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Visco-energetic solutions for a model of crack growth
in brittle materials

GIANNI DAL MASO, RICCARDA ROSSI, GIUSEPPE SAVARÉ
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Abstract. Visco-energetic solutions have been recently advanced as a new so-
lution concept for rate-independent systems, alternative to energetic solutions/
quasistatic evolutions and balanced viscosity solutions. In the spirit of this novel
concept, we revisit the analysis of the variational model proposed by Francfort
and Marigo for the quasi-static crack growth in brittle materials, in the case of
antiplane shear. In this context, visco-energetic solutions can be constructed by
perturbing the time incremental scheme for quasistatic evolutions by means of a
viscous correction inspired by the term introduced by Almgren, Taylor, and Wang
in the study of mean curvature flows. With our main result we prove the existence
of a visco-energetic solution with a given initial crack. We also show that, if the
cracks have a finite number of tips evolving smoothly on a given time interval,
visco-energetic solutions comply with Griffith’s criterion.

Mathematics Subject Classification (2020): 74R10 (primary); 74G65, 49Q20,
35Q74 (secondary).

1. Introduction

The variational approach to brittle fracture, based on the classical theory by Grif-
fith [22], was initiated more than twenty years ago by Francfort and Marigo [20]
(cf., also [4]). In these models crack growth results from a trade-off between the
competing mechanisms of:

✏ Energy conservation, with the driving energy given by the stored elastic energy;
✏ Energy dissipation, which takes into account the dissipated energy spent to open

the crack.
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In the case of antiplane shear the reference configuration is represented by a
bounded, connected, Lipschitz domain � ⇢ R2, the displacement u W � ! R
is scalar and the cracks are represented by compact subsets K of �. The evolution
is triggered by a prescribed time dependent boundary condition u D g.t/ on a sub-
set @D� of @�. According to the model by Francfort and Marigo, for a linearly
elastic homogeneous isotropic material the competing energy terms are:

Driving energy: E.t; K/ WD min
⇢Z
�nK

1

2
jruj

2 dx W u D g.t/ on @D� nK

�
;

Dissipated energy: H
1.K.t/nK.s//; where H1 denotes the

1-dimensional Hausdorff measure. (1.1)

For simplicity the elastic constant and the toughness of the material are normalized
to 1.

If K.�/ denotes the collection of all compact subsets of �, a quasistatic evo-
lution for the brittle fracture model is a function K W Œ0; T ç ! K.�/ fulfilling the
following conditions:

(I) Irreversibility: K.s/ ⇢ K.t/ for all 0  s  t  T ;
(S) Stability: at every t 2 Œ0; T ç we have

E.t; K.t//  E.t; K 0/C H
1.K 0

nK.t//

for all K 0
2 K.�/ with K 0

� K.t/;
(1.2)

namely the release of potential energy when passing from the current state
K.t/ to any other state K 0 2 K.�/ is smaller than the energy dissipated, that
is why (1.2) can also be understood as a stability condition;

(E) Energy-dissipation balance:

E.t; K.t//C H
1.K.t/nK.s// D E.s;K.s//C

Z
t

s

@tE.r;K.r//dr

for all 0  s  t  T;

(1.3)

involving the stored energy at the process times s and t , the energy dissipated
in the time interval Œs; t ç, and the work of the external forces represented by
the integral term.

Condition (E) was introduced in the realm of crack propagation in [17]; its key role
was also highlighted in [40–42], where the closely related concept of energetic so-
lution to a rate-independent system was advanced. In [17], the notion of quasistatic
evolution for cracks was analyzed in the antiplane case, imposing a bound on the
number of connected components of the crack. Thus, the state space K.�/ was re-
placed by the space Km.�/ of all compact subsets of � with at most m connected
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components and finite 1-dimensional Hausdorff measure. The existence of qua-
sistatic evolutions satisfying (I), (S), and (E) was proved by constructing discrete-
time approximate solutions: given a partition 0 D t0

⌧
< t1

⌧
< : : : < t

N⌧
⌧ D T of

Œ0; T ç, the time incremental minimization scheme

Ki
⌧

2 Argmin
˚
E
�
t i
⌧
; K
�

C H
1
�
KnKi�1

⌧

�
W K 2 Km.�/; K � Ki�1

⌧

 
for i D 1; : : : ; N⌧

(1.4)

provides an approximate solution which converges to a continuous-time solution
as the time step tends to 0. Ever since, the analysis of quasistatic evolutions
for crack propagation models has been extended in several directions, cf., e.g.,
[8, 14, 15, 19, 21]. In fact, thanks to their flexibility and robustness, the notion
of quasistatic evolution and the parallel concept of energetic solution have been
extensively applied to a broad class of rate-independent systems (see [33] for a
survey).

Nonetheless, it has been known for some time that quasistatic evolutions/
energetic solutions have a drawback. Namely, when the energy functional driv-
ing the system is nonconvex, such evolutions, as functions of time, may have “too
early” and “too long” jumps between energy wells, cf., e.g., [25, Example 6.3], and
the full characterization of energetic solutions to 1-dimensional rate-independent
systems proved in [46]. Essentially, this is due to the global character of the sta-
bility condition (S), which involves the overall energy landscape. These consid-
erations have motivated the quest of alternative weak solvability notions based on
local, rather than global, minimality.

To our knowledge, the first attempt in this direction dates back to [16], where,
as an alternative to (1.4), the following time incremental minimization scheme was
proposed for brittle fracture growth (still in the two-dimensional antiplane case):

.ui
⌧
; Ki

⌧
/ 2 Argmin

n
E
�
t i
⌧
; K
�

C H
1
�
KnKi�1

⌧

�
C �

��u � ui�1
⌧

��2
L2.�/

W

K 2 Km.�/; K � Ki�1
⌧
; u 2 H 1.�nK/

o

for i D 1; : : : ; N⌧ , with � > 0 a fixed constant. The additional L2-contribution
penalizes the L2-distance of the updated discrete displacement ui

⌧
from the previ-

ous ui�1
⌧

, and thus enforces locality on the time discrete level. We also record the
notion of fracture evolution by local minimality advanced in [28].

A more general approach to a reformulation of rate-independent evolution de-
void of unnatural jumps was pioneered in [18]. It stemmed from the idea that
rate-independent evolution originates in the limit of systems governed by two time
scales: the “fast” inner scale of the system and the “slow”, but dominant, time scale
of the external forces. In this perspective, viscous dissipation is negligible during a
time interval in which the system evolves continuously, but it is expected to enter
into the system behavior at jumps. Thus, one selects those solutions to the original
rate-independent system that arise as limits of solutions to the viscously regularized
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system. This procedure leads to an alternative solution concept featuring a local, in
place of a global, stability/minimality condition, and an energy-dissipation balance
that provides a description of the system behavior at jumps, with the possible on-
set of “viscous behavior”. On the one hand, the vanishing-viscosity technique has
been formalized in an abstract setting in [35,36] (also [43]), that codified the prop-
erties of these “vanishing-viscosity solutions” in the notion of balanced viscosity

solution. On the other hand, it has been developed and refined in various concrete
applications, e.g., [5, 9, 11, 26].

As far as brittle fracture models are concerned, however, the vanishing-
viscosity approach has been carried out either assuming that the crack path is a pri-
ori known, or in specific geometric settings, cf., e.g., [1, 2, 6, 10, 25, 27, 30, 31, 48]).
These restrictions are related to the fact that the construction of balanced viscosity
solutions ultimately relies on the validity of a suitable chain rule for the energy
functional driving the system, which seems to be hard to obtain for more general
fracture models.

That is why, finding an appropriate mathematical formulation for the evolution
of brittle fracture as an alternative to the notion of quasistatic evolution, without
specific assumptions on the cracks, is still an up-to-date and challenging issue. In
this paper we aim to contribute to it by showing how the concept of visco-energetic

solution to a rate-independent system, recently introduced in [39], can be success-
fully applied to the two-dimensional antiplane model first addressed in [17].

As we will see, visco-energetic solutions have a structure in between that of
energetic and balanced viscosity solutions. This intermediate character is also ap-
parent in their characterization, obtained for one-dimensional systems in [32], in
the results of [47], and in their applicability to rate-independent systems in dam-
age, plasticity, and delamination, cf. [45]. Here we are going to demonstrate that
the model by Francfort and Marigo, at least in the versions considered in [17]
and [8], provides yet another example of rate-independent process for which visco-
energetic solutions are an adequate tool, while the balanced viscosity concept fails
to apply.

Visco-energetic evolution of brittle fracture

Visco-energetic (hereafter often abbreviated as VE) solutions were introduced in
[39] in the context of an abstract rate-independent system whose state space is a
Hausdorff topological space .X; �/, endowed with:

(1) A driving energy functional E W Œ0; T ç ⇥X ! .�1 C 1ç;
(2) A (possibly asymmetric, quasi-)distance d W X ⇥ X ! Œ0;C1ç that encodes

the energy dissipation of the system.

In the spirit of [16], the key idea at the core of VE concept is to enforce locality
by suitably perturbing the time incremental minimization scheme. In the general
context addressed in [39], this perturbation is obtained by means of

(3) A viscous correction, namely a lower semicontinuous functional ı W X ⇥X !

Œ0;C1ç, compatible with d in a suitable sense.
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The above elements constitute a viscously corrected rate-independent system
.X; E ; �;d; ı/. We now illustrate how the brittle fracture model analyzed in [17]
can be revisited within the approach of [39] by a careful choice of the ambient
space, the driving energy, the dissipation quasi-distance, and the viscous correc-
tion. In what follows, we are going to work in the space

X D Kfin.�/

WD

n
K2K.�/ WK has a finite number of connected components;H1.K/<1

o
;

endowed with the topology of the Hausdorff distance h: (1.5)

The evolution is driven by the energy functional E W Œ0; T ç ⇥ Kfin.�/ ! Œ0;C1/
defined in (1.1).

