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ARTICLE INFO ABSTRACT
Keywords: This work considers a recently developed finite-deformation elastoplasticity theory that assumes
Small-scale metal plasticity distinct tensorial fields describing macro-plasticity and micro-plasticity, where the latter is de-

Strengthening and mechanisms
Size effect
Yield stress scaling

termined by a higher-order balance equation with associated boundary conditions. Specifically,
micro-plasticity evolves according to a contribution to the Helmholtz free-energy density that
Finite element method depends on.a Nye-Kroner-like dislocatio.n density. t.ensor and is referred to as the defect ‘ener.gy.
Finite strain The theory is meant to set the onset of micro-plasticity at a stress level lower than that activating
Non-proportional loading macro-plasticity, such as micro-plasticity aims at explaining and characterizing the increase
in yield stress with diminishing size. Additionally, the formulation relies on smooth elastic—
plastic transitions for both plasticity fields, even if focusing on rate-independent response.
This investigation demonstrates the capability of the proposed theory to predict size-effects of
interest in small-scale metal plasticity by focusing on multiple loading cycles and, prominently,
on the scaling of the apparent yield stress with sample size, the latter being a crucial open
issue in the recent literature on modeling size-dependent plasticity. To this end, this work
considers the specialization of the theory to small deformations and proposes a finite element
implementation for the constrained simple shear problem. Importantly, it is shown that the
simplest treatment of plastic strain gradients, which consists of adopting a quadratic defect
energy, can be conveniently used to predict reliable size-effects, although in the literature
on strain gradient plasticity quadratic defect energies have always been associated with a
relatively poor description of size-effects. In fact, in the present theory the limits of the
quadratic defect energy are overcome by leveraging on the complex interplay between micro-
and macro-plasticity fields. The capability of the proposed theory is quantitatively demonstrated
by predicting results from the literature that are obtained from discrete dislocation dynamics
simulations on planar polycrystals of grains with variable size subjected to macroscopic pure
shear.

1. Introduction

This work investigates the size-dependent elastoplasticity theory developed in (Rubin and Bardella, 2023), henceforth denoted as
“mM theory”, by referring to its fundamental feature of including two plasticity fields, namely micro-plasticity and macro-plasticity.
While, in this theory, macro-plasticity is determined by a standard plastic rate tensor, micro-plasticity is governed by a higher-
order balance that relies on the strain gradient plasticity (SGP) developed by Gurtin (2004). Consequently, the theory involves the
Nye—Kroner tensor (Nye, 1953; Kroner, 1962) to phenomenologically account for the effect of densities of geometrically necessary
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dislocations (GNDs, Ashby, 1970), which leads to the “smaller is stronger” size-effect in a size range spanning from a few tens of
nanometers to a few tens of micrometers (Fleck and Hutchinson, 1997; Greer and De Hosson, 2011; Mu et al., 2016).

The mM theory, which is summarized in Section 2, is built on the idea that micro-plastic flow diminishes with decrease in
specimen size and its interplay with macro-plasticity leads to the observed strengthening. This is achieved by simply imposing
that the initial micro-yield stress is appropriately lower than the macro-yield stress. The proposed use of the micro-plastic field is
inspired by the experimental results of Maal} and Derlet (2018) and references therein, which explain the strengthening through the
observation of irreversible, tiny deformations, which are referred to as “micro-plastic” deformations, occurring before the onset of
apparent (or “macroscopic”) yield. Importantly, in the mM theory the onsets of micro- and macro-plasticity are both accompanied
by a rate-independent smooth transition between the elastic and plastic regimes. With these evolution equations, the mM theory
introduces a physical mechanism that causes the strengthening experimentally observed (Fleck et al., 1994; Greer and De Hosson,
2011; Liu et al., 2013; Mu et al., 2016). In the non-incremental theories, so called by Fleck et al. (2014) to denote a class of SGP
theories that have been developed since the fundamental contributions of Gudmundson (2004) and Gurtin (2004), that physical
mechanism is lacking, being substituted by subtle mathematics (Chiricotto et al., 2016) allowing the prediction of strengthening at
the price of anomalous behaviors under certain non-proportional loading histories (Fleck et al., 2014).

Additionally, the mM theory has been developed for large deformations by using an Eulerian formulation of the constitutive
equations. Such formulation is independent of arbitrary specifications of a total strain measure, of a plastic strain measure, and of
reference and intermediate configurations (Rubin, 1996, 2012, 2021). In particular, avoiding the Bilby—Kroner-Lee multiplicative
form of the deformation gradient (Bilby et al., 1957; Kroner, 1959; Lee, 1969) is particularly convenient since a Lagrangian
formulation of the proposed model would introduce additional arbitrariness due to the presence of three distinct deformation
fields (elastic, micro-plastic, and macro-plastic). However, in the present investigation results are obtained for the specialization
of the mM theory to small-deformations, thus using a theory that is central for and common to any of its possible extensions to the
finite-deformation regime.

In (Rubin and Bardella, 2023), the mM theory has been tested through semi-analytical solutions for the constrained simple shear
problem, where plastic strain gradients are triggered by microhard boundary conditions, hampering plastic flow at the boundary.
Because of its simplicity and its capability to highlight several important features of SGP theories, this boundary value problem
has been adopted to test new theories for more than twenty years (see, e.g., Bittencourt et al., 2003; Niordson and Hutchinson,
2003). Also, since the work of Mu et al. (2014), the constrained simple shear has become a reference benchmark problem to discuss
the outcome of experimental tests where plastic flow localizes in thin films. Obtaining the semi-analytical solutions in (Rubin and
Bardella, 2023) requires limiting the model to small strains and rotations, perfect micro-plasticity, perfect macro-plasticity, and
monotonic loading. This investigation removes the assumption of perfect micro- and macro-plasticity by including hardening, and
focuses also on multiple loading cycles. Under these circumstances, solutions are obtained using a finite element (FE) implementation
of the mM theory for constrained simple shear within small strains and rotations. This is illustrated in Section 3.2 after the weak
form of the balance equations and the backward Euler time-integration scheme are provided in Section 3.1 for general stress states.
Note that the kinematics-based FE formulation of the mM theory requires, as nodal degrees of freedom (DOFs), the displacement
components plus the H(curl) micro-plastic variables (Panteghini and Bardella, 2018) due to the use of Nye-Kroner tensor, as
in Gurtin (2004) SGP theory. In fact, macro-plasticity does not require additional DOFs, being conventionally dealt with in each
Gauss point when integrating the constitutive equations.

As a further novelty, to model the response under non-proportional loading, in this work the smooth transition between the elastic
and micro-plastic regimes is modified with respect to the proposal in (Rubin and Bardella, 2023). In this regard, however, the main
general features of the mM theory are preserved: that smooth transition is still governed by the non-dimensional function I'; > 0
entering the micro-plasticity rate I';G, where G is a traceless second-order tensor and, for small deformations, I; is a function of
the equivalent von Mises stress ¢,. Additionally, I'; enters also the higher-order micro-plasticity balance equation, which turns out
to hold, along with the constitutive equations for the stresses entering it, always, independent of the loading history; this is not the
case in “‘conventional” rate-independent higher-order SGP (Nielsen and Niordson, 2014, 2019; Willis, 2019). In (Rubin and Bardella,
2023) I; is a history-independent function that may increase or decrease with ¢, and may assume any non-negative value, while
here, for the reasons documented in detail in Appendix C, I'; is proposed to be a function of ¢, that monotonically increases to its
saturated value, as specified in Section 2.5. Also, the micro-plasticity rate I';G is a non-symmetric tensor, thus allowing the theory
to account for the contribution, partly energetic and partly dissipative, of the micro-plastic spin rate, which plays an important role
in modeling small-scale plasticity (Bardella, 2009, 2010; Bardella and Panteghini, 2015; Poh and Peerlings, 2016; Ebobisse et al.,
2019; Rubin and Bardella, 2024).

As shown by the results presented in Section 4, the proposed use of two plasticity fields holds promise to allow modeling size-
effects observed in experiments and in discrete dislocation dynamics (DDD) simulations. First, in Section 4.1, the flexibility of
the mM theory to predict reliable responses under multiple loading cycles is demonstrated by studying the influence of varying some
key material parameters. More importantly, modeling the scaling of the apparent yield stress with the sample size (Biner and Morris,
2002; Balint et al., 2005; El-Awady et al., 2013; Li et al., 2022; Zhang et al., 2023; Cruzado et al., 2024; Amouzou-Adoun et al., 2024)
has been an open issue in higher-order SGP since the study of Dunstan and Bushby (2014) and the experimental observations of Mu
et al. (2014). In this regard, Section 4.2 shows that the m.M theory can control the correct scaling by adjusting the initial micro- and
macro-yield stresses while adopting the simplest possible treatment of plastic strain gradients, that is a quadratic defect energy. By
following Gurtin’s terminology, the defect energy is the function of the higher-order primal variable (here, the Nye—Kroner tensor)
that extends the conventional Helmholtz free-energy density. This approach of the mM theory, although being phenomenological,
is convenient in comparison to other efforts to develop thermodynamically-consistent SGP models that can (or exhibit potential



A. Panteghini et al. Journal of the Mechanics and Physics of Solids 194 (2025) 105930

to) predict the correct scaling of the apparent yield stress and are also free from typical drawbacks of SGP (discussed in the
literature since Fleck et al., 2014). These efforts require either to resort to finer scale theories such as mesoscale field dislocation
mechanics (Arora et al., 2022) or sophisticated and expensive techniques involving plastic strain gradients to describe the material
behavior in the bulk (Panteghini et al., 2019; Dahlberg and Ortiz, 2019; Panteghini and Bardella, 2020; Bardella, 2021; Khandagale
et al., 2024) and at interfaces (Kuroda et al., 2021; Kuroda and Needleman, 2023).

