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Abstract: As a generalization of the symmetry of the stress tensor of continuum me-
chanics, the paper investigates symmetry properties arising in models of magneto- and
electro-mechanical interaction. First, the balance of angular momentum is considered,
thus obtaining a symmetry condition that is applied as a mathematical constraint on ad-
missible constitutive equations. Next, thermodynamic restrictions are also investigated
and, among others, a further symmetry condition is determined. The joint validity of the
two symmetry conditions implies that the dependence on electromagnetic fields has to be
through variables involving deformation gradients. These variables constitute two classes
that prove to be Euclidean invariants. The simplest selection of the variables is just that of
Lagrangian fields in the literature. Furthermore, the variables of one class allow a positive
magnetostriction and of the other one allow a negative magnetostriction. Some applications
to (NO) Fe-Si are outlined. The use of entropy production as a constitutive function allows
generalization to dissipative and heat-conducting electromagnetic solids.

Keywords: electromagnetic deformable solids; balance of angular momentum;
thermodynamic restrictions; symmetry of total stress; Maxwell stress

1. Introduction
Electromagnetism in deformable bodies is a source of interesting problems about the

appropriate formulation of balance equations. Further problems arise in connection with
the selection of fields for the characterization of constitutive equations; references [1–3]
show a view of the variety of formulations for electromagnetism in deformable bodies.
Their differences remain even though an appeal is made to the restrictions placed by the
second law of thermodynamics.

Balance equations are often based on the assumption that the total stress in a body is
the sum of the mechanical stress and the (Maxwell) electromagnetic stress, possibly with a
symmetry requirement for the total stress. Yet, the adopted Maxwell stress suffers from
non-uniqueness. This trouble is overcome if, as observed in [4], there is no need to adopt
any form of the Maxwell stress within the material.

The purpose of this paper is to revisit the subject of constitutive equations in elec-
tromagnetism on the basis of the symmetry requirements arising from the balance of
angular momentum.

As is customary, it is assumed that couple density occurs due to the polarization P and
the magnetization M interacting with the electric field E and the magnetic field H. Hence,
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the balance of angular momentum is established by involving surface and volume terms;
the stress is, in fact, the mechanical stress, while the couple is of an electromagnetic nature.
The balance results in a symmetry condition that is independent of the selected body force.

The purpose of this paper is to investigate the symmetry condition obtained and derive
the consequences by regarding the symmetry as a mathematical constraint. Furthermore,
we investigate the restrictions placed by thermodynamics and look for schemes where
the results are consistent with the symmetry given by the balance of angular momentum.
This approach proves profitable in that it leads to two classes of admissible variables.
Indeed, upon the balance of energy, the statement of the second law is made explicit for
electromagnetic solids. A further symmetry condition emerges from the second law. It
then follows that the symmetry is satisfied if, in three-dimensional models, the dependence
on electromagnetic fields is described by variables that involve the deformation gradient.
These variables prove to be Euclidean invariants. Furthermore, among these variables, the
simplest ones turn out to be the Lagrangian fields often applied in the literature.

As an interesting generalization, the solid is allowed to be dissipative and heat-
conducting. Using a representation formula for vectors and tensors, we then find expres-
sions of the stress tensor and equations for the heat flux. Though Lagrangian variables are
involved, the stress turns out to be expressed by Eulerian fields and includes the dyadic
product of fields induced by the electromagnetic couple.

Notation

Let Ω ⊂ E 3 be the three-dimensional region occupied by the body at the current time
t. Denote by x the position vector of a point in Ω, relative to a chosen origin, O. Compact
notation for vectors and tensors is used. When convenient, we consider the components
relative to a chosen orthonormal right-handed basis, {ei}; the sum over twice-repeated
indices is understood.

For any two tensors, A and G, we mean that A · G = AijGij. The symmetric and
skew-symmetric parts of the tensor A are respectively denoted by

symA = 1
2
[
A + AT], skwA = 1

2
[
A − AT].

Sym and Skw are the sets of symmetric and skew-symmetric tensors. The symbol ∇ = ∂x

denotes the gradient operator, ⊗ is the dyadic product, and 1 is the identity tensor.
Electromagnetic quantities are denoted by sans-serif letters; E is the electric field, H

is the magnetic field, P is the polarization, D is the electric displacement, J is the electric
current density, and ϱ is the free charge density. The constants ϵ0 = 8.854 · 10−12 C2/N·m2

and µ0 = 4π · 10−7 N/A2 are the permittivity and the permeability of free space.
As to thermodynamic quantities, ε is the internal energy density, η is the entropy

density, ϕ is the free energy density, θ is the absolute temperature, q is the heat flux, and γ is
the entropy production. As to mechanical quantities, ρ is the mass density, v is the velocity,
F is the deformation gradient, J = det F > 0, E = 1

2 [F
TF − 1] is the Green–Lagrange strain

tensor, L is the velocity gradient, Lij = ∂xj vi, D = symL is the stretching, W = skwL is the
spin, b is the body force density, and T is the stress tensor.

2. Balance Equations and Symmetry in Electromagnetic Solids
This section investigates the balance equations for an electromagnetic solid with the

purpose of deriving some symmetry properties.

2.1. Electromagnetic Fields and Forces in Matter

Under the action of an electric field, E, an induced dipole moment ppp of atoms arises
because the regions of positive and negative charges are centered at different points. Some
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molecules, called polar, have built-in permanent dipole moments. Additionally, dipoles
feel a force and a torque [5,6]. By viewing the dipole as consistent with two charges, +q
and −q, at positions displaced by d, the dipole is found to experience the force fffe and the
torque NNNe given by

fffe = (ppp · ∇)E, NNNe = ppp ××× E. (1)

The polarization P is defined as the electric dipole moment per unit volume while p = P/ρ

is the electric dipole moment per unit mass.
The magnetic dipole moment mmm is usually thought of via Ampère’s model as a current

loop, thus leading to the force fffm and the torque NNNm as follows [6] (ch. 6):

fffm = µ0∇(mmm ·H), NNNm = µ0mmm ××× H. (2)

In stationary conditions, ∇ ××× H = 0, and then

∇(mmm ·H) = (mmm · ∇)H.

