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Abstract: We investigate the intriguing dynamics and existence conditions of temporal two-color
flat-top solitons, termed interlocked switching waves (ISWs), in driven quadratic microresonators
via a phase-matched second-harmonic generation process. We show that the formation of
two-color ISWs relies strongly upon the pump frequency detuning, the group-velocity dispersion,
and the temporal walk-off, and that the ISWs at the negative detuning may behave differently
from the ones formed at the positive detuning, due to the asymmetric modulation instability
of homogeneous steady-state solutions. In contrast to previous predictions, stable ISW states
are found to occur as well on interacting harmonics that both have anomalous group-velocity
dispersions when prepared at the negative detuning. Moreover, we unveil that large temporal
walk-off contributes to the formation of two-color ISWs at the positive detuning but tends to
deteriorate at the negative detuning. Our results help improve our understanding of two-color
ISWs and thereby pave the way for highly efficient octave-spanning dual-band comb generation.

© 2024 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Over the past decade, particularly since its experimental realization first in a passive ring cavity [1]
and later in an optical microresonator [2], temporal dissipative Kerr soliton (DKS) has attracted
increasing attention, because of its fundamental scientific interest [3,4] and its potential to
producing low-power, fully coherent, chip-scale broadband frequency combs [5,6]. Contrarily to
the soliton states in integrable systems [7], DKSs in microresonators represent a self-reinforcing
localized structure that results from the double balance between dispersion and nonlinearity as
well as between cavity loss and parametric gain [1–3]. The temporal dynamics of DKSs and the
associated Kerr comb generation can be well understood by coupled-mode equations involving a
limited number of modes [8] or by the driven Lugiato-Lefever equation that considers a large
number of modes [9,10]. Thanks to the double balance, the DKSs are inherently robust against
external perturbations and can even recover themselves from complete disruption [4], behaving
like a strange attractor in nonlinear chaotic systems [11]. This strong stability along with coherent
broadband comb spectra enables such dissipative soliton states versatile in numerous applications,
such as terabit coherent communications [12,13], ultrafast distance measurements [14], chip-scale
optical clocks [15], and astrophysical spectrometer calibrations [16], to name a few.
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Optical Kerr microcavities that offer small cavity-mode volume and high quality (Q) factor for
light-matter interaction [17] are also a promising platform for studying other intriguing soliton
dynamics, which include Turing rolls [2,6], dark pulses [18,19] (also referred to as switching
waves [20–22]), flat-top solitons (sometimes called platicons) [23,24], soliton molecules [25],
dark-bright soliton bound states [26], and even optical rogue waves [27] or chaotic modulation
instability states [28]. Among those coherent optical pulse structures, the dark pulses, the
switching waves, and the so-called platicons actually refer to the same objects, as they arise from
the interlocking of two separate wave fronts that connect high and low stationary states. As a result,
such localized structures are able to form in Kerr microresonator with normal group-velocity
dispersion (GVD) only [22–24], in sharp contrast to the DKSs which generally require anomalous
GVD. It has turned out that, from the perspective of generation condition and comb conversion
efficiency, coherent locked front structures indeed outperform the DKSs [23,29–31], in spite of
involving a narrower pump-resonance detuning range [24]. In this article, we would term them
interlocked switching waves (ISWs) [20,22], for the convenience of discussion.

Although Kerr soliton microcombs have made extraordinary progress, it is desirable to exploit
quadratic solitons [32,33] to create frequency combs in optical microresonators containing only
χ(2) nonlinearity, by means of the second-harmonic generation (SHG) process [34–37] or the
optical parametric oscillation (OPO) process [38–41]. It has been demonstrated that these
quadratic combs thus obtained possess a relatively low power threshold and high conversion
efficiency, due to the relatively large χ(2) susceptibility as compared to the third-order optical
susceptibility [42] and a comparably high Q-factor that has been achieved for on-chip quadratic
micro rings [43]. Particularly, the above cascaded SHG/OPO process inherently gives rise to dual-
band comb spectra on its fundamental frequency (FF) and second-harmonic (SH) components
that are suitable for on-chip implementation of 1f −2f comb self-referencing and octave-spanning
comb generation [42,44]. Efforts were also made to achieve combined Kerr and quadratic combs,
which have potential to cover the ultraviolet and mid-infrared regimes [45–47]. We should
mention that, apart from the above investigations on temporal pulse dynamics, there have been
extensive studies on spatial cavity soliton dynamics in driven quadratic cavities for a long time
[48,49], which are very similar to their temporal counterparts because of the space-time duality
between diffraction and GVD, though they have a different physical origin.