Additionally, Section 4.3 illustrates the capability of the mM theory to predict the stress-strain curves obtained by Balint et al.
(2005) through DDD simulations of the response of planar polycrystals with variable grains’ size and subjected to macroscopic pure
shear. This is remarkable as these stress—strain curves exhibit both strengthening and increase in strain hardening with diminishing
size. Concluding remarks are offered in Section 5.

2. Summary of the mM theory

This section summarizes the finite-deformation mM theory by restricting attention to isothermal conditions. Its specialization
to small strains and rotations is provided in Section 2.6.

2.1. Kinematics for elastically isotropic response dependent on the dislocation density tensor

By denoting with () material time differentiation,
v=x

is the velocity of material point located at the current position x at time ¢.

One of the basic postulates of the theory extends the finite-deformation elastoplasticity in (Rubin and Attia, 1996) by adding a
micro-plastic rate tensor in the following evolution equation for the elastic distortional deformation, which is determined by the
symmetric second-order tensor B,:

B,=L'B,+B,L" —I'A,—[;AG, A,=B,——>1, A —2[(;—@1] ¢h)
e e e p GG > D e tr(l_}gl) ’ G S tr(B;l) B
where () denotes a unimodular tensor (i.e. ]§e ,]'32—1 = 0), L = dv/ox is the velocity gradient, the superscript ()’ denotes the

deviatoric part of second-order tensors (such as L’ = L — tr(LL)I/3, with I denoting the second-order identity tensor), I > 0 is a
function that provides the rate of macro-plasticity, whose direction is given by the non-dimensional second-order tensor A, I'; >0
is a non-dimensional function that modulates the magnitude of micro-plasticity, and G is the traceless micro-plasticity rate, which
is an independent second-order tensor whose symmetric part is denoted as ¢G. Care should be taken to keep in mind that I" and I';
have different units. Here and henceforth, A - B = tr(AB”) indicates the inner product of two second-order tensors A and B.

In Eq. (1), A, and A satisfy the restrictions A, - B! = 0 and A; - B;! = 0, which ensure that B, remains unimodular. In the
absence of plasticity, i.e. I'A, = I'GAg = 0, Eq. (1) is the evolution equation for the distortional part of the left Cauchy-Green total
deformation, that is a specialization to general isotropic hyperelasticity. Also, the functional form of the macro-plasticity rate is such
that A, = 0 for B, =1, implying that macro-plasticity tends to diminish the deviatoric part of the Cauchy stress.

For later reference, it is convenient to introduce the first invariant g, of B,,

By = tr(B,). (2)

The elastic dilatation J, satisfies the evolution equation

I
— =tr(D), 3
j, - ® ®)
where D = (L 4+ L”)/2 is the rate of deformation.

The evolution equation for the second-order Nye—Kroner-like dislocation density tensor a, which models densities of geometri-
cally necessary dislocations (GNDs) in metal plasticity (Ashby, 1970; Fleck and Hutchinson, 1997; Arsenlis and Parks, 1999; Gurtin,
2004), can be expressed through its Jaumann derivative as'

@& =Wa+aW’ +curl G ~alD)|a, @

where W = (L — LT)/2 is the rate of spin, the last term models annihilation of defects, which is controlled by the constant a > 0
and is driven by the magnitude, |D;| = /D, -D/, of the macro-plasticity rate of deformation D; = I'B//2. Note that the term
|D’p | and those involving the spin rate contribute to Eq. (4) only within finite deformations. Hence, although a mostly depends on
micro-plasticity, the term |D;] | couples, through the parameter a > 0, macro- and micro-plasticity for suitably large plastic flow. This
contributes to model the interaction between the two plasticity fields, allowing for smoothing out the effect of micro-plasticity alone
through the possibility of dislocation densities from macro-plasticity to combine and annihilate with those from micro-plasticity.

1 By referring to a fixed orthonormal Cartesian triad e;, curl G is defined such as (curl G) - (e, ®e;) = €;,0G; /dx,, where a® b indicates the tensor product
between two vectors a and b, ¢, = (i — j)(j — k)(k —i)/2 is the Ricci-Curbastro third-order tensor, G;; = G - (¢; ® ¢),x; = x - ¢;, and summation convention over
repeated indices is adopted.
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The study of this coupling is left for future investigations, as here focus is on micro- and macro-hardening within small strains and
rotations.
The higher-order constitutive equations in the m.M theory use the three invariants of «

=[tr(@)?, a=ga -ga', o3=gga-gga, 5)

where ga’ = (&' +a'")/2 and gxa = (@ — a’)/2.
Next, the local forms of the balance laws are presented. For the global forms, the reader is referred to (Rubin and Bardella,
2023).

2.2. Local forms of the balance laws

The local forms of two conventional balance laws are
p+ptrM =0, pv=pb+divT,

where p is the current mass density, b is the specific (per unit mass) externally applied body force, and T denotes the Cauchy stress.
Also, the conservation of mass is satisfied when J, = p,/p, with p, denoting the material zero-stress density at reference temperature.

The local form of the balance of angular momentum establishes that the Cauchy stress tensor is symmetric, T/ = T, and the
local form of the balance of micro-plasticity results

(curly) +S-M=0. 6)

In this equation, ¢ is a second-order tensor constitutively dependent on a, such that ¢ has the dimension of force per unit length.
Also, S is a dissipative second-order stress tensor conjugate to G and M is an energetic second-order stress tensor conjugate to G,
such that M7 = M, tr(M) = 0, tr(S) = 0. Eq. (6) can be conveniently split into its symmetric and skew-symmetric parts:

sS=M~-gcurld)’, xS =—gx(curld). @)
The higher-order balance law (6) requires micro-plasticity boundary conditions. This investigation is concerned with homogeneous
kinematic higher-order boundary conditions only, that are imposed of the boundary subset P, as?

Gxn=0 on 0P,. 8

Such boundary conditions are referred to as “microhard” and model an impenetrable boundary where dislocations pile up and form
densities of GNDs (Fleck and Hutchinson, 1997; Gurtin, 2004).

2.3. General constitutive equations for the stresses

By focusing on isothermal conditions, the Helmholtz free energy y for elastically isotropic response is assumed to be a function
of the elastic dilatation in Eq. (3) and of the invariants defined in Egs. (2) and (5),

v =y(J,,p,a,a,a3),

with the restrictions
d d d 7}
Wso, Ero, Fyo, o, ©
0/31 oa; oa, das
such that the general constitutive equations for the recoverable stresses are given by

W g, J‘laWB’ M= —2p g1 @Y,

p=_ﬂzﬁv 98, PzY, ap, t(B_l)

10

9
£=2p, el[—tr(a)l+ 5y 5 +a—"’s,<a]
as

where p = —tr(T)/3 is the pressure. It is convenient to define the invariant o), of M as

~1 0w -
=2p.J7! \/> ! 11
oM Pzd, 0ﬂ tr(B‘l) |( Yl (1)

Note that the energetic stress M provides essential coupling between macro- and micro-plasticity in the micro-plasticity balance (6).
The dissipative stress S is prescribed by following Gurtin (2004) as

G G

S SK
S= IS s

G SK yaxel G

1 2
I6S=1[31588 + ~IskSP 20, G = /215G + 15k GI* 2.0,

2 With ¢ and n denoting a second-order tensor and a vector, respectively, the product ¢ x n is defined such as (¢{ xn) - (¢; ® ;) = €, Lyny-

sS= —er

12)
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where S is separated into its symmetric, ¢S, and skew-symmetric, xS, parts and y > 0 is a parameter governing the dissipation
associated with the micro-plasticity spin rate. A feature distinguishing this formulation from other SGP theories (Gudmundson, 2004;
Gurtin, 2004) is that the function I'; > 0 entering the evolution equation for the distortional deformation (1) is introduced also in
the constitutive equations for S. This allows both for a smooth transition between the elastic and micro-plastic regimes and for the
micro-plasticity balance (6) to be used and solved, together with rate-independent constitutive laws, all along any loading path. In
this investigation, with respect to (Rubin and Bardella, 2023), a new proposal for the constitutive equation for I'; will be specified
in Section 2.5 in order to model non-proportional loading histories.

The foregoing constitutive theory satisfies the second law of thermodynamics because of the restrictions in Eq. (9), because
Eq. (12) leads to S- G = ¢S G + S - 5xG = I';SG > 0, and because tr(A,) > 0 holds (Rubin and Attia, 1996).

In (Rubin and Bardella, 2023), it is further shown that all the fields of interest in this theory satisfy the required invariance
under superposed rigid body motions.

2.4. A convenient, specific form of the Helmholtz free energy

This work considers the isothermal Helmholtz free energy yw
1 1
pow =k[J,— 1 =In(J,)] + FHB =3 + (@), Fy@) = E,mz(klocl + kyay + kzaz), (13)

where k > 0 and y > 0 are the zero-stress bulk and shear moduli, respectively, and ¥,(«) is the defect energy, which is characterized
by material length # > 0 and, additionally, by the dimensionless constants k; > 0,k, > 0, k3 > 0 controlling ¥,(e) through the three
independent parameters 2k, , 2k, , £%ks.