The magnetization M is defined as the magnetic dipole moment per unit volume while
m = M/ρ is the magnetic dipole moment per unit mass.

According to the Minkowski formulation, the displacement electric vector D and the
magnetic induction B are given by

D = ϵ0 E+P, B = µ0(H+M),

and the fields E,H,D, and B are subject to Maxwell’s equations:

∇ ·D = ϱ, ∇ ·B = 0, (3)

∇ ××× E = −∂tB, ∇ ××× H = J+ ∂tD, (4)

where J is the electric current and ϱ is the free charge density. Equations (3) and (4) are, in
fact, balance equations accounting for the laws of electromagnetism.

2.2. Balance of Linear and Angular Momentum

Electromagnetic solids are viewed as (solid) continua endowed with the magnetization
M and the polarization P. The solids are taken to be subjected to a stress tensor, T, an
electric field, E, and/or a magnetic field, H, in addition to a specific body force.

The stress tensor originates by the modeling of a surface force density per unit area,
t(x, n, t), with n being the unit outward normal to the surface. The balance of linear
momentum and Cauchy’s theorem (cf., e.g., [7] (§ 19.5)) imply the existence of a stress
tensor, T, such that

t(x, n, t) = T(x, t)n, T(x, t) =
3

∑
i=1

t(x, ei, t)⊗ ei.

Henceforth, we consider a sub-region, P , convecting with the body. Hence, for any
specific density function, ϕ(x, t), we can write the Reynolds transport relation in the form

d
dt

∫
P

ρϕ dv =
∫
P

ρϕ̇ dv. (5)

The mass density is denoted by ρ while ρR is the referential mass density.
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We denote by ρb and fem the mechanical and electromagnetic force density, per unit
volume. The local form of the equation of motion can be written as follows [8] (§ 69):

ρv̇ = ρb + fem +∇ · T, (6)

where (∇ · T)i = ∂xj Tij. For definiteness, we might take fem in the form

fem = ϱE+ µ0J ××× H+ (P · ∇)E+ µ0(M · ∇)H; (7)

however, the present developments hold irrespective of the form of fem.
In light of (1) and (2), we take

τem = P ××× E+ µ0M ××× H (8)

as the torque, or body couple, per unit volume, of an electromagnetic nature. The current
density J has no significant effects on the torque (see, e.g., [3] (sec. V.B)). Really, torques
arise in current-carrying loops in a magnetic field. This is not macroscopically the case in
electromagnetic solids, and hence, the contribution of J to the torque density is neglected.

For the sake of generality, we allow also for a body couple density, l, per unit mass, of
a non-electromagnetic character. Hence, the whole electromagnetic torque in a region, P ,
determined by the body couples, is∫

P
[ρl +P ××× E+ µ0M ××× H]dv.

For definiteness, as is shown in the next section, the dependence of constitutive properties
on the temperature gradient may result in a body couple.

Let r be the position vector of a point of the body relative to a fixed base point, OB.
Denote by the constant vector d the position vector of the origin O relative to OB so that

r = x + d.

The balance of angular momentum is assumed in the form

d
dt

∫
P

r ××× ρv dv =
∫
P
[r ××× (ρb + fem) + ρl +P ××× E+ µ0M ××× H]dv +

∫
∂P

r ××× t da. (9)

The integral on the boundary ∂P is computed in a strictly vector form. Notice that

r ××× t = r ××× (Tn) = r ××× (nTT).

By using the permutation property u · v ××× w = v · w ××× u, upon inner-multiplying the
integral by a constant vector, c, we have

c ·
∫

∂P
r ××× (Tn)da =

∫
∂P

(nTT) · c ××× rda =
∫

∂P
n · [TT(c ××× r)]da.

Algebraically, any vector, say, ξ, is in one-to-one correspondence with a skew-symmetric ten-
sor, say, Ξ = −ΞT . Let ϵikj be the alternating symbol, which is defined by (see Appendix A)

ϵikj =


1 if ikj is obtained from 123 with an even number of exchanges
−1 if ikj is obtained from 123 with an odd number of exchanges
0 otherwise.

(10)
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Hence, any skew tensor Ξ is obtained through a unique vector, ξ, in the form

Ξpq = − 1
2 ϵpqiξi;

the correspondence ξ → Ξ can be inverted:

−ϵhpqΞpq = 1
2 ϵhpqϵpqiξi =

1
2 (δqqδhi − δqiδhq)ξi = ξh.

These relations show the one-to-one correspondence between the vector ξ and Ξ ∈ Skw.
Incidentally, with these relations, ξ is twice the axial vector of Ξ (see [7] (p. 15); [9] (p. 957)).

Now, let Υ be the vector given by

Υi = −ϵikjTkj,

and hence in one-to-one correspondence with the skew part of T. Since ∇r = 1, then by a
direct calculation, it follows that

∇ · [TT(c ××× r)] = (∇ · T) · c ××× r + Υ · c = c · [r ××× (∇ · T) + Υ].

Hence, we obtain

c ·
∫

∂P
r ××× (Tn)da = c ·

∫
P
[r ××× (∇ · T) + Υ]dv.

Thus, the arbitrariness of c implies that (see Appendix A)∫
∂P

r ××× (Tn)da =
∫
P
[r ××× (∇ · T) + Υ]dv. (11)

Notice that ṙ = v, and then, in light of the Reynolds’ transport relation (5), we can write

d
dt

∫
P

r ××× ρv dv =
∫
P

r ××× ρv̇ dv.

Throughout, it is assumed that the region P is arbitrary and the pertinent integrand is a
continuous function of the position x. Hence, using Equation (6), it follows from (9) that

ρl + Υ +P ××× E+ µ0M ××× H = 0. (12)

Equation (12) can be given a tensor form. Let Λ be the skew tensor associated with ρl, viz.

Λpq = −(1/2)ρϵpqili.

