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Abstract

Let # be a non-empty set of points of a finite Desarguesian projective space PG(n, ¢g). A
collection of varieties of PG(n, ¢) is mutually p-intersecting (relatively to #) if its elements
meet all # in the same number of points and pairwise intersect in % in exactly p points.
Here, we construct a new family of mutually p-intersecting algebraic varieties by using
certain quasi-Hermitian varieties of PG(n, g2), where g is any prime power. With the help of
these quasi-Hermitian varieties we provide a new construction of 5-dimensional MDS codes
over I, as well as an infinite family of simple orthogonal arrays O A(¢?"~!, ¢*"~2, ¢, 2) of
index p = g2 3.

Keywords Quasi-polar space - Algebraic variety - MDS code - Orthogonal array -
Collineation

Mathematics Subject Classification 05B25

1 Introduction

Let M be a set of non-negative integers, g a prime power and % a non-empty set of points of
the Desarguesian projective space PG(n, ¢). We say that a set of varieties ¥ (f1), ..., ¥ (fs)
in PG(n, q) are mutually M-intersecting relatively to % if the following properties hold:

o |V(fiyNW|=kforeveryi=1,...,s;
o [V(f)NV(fH)NW|eMfori,j=1,...,sandi # j.
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This is a slight generalization of the original definition of M-intersecting varieties, [12, 13],
where # is the whole projective space PG(n, ¢). When % is understood from the context
and M = {u} we abuse the notation and simply talk about p-intersecting varieties (instead
of the more proper form {u}-intersecting). Having a family of pu-intersecting varieties is
directly related to many combinatorial constructions, e.g. combinatorial designs, orthogonal
arrays and maximum distance separable codes.

In [2] the authors consider a family of p-intersecting Hermitian varieties to obtain a family
of orthogonal arrays. A similar approach is also followed in [5], where an orthogonal array
is obtained using the p-intersection property of some affine quasi-Hermitian varieties in the
affine space AG(3, ¢%) with g an even prime power. The varieties of [5] are the affine points of
some BM quasi-Hermitian varieties whose definition we briefly recall here (for more details,
see Sect. 2).

A non-singular Hermitian variety H (r, ¢*) in PG(n, ¢%), with ¢ a prime power, is the set
of absolute points of a non-degenerate unitary polarity of PG(n, ). Non-singular Hermitian
varieties have been extensively studied both from the combinatorial and the algebraic point
of view; see [9, 23]. Their size is (q”Jrl +(—=1)"(qg" - (—l)”)/(q2 — 1) and they are known
to be 2-character sets with respect to their intersections with hyperplanes. Specifically, their
intersection with a non-tangent hyperplane has size (¢" +(—=1)"")(g" ' = (=1D""1/(¢* -
1), while their intersection with a tangent hyperplane contains 14 ¢%(g" ' +(=1)")(¢" % —
(—=1)™)/(g? — 1) points; see [23] for further details.

The combinatorial property of having just a few intersection numbers with hyperplanes
is very strong (see e.g. [11] for 2-character sets), but it is not enough by itself to characterize
Hermitian varieties nor, more in general, the varieties consisting of the absolute points of
some polarity. The notion of quasi-polar space, see [21], encompasses this combinatorial
property. A quasi-polar space in PG(n, ¢) is a set of points whose intersection numbers with
hyperplanes are the same as a non-degenerate classical polar space embedded in PG(n, q).

By Segre’s theorem [22], for ¢ odd and n = 2, a quasi-conic (i.e. a (g + 1)-arc) is a conic.
However, in general, proper quasi-quadrics and quasi-Hermitian varieties do exist.

In the case of unitary polarities, a set of points of PG(2, q2) with the same size, i.e. q3 +1,
and the same intersection numbers {1, g 4+ 1} with lines as a Hermitian curve is called an
unitals it is well known that all Desarguesian projective planes PG(2, ¢2) with ¢ > 2 contain
non-classical unitals, i.e. unitals which are not projectively equivalent to the Hermitian curve;
see [17] and also [8].

Moving to higher dimension, a quasi-Hermitian variety of PG(n, ¢2) is the combinatorial
abstraction of the non-degenerate Hermitian variety defined as a set of points in the finite
projective space PG(n, %) which has the same intersection numbers with hyperplanes as the
(projectively unique) non-degenerate Hermitian variety H (n, g?) of PG(n, ¢?). This implies
that a quasi-Hermitian variety for n > 2 also has the same number of points as H (1, ¢2), see
[21]. In particular, quasi-Hermitian varieties are always 2-character sets; see [11].