Recently, there is considerable and growing interest in exploring the specific temporal ISW
dynamics in optical microresonators made from quadratic materials [50–53]. It has pointed out
that such two-color ISWs are only possible for interacting harmonics that have opposite GVDs
[50,51]. In this article, we revisit the complex dynamics of two-color ISWs formed in quadratic
microring resonators, from a modulation instability (MI) perspective [54–56]. We show that
the dynamics of two-color ISWs can be well explained with the baseband MI theory [57–59]
and would behave differently at the positive and negative pump frequency detunings, due to the
asymmetric MI induced at these laser-cavity detunings. In contrast to previous findings [50,51],
our results reveal that the two-color ISWs are also available for same anomalous GVDs occurring
at both FF and SH components, when prepared at negative pump detunings. We also demonstrate
that the temporal walk-off [35,60] have a significant yet distinct impact on the formation of
two-color ISWs at different pump detunings, using the conventional frequency scan method.

The subsequent sections are organized as follows. In Sec. 2, we present the coupled mean-field
equations and discuss their steady-state and two-color ISW solutions. In Sec. 3, we perform an
MI analysis of the stationary state solutions, which is closely related to the formation of ISWs.
We then discuss in Secs. 4 and 5 the dynamics of two-color ISWs in the absence/presence of
temporal walk-off, respectively. Finally, we conclude our results in Sec. 6.
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2. Coupled wave equations and switching wave solutions

For our studies, we consider a phase-matched SHG process ω0 +ω0 = 2ω0 involving the FF field
E1 and the SH field E2 in a dispersive quadratic ring resonator of circumference L that is driven by
a continuous-wave (cw) field Ein at carrier frequency ω0. The cavity is supposed to be resonant
with both fields and have high-finesse around both FF (ω0) and SH (2ω0) frequencies. For the
sake of simplicity, we assume the spatial diffraction to be negligible and let the wave-vector
mismatch between two cavity fields be vanishing, i.e., ∆k = 2k(ω0) − k(2ω0) ≈ 0. In this doubly
resonant configuration and neglecting the higher-order nonlinear and dispersive effects, the above
cavity-enhanced SHG can be governed by two coupled mean-field equations [35,36]:

itR
∂E1
∂ξ
= (δ1 − iα1)E1 +

Lk′′1
2
∂2E1

∂T2 − χLE2E∗
1 + i

√︁
θ1Ein, (1)

itR
∂E2
∂ξ
= (δ2 − iα2)E2 − i∆k′L

∂E2
∂T
+

Lk′′2
2
∂2E2

∂T2 − χLE2
1, (2)

where E1,2(ξ, T) are slowly varying field envelopes, with ξ being the “slow time” that is a
multiple of the cavity round-trip time tR = FSR−1 (FSR means free spectral range) and T the
“fast time” that is measured in a reference frame comoving at the group velocity of the FF
wave. Here, δ1,2 represent the phase detuning of the intracavity fields E1,2 from their respective
cavity resonance, α1,2 are half of the total cavity power losses per round trip for light at ω0
and 2ω0, k′′1,2 = d2k/dω2 |ω0,2ω0 are the GVD coefficients for specific wavenumber k(ω), and
∆k′ = dk/dω |2ω0 − dk/dω |ω0 denotes temporal walk-off arising from group-velocity mismatch.
Besides, θ1 represents the power transmission coefficient of the coupler through which the pump
field Ein is injected into the cavity. The parameter χ = 2

√
2ω0 χ

(2)
eff /

√︂
c3n2

ω0n2ω0ϵ0 characterizes

the nonlinearity of quadratic medium [35], where χ(2)eff is an effective second-order susceptibility,
nω0,2ω0 are the refractive indices measured at ω0 and 2ω0, c is the speed of light in vacuum, and
ϵ0 is the permittivity of free space.

Using the change of variables t = ξ/ξ0, τ = T/T0, and u1,2 = E1,2/
√

P, where ξ0 = tR/α1,
T0 =

√︁
Lk′′1 /α1, and P = α2

1/χ
2L2, one can transform Eqs. (1) and (2) into dimensionless coupled

mean-field equations:

i
∂u1
∂t
= (∆1 − i) u1 +

βFF
2
2
∂2u1

∂τ2 − u∗1u2 + iF, (3)

i
∂u2
∂t
= (∆2 − iα) u2 − id

∂u2
∂τ
+
βSH

2
2
∂2u2

∂τ2 − u2
1. (4)

Now, the intracavity fields u1,2(t, τ) have been normalized by the square root of power
√

P, and t is
the “slow-time” variable on the scale of the cavity photon lifetime tR/α1, and τ is the “fast-time”
variable in units of the pulse width T0 . The other parameters in Eqs. (3) and (4) are defined
by βFF