Then, Equation (12) can be written in the form

ϵikj(Λjk + Tjk + EjPk + µ0HjMk) = 0, i = 1, 2, 3,

or, in tensor notation,

skw
[
Λ + T + E⊗P+ µ0H⊗M

]
= 0, (13)

which implies that
Λ + T + E⊗P+ µ0H⊗M ∈ Sym. (14)
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The symmetry condition (14) is a constraint on the evolution of the body; at any point x
and time t, the fields Λ, T,E,P,H, and M must satisfy the requirement (14). If Λ = 0 and
M = 0 or P = 0, then (14) simplifies to

T + E⊗P ∈ Sym, T + µ0H⊗M ∈ Sym.

If, furthermore, P is collinear to E and M is collinear to H, then (14) becomes the classical
condition T ∈ Sym of continuum mechanics.

2.3. Remarks on the Symmetry Condition

The literature shows several expressions of fem, e.g., (7), as in [10–12], but also other
expressions for time-dependent fields (see, e.g., [3] and [9] (§ 2.16.1)). In other approaches,
the fem term is expressed through the divergence of a (Maxwell) stress tensor to view the
stress as the sum of a mechanical stress, σmech, and an electromagnetic stress, σem [10,13],
with the validity of the expression for σem being based on linear constitutive equations for
P and M. Additionally, it is satisfactory, in relation to the generality, that the symmetry
condition (14) is common to the known approaches in deformable electromagnetic bodies.
Finally, we observe that

skw(E⊗P) = −skw(P⊗ E).

Accordingly, Equation (13) also implies that

Λ + T −P⊗ E− µ0M⊗H ∈ Sym. (15)

It is worth observing that the electric charge ϱ and the electric density J determine
force terms (see (7)) but not torques (see (8)). That is why the symmetry condition (15) is
unaffected by ϱ and J. The next developments are based on (15) and hold irrespective of
the occurrence of ϱ and J.

3. Balance of Energy and Second Law of Thermodynamics
According to [9] (§ 2.16.1), electromagnetic power is assumed to be expressed as

w = J · E+ fem · v + ρE · ṗ+ µ0ρH · ṁ.

Let ε be the specific energy density complementary to the kinetic one. Hence, we state the
balance of energy in the form

d
dt

∫
P

ρ( 1
2 v2 + ε)dv =

∫
P
[(ρb + fem) · v + J · E+ ρE · ṗ+ µ0ρH · ṁ+ ρr]dv

+
∫

∂P
[t · v − q · n]da,

where r is the heat supply and q is the heat flux vector. Observe that

t · v = (Tn) · v = (TTv) · n,

∇ · (TTv) = (∇ · T) · v + T · L,

where L is the velocity gradient, Lij = ∂xj vi. Using the Reynolds’ transport relation, we
find that

d
dt

∫
P

ρ( 1
2 v2 + ε)dv =

∫
P

ρ(v · v̇ + ε̇)dv.

Consequently, in light of the equation of motion (6), we obtain

ρε̇ = J · E+ ρE · ṗ+ µ0ρH · ṁ+ ρr + T · L −∇ · q. (16)
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Let η be the specific entropy density and θ the absolute temperature. The balance of
entropy is expressed in the form

d
dt

∫
P

ρη dv =
∫
P

ρ(s + γ)dv −
∫

∂P
j · n da,

where s is the entropy supply, γ the (rate of) entropy production, and j the entropy flux.
Then, the local balance equation follows:

ρη̇ = ρ(s + γ)−∇ · j.

It is assumed that s = r/θ.
We denote the thermodynamic process by the set of functions, on Ω ×R, entering the

balance equations. The statement of the second law is expressed through the following.

The postulate of the second law. The admissible thermodynamic processes are those satisfying
the balance equations and the inequality

ρη̇ − ρ
r
θ
+∇ · j = ργ ≥ 0. (17)

Hereafter, Equation (17) is referred to as the CD (Clausius–Duhem) inequality.
Both j and γ in (17) are taken to be unknown; they have to be determined so that the

CD inequality holds for the model under consideration. The unknown character of j traces
back to Müller [14] while that of γ is established in [9] (§ 2.6).

It is customary to split the unknown flux j in the form

j =
q
θ
+ k

and to regard k as the extra-entropy flux. Upon the substitution into (17) of j and ρr −∇ · q
from (16), we obtain

−ρ(ε̇ − θη̇) + J · E+ ρE · ṗ+ µ0ρH · ṁ+ T · L − 1
θ

q · ∇θ + θ∇ · k = ρθγ (18)

Hereafter, it is understood that γ ≥ 0. To describe thermodynamic processes, it is conve-
nient to view θ,E, and H as independent variables. Since p = P/ρ and m = M/ρ, then we
consider the free energy

ϕ = ε − θη − ρE · p− µ0ρH ·m.

Hence, by (18), the CD inequality takes the form

−ρ(ϕ̇ + ηθ̇)−P · Ė− µ0M · Ḣ+ J · E+ T · L − 1
θ

q · ∇θ + θ∇ · k = ρθγ. (19)

Admissible thermodynamic processes are required to satisfy the CD inequality (19) and the
balance equations and then also the symmetry condition (14).

As is apparent, there is a dual behaviour for the pairs E and P and H and M. Accord-
ingly, to save writing, we hereafter restrict attention to magnetic materials and formally let
P = 0. The power J · E is a mathematical analog to −(q/θ) · ∇θ and does not affect the
properties related to the symmetry condition (14). Hence for formal simplicity hereafter we
let J = 0.

Remark 1. The postulate (17) of the second law involves the (absolute) temperature as a primitive
quantity. Sometimes, this choice is regarded as the indication that the postulate is valid near to
equilibrium. As commented upon, e.g., in [15] (sec. 4), a way out of this approximation might be



Symmetry 2025, 17, 557 8 of 22

the use of the (internal) energy density as a primitive quantity and then letting the temperature be
given by a constitutive function. This might imply constitutive consequences on the other function,
depending on the assumption for the non-equilibrium temperature (see also [16]).

4. Lagrangian and Eulerian Fields Versus the Symmetry Condition
The velocity gradient L is split into the stretching D ∈ Sym and the spin W ∈ Skw, so

that L = D + W. To describe the dynamics of heat-conducting magnetic solids, we let

Γ = (θ,H, F, θ̇,∇θ, D, q)

be the set of variables, and hence, we take ϕ, η,M, T, q̇, k, and γ to be given by constitutive
functions of Γ. We assume that η,M, T, q̇, k, and γ are continuous functions while ϕ is
continuously differentiable. The electric field E need not be zero in view of Maxwell’s
Equation (4); yet, we let the constitutive properties of the magnetic solid be unaffected by E.
The mass density ρ is related to the referential mass density ρR by ρ = ρR/J, J = det F > 0.