In the light of the literature on SGP, it is important to note that the defect energy is specified to be quadratic in the higher-order
primal variable. Size-effects in small-scale metal plasticity are often discussed by focusing on two features, with diminishing size: the
increase in strain hardening and the increase in what is recognized as the yield point from a kink in the macroscopic stress—strain
curve, the latter effect being usually referred to as strengthening. The strengthening is particularly important as it sets the scaling
with size of the apparent yield stress. Although quadratic defect energies are the most convenient potentials from the computational
point of view, they are known to suffer the drawback that they predict, in most cases, negligible strengthening, which is instead
clearly observed in experiments (Fleck et al., 1994; Greer and De Hosson, 2011; Liu et al., 2013; Mu et al., 2014; Zhang et al., 2023).
This investigation shows that the mM theory overcomes this limit of quadratic defect energies thanks to the interplay between the
onsets of micro- and macro-plasticity.

Specifically, this is achieved by setting the initial macro-yield stress to be larger than the stress level activating micro-
plasticity. Given that micro-plasticity models the behavior of GND densities, a proper calibration of the material parameters
allows the micro-plasticity developed before macro-plasticity to control the observed strengthening, consistently with experimental
observations (Maal$ and Derlet, 2018).

From (10) and (13), the energetic stresses are given by

1 1 _1
p:k(]——l), T =J'"uB,, M=-J "y
e

3 - _
tr(B_l)FG(Be Y, ¢= 07wl [k @) L+ ky gof + ks gxa (14)
e

In the absence of higher-order terms (i.e., £ = 0), from Egs. (14) and (7) one obtains ¢xG = 0 and the higher-order balance written
in terms of kinematic quantities reduces to

2168 G -1_3 B/
e b ey N S (15)
\/; uolsGl e wBh) O
By taking the magnitude of this relation and combining it with definition (11), one obtains the criterion S = ¢,,;, which establishes
that, in the proposed finite-deformation framework, the onset of micro-plasticity is governed by the stress M/ I;.
Next, the mM theory is completed by specifying the equations governing the smooth transitions between the elastic and the
plastic regimes.

2.5. Smooth elastoplastic transitions
The transition between elasticity and macro-plasticity relies on the proposal in (Hollenstein et al., 2013, 2015), such that the
function I' in (1) is given by
I =b&(y), (16)

where b, > 0 is a material parameter governing the transition smoothness, ¢ is the effective total distortional rate

é= V23D, a7

3 Through an initial rapid increase of size-dependent hardening, less-than-quadratic defect energies allow for the modeling of some strengthening (Ohno and
Okumura, 2007; Bardella, 2010; Svendsen and Bargmann, 2010; Forest and Guéninchault, 2013; Bardella and Panteghini, 2015; El-Naaman et al., 2019; Kuroda
and Needleman, 2023), although these potentials lead to a response that may be inadequate under non-proportional loading in polycrystal plasticity (Panteghini
et al., 2019), including a change of curvature in the stress—strain curve under cyclic loading.
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(x) = max(x, 0)
are the Macaulay brackets, and y is the yield function, which is specified as

y=22 1, (18)
with k accounting for the conventional macro-plastic hardening. Its evolution equation is taken in the form

k=m.J(k,—x), k(0)=x3>0, (19)
where i is the initial macro-yield stress and m, > 0 controls the rate at which x approaches its saturated value «, > k.

The function I'; that enters Egs. (1) and (12) also governs the transition between elasticity and micro-plasticity through the
introduction of the evolution equation for the micro-plasticity hardening S,

S=mgéIz(k-S), SO0)=5,>0, (20)
where S is the initial micro-yield stress and mg > 0 controls the rate at which .S approaches its saturated value. It is important to
highlight that this saturated value for the micro-hardening is the current value « of the macro-hardening. This is consistent with the
notion that the onset of micro-plasticity occurs either before or at the same stress state as macro-plasticity. Also, Eq. (20) fixes an

oversight in (Rubin and Bardella, 2023), where ¢ is missing.
In (Rubin and Bardella, 2023), I; is specified by the following function, denoted as I' g in this work,

(o3
rg:deM-ly, (21)
where R as a superscript means “reference” and the constant b; > 0 controls the smoothness of the elasto-micro-plastic transition.
On the basis of the argument about Eq. (15), Eq. (21) assumes that the onset of micro-plasticity occurs when o), = .S. The exponent
2 in (21) has allowed Rubin and Bardella (2023) to obtain a convenient analytical solution for the simple shear benchmark problem

under monotonic loading.
In order to model non-proportional loading, I'; is proposed in the modified form

aGFmaxFG

I;= . Tg=max(I'g.IR), Tet=0)=0, (22)

1+ aGTG
where I,,, is the maximum value of I'; and the constant a; > 0 controls the rate of increase of I';. Under proportional loading,
Eq. (22) specializes to the model in (Rubin and Bardella, 2023) in the limit that a; — 0 with I},,, = 1/a5;. The reason for this
modification is documented in Appendix C with reference to cyclic loading.

2.6. Specialization of the theory to small deformations
In the framework of small strains and rotations from a zero-stress state in which J, = 1 and B, = I, the total strain ¢ is defined
in terms of the displacement field u as
£= %[grad u+ (gradu)’].
Also, the approximations
D =&, J,=1+ tr(e)

hold for the distortional deformation rate D’ and the elastic dilatation J,. Moreover, by introducing the deviatoric elastic strain &,
one has

D/ _ / -1 _ !
B =2¢7, B;'=1-2¢
for the elastic distortional deformation Bé and ]_3;1. Note that, in this framework, the material derivative () becomes equivalent to

partial differentiation with respect to time and the evolution Eq. (3) for J, is automatically satisfied.
By introducing the evolution equation

£=G,
the second-order deviatoric tensor g allows the straightforward integration of Eq. (4) from a state with @ = a((x) = 0 to obtain
a=curlg. (23)
This recovers the classical expression of Nye’s tensor (Nye, 1953; Kroner, 1962). Moreover, the evolution equation (1) becomes
8= ¢~ Te = ST+ g, (24)
The constitutive Egs. (13) and (14) reduce to
pew = k[ @] + e e+ W), Wol@) = SueAnay + ko + ksa), o5
p=—ktr(e), T =2ue”, M=T,T, ¢=pt?lk tw@)I+k,ga +k;gxaf,

such as it is observed that T’ and M differ of the factor I'; only, i.e.
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oy =0, =3/2|T'],

implying that both the onsets of micro- and macro-plasticity are conveniently controlled by the equivalent von Mises stress o,. Also,
the approximation (23) of (4) causes the defect energy ¥, (a) to be fully reversible.
Finally, from (12), the dissipative stress becomes

2 s8 sk8 2. .
ss=§1"055’ SKS=)(FGSTa G=\/§|sg|2+x|51<g|2- (26)

Substituting (25) and (26) into (7) yields the following form of the micro-plasticity balance in terms of kinematics:

IS
2 g(curl [ky tr(@) L+ ky g’ + ks gga]) + %Ls—g —2Ize” =0, 27)
MoV 3 IsEl + 2lskal?
IS ;
2 gy (curl [ky tr(@) L+ ky g + k3 gxa]) + [ 1. —— (28)

Hoy31sel + rlskal
By using (16), (17), (19), (21), and (24), Egs. (27)-(28) determine the micro-plasticity rate g.
Egs. (27) and (28) can be specialized to recover the SGP theory of Gurtin (2004) by switching off the macro-plasticity by

taking b, = 0 (implying I = 0 through Eq. (16)), setting I'; = 1, and prescribing .S to be a suitable function of the accumulated
micro-plasticity / Gdr to include some isotropic hardening.

3. Finite element implementation of the small deformation theory
3.1. Weak form of the balance equations and backward Euler time-integration for general stress states

Let Sa(x) represent any kinematically admissible variation of the field a(x). The internal virtual work 6W; within a region £ can
be expressed as

5m=/ [T-6eM + ¢S - 5(s8) + 5xS - 6(sxk8) + ¢ - 6] AV,
Q

where eM =¢° + I'e” = ¢ — I'; gg includes elastic and macro-plastic strains.
Considering that 6(¢g) is purely deviatoric, this equation can be rewritten as

5m=/ [T-6e+ (sS—TGT) - 6(5®) + skS - 6(sx® + ¢ - 6a] dV . (29)
Q

Eq. (29) can be employed to develop a 3D FE formulation for the proposed theory. This is achieved by assuming an appropriate
spatial discretization for the displacement u and for the tensorial fields ¢g and g g, along with a time integration scheme, which is
recommended to be the backward Euler rule. Note that the presence of the curl operator in the definition of Nye’s tensor implies
that the spatial discretization requires H(curl) FEs (Rognes et al., 2010; Wieners and Wohlmuth, 2011; Panteghini and Bardella,
2018), which have been developed, mostly in the context of electromagnetism, since the pivotal contribution of Nédélec (1980).
This important feature allows some of the components of g to admit discontinuities, depending on the boundary value problem.

To simplify the notation, all quantities are referred to the time at the end of the increment 7,,; unless otherwise specified, while
the subscript » indicates the known values at the beginning of the time increment. Thus, at a generic time step 7, , the discretized
values of the kinematic quantities ¢, g8, ¢x 8, and « at the end of the time step, as well as the time increments 4¢, A(5g), A(5x8),
are evaluated at any point x in the domain Q.