Instead of imposing an a priori bound on the number of connected components
of the crack as in [17], we penalize the nucleation of new connected components
by means of the quasi-distance ˛.K;K 0/ defined as the number of connected com-
ponents of K 0 disjoint from K. Indeed, we fix a constant � > 0 and we consider
the dissipation distance d W K.�/ ⇥ K.�/ ! Œ0;C1ç defined by

d.K;K 0/ WD H
1.K 0

nK/C �˛.K;K 0/ (1.6)

if K ⇢ K 0, and set equal to C1 otherwise. The additional term �˛.K;K 0/ con-
trols the number of connected components: indeed, the constant � accounts for the
energetic cost of the nucleation of a new connected component of the crack. This
novel contribution plays a crucial role in the proof of the lower semicontinuity of
d with respect to the Hausdorff distance, as stated in Proposition 3.6 ahead. This
result is a generalization of the classical Go la̧b Theorem: it provides a lower semi-
continuity estimate for the Hausdorff measure H

1.KnnHn/, for two sequences
.Hn/n and .Kn/n of compact subsets of � that may possibly have infinitely many
connected components, provided that a bound on the number of connected compo-
nents of the sets .KnnHn/n is imposed. Another key structural condition of d is
the triangle inequality, which follows from the (nontrivial) triangle inequality for ˛
proved in Lemma 3.4.

We choose as viscous correction the functional ı W K.�/ ⇥ K.�/ ! Œ0;C1ç
given by

ı.K;K 0/ WD Å.K;K 0/C �˛.K;K 0/;

with Å.K;K 0/ WD

Z
K0nK

dist.x;K/dH1.x/; if K ⇢ K 0 ;
(1.7)

for some � > 0. Unlike d, the functional ı does not satisfy the triangle inequality.
Indeed, in the regular case considered in Section 6, when K 0 is close to K the
integral contribution Å to ı is approximately the sum of the squares of the length
increments of the branches of the crack. The functional Å is inspired by the one
introduced by Almgren, Taylor and Wang in [3], cf. also [12, 29], where it plays
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the role of a sort of a squared L2-distance between K and K 0 in the Minimizing

Movement scheme for the mean curvature flow. A similar term has already been
used in [30,31] to study a viscosity-driven model of crack growth. The higher order
nature of ı is in fact revealed by the following inequality, which relatesÅ, H1, and
the Hausdorff distance h:

Å.K;K 0/  h.K;K 0/H1.K 0
nK/ : (1.8)

Let us point out that the termÅ.K;K 0/ in (1.7) is well defined for arbitrary compact
sets K and K 0 and, unlike in [30, 31], no structural assumptions are imposed. In
particular, no a priori bound on the number of connected components of the cracks
is required, thanks to the term �˛.K;K 0/ (again, the constant � can be interpreted
as an additional energetic cost due to the nucleation of a new connected compo-
nent). Like for the dissipation distance d, the latter contribution to the viscous
correction indeed plays an important part in the proof of the lower semicontinuity
properties of ı (Proposition 3.10).

We mention here that, while we have set all physical constants equal to 1 for
simplicity, we have preferred to emphasize the dependence of the model on the
regularization constants � and �, which can be chosen arbitrarily small.

Hereafter, we shall refer to the quintuple

.Kfin.�/; E ; h; d; ı/ as a viscously corrected rate-independent system
for brittle fracture:

Along the footsteps of [39] we construct discrete solutions by solving the time
incremental minimization scheme

Ki
⌧

2 Argmin
K2Kfin.�/

�
E
�
t i
⌧
; K
�

C d
�
Ki�1
⌧
; K
�

C ı
�
Ki�1
⌧
; K
��

for i D 1; : : : ; N⌧ ;
(1.9)

with K0
⌧

WD K0 the initial crack. Since

D.K;K 0/ WDd.K;K 0/Cı.K;K 0/DH
1.K 0

nK/CÅ.K;K 0/C.�C�/˛.K;K 0/

if K ⇢ K 0;

the minimum problem (1.9) can be rephrased in the following form:

Ki
⌧

2 Argmin
K2Kfin.�/; K�Ki�1

⌧

⇣
E
�
t i
⌧
; K
�

C H
1
�
KnKi�1

⌧

�

CÅ
�
Ki�1
⌧
; K
�

C .�C�/˛
�
Ki�1
⌧
; K
�⌘ (1.10)

which can be immediately compared with the classical minimization scheme (1.4)
for quasistatic evolutions. It turns out that, for every i D 1; : : : ; N⌧ (1.9) admits a
solution thanks to the aforementioned lower semicontinuity properties of d and ı,
and of the energy E . Our main result, Theorem 4.7 ahead, states that there exists a
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vanishing sequence .⌧j /j of time steps along which the discrete solutions .K⌧j /j ,
defined by piecewise-constant interpolation of the minimizers .Ki

⌧
/
N⌧

iD1, converge
to a visco-energetic solution of the viscously corrected system .Kfin.�/; E ; h; d; ı/.
The latter is a curve K W Œ0; T ç ! Kfin.�/, with jump set JK , complying with the
following conditions:

(I) Irreversibility: K.s/ ⇢ K.t/ for all 0  s  t  T ;
(SVE) .D/-stability: at every t 2 Œ0; T ç n JK there holds

E.t; K.t//E.t; K 0/C D.K.t/;K 0/

DE.t; K 0/CH
1.K 0

nK.t//CÅ.K.t/;K 0/C.�C�/˛.K.t/;K 0/

for all K 0
2 Kfin.�/ with K 0

� K.t/I

(EVE) The energy-dissipation balance

E.t; K.t//C H
1.K.t/nK.s//C Jmpc.KI Œs; t ç/

D E.s;K.s//C

Z
t

s

@tE.r;K.r//dr for all 0  s  t  T :

Condition (EVE) features an additional contribution in comparison with the energy-
dissipation balance (1.3). Indeed, the term Jmpc keeps track of the energy dissi-
pated at jumps and is defined in terms of the “visco-energetic” cost c introduced in
(1.11) below.

As we have mentioned before, the structure of this solution concept is in be-
tween those of quasistatic evolutions (cf. (1.2) and (1.3)) and of balanced viscosity
solutions. On the one hand, the stability condition (SVE), though featuring the ad-
ditional viscous correction ı and holding only outside the jump set JK , still retains
a global character. On the other hand, in the energy balance (EVE) the dissipation
of energy is not only recorded by the H1-length of the opening of the crack in the
interval Œs; t ç but, like in the case of balanced viscosity solutions, also by an ad-
ditional term that measures the energy dissipated at the jump points of K in Œs; t ç,
i.e., Jmpc.KI Œs; t ç/. The jump cost Jmpc is, in turn, defined in terms of a func-
tional c obtained by minimizing a suitable transition cost along monotone curves #
connecting the two end-points K.t�/ and K.tC/ of the curve K at t 2JK , namely

c.t; K.t�/;K.tC//

WD inf
n
TrcVE.t I#;E/ W E b R; # 2 C.EIKfin.�//; #.E

˙/ D K.t˙/
o
;

(1.11)

where E� WD infE and EC WD supE. The transition cost

TrcVE.t I#;E/ WD GapVarÅ.#;E/C .�C�/Var˛.#;E/C

X
s2EnfsupEg

R.t; #.s//
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consists of:

(1) A quantity related to the “gaps”, or “holes”, of the set E (which is just an
arbitrary compact subset of R and may have a more complicated structure
than an interval);

(2) Var˛ , i.e., the total variation of the curve # induced by ˛, modulated by the
constant .�C�/ also featuring in the minimization scheme (1.10);

(3) A functional R W Œ0; T ç ⇥ Kfin.�/ ! Œ0;1/ that keeps track of the violation
of the VE-stability condition along the curve # , as it fulfills R.t; #.s// > 0 if
and only if #.s/ does not comply with (SVE) at the process time t .

It is in terms of the cost c that the VE concept offers an alternative description of
the system behavior at jumps, in comparison with quasistatic evolutions. Indeed,
VE solutions satisfy the jump conditions

E.t; K.t�// � E.t; K.tC// D H
1.K.tC/nK.t�//C c.t; K.t�/;K.tC//

for all t 2 JK ;

cf. Proposition 4.8 ahead. Thus, the release of elastic energy at a jump point is
not only balanced by the length of the crack opening (like it would be for qua-
sistatic evolutions), but also by the “visco-energetic” cost between the two end-
points K.t�/ and K.tC/.

Nonetheless, if, along the footsteps of [17], we assume that, on some interval
.⌧0; ⌧1/ ⇢ Œ0; T ç the VE solution constructed in Theorem 4.7 has the additional
property that the cracksK.t/ have a fixed number of tips, which evolve in an abso-
lutely continuous way on the interval .⌧0; ⌧1/ along simple and disjoint paths, then
we can prove that Griffith’s criterion for crack growth is satisfied, cf. Theorem 6.5
ahead. This result is completely analogous to [17, Theorem 8.4] for quasistatic
evolutions. It reflects the fact that VE solutions essentially differ from quasistatic
evolutions in the description of the energetic behavior of the system at jumps, cf.

the characterization provided by Proposition 4.8 ahead.

Plan of the paper. In Section 2 we recall some preliminary results on Hausdorff
convergence, and on the properties of the elastic energy, proved in [17]. Then, in
Section 3 we introduce the dissipation distance d and the viscous correction ı, and
settle their basic properties. Section 4 is devoted to the precise definition of visco-
energetic solutions and to the statement of our main existence result, Theorem 4.7.
In Section 5, the proof of Theorem 4.7 is carried out by showing that the viscously
corrected system for brittle fracture .Kfin.�/; E ; h; d; ı/ satisfies the conditions of
the general existence result [39, Theorem 3.9], which thus applies yielding the
existence of VE solutions. The main result of Section 6, Theorem 6.5, provides
a characterization of the behavior at the crack tips of a VE solution K W Œ0; T ç !