We compute the time derivative ϕ̇ and substitute it in (19) to find

−ρ(∂θϕ + η)θ̇ − (ρ∂Hϕ + µ0M) · Ḣ− ρ∂Fϕ · Ḟ − ρ∂θ̇ϕ θ̈ − ρ∂∇θϕ · (∇θ)̇

−ρ∂Dϕ · Ḋ − ρ∂qϕ · q̇ + T · L − 1
θ

q · ∇θ + θ∇ · k = ρθγ. (20)

In view of (4), the time derivative Ḣ can be given arbitrary values, provided that ∇ ××× E

takes appropriate values, without affecting the remaining terms of (20). The linearity and
arbitrariness of θ̇, Ḋ, and Ḣ imply that

∂θ̇ϕ = 0, ∂Dϕ = 0, (21)

µ0M = −ρ∂Hϕ. (22)

Notice that Ḟ = LF and then
∂Fϕ · Ḟ = (∂FϕFT) · L.

Furthermore, since
(∇θ)̇ = ∇θ̇ − LT∇θ,

then
∂∇θϕ · (∇θ)̇ = ∂∇θϕ · ∇θ̇ − (∇θ ⊗ ∂∇θϕ) · L

Hence, Equation (20) takes the form

(T − ρ∂Fϕ FT + ρ∇θ ⊗ ∂∇θϕ) · (D + W) + . . . = ρθγ

where the dots stand for the remaining terms, none of which involve W. The linearity and
arbitrariness of W implies that

T := T − ρ∂Fϕ FT + ρ∇θ ⊗ ∂∇θϕ ∈ Sym. (23)

Hence, Equation (20) simplifies to

−ρ(∂θϕ + η)θ̇ + T · D − ρ∂∇θϕ · ∇θ̇ − ρ∂qϕ · q̇ − 1
θ

q · ∇θ + θ∇ · k = ρθγ. (24)

We divide Equation (24) by θ and notice that

ρ

θ
∂∇θϕ · ∇θ̇ = ∇ · (ρ

θ
∂∇θϕ θ̇)− θ̇∇ · (ρ

θ
∂∇θϕ).
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Hence, we can write

−ρ

θ
(δθϕ + η)θ̇ +

1
θ
(T · D − ρ∂qϕ · q̇ − 1

θ
q · ∇θ) +∇ · (k − ρ

θ
∂∇θϕ θ̇) = ργ, (25)

where
δθϕ = ∂θϕ − θ

ρ
∇ · (ρ

θ
∂∇θϕ)

can be viewed as the variational derivative of ϕ with respect to θ. Thus, we let

k =
ρ

θ
∂∇θϕ θ̇.

Though η might depend on θ̇, we restrict the generality and let

η = −δθϕ.

Hence, upon multiplying by θ, the remaining part of Equation (25) can be written as

T · D − ρ∂qϕ · q̇ − 1
θ

q · ∇θ = ρθγ. (26)

The reduced CD inequality (26) is investigated in § Section 5 within a slightly different
scheme. We now go back to the symmetry condition (23) along with that in (14).

4.1. Stress Tensor and Symmetry Conditions

Two symmetry conditions are required, namely (23) by thermodynamics and (14) by
the balance of angular momentum, so that we have

T − ρ∂FϕFT + ρ∇θ ⊗ ∂∇θϕ ∈ Sym, Λ + T + µ0H⊗M ∈ Sym. (27)

In the following, we make a term-by-term comparison between these two conditions.
As to ∇θ ⊗ ∂∇θϕ, if both ∂qϕ and ∂∇θϕ are nonzero, then ϕ might have a joint de-

pendence on q and ∇θ and hence on q · ∇θ or q · C∇θ. In both cases, ∂∇θϕ need not be
collinear to ∇θ, and hence, a non-local dependence on ∇θ might result in a couple density.
By the obvious identity

∇θ ⊗ ∂∇θϕ = 1
2 [∇θ ⊗ ∂∇θϕ + ∂∇θϕ ⊗∇θ] + 1

2 [∇θ ⊗ ∂∇θϕ − ∂∇θϕ ⊗∇θ]

we can identify the skew-symmetric tensor Λ in (27) with the skew part of ∇θ ⊗ ∂∇θ ϕ,
namely

Λ = 1
2 ρ[∇θ ⊗ ∂∇θϕ − ∂∇θϕ ⊗∇θ]. (28)

As to ∂FϕFT , a comparison with the corresponding term in (27) leads to the requirement

−skw(ρ∂Fϕ FT) = skw(µ0H⊗M).

In light of (22), this constraint amounts to

skw(∂Fϕ FT) = skw(H⊗ ∂Hϕ). (29)

In particular, we observe that if ϕ depends on |F|2, then

∂Fϕ FT = 2∂|F|2 ϕ FFT ∈ Sym.
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Likewise, if ϕ depends on F through E = 1
2 [F

TF − 1]; then,

(∂Fϕ FT)ij = ∂EPQ ϕ 1
2 (FiQδKP + FiPδQK)FT

Kj = ∂EPQ ϕ FiPFjQ

whence
ρ∂Fϕ FT ∈ Sym.

In both cases, the comparison of the symmetry conditions in (27) leads to

skw(H⊗ ∂Hϕ) = 0,

a condition which is satisfied only if ∂Hϕ (and then M) is collinear to H, such as if ϕ depends
on H through |H|.

We can also consider the alternative constraint that is obtained by applying the sym-
metry condition (15) instead of (14), namely

skw(ρ∂Fϕ FT) = skw(µ0M⊗H).