These quantities can then be used to compute the stresses T, S, and ¢, as well as I'; through the integration of the constitutive
equations. This can be achieved using a predictor—corrector approach: initially, the stresses are computed by assuming the absence
of macro-plasticity, i.e., I' = 0. In this case, all quantities can be obtained by iteratively solving a nonlinear scalar equation on ATy;.
Let Al'; be the value of AT; in the current iteration. The micro-plasticity hardening S at the end of the increment can be computed
as a function of Af; by integrating Eq. (20) using a backward Euler rule. The result is:

S, +mgx, (I, +Alg) Ae

- 1+mg (FG’n+AfG)Ae

Assuming linear elasticity governed by the fourth-order elasticity tensor £, the Cauchy stress T can be computed on the basis of
Eq. (24) as

T=T,+L[de - (I, +AlG) Asg)] -

The incremental form of (22) is

f' aGFmaxFG

- L6 TRy = (% — 152y, (30)
o= e To (F8) = 2b6(E = 1)



A. Panteghini et al. Journal of the Mechanics and Physics of Solids 194 (2025) 105930

where Eq. (21) has been used in the last equivalence and ¢,, = 6, for small deformations. Eq. (30) can be discretized as
ag Tpax AT G A

O-e
— — 12’ S
[1 +ag (Tou+ ArG)]

AT = AT =(ar®) = 2bG((;—e —1y(Eey, (31)

where 40, = 6, - 0,,. Now, Al can be iteratively determined by simply solving the nonlinear algebraic equation

AT — Al =0. (32)

Once Al;, S, and T have been computed, one can verify if the initial assumption of I" = 0 is correct, i.e., if no macro-plasticity
occurs in the current step. This can be done by computing the trial values y* and I'* of the yield function (18) and of I' as

* Oc s Ae s
=-2_1, Ir*=p= .
y lAt<y>

Kn

If I'* = 0, no macro-plasticity occurs and the obtained solution is acceptable. Otherwise, I # 0 and a different solution must be
computed. In this case, all quantities can be obtained by iteratively solving a 2 x 2 nonlinear algebraic system of equations for Al
and y. Let AfG and y be the values of AI'; and y at the current iteration. Observing that from Eq. (16) one obtains

Tt = (bjAg) 9,
the macro-plasticity hardening « at the end of the increment can be computed as a function of y by integrating Eq. (19). The result
is

k,+mxg (bde) §
C L+m (bide) )

The micro-plasticity hardening .S, which also depends on «, is now a function of both Af; and j. By integrating Eq. (20), one obtains

s S, +mgk (FG,,, +AfG) Ae

L +mg (I'g, +4lg) Ae

The Cauchy stress T can be computed by assuming linear elasticity and integrating the elastic strain rate from Eq. (24). The result
is
1 ’ ’ A tr e
= [T} + £4€ — (Ig, + AT) AGs®) + £ (551)
1+(blA£)j>[ n ( G.n G) Sg] 3

Now, Af; and j can be iteratively determined by simply imposing

Ze _1_p=0
T (33)
ATy — AFy =0

where AT; is obtained from Eq. (31). Once I, I;, S, k, and T are determined, the dissipative stress S can be computed. This can
be done by modifying Eq. (26) with the introduction of a suitable viscoplastic function V' (G). This allows the numerical algorithm to
converge when the effective micro-plastic increment AG = G4t is very small, for which V(G) is conveniently assumed to be linear
in G. The result is

2 ) Alsk®) 2
$S=5T6VG)S —= . skS=xIgV(@S— 2= 4G =1/514G) + r|A(sc)

3 AG
where (Bardella and Panteghini, 2015; Panteghini and Bardella, 2016)
A it & <1
2¢, £
VG) = 1 & G (34)
-2 ifZ>1
2G £

with ¢, denoting a rate-sensitivity material parameter that, in this investigation, is set to a very low value to obtain a material
response that is substantially rate-independent. Specifically, for all the analyses in Section 4,

£p=5-10"0 571 (35)

and each loading ramp from zero load to its maximum applied value (or viceversa) lasts 1 s.
Finally, the defect stress ¢ can be computed as a function of « at the end of the increment by using the third of Egs. (25).
Although in the following focus is on an ad hoc FE implementation for the simple shear problem, it is remarked that the foregoing
algorithm holds for any stress state, so it can be used to implement 2D and 3D continuum H (curl) FEs. For small deformations, the
implementation of the mM theory in 2D H(curl) FEs requires relatively limited modifications with respect to the implementation
in (Panteghini and Bardella, 2018) of the SGP of Gurtin (2004).
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X

Fig. 1. Schematic of the simple shear problem.

3.2. Spatial discretization for the simple shear problem

3.2.1. The constrained simple shear problem

This work focuses on the simple shear of a strip of thickness H in the e,-e, plane of a fixed orthonormal triad e;. It is assumed that
body forces and acceleration are negligible and that the strip is unbounded along the e, and e; directions, such that the displacement
u; depends on (x,,7) only. As sketched in Fig. 1, the strip side at x, = 0 is clamped while the top side x, = H is subjected to a
velocity i, (H,t) along the e, direction. With these assumptions, the elastic deformation and the macro-plastic deformation rate are
spatially uniform.

To obtain semi-analytical results for this problem under monotonic loading, Rubin and Bardella (2023) have further assumed
m, =mg =0 1in (19) and (20), such that § = S, and « = k, are constants. Here, this assumption is removed and non-proportional

loading is studied as well.
The sole non-vanishing components of the fields u;, ¢;;, £(» 8ij» ®;j» G are

. 1
U, £1. €. 8. &1- 3 =—8in. (n=—ifgy. (n= -EM(IQ — k)81 (36)
where
- 1
H= Eﬂ(kz + k3) (37)

and the expression for {3, in Eq. (36) corrects a typographical error in (Rubin and Bardella, 2023).
It then turns out that

€ = %“172 , €= %Vll,z [, leurl(@)]| = lgo1m |, sleurld)], = —g(curld),, = —%ﬁfzgzlvzz >
Ty =2pely, My=1IT,, o= V3Tl sS) = %S(%) skSi2 = LzGS(LGgZI) (38)
IS = \/3(5512)2 + %(SKSIZ)z’ G= \/%(g'lz + &7+ %(g'lz - &)
In particular, {3, does not enter the higher-order balance equations (7), which reduce to
sS12 =T~ %Czs,z, skS12 = %C23,2~ (39)
Furthermore, the microhard boundary conditions (8) are specified by
81(0,1) = g, (H, 1) =0. (40)

In order to display the stress—strain response, it is convenient to define the “applied engineering shear strain” as

H 1 [
”(H) = E/ul(H,t) dr,

that is, the (through-the-thickness) average of the displacement gradient. Note that, for convenience, the dependence of u(H) on ¢
is dropped here and henceforth.
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3.2.2. Finite element discretization

Under the foregoing assumptions, this boundary value problem is spatially one-dimensional, such that a 1D FE formulation can
be conveniently pursued and, in the following, the notation is simplified by using u = u,.

For a strip of unitary out-of-plane width, the internal virtual work in Eq. (29) can be specialized to

H
oW, = /0 [2T\26e1; + (5812 — T6T12) 8(812 + 821) + sk S126(812 — 821) + $a36ap3] dxy. (41)

Following the standard FE method, a spatial discretization is adopted both for the displacement field u and for the micro-plasticity
fields g;, and g,;. The values of these fields at FE nodes are contained in the vectors @, §,,, and §,; respectively. Each vector has
i components, where # is the total number of nodes of each FE. This discretization is based on the shape functions N (¢), where
i=1,...,4 and ¢ € [-1, 1] denotes the intrinsic parent element coordinate. The same shape functions are used for all fields and
isoparametric FEs are adopted. Therefore, the coordinate x,(¢) is expressed as

x@ = Y xPNO©@),

i=1

where xg) are the nodal values of the coordinate. Hence, it follows that
1 N N N N
ep(é) = EB(f)“’ g812(6) =N 812, 816 =N 8y, a6 =C&) 8y, (42)
where
dN®  gN® i dN©®  gN®
B(¢) = . ., N©=[ND . N®], =— . )
© [ i i ] © = . c® [ s i ]

Substituting Eq. (42) into (41) gives the discretized virtual work for the simple shear problem, in the form
H
oW, = /0 {(T1,B) 0+ [(sS12 + sk S12 = TTi2) N] 6815 + (5512 — sxS12 — T6Ti2) N+ 653C| 685, } dx, .

Differentiating this expression with respect to the variations of the nodal variables @, §,,, and g,, gives the vectors of the internal
nodal forces, as

. H
Fint = /O BT, dx,,

H
F = / NT (S5 + 55512 = TgTyn) dx,, (43)
0

H
Fol = /0 [N (5812 = sk S12 = T6Tia) + €T &3] dxy.

Standard details on the transformation between real and intrinsic coordinate systems are omitted for the sake of brevity. The
consistent stiffness matrix K, which is provided in Appendix A, is essential to complete the FE algorithm and ensure second-order
convergence of the structural Newton—-Raphson scheme.

The foregoing FE algorithm has been implemented as a user element subroutine (uel) in the commercial FE code ABAQUS (Dassault
Systemes, 2013). All the FE results discussed in the following examples have been obtained by discretizing the strip with a uniform
mesh of 250 fully-integrated quadratic (3-noded) elements. This spatial discretization has been selected on the basis of a convergence
study.

