, the

derivatives appearing in (12) read

dit;
— = > un,p)li]a €™, (14a)
(9xj nEZZ3 J
0%, , G

__ ), pliis], €S, 14b
G szm Pisp)liicla e (14b)
aéi/‘hf A G
—— = > 1, p)[Cijnely &M, (14c¢)
an \gZ; J /

Hence, inserting the Fourier expansions (13) and (14) into equation (12), the following equation can
be obtained

> ( — P PDIC e [@nTn — (0P POIC ol + (1, D k[ Cignely ity 1 (15)

neZ3 veZ3

+ (0 Pk Cionoliin]n + Vel Ciinely litn]n — ik Cijnely Liinln - [p]vszéih[ah]n)e‘<G<“>+G<V”"‘ =0.

Notice that in general the terms C; e, as well as p, are piece-wise constant functions, characterizing
the different phases of the architected material. In order to investigate the propagation of damped
Bloch waves inside the periodic material, an algebraic eigenproblem needs to be characterized, whose
solution describes the wave dispersion features. In the most general case, both the wave vector k and
the angular frequency s are complex-valued, namely k = (k;, + i ky;) 1+ (ky, + i ko) €2 + (ks + i k3;) €3
and s = s, + is;, and the wave is said to be spatially and temporally damped. The wave vector
can also be written as k = k, + ik; = k,n, + i k;n;, separating the contribution of the real wave
vector k, having magnitude k, and direction n, € R3, which characterizes the wave propagation,
and the contribution of the imaginary wave vector k;, with magnitude k; and direction n; € R3, which
describes the wave spatial attenuation. If n, # n; the wave is denoted as non homogeneous, otherwise,
when the directions of propagation and attenuation coincide, the wave is called homogeneous and
k = (k, + i k;)n = kn, with k the complex wave number.

In the case of homogeneous Bloch waves with temporal damping only, the wave vector is assumed to
be real-valued and the Laplace variable s, representing the complex angular frequency, plays the role
of the eigenvalue in the above-mentioned eigen-problem. In particular, a rational algebraic eigenprob-
lem arises, whose solution is generally obtained by adopting suitable derationalization procedures. In
this regard, one improved derationalization procedure is proposed in Section 4. The dispersion curves
are thus expressed in terms of a complex frequency parameterized by the real wave vector and allow
the investigation of temporal damping which is caused, in this case, by the viscous dissipation inside
the material. If the spatial damping needs to be investigated, instead, which can be caused by spatial
attenuation phenomena due to the presence of a periodic microstructure, Bragg or Mie refraction, and
by viscous dissipation mechanisms, is the complex wave vector k that plays the role of the eigen-

value of the algebraic eigenproblem. In particular, once n, and n; are fixed, as well as the complex
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frequency, dispersion properties are investigated through the resolution of an algebraic eigenproblem
polynomial in the wave number k. If then the frequency s = iw with w € R, dispersion curves are
expressed in terms of the complex k parameterized by w. In the following, temporal and spatial damp-
ing are separately investigated considering the propagation of a homogeneous Bloch wave inside the

periodic material.

3.1. Temporal damping: complex angular frequency parameterized by the wave number

Following the first of the two strategies, where s is complex and plays the role of the eigenvalue while
k is a real-valued parameter, allows investigating the temporal damping for the material at hand. The
s-dependent coeflicients of the Fourier series of the viscoelastic phases and those s-independent of the
elastic phases can be split, due to the linearity of the integral computing the Fourier coefficient, and

be denoted by [C, oln and [C ?j}lg],,, respectively. In this setting, € denotes the region of the periodic

cell related to the viscoelastic phases, which are s-dependent, and U\C€ the remaining region related

to elastic phases, which are s-independent. It follows that the Fourier coefficients of C; ine become

[Ciineln = [Copg 1 + [Cipeln = [Cg1n + Tijne(9) s (16)

where r;j,, denotes a generic rational polynomial function in s and y is the indicator function related

to the set (region) €. Inserting equation (16) in equations (15) one has

> (= G P M = (e DICS Wl + (1o hACI W+

neZ3 veZ3
+ (0P kel Copp WLl + ke Copy Lol ] = kikeLC oy VoLl + ke ijne($) D Lo Lfinl
— (v P (spy) Tijue() el liin]n — (1P (s pp) rijne($)xelvlitnln + (n:p"ke rijne(s)Dx el Litn]at

+ (npke rienj ()l linln — kike rijue(s)Dxcly [iinln — [P]vszfsih[ﬁh]n) e GWHGONx = (17)

Defining the multi-index m = v + n, equation (17) becomes

> (— (m, = )P PDIC N el 8] = (P00 PC o el — ke[ C o Il ]+

neZ? meZ?
+ (npke rijne() el linln + (1-pDke Tienj($) e lm-nlitnn + ((m, — n) plke rijne()x 6 lm-nlitn]n+
+ (1 Pk C g Vel in ) + (1 P Clp Vel + (1 = )Pk Ly Il i1+

- ((mr - nr)p])(nvpz) rijhé’(s)[)(@]m—n[uh]n - (”rP;)(”sPZ) rijhf(s)[)(@]m—n[uh]n+
= ke P DX lm-alitila = [ol-aSSlala ) €5 = 0. (18)

The infinite-dimensional equation (18) can be rewritten in a more compact form, that is (18) reads
(A + 2B + 11 jue()C1 jne + T2 jne($)Cajue + r3jh€(s)c3jh€)l~l =0, (19)

where the infinite-dimensional linear operators A, B and Cjj;¢, with i, j, h, £ = 1, 2, 3, defined in terms
8



of the argument & written as
it = col(uy, up, u3) € O(Z°), (20)

where uy, u,,us; are vectors collecting, respectively, the Fourier coefficients [it;],, [#2]4, [i13]x, the col
operator stacks its vector arguments column-wise into a single column vector, £,(Z?) denotes the space
of square-summable sequences with three integer indices and £,(Z>) is €,(Z3) x £,(Z?) % €>(Z?). The
operators A, B and C;j,, are detailed in Appendix A. Equation (19) is an infinite-dimensional rational
eigenproblem in terms of the complex frequency s and the polarization vector of the Bloch wave i,
playing the role of eigenvalue and eigenvector, respectively.