Obviously, any Hermitian variety H (n, g%)isalsoa quasi-Hermitian variety; so we call it
the classical quasi-Hermitian variety of PG(n, ¢%). If n = 2, a set with the same intersection
characters with lines as a Hermitian curve has size either g> + 1 or g2 + ¢ + 1 and hence it
is either a unital or a Baer subplane.

In 1976, F. Buekenhout introduced a general construction for unitals in finite translation
planes of square order [10]; later, Metz [17] showed the existence of non-classical unitals
in PG(2, g?) for ¢ > 2, that is, unitals which are not projectively equivalent to Hermitian
curves. These unitals are called Buekenhout-Metz (BM) unitals. In [1] a large family of
quasi-Hermitian varieties of PG(n, qz), indexed by pairs of elements of qu, is constructed.
These quasi-Hermitian varieties, called BM quasi-Hermitian varieties, turn out to be a sort
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of generalization of BM-unitals to higher dimension and their classification up to linear
projectivities in the three-dimensional projective space is provided in [4], for ¢ odd and in
[5], for g even.

In the present paper, we consider a u-intersecting family of BM quasi-Hermitian varieties
and present some applications to codes and orthogonal arrays. In Sect. 2 we recall some
basics on the construction of BM quasi-Hermitian varieties and fix the notation we shall use
in the rest of the paper; in particular, in Sect. 2.1 we recall the construction of BM quasi-
Hermitian varieties, while in Sect. 2.2 we mention some basics about coding theory; Sect. 2.3
is dedicated to orthogonal arrays.

Our main geometric result is presented in Sect. 3, where we describe a family of BM quasi-
Hermitian varieties mutually intersecting in ¢g2"~2 affine points in AG(n, ¢2). In Sect. 4, for
the special case in which ¢ > 4 and n = 3, we use these varieties to obtain a [F,-linear
code with ¢° words, length ¢ and minimum distance g — 4 which turns out to be equivalent
to a subcode of the classical Reed—Solomon code over F,. Finally, in Sect. 5 we apply the

construction of Sect. 3 to obtain an orthogonal array with parameters O A(¢2*~1, ¢**=2, ¢, 2).

2 Preliminaries
2.1 On BM quasi-Hermitian varieties

Let g be a prime power (either odd or even, unless explicitly mentioned). We consider the
field extension ]qu : IF, and define the (relative) trace and norm as

Tr(x) := x + x9, N(x) = x9*! forall x € Fo.

Also, put Ty := {x € qulTr(x) = 0}.

We shall work in the projective space PG(n, ¢2), a point of PG(n, ¢*) will be described
by a class of vectors in homogeneous coordinates [(xg, X1, ..., X)]. We fix as hyperplane
at infinity, the hyperplane o, of PG(n, ¢%) with equation xo = 0, i.e.

Yoo = {0, x1,....x,) : x; € F 2} C PG(n,q?).

Let AG(n, g2) be the the affine space given by PG(n, %) \ Sco. Under this assumption, the
points of AG(n, qz) correspond to classes [(xg, x1, ..., x,)] € PG(n, qz), xo # 0 and can
be represented by the vector coordinates (x1/xo, ..., X, /X0) € }FZ.
We shall use interchangeably affine and projective equations, as the case warrants.
Takea € F 2 and b € F 2 \ F,;. Define %, , as the projective variety with equation

Bap: XIXE = X, X2~ '+aq(xf‘1+- X)) —a(X2 4+ XX

= —HXTT -+ xTHxE! (1)
and .% C X as the Hermitian cone
Z =10, x1,....x)lx! T+ 41T =0
We can now define .#, j as
Map = Bap \ Toc) U F
We observe that .#,, j, is not described explicitly in terms of equations but rather in terms of

the gluing of the affine part of the variety %, ; of degree 2¢ with some points at infinity. In
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any case, as any set of points in PG(n, qz) can be regarded as a (suitable) algebraic variety,
this should not engender confusion.

If a = 0, then .#, j is the point set of a classical quasi-Hermitian variety. In the case in
which a # 0 then, from [1]*Sect. 3 and [3]*Sect. 3 we know that ./, ; is a non-classical
quasi-Hermitian variety if either of the following conditions holds:

(QHI) n and g are odd and 4a9*! 4+ (b7 — b)? £ 0;

(QH2) n is even, ¢ is odd and 4a9t + (7 — b)?isa non-square in Fy;
(QH3) n and g are even and Tr(%) =0;

(QH4) n is odd and ¢ is even.