4. Examples of small deformation simple shear

In the following examples the constants y, k,, k5 are specified by
r=10., ky=k;=10.

and, in Sections 4.1 and 4.2, all conventional stresses are normalized by the shear modulus u. Also, different sets of the other
material parameters, such as those provided in Tables 1 and 2, will be used to study the model response. For brevity, the model
that includes both micro-plasticity and macro-plasticity is denoted as the mA-model; the model that includes macro-plasticity only
is denotes as the M-model; and the model that includes micro-plasticity only is denoted as the m-model.

The value y = 10 allows a large increase of the shear stress in the strip after first yielding in the m-model without hardening.
Such an increase in the m-model is expected to depend on y because the maximum o, in the model in (Rubin and Bardella, 2023),
where I'g = I'}, is given by the saturation stress

o = sy 1+ £, (44)

which, correspondingly, is the maximum possible equivalent stress predicted by the SGP of Gurtin (2004) applied to the constrained
simple shear without hardening (Panteghini and Bardella, 2018).
To study the predicted size-effects, results are presented for different values of the non-dimensional strip thickness
H

r=—

¢

10
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Since /i in (37) depends on (k, + k3), there is no loss in generality in specifying k, = k3; by the way, this choice leads, through the
last relation in Eq. (36), to vanishing {3,, which has no influence on the response because a,; is the sole non-vanishing Nye tensor
component in this simple shear problem. Also, the chosen value for k, = k3 is unimportant as it is, again, a redundant parameter
because it always multiplies #2. Also, when studying the scaling law for the apparent yield stress ¢y, with respect to the strip size H
(in Section 4.2), the chosen value of k, = k; has an impact only on the range of H, not on the slope of the curve in the (log oy, log H)
graph, which is one goal of that study.

The validation of the FE implementation is provided in Appendix B and the reason to modify the form of I'; in (22), which
is always used in the following, is documented and discussed in Appendix C. Before delving into the details of the new results, a
fundamental feature of the behavior predicted by the mM theory is recalled and discussed.

The behavior predicted by the mM-model might at first seem strange since the response of the largest sample is controlled
by micro-plasticity and the response of the smallest specimen is controlled by macro-plasticity. In particular, this implies that the
strongest response predicted by the m-model (that is, in the absence of macro-plasticity) tends towards linear elasticity. This use of
the terminology “micro- and macro-plasticity” is consistent with three distinct literature sources. First, the generalized continua
developed since Cosserat and Cosserat (1909), where the micro- and macro-fields separately contribute, in the same tensorial
equation, to the gradient of the displacement field (see, e.g., Mindlin, 1964; Maugin, 1979; Green and Naghdi, 1995; Eringen, 1999;
Forest and Sievert, 2003; Forest, 2008; Hirschberger and Steinmann, 2009; Forest, 2020; Bertram, 2023 and references therein).
Second, the experimental evidence referred to as “micro-plasticity” in (Maal} and Derlet, 2018, and references therein), where focus
is on tiny and irreversible deformations measured before the onset of macroscopic yielding, referred to as apparent yielding in this
investigation: in the mM theory this can be incorporated by imposing S, < k;, such that micro-plasticity develops at a stress
level lower than that triggering macro-plasticity. Third, the body of work on SGP following Gurtin, where the fields defining the
higher-order part of a SGP theory are denoted through the prefix “micro”. With respect to this literature, it is however important
to highlight the stark difference of the terminology adopted here, where macro-plasticity turns out to govern the strongest material
response. Hence, the proposed model might conveniently be recasted into a rheological model where a single elastic spring and
two nonlinear inelastic dashpots due to micro- and macro-plasticity are connected in series. The resistance to micro-plastic flow
increases with decrease in the size of the specimen. Consequently, for large specimens the “micro-dashpot” is weaker than the
“macro-dashpot”, so the former dominates the response, while the opposite behavior is observed for small specimens.

In particular, the fact that micro-plasticity governs the response of large samples works only if the micro-plastic components can
assume profiles that are expected in conventional plasticity. This is not the case if micro-hardening is neglected when plastic flow
gradients influence the material response exclusively through a quadratic defect energy. In fact, in constrained simple shear, the
absence of micro-hardening leads to a parabolic profile of the micro-plastic strain (Rubin and Bardella, 2023), and, of course, this
mirrors the behavior of the plastic fields predicted by higher-order SGP models applied to the same benchmark problem (see Anand
et al., 2005, for a general one-dimensional SGP theory and Panteghini and Bardella, 2018, for the SGP theory of Gurtin, 2004).
In constrained simple shear, a plastic field profile that is quadratic irrespective of the sample size is unphysical because of the
expectation, suggested by the behavior of GNDs piling up at the strip edges, that there must be boundary layers of amplitude
independent of the strip height, while there should be a strip middle region subject to about uniform plasticity whose size is
proportional to the strip height. It is well-known from the literature that this can be achieved by adding some hardening. For instance,
in the case of linear hardening, the higher-order plastic field is governed by hyperbolic functions that allow mimicking the expected
behavior (see, e.g., Bittencourt et al., 2003). It is also remarked that, while g,, must always vanish at the boundary if microhard
boundary conditions (40) are prescribed, introduction of hardening may allow g;, to be non-zero at the boundary (Panteghini and
Bardella, 2018), thus further improving the range of possible responses.

The foregoing behavior is illustrated here by referring to the set of parameter V; in Table 1, as adopted in (Rubin and Bardella,
2023) to describe the response of the m-model. Fig. 2 compares, for different strip heights, the stress—strain curves and the normalized
g1, and g,, profiles obtained with the sets of parameters V; and G, the latter also reported in Table 1 and selected to obtain a model
close to that of Gurtin (2004) with linear hardening. Note that by decreasing  from 1000 to 1 the amplitudes of g;, and g,; diminish
drastically; this cannot be seen in Fig. 2 because of the adopted normalization, aiming at better comparing the shapes of the obtained
profiles. As recorded in the last row of Table 1, these responses are derived by using I'; = Fg in Eq. (21); by following the comment
below Eq. (22), this is achieved in the FE code by setting a; = 0.01 and I, = 100. Moreover, the value of m, in the set G, is specified
to be relatively large to enhance the initial micro-hardening. More importantly, in G, the parameter b is taken to be very large to
minimize the overstress in the micro-hardening, as the overstress would tend to eliminate the boundary layers by smoothing them
out all along the strip height even for large strip heights [almost as in the response of perfect micro-plasticity with overstress (V3
in Table 1)]. This influence of the overstress on the size-dependent response is a novel aspect of detail of this investigation.

It is further remarked that the nonlinear behavior after yielding in the stress—strain curve for the set V; with r = 1 in Fig. 2a
has to be ascribed to the dissipation due to the plastic spin rate. This is in fact the way the maximum stress value in Eq. (44) is
approached. It should be noted that, when applied to the constrained simple shear problem modeled by using perfect plasticity and
a quadratic defect energy, higher-order SGP theories neglecting the plastic spin (such as those of Gudmundson, 2004, and Gurtin
and Anand, 2005) lead to a single model that can be obtained from the model of Gurtin (2004) by taking the limit for y - 0. In
this case, the maximum Cauchy stress that the strip can experience is unbounded and, after yielding, the stress-strain curve remains
linear, being characterized by a hardening slope which is size-dependent.

It is additionally noted that, for this benchmark problem, assuming y = 0 in the SGP of Gurtin (2004) leads to size-independent
conventional plasticity, whose stress—strain curve is similar to that in Fig. 2a for the set V; with r = 1000. This is because, from the
absence of dissipation due to the plastic spin rate, it follows that the plastic spin attains a profile that minimizes the defect energy.

11
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Table 1

List of parameters for different material sets ¥; adopted in (Rubin and Bardella, 2023) and G,. The sets V; are used in Appendix B
for verification of the FE code accuracy. The parameters that have been changed in V,, V;, and G, relative to the reference
parameters in V, are highlighted in red.

Variable v v, Vi G,
b, 500. 500. 0. 0.
bg 10. 0. 10. 50000.
Ky 0.01p 0.01u 0.01p 0.04u
K 0.01u 0.01u 0.01u 0.04u
m, 0. 0. 0. 0.
S 0.01u 0.01u 0.01u 0.01u
mg 0. 0. 0. 50.
Iy I’g I“g I’g I“g
3 0.024
o
=
0.015
0.01
0.005

1

0.8 1
912(%5) / 9,,(H2)
(b) (©)

0.8
9,,(%,)/ 9,,(H2)

Fig. 2. Influence of the size on the elasto-micro-plastic response at u(H)/H = 0.02 for the m-model without overstress (G, in Table 1): (a) stress—strain curves;
(b) profiles of the normalized g;, micro-plastic field; (c) profiles of the normalized g,, micro-plastic field. The case of perfect micro-plasticity with overstress (V3
in Table 1) is included for comparison. The values of g, (H/2) are 7.34 x 1075, 3.52 x 1073, 6.74 x 1073, 6.44 x 1073 for r = 1, 100, 500, 1000, respectively,
and they are very close to the values of g,,(H/2) because in the middle of the strip the plastic spin rate becomes negligible with respect to the plastic strain
rate, mostly at large H.

As it can be easily seen from Egs. (36), (38), (39), and (40), in the m-model applied to constrained simple shear, this minimization
implies g, =0, i.e. uniform micro-plastic strain and micro-plastic spin of equal magnitude.

The final result of the analysis illustrated with Fig. 2 is that in the case of perfect micro-plasticity the normalized profiles of g,
and g, are independent of r, being always quadratic, while the addition of micro-hardening allows the prediction of the boundary
layers in relatively large strips and, for very large strips, the tendency to conventional plasticity is recovered. In spite of this result,
it is pointed out that the mM theory is developed to be used, as presented next, when both micro- and macro-plasticity are active,
as it is their non-trivial interaction that provides benefits in modeling the response of metals in the size range where GNDs influence
the overall response.