Notice that, by exploiting the symmetries of the tensor ¢, jne and, therefore, those of the rational

polynomial functions r;;,, as well, the equation (19) takes the form

(A + 2B + r1111(5) Dy + r1112(5) Da + r1113(8) D3 + r1122(8) Dy + r1123(s) Ds
+ 11133(8) D + r1212(8) D7 + r1213(5) Dg + r1222(8) Do + r1223(5) Dy
+ 11233(8) D11 + 11313(8) Do + r1322(8) D13 + 11323(8) D1a + r1333(5) D5

+ 12203(8) D16 + 12233(8) D7 + r2323(8) Dig + 12333(8) D19 + 1200(5) Dog

+ ry3(s) Doy )t = 0. @1)
where
D, =C D; =3Cy112 + Coiny,s D; =3C112+Cs111, (22)
D, =Cin + Coyyy,s Ds = 2C 123 + Cy311 + C3py1, D¢ = Cy133 + C3311,
D; =2C 515 +2Cy24, Dg = 4C 213 + 2C5113 + 2C3112, Do = Cin + 3C1122,

Dy = 2C1203 + 4Co123 + 2C3012, D11 = Ciozz + Ca1zz + 2C3312, Dy = 2C 1315 + 2C3131,
D3 = Cian + 2Cn13 + Cai, Dy =2C1303 + 2Cp313 + 4C3123, D5 = Ciazz + 3Cap33,
D6 = 3Ca3 + Ca, D7 = Cyz3 + Caa, D5 = 2Ca323 + 2C3003,
Dy = Caz33 + 3C3033, D>y = Cyom D, = Cy333

In case the rational polynomial 7;j,.(s) is not in a reduced form, the polynomial division

Nijne(s) Dijne(S)
— = iine(8) + ~
Qtjhf(s) quh[(s)

(23)

rijhf(s) =

can be performed, with d;ju¢, pijne, qijne polynomials in s of a certain degree. The eigen-problem (22)

can thus be reduced to the form

(B(A, B, Cijee, dijee(5), 5) + R(Cijegs Pijee(s), Gise(5)) )t = 0, (24)



where B is the polynomial part and R is the rational one. The first is defined as

B =A+ 5B +d111(5) Dy + dy112(s) D2 + dy113(5) D3 + dy122(s) Dy + dy123(s) Ds
+ di133(8) Dg + di212(5) D7 + di213(5) Dg + d1222(5) Do + d1223(s5) Do
+ di233(8) D11 + di313(s) D12 + di32a(s) D13 + diz3(5) Dia + di33s(s) Dis
+ dan3(s) Die + da3z(s) D17 + dazns(s) Dis + dasszz(s) Do + dna(s) Do
+ ds333(5) Doy

whence, if d = max{2, deg(d;ju¢), for i, j,h,{ = 1,2, 3}, equation (25) can be written in the form

P=Ag+5A +---+ 574,

The rational part of the eigen-problem (24) takes the form

_pun(s) p1112(s) p1113(9) P1122(9) p1i3(s) P1133(s)
R = 1 2 3 D, + 5 6

qii11(s) qi112(5) q1113(5) qi122(5) q1123(5) q1133(5)

+ DP1212(8) D, + P1213($) Ds + DP1222(8) Do + DP1223(5) Dy + DP1233(5) D,
q1212(5) q1213(5) q1222() q1223(5) q1233(5)

N P1313(8) Do+ P1322(8) D+ P1323(8) Do+ P1333(8) Dis + P2223() D
q1313(5) q1322(5) q1323(5) q1333(5) q2223(5)
D2233(5) P2323(8) D2333(5) P222(8) D3333()

+ —— Uy,
q2233(5) q2323(5) q2333(5) q22(5) q3333(5)

which, for simplicity, can be rewritten in compact form as

R

where the s-dependent terms are

pi(s) _ pun(s)

q1(9) "~ qun(s)’
ps(s) . P1123(8)

as(s) " quins(s)’
po(s) _ piana(s)

go(s) "~ qiana(s)’
P13(s) . Di1322()
q13(s) a q1322(5)
P17(s) _ pass(s)
q17(s) a q2233(5)
pau(s) _ p3s(s)
q21(s) a q3333(5)

pa(s) _ puin(s)

_
— qi(s)

i

p3(s) " p1113(s)

q>(s) a 6]1112(S)’
Pe(s) _ puzs(s)

q3(s) B Q1113(S)’
pi(s) . P1212(8)

g6(s) ~ quizs(s)’

q1(9) * qiana(s)’
pu(s) _ pi13s(s)

pa(s) n Di122(s)
qa(s) ~ qun(s)’
ps(s) _ prais(s)
as(s) ~ qia3(s)’
pia(s)  piaiz(s)

P1o(s) — DP1223(8)
q10(8) ~ qiaaa(s)’
D14(s) . D1323()

qii(s) ()’
Pi15(s) n D1333(5)

g(s) " qiaia(s)’
Pi6(S) . DP2223(5)

q14(9) B 91323(5)’
Pis(s) _ pans(s)

q15(s) - 611333(S),
p1o(s) _ paas(s)

q16(s) a 72223(5)
pao(s) _ pan(s)

q13(s) - q2323(5) ’
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q19(s) o q2333(5) ’

q20(s) B g22(5) '

(25)

(26)

27)

(28)

(29)



The infinite-dimensional rational eigenproblem (19) thus results in the suitable form

21
(Ag+- -+ Ags’+ png,»)ﬁ - 0. (30)
i=1 1!

3.2. Spatial damping: complex wave number parameterized by the angular frequency

A second strategy consists in fixing the parameter s in order to obtain an eigenproblem with respect
to the norm of the complex wave vector k, denoted as k. In this way, spatial damping features of

the propagating wave are investigated for the material at hand. If x denotes a versor identifying the

Kk

direction of the vector k, i.e., k = T

the wave vector vector k is k = kk, and equation (15) results as

> 2 (= oIl linla = 002D il

neZ? veZ?
+ k(n, p)ke[ CgnelyLiin]n + k(e pDke[Cion [in]n
+ k(v Pk Cignely L) — K2k e[ Cignely Liin]n — [p]vs25,-h[ah]n)e‘<G<">+G“>>'X = 0. (31)

As in the previous case, the multi-index m = v + n can be introduced, transforming equation (31) in

the following

> % (= = mp el il = ()Pl

neZ3 meZ3
+ k(P Cijpedmenltn]n + k(P Citn Imenliinln + k((my = 1) DDA C i el ]
— K2k CijnelmenlTin]n — [p]m_,,széih[ah]n)e““m“ = 0. (32)

Once again, the equation (32) can be written in a compact form as
(A% + kB® + €% = 0, (33)

which defines a quadratic eigenvalue problem in k, governed by infinite-dimensional algebraic oper-
ators A©, B®_ and C, with the argument i defined as in (20) and detailed in Appendix B.