Kfin.�/ in an interval .⌧0; ⌧1/ during which K evolves continuously as a function
of time and the crack set K.t/ fulfills suitable geometric conditions. Finally, in
Section 7 we show how, relying on the results from [8], our existence result for VE
solutions can be extended to the planar case of linearized elasticity.
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2. Notation and preliminaries

Throughout the paper, � is a fixed bounded connected open subset of R2 with
Lipschitz boundary. As in [17], we shall additionally suppose that the boundary of
� decomposes into:

✏ A Neumann part @N�, which is a (possibly empty) relatively open subset of
@� with a finite number of connected components;

✏ The (non-trivial) Dirichlet part @D� WD @�n@N�; it turns out that @D� is also
a relatively open subset of @� with a finite number of connected components.

The one-dimensional Hausdorff measure is denoted by H
1. The set of all compact

subsets of � is denoted by K.�/, whereas Kfin.�/ (respectively Km.�/) is the
set of all compact subsets K of � with H

1.K/ < C1 and a finite number of
(respectively at most m) connected components.

The spaces K.�/;Kfin.�/ are endowed with the Hausdorff distance h, defined
by

h.H;K/ WDmax
⇢

sup
x2H

dist.x;K/; sup
y2K

dist.y;H/
�

for all H;K2K.�/; (2.1)

where, as usual, dist.x;K/ WDminy2K jx�yj, with the convention that dist.x;;/ D

diam.�/ and sup ; D 0, so that h.;; K/ D 0 if K D ; and h.;; K/ D diam.�/
if K ¤ ;. In particular, ; is an isolated point of K.�/. Given .Kn/n; K ⇢ K.�/,

we will often write Kn
h

! K whenever h.Kn; K/ ! 0. With a slight abuse
of notation, the topology induced by the Hausdorff distance is still denoted by h,
and the corresponding product topology on Œ0; T ç ⇥ K.�/ by hR. The following
compactness theorem is well known (see, e.g., [44, Blaschke’s selection theorem]).

Theorem 2.1. The metric space .K.�/; h/ is compact.

We will also make use of the following result (cf. [17, Corollary 3.3, 3.4]), derived
from the Go la̧b theorem (cf., e.g., [38, Theorem 10.19]) and extending the latter,
valid in the class K1.�/, to the class Km.�/, m � 1. It shows that Km.�/ is
closed with respect to Hausdorff convergence, and that, with respect to this notion
of convergence the Hausdorff measure H

1 is lower semicontinuous on Km.�/
(while it is not lower semicontinuous on K.�/).
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Theorem 2.2. Let m � 1 and .Kn/n ⇢ Km.�/.

(i) If h.Kn; K/ ! 0 as n ! 1 for some K 2 K.�/, then K 2 Km.�/ and

H
1.K \ U/  lim inf

n!1 H
1.Kn \ U/

for every open set U ⇢ R2;

(ii) In addition, suppose that .Hn/n;H 2 K.�/, with h.Hn;H/ ! 0 as n ! 1.

Then,

H
1.KnH/  lim inf

n!1 H
1.KnnHn/ :

Deny-Lions spaces and elastic energy. Along the footsteps of [17], we will
work with the Deny-Lions space [13]

L1;2.A/ WD

n
u 2 L2loc.A/ W ru 2 L2

�
AIR2

�o
; (2.2)

for a given A ⇢ R2. If A is bounded with Lipschitz boundary, then L1;2.A/ D

H 1.A/, see [17, Proposition 2.2]. For a given g 2 H 1.�/ and a given K 2

Kfin.�/, let us now introduce the space of admissible displacements

V.g;K/ WD

n
v 2 L1;2.�nK/ W v D g on @D� nK

o
: (2.3)

In (2.3) the equality v D g is to be interpreted in the sense of traces. Note that
the trace of v on @D� n K is well defined, since @� is Lipschitz (see, e.g., [17,
Proposition 2.2]).

As discussed in [17, Section 4], the minimum problem

min
v2V.g;K/

Z
�nK

1

2
jrvj

2 dx has a solution: (2.4)

We mention in advance that this minimization problem will be involved in the
definition of the energy functional E driving our system. It may happen that the
minimizer is not unique, but, by strict convexity, any two minimizers have the
same gradient on �nK. The following result, proved in [17, Theorem 5.1], shows
the continuous dependence of these gradients on the set K and on the boundary
datum g, and will ensure the continuity properties of the energy functional E .

Proposition 2.3. Let m � 1 and let .Kn/n; K 2 Km.�/ fulfill supn2NH
1.Kn/ <

C1 and h.Kn; K/ ! 0 as n ! 1. Let .gn/n; g 2 H 1.�/ with gn ! g strongly

in H 1.�/. Let .un/n; u fulfill

un 2 Argminv2V.gn;Kn/

Z
�nKn

1

2
jrvj

2 dx for all n 2 N;

u 2 Argminv2V.g;K/

Z
�nK

1

2
jrvj

2 dx :
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Then,

run ! ru as n ! 1 in L2
�
�IR2

�
; (2.5)

where run and ru are regarded as functions defined a.e. in �.

3. Setup for visco-energetic solutions for brittle fracture

In this section we precisely define:

(1) The driving energy functional E (see (3.1));
(2) The dissipation quasi-distance d (see (3.6));
(3) The viscous correction ı (see (3.32)).

They intervene in our notion of visco-energetic evolution of brittle fracture. Upon
introducing E , d, and ı, we will also settle some of their basic properties; in par-
ticular, those underlying the definition of VE solution. Further properties will be
investigated in Section 5 ahead, when carrying out the proof of our existence result
Theorem 4.7.

The energy functional. Throughout the paper g 2 C1.Œ0; T çIH 1.�// is a fixed
function, whose trace on @D� plays the role of a time-dependent Dirichlet loading
acting on @D�. The energy functional E W Œ0; T ç ⇥ Kfin.�/ ! Œ0;C1/ is defined
by

E.t; K/ WD min
u2V.g.t/;K/

Z
�nK

1

2
jruj

2 dx; (3.1)

where the space of admissible displacements is given by (2.3). As we will see in
Proposition 5.1 ahead, E is lower semicontinuous on Œ0; T ç⇥Kfin.�/, with respect
to the product topology hR on Œ0; T ç ⇥ Kfin.�/, along sequences with bounded
d-distance from some reference set Ko 2 Km.�/. A straightforward calculation
shows that the power functional @tE.t; K/ exists for every t 2 .0; T / and all K 2

Kfin.�/ and that

@tE.t; K/ WD

Z
�nK

r Pg.t/ � ru.t/dx; (3.2)

where Pg.t/ 2 H 1.�/ is the time derivative of the function g and u.t/ 2 V.g.t/;K/
is a solution of the minimum problem (3.1); the formula for @tE.t; K/ is well given
since ru.t/ does not depend on the choice of the minimizer, cf. Section 2. The
upcoming Proposition 5.1 will collect all properties of E and @tE that are relevant
for our analysis.

The dissipation quasi-distance. Preliminarily, let us introduce a quasi-distance
between two sets H and K that keeps track of the (number of) connected com-
ponents of K disjoint from H . More precisely, ˛ W K.�/ ⇥ K.�/ ! Œ0;C1ç is
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defined in this way:

if H ⇢ K ˛.H;K/ WD number of the connected components of K
that are disjoint from H ,

if H 6⇢ K ˛.H;K/ WD C 1 :

(3.3)

Notice that if H D ; then ˛.H;K/ is simply the number of the connected compo-
nents of K.

We say that a function ˇ W K.�/ ⇥ K.�/ ! Œ0;C1ç fulfills the triangle
inequality if

ˇ.H;L/  ˇ.H;K/C ˇ.K;L/ for all H; K; L 2 K.�/: (3.4)

Our first result shows that ˛ satisfies the triangle inequality.

Lemma 3.1. The function ˛ W K.�/ ⇥ K.�/ ! Œ0;C1ç fulfills the triangle in-

equality (3.4).

Proof. It is enough to show (3.4) for ˛ in the case in which ˛.H;K/ < C1 and
˛.K;L/ < C1 so that, in particular,H ⇢ K ⇢ L. Hence, a subfamily of the con-
nected components of L which are disjoint from H consists of connected compo-
nents of L which are disjoint from K. Let n D ˛.K;L/ and suppose that L has at
least j connected components,L1; : : : ; Lj , disjoint fromH and that the connected
components of L disjoint fromK coincide with the sets Lj�nC1; : : : ; Lj . We now
have to prove that ˛.H;K/ � j � n. For this, it suffices to consider the connected
components fL1; : : : ; Lj�ng intersectingK. For every ` 2 f1; : : : ; j �ng we have
that L` intersects at least a connected component K` of K; since K ⇢ L, we ul-
timately have that K` ⇢ L`. Since L` \ H D ;, also K` \ H D ;. Therefore,
each connected component K`, ` 2 f1; : : : ; j � ng, contributes to the number of
connected components of K disjoint from H , which yields that ˛.H;K/ � j � n.
Since this holds for every j  ˛.H;L/, we obtain (3.4).

Secondly, we prove that ˛ is lower semicontinuous with respect to Hausdorff
convergence.

