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Abstract. In this paper we study a rate-independent system for the propagation of damage and
plasticity. To construct solutions we resort to approximation in terms of viscous evolutions, where
viscosity affects both damage and plasticity with the same rate. The main difficulty arises from the
fact that the available estimates do not provide sufficient regularity on the limiting evolutions to
guarantee that forces and velocities are in a duality pairing, and hence we cannot use a chain rule
for the driving energy. Nonetheless, via careful techniques we can characterize the limiting rate-
independent evolution by means of an energy-dissipation balance, which encodes the onset of viscous
effects in the behavior of the system at jumps.
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1. Introduction. In order to predict and prevent degradation and failure of
materials, it is crucial to capture the interplay between different phenomena, such as
damage and plasticity. In several applications, for instance to load-bearing structures,
the propagation of such phenomena is very slow if compared to the scale of internal
oscillations of the body under examination. Thus, the system is considered as being in
equilibrium at every instant. From a mathematical point of view, this amounts to the
concept of quasi-static, or rate-independent, evolution. In turn, rate-independent evo-
lutions are idealized descriptions of processes where some phenomena are neglected,
for instance the effects of viscosity. The analysis of quasi-static evolutions and their
approximation by viscous evolutions has been the object of extensive mathematical
literature in recent years. In fact, in order to understand how damage and plasticity
grow, it is paramount to analyze their interaction already at a viscous level.

In this paper we study a rate-independent system for the propagation of dam-
age and plasticity, by means of approximation in terms of viscous evolutions, where
viscosity affects both damage and plasticity. Specifically, in the setting of linear
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7941

elasticity the body is determined by its reference configuration \Omega \subset \BbbR n, n= 2,3, and
the displacement u : (0, T )\times \Omega \rightarrow \BbbR n, where (0, T ) is the time interval during which
the process is observed. The degradation of the material is described by the damage
variable z : (0, T )\times \Omega \rightarrow [0,1] and by the plastic strain p : (0, T )\times \Omega \rightarrow \BbbM n\times n

D , where
\BbbM n\times n

D is the subspace of symmetric matrices \BbbM n\times n
sym with null trace. Together with the

elastic strain e : (0, T )\times \Omega \rightarrow \BbbM n\times n
sym , the plastic strain p complies with the kinematic

admissibility condition for the strain E(u) = \nabla u+\nabla uT

2 , namely,

E(u) = e+ p in (0, T )\times \Omega .(1.1)

The rate-independent system under consideration consists of
 - the momentum balance

 - div\sigma = f in (0, T )\times \Omega ,(1.2a)

where \sigma is the stress tensor

\sigma =C(z)e in (0, T )\times \Omega ,(1.2b)

with C : [0,1]\rightarrow \BbbR n\times n\times n\times n the elastic stress tensor, and f : (0, T )\times \Omega \rightarrow \BbbR n
a given time-dependent external force;

 - the flow rule for the damage variable z

\partial R( \.z) +Am(z) +W \prime (z)\ni  - 1

2
C\prime (z)e : e in (0, T )\times \Omega ,(1.2c)

where \partial R :\BbbR \rightrightarrows \BbbR denotes the convex analysis subdifferential of the function

R :\BbbR \rightarrow [0,+\infty ] defined by R(\eta ) :=

\biggl\{ 
\kappa | \eta | if \eta \leq 0,
+\infty otherwise,

(1.2d)

with \kappa > 0 the toughness of the material. In (1.2c), the nonlocal m-Laplacian
operator Am : Hm(\Omega ) \rightarrow Hm(\Omega )\ast features an exponent m > n

2 . Finally,
W : [0,1]\rightarrow \BbbR is a suitable nonlinear, possibly nonsmooth, function;

 - the flow rule for the plastic tensor

\partial \.pH(z, \.p)\ni \sigma D in \Omega \times (0, T ),(1.2e)

where \sigma D is the deviatoric part of the stress tensor \sigma , i.e., its orthogonal pro-
jection on \BbbM n\times n

D , and H(z, \cdot ) is the density of the plastic dissipation potential.
System (1.2a)--(1.2e) is complemented by the boundary conditions

u=w on (0, T )\times \Gamma Dir, \sigma n= g on (0, T )\times \Gamma Neu, \partial nz = 0 on (0, T )\times \partial \Omega ,
(1.2f)

where \Gamma Dir is the Dirichlet part of the boundary \partial \Omega and w : \Omega \rightarrow \BbbR n a time-dependent
Dirichlet loading, while \Gamma Neu is the Neumann part of \partial \Omega (disjoint from \Gamma Dir), n its
exterior unit normal, and g : \Omega \rightarrow \BbbR n an assigned traction.

The elastoplastic damage model (1.2), which was first proposed and studied in
[AMV14, AMV15], includes rate-independent flow rules for damage and plasticity,
both given in terms of threshold conditions: propagation starts when the damage
variable or the deviatoric part of the stress reaches the boundary of the stability set.
Note that R is the density of the dissipation potential for damage; hence, the flow
rule (1.2c) encompasses the unidirectionality in the evolution of damage through the
constraint \.z \leq 0 in \Omega \times (0, T ). In turn, H(z, \.p) is the density of the plastic dissipation
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7942 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

potential. The coupling of the system is apparent both from the dependence of the
elasticity tensor C on the damage variable and from the z-dependence of H. In partic-
ular, along the footsteps of [AMV14, AMV15] we encompass softening in the model,
which consists in the reduction of the yield stress as plastic deformation proceeds (see
(2.8b) below, as well as [AMV14, equation (30)] and [DMDMM08]).

The main impact of the analysis of such a coupled model arises in the study of
cohesive fracture. Indeed, in parts of the material where plastic strain has been cumu-
lated, one may observe nucleation of cohesive cracks and thus the emergence of fatigue
phenomena (see [AMV14, section 5], as well as [Cri16, CL16] and references therein.

Rate-independent damage processes with plasticity have been extensively studied
in recent years. Among phase-field type models (i.e, featuring the damage parameter
and the plastic strain as internal variables), we mention, e.g., [BMR12, BRRT16, RV17]
for damage coupled with plasticity with hardening, [Cri17] for damage and strain-
gradient plasticity, [RV16] also accounting for damage healing, [MSZ19] for finite-
strain plasticity with damage, and [DRS19] for perfect plasticity and damage in a
dynamical setting.

The vanishing-viscosity approach and our results. The existence of quasi-
static evolutions (or energetic solutions) to the Cauchy problem for system (1.2) was
proved in [Cri16]. In this paper we will instead address the following viscous approx-
imation of (1.2) for \varepsilon > 0 given:

 - div\sigma = f with \sigma =C(z)e in \Omega \times (0, T ),(1.3a)

\partial R( \.z) + \varepsilon \.z +Am(z) +W \prime (z)\ni  - 1

2
C\prime (z)e : e in \Omega \times (0, T ),(1.3b)

\partial \.pH(z, \.p) + \varepsilon \.p\ni \sigma D in \Omega \times (0, T ),(1.3c)

supplemented by the boundary conditions (1.2f). System (1.3) thus pertains to the
class of rate-dependent damage models, which have also been widely studied. Ex-
istence results for rate-dependent damage processes are indeed available both in
the case when plasticity effects are neglected (starting from the pioneering papers
[BS04, BSS05]) and for models encompassing plasticity and even temperature [RT15,
Ros17]. A hallmark of these rate-dependent systems is the gradient regularization
of the damage parameter, ensuring sufficient spatial regularity for z: typically, p-
Laplacian operators with p > n feature in the damage flow rule. In systems (1.2)
and (1.3), along the footsteps of [KRZ13] we have instead resorted to a nonlocal, but
linear, operator for analytical reasons.

The existence of a solution (u\varepsilon , z\varepsilon , p\varepsilon ) to the Cauchy problem for (1.3) can be
proven, for instance, by time discretization; cf. Theorem 2.4 ahead. In the approx-
imated system, both flow rules for damage and plasticity feature a viscous regular-
ization; specifically, they contain the time derivatives of the damage variable and of
the plastic strain. Such regularization can be tuned through the parameter \varepsilon > 0. In
fact, we study the limit as \varepsilon \downarrow 0, expecting to find (a version of) the rate-independent
system (1.2) in the limit. This reflects the fact that, again, both rate-independent
damage and rate-independent plasticity are idealized processes where first-order terms
are neglected. We emphasize that, in (1.3), the viscosities in p and in z both vanish
with the same rate.

The strategy to derive (1.2) from (1.3) follows the vanishing-viscosity approach
explored in a wide literature; see [MR15] and references therein. Exploiting suit-
able a priori estimates on the approximate solutions, uniform with respect to \varepsilon , one
then passes to the limit as \varepsilon \downarrow 0, finding a so-called balanced viscosity (BV) solution
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7943

[MRS12, MRS16a] to (1.2). This technique is by now standard: it is based on repa-
rameterization and was pioneered in [EM06]. Indeed, the reparameterized trajectories,
defined in a new interval [0, S], are uniformly Lipschitz in the new time scale, and so
it is their limiting trajectory; for the system under consideration, a BV solution is in
fact a quadruple (t,u, z,p), Lipschitz as a function of the (artificial) time s \in [0, S],
where the rescaling function t : [0, S]\rightarrow [0, T ] records the original process time. Now
it is to be expected that solutions to system (1.2) jump as functions of the (true)
time t\in [0, T ]: the parameterized solutions (t,u, z,p) keep track of this, in that jumps
in the original time correspond to the regime in which t\prime = 0; namely, the function
t is frozen. The notion of BV solution then provides additional information on the
behavior of the rate-independent system in a jump regime. In fact, it encodes the
possibility that, between two stable states, there occurs either a slow transition, cor-
responding to quasi-static propagation in the original time scale, or a fast transition,
where the system displays viscous behavior. All of this is encompassed in the (single)
energy-dissipation balance

\scrE PP(t(s),q(s)) +

\int s

0

\scrM 0(t(r),q(r), t
\prime (r),q\prime (r))dr

= \scrE PP(t(0),q(0)) +

\int s

0

\partial t\scrE PP(t(r),q(r)) t
\prime (r)dr for all s\in [0, S];

(1.4)

cf. Definition 3.6, where \scrE PP is the (overall) driving energy functional for system
(1.2) and q is a place-holder for the rescaled triple (u, z,p). In fact, in (1.4) the
energy released between the initial time and a given final time s (in the artificial
time scale) is balanced by the work of the external forces, and by a term involving
the ``vanishing-viscosity contact potential"" \scrM 0 (see (3.20) for its explicit definition),
which keeps track of the occurrence of slow/fast transitions in the jump regime. The
main result of this paper, Theorem 3.8, states the convergence of (reparameterized)
viscous trajectories to a BV solution (t,u, z,p) satisfying (1.4).

When applying the vanishing-viscosity approach to our setup, one major analyti-
cal difficulty arises already when dealing with the a priori estimates, uniform w.r.t. the
parameter \varepsilon , needed for the vanishing-viscosity limit. Indeed, we may deduce the first
set of basic estimates for the viscous solutions from an energy-dissipation balance that
is tightly connected with the gradient structure of (1.3) (cf. Proposition 2.5). Rely-
ing on such estimates, we prove convergence as \varepsilon \downarrow 0 of the reparameterized viscous
trajectories (along a suitable subsequence), to a quadruple (t,u, z,p) that fulfills the
inequality \leq in (1.4), where the energy at the current (artificial) time s is estimated
from above by the initial energy. However, the available estimates do not provide
sufficient regularity on the limiting parameterized curves to guarantee that forces and
velocities are in a duality pairing. Hence, we are not able to prove the validity of a
chain rule for the energy \scrE PP evaluated along the curve (t,u, z,p); in turn, chain rules
are the tool usually employed to obtain the energy inequality \geq in (1.4) (hereafter,
we shall refer to it as the lower energy inequality, as therein the energy evaluated at
the current time is estimated from below by the initial energy).

In order to prove the energy-dissipation balance, in this paper we have to carry
out finer arguments, based on the sole validity of those estimates, uniform w.r.t. the
viscosity parameter, that are deducible from the viscous energy-dissipation balance.
This is in the spirit of the analysis carried out in [MRS16a], whose results are, how-
ever, not directly applicable here because in the present functional setup we do not
have a suitable chain rule at our disposal; cf. Remark 3.7. Rather, the techniques
advanced here in fact revisit the approach developed in [DDS11]; see also [BFM12].
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7944 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

More precisely, we are going to obtain the desired lower energy inequality by exploit-
ing the fact that the all terms featuring in (1.4) are the limit of suitable Riemann
sums, defined on carefully chosen subdivisions of the time interval that distinguish
between the quasi-static regime and the jump regime, and by using that an approxi-
mate form of the lower energy inequality holds along the intervals associated with the
partitions. A remarkable difference between this work and the previous contributions
is that now the chain rule is not available even in the jump regime, which forces us
to also perform a discrete approximation there; cf. Remark 5.2.

We finally mention that the vanishing-viscosity approximation of system (1.2) has
already been addressed by means of different viscously regularizing systems, whose
structure allowed for enhanced estimates on the reparameterized viscous trajectories,
leading to better regularity for the limiting curve and, ultimately, allowing for the
validity of the chain rule. First of all, in [CL16], (1.2) was approximated by an elasto-
plastic damage system in which the viscous regularization only involved the damage
variable, while the evolution of the plastic variable was kept rate-independent; in par-
ticular, following this approach, the possible emergence of viscous behavior for the
plastic strain at jumps is not included in the mathematical description of the evolution.

An alternative approximation scheme was studied in [CR21] in a setting with
multiple rates (in the spirit of the approach in [MRS16b, MR23]). In fact, in the
viscous system addressed in [CR21], the momentum equation was also viscously reg-
ularized, and the displacement and the plastic strain were set to converge to elastic
equilibrium and rate-independent evolution, respectively, at a faster rate than the
damage variable. Furthermore, the vanishing-viscosity regularization was combined
with a vanishing-hardening approximation of the flow rule for technical reasons re-
lated to the validity of the aforementioned enhanced a priori estimates. The notion
of BV solution in [CR21] thus enjoys better regularity properties than those obtained
in Theorem 3.8 ahead. In particular, relying on the validity of the chain rule for the
driving energy functional, in [CLR23] we have provided a characterization of the BV
solutions from [CR21] in terms of a system of subdifferential inclusions that illustrates
in a precise way the possible onset of viscous behavior for the system at jumps. Such
a differential characterization, tightly related to the validity of a chain rule, seems to
be out of reach for the present notion of BV solution. However, exploiting that very
same differential characterization, in [CLR23] we have proved that the BV solutions of
[CR21] ``essentially"" coincide (after an initial transition layer) with those from [CL16],
where viscous regularization in p was not present.

For this reason, in this paper we consider the alternative scheme (1.3), which is
a natural regularization of the rate-independent system (1.2). Indeed, system (1.3)
reflects the fact that plasticity and damage are tightly connected [AMV14, AMV15]:
loosely speaking, setting \varepsilon = 0 formally leads to removing viscous perturbation both in
plasticity and damage (which is not the case with the multirate regularization chosen
in [CLR23]). From this viewpoint, a single-rate regularization like the one adopted in
this paper seems more adequate. On the other hand, due to poor regularity and lack
of chain rule, it remains an open problem to further characterize the BV solutions
fulfilling (1.4), e.g., by means of a differential characterization as in [CLR23]; see also
Remark 3.7 ahead. Thus, we leave open the question of whether the solutions found
in the present paper are different from those of [CLR23, CL16], in particular if in
this case the presence of the viscous regularization in p could be effectively detected
in the limit. Anyhow, we maintain that the techniques developed in this paper, as a
revisitation of [DDS11, BFM12], are interesting on their own and could be useful in
other contexts where the lack of a chain rule in any regime is a hindrance from the
analysis of BV solutions.
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7945

Plan of the paper. In section 2 we settle most of the notation and preliminary
results for our analysis. In section 3, after introducing the reparameterization tech-
nique for the vanishing-viscosity limit (section 3.1) and the energetics for the perfectly
plastic system (section 3.2), we give the notion of (parameterized) balanced viscosity
solution to the system for perfect plasticity and damage and state the convergence
of (reparameterized) viscous trajectories to a BV solution in Theorem 3.8. Its proof
is carried out throughout three sections. Indeed, section 4 contains the compactness
arguments and the proof of the upper energy-dissipation inequality. Its converse is
proved in sections 5--6. Finally, the appendix collects some auxiliary results used in
proofs scattered throughout the paper.

2. Preliminaries. First of all, let us fix some notation that will be used through-
out the paper.

Notation 2.1 (general notation and preliminaries). Given a Banach space X, we
will denote by \langle \cdot , \cdot \rangle X both the duality pairing between X\ast and X and that between
(Xn)\ast and Xn; we will just write \langle \cdot , \cdot \rangle for the inner Euclidean product in \BbbR n. Analo-
gously, we will indicate by \| \cdot \| X the norm in X and, most often, use the same symbol
for the norm in Xn, while we will just write | \cdot | for the Euclidean norm in \BbbR n. We
will denote by Br(0) the open ball of radius r, centered at 0, in \BbbR n. For the Lebesgue
measure of a set A\subset \BbbR n we will use both notations | A| and \scrL n(A).

We will denote by \BbbM n\times n
sym the space of the symmetric (n \times n)-matrices and by

\BbbM n\times n
D the subspace of the deviatoric matrices with null trace. Any \eta \in \BbbM n\times n

sym can be

written as \eta = \eta D + tr(\eta )
n I, with \eta D the orthogonal projection of \eta into \BbbM n\times n

D ; \eta D will
be referred to as the deviatoric part of \eta . We write Sym(\BbbM n\times n

D ;\BbbM n\times n
D ) for the set of

symmetric endomorphisms on \BbbM n\times n
D .

We will often use the short-hand notation \| \cdot \| Lp , 1 \leq p < +\infty , for the Lp-norm
on the space Lp(O;\BbbR m), with O a measurable subset of \BbbR n, and analogously we will
write \| \cdot \| H1 . Furthermore, we will denote by \scrM b(O;\BbbR m) the space of bounded Radon
measures on O with values in \BbbR m.

Let v : \Omega \times (0, T ) \rightarrow \BbbR be differentiable w.r.t. time a.e. on \Omega \times (0, T ). We will
denote by \.v : \Omega \times (0, T )\rightarrow \BbbR its (almost everywhere defined) partial time derivative.
However, as soon as we consider v as a (Bochner) function from (0, T ) with values in a
suitable Lebesgue/Sobolev space X (possessing the Radon--Nikod\'ym property), and v
is in the space AC([0, T ];X), we will denote by v\prime : (0, T )\rightarrow X its (almost everywhere
defined) time derivative.

Finally, we will use the symbols c, c\prime , C, C \prime , etc., whose meaning may vary even
within the same line, to denote various positive constants depending only on known
quantities.

Functions of bounded deformation. The space BD(\Omega ) of functions of bounded
deformation is defined by

BD(\Omega ) := \{ u\in L1(\Omega ;\BbbR n) : E(u)\in \scrM b(\Omega ;\BbbM n\times n
sym )\} ,(2.1)

where \scrM b(\Omega ;\BbbM n\times n
sym ) is the space of bounded Radon measures on \Omega with values in

\BbbM n\times n
sym , with norm \| \lambda \| \scrM \mathrm{b}(\Omega ;\BbbM n\times n

\mathrm{s}\mathrm{y}\mathrm{m} ) := | \lambda | (\Omega ), and | \lambda | the variation of the measure. By

the Riesz representation theorem, \scrM b(\Omega ;\BbbM n\times n
sym ) can be identified with the dual of

the space C0(\Omega ;\BbbM n\times n
sym ). The space BD(\Omega ) is endowed with the graph norm

\| u\| BD(\Omega ) := \| u\| L1(\Omega ;\BbbR n) + \| E(u)\| \scrM \mathrm{b}(\Omega ;\BbbM n\times n
\mathrm{s}\mathrm{y}\mathrm{m} ),
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7946 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

which makes it a Banach space. In fact, BD(\Omega ) is the dual of a normed space;
cf. [TS80].

In addition to the strong convergence induced by \| \cdot \| BD(\Omega ), the duality from
[TS80] defines a notion of weak\ast convergence on BD(\Omega ): a sequence (uk)k converges
weakly\ast to u in BD(\Omega ) if uk \rightharpoonup u in L1(\Omega ;\BbbR n) and E(uk)

\ast 
\rightharpoonup E(u) in \scrM b(\Omega ;\BbbM n\times n

sym );
every bounded sequence in BD(\Omega ) has a weakly\ast converging subsequence. The space
BD(\Omega ) is contained in Ln/(n - 1)(\Omega ;\BbbR n); every bounded sequence in BD(\Omega ) has a
subsequence converging weakly in Ln/(n - 1)(\Omega ;\BbbR n) and strongly in Lp(\Omega ;\BbbR n) for every
1\leq p < n

n - 1 .
Finally, we recall that for every u \in BD(\Omega ) the trace u| \partial \Omega is well defined as an

element in L1(\partial \Omega ;\BbbR n) and that (cf. [Tem83, Proposition 2.4, Remark 2.5]) a Poincar\'e-
type inequality holds:

\exists C > 0 \forall u\in BD(\Omega ) : \| u\| L1(\Omega ;\BbbR n) \leq C
\Bigl( 
\| u\| L1(\Gamma \mathrm{D}\mathrm{i}\mathrm{r};\BbbR n) + \| E(u)\| \scrM \mathrm{b}(\Omega ;\BbbM n\times n

\mathrm{s}\mathrm{y}\mathrm{m} )

\Bigr) 
.

(2.2)

2.1. Assumptions. We now detail the standing assumptions for our analysis.

Hypothesis 1 (the reference configuration). We suppose that \Omega \subset \BbbR n, n\in \{ 2,3\} , is
a bounded Lipschitz domain satisfying the so-called Kohn--Temam condition, namely
\partial \Omega =\Gamma Dir \cup \Gamma Neu \cup \Sigma with

 - \Gamma Dir, \Gamma Neu, \Sigma pairwise disjoint;
 - \Gamma Dir and \Gamma Neu relatively open in \partial \Omega , and \Sigma = \partial \Gamma Dir = \partial \Gamma Neu their relative

boundary in \partial \Omega ;
 - \Sigma of class C2 and \scrH n - 1(\Sigma ) = 0, and \partial \Omega Lipschitz and of class C2 in a

neighborhood of \Sigma .