12
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Table 2

List of parameters for different material sets. The parameters highlighted in red are those that change relative to the reference parameters in M,.
Variable M} M, M, M, M, M M, M, My M,
b, 500. 500. 500. 0. 500. 500. 0. 500. 5000. 500.
bg 10. 10. 0. 10. 10. 0. 10. 10. 10. 10.
Ko 0.02u 0.02u 0.02u 0.02u 0.02u 0.02u 0.02u 0.01y 0.02u 0.02u
K 0.04u 0.04u 0.04u 0.04u 0.04u 0.04u 0.04u 0.04u 0.04u 0.04u

B 0. 0. 0. 0. 0.1 0.1 0.1 0.1 0.1 0.1

Sy 0.01u 0.01u 0.01u 0.01u 0.01y 0.01y 0.01y 0.01y 0.01y 0.01y
mg 0. 0. 0. 0. 20. 20. 20. 20. 20. 20.
I, r} - - - - - - - - -
T - 1.5 1.5 1.5 1.5 1.5 1.5 1.5 1.5 3.
ag - 5. 5. 5. 5. 5. 5. 5. 5. 5.

4.1. Cyclic loading

All the results in this section are obtained and displayed for four full cycles of applied engineering shear strain u(H)/H ranging
from 0.02 to —0.02, which are imposed after a loading ramp where u(H)/H reaches the value 0.02 for the first time. Depending on
the adopted material parameters for the micro- and macro-hardening and also on the material length scale # and on the parameter
x governing the dissipation due to the plastic spin rate, different cycles may or may not be easily distinguished in the stress—strain
curves displayed in the following. In fact, these parameters control the number of cycles needed to obtained a stabilized response
(for instance corresponding to saturation of the hardening variables) for a given amplitude of the cycle in the plasticity regime.

Fig. 3 presents results in the absence of hardening predicted by: the mA-model (M, in Table 2), the m-model (M; in Table 2),
and the model of Gurtin (2004) as implemented in (Panteghini and Bardella, 2018).* Fig. 3a,b include predictions of the M-model
(M, in Table 2) for comparison. From these figures it can be seen that the predictions of the m-model and the Gurtin model are
similar as expected (the sole difference between these two models, in the absence of hardening, is due to the I'; function entering
the present theory), while the predictions of the mM-model show nonlinear coupling between micro- and macro-plasticity that is
explored in the following examples which include micro- and macro-hardening.

Fig. 4 presents results with hardening for three values of the normalized thickness r predicted by: the mM-model (M, in Table 2),
the M-model (M5 in Table 2), and the m-model (Mg in Table 2). In particular, it can be seen from Fig. 4c that for the smallest
specimen (r = 1) the m-model hardens quickly to cause nearly elastic response for the imposed strain range. This behavior is
bounded by the elasto-macro-plastic response in the mAM-model, as displayed in Fig. 4a. In the following, only results obtained
with the complete mM-model will be discussed.

Fig. 5 shows the influence of changing the value of the onset of macro-yielding x, for three values of the normalized thickness
r. Specifically, predictions of the mM-model with hardening for x, = 0.02u4 (M, in Table 2) and for x; = 0.01u (M; in Table 2)
are compared. Note that the material set M, is a “limit set” because S, = 0.01y = k, that is, the onsets of micro- and macro-
plasticity coincide; this causes the lack of hardening exhibited by this material at large r in Fig. 5c. Specifically, micro-plasticity
develops without the need of appreciably increasing the stress because the higher-order stress ¢,; gives a negligible contribution in
the higher-order balance in Eq. (39). More in general, from Fig. 5 it can be seen that k has a large effect on the response.

Fig. 6 shows the influence of changing the value of b, for three values of the normalized thickness r. Specifically, predictions of
the mM-model with hardening for b, = 500 (M, in Table 2) and for b, = 5000 (My in Table 2) are compared. From this figure it can
be seen that increasing the value of b, causes a sharper elastoplastic transition, and, of course, this behavior is observed especially
for the small specimens, where macro-plasticity dominates.

Fig. 7 shows responses for three values of the normalized thickness r to study the influence of changing the value of I,,,
that is the saturation value of the I'; function proposed in Eq. (22). Specifically, predictions of the mAM-model with hardening for
I = 1.5 (M, in Table 2) and for I, = 3.0 (M, in Table 2) are compared. From this figure it can be seen that this change in
I, has little effect on the predictions of the largest (» = 100) and smallest (r = 1) specimens, while it has an observable effect on
the behavior of the specimen with intermediate size (r = 5).

4.2. Scaling of the apparent yield stress

By following the pioneering investigations of Hall (1951) and Petch (1953), in the literature, see e.g. Kuroda et al. (2021) and
references therein, whatever apparent yield stress oy is defined, it is in most cases assumed that it scales with the specimen size,
H, through a power-law. Here, oy, which is the value of ¢, at apparent yield, is defined by the “0.2% offset rule”, which identifies
the apparent yield stress as the value of stress at the intersection of the stress—strain curve and the linear elastic unloading line that

4 Note that to compare the m-model with the model of Gurtin (2004) one has to set the length scale parameter in the latter, denoted as Zg,,, by equating
ut?(k, + ky)/2, weighing the defect energy in the m-model, with u#2 , weighing the defect energy in the Gurtin model.

Gur?
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Fig. 3. Cyclic loading without hardening. Predictions of: (a) the mM-model (M, in Table 2); (b) the m-model (M; in Table 2); and (c) the model of with Gurtin
(2004) without hardening. The M-model (M, in Table 2) is included for comparison between (a) and (b).

starts at 0.2% engineering shear strain. Specifically, consider the expression between the normalized yield stress and the normalized
specimen size
b
"—Y=a<ﬂ> = art, (45)
U
where @ and b are non-dimensional constants. It is assumed that Eq. (45) holds within different ranges of specimen size by adequately
setting the coefficients a and b for each range. For instance, at large size b - 0 and au becomes the apparent yield stress of a large
sample. Importantly, Dunstan and Bushby (2014) demonstrate that » does not have a universal value, as it is instead a material
parameter that should be calibrated for each metal.

Taking the logarithm of Eq. (45) yields two forms of the same expression
ua
ﬁ s
either of which can be used to determine the value of the slope b from a curve obtained on a log-log plot. Some investigators (see,
e.g., Cruzado et al., 2024) propose to suitably divide the available data in two sets, one for small sizes and one for larger sizes,
over which determining two values of b through two linear regressions on the log-log plot. This strategy is followed here as well
by using the ranges r € [1, 10] and r € [10, 1000].

Fig. 8 shows the normalized yield stress versus the ratio r = H /£ on a log-log plot obtained by considering monotonic loading of
the mM-model for the sets of parameters My, M;, Mg, M, in Table 2. The predictions of M, are used as a reference. Consequently,
the results of this reference are compared with those of M;, Mg, and M, examining, respectively, the influence of changing «, b,
and I7,,,. Also, Table 3 records the obtained values of the exponent b. From these results it can be seen that changing 5, has no
influence on the onset of plasticity if r is not too small. This is consistent with Fig. 6b and c, showing that the onset of plasticity for
the material Mj is controlled by micro-plasticity since macro-plasticity initiates at a higher stress level for this material set, except
that for very small r (see Fig. 6a) the micro-plastic behavior is almost linear elastic up to the onset of macro-plasticity, whose smooth
transition then affects oy. The main result from Fig. 8 is that both changing «, and changing I, have significant influences on the
yield stress for small specimens. This is a kind of obvious result for x,, given that the ratio x,/S, is expected to be significant for
the determination of ¢y . Although the influence of I',,, on the apparent yield stress is less straightforward, it confirms the result
in Fig. 7b for r = 5.

log%=blog§5blogr and log(oy) =c+blog(H), c=Ilog
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(b) ()

Fig. 4. Cyclic loading with hardening. Predictions of: (a) the mM-model (M, in Table 2); (b) the M-model (Ms in Table 2); and (c) the m-model (M, in
Table 2).

Table 3
Exponents b for a power-law regression of the curves in Fig. 8.
Range of r
1-10 10-1000
b b
M, —-0.32573 —-0.035419
M, —-0.082722 -0.030336
M, —0.26503 —0.035419
M, —0.29866 —-0.024371

For small size, the data for the scaling parameter » obtained either through experiments (Mu et al., 2014; Zhang et al., 2023)
or through pseudo-experimental DDD simulations (El-Awady et al., 2013; Cruzado et al., 2024; Amouzou-Adoun et al., 2024) may
range between ~—0.2 to ~—0.9. The actual value of b depends, among several factors, on the initial density of dislocation sources,
which enters the present phenomenological model only indirectly through parameters such as S, and «,,. Higher-order SGP models
from the literature that do not include very sophisticated, and computationally expensive, constitutive models and techniques usually
predict too strong size dependence (e.g., b ~ —1). Scaling as strong as b = —1 is predicted by higher-order strain gradient crystal
plasticity even in the presence of advanced nonlinear size-dependent kinematic hardening (Amouzou-Adoun et al., 2024). Although
Table 3 already reports values of b interestingly of about —0.3, calibrating the value of the ratio «,/S, in the mM-model may be
sufficient to match experimental and DDD data on the scaling.