This quasi-Hermitian variety is called a BM quasi-Hermitian variety.

2.2 Coding theory

In this paper we adopt the book by MacWilliams and Sloane [16] as a standard reference
for coding theory. We recall that a code C of length n over Fys with s > 1 and minimum
(Hamming) distance d is just a set of N vectors of FZX which pairwise differ in at least d

coordinates. A code C is I, -linear if it is a vector space over [, clearly in this case N = qg*
where k = dim]Fq C).

In this paper we shall consider a code whose words are in IF‘ZZ , but which is only [, -linear.
In particular, we shall adopt the following definition.

Definition 2.1 Let C C ]FZ2 be a code which is I -linear. We say that C is equivalent to an

F,-linear code C’ C IFZz if there is an Fy-linear isometric mapping ¢ : C — C’.
By the Singleton bound for F,-linear codes, N < g"~%*1. When equality holds, a code is
maximum distance separable or MDS. These codes play a relevant role in the theory of error
correcting codes. If a code is MDS the above equality can be read alsoasd =n — k + 1.
Let I, [¢] be the ring of all polynomials in the indeterminate ¢ with coefficients in F,.
We write [F; [#]geg<k—1 for the vector space of all polynomials over [F; in the unknown ¢ and
degree at most k — 1. Clearly dim(Fy [¢]geg<k—1) = k.
A well known family of linear MDS codes is given by Reed—Solomon codes (see [20, 24]
notation: RS, (n, k)), they can be defined as follows:

Definition 2.2 The Reed—Solomon code over F, is

RSy (n, k) ={(f(@D), ..., f(@n) : [ € Fglxlaeg<k—1}

wheren < g—1andwy, ..., w, are distinct elements of . If we take all values of w; € Iy,
then we have a code of length ¢ which is called an extended Reed—Solomon code and denoted

Extended Reed—Solomon codes can be further extended by adding an extra symbol to each
codeword (the component corresponding to evaluating the polynomials “at infinity”’). Codes
thus obtained are called doubly extended Reed—Solomon. We shall also denote them by the
symbol RS, (g + 1, k).

It is straightforward to see that the parameters of RS, (n, k) are [n, k,n — k + 1].

A generalized (extended/doubly extended) Reed-Solomon code GRS, (n, k) can be
obtained from a Reed—Solomon code by multiplying each entry in every codeword by some
fixed non-zero elements of [F,;. In particular,
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Definition 2.3 A generalized Reed-Solomon code is

GRSq(n, k) = {(ar f(w1),...,anf(wp) : f € ]Fq[x]degsk—l}
wheren < g + 1, wy, ..., w, are distinct elements of F; U {oo} and aty, ..., o € IFZ

It is a long-standing conjecture that when k& > 3, every g-ary MDS code of length g + 1 and
dimension k must be a generalized doubly extended Reed—Solomon code. In several cases
(e.g. when g is prime or when k is small) the conjecture has been settled; see [7].

2.3 Orthogonal arrays

An orthogonal array of strength ¢ is a matrix OA(N, k, v, t) of type N x k with the following
properties:

e the entries are in a set S of cardinality v, v is called the number of ‘levels’;
e every t-uple of elements in S appears exactly N /v’ times in each subarray of type N x t.
The number N /v’ is called the index of the orthogonal array.

Orthogonal arrays are versatile objects that since their introduction (see [18, 19]) have
been used for a wide range of applications: from statistics to cryptography, we mention in
particular a recent work on orthogonal arrays and drones [6]. We refer to [14] for further
details.

In what follows we introduce a well-known geometric method to build an orthogonal
array. We start with a set of kK homogeneous forms fi, ..., fy in n + 1 unknowns over Fy,
we denote by V (f;) the variety associated to f;. We then consider a set # C FZ“ with
the crucial property that |V (f;) N V(f;) N #| does not depend on i and j, we denote by
N = |#|]. This allows the definition of a N X k array:

Alfi, - i) =) .. fi) cx e 7).

which turns out to be an orthogonal array. This method has been used for Hermitian varieties
in [2] and for quasi-Hermitian varieties in [5] in the particular case of even characteristic and
n = 3. In Sect. 5 of the present paper we extend the latter result removing the constraint on
n and on the characteristic.