Lemma 3.2. For all sequences .Kn/n; .Hn/n ⇢ K.�/ we have that

✓
Kn

h
! K; Hn

h
! H

◆
) ˛.H;K/  lim inf

n!1 ˛.Hn; Kn/ : (3.5)

Proof. Preliminarily, we prove the following:

Claim. For every connected component K` of K and every x 2 K` there exists a
sequence .K`

n
/n such thatK`

n
is a connected component ofKn for every n 2 N and

K`
n

h
! bK` as n ! 1 for some connected set bK` 2 K.�/ such that x 2 bK` ⇢ K`.
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Indeed, since Kn
h

! K, there exists a sequence .xn/n such that xn ! x and
xn 2 Kn for every n 2 N. Let bK`

n
be the connected component of Kn containing

xn. By the Blaschke selection theorem and the Go la̧b theorem, up to a (not rela-
beled) subsequence, the sets .bK`

n
/n converge to a connected set bK`, which clearly

contains x. Thus, bK` ⇢ K`.
We are now in a position to prove (3.5). Indeed, suppose that there are h

connected componentsK1; : : : ; Kh ofK disjoint fromH . For each ` 2 f1; : : : ; hg,
select a point x` 2 K` and consider the connected sets .K`

n
/n and bK` whose

existence is ensured by the previously proved claim. Then,

8 ` 2 f1; : : : ; hg 9 Nn` 2 N 8n � Nn` W K`
n

\Hn D ;

(otherwise, we would have bK` \ H ¤ ;, hence K` \ H ¤ ;). Thus, setting
Nn WD max`2f1;:::;hg Nn`, we have

˛.Hn; Kn/ � h for all n � Nn;

and (3.5) follows.

For a given � > 0, we are now in a position to define the (asymmetric) dissi-

pation quasi-distance d by

d W K.�/⇥K.�/ ! Œ0;C1ç; d.H;K/ WD H
1.KnH/C�˛.H;K/ : (3.6)

Remark 3.3. The contribution �˛ to d will have the role of controlling the growth
of the number of connected components of the visco-energetic fracture evolution
Œ0; T ç 3 t 7! K.t/. It is exploiting this term that we may prove the lower semi-
continuity of d with respect to Hausdorff convergence, in fact extending the Go la̧b
theorem, cf. Proposition 3.6 ahead. The constant � can be interpreted as the nucle-
ation cost of each new connected component of the crack set.

Obviously,
d.K;K/ D 0 for every K 2 K.�/: (3.7a)

On the other hand, d separates the points of K.�/, namely for everyH; K 2 K.�/

d.H;K/ D 0 implies H D K. (3.7b)

Indeed, d.H;K/ D 0 implies that H ⇢ K, H1.KnH/ D 0, and that all the
connected components of K have nonempty intersection with H . If there exists
x0 2 KnH , then there exists a ball B.x0; ⇢/ disjoint from H . Let bK be the con-
nected component of K containing x0; since bK \H ¤ ;, bK must also contain a
point in @B.x0; ⇢/, hence H

1.KnH/ � H
1.bK\B.x0; ⇢// � ⇢ > 0, in contradic-

tion with d.H;K/ D 0.
As an immediate consequence of Lemma 3.1 and of the definition of d we

have:
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Proposition 3.4. The function d W K.�/ ⇥ K.�/ ! Œ0;C1ç satisfies the triangle

inequality (3.4) and Kfin.�/ D
˚
K 2 K.�/ W d.;; K/ < 1

 
.

It is then simple to prove that if H 2 Kfin.�/ and K 2 K.�/ fulfills d.H;K/ <
C1, then K 2 Kfin.�/ as well.

Lemma 3.5. Let H 2 Kh.�/ for some h � 1, and let K 2 K.�/ contain H and

fulfill ˛.H;K/ D i < C1 and H
1.K nH/ < 1.

Then,

K 2 Km.�/ with m D hC i : (3.8)

Proof. The bound (3.8) on the number of connected components ofK follows from
the triangle inequality

˛.;; K/  ˛.;;H/C ˛.H;K/ D hC i :

The lower semicontinuity of d with respect to Hausdorff convergence will be a
consequence of the following result, which in fact extends the (generalized) version
of the Go la̧b theorem proved in Theorem 2.2. Let us indeed emphasize that, for the
localized inequality (3.9), we no longer require an a priori bound on the number of
connected components of the sets .Kn/n, but only that supn ˛.Hn; Kn/ < C1.

Proposition 3.6. Let .Hn; Kn/n ⇢ K.�/ ⇥ K.�/ be a sequence such that Hn
h

!

H andKn
h

! K. Suppose that the number of connected components ofKn disjoint

from Hn is uniformly bounded with respect to n 2 N. Then,

H
1..KnH/ \ U/  lim inf

n!1 H
1..KnnHn/ \ U/ (3.9)

for every open set U ⇢ �.

First, we will prove (3.9) for U D �, cf. (3.11) below. The key idea will be to
distinguish between the connected components of the setsKn that intersect the sets
Hn, and those that have an empty intersection with them. We will then be able to
apply the known local version of the Go la̧b theorem in both cases. Secondly, we
shall point out how the proof of the claim with U D � can be adapted to yield the
localized inequality (3.9).

Proof. Clearly, passing to a subsequence it is not restrictive to assume that there
exists Qk 2 N such that

Kn has Qk connected components disjoint from Hn for all n 2 N. (3.10)

We show

Claim 1.
H
1.KnH/  lim inf

n!1 H
1.KnnHn/: (3.11)
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Clearly, we may suppose that the right-hand side is finite and, up to a further ex-
traction, that

lim
n!1H

1.KnnHn/ < C1 : (3.12)

For every n 2 N, let eCn denote the collection of the connected components of Kn
that do not intersectHn. Due to (3.10), eCn has Qk elements, denoted as eC 1

n
; : : : ; eC Qk

n
.

Up to a subsequence we may suppose that

eC i
n

! eC i for i D 1; : : : ; Qk; (3.13)

for some eC i 2 K.�/. Let us now fix two open sets V and V 0 such that H ⇢ V 0 b
V and let

⌘ WD inf
x2V 0 dist.x;�nV / > 0:

Since Hn
h

! H and H ⇢ V 0, for n sufficiently large we have Hn ⇢ V 0; for
simplicity and without loss of generality, hereafter we shall suppose that Hn ⇢ V 0
for every n 2 N.

Let us now consider the family bCn of the connected components C ofKn such
that

C n V ¤ ;; C \Hn ¤ ;: (3.14)

We will now show that

H
1.CnV 0/ � ⌘ for all C 2 bCn : (3.15)

Indeed, let us consider the 1-Lipschitz function f W � ! Œ0;C1/ defined by
f .x/ WD dist.x; V 0/. Since C is a connected set, f .C / is an interval. It follows
from the second condition of (3.14) and the fact that Hn ⇢ V 0 that 0 2 f .C /.
Furthermore, by the first condition of (3.14) and since ⌘ D dist.V 0; �nV /, we also
have that ⌘ 2 f .C /, so that Œ0; ⌘ç ⇢ f .C /. In particular, for every t 2 .0; ⌘ç there
exists x 2 C such that f .x/ D d.x; V 0/ D t , so that x 2 C n V 0. Therefore,
.0; ⌘ç ⇢ f .CnV 0/. Since f is 1-Lipschitz, we then have ⌘  H

1.f .CnV 0// 

H
1.CnV 0/, i.e., (3.15).

SinceHn ⇢ V 0, for every C 2 bCn there holds C nV 0 ⇢ KnnHn and therefore
X
C2bCn

H
1.CnV 0/  H

1.KnnHn/  M; (3.16)

with M D supnH
1.KnnHn/ < C1 by (3.12). Combining (3.15) and (3.16)

we then infer that bCn has at most M

⌘
elements. We may then suppose, up to a

subsequence, that bCn consists of exactly Ok 2 N elements bC 1
n
; : : : ; bC Ok

n
for every n.

There exist compact and connected subsets bC j 2 K.�/, j D 1; : : : ; Ok, such that
bC jn h

! bC j as n ! 1; moreover, it follows from (3.14) that

bC j n V ¤ ;; bC j \H ¤ ;: (3.17)
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We will now prove that

K n V ⇢

Qk[
iD1
.eC inV / [

Ok[
jD1

.bC j nV / : (3.18)

Indeed, for every x 2 K n V there exists a sequence .xn/n such that xn ! x as
n ! 1 and xn 2 KnnV for sufficiently big n. LetCn be the connected component
of Kn containing xn. There exists C ⇤ 2 K1.�/ such that, up to a subsequence,

Cn
h

! C ⇤, so that x 2 C ⇤. Now, for every n 2 N we either have Cn \ Hn D ;

or Cn \ Hn ¤ ;. In the former case, Cn 2 eCn. In the latter case, since xn 2

Cn n V ¤ ;, we have Cn 2 bCn. If Cn 2 eCn D feC 1
n
; : : : ; eC Qk

n
g for infinitely many

indexes n, there exists i0 2 f1; : : : ; Qkg such that Cn D eC i0n for infinitely many n so
that C ⇤ D eC i0 and, ultimately, x 2 eC i0 ⇢ [

Qk
iD1eC i . If Cn 2 bCn D fbC 1

n
; : : : ; bC Ok

n
g

for infinitely many indexes, then there exists j0 2 f1; : : : ; Okg such that Cn D bC j0
n

for infinitely many n, so that C ⇤ D bC j0 and thus x 2 bC j0 ⇢ [
Ok
jD1bC j . We have

thus proved (3.18).
By the local version of the Go la̧b theorem (Theorem 2.2(i)), we have

H
1.eC inV /  lim inf

n!1 H
1
�eC i
n
nV
�

for all i D 1; : : : ; Qk and

H
1.bC j nV /  lim inf

n!1 H
1
�bC j
n

nV
�

for all j D 1; : : : ; Ok:
(3.19)

Hence, from (3.18) and (3.19) we deduce that

H
1.KnV / 

QkX
iD1

H
1.eC inV /C

OkX
jD1

H
1.bC j nV /



QkX
iD1

lim inf
n!1 H

1
�eC i
n
nV
�

C

OkX
jD1

lim inf
n!1 H

1
�bC j
n

nV
�

 lim inf
n!1

0
@

QkX
iD1

H
1
�eC i
n
nV
�

C

OkX
jD1

H
1
�bC j
n

nV
�
1
A :

(3.20)

Now, for every n the connected components eC 1
n
; : : : ; eC Qk

n
are pairwise disjoint, and

so are the sets bC 1
n
; : : : ; bC Ok

n
. Furthermore, by the very definition of eCn and bCn we

also have that eC i
n

\ bC jn D ; for every i D 1; : : : ; Qk and j D 1; : : : ; Ok. Therefore,
(3.20) leads to

H
1.KnV /  lim inf

n!1 H
1.KnnV /  lim inf

n!1 H
1.KnnHn/; (3.21)
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where the latter inequality holds due to the fact that Hn ⇢ V (at least for suffi-
ciently large n).