2 = k′′1 /|k
′′
1 | = ±1, βSH

2 = k′′2 /|k
′′
1 |, d = ∆k′

√︁
L/α1 |k′′1 |, α = α2/α1, ∆1,2 = δ1,2/α1, and

F =
√
θ1 χEinL/α2

1 , which stand for the anomalous (βFF
2 = −1) or normal (βFF

2 = +1) GVD of
the FF wave, the relative GVD of the SH wave, the normalized temporal walk-off, the relative
loss rate intended for the SH wave, the laser-cavity detunings, and the pump excitation intensity,
respectively. When F = 0, Eqs. (3) and (4) can be reduced to the ones in Refs. [33,61,62], which
are basic models governing the evolution of quadratic solitons in bulk quadratic crystals [32]. It
should be noted that Eqs. (3) and (4) can also describe the interaction of two beams focused in
one transverse dimension (e.g., in a Fabry-Perot cavity filled with a quadratic medium), when
replacing τ by x and letting d be the spatial birefringence walk-off [63].
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For our present purposes, we consider the driven dispersive microring resonators with F ≠ 0
and assume that the losses experienced by the FF and SH fields are equal and the cavity detunings
satisfy perfect phase matching, i.e., α = 1 and ∆2 = 2∆1 [36]. Under the circumstances, one can
find that Eqs. (3) and (4) admit the homogeneous steady-state (HSS) solutions

uh
1 =

F
1 + i∆1 + I1/(i2∆1 + 1)

, uh
2 =

(uh
1)

2

2∆1 − i
, (5)

where the steady-state intensity I1 = |uh
1 |

2 of the FF field is determined by the cubic equation:

I1[(I1 − 2∆2
1 + 1)2 + 9∆2

1] − F2(4∆2
1 + 1) = 0. (6)

Actually, the three roots of Eq. (6) can be explicitly written as

It
1 =

K
6
+

2W
3K
+

4
3
∆

2
1 −

2
3

, (7)

Ib
1 = −

K
6

e−iπ/3 −
2W
3K

eiπ/3 +
4
3
∆

2
1 −

2
3

, (8)

Im
1 = −

K
6

eiπ/3 −
2W
3K

e−iπ/3 +
4
3
∆

2
1 −

2
3

, (9)

where W = 4∆4
1−31∆2

1+1, K = (4Q+4
√
∆)1/3, Q = 27F2(4∆2

1+1)−2(2∆2
1−1)(4∆4

1+77∆2
1+1),

and ∆ = Q2 − 4W3 is the discriminant of Eq. (6). Here It
1, Ib

1 , and Im
1 , if positive, denote the high

(or top), low (or bottom), and middle values of the HSS intensity of FF field, respectively. The
SH field is dynamically slaved to the FF field, and thus once the It,b,m

1 is known, the HSS intensity
of the SH field follows with It,b,m

2 = (It,b,m
1 )2/(4∆2

1 + 1).
As one can see, these HSS solutions (5) only involve two free parameters F and ∆1, which

offers great convenience for our subsequent discussions. Further, when the discriminant fulfils
∆ ⩽ 0, all the three roots It,b,m

1 of Eq. (6) are real and thus the HSS solutions (5) would exhibit
bistability. Thus ∆ = Q2 − 4W3 ⩽ 0 defines the bistable domain. It is revealed that only the HSS
solutions with high and low intensities (It,b

1,2) are stable, whereas the one with Im
1,2 intensity is

unstable. Figure 1(a) illustrates the evolution of the HSS intensities versus the detuning ∆1 for
given F = 9.2, where the unstable intensities are indicated by dash-dotted lines. Obviously, for
F = 9.2, the minimum (|∆min

1 | ≃ 3.89) and maximum (|∆max
1 | ≃ 4.49) values of the detuning ∆1

that admits bistable HSS solutions can be found by the marginal stability condition

Q2 = 4W3. (10)

Likewise, using Eqs. (7)–(9), one can determine the evolution of the HSS intensities with F for
given ∆1. We demonstrate this evolution in Fig. 1(b) for ∆1 = 4.2, where a landmark S shape is
exhibited. In this case, the two extrema, Fmin ≃ 8.56 and Fmax ≃ 10.56, of the pump F allowing
the bistable solutions are still determined by Eq. (10).

In addition to the HSS solutions (5), Eqs. (3) and (4) can also admit many other localized
coherent structures such as temporal dissipative solitons [35], Turing roll patterns [37], and
temporal simultons [40]. Here, what we are primarily concerned with is a special kind of
localized flat-top solitons formed in the bistable region defined by Eq. (10), as seen in Fig. 1(c)
where ∆1 = 4.2 and F = 9.2 are used. It is clearly seen that these flat-top solitons on both FF
and SH components are composed of two stable HSS states that take the It

j and Ib
j intensities,

respectively, where j = 1, 2. Physically, they arise from the interlocking of two separate switching
waves that connect high and low HSS states [20–24,64]. For this reason, we call them ISWs
[21,22], notwithstanding some other terminologies such as platicons [23] and dark pulses [18]
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Fig. 1. Evolution of the high, low, and middle intensities of HSS solutions [Eqs. (7)–(9)]
with respect to either of two free parameters, namely, (a) the pump frequency detuning
∆1 for given F = 9.2, and (b) the pump intensity parameter F for given ∆1 = 4.2. In the
bistable regime, while the middle intensities (dash-dotted curves) are entirely unstable, the
high and low intensities (solid curves) are stable. (c) show the output profile of two-color
ISWs at t = 30 calculating numerically from our dimensionless mean-field model, with the
top intensity and background height being exactly determined by It