We will work with the space

H1
Dir(\Omega ;\BbbR 

n) :=
\bigl\{ 
u\in H1(\Omega ;\BbbR n) : u= 0 on \Gamma Dir

\bigr\} 
.

A divergence operator. Any \sigma \in L2(\Omega ;\BbbM n\times n
sym ) such that div\sigma \in L2(\Omega ;\BbbR n)

induces the distribution [\sigma n] defined by

\langle [\sigma n],\psi \rangle \partial \Omega := \langle div\sigma ,\psi \rangle L2 + \langle \sigma ,E(\psi )\rangle L2 for every \psi \in H1(\Omega ;\BbbR n).(2.3)

By [KT83, Theorem 1.2] and [DMDM06, (2.24)] we have that [\sigma n]\in H - 1/2(\partial \Omega ;\BbbR n);
moreover, if \sigma \in C0(\Omega ;\BbbM n\times n

sym ), then the distribution [\sigma n] fulfills [\sigma n] = \sigma n, where the
right-hand side is the standard pointwise product of the matrix \sigma and the normal
vector n in \partial \Omega .

For the treatment of the perfectly plastic system for damage, it will be crucial to
work with the space

\Sigma (\Omega ) := \{ \sigma \in L2(\Omega ;\BbbM n\times n
sym ) : div\sigma \in Ln(\Omega ;\BbbR n), \sigma D \in L\infty (\Omega ;\BbbM n\times n

D )\} .(2.4)

Furthermore, our choice of external loadings will ensure that the stress fields \sigma that
we consider have, at equilibrium, the additional property that [\sigma n] \in L\infty (\Omega ;\BbbR n) and
\sigma \in \Sigma (\Omega ). Therefore, any of such fields induces a functional  - Div\sigma \in BD(\Omega )\ast via

\langle  - Div\sigma , v\rangle BD(\Omega ) := \langle  - div\sigma , v\rangle 
L

n
n - 1 (\Omega ;\BbbR n)

+ \langle [\sigma n], v\rangle L1(\Gamma \mathrm{N}\mathrm{e}\mathrm{u};\BbbR n) for all v \in BD(\Omega ).
(2.5)
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7947

With slight abuse of notation, we shall denote by  - Div\sigma also the restriction of the
above functional to H1(\Omega ;\BbbR n).

Hypothesis 2 (the elasticity tensor). We assume that C : [0,+\infty ) \rightarrow Lin(\BbbM n\times n
sym ;

\BbbM n\times n
sym ) fulfills the following conditions:

C\in C1,1([0,+\infty );Lin(\BbbM n\times n
sym ;\BbbM n\times n

sym )) ,(2.6a)

\exists \gamma 1, \gamma 2 > 0 \forall z \in [0,+\infty ) \forall \xi \in \BbbM n\times n
sym : \gamma 1| \xi | 2 \leq C(z)\xi : \xi \leq \gamma 2| \xi | 2 ,(2.6b)

\forall zo \in (0,1)\exists \alpha C > 0 \forall z \in [zo,1] \forall \xi \in 
n\times n
\BbbM 
sym

:C\prime (z)\xi : \xi \geq \alpha C| \xi | 2.(2.6c)

Furthermore, we require that

\exists V \in C1,1([0,+\infty ); [0,+\infty )) , V bounded from below, inf
z\in [0,+\infty )

V(z)\geq cV > 0 ,

\exists \BbbC \in Lin(\BbbM n\times n
sym ;\BbbM n\times n

sym ) positive definite, symmetric, isotropic, such that

\forall z \in [0,+\infty ) : C(z) =V(z)\BbbC ,

(2.6d)

where isotropic implies that \BbbC A= 2\mu A+\lambda tr(A)I for all A\in \BbbM n\times n
sym , with \lambda , \mu > 0 the

Lam\'e constants.

Remark 2.2 (on condition (2.6d)). In view of the required structure C(z) =
V(z)\BbbC , conditions (2.6a)--(2.6c) could be reformulated in terms of the function V.
Nonetheless, we have opted for stating (2.6a)--(2.6c) in general, regardless of (2.6d),
because the latter structure condition will be exploited solely in the proof of Propo-
sition A.1 ahead; cf. also Remark A.2. In turn, Proposition A.1 will be used to prove
the lower energy-dissipation inequality, i.e., \geq in (1.4).

Hypothesis 3 (stored energy for damage). The stored energy for damage encom-
passes a gradient regularizing contribution, featuring the bilinear form am :Hm(\Omega )\times 
Hm(\Omega )\rightarrow \BbbR ,

am(z1, z2) :=

\int 
\Omega 

\int 
\Omega 

\bigl( 
\nabla z1(x) - \nabla z1(y)

\bigr) 
\cdot 
\bigl( 
\nabla z2(x) - \nabla z2(y)

\bigr) 
| x - y| n+2(m - 1)

dxdy withm\in 
\Bigl( n
2
,2
\Bigr) 
,

and an additional integral term, with density W satisfying

W \in C2((0,+\infty );\BbbR +) \cap C0([0,+\infty );\BbbR +\cup \{ +\infty \} ) ,(2.7a)

s2nW (s)\rightarrow +\infty as s\rightarrow 0+ ,(2.7b)

where W \in C([0,+\infty );\BbbR + \cup \{ +\infty \} ) means that W (0) =\infty and W (z)\rightarrow +\infty if z\rightarrow 0
as prescribed by (2.7b).

We will denote by Am : Hm(\Omega ) \rightarrow Hm(\Omega )\ast the operator associated with the
bilinear form am, namely

\langle Am(z),w\rangle H\mathrm{m}(\Omega ) := am(z,w) for every z, w \in Hm(\Omega ).

We recall that Hm(\Omega ) is a Hilbert space with the inner product

\langle z1, z2\rangle H\mathrm{m}(\Omega ) :=

\int 
\Omega 

z1z2dx+ am(z1, z2).

Since we assume that m> n
2 , we have the compact embedding Hm(\Omega )\Subset C(\Omega ).

Hypothesis 4 (plastic dissipation). The plastic dissipation density H : [0,+\infty )\times 
\BbbM n\times n

D \rightarrow [0,+\infty ) is continuous and enjoys the following properties:
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7948 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

\pi \mapsto \rightarrow H(z,\pi ) is convex and 1-positively homogeneous for all z \in [0,1] ,

(2.8a)

0\leq H(z2, \pi ) - H(z1, \pi ) for all 0\leq z1 \leq z2 and all \pi \in \BbbM n\times n
D with | \pi | = 1 ,

(2.8b)

\exists CK > 0 \forall z1, z2 \in [0,+\infty ) \forall \pi \in \BbbM n\times n
D | H(z2, \pi ) - H(z1, \pi )| \leq CK | \pi | | z2  - z1| ,

(2.8c)

\exists \=r, \=R> 0 \forall (z,\pi )\in [0,+\infty )\times \BbbM n\times n
D : \=r| \pi | \leq H(z,\pi )\leq \=R| \pi | .

(2.8d)

Remark 2.3 (constraint sets). We point out that a damage-dependent plastic
dissipation density fulfilling (2.8) can be obtained as support function H(z,\pi ) :=
sup\sigma \in K(z) \sigma :\pi associated with a family (K(z))z\in [0,+\infty ) of closed and convex constraint

sets in \BbbM n\times n
D fulfilling

\exists CK > 0 \forall z1, z2 \in [0,+\infty ) : dH (K(z1),K(z2))\leq CK | z1  - z2| ,
\exists 0< \=r <R \forall 0\leq z1 \leq z2 : B\=r(0)\subset K(z1)\subset K(z2)\subset BR(0),

with dH the Hausdorff distance.
In fact, any dissipation density as in (2.8) arises from a family of constraint sets

with the above properties: it suffices to set K(z) := \partial \pi H(z,0), with \partial \pi H : \BbbM n\times n
D \rightrightarrows 

\BbbM n\times n
D the subdifferential of H w.r.t. its second variable.

Hypothesis 5 (forces and data). We consider initial data

u0 \in H1
Dir(\Omega ;\BbbR 

n),

z0 \in Hm(\Omega ) with W (z0)\in L1(\Omega ) and z0 \leq 1 in \Omega ,

p0 \in L2(\Omega ;\BbbM n\times n
D ).

(2.9)

We require that the volume force f and the assigned traction g fulfill

f \in H1(0, T ;Ln(\Omega ;\BbbR n)), g \in H1(0, T ;L\infty (\Gamma Neu;\BbbR n)).(2.10a)

Furthermore, as is customary for perfect plasticity, we shall impose a uniform safe
load condition, namely that there exists

\rho \in H1(0, T ;L2(\Omega ;\BbbM n\times n
sym )) with \rho D \in H1(0, T ;L\infty (\Omega ;\BbbM n\times n

D ))(2.10b)

and there exists \alpha > 0 such that for every t\in [0, T ] (recall (2.3))

 - div\varrho (t) = f(t) a.e. on \Omega , [\varrho (t)n] = g(t) on \Gamma Neu,(2.10c)

\rho D(t, x) + \xi \in K for a.a. x\in \Omega and for every \xi \in \BbbM n\times n
sym s.t. | \xi | \leq \alpha .(2.10d)

As for the time-dependent Dirichlet boundary condition w, we assume that

w \in H1(0, T ;H1(\BbbR n;\BbbR n)).(2.10e)

By the properties of W , the requirement W (z0) \in L1(\Omega ) already encodes the
condition z0 \geq 0 in \Omega . The body and surface forces f and g define the total load
function

F : [0, T ]\rightarrow BD(\Omega )\ast , \langle F (t), v\rangle BD(\Omega ) := \langle f(t), v\rangle Ln/(n - 1)(\Omega ;\BbbR n) + \langle g(t), v\rangle L1(\Gamma \mathrm{N}\mathrm{e}\mathrm{u};\BbbR n)
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7949

for all v \in BD(\Omega ). Observe that combining (2.10a) with (2.10b)--(2.10d) yields

F \in H1(0, T ;BD(\Omega )\ast ) and  - Div\varrho (t) = F (t) for all t\in [0, T ].(2.11)

In order to shorten the discussion, in sections 4, 5, and 6 we carry out the analysis
in the case f = 0, g = 0, so that the only external loading will be given by w from
(2.10e). However, all of our results also hold with non-null volume and surface forces
satisfying assumptions (2.10). An extended version of the proofs with volume and
surface forces is available in the preprint version of this paper [CLRpre].

2.2. Energetics for the viscous system. The damage dissipation density R :
\BbbR \rightarrow [0,+\infty ] from (1.2d) induces the dissipation potential

\scrR :L1(\Omega )\rightarrow [0,+\infty ], \scrR (\eta ) :=

\int 
\Omega 

R(\eta (x))dx.(2.12)

We will work with the subdifferential of the restriction of \scrR to Hm(\Omega ), namely with
the operator \partial H\mathrm{m}\scrR :Hm(\Omega )\rightrightarrows Hm(\Omega )\ast defined by

\zeta \in \partial H\mathrm{m}\scrR (\eta ) if and only if \scrR (\omega ) - \scrR (\eta )\geq \langle \zeta ,\omega  - \eta \rangle H\mathrm{m}(\Omega ) for all \omega \in Hm(\Omega ) .

In what follows, we will simply denote the above subdifferential by \partial \scrR . The viscous
system will also feature the viscously perturbed dissipation potential

\scrR \varepsilon :L
1(\Omega )\rightarrow [0,+\infty ], \scrR \varepsilon (\eta ) :=\scrR (\eta ) +

\varepsilon 

2
\| \eta \| 2L2(\Omega ) ,(2.13)

and \partial \scrR \varepsilon : Hm(\Omega ) \rightrightarrows Hm(\Omega )\ast will denote its subdifferential in the duality pairing
\langle \cdot , \cdot \rangle H\mathrm{m}(\Omega ).

The plastic dissipation potential \scrH : C0(\Omega ; [0,+\infty ))\times L1(\Omega ;\BbbM n\times n
D )\rightarrow \BbbR is defined

by

\scrH (z,\pi ) :=

\int 
\Omega 

H(z(x), \pi (x))dx .(2.14)

Its convex analysis subdifferential w.r.t. the second variable is the operator

\partial \pi \scrH : C0(\Omega ; [0,+\infty ))\times L1(\Omega ;\BbbM n\times n
D )\rightrightarrows L\infty (\Omega ;\BbbM n\times n

D ) defined by

\omega \in \partial \pi \scrH (z,\pi ) if and only if \omega (x)\in \partial \pi H(z(x), \pi (x)) for a.a.x\in \Omega .
(2.15)

Recall that the dissipation potential density H is associated with a family
(K(z))z\in [0,+\infty ) of convex subsets of \Omega ; cf. Remark 2.3. Then, for a given z \in C0(\Omega ),
we set

\scrK z(\Omega ) = \{ \omega \in L1(\Omega ;\BbbM n\times n
D ) : \omega (x)\in K(z(x)) for a.a.x\in \Omega \} 

= \{ \omega \in L1(\Omega ;\BbbM n\times n
D ) : \omega (x)\in \partial \pi H(z(x),0) for a.a.x\in \Omega \} = \partial \pi \scrH (z,0),

(2.16)

and observe that \scrH (z, \cdot ) is the support function of the set \scrK z(\Omega ), namely

\scrH (z,\pi ) = sup
\omega \in \scrK z(\Omega )

\int 
\Omega 

\omega (x) : \pi (x)dx for all \pi \in L1(\Omega ;\BbbM n\times n
D ) .(2.17)

We will also work with the viscously perturbed potential

\scrH \varepsilon : C
0(\Omega ; [0,+\infty ))\times L2(\Omega ;\BbbM n\times n

D )\rightarrow [0,+\infty ), \scrH \varepsilon (z,\pi ) :=\scrH (z,\pi ) +
\varepsilon 

2
\| \pi \| 2L2(\Omega ) .

(2.18)
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7950 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

We introduce the stored elastic energy \scrQ :L2(\Omega ;\BbbM n\times n
sym )\times C0(\Omega )\rightarrow \BbbR :

\scrQ (e, z) :=
1

2

\int 
\Omega 

C(z)e:edx .(2.19)

The energy functional driving the evolution of the viscous system is

\scrE : [0, T ]\times H1
Dir(\Omega ;\BbbR 

n)\times Hm(\Omega )\times L2(\Omega ;\BbbM n\times n
sym )\rightarrow ( - \infty ,+\infty ] defined by

\scrE (t, u, z, p) :=\scrQ (e(t), z) +\Phi (z) - \langle F (t), u+w(t)\rangle H1(\Omega ;\BbbR n)

with e(t) := E(u+w(t)) - p , \Phi (z) :=
1

2
am(z, z) +

\int 
\Omega 

W (z)dx .

(2.20)

In (2.20) we have incorporated the boundary loading w in the elastic energy and in
the term with the external force F . This reflects the fact that we will indeed impose
the Dirichlet condition for the displacements on \Gamma Dir (cf. (1.2f), by working with a
state variable in H1

Dir(\Omega ;\BbbR 
n), so that u + w in fact satisfies the desired boundary

condition. The new variable u+w will thus feature in the driving energy functional
and in the statement of our existence theorem for the viscous system; cf. Theorem 2.4
ahead.

2.3. Existence and a priori estimates for the viscous problem. The state
space for the viscous system is

Q :=H1
Dir(\Omega ;\BbbR 

n)\times Hm(\Omega )\times L2(\Omega ;\BbbM n\times n
sym ) .

It was proved in [CR21, Lemma 3.3] that for every t \in [0, T ] the functional q :=
(u, z, p) \mapsto \rightarrow \scrE (t, q) is Fr\'echet differentiable on its domain [0, T ]\times D , with

D =

\biggl\{ 
(u, z, p)\in Q : min

x\in \Omega 
z(x)> 0 in \Omega 

\biggr\} 
.

It also follows from Hypothesis 5 that for all t \in [0, T ] the function q \mapsto \rightarrow \scrE (t, q) is
Fr\'echet-differentiable on D , with

Dq\scrE (t, q) =
\biggl( 
 - Div\sigma (t) - F (t),Amz +W \prime (z) +

1

2
C\prime (z)e(t):e(t), - \sigma D(t)

\biggr) 
\in Q\ast 

(2.21a)

for all (t, q) \in [0, T ] \times Q, where \sigma D(t) is the deviatoric part of the stress tensor
\sigma (t) = C(z)e(t). Furthermore, for all q \in H1

Dir(\Omega ;\BbbR 
n) \times Hm(\Omega ) \times L2(\Omega ;\BbbM n\times n

sym ) the
function t \mapsto \rightarrow \scrE (t, q) belongs to H1(0, T ), with

\partial t\scrE (t, q) =
\int 
\Omega 

\sigma (t) : E(w\prime (t))dx - \langle F \prime (t), u+w(t)\rangle H1(\Omega )  - \langle F (t),w\prime (t)\rangle H1(\Omega )(2.21b)

for a.a. t \in (0, T ). Relying on this, it is easy to check that system (1.3) reformulates
as the generalized gradient system

\partial q\prime \Psi \varepsilon (q(t), q
\prime (t)) +Dq\scrE (t, q(t))\ni 0 in Q\ast for a.a. t\in (0, T ),(2.22)

involving the overall dissipation potential (degenerate w.r.t. the variable u)

\Psi \varepsilon :Q\times Q\rightarrow [0,+\infty ], \Psi \varepsilon (q, q
\prime ) :=\scrR \varepsilon (z

\prime ) +\scrH \varepsilon (z, p
\prime ) .
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7951

A by now standard argument (cf., e.g., [AGS08, MRS13]) based on the validity of the
chain rule for the driving energy \scrE shows that a curve q = (u, z, p) \in H1(0, T ;Q) is a
solution to the generalized gradient system (2.22) if and only if it satisfies for every
[s, t]\subset [0, T ] the energy-dissipation balance

\scrE (t, q(t)) +
\int t

s

(\Psi \varepsilon (q(r), q
\prime (r)) +\Psi \ast 

\varepsilon (q(r), - Dq\scrE (r, q(r)))) dr

= \scrE (0, q(0)) +
\int t

0

\partial t\scrE (r, q(r))dr.
(2.23)

Indeed, (2.23) features the Fenchel--Moreau conjugate \Psi \ast 
\varepsilon :Q

\ast \rightarrow [0,+\infty ) of \Psi \varepsilon , which
is defined, for \xi = (\eta , \zeta ,\omega )\in Q\ast =H1

Dir(\Omega ;\BbbR 
n)\ast \times Hm(\Omega )\ast \times L2(\Omega ;\BbbM n\times n

sym ), by

\Psi \ast 
\varepsilon (q, \xi ) =\scrR \ast 

\varepsilon (\zeta ) +\scrH \ast 
\varepsilon (z,\omega ) with\left\{       

\scrR \ast 
\varepsilon (\zeta ) =

1

2\varepsilon 
inf

\gamma \in \partial \scrR (0)
fL2(\zeta  - \gamma )2 , \zeta \in Hm(\Omega )\ast ,

\scrH \ast 
\varepsilon (z,\omega ) =

1

2\varepsilon 
min

\rho \in \partial \pi \scrH (z,0)
\| \omega  - \rho \| 2L2(\Omega ) , \omega \in L2(\Omega ;\BbbM n\times n

sym ),

(2.24)

where

fL2 :Hm(\Omega )\ast \rightarrow [0,+\infty ] is given by fL2(\eta ) =

\Biggl\{ 
\| \eta \| L2(\Omega ) if \eta \in L2(\Omega ),

+\infty otherwise.

Now it can be easily checked that if \scrR \ast 
\varepsilon (\zeta ) < +\infty , then the inf in its definition is

indeed attained and thus \scrR \ast 
\varepsilon (\zeta ) =

1
2\varepsilon min\gamma \in \partial \scrR (0) \| \zeta  - \gamma \| 2L2(\Omega ). In what follows, we

will use the short-hand notation

dz(t, q) :=

\Biggl\{ 
min\gamma \in \partial \scrR (0) fL2( - Dz\scrE (t, q) - \gamma ) if inf\gamma \in \partial \scrR (0) fL2( - Dz\scrE (t, q) - \gamma )<+\infty ,

+\infty otherwise,

dp(t, q) := min
\rho \in \partial \pi \scrH (z,0)

\|  - Dp\scrE (t, q) - \rho \| L2(\Omega ) .

(2.25)

Clearly, the notation (2.25) hints at the fact that both objects are in fact the distances
of  - Dz\scrE and  - Dp\scrE (for  - Dz\scrE , one in fact has to consider the extended distance) from
the respective stable sets \partial \scrR (0) \subset Hm(\Omega )\ast and \partial \pi \scrH (z,0) = \scrK z(\Omega ) (the latter is in
fact a subset of L\infty (\Omega ;\BbbM n\times n

sym )).
Slightly adapting the arguments from [CR21, Theorem 5.1], we prove that the

viscous system (1.3) admits a solution additionally satisfying the energy-dissipation
balance (2.28) below.

Theorem 2.4. Assume Hypotheses 1--5. Then there exists a triple q = (u, z, p),
with

u\in H1
Dir(0, T ;H

1(\Omega ;\BbbR n)) ,
z \in H1(0, T ;Hm(\Omega )) , 0\leq z(t, x)\leq 1 for every (t, x)\in [0, T ]\times \Omega ,

p\in H1(0, T ;L2(\Omega ;\BbbM n\times n
D )) ,

(2.26)

such that (u+w,z, p) satisfies for almost all t\in (0, T ) system (1.3) in the sense that

 - Div
\bigl( 
C(z(t))e(t)

\bigr) 
= F (t) in H1

Dir(\Omega ;\BbbR 
n)\ast ,(2.27a)
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7952 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

with e(t) = E(u(t) +w(t)) - p(t),

\partial \scrR \varepsilon (z
\prime (t)) +Am(z(t)) +W \prime (z(t))\ni  - 1

2
C\prime (z)e(t) : e(t) in Hm(\Omega )\ast ,(2.27b)

\partial pH(z(t), p\prime (t)) + \varepsilon p\prime (t)\ni \sigma D(t) a.e. in \Omega ,(2.27c)

joint with the initial conditions

u(0) = u0 in H1
Dir(\Omega ;\BbbR 

n) , z(0) = z0 in Hm(\Omega ) , p(0) = p0 in L2(\Omega ) .