Finally, let .Vm/m be a sequence of open sets containing H such that H D

\1
mD1V m. It follows from (3.21) that H1.KnV m/  lim infn!1 H

1.KnnHn/ for
every m 2 N so that, taking the limit as m ! 1 we ultimately have H1.KnH/ 

lim infn!1 H
1.KnnHn/, i.e., (3.11).

Claim 2W the localized inequality (3.9) holds. It is sufficient to repeat the arguments
up to (3.18), which can be localized, yielding for every open set U ⇢ �

.KnV / \ U ⇢

Qk[
iD1

�
.eC inV /\U � [

Ok[
jD1

�
.bC j nV /\U

�
:

Then, by the Go la̧b Theorem 2.2 the analogues of (3.19) hold for H1..eC inV /\U/
and H

1..bC j nV /\U/; yielding the corresponding estimate for H
1..KnV /\U/

(cf. (3.20)). Hence, the analogue of (3.21) holds, i.e.,

H
1
�
.KnV /\U

�
 lim inf

n!1 H
1
�
.KnnHn/\U

�
:

From the above inequality it is then possible to infer (3.9) by the very same argu-
ments as in Claim 1.

This finishes the proof of Proposition 3.6.

Recalling that the quasi-distance ˛ is lower semicontinuous with respect to
Hausdorff convergence by Lemma 3.2, we immediately deduce the following result
from Proposition 3.6.

Corollary 3.7. The function d W K.�/⇥K.�/ ! Œ0;C1ç is lower semicontinuous

with respect to the Hausdorff distance.

It follows from (3.7), Proposition 3.4, and Corollary 3.7, that the quasi-distance d
on Kfin.�/⇥Kfin.�/ satisfies the basic conditions required in [39, Subsection 2.1].

Curves with bounded variation. For a given curveK W Œ0; T ç ! K.�/, a subset
E ⇢ Œ0; T ç, and a function ˇ W K.�/ ⇥ K.�/ ! Œ0;C1ç satisfying the triangle
inequality (3.4), we define

Varˇ .K;E/ (3.22)

WD sup

8<
:

NX
jD1

ˇ.K.tj�1/;K.tj // W t0 t1 : : : tN ; tj 2E for j D0; : : : ; N

9=
;;

with the convention that Varˇ .K;;/ D 0. As we shall see in the next section, VE
solutions to the viscously corrected system for brittle fracture satisfy

Vard.K; Œ0; T ç/ < C1 : (3.23)

Let us now gain further insight into the properties of curves satisfying (3.23).
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First of all, from (3.23) it clearly follows that d.K.s/;K.t// < C1 for every
0  s  t  T , so that

K.s/ ⇢ K.t/ for all 0  s  t  T; (3.24)

i.e., the function K is increasing with respect to set inclusion.
The next result shows that for crack evolutions with values in Kfin.�/ and sat-

isfying the monotonicity condition (3.24), the left and the right limits of K with
respect to h exist and the ˛-variation is concentrated in the jump set; when the
˛-variation is finite, then the curve is .h; d/-regulated in the sense of [39, Defini-
tion 2.3].

Lemma 3.8. Let K W Œ0; T ç ! K.�/ satisfy (3.24). For t 2 Œ0; T ç, set

K.t�/ WD cl .[s<tK.s// ; K.tC/ WD \s>tK.s/; (3.25)

with the conventions K.0�/ WD K.0/ and K.TC/ WD K.T /. Then,

K.s/
h

! K.t�/ as s ! t� for all t 2 .0; T ç;

K.s/
h

! K.tC/ as s ! tC for all t 2 Œ0; T /:

(3.26)

Furthermore, there holds K.t�/ ⇢ K.t/ ⇢ K.tC/ for all t 2 Œ0; T ç. Let ‚ WD

ft 2 .0; T / W K.t�/ D K.t/ D K.tC/g. Then,

the set JK WD Œ0; T ç n‚ is at most countable, and

K.tn/
h

! K.t/ for every t 2 ‚ and every tn ! t :
(3.27)

If in addition K takes values in Kfin.�/ then

Var˛.K; Œ0; t ç/ D

X
s2JK\Œ0;tŒ

�
˛.K.s�/;K.s//C˛.K.s/;K.sC//

�

C ˛.K.t�/;K.t// for all t 2 Œ0; T ç :

(3.28)

If Var˛.K; Œ0; T ç/ < 1 then the set

JK;˛ WD
˚
s 2 JK W ˛.K.s�/;K.s//C˛.K.s/;K.sC// > 0

 
is finite (3.29)

and

lim
s!t�

d.K.s/;K.t�// D lim
s!t�

H
1.K.t�/nK.s//

D lim
s!t�

˛.K.s/;K.t�// D 0 for all t 2 .0; T ç;

lim
s!tC

d.K.s/;K.tC// D lim
s!tC

H
1.K.s/nK.tC//

D lim
s!tC

˛.K.tC//;K.s// D 0 for all t 2 Œ0; T /:

(3.30)
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Proof. Properties (3.26) are an immediate consequence of definitions (3.25) and of
the definition of Hausdorff distance, while (3.27) has been proved in [17, Proposi-
tion 6.1].

In order to prove (3.28) and (3.29) in the case whereK takes values in Kfin.�/,
we introduce the functions V˛ W Œ0; T ç ! Œ0;C1ç and V˛;jump W Œ0; T ç ! Œ0;C1ç
defined by

V˛.t/ WDVar˛.K; Œ0; t ç/ and

V˛;jump.t/ WD
X

s2JK\Œ0;tŒ
.˛.K.s�/;K.s//C˛.K.s/;K.sC///C˛.K.t�/;K.t// ;

which clearly satisfy V˛ � V˛;jump. In order to prove the converse inequality, it
is not restrictive to assume t D T and V˛;jump < C1. Since ˛ takes values
in N, (3.29) is immediate, so that we can write JK;˛ D fs1; � � � ; sJ g for some
0  s1 < s2 < � � � sJ  T in JK . Our thesis follows if we show that for every
interval I D .sj�1; sj /, j 2 f2; � � � ; J g, and every t1; t2 2 I with t1 < t2 we have
˛.K.t1/;K.t2// D 0.

We argue by contradiction and we assume that there exist t1 < t2 in some
interval I D .sj�1; sj / such that ˛.K.t1/;K.t2// � 1. This means that K.t2/
contains a connected component C such that C \ K.t1/ D ;. C is compact and
C 0 D K.t2/ n C is compact as well, since K.t2/ has a finite number of connected
components. There exists a ⇢ > 0 such that C 0 \ C ⇢ D ;, where C ⇢ WD fx 2 � W

dist.x; C / < ⇢g.
We now consider the monotone family of compact sets C.t/ WD K.t/\C and

we set r WD infft 2 Œt1; t2ç W C.t/ ¤ ;g. If r 2 .t1; t2/, then it is easy to check that
C.rC/ D K.rC/\C ¤ ; andK.r�/\C D ; sinceK.t/ ⇢ C 0 for every t < r .
This implies that K.r�/ ¤ K.rC/ and ˛.K.r�/;K.rC// � 1, hence r 2 JK;˛ .
This is a contradiction, since, by construction, r 2 Œt1; t2ç ⇢ Œ0; T çn JK;˛ . If r D t2
we use the same argument by replacing C.t2C/ with C.t2/; similarly, if r D t1 we
replace K.t1�/ with K.t1/.

If Var˛.K; Œ0; T ç/ is finite then also Vard.K; Œ0; T ç/ is finite and we can now
exploit (3.23) in order to check (3.30) for K.t�/ (the proof of the assertion for
K.tC/ follows the same lines). For every s 2 Œ0; T ç, let V.s/ WD Vard.K; Œ0; sç/.
Since V is monotone increasing and (3.23) holds, we have that V.t�/ WD

lims!t� V.s/ < C1. For every 0 < s < s1 < t we have that d.K.s/;K.s1// 

V.s1/ � V.s/. Passing to the limit as s1 ! t� and using the semicontinuity of d
(Corollary 3.7), we conclude that

d.K.s/;K.t�//  V.t�/ � V.s/ :

Hence, taking the limit as s ! t� we conclude that lims!t� d.K.s/;K.t�// D 0.
This concludes the proof.

We immediately have the following result.
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Corollary 3.9. Let K W Œ0; T ç ! Kfin.�/ fulfill (3.24). Then for all t 2 Œ0; T ç

Vard.K; Œ0; t ç/ D H
1.K.t/nK.0//

C�

 X
s2JK\Œ0;tŒ

.˛.K.s�/;K.s//C˛.K.s/;K.sC///C˛.K.t�/;K.t//

!
:

(3.31)

The viscous corrrection. We consider the viscous correction ı W K.�/⇥K.�/ !

Œ0;C1ç defined by

ı.H;K/ WD Å.H;K/C �˛.H;K/

with Å.H;K/ WD

(R
KnH dist.x;H/dH1.x/ if H ⇢ K

C1 otherwise;
(3.32)

where � > 0 is a prescribed constant, which plays the role of a nucleation cost for
each new connected component of the crack set. As before, we adopt the conven-
tion that dist.x;;/ D diam.�/.

The first property to be satisfied for ı to be an admissible viscous correction
is lower semicontinuity with respect to Hausdorff convergence. As we will see in
the proof of Proposition 3.10, the contribution of the quasi-distance ˛, modulated
by whatever positive coefficient �, has again a key role in ensuring lower semi-
continuity, as it controls the growth of the number of connected components of K
disjoint from H .