Next, Fig. 9 focuses on changing k, while maintaining S, constant, that is, on the materials My, M3, M, M,,, M5 in Table 4.
As expected, the ratio x,/.S, > 1 controls the scaling, which is reported in Table 5 and displays values of b ranging from ~—0.1 to
~—0.55. On the one hand, different values of the scaling exponent b can be obtained by calibrating «/.S, along with other material
parameters. On the other hand, the obtained values already span a range that is significant in the light of experimental and DDD
investigations. For instance, for a 45° inclined copper thin film inserted in a micropillar subjected to uniaxial compression, Mu
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Fig. 5. Influence of k, on cyclic loading for x, = 0.024 (M, in Table 2) and «, = 0.01u (M; in Table 2), with S, = 0.01x and for three values of the normalized
thickness r: (a) r=1; (b) r=5; and (c) r = 100.

et al. (2016) provide experimental values of b equal to —0.7 or —0.2, depending on whether the tested copper is annealed or not; for
micropillars constituted by different additively manufactured alloys and subjected to uniaxial compression, Li et al. (2022) report b
ranging from —0.12 to —0.24 depending on the alloy and the manufacturing technique (either laser powder bed fusion or directed
energy deposition); for a planar polycrystal modeled with DDD, Balint et al. (2005) obtain a value of the scaling, referred to the
Hall-Petch relation instead of Eq. (45), that changes from —0.4 to —0.45 by decreasing the initial dislocation source density of one
order of magnitude; for the torsion of a FCC single crystal simulated with DDD, Cruzado et al. (2024) provide values of b ranging from
—0.921 to 0.016 depending on the initial density of dislocation sources and the considered range of size; from the DDD simulations
of Amouzou-Adoun et al. (2024) b is predicted to be equal to either —0.2 or —0.3 depending on the applied boundary conditions
(either macroscopic shear or tension—compression). For completeness, Fig. 10 shows the locations of the apparent yield stress oy on
the stress—strain curves for the size r = 1 in Fig. 9.

From the foregoing analyses, it is concluded that the mAM-model has the capability to reproduce the size-dependence of the
apparent yield stress observed in the literature.

4.3. Prediction of the results of discrete dislocation dynamics simulations

As a final analysis, some of the DDD results of Balint et al. (2005) are considered in detail. These DDD simulations are concerned
with planar polycrystals constituted by square grains whose side has length equal to d. Each polycrystal is characterized by a different
value of d € [0.2 pm, 5 pm] and is subjected to small-strain macroscopic pure shear, such as it is, in this investigation, an appropriate
reference problem for examining the predictive capability of the phenomenological mM theory. In fact, the proposed simple-shear
implementation of the mM theory can be used to model the average response of the grains in the polycrystals studied by Balint
et al. (2005), where dislocations pile up at the grain boundaries and grains are subject to single slip randomly oriented along either
of two orthogonal directions. Hence, the strip height H in the present FE model plays the role of the side d in the DDD simulations
of Balint et al. (2005).

Specifically, here the focus is on the polycrystals denoted as low source density (LSD) polycrystals by Balint et al. (2005), which,
with respect to the high source density (HSD) polycrystals, display stronger size-effect, encompassing not only strengthening but
also increase of strain hardening with diminishing size. For the details on the material parameters adopted in the DDD simulations,
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Fig. 6. Influence of b, on cyclic loading for b, = 500 (M, in Table 2) and b, = 5000 (Mg in Table 2) for three values of the normalized thickness r: (a) r = 1;

(b) r=5; and (c) r = 100.

Table 4

List of parameters for different material sets M;. The parameter that has been changed in M,—M; relative to

the reference parameters in M, is highlighted in red.

Variable M, M, M, M, My
b, 500. 500. 500. 500. 500.
bg 10. 10. 10. 10. 10.
K 0.02u 0.01u 0.03u 0.04p 0.08u
K 0.04u 0.04u 0.04u 0.04u 0.08u
» 0.1 0.1 0.1 0.1 0.1
K 0.01u 0.01u 0.01p 0.01u 0.01u
mg 20. 20. 20. 20. 20.
T 3. 3. 3. 3. 3.
ag 5. 5. 5. 5. 5.
Table 5
Exponents b for a powerlaw regression of the curves in Fig. 9 (material sets
My, My, M, M,, M ; in Table 4).
Range of r
1-10 10-1000
Ko/ Sy b b
M, 1. —-0.093785 —0.020788
M, 2. —0.29866 —0.024371
M, 3. —0.41363 —0.028078
M, 4. —0.47392 —0.033432
M, 8. —0.54911 —-0.11784

the reader is referred to Balint et al. (2005). Overall, Fig. 11a shows a very good agreement between the DDD results and the

mM-model predictions, with worst prediction for the largest sample.
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Fig. 7. Influence of I, on cyclic loading for I, = 1.5 (M, in Table 2) and I},, = 3. (M, in Table 2) for three values of the normalized thickness r: (a) r=1;
(b) r=5; and (c) r = 100.
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Fig. 8. Apparent yield stress scaling for different micro-macro materials in Table 2 (M,, with b, = 500., k, = 0.02y, and I}, = 1.5; M,, with k, = 0.01y; My,
with b, = 5000.; M,, with I}, =3.).

The results of Fig. 11 are obtained by using the material parameters recorded in Table 6, which are calibrated as follows. The
shear modulus is computed directly from the Young modulus and Poisson’s ratio provided by Balint et al. (2005). The calibration
process has been simply conducted by following a trial-and-error approach, starting with a trial for the shear stress at initial yield, 7,
of 25 MPa, as evaluated in Balint et al. (2005), to determine an initial estimate for .S, = \/§Ty, The value y = 10 has been kept fixed
such as, on the basis of the results of the previous section and the data provided by Balint et al. (2005) for yield stress scaling, the
trial values of k, and k, were set to be three and four times S, respectively. A trial value for # was identified by fitting the response
of the three smallest strips. Then, the curves’ fitting has been improved by increasing S, to correspond to an initial microscopic
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Fig. 9. Influence of k, on the apparent yield stress scaling for k, = 0.01u (M, in Table 4), k, = 0.02u (M, in Table 4), ky = 0.03u (M}, in Table 4), ky = 0.04u
(M, in Table 4), and «, = 0.08u (M5 in Table 4).
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Fig. 10. Influence of x, on the apparent yield stress for x, = 0.01y (M}, in Table 4), x, = 0.02u4 (M, in Table 4), xy = 0.03u (M}, in Table 4), x, = 0.04u (M,
in Table 4), and «, = 0.08u (M5 in Table 4): equivalent stress versus engineering shear strain curves under monotonic loading for r = I; the apparent yield
stress on each curve is identified with the plus symbol.

yield shear stress z, = 30 MPa, along with suitable calibration of the hardening parameters m; and m,. Although a more accurate
calibration could be achieved both by using more advanced techniques, such as minimizing the error through a gradient-based
procedure or employing evolutionary algorithms, and by optimizing over y as well, this is beyond the scope of the present work.
Here, the aim is to demonstrate that DDD results can be reasonably fitted by following a quite simple approach. Finally, it is worth
mentioning that in the mM theory simulations macro-plasticity is activated only in the smallest sample (H = 0.2 pm).

Fig. 11b shows the comparison in terms of yield stress scaling, which, again, is very satisfactory. It is important to notice that,
by following Balint et al. (2005), here the definition of the apparent yield stress is different from the 0.2% offset rule adopted in the
previous Section 4.2. In fact, in order to evaluate the yield stress scaling, Balint et al. (2005) compute the average of the shear stress
(denoted as 7 in Balint et al., 2005, while here it is T},) over the effective engineering shear strain (denoted as y in Balint et al.,
2005, while here it is u(H)/H) ranging from 0.15% to 0.25%. Given that this average is needed to remove noise typical of DDD
results that is absent in FE analyses, the T}, average of Balint et al. (2005) is compared in Fig. 11b with T}, evaluated at u(H)/H
= 0.2% in the FE analyses. Moreover, Balint et al. (2005) evaluate the yield stress scaling by using the Hall-Petch relation, which,
differently from Eq. (45), includes a reference yield stress referred to a sample large enough to be unaffected by the size-effect. By
following this procedure, Balint et al. (2005) obtain a negative slope in the log-log plot equal to 0.4. Here, by fitting the power-law
(45) on the data of Fig. 11b, the value of b is equal to —0.113 for the DDD results of Balint et al. (2005) and —0.109 for the results
of present FE analyses, thus confirming the very satisfactory agreement.

5. Concluding remarks

This work investigates the m.M theory developed in (Rubin and Bardella, 2023), which is used to model the size-dependent
response of metals at the micro-scale. The mM theory is developed in an Eulerian finite-deformation framework and extends the

19



A. Panteghini et al. Journal of the Mechanics and Physics of Solids 194 (2025) 105930

—_ © 50
S0 —FEhcozum < F
2 ||— FEH=05um T a5l
o — FE,H=1.0um = 45r
F 80-|— FE,H=25um r o
— FE,H=5.0um [
1|-- DDD,H=02um 401~ N
-~ DDD,H=0.5um [
60|__ DDD, H=1.0um i
||-- DDD,H=25um === 35
-~ DDD,H=5.0um [
40 [
] - 30 .
20 I e DDD
| L — FE simulations, T,,(0.2%)
0 . ‘ . ‘ . ‘ . ‘ . ‘ 2 L L L RN | L 1 PR IR |
0 0.001 0.002 0.003 0.004 0.005 %'1 1 2 A
u(HyH H [um]
(a) (b)

Fig. 11. Predictions of the DDD results of Balint et al. (2005) on LSD polycrystals: (a) stress—strain curves and (b) yield stress scaling. Note that in Balint et al.
(2005) H is the grain size and is denoted as d.