(2.27d)

In fact, (2.27a) holds at all t\in [0, T ]. Furthermore, the curve q= (u, z, p) satisfies the
energy-dissipation balance for every t\in [0, T ]:

\scrE (t, q(t)) +
\int t

0

(\scrR (z\prime (r)) +\scrH (z(r), p\prime (r))) dr+

\int t

0

\Bigl( \varepsilon 
2
\| z\prime (r)\| 2L2(\Omega ) +

\varepsilon 

2
\| p\prime (r)\| 2L2(\Omega )

\Bigr) 
dr

(2.28)

+

\int t

0

\biggl( 
1

2\varepsilon 
d2z (r, q(r)) +

1

2\varepsilon 
d2p(r, q(r))

\biggr) 
dr= \scrE (0, q(0)) +

\int t

0

\partial t\scrE (r, q(r))dr .

Sketch of the proof. As mentioned earlier, the proof of Theorem 2.4 basically
relies on the same arguments devised for [CR21, Theorem 5.1]. Indeed, the main
difference between system (1.3) and the viscous regularization of (1.2) addressed in
[CR21] resides in the fact that, here, no viscosity regularization is considered for
the momentum balance. It is then worthwhile to comment the temporal regularity
u\in H1(0, T ;H1(\Omega ;\BbbR n)). Formally, it can be justified by testing (2.27a) by u\prime , (2.27b)
by z\prime , and (2.27c) by p\prime . Rigorously, the existence of solutions to (2.27) can be
shown by time discretization as in [CR21]; the abovementioned estimate can then be
performed on the discrete system.

Now let (q\varepsilon )\varepsilon = (u\varepsilon , z\varepsilon , p\varepsilon )\varepsilon \subset H1(0, T ;Q) be a family of solutions to the Cauchy
problem (2.27). The following result collects the bounds that they enjoy uniformly
w.r.t. the parameter \varepsilon . Such estimates are a direct consequence of the energy-
dissipation balance (cf., e.g., the arguments in [CR21, Proposition 4.3]). In particular,
the strict positivity property (2.33) below derives from the energy estimate (2.29) via
the growth condition (2.7b) on the potential W ; cf. [CL16, Lemma 3.3].

Proposition 2.5. There exists a constant \widetilde S > 0 such that for every \varepsilon > 0

sup
t\in [0,T ]

| \scrE (t, q\varepsilon (t))| \leq \widetilde S ,(2.29) \int T

0

\| z\prime \varepsilon (t)\| L1 dt=
1

\kappa 

\int T

0

\scrR (z\prime (t))dt\leq \widetilde S ,(2.30) \int T

0

\| p\prime \varepsilon (t)\| L1dt\leq 1

r

\int T

0

\scrH (z\varepsilon (t), p
\prime 
\varepsilon (t))dt\leq \widetilde S ,(2.31) \int T

0

\sqrt{} 
\| z\prime \varepsilon (t)\| 2L2 + \| p\prime \varepsilon (t)\| 2L2

\sqrt{} 
d2z (t, q\varepsilon (t)) + d2p(t, q\varepsilon (t))dt\leq \widetilde S .(2.32)

Moreover,

\exists m0 > 0 \forall \varepsilon > 0 \forall t\in [0, T ] : min
x\in \Omega 

z\varepsilon (t, x)\geq m0 .(2.33)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.D
ow

nl
oa

de
d 

12
/1

3/
24

 to
 2

17
.2

01
.2

27
.1

66
 b

y 
G

iu
lia

no
 L

az
za

ro
ni

 (
gi

ul
ia

no
.la

zz
ar

on
i@

un
if

i.i
t)

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7953

3. Vanishing-viscosity analysis and main result.

3.1. Reparameterization. Let (q\varepsilon )\varepsilon be a family of solutions to the Cauchy
problem (2.27). Relying on Proposition 2.5, we are going to reparameterize them by
the energy-dissipation arclength \widetilde s\varepsilon : [0, T ]\rightarrow [0, \widetilde S\varepsilon ] (with \widetilde S\varepsilon := \widetilde s\varepsilon (T )) defined by

\widetilde s\varepsilon (t) := \int t

0

\Bigl( 
1 + \| z\prime \varepsilon (\tau )\| L1 + \| p\prime \varepsilon (\tau )\| L1

+
\sqrt{} 

\| z\prime \varepsilon (\tau )\| 2L2 + \| p\prime \varepsilon (\tau )\| 2L2

\sqrt{} 
d2z (, \tau )q\varepsilon (\tau ) + d2p(, \tau )q\varepsilon (\tau )

\Bigr) 
d\tau .

(3.1a)

``Energy-dissipation"" refers to the interplay between the dissipation term\sqrt{} 
\| z\prime \| 2L2 + \| p\prime \| 2L2 and the term

\sqrt{} 
d2z + d2p, which contains the forces  - Dz\scrE and  - Dp\scrE .

From the estimates of Proposition 2.5 it follows that sup\varepsilon \widetilde S\varepsilon \leq C. We set

t\varepsilon := (\widetilde s\varepsilon ) - 1, q\varepsilon := q\varepsilon \circ t\varepsilon = (u\varepsilon , z\varepsilon ,p\varepsilon ) , e\varepsilon := e\varepsilon \circ t\varepsilon , \sigma \varepsilon := \sigma \varepsilon \circ t\varepsilon ,
(3.1b)

which we may assume to be defined on a fixed interval [0, S], with S := lim\varepsilon \downarrow 0 \widetilde S\varepsilon (the
limit is taken along a suitable subsequence).

The rescaled solutions (t\varepsilon ,q\varepsilon ) : [0, S] \rightarrow [0, T ] \times Q satisfy the normalization
condition

t\prime \varepsilon (s) + \| z\prime \varepsilon (s)\| L1(\Omega ) + \| p\prime \varepsilon (s)\| L1(\Omega ;\BbbM n\times n
\mathrm{D} ) +

\sqrt{} 
\| z\prime \varepsilon (s)\| 2L2 + \| p\prime \varepsilon (s)\| 2L2

\times 
\sqrt{} 

d2z (, t\varepsilon (s))q\varepsilon (s) + d2p(, t\varepsilon (s))q\varepsilon (s)\equiv 1 for a.e. s\in (0, S) ,
(3.2)

and the reparameterized energy-dissipation balance for every s\in [0, S]

\scrE (t\varepsilon (s),q\varepsilon (s)) +
\int s

0

\scrM \varepsilon (t\varepsilon (r),q\varepsilon (r), t
\prime 
\varepsilon (r),q

\prime 
\varepsilon (r))dr

= \scrE (t\varepsilon (0),q\varepsilon (0)) +
\int s

0

\partial t\scrE (t\varepsilon (r),q\varepsilon (r))t\prime \varepsilon (r)dr ,
(3.3)

with the functional \scrM \varepsilon : [0, T ]\times Q\times (0,+\infty )\times Q\rightarrow [0,+\infty ] defined by

\scrM \varepsilon (t, q, t
\prime , q\prime ) :=\scrR (z\prime ) +\scrH (z, p\prime ) + I\{ 0\} (\|  - Du\scrE (t, q)\| (H1

\mathrm{D}\mathrm{i}\mathrm{r})
\ast )

+
\varepsilon 

2t\prime 

\sqrt{} 
\| z\prime \| 2L2 + \| p\prime \| 2L2 +

t\prime 

2\varepsilon 

\sqrt{} 
d2z (t, q) + d2p(t, q) ,

(3.4)

where I\{ 0\} : \BbbR \rightarrow [0,+\infty ] is the indicator function of the singleton \{ 0\} , defined by
I\{ 0\} (r) = 0 if r= 0, and I\{ 0\} (r) =+\infty otherwise.

Remark 3.1 (on the structure of \scrM \varepsilon ). Recall that Du\scrE (t, q) =  - Div\sigma (t) - F (t)
(cf. (2.21a)). Thus, the contribution I\{ 0\} (\|  - Du\scrE (t, q)\| (H1

\mathrm{D}\mathrm{i}\mathrm{r})
\ast ) encodes the fact

that, for curves (t,q) along which
\int S
0
\scrM \varepsilon (t\varepsilon ,q\varepsilon , t

\prime 
\varepsilon ,q

\prime 
\varepsilon ) dr < +\infty , the elastic equi-

librium equation (2.27a) holds almost everywhere in (0, S). In turn, the terms
\varepsilon 
2t\prime 

\sqrt{} 
\| z\prime \| 2L2 + \| p\prime \| 2L2 and t\prime 

2\varepsilon 

\sqrt{} 
d2z (t, q) + d2p(t, q) convey the competition between the

tendency of the system to be governed by viscous dissipation and that to relax towards
the state characterized by

dz(t, q) = dp(t, q) = 0, and the elastic equilibrium \|  - Du\scrE (t, q)\| (H1
\mathrm{D}\mathrm{i}\mathrm{r})

\ast = 0.(3.5)
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7954 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

Now in [CR21, Lemma 7.4, Remark 7.5] we have shown that conditions (3.5) occur in
the rate-independent regime, when the displacement variable u is at elastic equilibrium
and one has local stability for the damage parameter z and the plastic strain p.

Based on [MRS16b, MR23, CR21, CLR23], we expect that, up to a subsequence,
the curves (t\varepsilon ,q\varepsilon )\varepsilon converge to a curve (t,q) satisfying an energy-dissipation balance
akin to (3.3) and involving a vanishing-viscosity contact potential \scrM 0, which will be
properly introduced (cf. (3.20) ahead) after some preliminary definitions.

3.2. Preliminary definitions and energetics for the perfectly plastic
damage system. First of all, let us introduce the state space for the perfectly plastic
damage system

QPP :=
\bigl\{ 
q= (u, z, p)\in BD(\Omega )\times Hm(\Omega )\times \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n

D ) :

e := E(u) - p\in L2(\Omega ;\BbbM n\times n
sym ), u\odot n\scrH n - 1 + p= 0 on \Gamma Dir

\bigr\} 
,

(3.6)

where the condition u\odot n\scrH n - 1 + p = 0 on \Gamma Dir is a relaxation of the homogeneous
Dirichlet condition u = 0 on \Gamma Dir. We will consider QPP endowed with the weak\ast 

topology of BD(\Omega )\ast \times Hm(\Omega )\times \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n
D )

\ast 
.

The driving energy functional for the perfectly plastic system. The
energy functional is the extension of \scrE from (2.20) to the space [0, T ] \times QPP. To
emphasize the change in the topological setup, we will use a different notation for the
extended energy. Thus, we define the functional \scrE PP : [0, T ]\times QPP \rightarrow ( - \infty ,+\infty ]

\scrE PP(t, q) :=\scrQ (z, e(t)) +\Phi (z) - \langle F (t), u+w(t)\rangle BD(\Omega )(3.7)

with \Phi from (2.20). Since for every q \in QPP we have that E(u) - p \in L2(\Omega ;\BbbM n\times n
sym ),

we have e(t) := E(u + w(t))  - p \in L2(\Omega ;\BbbM n\times n
sym ) for every t \in [0, T ]; also taking into

account that F \in H1(0, T ;BD(\Omega )\ast ), we find that \scrE PP is well defined, with domain
dom(\scrE PP) = [0, T ]\times DPP, where

DPP =

\biggl\{ 
(u, z, p)\in QPP : min

x\in \Omega 
z(x)> 0 in \Omega 

\biggr\} 
.

Observe that for every q \in DPP the function t \mapsto \rightarrow \scrE PP(t, \cdot ) is in H1(0, T ) and for every
(t, q) \in [0, T ] \times QPP the partial time derivative \partial t\scrE PP(t, q) is given by (2.21a), with
the duality pairings in H1(\Omega ;\BbbR n) replaced by \langle \cdot , \cdot \rangle BD(\Omega ).

The stress-strain duality. More in general, along the footsteps of [DMDM06]
we introduce the class of admissible displacements and strains associated with a func-
tion w \in H1(\BbbR n;\BbbR n), that is,

A(w) := \{ (u, e, p)\in BD(\Omega )\times L2(\Omega ;\BbbM n\times n
sym )\times \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n

D ) :

E(v) = e+ p in \Omega , p= (w - v)\odot n\scrH n - 1 on \Gamma Dir\} 

(recall that n denotes the normal vector to \partial \Omega ), where \odot is the symmetrized tensorial
product. The space of admissible plastic strains is

\Pi (\Omega ) := \{ p\in \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n
D ) :\exists (v,w, e)\in BD(\Omega )\times H1(\BbbR n;\BbbR n)\times L2(\Omega ;\BbbM n\times n

sym )

s.t. (v, e, p)\in A(w)\} .
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7955

Given \sigma \in \Sigma (\Omega ) (cf. (2.4)), p\in \Pi (\Omega ), and v, e such that (u, e, p)\in A(w), we define the
stress-strain duality

\langle [\sigma D : p],\varphi \rangle := - 
\int 
\Omega 

\varphi \sigma \cdot (e - E(w))dx - 
\int 
\Omega 

\sigma \cdot [(v - w)\odot \nabla \varphi ] dx

 - 
\int 
\Omega 

\varphi (div\sigma ) \cdot (v - w)dx

(3.8)

for every \varphi \in C\infty 
c (\BbbR n); in fact, this definition is independent of v and e. It can be

checked that, for every \sigma \in \Sigma (\Omega ) and p \in \Pi (\Omega ), the duality [\sigma D:p] defines a bounded
Radon measure. Under these assumptions, \sigma \in Lr(\Omega ;\BbbM n\times n

sym ) for every r < \infty , and
there holds \| [\sigma D:p]\| 1 \leq \| \sigma D\| L\infty \| p\| L1 . Restricting such a measure to \Omega \cup \Gamma Dir, we set

\langle \sigma D | p\rangle := [\sigma D:p](\Omega \cup \Gamma Dir).(3.9)

For later use, we record here the integration by parts formula (see [FG12] for an
equivalent version)

\langle \sigma D | p\rangle = - \langle \sigma , e - E(w)\rangle L2(\Omega ;\BbbM n\times n
\mathrm{s}\mathrm{y}\mathrm{m} ) + \langle  - Div\sigma , v - w\rangle BD(\Omega )(3.10)

for all \sigma \in \Sigma (\Omega ), (v, e, p)\in A(w).

The dissipation potential for perfect plasticity. Let us emphasize that q \in 
QPP means that the plastic variable p is now only a measure in \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n

D ).
That is why the plastic dissipation mechanism for the rate-independent damage
system will be encoded by a dissipation potential that extends \scrH (p, \cdot ) to \scrM b(\Omega \cup 
\partial D\Omega ;\BbbM n\times n

D ) via the theory of convex functions of measures [GS64]; see also [Tem83].
Namely, we define \scrH PP : C0(\Omega ; [0,1])\times \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n

D )\rightarrow \BbbR :

\scrH PP(z,\pi ) :=

\int 
\Omega \cup \Gamma \mathrm{D}\mathrm{i}\mathrm{r}

H

\biggl( 
z(x),

d\pi 

d\mu 
(x)

\biggr) 
d\mu (x),

where \mu \in \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n
D ) is a positive measure such that \pi \ll \mu and d\pi 

d\mu is
the Radon--Nikodym derivative of \pi with respect to \mu ; by the one-homogeneity of
H(z(x), \cdot ), the definition of \scrH PP does not depend of \mu . By [AFP05, Proposition 2.37],
for every z \in C0(\Omega ; [0,1]) the functional p \mapsto \rightarrow \scrH PP(z, p) is convex and positively one-
homogeneous. Moreover, for all (zk)k \subset C0(\Omega ; [0,1]) and (\pi k)k \subset \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n

D )
such that zk \rightarrow z in C0(\Omega ) and \pi k\rightharpoonup \pi weakly\ast in \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n

D ) we have that

\scrH PP(z,\pi )\leq lim inf
k\rightarrow +\infty 

\scrH PP(zk, \pi k).

Finally, from [FG12, Proposition 3.9] it follows that

H

\biggl( 
z,

dp

d| p| 

\biggr) 
| p| \geq [\sigma D : p], as measures on \Omega \cup \Gamma Dir, for all \sigma \in \Sigma Kz(\Omega ),(3.11)

where we use the notation

\Sigma Kz(\Omega ) := \{ \sigma \in \Sigma (\Omega ) : \sigma D \in \scrK z(\Omega )\} .(3.12)

In particular, we have

\scrH PP(z, p)\geq sup
\sigma \in \Sigma Kz(\Omega )

\langle \sigma D | p\rangle for every p\in \Pi (\Omega ),(3.13)

to be compared with (2.17).
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7956 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

Slopes. We can no longer state that, for every fixed t \in [0, T ], the functional
\scrE PP(t, \cdot ) is G\^ateaux-differentiable on DPP, since the ``natural candidate"" for Du\scrE PP,
namely the term  - Div\sigma (t) - F (t), need not be an element in BD(\Omega )\ast . In order to
define \scrM 0, we will thus need a proxy for the slope term \|  - Du\scrE \| (H1)\ast which features
in (3.4). That is why we define the slope of \scrE PP(t, \cdot ) via

\BbbS u(t, q) := \|  - Div\sigma (t) - F (t)\| (H1(\Omega ;\BbbR n))\ast for (t, q)\in [0, T ]\times DPP .(3.14)

Observe that the above object is well defined, since for every (t, q) \in [0, T ]\times DPP we
in fact have  - Div\sigma (t) - F (t)\in H1(\Omega ;\BbbR n)\ast .

Analogously, we will need to introduce a proxy for the distance term dp(t, q) from
(2.25), since Dp\scrE PP(t, q) is no longer well defined as an element of \scrM b(\Omega \cup \partial D\Omega ;
\BbbM n\times n

D )\ast . As a surrogate, it is natural to resort to the L2(\Omega ;\BbbM n\times n
D )-distance of  - \sigma D

from \scrK z(\Omega ). Namely, we set

\BbbD p(t, q) := distL2(\Omega )( - \sigma D,\scrK z(\Omega )) .(3.15)

Finally, for notational consistency, hereafter we will use the notation

\BbbD z(t, q) := min
\gamma \in \partial \scrR (0)

fL2( - Dz\scrE PP(t, q) - \gamma )(3.16)

in place of dz(t, q). Note that, whenever Dz\scrE PP(t, q) /\in L2(\Omega ), we have that \BbbD z(t, q) =
+\infty .

Later, we will resort to the following representations of \BbbD p and \BbbD z.

Lemma 3.2. There holds for every (t, q)\in [0, T ]\times DPP

\BbbD p(t, q) = sup
\eta p\in L2(\Omega ;\BbbM n\times n

\mathrm{D} )
\| \eta p\| L2\leq 1

\Bigl( 
\langle \sigma D(t), \eta p\rangle L2(\Omega ;\BbbM n\times n

\mathrm{D} )  - \scrH (z, \eta p)
\Bigr) 
,

(3.17a)

\BbbD z(t, q) = sup
\eta z\in H\mathrm{m}(\Omega )
\| \eta z\| L2\leq 1

\biggl( 
\langle  - Amz  - W \prime (z) - 1

2
C\prime (z)e(t) : e(t), \eta z\rangle H\mathrm{m}(\Omega )  - \scrR (\eta z)

\biggr) 
.

(3.17b)

Formulae (3.17) follow from a duality argument already exploited in the proof of
[CR21, Lemma 3.6]; for the reader's convenience, we will revisit and generalize it in
Lemma A.3 ahead, which straightforwardly implies Lemma 3.2; see also Remark A.4.

We will also rely on the following lower semicontinuity result; cf. [CR21,
Proposition 7.7].

Lemma 3.3. Let (tk)k, t\subset [0, T ], and (qk)k \subset Q, q \in QPP, fulfill the following as
k\rightarrow \infty :

tk \rightarrow t, qk
\ast 
\rightharpoonup q in QPP ,

e(tk) = E(uk +w(tk)) - pk \rightarrow e(t) = E(u+w(t)) - p inL2(\Omega ;\BbbM n\times n
sym ).

Then \left\{         
\BbbS u(t, q)\leq lim inf

k\rightarrow \infty 
\|  - Du\scrE (tk, qk)\| (H1(\Omega ;\BbbR n))\ast ,

\BbbD z(t, q)\leq lim inf
k\rightarrow \infty 

dz(tk, qk) ,

\BbbD p(t, q)\leq lim inf
k\rightarrow \infty 

dp(tk, qk) .