4. Truncation of the infinite-dimensional eigen-problem

The eigenproblems (30) and (33) are infinite-dimensional algebraic systems of equation, in order to
find an approximate solution of these eigen-problems the system might be truncated by considering
the multi-indices m and n which satisfy ||m||., , ||n|l, < N for a certain N € N*°, with |||, being the
infinity norm. As a consequence, the infinite operators in the compact form (54)-(56) and (57)-(59)
of both settings are replaced by the corresponding finite-dimensional operators, that are matrices, de-

noted by the apex (f). Therefore, using the same notation of (24) for the first case, the corresponding
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finite-dimensional problems take the form

(‘.B(f)(A(f), BY, Cf{,zf dijke(s), s) + m(f)(ngg’ Dijie($), ql‘jké’(s))) i =0, (34)
and
(49D + kBOD 1 RCVD) 7 =g, (35)

where the vector @' contains the finite-dimensional Fourier coefficients of the Bloch amplitude com-
ponents. In the case of spatial damping, the problem (35) can be solved through standard numer-
ical techniques for quadratic eigenproblems or their linearized version. The finite-dimensional ra-
tional eigenproblem of a tri-dimensional problem involves matrices of dimension 2My X 2My with
My = (2N +1). However, due to the multi-indices m— n a greater amount of Fourier coefficients need
to be computed, specifically, the coefficients related to the indices ||m — n|| < 2N must be computed,
which means to determine (4N +1)° coefficients. Heterogeneous architected materials which are char-
acterized by periodic piecewise constant functions C; ine and p, might present the Gibbs phenomenon
when represented by Fourier series, since it causes inaccuracies in their descriptions. To address this,
it has been developed various mitigation methods, including polynomial and rational interpolations,
as well as combinations of Fourier series with regularization filters [45, 58—63]. These techniques

aim to improve the accuracy of the models.

4.1. Derationalization of the finite-dimensional rational eigen-problem

For the temporal damping case, the eigenproblem (35) has a rational nature. It can be solved as a
generic nonlinear eigenproblem by determining the roots of the associated characteristic equation, or
it can be tackled with suitable derationalization techniques, which transform the rational eigenprob-
lem into a polynomial form that is generally more tractable. In particular, an improved derational-
ization method can be employed. This technique converts the rational eigenproblem into a linear
eigenproblem of slightly increased dimensions, which is typically easier to solve. From a computa-
tional standpoint, due to the size of the matrices involved, this approach can be more advantageous
than the standard derationalization procedure which relies on multiplying the rational problem by the
product of denominators. It can lead to bigger matrices, particularly when the degree of denomina-
tors is greater than one. One considers a generic finite-dimensional eigen-problem that consists of a

polynomial and a rational part, that is the eigenproblem

k
(Aéf) ro L ADS wl)ﬁf))ﬁ(f) =0, (36)
P gi(s)

for a certain integer k > 1, and where A(/.f ) and Dgf ) are square matrices of size n X n, ii'" the related
eigenvector of size n and p;, g; are polynomials of certain degrees which are assumed to be written in

a reduced form such that the leading coefficient of the denominators ¢; is one. Then, it is possible to
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write it as a product of matrices (see e.g. [64]) as

i(s) -
Z.(S) = (@) (sI = ED) b (37)
with
onT 0o 1 0 0 0
" 0 0 1 0 0
=" B0 s | =] (38)
» 0o 0 0 1 0
P; _ql(p) _qlgl) _qu) o _Cll('V) 1

and 1 (lf ) the identity matrix of the same size of ng ). Therefore, the rational eigen-problem (36) can be
properly rearranged by exploiting (37) and LU decompositions (or rank revealing LU decomposition
to reduce the size of the problem) of the matrices Df.f ) ie. Dgf ) = Lgf U Ef )T. The eigen-value problem

can thus be rewritten as
(Aéf) + . Aﬁlf)sd + L(f)(SF(f) _ G(f))—l(U(f))T)ﬁ(f) =0, (39)
where

LY = [L(lf)(lgf) Q a(lf))T, o L]((f)(l(zf) Q a]((f))T],

FO =diagd) o 1V,.... 1) o I!"),

GV =diagly’ 9 EY,.... 1] ® E),

v = [0"AY @ bVY .. UVAY @ 5. (40)

and with Iéf ) the identity matrix of the size of the matrix Dgf ) (or the rank in the case of the rank
revealing decomposition), the symbol ® the Kronecker product. Finally, the problem can be linearized

in the form
(M(f) _ SN(f))y(f) =0. 41)

with certain matrices MY” and N of size

k k
5. = 2My(P, + ) deg(g) X 2My(P, + ) deg(qy),
i=1 i=1
with P, = max{2,deg(p;),i = 1,...,k}. This value is significantly smaller than the dimensions of
matrices that would result from applying a standard derationalization approach to obtain a polynomial

eigenproblem which is
Sy = ZMNPS X ZMNPS,

with P, = max{2 ]_[f.‘zo deg(q;), deg(p;) Hf-‘zo deg(q:), j = 1,...,k}. More details on the procedure can
be found in [43].
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5. Quasi-Monte Carlo integration scheme for the approximation of Fourier coefficients

For complex microstructural topologies, it is difficult to compute the Fourier coeflicients in equations
(13) and (14) analytically. Cubature formulas can thus be exploited to approximate them. Cubature
formulas, exact on algebraic polynomials, involve a better knowledge of the structure or force to split
(and approximate) it in tetrahedrons which could increase the computational cost. Hence, it could be
preferable to use a Monte Carlo (MC) method [65], which approximates the integral of a function f

on a certain domain € via the mean value of the function evaluation on random points x; € € for

i=1,...,N,1ie.,
f Fodx ~ §N Fx0) 42)
o N - i)s

with |Q| the measure of the domain. Once the points are deterministic instead of random the method
is called quasi-Monte Carlo (QMC). It has the advantage of having a faster rate of convergence, being
the rate of convergence of MC of O(N~!/?), whereas qMC may converge to a rate of O(N~'(log N)%).
A good choice for the sequence of points is the one where the points are uniformly distributed with

respect to the measure dx, which means the sequence of points such that

Q ©
lim W;f(xih fg %) dx. 43)

Dealing with finite points sets Xy, a way to measure the deviation from the uniform distribution
consists in the notion of discrepancy. There are many notions of discrepancy depending on the domain
of integration Q. In the following, the periodic cube of dimension d is considered as the domain and
it is denoted as I¢. In an arbitrary subset B C I¢, the counting function #(B, Xy) is defined. It consists
of the number of points x; € X that are contained in B. Then, a notion of discrepancy of the points
set Xy is given by considering a family of subset B in I¢ and measuring how the points set describe

the measure of the elements of B, i.e.,

#(B, Xy)

Dy(B,Xy) = sup N

BeB

— |B| ‘ (44)

where |B| denotes the measure of B.
Choosing different non-empty families of Lebesgue-measurable subsets B, makes it possible to define
different notions of discrepancy. In case B is the family of all the subintervals of the form H?ZO[O, u;l,

which are all the rectangles pinned in the origins, it is called star discrepancy and denoted as Dy,.

Theorem 5.1 (Koksma-Hlawka inequality). If f is function with bounded variation V(f) in the sense
of Hardy and Krause [65, p. 20] in I%, then for any Xy = {x1,...,xy} C I¢, one has

1 N
= ) f) - dx
lN izlf(x) fldf(x)

14

< V(/)Dy(Xw), (45)




where D), is the star discrepancy of the points set.

This is an important error estimate for gMC method. It states that once the function is fixed, the way
for obtaining a better convergence is to use a distribution of points such that the discrepancy is as
small as possible. Similar inequalities exist also for different settings such as convex sets [66], or
general manifolds [66, 67] where other kinds of discrepancies are used which suit better the geometry
of the domain of integration. Once a parametrization of the manifold is known, it is possible to try to
transpose the problem by distributing the points well in the parameter sets, as done in [68].
Therefore, the gMC method could be helpful whenever there is the need to compute integrals over
geometries for which the analytical calculation is not a practicable way and for which an indomain
function can be built, allowing to differentiate which points belong inside the domain and which ones
are outside.