Proposition 3.10.

(1) Let H 2 K.�/ be fixed. Then, for all .Kn/n ⇢ K.�/ such that the number

of connected components of Kn disjoint from H is uniformly bounded with

respect to n, we have that

Kn
h

! K ) Å.H;K/  lim inf
n!1 Å.H;Kn/ : (3.33)

Moreover,

ı.H;K/  lim inf
n!1 ı.H;Kn/I (3.34)

(2) For all .Hn/n; H 2 K.�/, and .Kn/n; K 2 K.�/ we have

✓
Hn

h
! H; Kn

h
! K

◆
) ı.H;K/  lim inf

n!1 ı.Hn; Kn/: (3.35)

Proof. B .1/: Let us observe that for every lower semicontinuous non-negative
function f W � ! Œ0;C1/ we have

Z
KnH

f dH1.x/  lim inf
n!1

Z
KnnH

f dH1.x/:
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Indeed, by the lower semicontinuity of f the set Ut D fx 2 � W f .x/ > tg is open
and by Proposition 3.6, since the number of connected components of Kn disjoint
from H is uniformly bounded, we have

H
1..KnH/\Ut /  lim inf

n!1 H
1..KnnH/\Ut / :

Therefore, by the Fatou lemma we have
Z
KnH

f .x/dH1.x/ D

Z C1

0

H
1
�
fx W f .x/ > tg\.KnH/

�
dt

 lim inf
n!1

Z C1

0

H
1
�
fx W f .x/ > tg\.KnnH/

�
dt

D lim inf
n!1

Z
KnnH

f .x/dH1.x/ :

Choosing f .x/ D dist.x;H/ we obtain (3.33).
Clearly, (3.34) immediately follows: as we may suppose that

lim inf
n!1 ı.H;Kn/ < 1;

up to the extraction of a further subsequence, we have that supn �˛.H;Kn/ 

supn ı.H;Kn/ < 1; then, it suffices to recall that, by Lemma 3.2,

lim inf
n!1 ˛.H;Kn/ � ˛.H;K/:

B .2/: We may of course suppose supn ı.Hn; Kn/ < 1. By Lemma 3.2,

lim inf
n!1 ˛.Hn; Kn/ � ˛.H;K/:

In order to show the lower semicontinuity of the first contribution to ı, let us intro-
duce the set H " D fx 2 � W dist.x;H/  "g for every fixed " > 0. We have that
Hn ⇢ H " for n large enough; in what follows, for simplicity we will suppose that
Hn ⇢ H " for all n. Thus dist.x;H "/  dist.x;Hn/ for all x 2 �. Then,Z

KnnHn

dist.x;H "/dH1.x/ 

Z
KnnHn

dist.x;Hn/dH1.x/ :

Therefore,

lim inf
n!1

Z
KnnHn

dist.x;Hn/dH1.x/ � lim inf
n!1

Z
KnnHn

dist.x;H "/dH1.x/

� lim inf
n!1

Z
KnnH"

dist.x;H "/dH1.x/

�

Z
KnH"

dist.x;H "/dH1.x/

�

Z
KnH

dist.x;H "/dH1.x/ ;
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where for the last-but-one inequality we have applied (3.33). This is possible since
the boundedness of ˛.Hn; Kn/ and the inclusions Hn ⇢ H " for all n 2 N imply
that the number of connected components of Kn disjoint from H " is uniformly
bounded with respect to n 2 N. Since " > 0 is arbitrary, we may pass to the limit
as " # 0 via the Fatou lemma to obtain (3.35).

In Section 5 we will gain further insight into the properties of ı, cf. Proposi-
tion 5.2 ahead. Therein, we will use estimate (1.8) to show that ı is of higher order
with respect to d in a precise, technical sense.

4. VE solutions: definition and main results

In this section we give the definition of visco-energetic solution to the system
.Kfin.�/; E ; h; d; ı/ for brittle fracture and state our main existence result.

4.1. Definition of VE solution

The definition of the VE concept (Definition 4.4 ahead) hinges on a notion of sta-
bility, introduced in Definition 4.1 below, that involves both the dissipation quasi-
distance d and its viscous correction ı, and on an energy-dissipation distance fea-
turing a cost that suitably measures the energy dissipated at jumps.

Stable sets in the visco-energetic sense. With the viscous correction ı defined
in (3.32) at hand, we introduce the “corrected” dissipation D W K.�/ ⇥ K.�/ !

Œ0;C1ç

D.H;K/ WD d.H;K/C ı.H;K/

D

(
H
1.KnH/CÅ.H;K/C .�C �/˛.H;K/ if H ⇢ K

C1 otherwise:

We are now in a position to introduce the notion of stability in the visco-energetic
sense.

Definition 4.1. Let Q � 0. We say that .t; K/ 2 Œ0; T ç⇥Kfin.�/ is .D;Q/-stable

if it satisfies

E.t; K/  E.t; K 0/C D.K;K 0/CQ for all K 0
2 Kfin.�/: (4.1)

If Q D 0, we will simply say that .t; K/ is D-stable. We denote by SD the collec-
tion of all the D-stable points, and by SD.t/ WD fK 2 Kfin.�/ W .t; K/ 2 SDg

its section at the process time t 2 Œ0; T ç. Analogously, with the symbols SQ

D and
SQ

D .t/ we will denote the .D;Q/-stable sets and their sections.
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We introduce the residual stability function R W Œ0; T ç ⇥ Kfin.�/ ! Œ0;C1ç
via

R.t; K/ WD sup
K02Kfin.�/

˚
E.t; K/�E.t; K 0/�D.K;K 0/

 
DE.t; K/ � Y .t; K/ with

Y .t; K/ WD inf
K02Kfin.�/

�
E.t; K 0/CD.K;K 0/

�
: (4.2)

By the properties of E (see Subsection 5.1) and the lower semicontinuity of d and ı,

M.t;K/ WD Argmin
K02Kfin.�/

�
E.t; K 0/CD.K;K 0/

�
¤ ;: (4.3)

Observe that R in fact records the failure of the stability condition at a given point
.t; K/ 2 Œ0; T ç ⇥ Kfin.�/, since

R.t; K/ � 0 for all .t; K/ 2 Œ0; T ç ⇥ Kfin.�/;

with R.t; K/ D 0 if and only if .t; K/ 2 SD :
(4.4)

Furthermore, R is lower semicontinuous with respect to the product topology hR
on Œ0; T ç ⇥ Kfin.�/ if and only if for every Q � 0 the .D;Q/-stable sets are hR-
closed.

The visco-energetic cost ccc. It is defined by minimizing a suitable transition cost

functional over a class of curves, connecting the left- and right-limits K.t�/ and
K.tC/ at a jump point t 2 JK . Such curves are in general defined on a compact
subset E ⇢ R with a possibly more complicated structure than that of an interval.
They are continuous with respect to the Hausdorff topology h, increasing in the
sense of (3.24), and satisfying the following additional continuity condition with
respect to the dissipation distance d:

8 " > 0 9 ⌘ > 0 W d.#.s0/; #.s1//  "

for all s0; s1 2 E with s0  s1  s0 C ⌘ :
(4.5)

Such conditions define the space

Ch;d.EIKfin.�// WDf# 2 C.EI .Kfin.�/; h// W # fulfills (3.24) and (4.5)g : (4.6)

We are now in a position to introduce the transition cost TrcVE that will give rise to
the visco-energetic cost. We mention in advance that our definition of TrcVE differs
from the definition in [39, Definition 3.5]: as we will point out later on, we have
indeed tailored the structure of TrcVE to the present setup of crack propagation.
Nonetheless, the notion of VE solution arising from our own definition of TrcVE
ultimately coincides with the notion of evolution proposed in [39]; we will detail
this in Subsection 4.2 below.
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Definition 4.2. Let E be a compact subset of R, let E� WD minE, EC WD maxE,
and let # 2 Ch;d.EIKfin.�//. For every t 2 Œ0; T ç we define the transition cost

function

TrcVE.t; #;E/ WD GapVarÅ.#;E/C .�C�/Var˛.#;E/

C

X
s2EnfECg

R.t; #.s// (4.7)

with:

(1) GapVarÅ.#;/E W D
P
I2 EÅ.#.I

�/; #.IC//, where I� WD inf I , IC WDsup I ,
and E is the collection of the connected components of ŒE�; ECç nE;

(2) Var˛.#;E/ the ˛-total variation of the curve # , cf. (3.22);
(3) The (possibly infinite) sum

X
s2EnfECg

R.t; #.s//

WD

8<
:

supf
P
s2P

R.t; #.s// W P finite, P ⇢ E n fECgg if E ¤ ;

0 otherwise:

It is worth noticing that the contribution of Var˛.#;E/ to the transition cost
TrcVE.t; #;E/ is concentrated on the gaps of E.

Lemma 4.3. Let E ⇢ R be compact subset and # 2 Ch;d.EIKfin.�//. Then,

Var˛.#;E/ D GapVar˛.#;E/ D

X
I2H .E/

˛
�
#
�
I��; #�IC�� : (4.8)

Proof. We consider the extension O# W ŒE�; ECç ! Kfin.�/ obtained by setting
O#.s/ WD #.I�/ for every s 2 I , I 2 H .E/. It is easy to check that O# satisfies
(3.24), Var˛. O#; ŒE�; ECç/ D Var˛.#;E/, and

J O#⇢

n
IC

WI 2H .E/
o

with O#
�
IC

�
�
D# .I�/ ; O#

�
IC�

D O#
�
IC

C
�
D#

�
IC�:

Then, (4.8) follows by (3.28).