(3.18)
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7957

The vanishing-viscosity contact potential. Preliminarily, we introduce the
place-holders\left\{   \scrD (q\prime ) :=

\sqrt{} 
\| z\prime \| 2L2 + \| p\prime \| 2L2

\scrD \ast (t, q) :=
\sqrt{} 

\BbbD 2
z (t, q) +\BbbD 2

p(t, q)
for (t, q)\in [0, T ]\times D .(3.19)

Now, whenever Dz\scrE PP(t, q) /\in L2(\Omega ), we have \BbbD z(t, q) =+\infty and hence \scrD \ast (t, q) =+\infty .
We are in a position to introduce the functional \scrM 0 : [0, T ]\times QPP \times [0, T ]\times QPP \rightarrow 
[0,+\infty ] by setting

\scrM 0(t, q, t
\prime , q\prime ) :=\scrR (z\prime ) +\scrH PP(z, p

\prime ) + I\{ 0\} (\BbbS u(t, q)) +\scrM red
0 (t, q, t\prime , q\prime ) ,(3.20a)

where the reduced contact potential \scrM red
0 is defined on [0, T ]\times QPP\times [0, T ]\times QPP by

\scrM red
0 (t, q, t\prime , q\prime ) := I\{ 0\} (\BbbD z(t, q)) + I\{ 0\} (\BbbD p(t, q)) if t\prime > 0 ,(3.20b)

while for t\prime = 0 special attention needs to be paid to the case in which \scrD \ast (t, q) =+\infty .
Indeed, along the footsteps of [MR23, Definition 5.1] we set

\scrM red
0 (t, q,0, q\prime ) :=

\left\{     
\scrD (q\prime )\scrD \ast (t, q) if \scrD \ast (t, q)<+\infty ,

0 if q\prime = 0 and (t, q)\in dom(\scrD \ast )
w
,

+\infty otherwise

if t\prime = 0 ,

(3.20c)

where dom(\scrD \ast )
w
is the weak closure of dom(\scrD \ast ) = \{ (t, q)\in [0, T ]\times D :\scrD \ast (t, q)<+\infty \} 

confined to energy sublevels, i.e.,

dom(\scrD \ast )
w
= \{ (t, q) : \exists (tk, qk)k \subset dom(\scrD \ast ) s.t. tk \rightarrow t, qk

\ast 
\rightharpoonup q,

sup
k

\scrE PP(tk, qk)<+\infty \} .

Remark 3.4 (on the structure of \scrM 0). We emphasize that the definition of \scrM 0

encodes the fact that, when t\prime > 0, in addition to the elastic equilibrium condition
\BbbS u(t, q) = 0 the local stability conditions \BbbD z(t, q) = 0 and \BbbD p(t, q) = 0 hold, which is
in accord with rate-independent evolution of the system (cf. Remark 3.1). Instead,
the contribution \scrD (q\prime )\scrD \ast (t, q) to \scrM 0(t, q,0, q

\prime ) encodes the fact that when the system
jumps (and the external time is frozen, i.e., t\prime = 0), the system may be governed by
viscosity in z and p.

We now introduce the concept of admissible parameterized curve, tailored to de-
scribing the properties of parameterized curves (t,q) : [0, S]\rightarrow [0, T ]\times QPP for which
the term \scrD (q\prime )\scrD \ast (t,q) is well defined on a specific subset A\circ \subset [0, S]. Moreover,
this notion also records the fact that, in the same way as for the rate-dependent sys-
tem (1.3), also for the rate-independent system (1.2) the boundary condition for the
displacements is weakly formulated in terms of the variable u+w.

Definition 3.5. A curve (t,q) = (t,u, z,p) : [0, S]\rightarrow [0, T ]\times QPP is an admissibile
parameterized curve for the perfectly plastic system if
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7958 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

t\in AC([0, S]; [0, T ]) is nondecreasing,(3.21a)

u\in L\infty \bigl( 0, S;BD(\Omega )) ,(3.21b)

z\in AC([0, T ];L1(\Omega )),(3.21c)

p\in AC([0, T ];\scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n
D )),(3.21d)

e=E(u+w) - p\in L\infty (0, S;L2(\Omega ;\BbbM n\times n
sym )) with w=w\circ t ,(3.21e)

(z,p)\in ACloc(A
\circ ;L2(\Omega )\times L2(\Omega ;\BbbM n\times n

D )) , where A\circ is the open set(3.21f)

A\circ := \{ s\in (0, S) :\scrD \ast (t(s),q(s))> 0\} ,
t is constant in every connected component of A\circ .(3.21g)

We will write (t,q)\in A ([0, S]; [0, T ]\times QPP).

In view of Remarks 3.1 and 3.4, hereafter we will refer to A\circ as the instability
set. In what follows, we will also use the notation

B\circ := [0, S] \setminus A\circ .(3.22)

3.3. Notion of BV solution and main result. Eventually, we are in a posi-
tion to specify the concept of BV solution to the perfectly plastic system that we will
obtain in the vanishing-viscosity limit.

Definition 3.6. An admissible parameterized curve (t,q) : [0, S]\rightarrow [0, T ]\times QPP is
a (parameterized) balanced viscosity (BV, for short) solution to the system for perfect
plasticity and damage (1.2) if (t,q) fulfills the energy-dissipation balance

\scrE PP(t(s),q(s)) +

\int s

0

\scrM 0(t(r),q(r), t
\prime (r),q\prime (r))dr

= \scrE PP(t(0),q(0)) +

\int s

0

\partial t\scrE PP(t(r),q(r)) t
\prime (r)dr

(3.23)

for all 0\leq s\leq S. Finally, we say that (t,q) is nondegenerate if it fulfills

t\prime + \| z\prime \| L2(\Omega ) + \| p\prime \| L1(\Omega ;\BbbM n\times n
\mathrm{D} ) > 0 a.e. in (0, S) .

Remark 3.7. Clearly, along an admissible parameterized curve the energy-
dissipation balance in integral form (3.23) is equivalent to the pointwise identity

\scrM 0(t(s),q(s), t
\prime (s),q\prime (s)) = - d

ds
\scrE PP(t(s),q(s)) + \partial t\scrE PP(t(s),q(s)) t

\prime (s)(3.24)

for almost all s \in (0, S). In [CL16, CLR23] (see also [MRS16b, MR23]), relation
(3.24), combined with the chain rule for \scrE , has been the starting point for deriving
an additional characterization of BV solutions in terms of a system of subdifferential
inclusions akin to the viscously regularized system.

However, in the present context the validity of such a chain rule along admissible
curves is an open problem, due to their poor spatial regularity. That is why we are not
in a position to provide further characterizations of BV solutions other than (3.24).

The first main result of this paper states the convergence of the reparameterized
viscous solutions to a BV solution. Recall that w=w\circ t.

Theorem 3.8. Under Hypotheses 1--5, let (\varepsilon k)k \subset (0,+\infty ) be a null sequence
and (q\varepsilon k)k \subset H1(0, T ;Q) be a sequence of solutions to the Cauchy problem (2.27). Let
t\varepsilon k : [0, S]\rightarrow [0, T ] be the time rescalings as in (3.1b), and consider the reparameterized
curves q\varepsilon k := q\varepsilon k\circ t\varepsilon k .
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7959

Then there exist a (not relabeled) subsequence and an admissible parameterized
curve (t,q)\in A ([0, S]; [0, T ]\times QPP), q= (u, z,p), such that the following convergences
hold as k\rightarrow \infty :

t\varepsilon k(s)\rightarrow t(s), q\varepsilon k(s)
\ast 
\rightharpoonup q(s) in QPP for all s\in [0, S],(3.25)

and (t,u+ w, z,p) is a BV solution to the perfectly plastic damage system (1.2) with
additional temporal regularity, namely t\in W 1,\infty (0, S; [0, T ]) and

the mapping

\left\{         
u : [0, S]\rightarrow BD(\Omega ) is weakly\ast continuous,

e : [0, S]\rightarrow L2(\Omega ;\BbbM n\times n
sym ) is weakly continuous,

z : [0, S]\rightarrow Hm(\Omega ) is weakly continuous,

p : [0, S]\rightarrow \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n
D ) is 1-Lipschitz continuous.

(3.26)

In particular, the pair (e, z) satisfies the elastic equilibrium equation everywhere on
[0, S], i.e.,

 - Div
\bigl( 
C(z(s))e(s)

\bigr) 
= F (t(s)) in BD(\Omega )\ast for all s\in [0, S] .(3.27)

Furthermore, on the instability set A\circ we have the additional regularity\left\{           
u\in C0(A\circ ;H1

Dir(\Omega ;\BbbR 
n)) ,

e\in C0(A\circ ;L2(\Omega ;\BbbM n\times n
sym )) ,

z\in W 1,\infty 
loc (A\circ ;L2(\Omega )) ,

p\in W 1,\infty 
loc (A\circ ;L2(\Omega ;\BbbM n\times n

D )) .

(3.28)

Finally, we have the following enhanced convergences for every s\in [0, S]:

\scrE (t\varepsilon k(s),q\varepsilon k(s)) - \rightarrow \scrE PP(t(s),q(s)),(3.29a) \int s

0

\scrM \varepsilon (t\varepsilon k(r),q\varepsilon k(r), t
\prime 
\varepsilon k
(r),q\prime \varepsilon k(r))dr - \rightarrow 

\int s

0

\scrM 0(t(r),q(r), t
\prime (r),q\prime (r))dr .(3.29b)

Outline of the proof. In section 4 we will settle all the compactness properties
of the sequence (q\varepsilon k)k and then, in Proposition 4.3 ahead, we will obtain the upper
energy-dissipation inequality

\scrE PP(t(s),q(s)) +

\int s

0

\scrM 0(t(r),q(r), t
\prime (r),q\prime (r))dr

\leq \scrE PP(t(0),q(0)) +

\int s

0

\partial t\scrE PP(t(r),q(r)) t
\prime (r)dr for all s\in [0, S]

(3.30)

via lower semicontinuity arguments. (By convention, we shall refer to (3.30) as an
``upper"" inequality, because there the energy at the current time, \scrE PP(t(s),q(s)), is
estimated from above by the energy at the initial time and by the work of the external
forces.) Sections 5 and 6 will be devoted to the proof of the lower energy-dissipation
inequality

\scrE PP(t(s),q(s)) +

\int s

0

\scrM 0(t(r),q(r), t
\prime (r),q\prime (r))dr

\geq \scrE PP(t(0),q(0)) +

\int s

0

\partial t\scrE PP(t(r),q(r)) t
\prime (r)dr for all s\in [0, S] ,

(3.31)
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7960 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

where the energy \scrE PP(t(s),q(s)) is estimated from below; cf. Proposition 6.1 ahead.
The enhanced convergences (3.29) are then a by-product of this limiting procedure,
combined with the validity of the energy-dissipation balance, via a standard argument
that we choose not to detail.

In order to keep the exposition simple, we will prove the results in the particular
case where the volume force f and the prescribed traction g are null, and the only
external loading is w from (2.10e). Nonetheless, all the results of this paper also hold
with volume and surface forces under assumptions (2.10). An extended version of the
proofs with volume and surface forces is available in the preprint version of this paper
[CLRpre].

4. Proof of Theorem 3.8: The upper energy-dissipation inequality. We
start by collecting all a priori bounds on the sequence (t\varepsilon k ,q\varepsilon k)k.

Lemma 4.1. There exists C > 0 such that for every k \in \BbbN 

\| t\varepsilon k\| W 1,\infty (0,S) + \| z\varepsilon k\| W 1,\infty (0,S;L1(\Omega )) + \| p\varepsilon k\| W 1,\infty (0,S;L1(\Omega ;\BbbM n\times n
\mathrm{D} )) \leq C,(4.1a)

sup
s\in (0,S)

\sqrt{} 
\| z\prime \varepsilon k(s)\| 

2
L2 + \| p\prime \varepsilon k(s)\| 

2
L2

\sqrt{} 
d2z (, t\varepsilon k(s))q\varepsilon k(s) + d2p(, t\varepsilon k(s))q\varepsilon k(s)\leq C,(4.1b)

\| u\varepsilon k\| L\infty (0,S;BD(\Omega )) + \| e\varepsilon k\| L\infty (0,S;L2(\BbbM n\times n
\mathrm{s}\mathrm{y}\mathrm{m} )) + \| z\varepsilon k\| L\infty (0,S;H\mathrm{m}(\Omega )) \leq C .(4.1c)

Proof. Estimates (4.1a) and (4.1b) obviously follow from the normalization con-
dition (3.2). Estimate (4.1c) ensues from (2.2), (2.6b), (2.29), and (2.33); for more
details we refer the reader to [CLRpre].

We can now settle compactness properties of the sequence (t\varepsilon k ,q\varepsilon k)k. Prior to
that, we recall that the convergence in the space C0([0, S];Xweak) is, by definition,
defined by the convergence of C0([0, S]; (X, dweak)), where the metric dweak induces
the weak topology on a closed bounded set of the reflexive space X; the notation
C0([0, S];Xweak\ast ) has the same meaning if X is the dual of a separable space.

Compactness. By (4.1) and by compactness results \`a la Ascoli and Arzel\`a in
metric spaces [AGS08, Proposition 3.3.1], arguing as in [DDS11, Theorem 4.6] we
obtain the following properties: There exist

t\in W 1,\infty (0, S) , z\in W 1,\infty (0, S;\scrM b(\Omega )) ,p\in W 1,\infty (0, S;\scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n
D ))

such that, up to subsequences, the following convergences hold as k\rightarrow \infty :

t\varepsilon k
\ast 
\rightharpoonup t in W 1,\infty (0, S) , t\varepsilon k \rightarrow t in C0([0, S]) ,(4.2a) \Biggl\{ 
z\varepsilon k

\ast 
\rightharpoonup z in W 1,\infty (0, S;\scrM b(\Omega )) ,

z\varepsilon k \rightarrow z in C0([0, S];Hm(\Omega )weak) ,

and thus z\varepsilon k(s)\rightharpoonup z(s) in Hm(\Omega ) for all s\in [0, S] ,

(4.2b)

\Biggl\{ 
p\varepsilon k

\ast 
\rightharpoonup p in W 1,\infty (0, S;\scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n

D )) ,

p\varepsilon k \rightarrow p in C0([0, S];\scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n
D )weak\ast ) ,

and thus p\varepsilon k(s)
\ast 
\rightharpoonup p(s) in \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n

D ) for every s\in [0, S].

(4.2c)

Additionally, z : [0, S] \rightarrow L1(\Omega ) and p : [0, S] \rightarrow \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n
D ) are 1-Lipschitz

continuous.
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7961

Further, there exist u\in L\infty (0, S;BD(\Omega )) and e\in L\infty (0, S;L2(\Omega ;\BbbM n\times n
sym )) such that

e = E(u + w\circ t)  - p, u\varepsilon k
\ast 
\rightharpoonup u \in L\infty (0, S;BD(\Omega )), e\varepsilon k

\ast 
\rightharpoonup e in L\infty (0, S;L2(\Omega ;\BbbM n\times n

sym )),
and \Biggl\{ 

e\varepsilon k(sk)\rightharpoonup e(s) in L2(\Omega ;\BbbM n\times n
sym )

u\varepsilon k(sk)
\ast 
\rightharpoonup u(s) in BD(\Omega )

for all s\in [0, S] and (sk)k s.t. sk \rightarrow s.(4.2d)

As a consequence, we may obtain the continuity properties (3.26) for e and u and
the validity of the elastic equilibrium equation (3.27) everywhere on [0, S]. We have
thus proven (3.25).

It remains to show that the parameterized curve (t,q) is admissible in the sense
of Definition 3.5. This follows from our next result, which partly proves the statement
in (3.28). The other regularity properties therein, i.e., u \in C0(A\circ ;H1

Dir(\Omega ;\BbbR 
n)) and

e\in C0(A\circ ;L2(\Omega ;\BbbM n\times n
sym )), will be proved in Lemma 4.4 ahead.

Lemma 4.2. In the open set A\circ we have

(z,p)\in W 1,\infty 
loc (A\circ ;L2(\Omega )\times L2(\Omega ;\BbbM n\times n

D ))(4.3)

and, up to a further subsequence,

\forall [\alpha ,\beta ]\subset A\circ we have

\Biggl\{ 
z\varepsilon k

\ast 
\rightharpoonup z in W 1,\infty ([\alpha ,\beta ];L2(\Omega )),

p\varepsilon k
\ast 
\rightharpoonup p in W 1,\infty ([\alpha ,\beta ];L2(\Omega ;\BbbM n\times n

D )).
(4.4)

Proof. As we have just seen, the function [0, S] \ni s \mapsto \rightarrow q(s) is weakly\ast continuous
in QPP. Therefore, thanks to Lemma 3.3 we have that the function [0, S] \ni s \mapsto \rightarrow 
\scrD \ast (t(s),q(s)) is lower semicontinuous. Thus, A\circ is open and

\forall [\alpha ,\beta ]\subset A\circ \exists c > 0 \forall s\in [\alpha ,\beta ] : \scrD \ast (t(s),q(s))\geq c > 0 .

Furthermore, combining the uniform convergences from (4.2a)--(4.2d) with the lower
semicontinuity properties from Lemma 3.3 we conclude that

\exists \=k \in \BbbN \forall k\geq \=k \forall s\in [\alpha ,\beta ] :
\sqrt{} 

d2z (, t\varepsilon k(s))q\varepsilon k(s) + d2p(, t\varepsilon k(s))q\varepsilon k(s)\geq c

and, thus, from (4.1b) we gather that

\exists C > 0 \exists \=k \in \BbbN \forall k\geq \=k for a.a.s\in (\alpha ,\beta ) :
\sqrt{} 
\| z\prime \varepsilon k(s)\| 

2
L2 + \| p\prime \varepsilon k(s)\| 

2
L2 \leq C .

This entails that z\in W 1,\infty ([\alpha ,\beta ];L2(\Omega )) and p\in W 1,\infty ([\alpha ,\beta ];L2(\Omega ;\BbbM n\times n
D )) for every

[\alpha ,\beta ] \subset A\circ and, up to a further subsequence (possibly depending on [\alpha ,\beta ]), conver-
gences in (4.4) hold. Exhausting the open set A\circ by a countable family of intervals,
with a diagonal procedure we can extract a subsequence such that convergences (4.4)
hold on any [\alpha ,\beta ]\subset A\circ .

Proof of the upper energy-dissipation inequality. We will prove the fol-
lowing result.

Proposition 4.3. The pair (t,q) satisfies the upper energy-dissipation inequality
(3.30). Therefore, there exists a constant M> 0 such that

sup
s\in [0,S]

| \scrE PP(t(s),q(s))| \leq M,

\int S

0

\scrM 0(t(s),q(s), t
\prime (s),q\prime (s))ds\leq M.(4.5)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.D
ow

nl
oa

de
d 

12
/1

3/
24

 to
 2

17
.2

01
.2

27
.1

66
 b

y 
G

iu
lia

no
 L

az
za

ro
ni

 (
gi

ul
ia

no
.la

zz
ar

on
i@

un
if

i.i
t)

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



7962 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

Proof. The proof is standard and follows by passing to the limit as k\rightarrow \infty in the
upper energy-dissipation inequality for the viscous system, relying on classical lower
semicontinuity results; cf. [MR23, section 5]. For more details we refer the reader to
[CL16, Lemma 3.5], [CR21, section 7], [MR23, Proposition 7.1], [CLR23, section 5]),
and the preprint version of this paper [CLRpre]. Estimate (4.5) then straightforwardly
follows.

From (4.5) we derive an additional estimate, (4.6) below, which will play a crucial
role in the proof of Lemma 5.7 ahead. In fact, (4.6) will be derived with arguments
similar to those for [DDS11, Lemmas 7.1, 7.2, 7.3], albeit adapted to handle the
present case, in which the dependence ofC on z brings about additional difficulties. In
particular, we mention that in the proof of Lemma 4.4 we will resort to a consequence
of the integration by parts formula (3.10), which will also be exploited in the proof
of Proposition 5.1 ahead. As an immediate consequence of (4.6) we will deduce the
enhanced regularity for u and e in the instability set A\circ stated in (3.28). Recall that
w(s) :=w(t(s)), as introduced above.

Lemma 4.4. There exists a constant CL > 0, only depending on \gamma 1 in (2.6b), on
the Lipschitz constant \| C\| Lip of C, and on M in (4.5), such that for every connected
component (a, b)\subset A\circ of A\circ and for all [s1, s2]\subset (a, b) there holds

\| e(s2) - e(s1)\| L2 \leq CL(\| p(s2) - p(s1)\| L2 + \| z(s2) - z(s1)\| L\infty ) .(4.6)

As a result, we have u\in C0(A\circ ;H1
Dir(\Omega ;\BbbR 

n)) and e\in C0(A\circ ;L2(\Omega ;\BbbM n\times n
sym )).

Proof. From the integration by parts formula (3.10) we deduce

\langle \sigma D(s2) - \sigma D(s1),p(s2) - p(s1)\rangle L2(\Omega )

= - \langle \sigma (s2) - \sigma (s1), [E(u(s2) +w(s2)) - p(s2)] - [E(u(s1) +w(s1)) - p(s1)]\rangle L2(\Omega )

+ \langle \sigma (s2) - \sigma (s1),E(w(s2)) - E(w(s1))\rangle L2(\Omega )

+ \langle  - [Div\sigma (s2) - Div\sigma (s1)], [u(s2) +w(s2) - w(s2)]

 - [u(s1) +w(s1) - w(s1)]\rangle BD(\Omega )

(1)
=  - \langle \sigma (s2) - \sigma (s1), e(s2) - e(s1)\rangle L2(\Omega ) + \langle \sigma (s2) - \sigma (s1),E(w(s2)) - E(w(s1))\rangle L2(\Omega )

(2)
=  - \langle \sigma (s2) - \sigma (s1), e(s2) - e(s1)\rangle L2(\Omega ) + 0 .

(4.7)

Here (1) follows from using that e=E(u+w) - p, and testing the elastic equilibrium
equations (3.27), evaluated at s1 and s2, by u(s2) - u(s1), while (2) is due to the fact
that t\prime \equiv 0 on [s1, s2] (recall (3.21g)), so that E(w(s2)) = E(w(s1)). In turn, we have
the identity

\langle C(z(s2))(e(s2) - e(s1)), e(s2) - e(s1)\rangle L2(\Omega )

+ \langle 
\bigl[ 
C(z(s1)) - C(z(s2))

\bigr] 
e(s1), e(s2) - e(s1)\rangle L2(\Omega )

= \langle \sigma (s2) - \sigma (s1), e(s2) - e(s1)\rangle L2(\Omega ).