3 u-intersecting quasi-Hermitian varieties
Asbefore, let Xoo = {(0, x1, X2, ..., Xp)|x; € qu}bethehyperplane atinfinity of PG(n, qz).
Denote by G the subgroup of PGL(n + 1, ¢?) consisting of all collineations

(X0, X150y Xp) = (X0, X1, - .o, Xu) M

admitting a (normalized) matrix representative of the form

lajar...op—1 oy
01 0... 0 B
00 1 0 B
M= 1 (@)
000 1 ﬂn—l
000 0 1
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with s, Bj € F 2. The group G has order q?>@"=D 1t stabilizes the hyperplane X, fixes
the point P (0,0, ..., 0, 1) and acts transitively on AG(n, qz).
From now on, we will always assume the following to hold: a € ]FZZ, beFp\F;and

one of the conditions (QH1)...(QH4) holds.
Consider the affine equation of %, p:

XZ — Xu +aq(X%q + - —i—Xﬁq_l) —a(X% + ... +X§_1)
I I
=7 —b)(XI 4 x0T 3)

The subgroup W of G preserving %, consists of all collineations whose matrices satisfy
conditions

of —ap +aq(a12q +...+a5‘£l) —a@@ 4+ te2 ) =0 — byt + o+ alt]

Bi = (b —ba] — 2aa
B2 = (b —b)ad —2aa;

Bn—1=(b— bq)ot37l —2a0,_1

Thus, W contains ¢"~1 collineations and acts on the affine points of %, j, as a sharply
transitive permutation group.

The stabilizer in G of the origin O(1, 0,0, ..., 0) fixes the line O P, pointwise, while
acting transitively on the set of points distinct from Py, contained in any other line passing
through P,. Furthermore, the center of G comprises all collineations induced by

10...0 0,
01...00
: | )
00...10
00...01

with o, € IF‘qz. The subset of G consisting of all collineations induced by (4), with ;, € F,

is a normal subgroup N of G that acts semiregularly on the affine points of AG(n, ¢2) and
preserves each line parallel to X, = 0.

Let¥ ={a; =0, ..., a,} be a transversal of IF, viewed as an additive subgroup of IF'qz.
Observe that if ¢ is a primitive element of qu, then ¥ can be taken as

€ = cFy = {ew|w € Fy}.

Let also # denote the subset of G whose collineations are induced by matrices of the form

lop...ap op1 oy
01... 0 0 0
M =]: e (&)
00... 0 1 0
00... 0 0 1
where aq,...,0,_1 € qu are taken arbitrarily, while «,, is the unique solution in % of the

equation

az_an_i_aq(afq+...+aﬁ‘il)_a(a%+...+a5_l)=(bq_b)(ai]‘Fl ++azi_1116)
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The set % has cardinality q2” 2. Since My p NAG(3, qz) = Bap N AG(, qz) the set #
can be used to have a collection of BM quasi-Hermitian varieties pairwise intersecting in

¢?"—2 affine points. The construction is as follows. Denote by
F(Xo, X1, Xn) = XEXE — X, X007 409X} 4+ X2 )+
—a(X3 4 X2 DX - 0 = DX 4 +X“l)x”’ :

the homogeneous form associated to the variety %, p.
We observe that if g, g € % with g # g/, then gg'~' ¢ W; equivalently, 7 (F$) #
V(FS).

Theorem 3.1 The set of forms {F8|g € %) is associated to a set {¥ (F8)|g € &)} of g*"2
varieties in PG(n, %), mutually intersecting in g*" =2 affine points.

Proof The set {#(F8) | g € %} contains ¢**~2 distinct varieties as ¥ (F8) # ¥ (F$)
whenever g # g’.
We count the cardinality of the intersection of ¥ (F§) and ¥ (F Y. g#4, by studying

the solutions of the following system in </ := {(xg, X1, ..., Xn) € IFZ;H txp = 1}:
F8(Xo, X1,X2,....,X,) =0 @
Fs (X0, X1, X2,..., X)) =0
Substituting the equations for F'¢ and F ¢ we obtain
2 X2
XZ—Xn—i-aq(qu—i—--- Ay —aX3 -+ X2+
— B =X X 4 2a%d — (b — b)a X 4+
2a%al_| — b7 — boy—11X!_| — [2aa; + b7 — b)a]1X1+
— [2ac, 1 + 7 - b)anfl] n—1=0
q q (x4 2q 2 2 ®)
Xi—Xp+al X1+ + X)) —aX{+ -+ Xp_ D+
— B =X X 209 — (b — b)a1X -+
Rala),_ T — ! —bya,_|1X! | — [2aa] + b7 — by} T]1X 1+
— [2ad' 1 + (b7 = b)ay, 11X, =0,
where (aq, ..., o) and (o/l, ..., o) are the coefficients appearing in the matrices associated
to g and g’ respectively. Subtracting the first equation from the second we get
1 X1+ s 1 Xp-D? = (1 X1+ -+ sp—1Xn-1) =0, ©)