We can now introduce the visco-energetic jump dissipation cost c W Œ0; T ç ⇥

Kfin.�/ ⇥ Kfin.�/ ! Œ0;C1ç between the two end-points of a jump of an in-

creasing curve K W Œ0; T ç ! Kfin.�/. Namely, for all K�; KC 2 Kfin.�/ we
set

c.t; K�; KC/ WD inf
n
TrcVE.t; #;E/ WE D E b R; # 2 Ch;d.EIKfin.�//;

#.E�/ D K�; #.EC/ D KC
o
;

(4.9)
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with the convention inf ; D C1; notice that c.t; K�; KC/ D C1 if K� 6⇢ KC
and

c.t; K�; KC/ � .�C �/˛.K�; KC/: (4.10)

Along the footsteps of [39], we define the jump variation functional, defined along
a curve K W Œ0; T ç ! Kfin.�/ via

Jmpc.KI Œt0; t1ç/ WD c.t0; K.t0/;K.t0C//

C

X
t2JK\.t0;t1/

.c.t; K.t�/;K.t//Cc.t; K.t/;K.tC///

C c.t1; K.t1�/;K.t1// for all Œt0; t1ç ⇢ Œ0; T ç:

(4.11)

We are now in a position to define the concept of visco-energetic solution of the sys-
tem .Kfin.�/; E ; h; d; ı/, featuring the D-stability condition (4.12) below, required
outside the jump set JK of the curve K, and the energy balance (4.13), where the
energy dissipated at jumps is recorded by the jump dissipation cost introduced in
(4.11).

Definition 4.4 (Visco-energetic solution). A curve K W Œ0; T ç ! Kfin.�/ is a
visco-energetic .VE/ solution of the system .Kfin.�/; E ; h; d; ı/ for brittle fracture
if it satisfies

✏ The monotonicity condition (3.24);
✏ The D-stability condition

E.t; K.t//  E.t; K 0/C D.K.t/;K 0/

for all K 0
2 Kfin.�/ and all t 2 Œ0; T ç n JK I

(4.12)

✏ The .H1; c/-energy-dissipation balance

E.t; K.t//C H
1.K.t/nK.0//C Jmpc.KI Œ0; t ç/

D E.0;K.0//C

Z
t

0

@tE.s;K.s//ds for all t 2 Œ0; T ç :
(4.13)

Notice that by (4.10) and (3.28) a VE solution K satisfies Vard.K; Œ0; T ç/ <
C1. Moreover, the regularization parameters � and � enter the definition only
via the term Jmpc, which in fact depends on their sum .�C�/, as a consequence of
(4.7) and (4.9).

4.2. Comparison with the original notion of VE solution

We now aim to relate our notion of VE solution to the concept introduced in [39].
In fact, in Proposition 4.6 below we will prove that Definition 4.4 is a reformulation
of [39, Definition 3.7].
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Now, the first, significant difference between the setup of Subsection 4.1 and
that of [39] resides in the definition of the VE cost along a transition curve # 2

Ch;d.EIKfin.�//, with E a compact subset of R. In the approach of [39], such
cost, hereby denoted by cTrcVE, features the d-total variation of # on E (3.22), as
well as the contribution of the ı-“gap variation”, namely

cTrcVE.t; #;E/ WD Vard.#;E/C GapVarı.#;E/C

X
s2EnfECg

R.t; #.s// (4.14)

with GapVarı.#;E/ WD
P
I2E ı.#.I

�/; #.IC//. Accordingly, we denote by bc
the jump dissipation cost obtained by minimizing cTrcVE over all transition curves,
cf. (4.9).

Secondly, in the notion of VE solution introduced in [39, Definition 3.7] the
energy-dissipation balance records dissipation in an (apparently) different way, as
it has the structure

E.t; K.t//C Vard.K; Œ0; t ç/C Jmpe.KI Œ0; t ç/

D E.0;K.0//C

Z
t

0

@tE.s;K.s//ds for all t 2 Œ0; T ç ;
(4.15)

with Jmpe the incremental jump variation functional induced by the “incremental
cost”

e.t; K�; KC/ Dbc.t; K�; KC/ � d.K�; KC/;

namely

Jmpe.KI Œt0; t1ç/ WDe.t0; K.t0/;K.t0C//

C

X
t2JK\.t0;t1/

.e.t; K.t�/;K.t//Ce.t; K.t/;K.tC///

C e.t1; K.t1�/;K.t1// for all Œt0; t1ç ⇢ Œ0; T ç:

(4.16)

We will show that, in the present setup for crack propagation, the energy-dissipation
balance (4.15) in fact coincides with (4.13) in Definition 4.4. As a first step, we
compare the transition costs TrcVE and cTrcVE by getting further insight into the “gap
variation” induced by the cost ˛, i.e., GapVar˛.#;E/D

P
I2 E

˛.#.I�/; #.IC//.
In this way, we unveil the structure of the “gap variation” associated with the vis-
cous correction ı for the crack propagation model and relate the transition costs
cTrcVE and TrcVE.

First of all, by Lemma 4.3 we immediately get

Lemma 4.5. Let E ⇢ R be compact subset and # 2 Ch;d.EIKfin.�//. Then,

GapVarı.#;E/ D GapVarÅ.#;E/C �Var˛.#;E/ ; (4.17)
cTrcVE.t; #;E/ D H

1
�
#
�
EC�

n#
�
E���

C TrcVE.t; #;E/ : (4.18)
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Relying on Lemma 4.5 and on the previously proved Lemma 3.8, we are now in a
position to show that the energy-dissipation balances (4.13) and (4.15) do coincide.

Proposition 4.6. Let K W Œ0; T ç ! Kfin.�/ fulfill (3.24). Then,

H
1.K.t/nK.0//C Jmpc.KI Œ0; t ç/ D Vard.K; Œ0; t ç/C Jmpe.KI Œ0; t ç/

for all t 2 Œ0; T ç :
(4.19)

In particular, K satisfies (4.13) if and only if it fulfills (4.15).

Proof. It is not restrictive to check (4.19) for t D T . If K W Œ0; T ç ! Kfin.�/
fulfills (3.24) and at least one of the two sides in (4.19) is finite, it is immediate
to check that Var˛.K; Œ0; T ç/ < 1 (this property is trivial if the right-hand side of
(4.19) is finite; it follows from (4.10) and (3.28) if the left-hand side of (4.19) is
finite). Then, Corollary 3.9 applies, yielding that

H
1.K.T /nK.0//

DVard.K; Œ0; T ç/ � �
X
s2JK

.˛.K.s�/;K.s//C˛.K.s/;K.sC/// : (4.20)

On the other hand, thanks to (4.18), for every K�; KC 2 Kfin.�/ with K� ⇢ KC
we have

c.t; K�; KC/Dbc.t; K�; KC/ � H
1.KC

nK�/De.t; K�; KC/C �˛.K�; KC/ ;

so that

Jmpc.KI Œ0; T ç/

DJmpe.KI Œ0; T ç/C �
X

s2JK\Œ0;T ç
.˛.K.s�/;K.s//C˛.K.s/;K.sC/// : (4.21)

Combining (4.20) and (4.21), we deduce (4.19).

4.3. Existence and properties of VE solutions

This section collects all of our results on VE solutions for the system

.Kfin.�/; E ; h; d; ı/;

with E , h, d and ı defined in (3.1), (2.1), (3.6), (3.32), respectively: first and
foremost, the existence Theorem 4.7.

As mentioned in the Introduction, VE solutions are constructed as follows: for
a given partition P⌧ D f0 D t0

⌧
< t1

⌧
< : : : < t

N⌧
⌧ D T g of the interval Œ0; T ç

with time step ⌧ WD maxiD1;:::N⌧
.t i
⌧
�t i�1
⌧

/, and an assigned datum K0 2 K.�/,
we consider the minimum problem

Ki
⌧

2 Argmin
K2Kfin.�/

˚
E
�
t i
⌧
; K
�

C d
�
Ki�1
⌧
; K
�

C ı
�
Ki�1
⌧
; K
� 

for i D 1; : : : ; N⌧ ;
(4.22)
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which admits a solution thanks to the previously proved lower semicontinuity prop-
erties of d and ı, and the lower semicontinuity/coercivity properties of E that will
be precisely stated in Subsection 5.1. We introduce the (left-continuous) piecewise
constant interpolant of the elements .Ki

⌧
/
N⌧

iD1

K⌧ W Œ0; T ç ! Kfin.�/ K⌧ .0/ WD K0; K⌧ .t/ WD Ki
⌧

if t 2
�
t i�1
⌧

; t i
⌧

⇤
: (4.23)

We are now in a position to give our existence result, stating the convergence of the
above interpolants to a VE solution. Let us mention in advance that, starting from
an initial datum K0 2 Kh.�/ for some h � 1, we construct a fracture evolution
with values in some Km.�/, also providing an explicit bound on the index m,
cf. (4.26) below.

Theorem 4.7 (Existence of VE solutions). Assume that the time-dependent Dirich-

let loading fulfills

g 2 C1.Œ0; T çIH 1.�//: (4.24)

Let K0 2 Kh.�/ for some h � 1. Then, there exists a visco-energetic solution K
of the system .Kfin.�/; E ; h; d; ı/ for brittle fracture with such that K.0/ D K0.

Indeed, for every sequence .⌧k/k of time steps with ⌧k # 0 as k ! 1 there exist a

(not relabeled) subsequence of K⌧k and a VE solution K such that

K⌧k .t/
h

! K.t/ for all t 2 Œ0; T ç: (4.25)

Finally, every VE solution K with K.0/ D K0 satisfies for every t 2 Œ0; T ç

K.t/ 2 Km.�/, with m  hC
1

�C� exp.CPT /.E.0;K0/C 1/; (4.26)

where CP is the constant defined in (5.6) ahead.

The proof of Theorem 4.7 will be carried out in Section 5 and is based on some
preliminary results in which we are going to show that the dissipation distance d
defined in (3.6), the viscous correction ı in (3.32), and the driving energy functional
E in (3.1) satisfy a series of properties that are at the heart of the general existence
result [39, Theorem 3.9] for VE solutions. Such properties are conditions hAi, hBi,
and hCi stated at the beginning of Section 5. Relying on their validity and on the
fact that our VE solutions for the crack propagation model are indeed VE solutions
in the sense of [39] (cf. Proposition 4.6), we will deduce the proof of Theorem 4.7
from [39, Theorem 3.9].