Table 6

Material parameters used to predict the DDD results of Balint et al. (2005), as
shown in Fig. 11. Note that the value of the parameter y is equal to 10, as
always in this investigation (as well as k, = k; = 10).

u 26.316 GPa
4 0.12 pm

b, 500.

b 10.

Ko 129.9 MPa
Ky 173.2 MPa
m, 0.1

Sy 51.96 MPa
mg 8.

T 3.

ag 5.

elastoplasticity in (Rubin and Attia, 1996) by using two distinct plastic rate tensors, contributing to the so-called micro- and macro-
plasticity fields. Each of these fields develops on the basis of a specific rate-independent smooth transition between the elastic and
plastic regimes. Macro-plasticity is standard and its smooth transition follows Hollenstein et al. (2013, 2015). Micro-plasticity is
governed by a higher-order balance equation modifying that characterizing the strain gradient plasticity (SGP) of Gurtin (2004),
thus being size-dependent on the basis of the evolution of a Nye-Kroner-like dislocation density tensor (Nye, 1953; Kroner, 1962).

One of the main ideas of the mM theory relies on the experimental observation of Maa and Derlet (2018), where “micro-
plasticity” consists of tiny irreversible deformations occurring before the stress reaches the apparent yield stress. Similarly, in the mM
theory the micro-yield stress is deliberately set lower than the macro-yield stress, allowing micro-plasticity to control the increase
of the apparent yield stress with diminishing specimen size.

This investigation focuses on the yield stress scaling and the response under multiple cycles predicted by the mM theory. To
this purpose, a user element subroutine (uel) for small strains and rotations in constrained simple shear has been developed and
implemented in ABAQUS/Simulia (Dassault Systémes, 2013) to study the response of the mM theory including micro- and macro-
plasticity hardening (neglected in the results of Rubin and Bardella, 2023, additionally obtained for monotonic loading only). To
remove an unphysical response observed in cyclic loading using the original formulation (Rubin and Bardella, 2023), the function I';
controlling the smooth transition between the elastic and micro-plastic regimes has been modified. Specifically, here I';; is proposed
to be a monotonically increasing function of the loading history, up to a saturated value.

The size-dependent response is studied for strain-controlled cycles. The results demonstrate flexibility of the m.M theory to model
material responses that are relevant to polycrystal metal plasticity at sizes where geometrically necessary dislocations (Ashby, 1970)
play a role. This is due to the non-trivial interplay between micro- and macro-plasticity.

As a key contribution of this work, it is shown that the mM theory can describe the apparent yield stress scaling observed in
small-scale metal plasticity through experiments (e.g., Dunstan and Bushby, 2014; Mu et al., 2016) and discrete dislocation dynamics
(DDD) simulations (e.g., Biner and Morris, 2002; Balint et al., 2005; El-Awady et al., 2013; Cruzado et al., 2024; Amouzou-Adoun
et al., 2024). This control is achieved even though the proposed theory only considers the simplest treatment of the gradient of
the plastic flow, with an associated quadratic defect energy. On the one hand, this simplicity is advantageous, as it makes the
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size-dependent theory relatively easy to work with, in contrast to the more complex higher-order constitutive models developed in
the literature since the work of Dahlberg and Ortiz (2019) and Panteghini et al. (2019) to predict experimental size-effects without
encountering thermodynamic inconsistencies or anomalous behaviors (as discussed by Gudmundson, 2004, and Fleck et al., 2014).
On the other hand, this contribution paves the way to the development of new models with enhanced capabilities, that could be
obtained by adopting a more sophisticated treatment of micro-plastic strain gradients (Panteghini et al., 2019).

To further demonstrate the capability of the mM theory to model the size-dependent response of metals, the mM theory is
successfully employed to predict the stress—strain curves obtained by Balint et al. (2005) through DDD simulations of the response
under macroscopic pure shear of planar polycrystals with variable grains’ size.

The major open issue for the mM theory is the study of its response for finite deformations. In particular, the outcome of the
proposed evolution Eq. (4) for the Nye-Kroner-like dislocation density tensor needs to be explored. Additionally, the application to
boundary value problems more complex than the constrained simple shear is planned for future studies.
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Appendix A. Consistent FE stiffness matrix
The stiffness matrix K, which is employed to solve the nonlinear algebraic system obtained by equating the internal forces (43)

to the external forces, is defined as the differentiation of the vectors of the internal nodal forces in Eq. (43) with respect to the
incremental nodal variables, and it is given by

Ku,u K”sglz K"»821
K=Kepu Kepen Ko
Kg2],u 821-812 821-821

where, by using g, = (812 + &1)/2 and sxg1> = (812 — 821)/2,
H H
oT, oT,
K = / lJBTB dx2 R Ku,glz = ](uﬂg21 =/ l 12 BTN dx2
0 )

“ 2 0eypy ds5812
H
0¢S dgp S or, oT;
K u=/ 1(9s5n  9skSn _ G, - 22 P \NTB dx,
812+ 0 2 0€1, €|, g1y g1,
_/Hl <55512 IskS12 | 95812 IskS12 g Ty, - My - >NTN dx,
) 1 G
Biz812 0o 2\0dsg&n 05812 Osk&2 Isk812 9582 05812
H
¢S dgr S d¢S xS oI, oT;
K, o _/ l( 552, OskSia _ 955 IskSie 6 4 9T FG> NN dx,
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0

2\ depy €y o€, 12 0€ |,
K :/H 1 <55512 _O5kS12 | 9sS1n OskSip 9l Ty, - My - >NTN dx,
fars12 o 2\0s&n Is81 Osk812  Isk&2  Is&n : 95812 ¢
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It is finally observed that the computation of the foregoing derivatives of the stresses .55, sxS12, 12, and of I'; is standard. These

derivatives are obtained through the implicit differentiation of the constitutive Newton’s residuals provided in Egs. (32) and (33)
of Section 3.

rG> N'N + ,zfchc] dx,

21



A. Panteghini et al. Journal of the Mechanics and Physics of Solids 194 (2025) 105930

2 001 2 001
S S
— F — F
0.008- 0.008+ e A A A A A
A
[ = —— F - P G G
.‘::.:‘::‘-:::::-:—:::’I——I-—I—I' ”:‘:—:_vj:::.:.—::&l—~+~l—»l~—-lv-l‘
0.006 - - 0.006 - i
cor=1,FE
[ oor=1,FE [ *-er=30, FE
0.004 +-¢ =30, FE 0.004 =ar=100, FE
=ar=100, FE A-A macro, FE
[ 44 macro, FE r — r=1, analytical
— r= i —- r= 30, analytical
0.002- r=1, analytical 0.0021 r , :
—-- r=230, analytical -- r=100, analytical
F -+ r=100, analytical r
. | . | . | . J . | . | . | . J
0 0.005 0.01 0.015 0.02 0 0.005 0.01 0.015 0.02
u(H)/H u(H)/H
(@) (b)

Fig. B.1. Monotonic loading. Comparison of the responses predicted by the semi-analytical results in (Rubin and Bardella, 2023) and the FE predictions for
three ratios r = H /¢ without hardening: (a) the mM-model (V; in Table 1); and (b) m-model (V; in Table 1). The M-model (V, in Table 1) is included for
comparison although it is not a bound for the m-model in (b).
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Fig. C.1. Cyclic loading without hardening showing unphysical response predicted by the mM-model using the function I'} in Eq. (21) (MlR in Table 2). The
M-model (M, in Table 2) is included for comparison.

Appendix B. Validation of the finite element implementation

Fig. B.1 compares the semi-analytical results in (Rubin and Bardella, 2023), that are obtained in the absence of hardening
(m,. = mg = 0), with the FE predictions for three ratios r = H/#. Fig. B.1a shows the predictions of the responses for the mAM-model
(V, in Table 1) and Fig. B.1b focuses on the responses for the m-model (V5 in Table 1). Predictions of the M-model (¥, in Table 1)
are included for comparison. As recorded in the last row of Table 1, these responses are all derived by using I'; = Fg in Eq. (21).
The near perfect overlap in the semi-analytical and FE results verifies the accuracy and reliability of the FE implementation.

Appendix C. On the need to modify the micro-plastic smooth transition with respect to that in (Rubin and Bardella, 2023)

In a first attempt to model strain-controlled cyclic loading without hardening use was made of the functional form of I'; given
by I g in (21) proposed in (Rubin and Bardella, 2023). This form allows for a smooth elastic-inelastic transition for micro-plasticity
during monotonic loading. However, from Fig. C.1, which displays responses obtained with the set of parameters M ]R in Table 2,
it can be seen that I'; = Fg produces unphysical behavior during unloading because Fg goes suddenly to zero as ¢, reduces. From
inspection of the higher-order balance equations (27) and (28), it can be deduced that this requires an anomalous behavior of the
micro-plastic field. Also, when Fg becomes zero upon loading reversal, any value of G = g maintains vanishing micro-plasticity
rate I gG, thus leading to numerical complications since the components of G are used to establish the FE DOFs. Fig. C.1 includes
the prediction of the M-model (M, in Table 2) for comparison. On the basis of these results, the modified form of I; in Eq. (22)
is proposed to ensure that I'; is a monotonically increasing function. This modification guarantees that once micro-plasticity is
activated it remains active if g # 0 from the solution of Egs. (27) and (28).
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