where s; = 2a(o; — af) + (b7 — b)(a? —ajf) foreveryi =1,...,n — 1. Since g # g’
at least some of the s; are non zero. Hence, Equation (9) is equivalent to the union of ¢

linear equations in Xy, ..., X,—1 over qu. Thus, there are qz”’3 tuples (X1, ..., Xn—1)
satisfying (9). For each such a tuple, (8) has g solutions in X, that provide a coset of F, in
2. Therefore, the system (7) has g7 solutions in .« and the result follows. O

The following lemma will be used in the forthcoming sections.

Lemma3.2 Let W = {(x0,x1,..-.,x)|x0 = 1,x, € €} If (1,x1,...,x,) and
(1, xi, ..., X)) are two distinct elements of W, then there exists g € & such that

F8(1,x1, ..., xp) # F8(L, X}, ..., x)).
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Proof Assume by contradiction that

FE(,x1, ..., xp) = F8(1,x],...,x)) Vg €% (10)
for (1, x1,...,x,) and (1, x{, R x;,) two distinct (n+1)-tuples in % . Equality (10) implies
q2"‘2 equations in the 2n variables x, ..., x,, x{, ...y X, We write (10) explicitly:

n—1 n—1
xI —x,+a (Z xiz‘i + Zafxiq> —a (Z xi2 + Zaix,-)
i=1 i=1
n—1
+(@b —b7) <Zx?+l + oix! + a?x,)
i=1
n—1 n—1
=x"", —x, +a? (Z x4, 4 Za?x{q> —a (Zx;z + 2a,~xf)
i=1 i=1
n—1
+(b — b) (Z X x4 a?x{) .
i=1
Or equivalently:
n—1 n—1
2
(xp —x)T — (xp — x)) +a? <Z(xi2 —x )q> —a (X:()ci2 — (x£)2)>
i=1 i=1
n—1
+(b —b?) (Z xlq+l _ xl(q-i—l)
i=1
n—1 n—1
g (Z Za? (xi — x{)q> —a (Z 20 (x; — xf))
i=1 i=1
n—1
+(b — ) (Zai(xi — D+ o (i —x})) (1n
i=1
for every possible value of o1, . . ., ;. Noting that the left hand side does not depend on the
o; and itis O for ) = - -- = a,, = 0, we deduce that
n—1 n—1
a (Z 20 (x; — xl-’)") —a (Z 20 (x; — x{))
i=1 i=1
n—1
+(b —b7) (Z i (xi — x4+ af (v — x;)> =0,
i=1
where the last equality holds for every possible value of «q, ..., @,—1. In particular, one can
fix oy = -+ = ay_1 = 0 and obtain:

B? — B =0, where B = (af (b — b?) — 201a)(x — x})

this means that B € IF,; for every possible value of o) € F2; note that this is only possible
if x; = xl The same reasoning holds in general, thus we conclude that x; = x] for every
i=1,...,n— 1. We deduce that the first equation from (11) reads:

(xn — x;,)q - (xn - x;,) =0,
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implying x, — x;, € Fy, because x,, x;, € € we deduce that x, = x;,. We have obtained
(1,x1...,x,) = (1,x{,...,x,), acontradiction that concludes the proof. O

4 A construction of g-ary MDS codes

Let G{(x), ..., Gy(x) be N multivariate polynomials over ;. The evaluation code C :=
C(Gy,...,GN; W) defined by G, ..., Gy over a set # is the image of the map

Gy W — FY

x —> (G1(x),...,GnyX)).

.....

Assume that C has ¢’ codewords and Hamming distance d. By the Singleton bound, ¢' <

g™ ~*1 and codes attaining the bound are MDS codes. If C attains the Singleton bound then

the restrictions of all codewords to any given t = N — d + 1 places must all be different,
namely in any ¢ positions all possible vectors occur exactly once. This means that a necessary
condition for C to be MDS is that any ¢ of the varieties V(G;), fori = 1,..., N meet in
exactly one point in . Here V (G;) is the algebraic variety associated to the form G;.