Moreover, a good approximation clearly depends on the number of points used. Then, in case of a
function f whose evaluation is computationally expensive, it could be worth considering a compres-
sion method, similar to the one recently used in [69], applied to gMC method [70-72]. Our goal then,
is to use gMC to approximate the Fourier coefficients in such domains. An approximation is obtained

by computing

1 1 < ~
[L:_j"ww%w@z_ (x) e = [7],, (46)

T N;f’ d
for a sequence of points x;, j = 0,..., N with a low discrepancy value in 2. In particular, in the case

of volume integrals, a low-discrepancy sequence can be used such as the well-known Sobol sequence

or Halton sequence which have a star-discrepancy such that

d
Dy < T8 47

for a certain constant C which depends on the sequence (see, e.g., [65, p. 29]).
A straightforward estimate of the error of the complete Fourier series with respect to the truncated

one and with the coefficients approximated by gMC method consists in the following.

Proposition 5.2. Let us consider the Fourier series S[f] = Y,ez[f1, €% and S N[]T] the truncated
series with coefficients approximated by gMC, then

'Mﬁ—Smﬁ

< Epun + N + 1)° max Eqmc(Lf1y), (48)
where &, s the truncation error

Stru =

D e N ], e

veZ? Ivlil<N

: (49)
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and Eyyc([f]) is the error given by the quasi-Monte Carlo approximation of the integral

1 1 <
Eque(f]) = ‘@ fu FE)e O de = = fj) e ) (50)
=0

(G(v)x

Proof. In fact, by adding and subtracting the truncated series Sy[f] = X <nlf1v € to the error

one has

'S[f] — SNLA < ST - SyLf]+ Swlf] - Sﬂf]'

< 8trun +

DUl =[], e

VIV
Z eLG(v)~x

vli<N

Z eLG(V)'X

vll<N

< atrun + max SqMC( f] ) Z

Ivll<N
vlI<N

< Eyrun + max |[£1, — [,

IWll<N

< 8trun + ﬁax 8qMC( f] )

LG(V) X

< Strun + (2N + 1)3 m2§ SqMC([f]v) (51)

]

From this estimate and from the fact that gMC with M points allows convergence of the order
O(M~'(log M)%), it can be deduced that the error of the series with approximated coefficients is of
a similar order of the one with only the truncated terms as long as the coeflicients are approximated
with a number of points M > N3. This means that once enough points are used in the gMC ap-
proximation, the series can be treated as the truncated one. A further assessment of the accuracy of
the Fourier coefficient approximation obtained through the quasi-Monte Carlo integration scheme is
provided in Appendix D. A comparison is presented between the exact analytical computation of the
test-case coeflicients and their corresponding qMC approximations, for a cubic periodic cell contain-

ing an inclusion of the same shape.

6. Illustrative example of a viscoelastic TPMS-based architected material

Recent advancements in additive manufacturing have enabled the creation of metamaterials with ex-
ceptional mechanical, acoustic, and photonic properties [73—75]. However, strut-based lattice struc-
tures present an inconvenient low surface area to volume fraction ratio and moderately low curvature
in their internal surface, which are both critical features in industrial and biomedical applications [76].
Among the shell-based metamaterials, the triply periodic minimal surface (TPMS) structures have
solved the problem of lightness accompanied by high curvature and surface area [77]. The TPMS are

bicontinuous, infinitely-extending saddle-shaped surfaces that locally minimize the area and have the
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(b)

(©

Figure 1: Visualization of the periodic cell 2 used in the Bloch wave analysis. (a) Geometric model of the primitive TPMS-
based periodic cell, consisting of an inner matrix core, a surrounding TPMS layer, and an outer matrix, all embedded in
a periodic cubic domain defined by the vectors v, v,, and vs. (b) Point cloud visualization of the same periodic cell,
showing the integration nodes generated via the quasi-Monte Carlo method based on Sobol sequence. (c) Exploded view
of the three distinct material subdomains: the outer matrix (gray), the TPMS layer (blue), and the inner matrix (light gray).

peculiar feature of zero mean curvature at every point along the surface [78]. Architected materials
based on TPMS have attracted much attention because of their mathematically controlled topologies
and excellent physical and mechanical properties. The recent and widespread interest in the design of
such metamaterials has regarded different applications, from structural to biomedical ones, especially
in tissue engineering [79, 80]. There are four main types of TPMS-based periodic cells, all taking
inspiration from natural elements and all periodic along three principal directions, namely the gyroid,
inspired by the microstructure of the butterfly wings [81], the primitive, inspired by the microstructure
of the sea urchin [82], the diamond, from the molecular structure of a diamond [83], and the IWP,
from soap films [84].

This illustrative example investigates the propagation of damped Bloch waves in a periodic material
based on a Primitive TPMS (triply periodic minimal surface) topology. This surface features a com-
plex, interconnected geometry, making it attractive for mechanical applications requiring both low
weight and high mechanical performance. The analyzed periodic cell, shown in Fig. 1, is cubic with
edge length d = 107> m and is characterized by the three periodicity vectors v;, v,, and vs3. The
mid-surface of the Primitive TPMS was first constructed using the zero-level set of a trigonometric
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function, specifically defined as:

(2 m C[(2mx, 0w L (2nx3 0w
f(x)—sm(7—§)+sm( p —§)+sm(7—§). (52)

The surface was then symmetrically extruded inward and outward to define a finite-thickness layer.
This thickness is implicitly controlled by the two scalar thresholds f; = 5/100 and f, = 5/10,
which delimit the region of interest where the TPMS scalar field satisfies f; < f(x) < f,. As
a result, three distinct material regions are identified: the inner matrix (f < f;), the TPMS layer
(fi < f < f»), and the outer embedding matrix (f > f,), see Fig. 1(c). The TPMS structure
is modeled as a steel phase, embedded in a viscoelastic epoxy matrix, which occupies the comple-
mentary inner and outer regions of the domain. The steel component is modeled as a linear elastic
isotropic material with Young’s modulus £ = 210 GPa, Poisson’s ratio v = 0.3, and mass density
p = 7500 kg/m>. The epoxy matrix follows a linear viscoelastic isotropic law, with E = 3.6 GPa,
v = 0.35, and p = 1150 kg/m® [85]. The components of the long-term response tensor G* are given
by Gk = i
visible in the Fig. 1(b) correspond to the integration nodes used in the numerical simulations, gener-