In light of (22), this constraint amounts to

skw(∂Fϕ FT) = −skw(∂Hϕ ⊗H), (30)

which is equivalent to (29). All previous considerations apply in this case too.
We now summarize the main points of this section; for definiteness, we identify Λ

with the skew parts of ρ∇θ ⊗ ∂∇θϕ. By (27), the second law of thermodynamics and the
balance of linear momentum imply that

T − ρ∂Fϕ FT ∈ Sym, (31)

T + µ0H⊗M ∈ Sym. (32)

If M is collinear to H, i.e., M = χH, then H⊗M = χH⊗H ∈ Sym, and hence, by (32),
T ∈ Sym. In this event, Equation (31) results in the condition

∂Fϕ FT ∈ Sym

for the free energy ϕ.
Instead, assume that the physical properties of the material result in

M = χH, χ ∈ Sym, χ ̸= χ1.

This occurs if the material is magnetically anisotropic, which is the case for the vast majority
of magnetic materials. Hence,

(H⊗ χH)T = χH⊗H ̸= H⊗ χH,

so that by (32) we have T /∈ Sym and, correspondingly, ∂Fϕ FT /∈ Sym. Furthermore,

skwT = skw(ρ∂Fϕ FT) = −skw(µ0H⊗M). (33)

By thermodynamics, it is M = −∂Hϕ, and hence, by (33), it follows that

skw(ρ∂Fϕ FT) = skw(µ0H⊗ ∂Hϕ). (34)

It is then required that ϕ depends jointly on F and H in a proper way.
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4.2. Lagrangian Fields Versus the Symmetry Condition

There are infinitely many dependencies of the free energy ϕ on F and H, consistent
with (34). To simplify the search for combinations, we restrict our attention to Lagrangian
fields, which are Euclidean-invariant (see Appendix B).

First, we consider the condition (stronger than (34))

∂Fϕ FT = H⊗ ∂Hϕ

and assume ϕ depends on a vector, w(F,H), whence

∂wP ϕ(∂FiK wP FjK −Hi∂Hj
wP) = 0.

For any dependence of ϕ on w, this condition holds if and only if

∂FiK wP FjK −Hi∂Hj
wP = 0. (35)

A solution to (35) and then to (29) is

w = HHH := FTH.

Note that HHH denotes the usual representation of the magnetic field in the reference configu-
ration [17]. More general solutions to (35) are w = f (J)HHH for any function, f , of J = det F.
This follows from the observation that (see [9] (§ A.3))

∂FiK f (J) FjK = f ′ J F−1
Ki FjK = f ′ J δij ∈ Sym.

Really, further solutions arise if we take into account the most general constraint (29)
on the joint dependence on F and H through w(F,H). Condition (29), in components, can
be written in the form

∂wP ϕ(∂FiK wP FjK −Hi∂Hj
wP − ∂FjK wP FiK +Hj∂Hi

wP) = 0,

whence
∂FiK wP FjK −Hi∂Hj

wP − ∂FjK wP FiK +Hj∂Hi
wP = 0, (36)

Hence, the symmetry conditions (27) require that we look for solutions to (36). While we
have shown that w = f (J)HHH satisfies (35) and hence also (36), the direct check and use of
(see, e.g., [9] (§ 1.2.2))

∂FiK F−1
Pq = −F−1

Kq F−1
Pi

show that w = H := F−1H, as well as w = f (J)H, satisfies the condition (36).
We therefore conclude the following:

Proposition 1. Both symmetry conditions (27) are satisfied if (28) holds and ϕ depends on H

through any vector w = f (J)HHH or w = f (J)H, for any function f . The direct dependence through
H, i.e., w = H, is allowed if and only if ∂Hϕ is collinear to H.

In the next Section 5, we show the physical relevance of the field w and, especially,
of HHH.

4.3. Electromagnetic Interactions in Micropolar Media

The symmetry condition (14) does not hold in micropolar media. As is the case, e.g.,
for liquid crystals and nanofluids, let the continuum be endowed with an orientational
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momentum, σ, per unit mass, which models a distribution of particles with their own spin.
Accordingly, the balance equations for mass and linear momentum hold unchanged, i.e.,

ρ̇ + ρ∇ · v = 0, ρv̇ = ∇ · T + ρb + fem.

Instead, the balance of angular momentum needs a generalization due to the emergence of
σ. For any sub-region, P , we let the angular momentum be∫

P
ρ(r ××× v + σ)dv,

and assume the balance equation in the form

d
dt

∫
P

ρ(r ××× v + σ)dv =
∫
P
[r ××× (ρb + fem) + ρl +P ××× E+ µ0M ××× H]dv +

∫
∂P

r ××× tda.

Since ∫
∂P

r ××× tda =
∫
P
[r ××× (∇ · T) + Υ]dv, Υi = −ϵikjTkj,

using the equation of motion, we find that

ρσ̇ = ρl + Υ +P ××× E+ µ0M ××× H. (37)

Equation (37) governs the evolution of the orientational momentum σ; the right-hand
side is the effective torque per unit volume due to mechanical and electromagnetic fields.
Consequently, the symmetry condition (14) is found for continua free from orientational
momentum (σ = 0).

Finally, the set of balance equations is completed by assuming the total energy density
in the form

ρ(ε + 1
2 v2 + σ · ω),

where ω is the angular velocity of the micropolar particles immersed in the continuum (see,
e.g., [9] (sec. 10.2).

5. Constitutive Models with the Field HHH

The arguments around the symmetry conditions (27) indicate the field HHH as a conve-
nient vector field to represent the magnetic field in deformable bodies. We then investigate
models based on the set

Γ = (θ, E,HHH,∇θ, D, q)

of variables and the constitutive functions ϕ, η, T, q̇, and γ. For simplicity, the dependence
on θ̇ is ignored here while E and HHH are considered rather than F and H. Moreover, the CD
inequality is then considered in the form

−ρ(ϕ̇ + ηθ̇)− µ0M · Ḣ+ T · L − 1
θ

q · ∇θ = ρθγ; (38)

the extra-entropy flux k is taken to be zero in accordance with the absence of θ̇ among the
variables. Since HHH = FTH = HF and (F−1 )̇ = −F−1L, then

Ḣ = (HHHF−1 )̇ = ḢHHF−1 −HL.
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We compute and substitute ϕ̇ in (38). Replacing the expression of Ḣ, L = D + W, and
Ė = FTDF, upon some rearrangements, we obtain

−ρ(∂θϕ + η)θ̇ + T̂ · D + (T + µ0H⊗M) · W − ρ∂Dϕ · Ḋ

−(ρ∂HHHϕ + µ0F−1M) · ḢHH− ρ∂∇θ · (∇θ)̇− ρ∂qϕ · q̇ − 1
θ

q · ∇θ = ρθγ, (39)

where
T̂ := T + µ0H⊗M− ρF∂EϕFT .