Set # :=F,» x F 2 x ¢ where ¢ is a transversal of I, viewed as an additive subgroup

of 2. The size of #' is ¢°. Consider the following subset Q of IF;Z such that for each

(a)’i, wé) € Q with i > 5, the following condition holds

1 o} o) (07 (wd)?
1 0} @3 (wH (w3)4
det | 1 0} @3 (0})9 (@3)4 | £0. (12)
1 a)‘l‘ a)g (a)‘l‘)q (a)‘z‘)q
1 0} @3 (@))7 (w3)?

Assume first that ¢ is odd; then Condition (12) implies

Lol + (@) o) + () o — ()T ) — (@)
1 w% + (w%)q w% + (w%)q w% - (w%)q w% - (w%)q
det | 1 @ + (@})7 03 + (03)? 0} — (04 @3 — ()7 | #0. (13)
1 ol + (@7 3 + (07 of — ()T ) — (w§)?
1 a)f + (w?)‘f a)g + (wg)‘f a)? — (a)?)‘f wg — (a)g)‘f
Fix a basis (1, €) of F ;> regarded as a vector space over Fg, with € a primitive element of
qu such that €7 + ¢ = 0. Write w;’ = a)iJ,O + a){’le foralli =1,2and j =1,...,5. Then
(13) becomes
1 w},o w%,o w%,l @21
1 w%,o w%,o w%,l @31
det [ 1o} g0} o, |#0 (14)
1 w?,o ‘“3,0 w?,l @21

5 5 5
Lwyyw ooy, ),
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for any choice of five elements in €. Observe that all entries in (14) are over [Fg; also
Condition (14) states that the possible rows of that matrix are the coordinates of the points
of an arc in AG(4, g). Consequently, S = |2| < ¢ for ¢ odd.

Consider now the case in which ¢ is even. It is always possible to fix a basis (1, €) of Iqu
over Fy by taking € € F 2 \ Fy such that €7 = 1 + €. Then we notice that Condition (12)
implies

Lol + (@) o) + () elol +e(@)? ol + ()
1 w% + (w%)‘f w% + (w%)‘f eqw% + e(w%)’f e’fw% + e(a)%)‘f
det | 1 o} + (@})7 03 + (03)? €lw} + €(@})? €w3 + e(w3)? | #0. (15)
1 ol + (@7 3 + (05)7 €lw} + (@) ew) + (@)
1 wf + (w?)‘f wg + (wg)‘f 61160? + e(w?)‘f eqwg + e(a)g)‘f
By substituting wlj = wij’o + a)l.j’le foralli =1,2and j =1, ..., 5 we see that the first line
of (15) reads

1 1 1 1
(1, i1, @31, @1 0, @3 0]

s0 (15) up to a permutation of columns gives (14). One obtains again a bijection between the
pairs in €2 and the points of an arc in AG (4, ¢). We conclude that S = |Q2| < g for g even.

As the only (g + 1)-arcs of PG(4, g) are equivalent to the twisted cubic (see [7]), we can
put

Q:={(t+ et 13 + £t4): t eyl
Now, consider the following forms in 4 indeterminates associated to a BM quasi-Hermitian
varieties of PG (3, qz)

1 2q2

Fi(Xo, X1, X2, X3) = Xg X4 — X3X' ' +a?(X}" + X37) —a
—(7 — X XIT 4 XTI 4 1209 ()T — (b7 —b)wﬁ]xox‘{
+[2a4 () — (B! — b)wb1XE X +

—[2aw} + (b7 — b)(@))11X? ' X

(X2 + Xz) +

— [2awh + (b7 — b)(@h)11X7 " X,

asa); eQforj=1,2andi =1,...,q.

Lemma 4.1 Suppose q > 4. The code

C(F,....F; W) ={(Fi(1,x,y,2), F2(1,x,y,2), ..., F,(1, x,y,2)|(x, y,2) € ¥}
is an F-linear [q, 5, g — 4]-MDS code over Tj.

Proof First, we observe that by Lemma 3.2, |C| = ¢°. Next, we are going to show that C is

IF,-linear that is, a vector subspace of Toq. Take (x1, y1, 21), and (x2, y2,22) € #.
For any w1, w2 € Q2 set

Funwn = X0X9 = X3X27 " + 09X + X50) — aXg? 2 (X} + X3)
. : . .
— =) XI XTI 4 1209 (@) — (b7 - by 1XE XY
+[2a9 (@) — (b1 — bywh]1X{ X]

—[2a0 + (b7 — b) (@)X ' X -

— [2a0h + (b7 — b)(@h)11XT ' X,
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Then Fy 0, (1, X1, y1, 21) + Foy w0, (1, X2, ¥2, 22) = Foy,w, (1, X3, ¥3, 23) Where x3 = x1 +
X2, 3 =y1 +y2and z3 = 21 + 22 + 2a(x1x2 + y1y2) + (b9 — b)(xfxz + yi[yz) + s with
s € F; such that z3 € 7.