0;jOnk + ﬁ (0ind jx + 00 ), where 0;; denotes the Kronecker delta. The points

ated through the quasi-Monte Carlo (qMC) approach described in Section 5, in this case specifically
based on deterministic Sobol sequences. In particular, the construction of these sequences is detailed
in Appendix C. In what follows, the effects of viscous dissipation on the wave propagation charac-
teristics of the system are investigated, with particular focus on both temporal and spatial damping
mechanisms. Fig.s 2 and 3 refer to the investigation of the temporal damping of a homogeneous wave
inside the metamaterial, as described in Section 3.1, for which the wave vector K is a real parameter
and the complex frequency s represents the eigenvalue of a rational eigenproblem, derationalized by
the procedure detailed in Section 4.1. In particular, setting once and for all the viscosity ratios y" = 1
in the Prony series (1), Fig. 2 refers to the case in which one single term has been considered (N=1)
with relaxation time 7)w,.; = 107, while Fig. 3 refers to the case in which N = 2, with 7}w,.; = 1072
and 72w,y = 107*. The reference frequency w,., has been set equal to w,.r = d' \/g, with E and p
of the steel phase. Setting the direction of propagation n = ey, Fig.s 2-(a) and 3-(a) represent the ob-
tained three-dimensional Floquet-Bloch spectra plotted in terms of the first dimensionless wave vector
component k; = k; d in the range [0, 7] and the real and imaginary components of the dimensionless
complex frequency § = §,+i5; = s/w,.s. The real component 3, is associated with the wave’s dissipa-
tion and, as expected, its values are greater in the case N = 1 with respect to the case N = 2. Instead,
the imaginary component 5; is related to the wave propagation. It should be noted that, given the
cubic symmetry of the considered periodic cell, the same spectrum would have been obtained along
e, or e;. In the case of two relaxation times, the spectral density of the optical branches increases a
lot for values of §; greater than 0.15. A further representation of dispersion curves is given in Fig.s
2-(b),(c) and 3-(b),(c) where the real and imaginary components of iz = exp(57), with T = fw,.s and
t the time variable, are plot in terms of k;. Specifically, sub-Fig.s (b) refer to 7 = 5, while sub-Fig.s

(c) to T = 50. It can be noted that, for short times, the curves occupy a small portion of the unit
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Figure 2: Analysis of temporal damping in the case of N=1 with relaxation time 7'w,; = 107 and w,; = d~! \/g,

evaluated with respect to the steel phase. (a) Full three-dimensional representation of the complex dispersion curves for
waves propagating along n = e;. (b) Dispersion curves plotted on the unit cylindrical surface in terms of the real part of
the normalized frequency ji for dimensionless time T = tw,s = 5. (c) Same as (b) but for 7 = 50. (d) Comparison of
dispersion curves on the unit circle for different dimensionless times 7 = 5, 10, 50, 100, showing the effect of increasing
viscous dissipation. (e) Magnitude of the phase velocity v}, as a function of the normalized wavenumber ki. (f) Same
quantity plotted with respect to the imaginary part of the complex frequency 5;.
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Figure 3: Analysis of temporal damping in the case of N=2 with relaxation times 7)w,; = 1072, 2w,y = 107 and

Wrep = d7! \/% , evaluated with respect to the steel phase. (a) Full three-dimensional representation of the complex
dispersion curves for waves propagating along n

e;. (b) Dispersion curves plotted on the unit cylindrical surface
in terms of the real part of the normalized frequency j for dimensionless time T = fw,y = 5. (c) Same as (b) but

for 7 = 50. (d) Comparison of dispersion curves on the unit circle for different dimensionless times 7 = 5, 10, 50, 100,
showing the effect of increasing viscous dissipation. (e) Magnitude of the phase velocity v} as a function of the normalized
wavenumber k;. (f) Same quantity plotted with respect to the imaginary part of the complex frequency 5.
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cylinder, while as time increases the curves begin to wrap around the cylinder and then enter inside it,
a sign that dissipation has begun to take place. The dissipation mechanisms occur earlier and are more
pronounced for the case plotted in Fig. 2 with respect to the case represented in Fig. 3 because of
the different values of 7!. A confirmation of this is given in the two-dimensional representations 2-(d)
and 3-(d), where dispersion curves are plotted for four different times, namely 7 = 5, 10, 50, 100. As
time passes, the curves tend to wrap more and more inside the unit cylinder.

To investigate the influence of viscous dissipation on dispersion properties of the damped Bloch wave
traveling along direction n = k/||K||,, the phase velocity vector is defined as VE := §;/kyn. Its mag-
nitude vg = ||Vg||2 [(wrerd) = §;/k; is the imaginary component of the complex velocity v. = §/k;
[86]. It represents the velocity at which the phase of any harmonic component of the wave travels.
Still, it also represents the projection of the energy velocity vector v,, which defines the location of
the wave surface associated with each frequency component, and of the velocity vector related to the
dissipated energy v, onto the propagation direction, namely n - v, = v and n - v; = vj. Fig.s 2-(e)
and 3-(e) plot the magnitude of the phase velocity v} as a function of the dimensionless wave vector
component k;. It is observed that the two curves with lower phase velocity have an almost constant
behavior in terms of k;. They are associated with the acoustic branches of the spectrum. All the other
curves, which are associated with the optical branches, show a monotonically decreasing behavior as
k, increases, namely moving from long to short-wave regime. The magnitude of the phase velocity is
also represented in Fig. 2-(f) and 3-(f) as a function of §;. Once again, the two curves at the lowest
frequencies are associated with the two acoustic branches of the spectrum, showing finite values of v},
The remaining curves at higher frequencies are associated with the optical branches of the spectrum,
exhibiting vertical asymptotes corresponding to infinite velocity values. Furthermore, pass and stop
bands of the corresponding spectrum are recognizable along abscissa §;.

Without losing generality and focusing the attention on the case N = 1, the periodic material exhibits
a non-monotonic damping behavior as relaxation time increases, as plotted in Fig. 4. This kind of
behavior has been previously observed by the authors for different metamaterials [37, 43, 87]. The
real and imaginary components of dimensionless frequency § are plotted in Fig. 4 in terms of the di-
mensionless relaxation time 7,w,. ¢ for two different values of k;d, namely k1d = n/3 and k1d = 2n/3,
that are the values correspondent to the planes drawn in Fig. 2-(a). As 7,w,.r increases, the curves
of Fig.s 4-(b) and 4-(d) are swept counterclockwise and are characterized by points with a vertical
tangent, representing the maximum value of —§,, namely the maximum temporal damping for the
propagating wave.

To conclude the study of temporal damping, a parametric analysis has been conducted to investigate
the influence of the TPMS wall thickness on the frequency response of the viscoelastic structure. This
study aims to highlight the role of thickness as a geometrical parameter in shaping the dynamic be-
havior of the system. The Fig. 5 represents the spectral properties of a TPMS-based structure where
the scalar field f(x) of equation (52) satisfies f; < f(x) < f, with fi = 0.2 and f, = 0.7. All the other
features are maintained identical to the case of Fig. 2. As can be observed, the increase in thickness of

the TPMS layer leads to an increase in the system’s stiffness, which outweighs the increase in mass.
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This results, on one hand, in higher values of 5; and, on the other hand, in lower values of 5, with
respect the case of the thinner TPMS layer of Fig: 2. The decrease of §, is associated with reduced
viscous dissipation, as also confirmed by the representations in Fig. 5-(b), (c), and (d), which is also
due to the reduced amount of epoxy material in the periodic cell.