(4.8)

Combining (4.7) and (4.8) and using thatC is (uniformly) positive definite (cf. (2.6b)),
we obtain

\gamma 1\| e(s2) - e(s1)\| 2L2(\Omega ) \leq \Lambda 1 +\Lambda 2 ,

with

\Biggl\{ 
\Lambda 1 =

\bigm| \bigm| \langle \bigl[ C(z(s1)) - C(z(s2))
\bigr] 
e(s1), e(s2) - e(s1)\rangle L2(\Omega )

\bigm| \bigm| ,
\Lambda 2 = | \langle \sigma D(s2) - \sigma D(s1),p(s2) - p(s1)\rangle L2(\Omega )| .
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7963

Now

\Lambda 1 \leq \| C(z(s1)) - C(z(s2))\| L\infty (\Omega )\| e(s1)\| L2(\Omega )\| e(s2) - e(s1)\| L2(\Omega )

(1)

\leq \| C\| Lip\| z(s1)) - z(s2)\| L\infty (\Omega )
M

\gamma 1
\| e(s2) - e(s1)\| L2(\Omega ) ,

where for (1) we have used the Lipschitz continuity of C and estimate (4.5). In order
to estimate \Lambda 2, we use that

\| \sigma D(s2) - \sigma D(s1)\| L2(\Omega )

\leq \| C(z(s2))e(s2) - C(z(s1))e(s1)\| L2(\Omega )

\leq \| C(z(s2))\| L\infty (\Omega )\| e(s2) - e(s1)\| L2(\Omega ) + \| e(s2)\| L2(\Omega )\| C(z(s2)) - C(z(s1))\| L\infty (\Omega )

\leq 
\bigl[ 
\| C\| Lip\| z(s2))\| L\infty (\Omega ) + \| C(0)\| L\infty (\Omega )

\bigr] 
\| e(s2) - e(s1)\| L2(\Omega )

+
M

\gamma 1
\| C\| Lip\| z(s2)) - z(s1)\| L\infty (\Omega ) .

All in all, we find that

\gamma 1\| e(s2) - e(s1)\| 2L2(\Omega )

\leq C
\Bigl\{ 
\| z(s1)) - z(s2)\| L\infty (\Omega )\| e(s2) - e(s1)\| L2(\Omega )

+ \| p(s2) - p(s1)\| L2(\Omega )\| e(s2) - e(s1)\| L2(\Omega )

+ \| z(s1)) - z(s2)\| L\infty (\Omega )\| p(s2) - p(s1)\| L2(\Omega )

\Bigr\} 
for a constant C only depending on \gamma 1, \| C\| Lip, and M. Then (4.6) ensues. Combining
(4.6) with the regularity of p ensured by (4.3) and the strong continuity of z from A\circ 

into L\infty granted by (3.28), we deduce the claimed continuity of u and e.

5. Intermediate lower energy-dissipation inequalities. In this section we
lay the groundwork for the proof of Proposition 6.1 ahead, stating the validity of the
lower energy-dissipation inequality (3.31) along the admissible parameterized curves
(t,q) \in A ([0, S]; [0, T ] \times QPP) arising from the limiting procedure of section 4. In
order to prove it, we will carefully revisit the techniques devised in [DDS11], also
borrowing some ideas from [BFM12].

The key idea is subdividing the interval [0, T ] by means of suitably chosen parti-
tions and resorting to fine approximation results of the Bochner integral via Riemann
sums. We also mention that this idea has long been used in the context of the analysis
of rate-independent systems, indeed for proving the ``lower"" energy inequality and,
ultimately, the energy-dissipation balance for energetic solutions/quasi-static evolu-
tions, dating back to, e.g., [DMFT05, FM06]; cf. also [MR15].

This is the overview of this section:
\bullet Section 5.1 revolves around a crucial estimate, proved in Proposition 5.1 that

will be at the core of our proof of the lower inequality (3.31).
\bullet In section 5.2 we are going to outline the steps of the proof in detail. Indeed,

for any fixed partition of [0, S] we will distinguish three families of induced
subintervals. For each type of subinterval we will obtain a suitable discrete
version of (3.31).

\bullet These discrete inequalities will be proved in sections 5.3, 5.4, and 5.5, leading
to the overall discrete lower energy-dissipation inequality (6.1). It is in (6.1)
that we will pass to the limit, as the fineness of the partition tends to zero,
to conclude the lower energy-dissipation inequality (3.31).
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7964 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

Before delving into the above tasks, let us specify that hereafter we shall suppose
that, for the parameterized curve (t,q)\in A ([0, S]; [0, T ]\times QPP) considered here,

the set F := \{ s\in (0, S) : t\prime (s) = 0, q\prime (s) = 0\} has empty interior.(5.1)

This can be assumed without loss of generality. Indeed, suppose that t\prime \equiv 0 and
q\prime \equiv 0 on an interval (s\ast , s

\ast ) with 0\leq s\ast < s\ast \leq S. Then the lower energy-dissipation
inequality (3.31) trivially holds on [s\ast , s

\ast ].
Let us also point out, for later use, that since for the pair (t,q) the elastic equi-

librium equation (3.27) holds everywhere, by [DMDM06, Proposition 3.5] we have

\sigma (s)\in \Sigma (\Omega ) for all s\in [0, S].(5.2)

5.1. A crucial estimate. The cornerstone of this section is estimate (5.5)
ahead. In order to state it, we need to settle some notation. For a given interval
[s1, s2] \subset [0, S] we introduce the quantities that will enter in the discrete versions of
the energy-dissipation inequality, i.e.,

\blacklozenge the energy/\scrH -dissipation variation of the curve (t,q) : [0, S] \rightarrow [0, T ]\times QPP

on [s1, s2]:

HV((t,q); [s1, s2]) :=\scrH PP

\biggl( 
z(s2),

p(s2) - p(s1)

2

\biggr) 
+\scrH PP

\biggl( 
z(s1),

p(s2) - p(s1)

2

\biggr) 
+ \| p(s2) - p(s1)\| L2

\BbbD p(t(s1),q(s1)) +\BbbD p(t(s2),q(s2))

2
,

where the product \| p(s2) - p(s1)\| L2 \BbbD p(t(si),q(si)) is set by convention equal
to 0 if \BbbD p(t(si),q(si)) = 0 and p(s2) - p(s1) /\in L2(\Omega ;\BbbM n\times n

D );
\blacklozenge the energy/\scrR -dissipation variation of (t,q) on [s1, s2]:

RV((t,q); [s1, s2])

:=\scrR (z(s2) - z(s1)) + \| z(s2) - z(s1)\| L2

\BbbD z(t(s1),q(s1)) +\BbbD z(t(s2),q(s2))

2
.

The proposed names for HV and RV highlight that their definition features contribu-
tions involving both the dissipation potential and the energy.

We will also work with a version of RV augmented by the energy functional \Phi 
from (2.20), namely

\blacklozenge the augmented energy/\scrR -dissipation variation of (t,q) on [s1, s2]:

ARV((t,q); [s1, s2]) := \Phi (z(s2)) - \Phi (z(s1)) +RV(q; [s1, s2])

+KW \| z(s2) - z(s1)\| L1\| z(s2) - z(s1)\| L\infty 

=\Phi (z(s2)) - \Phi (z(s1)) +\scrR (z(s2) - z(s1))

+ \| z(s2) - z(s1)\| L2

\BbbD z(t(s1),q(s1)) +\BbbD z(t(s2),q(s2))

2
+KW \| z(s2) - z(s1)\| L1\| z(s2) - z(s1)\| L\infty ,

where we have set KW := \| W \prime \prime \| L\infty (0,1). Finally, estimate (5.5) will also feature
\blacklozenge a term approximating the work of the external forces on [s1, s2], i.e.,

WE((t,q); [s1, s2]) :=
1

2
\langle \sigma (s1) + \sigma (s2),E(w(s2) - w(s1))\rangle 
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7965

(recall that we are now neglecting volume and surface forces). In fact, in view of
Lemma A.6 in the appendix, WE((t,q); [s1, s2]) turns out to be a discrete form of the
external work

\int s2
s1
\partial t\scrE PP(t,q) t

\prime ds.
We are now in a position to state the main result of this section, where we show

a discrete form of the lower energy-dissipation inequality. Hereafter, we will use the
notation

KC :=
\| C\prime \| Lip

minz\in [m0,1]C
\prime (z)

, KW := \| W \prime \prime \| L\infty (0,1),(5.3)

where we have denoted by \| C\prime \| Lip the Lipschitz constant of C\prime and we have used for
shorter notation the place-holder

min
z\in [m0,1]

C\prime (z) := min
z\in [m0,1]

inf
\xi \in \BbbR n\times n

C\prime (z)\xi :\xi ;

recall that m0 is the constant from Proposition 2.5.

Proposition 5.1. For all 0 \leq s1 < s2 \leq S we have ARV(q; [s1, s2]) \geq 0. More-
over, for 0\leq s1 < s2 \leq S such that

(s1, s2 \in B\circ ) or (the interval [s1, s2]\subset A\circ ) ,(5.4)

then

WE((t,q); [s1, s2]) + \scrE PP(t(s1),q(s1))

\leq \scrE PP(t(s2),q(s2)) +HV(q; [s1, s2]) + RV(q; [s1, s2])

+KC\| z(s2) - z(s1)\| L\infty ARV(q; [s1, s2])

+KW \| z(s2) - z(s1)\| L1\| z(s2) - z(s1)\| L\infty .

(5.5)

Proof. Let s1 \leq s2 \in [0, S] be fixed. Since \sigma (s) \in \Sigma (\Omega ) for all s \in [0, S], we may
apply the integration by parts formula (3.10) with the following choices for the triple
(v, e, p): \left\{     

v= (u(s2) +w(s2)) - (u(s1) +w(s1)) ,

e=
\bigl( 
E(u(s2) +w(s2)) - p(s2)

\bigr) 
 - 
\bigl( 
E(u(s1) +w(s1)) - p(s1)

\bigr) 
,

p= p(s2) - p(s1) .

This leads to

\langle \sigma D(si)| p(s2) - p(s1)\rangle 
= - \langle \sigma (si), [E(u(s2) +w(s2)) - p(s2) - E(w(s2))]

 - [E(u(s1) +w(s1)) - p(s1) - E(w(s1))]\rangle L2(\Omega )

+ \langle  - Div\sigma (si), [u(s2) +w(s2) - w(s2)]

 - [u(s1) +w(s1) - w(s1)]\rangle BD(\Omega )

(1)
=  - \langle \sigma (si), e(s2) - e(s1)\rangle L2(\Omega ) + \langle \sigma (si),E(w(s2)) - E(w(s1))\rangle L2(\Omega ) ,

(5.6)

where (1) follows from recalling that e = E(u+ w) - p, and from testing the elastic
equilibrium equation (3.27), evaluated at si, by u(s2) - u(s1). Therefore, adding the
relation at s1 with that at s2, we obtain

WE((t,q); [s1, s2]) =

\biggl\langle 
1

2
(\sigma (s1) + \sigma (s2)),E(w(s2) - w(s1))

\biggr\rangle 
=

\biggl\langle 
1

2
(\sigma D(s1)+\sigma D(s2)) | p(s2) - p(s1)

\biggr\rangle 
+

\biggl\langle 
1

2
(\sigma (s1) + \sigma (s2)) , e(s2) - e(s1)

\biggr\rangle 
L2(\Omega )

.

(5.7)

We now estimate from above two terms on the right-hand side of (5.7).
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7966 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

Claim 1: For every s1 \leq s2 \in [0, S] there holds

\biggl\langle 
1

2
(\sigma (s1) + \sigma (s2)), e(s2) - e(s1)

\biggr\rangle 
L2

\leq \scrQ (z(s2), e(s2)) - \scrQ (z(s1), e(s1)) + (1 +KC\| z(s2) - z(s1)\| L\infty )ARV(q; [s1, s2]) .

(5.8)

To show this, we start by observing that

\biggl\langle 
1

2
(\sigma (s1) + \sigma (s2)), e(s2) - e(s1)

\biggr\rangle 
L2

=\scrQ (z(s2), e(s2)) - \scrQ (z(s1), e(s1))

+
1

2
\langle 
\bigl[ 
C(z(s1)) - C(z(s2))

\bigr] 
e(s1), e(s2)\rangle L2 .

(5.9)

Using that C(z(s1)) - C(z(s2)) is a positive definite fourth-order tensor (cf. (2.6c)),
we find that

1

2
\langle 
\bigl[ 
C(z(s1)) - C(z(s2))

\bigr] 
e(s1), e(s2)\rangle L2 \leq 1

4
\langle 
\bigl[ 
C(z(s1)) - C(z(s2))

\bigr] 
e(s1), e(s1)\rangle L2

+
1

4
\langle 
\bigl[ 
C(z(s1)) - C(z(s2))

\bigr] 
e(s2), e(s2)\rangle L2 .

(5.10)

We now estimate the terms
\bigl[ 
C(z(s1))  - C(z(s2))

\bigr] 
e(si) : e(si) for i = 1, 2. By the

Lagrange theorem, for i \in \{ 1,2\} there exist functions \zeta i : \Omega \rightarrow [0,1] (that we may
assume are measurable) with z(s2) \leq \zeta i \leq z(s1) a.e. in \Omega , such that for almost all
x\in \Omega \bigl[ 

C(z(s1, x))  - C(z(s2, x))
\bigr] 
e(si, x) : e(si, x)

=C\prime (\zeta i(x))
\bigl( 
z(s1, x)  - z(s2, x)

\bigr) 
e(si, x) : e(si, x) .

Now we have

C\prime (\zeta i)
\bigl( 
z(s1) - z(s2)

\bigr) 
e(si) : e(si)

\leq 
\bigl( 
C\prime (z(si)) + \| C\prime \| Lip\| \zeta i  - z(si)\| L\infty 

\bigr) \bigl( 
z(s1) - z(s2)

\bigr) 
e(si) : e(si)

\leq (1 +KC\| z(s2) - z(s1)\| L\infty )C\prime (z(si))
\bigl( 
z(s1) - z(s2)

\bigr) 
e(si) : e(si) a.e. in \Omega ,

where we have exploited the Lipschitz continuity of C\prime and relied on the positivity of\bigl( 
z(s1) - z(s2)

\bigr) 
a.e. in \Omega by the unidirectionality constraint. All in all, we obtain

r.h.s. of (5.10) =

2\sum 
i=1

1

4
\langle 
\bigl[ 
C(z(s1)) - C(z(s2))

\bigr] 
e(si), e(si)\rangle L2

\leq (1 +KC\| z(s2) - z(s1)\| L\infty )

2\sum 
i=1

Ii ,

with Ii =

\int 
\Omega 

1

4
C\prime (z(si))

\bigl( 
z(s1) - z(s2)

\bigr) 
e(si) : e(si)dx .

(5.11)

In order to estimate from above the terms Ii, we resort to the representation
formula (3.17b) for \BbbD z(, t(si))q(si), i= 1,2, which gives (if z(s1) \not = z(s2))

\BbbD z(, t(si))q(si)\geq 
\langle  - Amz(si) - W \prime (z(si)) - 1

2C
\prime (z(si))e(si):e(si), z(s2) - z(s1)\rangle H\mathrm{m}

\| z(s2) - z(s1)\| L2

 - \scrR (z(s2) - z(s1))

\| z(s2) - z(s1)\| L2

.
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Thus, we obtain

1

4

\int 
\Omega 

C\prime (z(s1))e(s1):e(s1)(z(s1) - z(s2))dx+
1

4

\int 
\Omega 

C\prime (z(s2))e(s2):e(s2)(z(s1) - z(s2))dx

\leq 1

2
(\BbbD z(t(s1),q(s1)) +\BbbD z(t(s2),q(s2)))\| z(s2) - z(s1)\| L2

+
1

2
am(z(s1) + z(s2), z(s2) - z(s1))

+
1

2

\int 
\Omega 

\{ W \prime (z(s1)) +W \prime (z(s2))\} (z(s2) - z(s1))dx+\scrR (z(s2) - z(s1)) .

Applying the Lagrange theorem we find a function \~\zeta 1,2 : \Omega \rightarrow [0,1] (again assumed to
be measurable), with z(s2)\leq \~\zeta 1,2 \leq z(s1) a.e. in \Omega , such that W (z(s2)) - W (z(s1)) =
W \prime (\~\zeta 1,2)(z(s1) - z(s2)) a.e. in \Omega . Thus,

1

2

\int 
\Omega 

[W \prime (z(s1)) +W \prime (z(s2))](z(s2) - z(s1))

=

\int 
\Omega 

[W (z(s2)) - W (z(s1))]dx

+
1

2

\int 
\Omega 

\{ W \prime (z(s1)) +W \prime (z(s2) - 2W \prime (\~\zeta 1,2)\} (z(s2) - z(s1))dx

\leq 
\int 
\Omega 

[W (z(s2)) - W (z(s1))]dx+ \| W \prime \prime \| L\infty (0,1)

\int 
\Omega 

(z(s1) - z(s2))
2dx

\leq 
\int 
\Omega 

[W (z(s2)) - W (z(s1))]dx+KW \| z(s1) - z(s2)\| L1\| z(s1) - z(s2)\| L\infty .

Ultimately, we conclude that

I1 + I2 =
1

4

\int 
\Omega 

C\prime (z(s1))e(s1) : e(s1)(z(s1) - z(s2))dx

+
1

4

\int 
\Omega 

C\prime (z(s2))e(s2) : e(s2)(z(s1) - z(s2))dx

\leq 1

2
am(z(s2), z(s2)) +

\int 
\Omega 

W (z(s2))dx - 
1

2
am(z(s1), z(s1)) - 

\int 
\Omega 

W (z(s1))dx

+\scrR (z(s2) - z(s1)) +
1

2
(\BbbD z(t(s1),q(s1)) +\BbbD z(t(s2),q(s2)))\| z(s2) - z(s1)\| L2

+KW \| z(s1) - z(s2)\| L1\| z(s1) - z(s2)\| L\infty 

=ARV((t,q); [s1, s2]) .

Since I1 + I2 \geq 0, we deduce in particular that ARV((t,q); [s1, s2])\geq 0.
Combining the previous inequality with (5.9), (5.10), and (5.11), we conclude

(5.8).
Claim 2: For every s1 \leq s2 \in [0, S] satisfying (5.4) there holds\biggl\langle 

1

2
(\sigma D(s1) + \sigma D(s2))| p(s2) - p(s1)

\biggr\rangle 
\leq HV((t,q); [s1, s2]) .(5.12)

Indeed, if s1 and s2 are in B\circ , then \BbbD p(t(si),q(si)) = 0 for i = 1,2, and hence
\sigma D(si)\in \scrK z(si)(\Omega ), and, a fortiori, by (5.2) we have \sigma (si)\in \Sigma Kz(si)(\Omega ) (recall notation
(3.12)). Therefore, by (3.13) we conclude

1

2
\langle \sigma D(si)| p(s2) - p(s1)\rangle \leq 

1

2
\scrH PP(z(si),p(s2) - p(s1)) for i= 1,2,
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7968 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

and hence \biggl\langle 
1

2
(\sigma D(s1) + \sigma D(s2))| p(s2) - p(s1)

\biggr\rangle 
\leq \scrH PP

\biggl( 
z(s2),

p(s2) - p(s1)

2

\biggr) 
+\scrH PP

\biggl( 
z(s1),

p(s2) - p(s1)

2

\biggr) 
,

which is indeed (5.12), since \BbbD p(t(si),q(si)) = 0 for i= 1,2.
Otherwise, if [s1, s2] \subset A\circ , then p\prime | [s1,s2] takes values in L2(\Omega ;\BbbM n\times n

sym ) and thus
p(s2) - p(s1)\in L2(\Omega ;\BbbM n\times n

sym ), so that\biggl\langle 
1

2
(\sigma D(s1) + \sigma D(s2)| p(s2) - p(s1)

\biggr\rangle 
=

\biggl\langle 
1

2
(\sigma D(s1) + \sigma D(s2),p(s2) - p(s1)

\biggr\rangle 
L2(\Omega )

.

Now it follows by the representation formula (3.17a) for \BbbD p(t(si),q(si)) that

\BbbD p(t(si),q(si))

\geq 1

\| p(s2) - p(s1)\| L2

\Bigl[ 
\langle \sigma D(si),p(s2) - p(s1)\rangle  - \scrH PP(z(si),p(s2) - p(s1))

\Bigr] 
for i= 1,2. Therefore,\biggl\langle 

1

2
(\sigma D(s1) + \sigma D(s2)| p(s2) - p(s1)

\biggr\rangle 
\leq \scrH PP

\biggl( 
z(s2),

p(s2) - p(s1)

2

\biggr) 
+\scrH PP

\biggl( 
z(s1),

p(s2) - p(s1)

2

\biggr) 
+ \| p(s2) - p(s1)\| L2

\BbbD p(t(s1),q(s1)) +\BbbD p(t(s2),q(s2))

2
,

which is, again, (5.12).
Conclusion of the proof. We have

WE((t,q); [s1, s2])\leq \scrQ (z(s2), e(s2)) - \scrQ (z(s1), e(s1)) +HV(q; [s1, s2])

+ (1 +KC\| z(s2) - z(s1)\| L\infty )ARV(q; [s1, s2]) .
(5.13)

It suffices to combine (5.7), (5.12), and (5.8). Then (5.5) follows by suitably rearrang-
ing some terms in (5.13). This finishes the proof.

5.2. Outline of the proof of the lower energy-dissipation inequality. For
given k \in \BbbN let us consider a partition Pk = (sik)

Nk
i=0 of the interval [0, S]:

0 = s0k < s
1
k < . . . < s

Nk - 1

k < sNk

k = S , with max
1\leq i\leq Nk

(sik  - si - 1
k )\rightarrow 0 .(5.14)

Now we can choose Pk in such a way that

\scrD \ast (t(sik),q(s
i
k))<+\infty for all i\in \{ 0, . . . ,Nk\} .(5.15)

To check this claim, we observe that from (4.5) we get \scrM red
0 (t(s),q(s), t\prime (s),q\prime (s))<

+\infty for a.a. s \in (0, S). Hence, taking into account the definition of \scrM red
0 , we have

that

\scrD \ast (t(s),q(s))\equiv 0 for a.a. s\in (0, S)\cap \{ s\in (0, S) : t\prime (s)> 0\} .
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7969

Moreover, if U is an open subset of \~F := \{ s \in [0, S] : \scrD \ast (t(s),q(s)) = +\infty \} , we
claim that t\prime = 0 and q\prime = 0 for a.a. s \in U , so U = \emptyset by our previous assumption
(5.1). Indeed, since \scrM red

0 (t(s),q(s), t\prime (s),q\prime (s))<+\infty for a.a. s\in (0, S), it holds that
t\prime = z\prime = p\prime = 0 for a.a. s \in U . By standard properties of perfect plasticity (see,
e.g., [DMDM06, Theorem 3.8]) it then follows that also u\prime = 0, and hence q\prime = 0 for
a.a. s\in U . Therefore, [0, S] \setminus \~F has empty interior, and (5.15) ensues.