Furthermore, for any A € IF,

)‘-le,wz(lgxl’ Y1, Zl) = le.wz(laxa Yy, Z)

where x = Axy, y = Ay and z is the unique element in ¥ which is a root of the equation
Z9 — Z = d, with

d =220 —rz +a20. = ) + 3 — a0 — 22 (7 + D)
(B = b (= 2T+ .

Since C is Fy-linear, from |C| = q5 it follows that the dimension of C, regarded as an
[F,-vector space, is 5.
Now, we compute its minimum distance, which is ¢ — n where
n= max |{i:c; =0}
ceC\{0}

Because of the Singleton bound, n > 4. We are going to show that n = 4 studying the
following system:

A —i—aiiB —i—agC +a1D +arE =0
A +B{B +B3C +B1D +BE =0
A +y!'B 4y, C +D +yE =0
A +8!B +85C +8D +85E =0
A+n1B +niC +mD +mE =0

for o4, Bi, vi, 8i, ni € Q and

A=X] = X3 +at (X" + X)) —a(X}+ X3) — b7 — by(x{T + x4,
B =2a7X] — (b7 - b)X;,
C =2a7X1 — b7 — b)X>,
D = (b—bNXT - 2aX,,
E = (b—b")X] —2aX>.
Condition (12) implies that the previous system has only one solution (A, B, C, D, E) =

(0, 0,0, 0, 0). Under our hypothesis, we obtain X| = X, = 0 and Xg — X3 = 0 which have
only one solution in €. Therefore the following system in X1, X2, X3

Fo 0, (1, X1, X2, X3) =0
Fﬁl,ﬁz(ls X1, Xo, X3) =0
Fy1.,7/2(1v X1, Xo, X3) =0
Fs, 5,(1, X1, X2, X3) =0
Fm,m(l’ X1, X», X3) =0

has only one solution in %, which is (X, X2, X3) = (0, 0, 0). This implies that a codeword
having at least five zero coordinates is the zero vector, hence n = 4 and the minimum distance
of Cisq — 4. O
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It is now convenient to reduce the code C to a code C’ which is defined over F, instead of To
( Ty is isomorphic to IF; ). Write ¢ + & = ag, so, forany X € }qu Tr(xo+ex1) = 2x0+aox;
SoTy={x e qu [Tr(x) = 0} = {(ao — 2&)x0lxo € F,} (observe that this expression makes
sense also in the case ap = 0). Put 8 = (ag — 2¢).

If ¢ is even, then Ty = F,; and all codewords are in ]FZ In particular 0)~1C is a code
over IF,. If g is odd and we divide each entry of each word in C by 6 and we obtain a code
C’ = (6~1C (which is obviously equivalent to C) defined over F,.

Theorem 4.2 Suppose q > 4. The code C' := O®HcFy, Fi, ..., Fy_1; W) is equivalent
to an extended Reed—Solomon code. In particular, it can be further extendedtoalg+1, 5, g —
3]-code.

Proof By Lemma 4.1, C' is a F,-linear [q, 5, g — 4] code defined over F.

Recall that the polynomials Fy(1, Xy, X2, X3) = Fy g(1, X, X3, X3) are defined in
terms of coefficients «, 8 where @ = ap + €1 and = By + ¢f1 and [1, «g, o1, Bo, B1] are
the coordinates of a point on the standard rational normal curve in PG(4, ¢). Thus, we can
take

(1, 0%, 0%, 035, ™) if0<s<gq
L, ag, a1, Bo, =
(1 0. @1, fo. 1) {(1,0,0,0,0) ifs =0
for w a fixed primitive element of I,. So, define the map ¢ : {0, 1, ..., — 1} — F, as the
function
. o ifi #£0
i) =
v {O ifi =0

and put, for any ¢ € [,
fX],Xz,X3 (Z) = FI/f_l(t)(l’ X1, Xo, X3).

Now, regard the coefficients X1, X5, X3 asasetof parametersinF, by writing X = xo+ex1,
Xo = yo +¢&y1, X3 = z0 + ez with x;, y;, z; € Fy.