When the spatial damping is investigated, the complex-valued wave vector k plays the role of the
eigenvalue of the algebraic eigenproblem (35), while s = iw with w € R is a parameter. The Fig.
6 shows the obtained spectrum in the case of one single term in the Prony series (1) with relaxation
time 7)w,.s = 1072, To complement the set of numerical examples presented, an additional case
study is considered in which the viscoelastic behavior of the epoxy material is modeled using a Prony
series with six relaxation terms. This choice reflects a more detailed characterization of the time-
dependent mechanical response, as commonly adopted for polymeric materials [2, 34, 88, 89]. The

values adopted for the relaxation times and the viscosity ratios are

tlw., = 05072, y' =0.11070,
2w, =2.8798,  ¥* =0.13170,
Bw,ey = 163450, 53 = 0.151875,
Thwey = 927856, y* =0.133125,
Tw,e; = 526.5938,  y5 = 0.051015,
T0w,ep = 2.9902 10°, ¥ = 0.008542,

(33)

according to [2] and the relative spectra are plotted in Fig. 7. In particular, setting n = e;, the
dimensionless components k; and l_ql. of k; = kyd are represented in terms of & = w/w,. +1n a selected
range, spanning from O to 0.3. The spectra describe the band structure of the considered periodic
material, with pass bands corresponding to progressive and regressive propagating waves associated
with non-zero values of k;, and band gaps, describing spatial wave attenuation phenomena associated
to non-zero values of k;,. Expressing with 1 = exp(ik;d) the Floquet multiplier, Fig.s 6-(b) and 7-(b)
show its real and imaginary components in terms of @. As expected, the curves wrap around the
unitary cylinder as @ increases, escaping from that in correspondence with those @ values in which
dissipation occurs. Magenta curve in Fig.s 6 and 7 represent the results obtained from a first order
asymptotic/variational-asymptotic homogenization technique developed in [17, 21] for viscoelastic
materials. As expected, the homogenized model accurately reproduce the spectral behaviour of the
material in the long wavelength regime and at low frequencies.

Finally, the accuracy of the proposed model is further successfully validated in Appendix E. The
Floquet-Bloch spectrum obtained using the model for a cubic periodic cell containing an inclusion
of the same shape is compared with the results provided by the commercial finite element software
COMSOL Multiphysics®.
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Figure 4: Real and imaginary components of § = s/w,.s in terms of dimensionless relaxation time Tw,, s with w,.y = % 5

evaluated with respect to the steel phase for the case N=1 and k;d = /3 (a) and (b) and for k1d = 27/3 (c) and (d). Three-
dimensional representations (a) and (c) and two-dimensional ones parametrized for Tw,.r (b) and (d).
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Figure 5: Analysis of temporal damping in the case of N=1 with relaxation time 7'w,; = 107 and w,; = d”! %,

evaluated with respect to the steel phase. Thicker TPMS layer with respect to the case of Fig. 2. (a) Full three-dimensional
representation of the complex dispersion curves for waves propagating along n = e;. (b) Dispersion curves plotted on
the unit cylindrical surface in terms of the real part of the normalized frequency j for dimensionless time T = f w,.y = 5.
(c) Same as (b) but for 7 = 50. (d) Comparison of dispersion curves on the unit circle for different dimensionless times
7 = 5,10,50, 100, showing the effect of increasing viscous dissipation. (e) Magnitude of the phase velocity v} as a
function of the normalized wavenumber k;. (f) Same quantity plotted with respect to the imaginary part of the complex
frequency ;.
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Figure 6: Spatial damping and one relaxation time 7} wy.; = 107 with W,y = 5 \/% evaluated with respect to the steel

phase. Three-dimensional spectrum (a), real and imaginary components of Floquet multiplier 4 = exp(ik,d) (b), two-
dimensional spectrum in the plane (I_q, — ) (c), two-dimensional spectrum in the plane (k;, — @) (d). Magenta curves refer
to the first-order homogenized model [17, 21].
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Figure 7: Spatial damping and six relaxation times (see eq.(53)). Three-dimensional spectrum (a), real and imaginary

components of Floquet multiplier A = exp(ik;d) (b), two-dimensional spectrum in the plane (k;, — @) (c), two-dimensional
spectrum in the plane (k;, — @) (d). Magenta curves refer to the first-order homogenized model [17, 21].
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7. Final remarks and future developments

This study introduces a comprehensive framework for analysing wave propagation in viscoelastic
architected metamaterials with complex three-dimensional topologies, focusing on their dispersion
properties governed by damped Bloch waves. Fourier-based techniques were employed to efficiently
solve the governing dynamic equations, while quasi-Monte Carlo integration allowed for accurate
computation of the Fourier coeflicients, even in the presence of highly intricate geometries.

The enhanced derationalization technique proved particularly effective in handling rational eigenvalue
problems associated with temporal damping, demonstrating its capability to handle even large-scale
systems. The methodology enables the computation of the Floquet-Bloch spectrum in both cases of
complex frequency parameterised by real wave number (temporal damping) and the complementary
scenario of complex wave number parameterised by real frequency (spatial damping), thus offer-
ing a unified approach to characterise wave attenuation in dissipative periodic media. The rational
eigenvalue problems associated with temporal damping are particularly challenging to solve using
conventional numerical techniques, which further emphasizes the practical utility of the proposed
methodology, especially in the context of vibration attenuation and noise reduction applications.

The proposed framework has been applied to a set of representative case studies, including a TPMS-
based viscoelastic metamaterial. The results highlight how the introduction of the viscoelastic phase
alters the dispersion properties. In particular, the band structure is strongly influenced by the relax-
ation behaviour and by the number of terms retained in the Prony series, revealing a non-monotonic
dependence on the relaxation times. A preliminary analysis with varying thicknesses of the TPMS
suggests that this parameter can influence the dispersion response, indicating the relevance of ac-
counting for it in the design of the metamaterials.