The linearity and arbitrariness of (∇θ)̇, θ̇, Ḋ, W, ḢHH imply that

∂∇θϕ = 0, η = −∂θϕ, ∂Dϕ = 0, (40)

T + µ0H⊗M ∈ Sym, µ0MMM = −ρR∂HHHϕ, (41)

T̂ · D − ρ∂qϕ · q̇ − 1
θ q · ∇θ = ρθγ, (42)

where MMM = JF−1M.
The result (41) for T = T + µ0H⊗M shows that the simple use of HHH as a variable,

instead of H, provides from scratch the symmetry condition arising from the balance of
angular momentum. Furthermore, MMM arises as the magnetization conjugate to the magnetic
field HHH. Further properties emphasize the conceptual relevance of the fields HHH and MMM (see
Appendix B).

The reduced dissipation Equation (42) determines the constitutive equation of q̇ in
terms of θ, q,∇θ, and γ while ρ = ρR/J; J = det F = [det(2E + 1)]1/2.

By (40), we have ϕ = ϕ(θ, E,HHH, q). For definiteness, we restrict the possible depen-
dences and cross-coupling properties by letting

ϕ = ϕT(θ, E,HHH) + ϕq(θ, q),

γ = γT(θ, E,HHH)|D|2 + γq(θ, E,HHH,∇θ)|q|2, γT ≥ 0, γq ≥ 0.

Hence, Equation (42) splits into two thermodynamic restrictions on the constitutive
relations,

T̂ · D = ρθγT|D|2, (43)

−∂qϕ · q̇ − 1
ρθ q · ∇θ = θγq|q|2. (44)

5.1. Solutions to the Thermodynamic Restriction (43)

We now regard (43) as an algebraic equation in the unknown T̂ ∈ Sym.
We notice that, by a representation formula (see [9] (§ A.1.3)), for any pair of nonzero

tensors, A and B, we can write the identity

A =
A · B
|B|2 B + (I− B ⊗ B

|B|2 )A, (45)

where I is the four-dimensional unit tensor, Iijhk = δihδjk. Indeed, (A · B/|B|2)B is the
longitudinal part of A, with respect to B, and (I − B ⊗ B/|B|2)A is the transverse (or
orthogonal) part. Furthermore, for any tensor, G,

[
(I− B ⊗ B

|B|2 )G
]
· B = 0
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and then (I− B ⊗ B/|B|2)G is orthogonal to B. If A · B is known, say, A · B = a, then a
general representation of A is

A =
a

|B|2 B + (I− B ⊗ B
|B|2 )G. (46)

If, furthermore, A ∈ Sym, then both B and G are required to be symmetric.
Back to (43), we apply (46) with the identifications A = T̂, B = D to obtain

T̂ = ρθγTD + (I− D ⊗ D
|D|2 )G, G ∈ Sym.

Based on the symmetry of G, we can select

G = β(θ, E)H⊗H

and then obtain
T̂ =

(
ρθγT − β

H · DH

|D|2
)

D + βH⊗H. (47)

The term ρθγTD represents a dissipative effect in that, by (47), it follows that

T̂ · D = ρθγT|D|2 ≥ 0

identically for any magnetic field, H. The other quadratic terms in H are non-dissipative
and thermodynamically consistent. Accordingly, T̂ = 0 represents non-dissipative solids,
in which case (see [9] (§ 12.6)),

T = Te := −µ0H⊗M+ ρF∂FϕFT .

The symmetric tensor Equation (47) can be given an invariant form. In this regard,
we consider the time derivative of the Cauchy–Green tensor C = FTF; using the relation
Ḟ = LF, we obtain

Ċ = ḞTF + FT Ḟ = 2FTDF.

Hence, by the Green–Lagrange strain tensor E = 1
2 (C − 1), we can write

Ė = FTDF, D = F−TĖF−1.

Replacing D in (47), we have

T̂ =
[
ρθγT − β

(F−1H) · Ė(F−1H)

|C−1Ė|2
]
F−TĖF−1 + βH⊗H.

Hence, left multiplication by FT and right multiplication by F give

TTT =
[
ρθγT − β

(C−1HHH) · Ė(C−1HHH)

|C−1Ė|2
]
Ė + βHHH⊗HHH, (48)

where TTT = FTT̂F. It is of interest that the form (48) is invariant under Euclidean transfor-
mations in that so are TTT, C, E, and HHH.

5.2. Solutions to the Thermodynamic Restriction (44)

Equation (44) can be written in the form

∂qϕ · q̇ = − 1
ρθ

q · ∇θ − θγq|q|2. (49)
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Assume that ∂qϕ ̸= 0 and solves in the unknown q̇. Using the analog of Equation (45) for
vectors, we can write q̇ in the form

q̇ =
∂qϕ · q̇
|∂qϕ|2 ∂qϕ + (1 −

∂qϕ ⊗ ∂qϕ

|∂qϕ|2 )g,

where the vector g is allowed to depend on θ, E,HHH,∇θ, q. In light of (49), we have

q̇ = − q · ∇θ

ρθ|∂qϕ|2 ∂qϕ −
θγq|q|2

|∂qϕ|2 ∂qϕ + (1 −
∂qϕ ⊗ ∂qϕ

|∂qϕ|2 )g; (50)

consequently, q̇ is collinear to ∂qϕ within the transverse vector associated with g. Infinitely,
many forms of (50) occur depending on the chosen functions, ϕ and g. Having in mind the
well-known Maxwell–Cattaneo equation and Fourier’s law [18], we let

∂qϕ = α(θ, q)q.

Hence, (50) takes the form

q̇ = − q · ∇θ

ρθα|q|2 q −
θγq

α
q + (1 − q ⊗ q

|q|2 )g.