1,2 and Ib
1,2 in (a). The

corresponding quadratic combs arising from such two-color ISWs are illustrated in (d) and
(e). The system parameters used in (c)–(e) are given by ∆1 = 4.2, F = 9.2, d = 0, βFF

2 = −1,
and βSH

2 = 1. The phase diagram in panel (f) gives the bistable regime inside which the
two-color ISWs are able to form.

are also adopted in the literature. Actually, in a microring resonator, due to the periodicity, the
pulse structure that looks dark in one part can be seen as being bright in the other part. Hence, in
this work, we only investigate the temporal dynamics of flat-top ISW states shown in Fig. 1(c),
but the results obtained can apply to their dark counterparts as well [18].

There are several typical features associated with such two-color ISWs. Specifically, in the
temporal domain, the two-color ISWs possess an intensity-clamping property, which means
their peak intensities depend only on F and ∆1 and are tantamount to It

1,2, independently of the
GVD and walk-off parameters appearing in the model. They may expand or shrink in width
during propagation, depending mainly on the pump input F. At the Maxwell point, the ISWs
preserve their shape as they propagate [65]. Similar behaviors also occur in spatially extended
degenerate OPOs, where the two-dimensional domain walls with damped spatial oscillations
can lock each other to form stable cavity solitons [66]. In the frequency domain, such flat-top
temporal structures are generally endowed with an ultra-flat comb spectrum, particularly on the
SH field component, as seen in Figs. 1(d) and 1(e), where |û1,2 |

2 = |FFT(u1,2)|
2 stand for the

spectral intensities in units of decibel (dB). Though one often ascribed such a bat-wing comb
feature to the cavity detuning [67,68], our preliminary numerical studies confirm that it results
from the soliton Cherenkov radiation [69,70] mediated through GVD only, as was revealed in
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Ref. [71]. Lastly, these two-color ISWs are only allowable within the bistable region surrounded
by dark-blue curves in Fig. 1(f), which are determined by Eq. (10).

However, the intriguing properties of the two-color ISWs are far from being well understood.
In the following, we will use the MI analysis to gain insight into the temporal and spectral
dynamics of two-color ISWs, by taking into account the GVDs and temporal walk-off effects.

3. Modulation instability analysis

In nonlinear systems, MI is a fundamental property that leads to the growth of small perturbations
on an unstable cw background and is closely related to the formation of solitons [54–59]. It
is ubiquitous in nature, often called Bespalov-Talanov instability (in optics) or Benjamin-Feir
instability (in hydrodynamics) [72]. In spatial dimension, MI can transform weakly modulated
plane waves into spatially periodic patterns, as discussed in Refs. [73,74]. In frequency domain,
the MI enables energy transfer between a strong single spectral component and sidebands
[39,53,75]. Thus the MI analysis is extremely essential to an insight of the complicated dynamics
of nonlinear, in particular, nonintegrable, systems [56,59].

For our current system, to find MI, let us suppose the HSS solutions are perturbed by

uj = uh
j + rj exp(κt + iΩτ) + w∗

j exp(κ∗t − iΩτ), (11)

where uh
j (j = 1, 2) are given by Eq. (5), Ω ∈ R is the modulation frequency, and κ is the complex

gain factor, and rj and wj denote the small amplitudes of complex Fourier modes [54]. Then,
substituting Eq. (11) into Eqs. (3) and (4) followed by linearization, one can obtain a system of
coupled linear equations about rj and wj. This system has a nontrivial solution only when κ and
Ω satisfy the following dispersion relation:

(κ + κ0)
4 + p (κ + κ0)2 + q (κ + κ0) + r = 0, (12)

where κ0 = idΩ/2 + 1 and

p =
d2Ω2

2
+ Λ2

1 + Λ
2
2 + 4I1 − I2, (13)

q = idΩ(Λ2
1 − Λ

2
2 − I2), (14)

r =
d4Ω4

16
−

d2Ω2

4
(Λ2

1 + Λ
2
2 − 4I1 − I2) + (2I1 − Λ1Λ2)

2 − I2Λ
2
2, (15)

Λ1 =
1
2
Ω

2βFF
2 − ∆1, Λ2 =

1
2
Ω

2βSH
2 − 2∆1. (16)

Here I1 and I2 = I2
1/(4∆

2
1 +1) are the intensities of the HSS solutions uh

1,2 and thus are determined
by Eqs. (7), (8) or (9).