Future research will aim to enhance the computational efficiency of qMC integration by exploring
compression techniques, such as the Tchakaloff-Davis-Wilhelmsen method, to reduce the number of
required points. Additionally, strategies to mitigate spectral noise in eigenvalue problems, including
the use of Gibbs filters or improved noise suppression methods, will be investigated. These improve-
ments, while potentially increasing computational times, could further refine the precision of the re-

sults.
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Appendix A: infinite-dimensional algebraic operators involved in Equation (19)

The operators A, B and C;,¢ involved in Equation (19) are detailed in what follows. The first operator
A : 0,(Z?)? — €,(Z*)? is hence detailed in each of its infinite part as

Alcol(uy,up, u)" ' = 3" ( = (my = n)ppLCY s dmaliinln = (1) PDICT 3 ol il

neZ3

+ (0 Pk C o dmoalit ] + 0Pk C ol it ]t

+ (e = m)PAC -l = K[ C o -] ) (54a)
A[col(ul, u, llg)]m 2= Z ( - ((mr - nr)pi)(nsp;)[Cglj\;fgg]m—n[ah]n - (nrp;)(nsp;)[czlj\;gz]m—n[ﬁh]n"'

neZ3

+ (0, Pk C o m-nl il + (0P Copy ol it ]

+ (e = m)PAC -l il = K[ C -] ) (54)
A[col(ul, u, ug)]m = Z ( - ((mr - nr)pj)(nsp;)[Cglj\hﬁjg]m—n[ﬁh]n - (nrp;)(nsp;)[ci\;i]m—n[ﬁh]n"'

neZ3

+ (0 Pk C o dmonl il + 0Pk oy ol it ]t

+ (e = mP Ayl il = Kkl -] ) (54)

the second operator B : £,(Z3)* — £,(Z*)? is given by

Blcol(uy, uz, us)]" ' = = 3 [plualiit],, (55)
neZ3

Blcol(u), u,u3)]"* = = 3 [plnaliia]n, (55b)
neZ3

Blcol(u;, u0,u3)"* = = 3 [pln-aliis]n, (55¢)
neZ’3

and the remaining operators C\ e, Cojne, Cajue : €2(Z°)? — €2(Z3)* are defined as

Cijuelcol(uy,ua, uz)|™ ' = Z —((m, = n)p")(nspp)lxelm-aliin]n — kikelxelm-nlitn]n+

neZ?

- (nrp;)(nsp;)[x\/(i]m—n[ﬁh]n + (nrp;)k{’[)ﬁi]v[ﬁh]n'*'

+ (nrpg)kj[XG]m—n[ﬂh]n + ((mr - nr)p;)k[[XG]m—n[ah]n’ (563)
Cjuelcol(uy, ua,u3)]™? =0, (56b)
Cijnelcol(ui, uz, uz)1™> =0, (56¢)
Czjhf[001(u1, uy, u3)|" = 0, (56d)
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Cajuelcol(uy, ua, u3)|™? = Z =((m, = n)p")(nspp)lxelm-aliin]n — kikelxelm-nlitn]n+

nez?

- (nrp;)(nsp;)[x\/(i]m—n[ﬁh]n + (nrp;)k{’[)ﬁi]v[ﬁh]n'*'

+ (nrpg)kj[XG]m—n[ﬁh]n + ((mr - nr)p;)kf[/\/ﬁ]m—n[ah]n- (566)
Cajnelcol(uy, us, uz)|™> =0, (56f)
Cjuelcol(uy, ua, u3)|™ ' =0, (56g)
C3jhf[001(u1, uy, u3)|" } = 0, (56h)
Csjnelcol(uy, uy,u3)|™? = Z =((my = n)p)(nsp)xclm-nlitn]n = kjkelx clm-nlitn]n+

neZ?

- (nrp;)(nsp;)[/\/(‘l]m—n[ﬁh]n + (nrp;)k€[X(E]v [ﬁh]n+

+ (anZ)kj[X(i]m—n[ﬁh]n + ((mr - nr)p;)kf[/v(i]m—n[ﬁh]m (561)

Appendix B: infinite-dimensional algebraic operators involved in Equation (33)

The infinite-dimensional algebraic operators A%, B® and C* involved in Equation (33) are detailed
in what follows. The first operator A® : £,(Z)® — €,(Z?)? is defined as

A(k) [COl(lll, u,, u3)]m b= Z _((mr - nr)p;)(nsp;)[éljhé’]m—n[ah]n - (nrp;)(nsp;)[éljhf]m—n

nez3

— [Plm-ns"Lit1]n (57a)
AP[col(uy,uy, us)]™? = Z —((m, — nr)p;)(nspz)[é2jh{’]m—n[i:‘h]n - (nrp;)(nspz)[CZjh(’]m—n

neZ3

— [Plm-ns"[i2]n (57b)
A®col(uy,uy, uz)]"> = Z —((m, — nr)p;)(nsp;)[é3jh€]m—n[ﬁh]n - (nrp;)(nspz;)[éyhf]m—n

neZ?

— [plm-ns [UB (57¢)

The second operator BY : £,(Z?) — £,(Z%) is

B®[col(uy, s, us)]™ Z(nrl?j)Kf[Cl,M]m nlltn]n + (nrp,)Kf[thj]m nlith]n

neZ3

+ ((my = n) P Cojnelm-nliin]n (58a)
B(k) [COl(ub u, u3) Z (nrp])Kf[CZJh[]m n[uh] + (ner)Kf[C%’h]]m n[uh]n

neZ?

+ ((m, — nr)p;)Kf[CZ intlm—nllin]n (58b)
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B(k) [COl(ul, u, u3)]m I = Z (nrp;)Kf[éﬁhf]mfn[ﬁh]n + (nrp;)Kf[é%’hj]mfn[ﬁh]n

nez’

+ ((m, — ”r)p;)Kf[Cthf]m—n[ﬁh]n- (58c)

Lastly, the third C® : £,(Z°)® — 6,(Z%)? is

C®lcol(uy, up,us)™' = Z ~kike[C 1 inelmnl ] (59a)
neZ?

CPlcol(uy, uy, us)™? = Z ~Kike[Cojnelmnlitn]n (59b)
neZ3

CPlcol(uy, uz, uz)1™* =y —kik[Cajnclmonliin] - (59¢)
neZ3

Appendix C: modicum of the construction of Sobol sequences for qMC integration

Sequences that are nets provide a method to obtain well-distributed points in the periodic cube, which
are suitable for quasi-Monte Carlo (qMC) integration. The concept of (z, m, d)-nets involves subdi-
viding the cube into smaller intervals and placing points such that each of these intervals contains a

prescribed number of points. For this reason, the following two definitions are important.

Definition A.1. Lett >0, m > 1,d > 1, and b > 2 be integers witht < m. A (t,m,d)-net in base b is

a point set P consisting in b™ points in [0, 1)¢ such that every elementary interval of the form

ﬁ aj aj+1 60)
. bej’ bej D)

j=1

with eache; > 0,0 < a; <b%, and e; + e + - - - + e, = m — t, contains exactly b' points of P.

Definition A.2. Lett > 0 and d > 1 be integers. A (t,d)-sequence in base b is a sequence of points
S = {xo,x1,...}in [0, 1)? such that for any integers m > t and € > 0, every block of b"™ points, that is

Xepmy oo Xesnypm—1 0 S forms a (t,m, d)-net in base b.

Sobol sequences, which were used in the numerical experiments, represent the first known construc-
tion of (¢, d)-sequences [90]. These sequences are generated through the digital construction scheme
(see, e.g., [54]).

Let b be a prime number, and let Z, := {0, 1,...,b — 1} denote the set of equivalence classes of in-

tegers modulo b. When endowed with addition and multiplication, Z, forms a finite field of order b.