For later convenience, it is important to distinguish between the indices corre-
sponding to consecutive partition times in the stable set B\circ from (3.22), namely

Ik := \{ i\in \{ 1, . . . ,Nk\} : si - 1
k , sik \in B\circ \} ,(5.16a)

and indices such that at least one of the corresponding consecutive partition times
belongs to the instability set A\circ = [0, S] \setminus B\circ , i.e.,

Jk := \{ 1, . . . ,Nk\} \setminus Ik = \{ i\in \{ 1, . . . ,Nk\} : si - 1
k \in A\circ or sik \in A\circ \} .(5.16b)

Distinguished subintervals of the partition. Arguing as in [DDS11, Lemmas
7.7, 7.8, 8.5] and [BFM12, section 4.6], we observe that for any i \in Jk we either have
(si - 1
k , sik)\subset A\circ , or (si - 1

k , sik)\cap B\circ \not = \emptyset . We then distinguish two subfamilies of indices
in Jk:

\^Jk := \{ i\in Jk : (si - 1
k , sik)\subset A\circ \} , \v Jk := \{ i\in Jk : (si - 1

k , sik)\cap B\circ \not = \emptyset \} .(5.17)

Next, for i\in \v Jk, let us set

s
i - 2

3

k := inf\{ s\in B\circ \cap (si - 1
k , sik)\} , s

i - 1
3

k := sup\{ s\in B\circ \cap (si - 1
k , sik)\} .(5.18)

Since B\circ is closed, we have s
i - 2

3

k , s
i - 1

3

k \in B\circ . Thus, we have obtained the decomposi-
tion

for all i\in \v Jk: (si - 1
k , sik) = (si - 1

k , s
i - 2

3

k )\cup [s
i - 2

3

k , s
i - 1

3

k ]\cup (s
i - 1

3

k , sik)

with

\Biggl\{ 
(si - 1
k , s

i - 2
3

k )\subset A\circ , s
i - 2

3

k \in B\circ ,

(s
i - 1

3

k , sik)\subset A\circ s
i - 1

3

k \in B\circ .

(Clearly, we have s
i - 2

3

k = si - 1
k if si - 1

k \in B\circ ; if, otherwise, sik \in B\circ , we have s
i - 1

3

k = sik.)
We now consider a refined partition consisting of Pk and of the nodes from (5.18).

With slight abuse of notation, let us call again Pk = (sik)
Nk
i=0 the resulting partition.

All in all, it is meaningful to distinguish three sets of indices:
(1) the set of indices corresponding to consecutive partition times in the stable

set (including the nodes originally associated with indices in Ik, as well as the
nodes from (5.18)),

\frakI 1k := \{ i\in \{ 1, . . . ,Nk\} : si - 1
k , sik \in B\circ \} ;(5.19a)

(2) the set of indices corresponding to consecutive partition times in the insta-
bility set

\frakI 2k := \{ i\in \{ 1, . . . ,Nk\} : si - 1
k , sik \in A\circ \} ;(5.19b)

(3) the set of all the other indices

\frakI 3k := \{ 1, . . . ,Nk\} \setminus \{ \frakI 1k\cup \frakI 2k\} .(5.19c)
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7970 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

Observe that, by the previous discussion, we may suppose that for i\in \frakI 2k the enclosed
interval is ``fully unstable,"" i.e., [si - 1

k , sik] \subset A\circ ; similarly, for i \in \frakI 3k we have at least
(si - 1
k , sik) \subset A\circ . Let us mention in advance that the distinction between indices in

\frakI 2k and indices in \frakI 3k is motivated by the fact that the cornerstone estimate (5.5)
only holds under conditions (5.4). Therefore, it will be directly applicable either on
intervals [si - 1

k , sik] with i \in \frakI 1k, or on intervals [si - 1
k , sik] with i \in \frakI 2k. For the intervals

[si - 1
k , sik] with i\in \frakI 3k we will need to argue by approximation.

Outline of the proof of the lower inequality (3.31). We are now in a
position to specify the steps in our proof of (3.31). Namely, we have the following:
[Step 1]: First, in Lemma 5.3 ahead we shall deduce from estimate (5.5) a discrete

version of the lower energy-dissipation inequality on intervals whose end-
points are in \frakI 1k; cf. (5.20) below.

[Step 2]: Second, in section 5.4 we will proceed to handle the fully unstable inter-
vals having endpoints si - 1

k , sik with i \in \frakI 2k, so that [si - 1
k , sik] \subset A\circ . In

that case we will derive from estimate (5.5) a discrete version of the lower
energy-dissipation inequality (cf. Lemma 5.6) by resorting to suitable sub-
partitions.

[Step 3]: In section 5.5 we will address intervals [si - 1
k , sik] with i \in \frakI 3k, for which

in principle we only have the inclusion (si - 1
k , sik) \subset A\circ . In this case, a

discrete version of the lower energy-dissipation inequality will be proved
in Lemma 5.8 by combining subpartitions with a suitable approximation
argument.

[Step 4]: Eventually, in section 6 we will combine the inequalities from Lemmas 5.3,
5.6, and 5.8 to conclude an overall discrete energy-dissipation inequality for
the partition Pk = (sjk)

Nk
j=0. Therein, we will pass to the limit as k \rightarrow \infty 

and finally prove the lower energy-dissipation inequality (3.31).

Remark 5.2. The present approach for the lower energy-dissipation inequality
has been inspired by the corresponding analysis in [BFM12], which, in turn, bor-
rowed ideas from [DDS11]. However, there are some remarkable differences. The first
sequence of partitions in [BFM12], corresponding to that in (5.14), besides having van-
ishing fineness has to satisfy further conditions. Moreover, for intervals corresponding
to indices in \frakI 2k and \frakI 3k, the argument in [BFM12] exploits the fact that a chain rule
is available in A\circ , so the desired estimates are directly obtained by an integration in
time. This is essentially due to the fact that in the system from [BFM12] plasticity
is not coupled with damage. Thus, the further regularity for the plastic strain in A\circ 

(absolutely continuous with values in L2(\Omega ;\BbbM n\times n
sym )) implies that all the variables are

absolutely continuous, in A\circ , in their target spaces.
Now the presence of damage, which is absolutely continuous with values in L1(\Omega )

(while its target space is Hm(\Omega )), prevents us from proving absolute continuity for
the whole evolution. Notice also that the enhanced estimate for the damage variable
obtained for the viscous approximations as in [CR21, Proposition 4.4] cannot be
repeated along jump intervals.

That is why we need to resort to a discrete approximation even in the ``unstable
set."" This refinement of the analysis, in turn, allows us to consider a generic choice
of the initial sequence of partitions as in (5.14).

5.3. Step 1. As an immediate corollary of Proposition 5.1 we have the following
result.
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7971

Lemma 5.3. For every i\in \frakI 1k we have

WE((t,q); [si - 1
k , sik]) + \scrE PP(t(s

i - 1
k ),q(si - 1

k ))

\leq \scrH PP

\Biggl( 
z(si - 1

k ),
p(sik) - p(si - 1

k )

2

\Biggr) 
+\scrH PP

\Biggl( 
z(sik),

p(sik) - p(si - 1
k )

2

\Biggr) 
+ \scrE PP(t(s

i
k),q(s

i
k)) +\scrR (z(sik) - z(si - 1

k )) +Rem1([s
i - 1
k , sik]),

(5.20)

where the remainder term is given by

Rem1([s
i - 1
k , sik]) =\Delta 1(s

i - 1
k , sik)\| z(sik) - z(si - 1

k )\| L\infty (5.21)

and we have used the place-holder

\Delta 1(s
i - 1
k , sik) :=KC

\bigl( 
\Phi (z(sik)) - \Phi (z(si - 1

k )) +\scrR (z(sik) - z(si - 1
k ))

\bigr) 
+KW \| z(sik) - z(si - 1

k )\| L1

\bigl( 
1 +KC\| z(sik) - z(si - 1

k )\| L\infty 
\bigr) 
.

(5.22)

Proof. This follows from Proposition 5.1 with the choices s1 = si - 1
k , s2 = sik.

5.4. Step 2. With the main result of this section, Lemma 5.6, we obtain an
energy-dissipation inequality for fully unstable intervals by resorting to suitable sub-
partitions. The usage of subpartitions relies on the following result, whose proof is
postponed to Appendix A.1.

Lemma 5.4. Let \psi : [a, b] \rightarrow (0,+\infty ] be a lower semicontinuous function such

that \psi (a), \psi (b) \in \BbbR . Then for every \eta > 0 there exists a partition (ri\eta )
N\eta 

i=0 of [a, b]

a= r0\eta < r
1
\eta < . . . < r

N\eta  - 1
\eta < r

N\eta 
\eta = b such that

\psi (s)\geq 1

2

\Bigl( 
\psi (rj - 1

\eta ) +\psi (rj\eta )
\Bigr) 
 - \eta for all s\in (rj - 1

\eta , rj\eta ) and all j \in \{ 1, . . . ,N\eta \} .

(5.23)

Based on this result, we obtain the following estimate on intervals contained in
the instability set A\circ .

Lemma 5.5. Let [s\#, s
\#]\subset A\circ such that \scrD \ast (s\#) \in \BbbR and \scrD \ast (s\#) \in \BbbR . Then for

every \eta > 0 there exists a partition (ri\eta )
N\eta 

i=0 of [s\#, s
\#] such that

N\eta \sum 
j=1

\Biggl\{ 
\| z(rj\eta ) - z(rj - 1

\eta )\| L2

\BbbD z(t(r
j - 1
\eta ),q(rj - 1

\eta )) +\BbbD z(t(r
j
\eta ),q(r

j
\eta ))

2

+ \| p(rj\eta ) - p(rj - 1
\eta )\| L2

\BbbD p(t(r
j - 1
\eta ),q(rj - 1

\eta )) +\BbbD p(t(r
j
\eta ),q(r

j
\eta ))

2

\Biggr\} 

\leq 
\int s\#

s\#

\scrD (q\prime (s))\scrD \ast (t(r),q(r))dr

+ \eta 
1

minr\in [s\#,s\#]\scrD \ast (t(r),q(r))

\int s\#

s\#

\scrD (q\prime (r))\scrD \ast (t(r),q(r))dr .

(5.24)

Proof. We apply Lemma 5.4 choosing [a, b] = [s\#, s
\#] and \psi =\scrD \ast (t(\cdot ),q(\cdot ))| [s\#,s\#],

and thus for every \eta > 0 we obtain a partition (rj\eta )
N\eta 

j=0 of [s\#, s
\#] such that for all

j \in \{ 1, . . . ,N\eta \} 
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7972 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

\scrD \ast (t(r),q(r))\geq 1

2

\Bigl( 
\scrD \ast (t(rj - 1

\eta ),q(rj - 1
\eta )) +\scrD \ast (t(rj\eta ),q(r

j
\eta ))
\Bigr) 
 - \eta for all r \in (rj - 1

\eta , rj\eta ) .

(5.25)

Now let us use the place-holders

Z := \| z(rj\eta ) - z(rj - 1
\eta )\| L2 , MZ :=

\BbbD z(t(r
j - 1
\eta ),q(rj - 1

\eta )) +\BbbD z(t(r
j
\eta ),q(r

j
\eta ))

2
,

P := \| p(rj\eta ) - p(rj - 1
\eta )\| L2 , MP :=

\BbbD p(t(r
j - 1
\eta ),q(rj - 1

\eta )) +\BbbD p(t(r
j
\eta ),q(r

j
\eta ))

2
.

For each j \in \{ 1, . . . ,N\eta \} we estimate Z \cdot MZ + P \cdot MP \leq \| (Z,P)\| \cdot \| (MZ,MP)\| by the
Cauchy--Schwarz inequality. Now

\| (Z,P)\| =
\sqrt{} 
\| z(rj\eta ) - z(rj - 1

\eta )\| 2L2 + \| p(rj\eta ) - p(rj - 1
\eta )\| 2L2 =

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\int rj\eta 

rj - 1
\eta 

(z\prime (r),p\prime (r))dr

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L2

\leq 
\int rj\eta 

rj - 1
\eta 

\| (z\prime (r),p\prime (r))\| L2dr=

\int rj\eta 

rj - 1
\eta 

\scrD (q\prime (r))dr .

On the other hand,

\| (MZ,MP)\| =
1

2

\bigm\| \bigm\| (\BbbD z(t(r
j - 1
\eta ),q(rj - 1

\eta )),\BbbD p(t(r
j - 1
\eta ),q(rj - 1

\eta )))

+ (\BbbD z(t(r
j
\eta ),q(r

j
\eta )),\BbbD p(t(r

j
\eta ),q(r

j
\eta )))

\bigm\| \bigm\| 
\leq 1

2
\scrD \ast (t(rj - 1

\eta ),q(rj - 1
\eta )) +

1

2
\scrD \ast (t(rj\eta ),q(r

j
\eta )) .

Therefore,

Z \cdot MZ + P \cdot MP \leq 
\int rj\eta 

rj - 1
\eta 

\biggl\{ 
1

2
\scrD \ast (t(rj - 1

\eta ),q(rj - 1
\eta )) +

1

2
\scrD \ast (t(rj\eta ),q(r

j
\eta ))

\biggr\} 
\scrD (q\prime (r))dr

\leq 
\int rj\eta 

rj - 1
\eta 

\scrD (q\prime (r))\scrD \ast (t(r),q(r))dr+ \eta 

\int rj\eta 

rj - 1
\eta 

\scrD (q\prime (r)) dr ,

where the last inequality follows from (5.25). Finally, we observe that

\eta 

\int rj\eta 

rj - 1
\eta 

\scrD (q\prime (r)) dr\leq \eta 
1

minr\in [s\#,s\#]\scrD \ast (t(r),q(r))

\int rj\eta 

rj - 1
\eta 

\scrD (q\prime (r))\scrD \ast (t(r),q(r))dr ,

where the latter estimate ensues from the upper inequality (3.30). We thus conclude
estimate (5.24) upon adding over the index j = 1, . . . ,N\eta .

Eventually, combining the key estimate (5.5) with Lemma 5.5 we obtain the
counterpart to Lemma 5.3 for indices in \frakI 2k. We emphasize that now, in the right-
hand side of (5.26), the ``energy-dissipation"" term

\int 
\scrD (q\prime )\scrD \ast (t,q)ds appears, whose

presence records the fact that [si - 1
k , sik] is an ``unstable interval.""

Lemma 5.6. For every i\in \frakI 2k and for every \eta > 0 there exists a partition (rj\eta ,i)
M\eta ,i
j=0

of the interval [si - 1
k , sik] such that
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M\eta ,i\sum 
j=1

WE((t,q); [ri\eta ,j  - 1, ri\eta ,j]) + \scrE PP(t(s
i - 1
k ),q(si - 1

k ))

\leq \scrE PP(t(s
i
k),q(s

i
k)) +\scrR (z(sik) - z(si - 1

k )) +

\int sik

si - 1
k

\scrD (q\prime (s))\scrD \ast (t(s),q(s))ds

+

M\eta ,i\sum 
j=1

\scrH PP

\Biggl( 
z(ri\eta ,j  - 1),

p(ri\eta ,j) - p(ri\eta ,j  - 1)

2

\Biggr) 

+

M\eta ,i\sum 
j=1

\scrH PP

\Biggl( 
z(ri\eta ,j),

p(ri\eta ,j) - p(ri\eta ,j  - 1)

2

\Biggr) 

+ \eta 
M

mins\in [si - 1
k ,sik]

\scrD \ast (t(s),q(s))
+Rem2([s

i - 1
k , sik])

(5.26)

with the constant M> 0 from estimates (4.5), where the remainder term is now given
by

Rem2([s
i - 1
k , sik]) =

M\eta ,i\sum 
j=1

\Delta (ri\eta ,j  - 1, ri\eta ,j)\| z(ri\eta ,j) - z(ri\eta ,j  - 1)\| L\infty (5.27)

with \Delta from (5.22).

Proof. We apply Lemma 5.5 with s\# = si - 1
k and s\# = sik and obtain a partition

(rj\eta ,i)
M\eta ,i
j=0 of the interval [si - 1

k , sik] for which (5.24) holds. Since [si - 1
k , sik] \subset A\circ , we

have [rj - 1
\eta ,i , r

j
\eta ,i]\subset A\circ for all j \in \{ 1, . . . ,M\eta ,i\} . Therefore, we may apply estimate (5.5)

with s1 = rj - 1
\eta ,i and s2 = rj\eta ,i. Summing (5.5) over the index j, combining it with

(5.24), and observing that

M\eta ,i\sum 
j=1

\int rj\eta 

rj - 1
\eta 

\scrD (q\prime (r))\scrD \ast (t(r),q(r))dr=

\int sik

si - 1
k

\scrD (q\prime (r))\scrD \ast (t(r),q(r))dr

\leq 
\int 
(0,S)\cap A\circ 

\scrD (q\prime (r))\scrD \ast (t(r),q(r))dr\leq M

by estimates (4.5), we arrive at (5.26).

5.5. Step 3. Again, we aim to prove a discrete version of the energy-dissipation
inequality on the interval [si - 1

k , sik]. Since in this case we only have, in principle, that
(si - 1
k , sik) is a connected component of A\circ but, possibly, either si - 1

k /\in A\circ or sik /\in A\circ ,
we need to devise an approximation argument in order to reproduce the situation of
intervals contained in A\circ with their closure. We will rely on the following technical
result: essentially, it ensures that if one of the endpoints of a connected component
of A\circ does not belong to A\circ , it is in any case possible to approximate it ``in energy""
with points from within A\circ .

Lemma 5.7. Let (a, b) \subset A\circ be a connected component of A\circ . Then there exist
sequences (an), (bn)n \subset A\circ with a \leq an < bn \leq b, with an \downarrow a decreasingly and bn \uparrow b
increasingly as n\rightarrow \infty , such that\left\{     

\sigma (an)\rightarrow \sigma (a) strongly inL2(\Omega ;\BbbM n\times n
sym ),

\Phi (z(an))\rightarrow \Phi (z(a)),

\scrE PP(t(an),q(an))\rightarrow \scrE PP(t(a),q(a));

(5.28a)
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7974 V. CRISMALE, G. LAZZARONI, AND R. ROSSI\left\{     
\sigma (bn)\rightarrow \sigma (b) strongly inL2(\Omega ;\BbbM n\times n

sym ),

\Phi (z(bn))\rightarrow \Phi (z(b)),

\scrE PP(t(bn),q(bn))\rightarrow \scrE PP(t(b),q(b)) .

(5.28b)

Proof. To fix ideas, let us detail the construction of the sequence (bn)n (analogous
arguments give the construction of (an)n). Clearly, if b \in A\circ , then it is sufficient to
take bn \equiv b. Suppose thus that b /\in A\circ , so that \scrD \ast (t(b),q(b)) = 0.

We split the proof of (5.28b) in four claims; the first two settle the convergence
for the stresses because, indeed, we will show that for any (bn)n with bn \uparrow b there
holds \sigma (bn)\rightarrow \sigma (b) strongly in L2(\Omega ;\BbbM n\times n

sym ).
Claim 1: the properties

lim
s\uparrow b

\sigma (s) = \sigma (b) strongly in L2(\Omega ;\BbbM n\times n
sym )(5.29)

and

lim
s\uparrow b

\BbbD p(t(s),q(s)) = 0(5.30)

are equivalent.
In order to show that (5.29) implies (5.30), we first of all observe that, since z :
[0, S]\rightarrow Hm(\Omega ) is continuous w.r.t. the weak topology of Hm(\Omega ) by (3.26), there holds
z(s)\rightharpoonup z(b) in Hm(\Omega ), and thus z(s)\rightarrow z(b) in L\infty (\Omega ). By Remark 2.3 we have that

sup
x\in \Omega 

dH (K(z(s,x)),K(z(b, x)))  - \rightarrow 0 as s \uparrow b .(5.31)

Therefore,

\BbbD p(t(s),q(s)) = distL2(\Omega )( - \sigma D(s),\scrK z(s)(\Omega ))

 - \rightarrow distL2(\Omega )( - \sigma D(b),\scrK z(b)(\Omega )) =\BbbD p(t(b),q(b)) = 0

as s \uparrow b (recall that \scrD \ast (t(b),q(b)) = 0).
Conversely, suppose (5.30) and let us fix an arbitrary sequence (sk)k with sk \uparrow b.