In the case of no walk-off, i.e., when d = 0, the significant two roots of Eq. (12) can be simply
expressed by radicals,

κ =
1
2

√︂
−2S ± 2

√︁
M2 + 8I1N − 1, (17)

where S = Λ2
1 + Λ

2
2 + 4I1 − I2, M = −Λ2

1 + Λ
2
2 + I2, and N = (Λ1 + Λ2)

2 − I2. Noting that the
other two roots of Eq. (12) have been disregarded, as they do not produce any valid results at all
for our present purposes.
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In the nonvanishing walk-off case (d ≠ 0), one can exactly express the four roots of Eq. (12) as

κ1,2 = −R ±
1
2

√︃
−4R2 − 2p +

q
R
− κ0, (18)

κ3,4 = R ±
1
2

√︃
−4R2 − 2p −

q
R
− κ0, (19)

where

R =
1
2

√︄
−

2p
3
+

1
3

(︃
A +
ϕ

A

)︃
, A =

[︃
η +

√︂
η2 − ϕ3

]︃1/3
, (20)

with ϕ = p2 + 12r and η = p3 − 36pr + 27q2/2.
Obviously, only when the real part of the roots κ of the quartic Eq. (12) is negative would

the HSS solutions (5) be stable and therefore the localized ISWs exist. In other words, the
ISW solutions do not exist in a regime where Re(κ)>0. The MI characteristics may become
complicated when taking the dispersions and/or temporal walk-off into account. Here, to facilitate
the MI analysis, we lift the positive-value constraints of IX

1,2 (X = t, b, m) when substituting
them into Eqs. (17)–(19). Then, we would call the MI caused by complex IX

1,2 the virtual MI, to
distinguish it from the genuine MI caused by positive IX

1,2. With this methodology in mind, let us
now inspect the intriguing ISW dynamics in detail according to two cases: the walk-off effect is
absent (d = 0) and the walk-off is not vanishing (d ≠ 0).

4. Two-color interlocked switching waves without walk-off

Based on Eq. (17), we find more interesting results about the two-color ISWs. Firstly, we show
that the baseband MI determine exactly the existence region of the ISWs, provided that the
Turing instability (TI) does not emerge. Here, we consider the TI to be a special kind of MI that
satisfies Re(κ)>0 but Im(κ) = 0 [76], and refer to the baseband MI as one that allows the gain
to exist even at infinitesimally small modulation frequencies Ω→ 0 [57–59]. We demonstrate
the map of MI gain denoted by Re(κ) with I1,2 = It

1,2 in Fig. 2(a) and the one with I1,2 = Ib
1,2 in

Fig. 2(c), for given parameters βFF
2 = −1 (anomalous GVD), βSH

2 = 1 (normal GVD), d = 0 (no
walk-off), F = 9.2, and ∆1 = 4.2. We do not show the MI map for I1,2 = Im

1,2 here, as it has no
bearing on the formation of ISWs. Noteworthily, here and in what follows, we have set in MI
maps all negative gains that satisfy Re(κ)<0 to zero, in order to visualize better the existence
domain of HSS solutions. It turns out that, as Ω → 0, the MI has a vanishingly small value
at some ∆1 positions indicated by white or green vertical dashed lines, which coincide exactly
with the extrema of ∆1 obtained from Eq. (10) [see Fig. 2(b)]. Clearly, it is seen from panel (a)
that the HSS states with high intensity are stable between 0.78< |∆1 | ⩽ |∆max

1 | ≃ 4.49, whereas
the panel (c) suggests that the HSS states with low intensity are stable for |∆1 | ⩾ |∆min

1 | ≃ 3.89.
One can find that, for the current parameters used, no TI will appear in these MI maps. As a
result, the localized flat-top ISWs composed of the stable high and low HSS states can exist in
the whole bistable regime determined either by Eq. (10) or by the baseband MI theory [see the
yellow shaped areas, i.e., 3.89 ⩽ |∆1 | ⩽ 4.49, in Fig. 2(b)].

To confirm the above analytic predictions, we perform the numerical simulation of Eqs. (3)
and (4) using the split-step Fourier method [77], under the same parameter condition except for
letting ∆1 vary from −6 to +6. Here, only the spectral results are provided with Figs. 2(d) and
2(e), clearly showing that the ISWs can exist in the region of 3.89 ⩽ |∆1 | ⩽ 4.49, as predicted
above. Our numerical simulations also show that, at |∆1 | ⩽ 0.78, there are emerging chaotic
spectral structures, implying that no coherent soliton states are allowed in this region, as indicated
in Fig. 2(b). This is caused by the onset of the Hopf instability which we denote by Re(κ)>0 but
Im(κ) ≠ 0 (i.e., instability with complex eigenvalues) [78].
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Fig. 2. MI maps Re(κ) versus (∆1, Ω) obtained from Eq. (17) for HSS solutions with: (a)
high intensity It