Consider Cy, ..., C, to be m X m matrices with entries in Z;,. The j-th component of the i-th point in
a sequence P = {¢, ..., t,n_1} is constructed by first expressing i in base b:
i= iy ini))p =iy +ih+ -+ ib" ", (61)
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Next, the product of C; and the base-b representation of i is computed, with all operations performed
in the field Z,:

Y1 41

i
2l=c,|?]. 62)
Ym Im

The j-th component of the i-th point, 7 ;, is then defined as

2 m
t,-,j=(0-y1yz-~ym)b=y—1+y—+~-+y—

T o (63)

The resulting points are known as digital nets over Z,. When (t, m, d)-nets or (¢, d)-sequences are
constructed over Z,, they are referred to as digital (¢, m, d)-nets or digital (¢, d)-sequences over Z,,
respectively. In particular, Sobol sequences are digital (¢, d)-sequences over Z,. In such cases, the
matrices C; are generated using primitive polynomials (see, e.g., [52, p. 266]). Let p1, ..., ps € Zo[x]
be distinct primitive polynomials ordered by degree. Each polynomial can be written as

1

Pi(xX) = xT+a x4+ A x + 1, forl <j<d, (64)

where a; ; € Z,. A sequence of e; odd integers 1 < my j,...,m,,; is then selected such that m ; < 2*

for 1 < k < e;. For k > e, the values m, ; are defined recursively as follows:
ej—1 ej
M =2ayme1; @@ 297 Ao,y jMi—e;1,j D2 Mye;j O My, js (65)

where @ denotes the bitwise exclusive-or operator. From this construction, the so-called direction

numbers are obtained as

I’I’Lk’j
Vi,j = 7’ (66)

which are then used to compute the elements #; ;, where
L= l'ovl,j @ilvz,j 69---€Bi,_1v,,j, (67)
and i = (i, - - - 111p), 1s the binary representation of i. As a result of this construction, it can be shown

that Sobol sequences are digital (¢, d)-sequences with t = Z‘;: (ej—1).

Appendix D: approximation of Fourier coefficients via qMC integration

In the present appendix, a brief analysis is provided concerning the quasi-Monte Carlo (qMC) approx-
imation introduced in Section 5. In particular, attention is devoted to Proposition 5.2, by analyzing
the relative error between the exact analytical computation of the test-case coefficients and their cor-

responding gMC approximations.
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In this simplified test, the Fourier coefficients of a periodic cell such as the one shown in Fig. 8 are
considered. The periodic cell, as in the previous tests, is a cube of size d = 1072 m. The exterior
matrix consists of epoxy, while the inner cube—centered within the cell and having an edge length of
{c = 0.4 - 1072 m—is composed of steel. In this case, the Fourier coefficients can be computed ana-
lytically by exploiting the linearity of the integral, since the tensor components and the mass density

are piecewise constant within the respective subdomains. Therefore, the integrand can be treated as a

(a) (b)

Figure 8: Visualization of the periodic cell used in the quasi-Monte Carlo analysis. (a) Geometric model of the periodic
cubic cell. (b) Point cloud representation of the same cell, illustrating the distribution of integration nodes generated via
the quasi-Monte Carlo method using Sobol sequences. The inner region is highlighted by a denser blue core.

piecewise constant function, equal to f¢ in the inner cube and to a different constant f in the exterior

matrix. Consequently,
[f] = i ff(x)e—LG(v).x dx
R

1
= @( [ f e CINAx + fc fc e M dx) (68)
E

and, since, the exterior matrix is such that

f o CWX gy = f e G gy _ f e OMX gy (69)
E A ¢

the computation reduces to evaluating the integral over the whole cell and the integral over the inner
cube. Taking this into account, and considering the regular lattice %7”23, the integrals over the inner

cube can be computed directly.
1
f e WX gx = 5 1,113, (70)
c

with
fc if Vi = 0

I, = _Lzlv,(g;’;c) _LEVA(Q_[L) (71)
' Ld [T a2 ) o 2T otherwise.

Therefore, since the analytic expression of the coefficients is available in this test case, the relative
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error with respect to the quasi-Monte Carlo (qMC) approximation can be computed. Fig. 9 shows
the relative error for the coefficients of C;;;, where the qMC approximation is computed using N =
10° points (left) and N = 10® points (right). It is noted that the coefficients of the other tensor
components and the mass density exhibit the same behavior, as only the constant values differ. As
expected, increasing the number of points leads to a more accurate approximation of the coefficients.
However, the approximation deteriorates as the multi-indices v move away from the origin, due to the

increasingly oscillatory behavior of the integrand.

103
1072
104
o S
2 £3 40
i3 £=10
10-4 ]
108
107
108 . . . . : 4 . L . .
100 200 300 400 500 100 200 300 400 500
(a) (b)

Figure 9: Relative error in the computation of the Fourier coefficients for all lattice indices satisfying ||v|]|c < 7. (a)
shows the result obtained with N = 10° points, while (b) corresponds to N = 10 points used in the quasi-Monte Carlo
approximation.

Appendix E: Fourier-based approach vs finite element model

The same geometry of the periodic cell described in Appendix D and schematically illustrated in
Fig. 8 is considered here, with two idealized materials assigned to the inclusion and the surrounding
matrix, respectively. The inclusion is made of a linear elastic isotropic material characterized by
Young’s modulus E = 10* Pa , Poisson’s ratio v = 0.3, and mass density p = 7500 kg/m>. The
matrix consists of a linear viscoelastic isotropic material, with mechanical properties E = 5 - 10°
Pa, v = 0.3, and p = 1150 kg/m*®. Moreover, the components of the long-term relaxation tensor
G™ are expressed in terms of E and v, as detailed in Section 6. The infinite-dimensional algebraic
eigenproblem, arising from the Fourier expansion-based scheme proposed here, has been truncated by
retaining N harmonics. In particular, we considered the harmonics for which the lattice index v is such
that its infinity norm is smaller than 3. In addition, the gMC approximation of Fourier coefficients
has been obtained by using 10 Sobol points. For a consistent one-to-one comparison, the long-term
response constitutive tensor components Gy used in the finite element model are approximated by
Fourier polynomials with the same number of harmonics.

The Fig. 10 reports the results in terms of the Floquet spectrum and dispersion curves plotted on
the unit cylindrical surface, represented through the real part of the normalized frequency, for two
limiting cases of relaxation time: 7, — 0 (Fig.s (a) and (b)) and 7, — oo (Fig.s (¢) and (d)) . In both
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Figure 10: @ = w/wWyer Vs ki = kid with Wref = é \/g, with E and p of the TMPS-layer (Fig.s (a) and (c)). Real and

imaginary components of the Floquet multiplier 1 = exp(ik;d) vs @ (Fig.s (b) and (d)). Relaxation time 7, — 0 (Fig.s (a)
and (b)) and 7, — oo (Fig.s (c) and (d)).
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cases, the comparison with numerical results obtained from the finite element model implemented in

the commercial software COMSOL Multiphysics® is highly satisfactory, confirming the ability of the

proposed model to accurately capture the viscoelastic response of the material. As expected, since

only propagating branches are considered, the curves in (b) and (d) wrap around the surface of the

cylinders.
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