We observe that X;] — X3 gives —0z; and does not depend on zg. Thus, instead of
fxoﬂx,,yoﬂyl,mﬂzl (t) we can write fxoﬂxl,yoﬂ).l,m (t) and we take into account all of
the polynomials.

Now, for each value of (xg, x1, Yo, y1,21) € IF‘Z we can consider the polynomials

~ i
Fyoxi,y0,y1,21 ) 7= 07" Fxotexy yotey,ez (1)

The map W : (xo, X1, Yo, ¥1,21) — I?xo,x1,yo,y1,z1(t) is injective. Indeed, suppose that
there are two vectors (xo, X1, Y0, 1, 1) and (xg, x{, ¥, ¥{, 2}) providing the same polyno-
mial in ¢. This equivalent to say that there are two points P = (1, xo + €x1, Yo + €Y1, £21)
and P’ = (1, xj +exq, y(’)—l—syi, ez)) suchthat P # P’ andforalli =0, ..., g —1 we have
F;(P) = F;(P’). However, using condltlon (12) as in Lemma 4.1 we get a contradiction.

Next, observe that the polynomlal F (t), by construction, has degree at most 4 in 7. Also,
since Fx1 X,.X;(t) € Ty, we have F(t) € F, forallz € Fy;so F(t) € Fylzl.

The vector space Fy[t]geg<4 of the polynomlals of degree at most 4 in one indeterminate
over [F, has dimension 5. Since the image of W has size ¢°, the map W is also surjective and
the evaluation over I, of any polynomial in F; [#]geg <4 appears as a codeword in C’. It follows

that, up to a permutation of columns, C = {(f(0), f(®'), ..., f(@?™1) : f € Fylt1deg=a},
where o is a primitive element of F,,. This proves that C’ is equivalent to an extended
Reed—-Solomon code with parameters [q, 5, ¢ — 4]. O

@ Springer



On mutually p-intersecting quasi-Hermitian varieties

Remark 4.3 The doubly extended Reed-Solomon code of parameters [¢ + 1, 5, ¢ — 3] con-
taining C’ is obtained from C’ by adding to each codeword a further component with value
Fy1(1,x, y, 2), where Fy11(Xo, X1, X2, X3) = (b4 — b) X3 X0 + 2aX>X{.

5 Orthogonal arrays

In Sect. 2.3 we introduced orthogonal arrays and described a method to build one starting
from homogeneous forms. In this section we apply the aforementioned method to obtain an
orthogonal array from a family of quasi-Hermitian varieties. We keep all previous notation
introduced in Sect. 3. The proof of the following theorem relies on Lemma 3.2.

Theorem 5.1 Given any prime power q, the matrix o/ = A(F$, g € %#; W), where
W ={(x0,...,%n) € IFZ;‘ cxo=1,x, €€},

2n—1 ,2n—-2 3
9

is a simple O A(q q ,q,2) of index p = g**=3.

Proof In order to prove the claim we start by studying the system

F(Xo,...,Xn) =
(Xo n) Y (16)
F8(Xo, ..., Xn) =34,
where g € #Z \ {Id} and y, § € Ty. By definition of # we can write (16) as
XE =Xy 4+af X 4+ X ) —a(X+ -+ X2 )

~ - X =y

X=X, +al(X 4+ X2 420X+ 4220 X7 )
—a(XT+ -+ Xg_ 20 X1+ -+ 20,1 Xp1)

n—1
— (b — b) (Z X p o x? 4 afxl) =4

i=1

The subtraction of the first equation from the second one gives:

n—1 n—1 n—1
X — X, +af (foq> ~a (Zx?) — (b1 —b) (fo“) =y
i=1

i=1 i=1

n—1 n—1 n—1
2a7 (Zajijf> —2a (ZaiX,) — (7 —b) (Za,-x;f —I—a:{Xl-> =5—y.
i=1 i=1

i=1

Let A :=2a (Zl'.’;ll o; X ,-) —-b (Z;’;ll oz? X i), we notice that the second equation of the
system above is of the kind
Al —A=5—y. 17

By [15]*Theorem 1.19, this equation has g solutions if Tr(8 — y) = 0. The latter is always
true because 8, y € Tp. We conclude that there are g possible values of A that satisfy (17),
therefore there are "3 (n — 1)-tuples (X1, ..., X,—1) € F;{ ! that satisfy the system of
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equations. Recalling that X, ranges over ¢, we deduce that the number of solutions of (16)
2n—3

isq
The fact that the array is simple, i.e. that it does not contain repeated rows, now follows
from Lemma 3.2. O
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