1,2 and (c) low intensity Ib
1,2, where all negative gains are set to zero. The

virtual MI refers to the one caused by complex It
1,2 (or Ib

1,2), wherein the HSS solutions
with high (or low) intensity do not exist. The red dashed lines in (a) and (c) correspond to
marginal stability curves Re(κ) = 0. (b) shows the evolution of three intensities of HSS
solutions with ∆1 for given F = 9.2, where the shaded bistable regimes are exactly consistent
with existence regime of baseband MI. The black circles in (b) stand for the onset of Hopf
instability. (d) and (e) show the numerical evolutions of output spectra |û1,2 |

2 at t = 30 by
seeding supercritical Gaussian pulses u1,2(t = 0, τ) = It

1,2 exp(−τ2/64) into Eqs. (3) and (4)
followed by sweeping the laser scan from ∆1 = −6 to ∆1 = +6 (forward frequency scan).
The other system parameters are given by F = 9.2, d = 0, βFF

2 = −1, and βSH
2 = 1.

Secondly, we show that the MI map is asymmetric with respect to the pump frequency detuning
∆1, and thus the ISWs excited by positive detuning can behave differently with those with negative
detuning. Generally, keeping the FF GVD unvaryingly anomalous (βFF

2 = −1), the ISWs at
positive detuning may disappear as the normal SH GVD decreases to a small value, as indicated
by the yellow B(B′) and C(C′) crosses in Figs. 3(a) and 3(e). This is because a strong TI begins
to emerge which eventually destroys the flat-top structure, resulting in the generation of multiple
cavity-soliton states [1,79], as seen in Figs. 3(c), 3(d), 3(g), and 3(h). More specifically, the TI,
which is initially absent at βSH

2 = 1 [see Fig. 2(a)], manifests itself now at βSH
2 = 1/2 [see those

MI sidebands between green circles at ∆1 = 4.0 and green vertical dashed line at ∆1 = 4.49 in
Fig. 3(a)] and hence inhibits ISWs to form in that interval of ∆1. Generally, when the green
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Fig. 3. Asymmetric MI maps versus ∆1 for given βFF
2 = −1 (anomalous GVD), F = 9.2,

d = 0, but with different βSH
2 values: (a) βSH

2 = 1/2 (normal GVD), (e) βSH
2 = 1/3 (normal

GVD), and (i) βSH
2 = −0.05 (anomalous GVD). The white dotted curves in (a), (e), and

(i) represent the marginal stability curves of the HSS solutions with low intensity. An MI
branch between green circles and the green dashed line on the right is referred to as TI
which satisfies Re(κ)>0 but Im(κ) = 0. (b), (c), and (d) show the temporal profiles of output
pulses at t = 80, corresponding to the yellow crosses A (∆1 = −4.2), B (∆1 = 3.95), and C
(∆1 = 4.2) in (a), respectively. Similarly, the pulse profiles at the crosses A′, B′, and C′ in
(e) are shown in (f), (g), and (h) and the pulse evolution for ∆1 = −4.35 at cross A′′ in (i)
has been indicated in (j) (the FF field), (k) (the SH field), and (l) (output profiles).

circles move leftward to a position where ∆1<3.89, which corresponds to βSH
2 <0.47, ISW states

are forbidden to form at positive detuning. However, for the negative detuning, the ISWs can still
be well maintained, as seen in Figs. 3(b) and 3(f), corresponding to the yellow A(A′) crosses in
the MI maps. Remarkably, we find that, even for an anomalous SH GVD (βSH

2 = −0.05 here), the
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Fig. 4. (a) Asymmetric MI map versus (∆1,Ω) for βSH
2 = 1.77. (b), (c), and (d) show the

pulse evolution at yellow cross (∆1 = −4.05) in (a), under otherwise identical condition as
in Fig. 3. The TI sidebands now manifest at the negative detuning side.

ISWs for ∆1 = −4.35 at cross A′′ still possess a clear flat-top structure, as shown in Figs. 3(j)–3(l).
This finding suggests the possibility that the two-color ISWs can exist for both anomalous GVDs
experienced by FF and SH components, in sharp contrast to previous results where the two-color
ISWs were reported only available for opposite GVDs [50–53].

Thirdly, we show that the main MI map in the plane (∆1, Ω) can flip as βSH
2 increases beyond

1, and thus the ISWs at negative detuning will disappear as well for large βSH
2 . We demonstrate

in Fig. 4 the evolution of two-color ISWs occurring at ∆1 = −4.05 for βSH
2 = 1.77, with the

other parameters being the same as used in Fig. 3. In this situation, the ISWs suffer from strong
modulation soon after the input [see the simulation results in Figs. 4(b) and 4(c)], which show
the temporal evolutions of the FF and SH fields, respectively, and their output profiles at t = 80
become broken [see Fig. 4(d)]. This is caused by the TI which now appears at the negative
detuning side and inhibits the ISWs to form when βSH

2 ⩾ 1.77. However, in the positive detuning
side, the two-color ISWs can still maintain a nice flat-top profile (not shown).