Next, we let g = β∇θ; in the particular case that β = −1/αρθ, it follows that

q̇ = −
θγq

α
q − 1

αρθ
∇θ. (51)

Equation (51) has the form of the Cattaneo–Maxwell equation with the relaxation time

τ =
α

θγq

and then α > 0 is required. If α → 0, then we find that

q = − 1
ρθ2γq

∇θ

which is just Fourier’s law with the heat conductivity

κ =
1

ρθ2γq
.

Hence, γq > 0 implies that κ > 0.

6. Models for Positive and Negative Magnetostriction
Especially in connection with magnetoelastic sensors and actuators, it is of interest

to investigate the modeling of strain produced by a given stress (or stress impedance).
As shown in the literature (e.g., [19–21] and refs therein), several effects connected with
non-linearity, hysteresis, frequency dependence, and positive–negative magnetostriction
occur. Here, we illustrate two aspects related to the sign of a magnetostriction. First, we
show that different signs of a magnetostriction are obtained depending on the variable
chosen to represent the interaction between deformation and the magnetic field.

If ϕ depends on HHH = FTH, then it follows from the previous section that

T + µ0H⊗M = ρF∂EϕFT + ρθγTD, µ0M = ρF∂HHHϕ.
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Assume that ϕ depends on E through the quadratic scalar 1
2 E ·CE where C is a symmetric

fourth-order (elasticity) tensor. Hence, we can write

ρCE = F−1(T + µ0H⊗M− ρθγTD)F−T .

Apart from the dissipative term ρθγTD, we conclude that the effective stress acting on the
body is the sum T + µ0H⊗M.

Instead, we might take ϕ as dependent on H = F−1H. Since

Ḣ = LFH+ FḢ

then substitution into

T · L − ρ∂HHHϕ · Ḣ− µ0M · Ḣ− ρF∂EϕFT · D

yields the thermodynamic inequality in the form

(T−µ0M⊗H) ·W− (ρ∂HHHϕ+µ0FTM) · Ḣ+(T−µ0M⊗H− ρF∂EϕFT) ·D+ . . . = θγT|D|2,

with the dots representing terms independent of W, Ḣ, and D. Hence, it follows that

µ0FTM = −ρ∂HHHϕ,

T − µ0M⊗H ∈ Sym, T − µ0M⊗H = ρF∂EϕFT + ρθγTD. (52)

While
T − µ0M⊗H ∈ Sym ⇐⇒ T + µ0H⊗M ∈ Sym

the effective stress turns out to be

T − µ0M⊗H

instead of T+µ0H⊗M. The difference is even more evident if we consider one-dimensional
settings where the two stresses would be

T + µ0MH, T − µ0MH.

In the first case, we recognize a positive magnetostriction, namely an additional term
producing deformation due to the magnetic field; in the second one, there is a negative
magnetostriction.

There are experimental data showing that a positive or negative magnetostriction in
a given material depends on the value of the stress itself. This property is referred to as
stress-impedance effect and has been observed experimentally in Co Fe Ni Mo B Si alloy [22]
and Mn Zn Fe O ferrite [23]. In this connection, attention has been addressed to the Villari
effect whereby the flux B, for a given magnetic field, H, depends on the applied stress in a
non-monotonic way [24–26].

To clarify this point, we mention that, based on the data for NO Fe Si steel [24,25], we
determined a thermodynamically-consistent one-dimensional model [27] where M is given
the form

M = h(H) + f(T)K′(H); (53)

h and K are positive functions of the applied magnetic field H, with h(0) = K(0) = 0, and f

is a function of the stress T that has a maximum at T = TV > 0, with TV being referred to as
a Villari point [28]; the functions h, f, and K are plotted in Figures 1 and 2.
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Figure 1. Plots of h(H) (left) and f(T) with TV = 50 MPa (right).
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Figure 2. Plots of K(H), with H0 = 6 · 103 A/m (solid line) and K′(H) (dashed line).

Since µ0M = −ρ∂Hϕ, then by the integration of (53), we have

ρϕ(θ,H, T) = ρϕ̃(θ)− µ0H(H)− µ0f(T)K(H)− T (T)

where H is the primitive of h. The thermodynamic condition

ln F = −∂Tϕ

results in
ln F = µ0f

′(T)K(H) + T ′(T).

The relative deformation (impedance) ln F induced by the magnetic field is

(ln F)m = µ0f
′(T)K(H). (54)

Since f ′(T) > 0 as T < TV and f ′(T) < 0 as T > TV , then the sign of f ′(T)K(H) changes
across T = TV . Equation (54) shows that materials with a non-monotonic function, f, (such
as NO Fe-Si steel) can exhibit a change in sign of the magnetostrictive effect that depends
on the applied stress.

7. Conclusions
The paper investigates some formulations of constitutive equations for electromagnetic

solids subject to the constraint (14) that follows from the balance of angular momentum.
Starting with a generic dependence of the free energy on the deformation gradient F and
the magnetic field H, it is shown in Section 5 that the two symmetry constraints (27), arising
from thermodynamics and balance of angular momentum, lead to the condition (29) and
indicate the dependence on the field

HHH = FTH
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as the appropriate variable identically satisfying the two symmetry constraints. It then
follows as a thermodynamic requirement that

MMM = JF−1M

is the magnetization field conjugated to HHH. Incidentally, HHH and MMM are the magnetic field
and the magnetization field often involved within modeling through Lagrangian fields.
It is also shown that HHH and MMM are Euclidean invariants, which makes any function of HHH
and/or MMM identically Euclidean-invariant. The same properties hold for the electric field
EEE = FTE and the polarization PPP = JF−1P.

The symmetry condition (29) is found to hold even for the field H = F−1H which is
also Eulerian-invariant. However, the fieldHHH = FTH seems to be preferable in the literature
in relation to its meaning as a Lagrangian field. Section 6 shows that FTH produces a
positive magnetostriction, F−1H produces a negative magnetostriction.

No recourse is made to the splitting of the stress tensor as the sum of the mechanical
stress and the magnetic (or electric) stress. In the balance equation, or symmetry condition,

T + µ0H⊗M ∈ Sym

the stress tensor T is the stress within the body which has to balance the skew part of
µ0H⊗M. This avoids non-uniqueness problems and questions the appropriate form of the
magnetic stress.