Since e : [0, S]\rightarrow L2(\Omega ;\BbbM n\times n
sym ) is weakly continuous by (3.26), we have that e(sk)\rightharpoonup 

e(b) in L2(\Omega ;\BbbM n\times n
sym ); we combine this with the fact that z(sk)\rightharpoonup z(b) in Hm(\Omega ) and

conclude that \sigma (sk) =C(z(sk))e(sk)\rightharpoonup C(z(b))e(b) = \sigma (b) in L2(\Omega ;\BbbM n\times n
sym ). We split

the proof of the convergence

\sigma (sk)\rightarrow \sigma (b) strongly in L2(\Omega ;\BbbM n\times n
sym )(5.32)

in three steps.
Step 1: We apply Proposition A.1 from Appendix A.2 with the choices uk := u(sk)\subset 

BD(\Omega ), u = u(b), zk := z(sk) \subset Hm(\Omega ), z = z(b), pk := p(sk) \subset L2(\Omega ;\BbbM n\times n
D ),

and p = p(b): indeed, u : [0, S] \rightarrow BD(\Omega ), z : [0, S] \rightarrow Hm(\Omega ) are weakly\ast 

continuous (cf. again (3.26)), whereas p : [0, S] \rightarrow \scrM b(\Omega \cup \partial D\Omega ;\BbbM n\times n
D ) is

1-Lipschitz continuous. Therefore, we conclude that the sequence (\nabla u(sk))k is
Cauchy w.r.t. convergence in measure. Then (E(u(sk)))k is Cauchy w.r.t. con-
vergence in measure. Now (p(sk))k \subset L1(\Omega ;\BbbM n\times n

D ) is itself a Cauchy se-
quence, as \| p(sk)  - p(sh)\| L1(\Omega ) = \| p(sk)  - p(sh)\| \scrM \mathrm{b}(\Omega ) for all k,h \in \BbbN .
Thus, the sequence (e(sk))k is Cauchy w.r.t. convergence in measure, and
so is \sigma (sk) =C(z(sk))e(sk).
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7975

Step 2: We consider the decomposition

\sigma D(sk) = \pi \scrK z(sk)(\Omega )(\sigma D(sk)) + \sigma D(sk) - \pi \scrK z(sk)(\Omega )(\sigma D(sk)),(5.33)

where \pi \scrK z(sk)(\Omega )(\sigma D(sk)) denotes the projection of \sigma D(sk) onto \scrK z(sk)(\Omega ). It

follows from (5.30) that \sigma D(sk)  - \pi \scrK z(sk)(\Omega )(\sigma D(sk))  - \rightarrow 0 in L2(\Omega ;\BbbM n\times n
D ).

Taking into account that (\sigma D(sk))k is a Cauchy sequence w.r.t. convergence
in measure by Step 1, from (5.33) we conclude that (\pi \scrK z(sk)(\Omega )(\sigma D(sk)))k is
a Cauchy sequence w.r.t. convergence in measure. Up to a not relabeled
subsequence, (\pi \scrK z(sk)(\Omega )(\sigma D(sk)))k converges a.e. in \Omega to some limit function
\=\pi . Using (5.31), it is not difficult to identify \pi as \pi \scrK z(b)(\Omega )(\sigma D(b)). In turn,
from (2.8) (cf. also Remark 2.3) we gather that \pi \scrK z(sk)(\Omega )(\sigma D(sk)) \in BR(0)
for all k \in \BbbN , and hence the sequence (\pi \scrK z(sk)(\Omega )(\sigma D(sk)))k is bounded in

L\infty (\Omega ;\BbbM n\times n
D ). Therefore,

\pi \scrK z(sk)(\Omega )(\sigma D(sk)) - \rightarrow \pi \scrK z(b)(\Omega )(\sigma D(b))(5.34)

(\ast )
= \sigma D(b) in Lp(\Omega ;\BbbM n\times n

D ) for all 1\leq p <\infty ,

where (*) ensues from the fact that \scrD \ast (t(b),q(b)) = 0. Combining (5.34) with
(5.33), we ultimately conclude that

\sigma D(sk)\rightarrow \sigma D(b) strongly in L2(\Omega ;\BbbM n\times n
D ).(5.35)

Step 3: Since Div(\sigma (sk)) \rightarrow Div(\sigma (b)), by the weak convergence \sigma (sk) \rightharpoonup \sigma (b) in
L2(\Omega ;\BbbM n\times n

sym ) and by (5.35), we may apply Lemma A.5 ahead to deduce the
strong convergence (5.32).

Claim 2: Equations (5.29) and (5.30) hold true.
In fact, assuming by contradiction that (5.30) is false (and then also (5.29) by Claim 1),
we have in particular

lim inf
s\uparrow b

\scrD \ast (t(s),q(s))> 0,

so there exist c\in (a, b) and \eta > 0 such that \scrD \ast (t(s),q(s))\geq \eta for every s\in [c, b). From
estimate (4.5) we thus conclude that\int b

c

\| p\prime (s)\| L2ds\leq 
\int b

c

\sqrt{} 
\| z\prime (s)\| 2L2 + \| p\prime (s)\| 2L2ds\leq 

M

\eta 
.

Then Lemma 4.4 gives

\| e(s) - e(b)\| L2 \leq CL

\Biggl( \int b

s

\| p\prime (s)\| L2ds+ \| z(b) - z(s)\| L\infty 

\Biggr) 
for all s\geq c

with CL from (4.6). Therefore, we have e(s) \rightarrow e(b) in L2(\Omega ;\BbbM n\times n
sym ) and ultimately

\sigma (s)\rightarrow \sigma (b) in L2(\Omega ;\BbbM n\times n
sym ). But (5.29) was false by assumption. This concludes the

proof of Claim 2.
Claim 3: There exists a sequence (bn)n with bn \uparrow b such that

\Phi (z(bn))\rightarrow \Phi (z(b)).(5.36)
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7976 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

We distinguish two cases.
Case 1 lim infs\uparrow b\BbbD z(t(s),q(s))<+\infty .
Case 2 lim infs\uparrow b\BbbD z(t(s),q(s)) =+\infty .

In Case 1 we choose the sequence (bn)n, with bn \uparrow b, such that there holds
limn\rightarrow \infty \BbbD z(t(bn),q(bn)) = lim infs\uparrow b\BbbD z(t(s),q(s)).

In Case 2 we choose a sequence (bn)n such that \BbbD z(t(bn),q(bn))\leq \BbbD z(t(s),q(s))
for all s \in [bn, b) and every n \in \BbbN . Indeed, it is enough to define bn as the minimizer
of s \mapsto \rightarrow \BbbD z(t(s),q(s)) on the interval [max\{ bn - 1, b - 1

n\} , b) that is the minimizer over

[max\{ bn - 1, b - 1
n\} , b] of the (lower semicontinuous) function \~\BbbD z(, t(s))q(s) defined as

\BbbD z(t(s),q(s)) for s < b and \~\BbbD z(, t(b))q(b) :=+\infty .
To show (5.36), recalling Proposition 5.1 we observe that for every n \in \BbbN there

holds

0\leq ARV((t,q); [bn, b]) := \Phi (z(b)) - \Phi (z(bn)) +\scrR (z(b) - z(bn))

+ \| z(b) - z(bn)\| L2

\BbbD z(t(bn),q(bn)) +\BbbD z(t(b),q(b))

2
+KW \| z(b) - z(bn)\| L1\| z(b) - z(bn)\| L\infty .

(5.37)

Now, since z : [0, S]\rightarrow Hm(\Omega ) is weakly continuous, taking into account that Hm(\Omega )\Subset 
C0(\Omega ) we clearly have that \scrR (z(b) - z(bn))\rightarrow 0 as n\rightarrow \infty . Analogously, KW \| z(b) - 
z(bn)\| L1\| z(b) - z(bn)\| L\infty \rightarrow 0. Let us show that

\| z(b) - z(bn)\| L2\BbbD z(t(bn),q(bn))\rightarrow 0.(5.38)

In Case 1, since limn\rightarrow \infty \BbbD z(t(bn),q(bn)) = lim infs\uparrow b\BbbD z(t(s),q(s)) < +\infty , we have
that

sup
n

\BbbD z(t(bn),q(bn))<+\infty 

and (5.38) follows from \| z(b) - z(bn)\| L2 \rightarrow 0.
In Case 2, from the choice of bn we have that for every n

\BbbD z(t(bn),q(bn))\leq \BbbD z(t(s),q(s)) for s\in [bn, b)

and thus

\| z(b) - z(bn)\| L2\BbbD z(t(bn),q(bn))\leq 
\int b

bn

\| \.z(s)\| 2\BbbD z(t(s),q(s))ds - \rightarrow 0,

since \| \.z(s)\| 2\BbbD z(t(s),q(s)) is integrable in (a, b). We notice that z(b)  - z(bn) =\int b
bn

\.z(s) ds, where the right term is a Bochner integral in L2(\Omega ) and it is well de-
fined and finite by (4.5) and since lim infs\uparrow b\scrD \ast (t(s),q(s)) > 0. Therefore, (5.38) is
proven. Clearly, we also have

\| z(b) - z(bn)\| L2 \BbbD z(t(b),q(b)) - \rightarrow 0.

All in all, from (5.37) we conclude that limsupn\rightarrow \infty \Phi (z(bn))\leq \Phi (z(b)). Since, by
the lower semicontinuity of \Phi , we also have lim infn\rightarrow \infty \Phi (z(bn))\geq \Phi (z(b)), the desired
convergence (5.36) follows.

Claim 4: It holds

\scrE PP(t(bn),q(bn))\rightarrow \scrE PP(t(b),q(b)) .(5.39)
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7977

Indeed,

\scrE PP(t(bn),q(bn)) =\scrQ (z(bn), e(bn)) +\Phi (z(bn)) .

Therefore, it suffices to observe that

lim
n\rightarrow \infty 

\scrQ (z(bn), e(bn)) = lim
n\rightarrow \infty 

1

2

\int 
\Omega 

\sigma (bn) : e(bn)dx=
1

2

\int 
\Omega 

\sigma (b) : e(b)dx=\scrQ (z(b), e(b)) ,

since \sigma (bn)\rightarrow \sigma (b) strongly in L2(\Omega ;\BbbM n\times n
sym ) and e(bn)\rightharpoonup e(b) weakly in L2(\Omega ;\BbbM n\times n

sym )
by the weak continuity of e. Then (5.39) ensues.

We thus arrive at the following result.

Lemma 5.8. For every i \in \frakI 3k and for every 0 < \eta ,\beta \ll 1, there exist points

si - 1
k \leq ai\beta < b

i
\beta \leq sik and a partition (\rho j\eta ,i)

L\eta ,i
j=0 of the interval [ai\beta , b

i
\beta ] such that

ai\beta , b
i
\beta \in A\circ , ai\beta  - si - 1

k \leq \beta 

2
, sik  - bi\beta \leq 

\beta 

2
,(5.40a)

\| w(ai\beta ) - w(si - 1
k )\| H1(\Omega ) + \| w(bi\beta ) - w(sik)\| H1(\Omega )

+ \| p(ai\beta ) - p(si - 1
k )\| \scrM \mathrm{b}(\Omega ) + \| p(bi\beta ) - p(sik)\| \scrM \mathrm{b}(\Omega ) <\beta ,

(5.40b)

and

L\eta ,i\sum 
j=1

WE((t,q); [\rho i\eta ,j  - 1, \rho i\eta ,j]) + \scrE PP(t(s
i - 1
k ),q(si - 1

k ))

\leq \scrE PP(t(s
i
k),q(s

i
k)) +\scrR (z(sik) - z(si - 1

k )) +

\int sik

si - 1
k

\scrD (q\prime (s))\scrD \ast (t(s),q(s))ds

+

L\eta ,i\sum 
j=1

\scrH PP

\Biggl( 
z(\rho i\eta ,j  - 1),

p(\rho i\eta ,j) - p(\rho i\eta ,j  - 1)

2

\Biggr) 

+

L\eta ,i\sum 
j=1

\scrH PP

\Biggl( 
z(\rho i\eta ,j),

p(\rho i\eta ,j) - p(\rho i\eta ,j  - 1)

2

\Biggr) 

+ \eta 
M

mins\in [ai\beta ,b
i
\beta ]
\scrD \ast (t(s),q(s))

+Rem2([a
i
\beta , b

i
\beta ]) + \beta ,

(5.41)

where M > 0 is from (4.5) and Rem2([a
i
\beta , b

i
\beta ]) is defined by the right-hand side of

(5.27).

Proof. In view of Lemma 5.7, (2.10), and (3.26), for every fixed \beta > 0 we may
pick ai\beta , b

i
\beta \in A\circ such that (5.40) hold, together with\bigm| \bigm| \scrE PP(t(a

i
\beta ),q(a

i
\beta )) - \scrE PP(t(s

i - 1
k ),q(si - 1

k ))
\bigm| \bigm| \leq \beta 

4
,\bigm| \bigm| \scrE PP(t(b

i
\beta ),q(b

i
\beta )) - \scrE PP(t(s

i
k),q(s

i
k))
\bigm| \bigm| \leq \beta 

4
.

(5.42)

Furthermore, recall that z : [0, S] \rightarrow Hm(\Omega ) is weakly continuous, so that by the
compact embedding Hm(\Omega )\Subset L\infty (\Omega ) we have that z \in C0([0, S];L\infty (\Omega )). Therefore,
we may suppose that the quantities \| z(ai\beta ) - z(si - 1

k )\| L\infty and \| z(bi\beta ) - z(sik)\| L\infty are
so small as to ensure that

\scrR (z(bi\beta ) - z(ai\beta ))\leq \scrR (z(sik) - z(si - 1
k )) +

\beta 

4
.(5.43)
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7978 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

After these preparations, we proceed as in Lemma 5.6 and with the points ai\beta and

bi\beta we associate a partition (\rho i\eta ,j)
L\eta ,i
j=1 of the interval [ai\beta , b

i
\beta ] such that

L\eta ,i\sum 
j=1

WE((t,q); [\rho i\eta ,j  - 1, \rho i\eta ,j]) + \scrE PP(t(a
i
\beta ),q(a

i
\beta ))

\leq \scrE PP(t(b
i
\beta ),q(b

i
\beta )) +\scrR (z(bi\beta ) - z(ai\beta )) +

\int bi\beta 

ai\beta 

\scrD (q\prime (s))\scrD \ast (t(s),q(s))ds

+

L\eta ,i\sum 
j=1

\scrH PP

\Biggl( 
z(\rho i\eta ,j  - 1),

p(\rho i\eta ,j) - p(\rho i\eta ,j  - 1)

2

\Biggr) 

+

L\eta ,i\sum 
j=1

\scrH PP

\Biggl( 
z(\rho i\eta ,j),

p(\rho i\eta ,j) - p(\rho i\eta ,j  - 1)

2

\Biggr) 

+ \eta 
M

mins\in [ai\beta ,b
i
\beta ]
\scrD \ast (t(s),q(s))

+Rem2([a
i
\beta , b

i
\beta ]) .

Then estimate (5.41) follows by (5.42), (5.43) and by observing that\int bi\beta 

ai\beta 

\scrD (q\prime (s))\scrD \ast (t(s),q(s))ds\leq 
\int sik

si - 1
k

\scrD (q\prime (s))\scrD \ast (t(s),q(s))ds .

6. Proof of Theorem 3.8: The lower energy-dissipation inequality. In
this section we eventually prove the following result.

Proposition 6.1. The pair (t,q) satisfies the lower energy-dissipation inequality
(3.31).

Proof. We start by adding up
(1) estimate (5.20) over all indices i\in \frakI 1k;
(2) estimate (5.26), with fixed \eta > 0, over all indices i\in \frakI 2k;
(3) estimate (5.41), with fixed \eta , \beta > 0, over all indices i\in \frakI 3k.

Eventually, we will add the resulting inequalities and obtain an overall discrete version
of (3.31); cf. (6.1) below. In order to write it in a compact form, let us introduce as
a place-holder

Workk[w] =
\sum 
i\in \frakI 1

k

\biggl\langle 
1

2

\bigl( 
\sigma (si - 1

k ) + \sigma (sik)
\bigr) 
,E(w(sik) - w(si - 1

k ))

\biggr\rangle 
L2(\Omega )

+
\sum 
i\in \frakI 2

k

M\eta ,i\sum 
j=1

\biggl\langle 
1

2

\bigl( 
\sigma (ri\eta ,j  - 1) + \sigma (ri\eta ,j)

\bigr) 
,E(w(ri\eta ,j) - w(ri\eta ,j  - 1))

\biggr\rangle 
L2(\Omega )

+
\sum 
i\in \frakI 3

k

L\eta ,i\sum 
j=1

\biggl\langle 
1

2

\bigl( 
\sigma (\rho i\eta ,j  - 1) + \sigma (\rho i\eta ,j)

\bigr) 
,E(w(\rho i\eta ,j) - w(\rho i\eta ,j  - 1))

\biggr\rangle 
L2(\Omega )

.

Recall that we are assuming that no volume or surface forces are present. Clearly, we
have \sum 

i\in \frakI 1
k

WE((t,q); [si - 1
k , sik]) +

\sum 
i\in \frakI 2

k

M\eta ,i\sum 
j=1

WE((t,q); [ri\eta ,j  - 1, ri\eta ,j])

+
\sum 
i\in \frakI 3

k

L\eta ,i\sum 
j=1

WE((t,q); [\rho i\eta ,j  - 1, \rho i\eta ,j]) =Workk [w] .
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7979

Analogously, we introduce a place-holder for the terms that approximate the integral\int S
0
\scrH PP(z,p

\prime )ds, namely

HVk(t,q; [0, S]) :=
\sum 
i\in \frakI 1

k

\scrH PP

\Biggl( 
z(si - 1

k ),
p(sik) - p(si - 1

k )

2

\Biggr) 
+\scrH PP

\Biggl( 
z(sik),

p(sik) - p(si - 1
k )

2

\Biggr) 

+
\sum 
i\in \frakI 2

k

M\eta ,i\sum 
j=1

\scrH PP

\Biggl( 
z(ri\eta ,j  - 1),

p(ri\eta ,j) - p(ri\eta ,j  - 1)

2

\Biggr) 

+\scrH PP

\Biggl( 
z(ri\eta ,j),

p(ri\eta ,j) - p(ri\eta ,j  - 1)

2

\Biggr) 

+
\sum 
i\in \frakI 3

k

L\eta ,i\sum 
j=1

\scrH PP

\Biggl( 
z(\rho i\eta ,j  - 1),

p(\rho i\eta ,j) - p(\rho i\eta ,j  - 1)

2

\Biggr) 

+\scrH PP

\Biggl( 
z(\rho i\eta ,j),

p(\rho i\eta ,j) - p(\rho i\eta ,j  - 1)

2

\Biggr) 
.

We also consider the sum of the remainder terms

Remk([0, S]) :=
\sum 
i\in \frakI 1

k

Rem1([s
i - 1
k , sik]) +

\sum 
i\in \frakI 2

k

Rem2([s
i - 1
k , sik]) +

\sum 
i\in \frakI 3

k

Rem2([a
i
\beta , b

i
\beta ])

with Rem1 and Rem2 from (5.21) and (5.27), respectively, and where (ai\beta )i\in \frakI 3
k
and

(bi\beta )i\in \frakI 3
k
are the points associated with (si - 1

k )i\in \frakI 3
k
and (sik)i\in \frakI 3

k
, respectively, as in

Lemma 5.8. Furthermore, we observe that\sum 
i\in \frakI 1

k

\scrR (z(sik) - z(si - 1
k )) +

\sum 
i\in \frakI 2

k

\scrR (z(sik) - z(si - 1
k )) +

\sum 
i\in \frakI 3

k

\scrR (z(sik) - z(si - 1
k ))

=

\int S

0

\scrR (z\prime (s))ds

and, analogously,\sum 
i\in \frakI 1

k

\{ \scrE PP(t(s
i
k),q(s

i
k)) - \scrE PP(t(s

i - 1
k ),q(si - 1

k ))\} +
\sum 
i\in \frakI 2

k

\{ \scrE PP(t(s
i
k),q(s

i
k))

 - \scrE PP(t(s
i - 1
k ),q(si - 1

k ))\} +
\sum 
i\in \frakI 3

k

\{ \scrE PP(t(s
i
k),q(s

i
k)) - \scrE PP(t(s

i - 1
k ),q(si - 1

k ))\} 

= \scrE PP(t(S),q(S)) - \scrE PP(t(0),q(0)),

while

\sum 
i\in \frakI 2

k

\int sik

si - 1
k

\scrD (q\prime (s))\scrD \ast (t(s),q(s))ds+
\sum 
i\in \frakI 3

k

\int sik

si - 1
k

\scrD (q\prime (s))\scrD \ast (t(s),q(s))ds

\leq 
\int 
(0,S)\cap A\circ 

\scrD (q\prime (s))\scrD \ast (t(s),q(s))ds .
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7980 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

Adding up (5.20), (5.26), and (5.41), we eventually obtain

Workk[w] + \scrE PP(t(0),q(0))

\leq \scrE PP(t(S),q(S)) +HVk(t,q; [0, S]) +

\int S

0

\scrR (z\prime (s))ds

+

\int 
(0,S)\cap A\circ 

\scrD (q\prime (s))\scrD \ast (t(s),q(s))ds

+Remk([0, S]) + \eta M
\sum 
i\in \frakI 2

k

1

mins\in [si - 1
k ,sik]

\scrD \ast (t(s),q(s))

+ \eta M
\sum 
i\in \frakI 3

k

1

mins\in [ai\beta ,b
i
\beta ]
\scrD \ast (t(s),q(s))

+ \beta \#(\frakI 3k) ,(6.1)

where the very last term on the right-hand side derives from adding up, for each index
i\in \frakI 3k, the term \beta on the right-hand side of (5.41). Recalling (3.21), set\widetilde M := sup

s\in [0,S]

\bigl( 
\| s(s)\| L2(\Omega ) + \| u(s) +w(s)\| BD(\Omega ) + \| z(s)\| L\infty (\Omega )

\bigr) 
.(6.2)

Let us take the limit in (6.1) as \eta \rightarrow 0, \beta \rightarrow 0, and k\rightarrow +\infty in this order. In fact,
for any fixed k \in \BbbN it is possible to choose \beta = \beta (k) and then \eta = \eta (\beta ,k) in such a way
to make the last three terms in the right-hand side of (6.1) arbitrarily small. More
precisely, for fixed k \in \BbbN we choose 0<\beta \ll 1 in such a way as to make the last term
on the right-hand side of (6.1) arbitrarily small; then we choose 0< \eta \ll 1, depending
on the intervals \frakI 2k, \frakI 

3
k, and on the previously found \beta so that the third-to-last term

and the second-to-last term on the right-hand sides of (6.1) are arbitrarily small.
Moreover, in the following lines we will show that also the (discrete) terms de-

pending on k in (6.1) may be made arbitrarily close to their continuous counterparts
in the lower energy-dissipation inequality (3.31) as k\rightarrow +\infty for suitable \beta = \beta (k).