Lastly, we extensively simulate the coupled Eqs. (3) and (4) intended for the positive detuning
(∆1 = 4.2) and the negative detuning (∆1 = −4.2), respectively, using the same Gaussian pulse
input as used in Figs. 2(d) and 2(e). The numerical results are provided with Fig. 5, where,
for simplicity, we keep βFF

2 = −1 fixed but let βSH
2 vary from −1 to 2. It is clear that in the

positive detuning case, the localized dissipative structures manifest first as multiple soliton states
or soliton molecules when βSH

2 <0 (anomalous GVD), accompanied by a broader multiple-FSR
comb spectrum, but soon evolve into chaotical states when βSH

2 lies in small normal GVD regime,
and eventually take the clean flat-top soliton states when βSH

2 ⩾ 0.47, as revealed by the temporal
evolutions in Figs. 5(a) and 5(b) and the corresponding spectral evolutions in Figs. 5(c) and 5(d).
By contrast, in the negative detuning case, the clean two-color ISW states can form within a
broad range of βSH

2 (−0.1<βSH
2 <1.77 here), as indicated in Figs. 5(e)–5(h). Particularly, they can

exist in the small normal, or weakly anomalous, GVD regime of βSH
2 , markedly different from

that occurring in the positive detuning case.
We need to point out that the parameters used in our numerical simulations are accessible by

realistic experimental conditions. To show this, let us consider a doubly resonant intracavity
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Fig. 5. (a,b) Temporal and (c,d) spectral evolutions of the output pulses with respect to
the SH GVD parameter βSH

2 at the positive pump frequency detuning ∆1 = 4.2, for given
βFF

2 = −1 (anomalous GVD), F = 9.2, and d = 0 (no walk-off). In a similar fashion,
(e-h) show the temporal and spectral evolutions of output pulses at the negative detuning
∆1 = −4.2, with other parameters kept unchanged. The initial Gaussian pulse inputs seeded
into the model are the same as in Fig. 2.

SHG system made of a 15 mm long periodically poled MgO-doped lithium niobate, as proposed
in Ref. [36]. This configuration is experimentally feasible and was already used to observe
the generation of optical frequency combs in 2015 [80]. The Sellmeier model and the related
coefficients can be found in Ref. [81], from which one can calculate the refractive index n(λ)
and thus the GVD parameter k′′(λ) = d2n(λ)

dλ2
λ3

2πc2 at the specific wavelength λ = 2πc/ω, as
well as the required phase-matching conditions. For example, to realize an anomalous GVD
at FF and a normal GVD at SH, as shown in Fig. 5, one can pump the system by a 2940 nm
narrow-linewidth Er: YAG cw laser. In an eeo type I phase-matching situation, the dispersion
coefficients at the FF (ω0 = 2π × 102 THz) and SH (2ω0) can read k′′1 = −0.55 ps2/m and
k′′2 = 0.116 ps2/m, corresponding to the normalized parameters βFF

2 = −1 and βSH
2 = 0.21, which
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allow stable two-color ISWs at the negative pump detuning, as revealed in Figs. 5(e) and 5(f).
Generally, the wave-number mismatch can be made nearly zero, i.e., ∆k = 2k1 − k2 − 2π/Λ ≃ 0,
using an appropriate poling period Λ = 50 µm. If taking the typical nonlinear coefficient
χ = 11.4 W−1/2m−1 and the cavity finesse π/α1 = 160 [36,80], the normalized pump parameter
F = 9.2 used in our simulations corresponds to a driving power Pin ≃ 22 mW, which is also
within the reach of commercial pump cw laser.

5. Interlocked switching waves with temporal walk off

Unlike its spatial counterpart which is usually weak for perfectly aligned pulsed beams, the
temporal walk-off arises from the group-velocity mismatch ∆k′ of two interacting pulses and
can be made large even when the wave-vector mismatch ∆k is vanishing [35,36,60]. Previous
studies showed that large temporal walk-off effect can impact the soliton dynamics significantly,

Fig. 6. Asymmetric MI map defined by Eqs. (18) and (19) versus (∆1, Ω) for βFF
2 = −1

(anomalous), βSH
2 = 1/2 (normal), and F = 9.2, but in the presence of temporal walk-off:

(a) d = 1/2; (e) d = 9/2. The temporal profiles and the corresponding spectra of output
pulses at t = 80 corresponding to the yellow cross A (∆1 = 4.2) in (a) and B (∆1 = 4.2) in
(e) are illustrated in (b,c,d) and (f,g,h), respectively.
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Fig. 7. MI map versus (d, Ω) for given F = 9.2, ∆1 = −4 (negative detuning), βFF
2 = −1