Among the results obtained, we mention that, for elastic solids, it follows from ther-
modynamics that the stress tensor T has the form

Te = −µ0H⊗M+ ρF∂FϕFT ,

where the free energy ϕ is a function of the temperature θ, the strain E, and the magnetic
field HHH. Further, upon the use of a representation formula for vectors and tensors, the
thermodynamic reduced conditions are investigated to determine the dissipative stress
T − Te and the rate q̇. It is of interest that there is the allowed dependence on the stretching
D in the form (47), namely

T = Te +
(

ρθγT − β
H · DH

|D|2
)

D + βH⊗H,

where β and γT are functions of the temperature and the strain. The analogous application
of the representation formula for the terms involving the heat flux results in a family of
evolution equations among which the Maxwell–Cattaneo equation is obtained.
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Appendix A. Some Notes on Vector and Tensor Algebra
We consider the right-handed orthonormal basis {ep} = (e1, e2, e3) and define

ϵikj := ei · (ek ××× ej). (A1)

By definition, we have
ϵ123 = e1 · (e2 ××× e3) = e1 · e1 = 1,

and ϵ231 = ϵ312 = 1. Also,

ϵ213 = e2 · (e1 ××× e3) = −e2 · (e3 ××× e1) = −e2 · e2 = −1

and ϵ132 = ϵ321 = −1. Furthermore, ϵikj = 0 if two indices are equal. Hence, we obtain the
definition (10) of the alternating symbol ϵikj.

By (A1), we can write

v ××× w = vkek ××× wjej = vkwjek ××× ej

and
u · (v ××× w) = uiei · vkwj(ek ××× ej) = ϵikjuivkwj.

Since
ϵikjuivkwj = ϵkjivkwjui = ϵjikwjuivk,

then
u · (v ××× w) = v · (w ××× u) = w · (u ××× v).

Consider the inner product of two vectors, u and v, and notice that

u · v = (uiei) · (vkek) = uivkδik = uivi.

Hence, we have

ϵikjϵipq = [ei · (ek ××× ej)][ei · (ep ××× eq)] = (ek ××× ej) · (ep ××× eq).

By viewing (ek ××× ej) · (ep ××× eq) as the mixed product of ek ××× ej, ep, eq, we can write

(ek ××× ej) · (ep ××× eq) = ep · [eq ××× (ek ××× ej)].

Now, eq ××× (ek ××× ej) is zero if k = j. If k ̸= j, then eq ××× (ek ××× ej) is a linear combination
of ek and ej:

eq ××× (ek ××× ej) = αek + βej.

To determine α, we observe that

α = ek · [eq ××× (ek ××× ej)] = (ek ××× ej) · (ek ××× ep) = δjq.

Likewise,

β = ej · [eq ××× (ek ××× ej)] = (ek ××× ej) · (ej ××× eq) = −(ej ××× ek) · (ej ××× eq) = −δkq.

Hence, it follows that
eq ××× (ek ××× ej) = δjqek − δkqej.

Consequently,
ϵikjϵipq = ep · [eq ××× (ek ××× ej)] = δjqδpk − δqkδpj.
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For any tensor, T, the component

ϵikjTkj

involves only the skew part of T in that

ϵikj(Tkj + Tjk) = ϵikjTkj − ϵijkTjk = 0.

Hence,
ϵikjTkj = ϵikjTskw

kj , Tskw
kj := 1

2 (Tkj − Tjk).

Accordingly, the definition
Υi = −ϵikjTkj

determines Υ in terms of Tskw. Now,

[r ××× (Tn)]i = ϵikjrkTjpnp

and the divergence, for any i, results in

∂xp ϵikjrkTjp = ϵikjδkpTjp + ϵikjrk∂xp Tjp = ϵipjTjp + [r ××× (∇ · T)]i = Υi + [r ××× (∇ · T)]i

and (11) follows.

Appendix B. Lagrangian Fields and Euclidean Invariance
Though there is no particular attention to the symmetry requirement (14), the de-

scription of electromagnetic fields in the reference configurations (called Lagrangian
fields) is found to allow a more transparent formulation of the constitutive equations (see,
e.g., [4,29–31]). The Lagrangian counterparts of M and H are just

MMM = JF−1M, HHH = FTH

as determined above.
Two frames of reference, F and F ∗ are related by a Euclidean transformation if the

position vectors of a point, x and x∗, are connected by the relation

x∗ = y(t) + Q(t)x, (A2)

where Q is a rotation tensor; det Q = 1.
Since y and Q are independent of the position, differentiation with respect to X gives

∂XK x∗i = Qij∂XK xj. (A3)

Under a change in frame, the current position of a point changes according to (A2)
while the reference position X, as a label of the point, is unchanged. Hence, we make
the identifications

F = ∂X x, F∗ = ∂X x∗.

Hence, Equation (A3) results in the transformation property

F∗ = Q F.

Consequently, C = FTF, as well as E = 1
2 [C − 1], and J = det F is invariant in that

C∗ = (FTF)∗ = F∗TF∗ = (QF)TQF = FTQTQF = FTF = C,
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J∗ = det F∗ = det(QF) = det Q det F = det F = J.

Both H and M are assumed to change as vectors under a Euclidean transformation, namely

H∗ = QH, M∗ = QM.

Consequently, it follows that

HHH∗ = (FTH)∗ = F∗TH∗ = FTQTQH = FH = HHH,

MMM∗ = (JF−1M)∗ = J∗(F∗)−1M∗ = JF−1Q−1QM = JF−1M =MMM.

Indeed, we realize that, for any vector, u, the invariance holds for all quantities of the form
f (J)FTu and f (J)F−1u. In this sense, we mention that sometimes, in the literature [17], the
field ML = FTM is also applied instead of MMM.

The same holds for the electric field EEE = FTE and the polarization PPP = JF−1P. Thus,
HHH,MMM and EEE,PPP are Euclidean-invariant. Hence, a dependence on E and HHH or MMM (as well as
EEE or PPP) makes a function identically invariant under Euclidean transformations [32].
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