Let us introduce the partition of [0, S]

(sjk)
Lk
j=0 :=

\bigcup 
i\in \frakI 1

k

\{ sik\} \cup 
\bigcup 
i\in \frakI 2

k

M\eta ,i\bigcup 
j=1

\{ rj\eta ,i\} \cup 
\bigcup 
i\in \frakI 3

k

\left(  L\eta ,i\bigcup 
j=1

\{ \varrho j\eta ,i\} \cup \{ sik\} 

\right)  .

In fact, the number of nodes of this partition also depends on \eta , but for shorter nota-
tion we do not highlight this dependence. Alternatively, one could formally consider
a suitable vanishing sequence (\eta k)k, to avoid explicit dependence on \eta .

Thus, we may express

Workk[w] =

Lk\sum 
j=1

\biggl\langle 
1

2

\Bigl( 
\sigma (sj - 1

k ) + \sigma (sjk)
\Bigr) 
,E(w(sjk) - w(sj - 1

k ))

\biggr\rangle 
L2(\Omega )

 - 1

2

\sum 
i\in \frakI 3

k

\Bigl( 
\langle \sigma (ai\beta ) + \sigma (si - 1

k ),E(w(si - 1
k ) - w(ai\beta ))\rangle L2(\Omega )

+ \langle \sigma (bi\beta ) + \sigma (sik),E(w(s
i
k) - w(bi\beta ))\rangle L2(\Omega )

\Bigr) 
,

so that by (5.40b), for \widetilde M from (6.2),\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| Workk[w] - 
Lk\sum 
j=1

\biggl\langle 
1

2

\Bigl( 
\sigma (sj - 1

k ) + \sigma (sjk)
\Bigr) 
,E(w(sjk) - w(sj - 1

k ))

\biggr\rangle 
L2(\Omega )

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq \beta \widetilde M\#(\frakI 3k) .
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A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7981

Now it follows from Lemma A.6 ahead that

lim
k\rightarrow \infty 

Lk\sum 
j=1

\langle 1
2
(\sigma (sj - 1

k ) + \sigma (sjk)),E(w(s
j
k) - w(sj - 1

k ))\rangle L2(\Omega ) =

\int S

0

\langle \sigma k(s),Ew\prime (s)\rangle ds ,

and therefore we ultimately have

lim
k\rightarrow \infty 

lim
\beta \rightarrow 0

Workk[w] =

\int S

0

\langle \sigma k(s),Ew\prime (s)\rangle ds .

The convergence

lim
k\rightarrow \infty 

lim
\beta \rightarrow 0

HVk(t,q; [0, S]) =

\int S

0

\scrH PP(z(s),p
\prime (s))ds

follows from [DDS11, Lemma 8.2], noticing that (similarly as before) we may obtain\bigm| \bigm| \bigm| \bigm| \bigm| HVk(t,q; [0, S]) - 
1

2

Lk\sum 
j=1

\Bigl[ 
\scrH PP

\Bigl( 
z(sj - 1

k ),p(sjk) - p(sj - 1
k )

\Bigr) 
+\scrH PP

\Bigl( 
z(sjk),p(s

j
k) - p(sj - 1

k )
\Bigr) \Bigr] \bigm| \bigm| \bigm| \bigm| \bigm| \leq \beta \widetilde M\#\frakI 3k .

Eventually, Remk([0, S]) \rightarrow 0 by Lemma 6.2 ahead. All in all, we conclude the
lower energy-dissipation inequality (3.31).

We prove the following technical lemma employed in the proof of Proposition 6.1.

Lemma 6.2. There exists a constant KM > 0, only depending on the toughness
constant \kappa , on the constants KW and KC from (5.3), and on M> 0 from (4.5), such
that

\forall \delta \in (0,1] \exists \=k \in \BbbN \forall k\geq \=k : Remk([0, S])\leq \delta KM .(6.3)

Proof. Recall that z \in C0([0, S];L\infty (\Omega )). Therefore, for every \delta \in (0,1] there
exists \=k \in \BbbN such that, for k\geq \=k, the fineness maxi=1,...,Nk

(sik  - si - 1
k ) of the partition

is so small that

sup
i=1,...,Nk

\| z(sik) - z(si - 1
k )\| L\infty (\Omega ) \leq \delta .

Then

\sum 
i\in \frakI 1

k

Rem1([s
i - 1
k , sik])\leq \delta 

\sum 
i\in \frakI 1

k

\Bigl( 
KC

\bigl\{ 
\Phi (z(sik)) - \Phi (z(si - 1

k )) +\scrR (z(sik) - z(si - 1
k ))

\bigr\} 
+KW \| z(sik) - z(si - 1

k )\| L1

\bigl\{ 
1 +KC\| z(sik) - z(si - 1

k )\| L\infty 
\bigr\} \Bigr) 

(1)

\leq \delta 

\biggl( 
(2CM +M)KC +

1

\kappa 
MKW (1 +KC\delta )

\biggr) 
.
= \delta \widehat KM

(6.4)

with \kappa > 0 the toughness constant from (1.2d). Now for (1) we have used that\sum 
i\in \frakI 1

k

\bigl( 
\Phi (z(sik)) - \Phi (z(si - 1

k ))
\bigr) 
\leq 2 sup

s\in [0,S]

\Phi (z(s))\leq 2CM
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7982 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

for some positive constant CM only depending on the constant M> 0 from (4.5) and
on the problem data, since sups\in [0,S] | \scrE PP(t(s),q(s))| \leq M. We have also used that\sum 

i\in \frakI 1
k
\scrR (z(sik) - z(si - 1

k ))

\kappa 
\sum 
i\in \frakI 1

k
\| z(sik) - z(si - 1

k )\| L1

\Biggr\} 
\leq 
\int S

0

\scrR (z\prime (s))ds\leq M .

By adapting the above calculations we estimate for each i\in \frakI 2k

Rem2([s
i - 1
k , sik]) =

M\eta ,i\sum 
j=1

\Delta (ri\eta ,j  - 1, ri\eta ,j)\| z(ri\eta ,j) - z(ri\eta ,j  - 1)\| L\infty 

\leq \delta 

M\eta ,i\sum 
j=1

\Bigl( 
KC

\bigl\{ 
\Phi (z(ri\eta ,j)) - \Phi (z(ri\eta ,j  - 1)) +\scrR (ri\eta ,j) - z(ri\eta ,j  - 1))

\bigr\} 
+KW \| z(ri\eta ,j) - z(ri\eta ,j  - 1)\| L1 \{ 1 +KC\delta \} 

\Bigr) 
(2)

\leq \delta 

\Biggl( 
\Phi (z(sik) - \Phi (z(si - 1

k ) +\scrR (z(sik) - z(si - 1
k ))

+KW (1 +KC\delta )

\int sik

si - 1
k

\| z\prime (s)\| L1(\Omega )ds

\Biggr) 
,

where for (2) we have used that the points (ri\eta ,j)
M\eta ,i

j=1
provide a partition of the interval

[si - 1
k , sik]. Therefore,\sum 

i\in \frakI 2
k

Rem2([s
i - 1
k , sik])\leq \delta 

\sum 
i\in \frakI 2

k

\biggl( 
\Phi (z(sik) - \Phi (z(si - 1

k ) +\scrR (z(sik) - z(si - 1
k ))

+ KW (1 +KC\delta )

\int sik

si - 1
k

\| z\prime (s)\| L1(\Omega )ds

\biggr) 
\leq \delta \widehat KM

(6.5)

by the very same arguments as in the proof of (6.4). In a completely analogous way
we find that \sum 

i\in \frakI 3
k

Rem2([a
i
\eta , b

i
\eta ])\leq \delta \widehat KM .(6.6)

Eventually, adding (6.4), (6.5), and (6.6), we conclude (6.3) with KM := 3 \widehat KM.

Appendix A. We collect here some technical results employed in the paper.
Most proofs are omitted here for brevity; all of them can be found in [CLRpre].

A.1. Proof of Lemma 5.4. We provide here the proof of Lemma 5.4.
Step 1. Let

m1 := min
x\in [a,b]

\psi (x) .

Since \psi attains its minimum on [a, b] and is finite in a and b, we have that m1 \in 
(0,+\infty ). Then the set

A1 := \{ x\in [a, b] :\psi (x)\leq m1 + \eta \} 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.D
ow

nl
oa

de
d 

12
/1

3/
24

 to
 2

17
.2

01
.2

27
.1

66
 b

y 
G

iu
lia

no
 L

az
za

ro
ni

 (
gi

ul
ia

no
.la

zz
ar

on
i@

un
if

i.i
t)

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



A RATE-INDEPENDENT ELASTOPLASTIC DAMAGE MODEL 7983

is not empty. Since \psi is lower semicontinuous, A1 is a compact subset of \BbbR ; let

a1 :=minA1 ; b1 :=maxA1 ; J1 := \{ a1, b1\} .(A.1)

Let us distinguish different cases.
Case 1.I: a1 = a, b1 = b. If a1 = a, b1 = b, we set r0\eta := a1 = a and r1\eta := b1 = b. We

have that

\psi (s)\geq 1

2

\Bigl( 
\psi (r0\eta ) +\psi (r1\eta )

\Bigr) 
 - \eta for every s\in (a, b) ,

so that the partition given by J1 = (rj\eta )
1
j=0 satisfies (5.23) and the proof

is finished.
Case 1.II: Otherwise, three subcases may occur.

Case 1.IIa: a < a1 \leq b1 = b (notice that possibly a1 = b1). We define the
function \widehat \psi  - 

1 : [a,a1]\rightarrow (0,+\infty ] as

\widehat \psi  - 
1 (x) :=

\left\{   \psi (x), x\in [a,a1) ,

lim inf
r\rightarrow a - 1

\psi (r), x= a1 .
(A.2)

Case 1.IIb: a= a1 \leq b1 < b. We define \widehat \psi +
1 : [b1, b]\rightarrow (0,+\infty ] as

\widehat \psi +
1 (x) :=

\left\{   \psi (x), x\in (b1, b] ,

lim inf
r\rightarrow b+1

\psi (r), x= b1 .
(A.3)

Case 1.IIc: a< a1 \leq b1 < b. We define \widehat \psi  - 
1 : [a,a1]\rightarrow (0,+\infty ], \widehat \psi +

1 : [b1, b]\rightarrow 
(0,+\infty ] as in (A.2) and (A.3), respectively.

In any case, if a1 < b1, we get

\psi (s)\geq 1

2

\Bigl( 
\psi (a1) +\psi (b1)

\Bigr) 
 - \eta for s\in (a1, b1) .(A.4)

This concludes the discussion in Step 1.
Step 2. Let

m\pm 
2 :=min \widehat \psi \pm 

1 .

We notice that m+
2 , m

 - 
2 \geq m1 + \eta . Then we define

A - 
2 := \{ x\in [a,a1] : \widehat \psi  - 

1 (x)\leq m - 
2 + \eta \} , A+

2 := \{ x\in [b1, b] : \widehat \psi +
1 (x)\leq m+

2 + \eta \} .

Similarly as in Step 1, we consider

a2 :=minA - 
2 , b2 :=maxA+

2

and observe that by construction

\psi (s)\geq 1

2

\Bigl( 
\psi (a2) +\psi (a1)

\Bigr) 
 - \eta for s\in (a2, a1) ,(A.5a)

\psi (s)\geq 1

2

\Bigl( 
\psi (b1) +\psi (b2)

\Bigr) 
 - \eta for s\in (b1, b2) ,(A.5b)

where possibly a1 = a2, b1 = b2. We set

J2 := J1 \cup \{ a2, b2\} .
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As in Step 1, we distinguish different cases.
Case 2.I: a2 = a, b2 = b. We have that the points of the set J2 provide a partition

of [a, b] satisfying in view of (A.4) and (A.5), and this finishes the proof.
Case 2.II: We again distinguish three subcases.

Case 2.IIa: a< a2 \leq b2 = b. We define \widehat \psi  - 
2 : [a,a2]\rightarrow (0,+\infty ] as

\widehat \psi  - 
2 (x) :=

\left\{   \psi (x), x\in [a,a2) ,

lim inf
r\rightarrow a - 2

\psi (r), x= a2 .
(A.6)

Case 2.IIb: a= a2 \leq b2 < b. We define \widehat \psi +
2 : [b2, b]\rightarrow (0,+\infty ] as

\widehat \psi +
2 (x) :=

\left\{   \psi (x), x\in (b2, b] ,

lim inf
r\rightarrow b+2

\psi (r), r= b2 .
(A.7)

Case 2.IIc: a< a2 \leq b2 < b. We consider both \widehat \psi  - 
2 and \widehat \psi +

2 .
This concludes the discussion of Step 2.

Step 3. We considerm\pm 
3 :=min \widehat \psi \pm 

3 and accordingly set

A - 
3 := \{ x\in [a,a2] : \widehat \psi  - 

2 (x)\leq m - 
2 + \eta \} , A+

3 := \{ x\in [b2, b] : \widehat \psi +
2 (x)\leq m+

2 + \eta \} ,
a3 :=minA - 

3 , b3 :=maxA+
3 , J3 = J2 \cup \{ a3, b3\} .

If a3 = a and b3 = b, then the proof is finished. Otherwise, similarly as in the previous
steps, if a3 = a and b3 < b, in the subsequent step we have still to refine the partition
only ``from the right"" by resorting to a function \widehat \psi +

3 defined in analogy with \widehat \psi +
1 ,
\widehat \psi +
2 ,

while ``from the left"" the partition is fine for our purposes. Similarly, if a3 > a and
b3 = b, in the next step we have still to refine the partition only ``from the left"" by using\widehat \psi  - 
3 , while ``from the right"" the partition is fine. In this way, we arrive at the next step.

Step n. We are given the points in

Jn - 1 = \{ an - 1, . . . , a1, b1, . . . , bn - 1\} 

with an - 1 \leq an - 2 \leq \cdot \cdot \cdot \leq a1 \leq b1 \leq \cdot \cdot \cdot \leq bn - 1. Expressing Jn - 1 as \{ \~r1, . . . , \~rm\} with
m\leq 2(n - 1) and \~rj < \~rj+1 for j \in \{ 1, . . . ,m - 1\} , it holds that

\psi (s)\geq 1

2

\Bigl( 
\psi (\~rj) +\psi (\~rj+1)

\Bigr) 
 - \eta for every s\in (\~rj , \~rj+1) and every j \in \{ 1, . . . ,m - 1\} .

(A.8)

If a< an - 1 we consider the function

\widehat \psi  - 
n - 1(x) :=

\left\{   \psi (x), x\in [a,an - 1) ,

lim inf
r\rightarrow a - n - 1

\psi (r), x= an - 1 ,

and if bn - 1 < b, we also introduce the function

\widehat \psi +
n - 1(x) :=

\left\{   \psi (x), x\in (bn - 1, b],

lim inf
r\rightarrow b+n - 1

\psi (r), x= bn - 1.

Let m\pm 
n :=min \widehat \psi \pm 

n - 1. There exist

m\pm 
n \geq m\pm 

n - 1 + \eta \geq \cdot \cdot \cdot \geq m1 + (n - 1)\eta .(A.9)
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We repeat the procedure performed in the previous step: we set

A - 
n := \{ x\in [a,an - 1] : \widehat \psi  - 

n - 1(x)\leq m - 
n + \eta \} , A+

n := \{ x\in [bn - 1, b] : \widehat \psi +
n - 1(x)\leq m+

n + \eta \} ,
(A.10a)

an :=minA - 
n , bn :=maxA+

n .(A.10b)

By construction,

\psi (s)\geq 1

2

\Bigl( 
\psi (an) +\psi (an - 1)

\Bigr) 
 - \eta for s\in (an, an - 1) ,(A.11a)

\psi (s)\geq 1

2

\Bigl( 
\psi (bn - 1) +\psi (bn)

\Bigr) 
 - \eta for s\in (bn - 1, bn) ,(A.11b)

where possibly an - 1 = an, bn - 1 = bn.
Conclusion. The procedure can then be iterated, obtaining at each application a
larger set of nodes satisfying the analogue of (5.23). In order to obtain exactly (5.23),
it is enough to find n\eta such that both an\eta 

= a and bn\eta 
= b. In fact, this can be done

in a finite number of steps: since \psi (a), \psi (b)\in \BbbR , then at most max\{ \psi (a),\psi (b)\} 
\eta +1 steps

are needed, in view of (A.9) and the definition of an, bn (cf. (A.10)).

A.2. An elliptic regularity estimate. The following proposition uses elliptic
regularity arguments as a way to derive an estimate that will ultimately enhance the
compactness properties of a suitable sequence. We refer the reader to [CLRpre] for
the proof, which is based on a corresponding elliptic regularity result from [DDS11,
Theorem 9.1].

Proposition A.1. Let (uk)k \subset H1
Dir(\Omega ;\BbbR 

n), (zk)k \subset Hm(\Omega ), (pk)k \subset L2(\Omega ;

\BbbM n\times n
D ) fulfill uk

\ast 
\rightharpoonup u in BD(\Omega ), zk\rightharpoonup z in Hm(\Omega ), and pk \rightarrow p in \scrM b(\Omega ;\BbbM n\times n

sym ), and
suppose that (uk, zk, pk) satisfy the equations

 - div(C(zk)Euk) = - div(C(zk)pk) in \Omega for every k \in \BbbN ,

where C(z) =V(z)\BbbC , with V \in C1,1(\BbbR ) as in (2.6d) and \BbbC isotropic.
Then (\nabla uk)k is a Cauchy sequence w.r.t. the convergence in measure. In partic-

ular, there exists a not relabeled subsequence of (uk)k such that \nabla uk \rightarrow \nabla u a.e. in \Omega .

Remark A.2. In this estimate we have to resort to the structural condition C(z) =
V(z)\BbbC . Indeed, Proposition A.1 is a consequence of [DDS11, Theorem 9.1], which is
based on an explicit representation formula for solutions to the problem of linear
elasticity, which holds for \BbbC isotropic (in particular with constant coefficients).

A.3. An auxiliary duality result. Let (X,H,X\ast ) be a Hilbert triple (i.e., the
Hilbert space X fulfills X \subset H densely and continuously), and consider the extended
H-norm on X\ast :

fH(\xi ) :=

\Biggl\{ 
\| \xi \| H if \xi \in H,

+\infty otherwise .

Let R :H\rightarrow [0,+\infty ] be a positively 1-homogeneous functional, with R(0) = 0. Consider
the convex conjugate and the subdifferential of R in the X\ast -X duality, i.e.,

R\ast :X\ast \rightarrow [0,+\infty ], R\ast (w) := sup
v\in X

(\langle w,v\rangle X  - R(v)) ,

\partial R :X\rightrightarrows X\ast , \partial R(v) = \{ w \in R\ast : R(\eta ) - R(v)\geq \langle w,\eta  - v\rangle X \forall \eta \in X\} .

We have the following lemma, whose proof can be found in [CLRpre].
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7986 V. CRISMALE, G. LAZZARONI, AND R. ROSSI

Lemma A.3. In the above setup, there holds

inf
w\in \partial R(0)

fH(\xi  - w) = sup\{ \langle \xi , \eta \rangle X - R(\eta ) : \eta \in X , \| \eta \| H \leq 1\} .

Remark A.4. Clearly, the representation formula (3.17a) for \BbbD p immediately fol-
lows with X = H = L2(\Omega ;\BbbM n\times n

D ), fH = \| \cdot \| L2(\Omega ;\BbbM n\times n
\mathrm{D} ), and R = \scrH (z, \cdot ). Analogously,

(3.17b) for \BbbD z ensues with X=Hm(\Omega ), H=L2(\Omega ), fH = fL2(\Omega ), and R=\scrR .

A.4. A result on the convergence of the stresses. The following lemma is
inspired by [FG12, Proposition 6.1]. Its proof can be found in [CLRpre].

Lemma A.5. Let \Omega be a Lipschitz domain and (\sigma k)k \in L2(\Omega ;\BbbM n\times n
sym ) be such

that \sigma k \rightharpoonup \sigma in L2(\Omega ;\BbbM n\times n
sym ), div\sigma k \rightarrow div\sigma in L2(\Omega ;\BbbR n), and (\sigma k)D \rightarrow \sigma D in

L2(\Omega ;\BbbM n\times n
D ). Then \sigma k \rightarrow \sigma in L2(\Omega ;\BbbM n\times n

sym ).

A.5. Approximation of the work of the external forces. Let (s\ell k)
Sk

\ell =0 \subset [0, S]
with

0 = s0k < s1k < \cdot \cdot \cdot < sSk

k = S and max
\ell =1,...,Sk

(s\ell k  - s\ell  - 1
k )\rightarrow 0 as k\rightarrow \infty 

be a generic partition of the interval [0, S]. The following result concerns the ap-

proximation of the integral
\int S
0
\langle \sigma ,E(w\prime )\rangle L2(\Omega ) ds that contributes to the work of the

external forces. Its proof can be found in [CLRpre].

Lemma A.6. There holds

lim
k\rightarrow \infty 

Sk\sum 
\ell =1

\langle \sigma (s\ell  - 1
k ),E(w(s\ell k) - w(s\ell  - 1

k ))\rangle L2(\Omega )

=

\int S

0

\langle \sigma (s),Ew\prime (s)\rangle L2(\Omega ) ds= lim
k\rightarrow \infty 

Sk\sum 
\ell =1

\langle \sigma (s\ell k),E(w(s\ell k) - w(s\ell  - 1
k ))\rangle L2(\Omega ) .

In particular,

lim
k\rightarrow \infty 

Sk\sum 
\ell =1

1

2
\langle \sigma (s\ell  - 1

k ) + \sigma (s\ell k),E(w(s
\ell 
k) - w(s\ell  - 1

k ))\rangle L2(\Omega ) =

\int S

0

\langle \sigma (s),Ew\prime (s)\rangle L2(\Omega ) ds .
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