(anomalous GVD), and βSH
2 = 1/2 (normal GVD). The pulse evolutions corresponding to

the yellow crosses A (d = 1), B (d = 2), and C (d = 3) in (a) are demonstrated in (b,c,d),
(e,f,g), and (h,i,j), respectively, using the same Gaussian pulse input.

in both the normal and anomalous dispersion regimes [60,62]; For example, it can either stabilize
the propagation of solitons in quadratic media [62] or trigger the formation of optical frequency
combs in a singly resonant microcavity [35]. Here we show that the temporal walk-off can modify
the MI map drastically, as implied by Eqs. (18) and (19). It not only enables the MI map to be
asymmetric with respect to both ∆1 and Ω, but also changes the MI characteristics associated to
the formation of two-color ISWs.

For our comparative study, we consider the case in Fig. 3(a), in which the leftmost boundary
of TI lies at (∆TI

1 ,Ω) = (4,±2.56) (see green circles therein) when the walk-off is absent. For that
case, it has been shown that the ISWs will become breaking as ∆1>∆

TI
1 [see Fig. 3(d)]. Now,

we increase the walk-off parameter d from zero to a larger value, keeping the other parameters
exactly the same as in Fig. 3(a). By means of Eqs. (18) and (19), we obtain numerically the MI
maps shown in Fig. 6(a) and 6(e), which correspond to d = 1/2 and d = 9/2, respectively. It
is seen that, due to the temporal walk-off, both MI maps become also asymmetric with respect
to Ω (not only to ∆1) and moreover some new MI structures emerge therein, as compared with
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Fig. 3(a). Particularly, the MI domain corresponding to the original TI sideband becomes
narrower and even disappears completely, as the parameter d grows. As a result, the two-color
ISWs that suffer strong wave breaking at d = 0 tend to be redintegrated for a small d = 1/2
[see Fig. 6(b)] and eventually manifest for a large d = 9/2 [see Fig. 6(f)]. Of course, due to the
temporal walk-off effect, both ISW components suffer a frequency shift in spectral evolution, and
propagate in temporal domain with nonzero velocity. Meanwhile, at d = 1/2, the spectra display
a multiple-FSR comb structure [see Figs. 6(c) and 6(d)], whereas at d = 9/2, the spectra feature
a single-FSR comb, although asymmetric [see Figs. 6(g) and 6(h)]. This implies that for the
positive detuning case, the temporal walk-off effect tends to stabilize, rather than deteriorate, the
evolution of ISWs, akin to the case with travelling solitons in bulk quadratic media [61,62]. We
note that, in spatially extended degenerate OPOs, the effect of spatial walk-off was also shown to
contribute to the transverse pattern formation for positive signal detunings, by means of an order
parameter description approach [82].

However, on the negative detuning side, the temporal walk-off will exert an opposite impact on
the formation of two-color ISWs. In other words, it will disintegrate the pulses as the parameter
d increases up to a large value. For illustration, we demonstrate in Fig. 7 the MI map in the
plane (d,Ω) for given F = 9.2 and ∆1 = −4, and also three typical evolutions corresponding to A
(d = 1), B (d = 2) and C (d = 3) points, respectively, keeping the other system parameters exactly
the same as in Fig. 3(a). It is seen that at the A point in the MI map, the FF and SH ISWs are
expanding during evolution [see Figs. 7(b)–7(d)], but tend to disintegrate (roughly after t = 50)
at the B point [Figs. 7(e)–7(g)] and completely disappear at the C point because of strong Hopf
instability [Figs. 7(h)–7(j)]. Obviously, this interesting property of the temporal walk-off can be
used to tailor the shape of two-color ISWs.

6. Conclusion

In conclusion, we provided a systematic investigation of the dynamics and existence conditions
of temporal two-color ISWs in driven dispersive quadratic microresonators, by means of a
phase-matched SHG process, from the standpoint of MI. We revealed that the formation of
two-color ISWs depends strongly on the pump frequency detunings, the GVDs, and the temporal
walk-off, and can be well illuminated by the asymmetric MI of HSS solutions. It was found
that such two-color ISWs would behave differently at the positive and negative pump detunings,
since TI sidebands may emerge in either positive or negative detuning sides, but not in both.
Particularly, our results clearly showed that, in contrast to previous predictions [50–53], stable
ISW states are also available on interacting FF and SH components that both have anomalous
GVDs when prepared at the negative detuning. In addition, the temporal walk-off was found to
have a significant yet distinct impact on the ISW formation. Specifically, large temporal walk-off
contributes to formation of two-color ISWs at the positive pump frequency detuning but tends
to deteriorate it at the negative detuning. We anticipate that this work may help improve our
understanding on two-color fat-top soliton states and thereby pave the way for high-efficient
octave-spanning dual-band comb generation [42,47,83,84].
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