In [39] several results on the characterization of the VE concept, and on op-

timal jump transitions, were proved. As we will see in Section 5, such results
also hold for our specific rate-independent system for brittle fracture, cf. Proposi-
tions 4.8 and 4.9 below.

Proposition 4.8 provides a twofold characterization of visco-energetic solu-
tions. First of all, in analogy to the properties of energetic and balanced viscosity
solutions, for a curve K W Œ0; T ç ! Kfin.�/ that is stable in the visco-energetic
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sense, the validity of the energy balance (4.13) is equivalent to the corresponding
energy inequality  (cf. (4.27)). It is also equivalent to the validity of an energy-
dissipation inequality that solely involves the dissipation distance d, cf. (4.28) be-
low, joint with jump conditions that also feature the VE cost c. As we have re-
called in the Introduction, the notion of quasistatic evolution in brittle fracture
features (4.28), joint with a d-stability condition. Therefore, the characterization
provided by Proposition 4.8(2) highlights that VE solutions essentially differ from
quasistatic evolutions in the description of the energetic behavior of the system at
jumps.

Proposition 4.8 ([39, Proposition 3.8]). Let the assumptions of Theorem 4:7 hold.

Let K W Œ0; T ç ! Kfin.�/ satisfy the D-stability condition (4.12). Then, the follow-

ing conditions are equivalent:

(1) K satisfies the .H1; c/-energy-dissipation balance (4.13);
(2) K satisfies the .H1; c/-energy-dissipation upper estimate

E.T;K.T //C H
1.K.T /nK.0//C Jmpc.KI Œ0; T ç/

E.0;K.0//C

Z
T

0

@tE.s;K.s//dsI
(4.27)

(3) K satisfies the H
1
-energy-dissipation upper estimate for every Œs; t ç ⇢ Œ0; T ç

E.t; K.t//C H
1.K.t/nK.s//  E.s;K.s//C

Z
t

s

@tE.r;K.r//dr; (4.28)

joint with the following jump conditions at every jump point t 2 JK:

E.t; K.t�//�E.t; K.t//DH
1.K.t/nK.t�//Cc.t; K.t�/;K.t//;

E.t; K.t//�E.t; K.tC//DH
1.K.tC/nK.t//Cc.t; K.t/;K.tC// ;

E.t; K.t�//�E.t; K.tC//DH
1.K.tC/nK.t�//Cc.t; K.t�/;K.tC// :

(4.29)

In fact, cf. [39, Proposition 3.8], the .H1; c/-energy-dissipation balance is equiva-
lent to (4.28), joint with the jump inequalities �; nonetheless, for clarity we have
preferred to give the jump conditions in the stronger form (4.29).

Finally, let us gain further insight into the description of the system behavior at
jumps provided by the VE concept, via the properties of optimal jump transitions.
Given t 2 Œ0; T ç and K�; KC 2 Kfin.�/, an admissible transition curve # 2

Ch;d.EIKfin.�//, with E b R, is an optimal transition between K� and KC at
time t 2 Œ0; T ç if it is a minimizer for c.t; K�; KC/, namely

#
�
E��

D K�; #
�
EC�

D KC; TrcVE.t; #;E/ D c.t; K�; KC/ : (4.30)
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Furthermore, we say that # is a

(1) Sliding transition, if R.t; #.s// D 0 for all s 2 E;
(2) Viscous transition, if R.t; #.s// > 0 for all s 2 E n fE�; ECg.

We have the following result, cf. [39, Theorem 3.14, Remark 3.15, Corollary 3.17,
Proposition 3.18].

Proposition 4.9. Let K W Œ0; T ç ! Kfin.�/ be a VE solution of the system

.Kfin.�/; E ; h; d; ı/ for brittle fracture. Then:

(1) At every jump point t 2 JK there exists an optimal jump transition # between

K.t�/ and K.tC/ such that #.s/ D K.t/ for some s 2 E;

(2) For a viscous transition # betweenK.t�/ andK.tC/ the setE nfE�; ECg is

discrete, i.e., all of its points are isolated: namely, # is a pure jump transition.

In fact, # may be represented as a finite, or countable, sequence .#n/n2O , with

O a compact interval of Z [ f˙1g, satisfying

#n 2 M.t; #n�1/ D Argmin
K02Kfin.�/

�
E.t; K 0/CD.#n�1; K 0/

�
for all n 2 O n fO�

gI
(4.31)

(3) Any optimal jump transition can be canonically decomposed into an (at most)

countable collection of sliding and viscous transitions.

5. Proofs of the main results

As previously mentioned, prior to carrying out the proof of Theorem 4.7, in Sub-
section 5.1 and 5.2 ahead we shall check that the system .Kfin.�/; E ; h; d; ı/ given
by (3.6), (3.32), and (3.1) complies with a series of conditions that were proposed
in [39, Section 2.2, Section 3.1, Section 3.3] as a basis for the existence of VE
solutions. Such conditions will also involve the perturbed functional F W Œ0; T ç ⇥

Kfin.�/ ! Œ0;C1ç

F.t; K/ WD E.t; K/C d.Ko; K/ (5.1)

with Ko 2 Kh.�/ for some h � 1, a given reference crack set. Indeed, any Ko
contained in the initial crack set K0 may be chosen; for convenience, hereafter we
will chooseKo D ;, so that F reduces to F.t; K/ D E.t; K/CH

1.K/C�˛.;; K/.
By a sublevel of F we mean a set of the form

f.t; K/ 2 Œ0; T ç ⇥ Kfin.�/ W F.t; K/  rg
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for some r > 0. The abstract conditions from [39] read as follows:

hAi: The energy functional E W Œ0; T ç ⇥ Kfin.�/ ! Œ0;C1/ is lower semicontin-
uous with respect to the product topology hR on the sublevels of F , which
are hR-compact; at every .t; K/ 2 Œ0; T ç ⇥ Kfin.�/ there exists @tE.t; K/;
@tE W Œ0; T ç ⇥ Kfin.�/ ! R is upper semicontinuous with respect to hR on
the sublevels of F , and

9CP >08 .t; K/2 Œ0; T ç⇥Kfin.�/ W j@tE.t; K/j  CP .E.t; K/C1/I (5.2)

hBi: The viscous correction ı is left-d-continuous, namely for all sequences .Kn/n,
K 2 Kfin.�/

⇣
Kn

h
! K and d.Kn; K/ ! 0 as n ! 1

⌘
) lim

n!1 ı.Kn; K/ D 0 (5.3)

and for every .t; K/ 2 SD there holds

lim sup
.s;H/f*.t;K/

E.s;H/ � E.s;K/

d.H;K/
 1 ; (5.4)

where we have used the place-holder

.s;H/e*.t;K/ for .s ! t; H
h

! K; d.H;K/ ! 0; .s;H/ 2 SD; s t /I

hCi For every Q � 0 the .D;Q/-quasistable sets SQ

D have hR-closed intersec-
tions with the sublevels of the functional F .

As observed in [39], (5.4) in particular guarantees that D-stability yields local d-
stability.

Relying on the validity of properties hAi, hBi, and hCi, in Subsection 5.3
ahead we shall conclude theproof of Theorem 4.7. Likewise, also Propositions 4.8
and 4.9 follow, as consequences of [39, Proposition 3.8, Theorem 3.14, Re-
mark 3.15, Corollary 3.17, Proposition 3.18].

5.1. Verification of properties hAi, hBi, and hCi

Propositions 5.1, 5.2, and 5.3 ahead state the validity of properties hAi, hBi, and
hCi, respectively, for our system .Kfin.�/; E ; h; d; ı/ for brittle fracture. Through-
out the proof of Propositions 5.1 and 5.3, we will repeatedly use that, for sequences
.tn; Kn/n in the sublevels of the functional F defined in (5.1), there holds

sup
n

H
1.Kn/ < C1 and 9m � 1 W .Kn/n ⇢ Km.�/ (5.5)

as a consequence of Lemma 3.5.
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Proposition 5.1. Under the assumptions of Theorem 4:7, the functional

E W Œ0; T ç ⇥ Kfin.�/ ! Œ0;C1/

defined in (3.1) and @tE from (3.2) are continuous with respect to the hR-topology

on the sublevels of F and @tE fulfills (5.2).

Proof. Let .tn; Kn/n ⇢ Œ0; T ç ⇥ Kfin.�/ with supnF.tn; Kn/ < C1 converge to
some .t; K/with respect to the hR-topology. It follows from (5.5) and Theorem 2.2
that K 2 Km.�/, too. Since g 2 C1.Œ0; T çIH 1.�//, we have that g.tn/ ! g.t/
in H 1.�/. Therefore, thanks to (5.5) we may apply Proposition 2.3 and conclude
that any sequence .un/n with un 2 Argminv2V.g.tn/;Kn/

R
�nKn

1

2
jrvj2 dx fulfills

run!ru as n!1 in L2.�IR2/, with u 2 Argminv2V.g.t/;K/
R
�nK

1

2
jrvj2 dx.

Then,

E.tn; Kn/ D

Z
�nKn

1

2
jrunj

2 dx !

Z
�nK

1

2
jruj

2 dx D E.t; K/ as n ! 1:

Since g2C1.Œ0; T çIH 1.�//, formula (3.2) gives @tE.t; K/ at all .t; K/2 Œ0; T ç ⇥
K.�/. We have

j@tE.t; K/j 

Z
�nK

jr Pg.t/jjrujdx

 kr PgkL1.0;T IL2.�IR2//

✓Z
�nK

1

2
jruj

2 dx C
1

2
L
2.�nK/

◆
:

Then, estimate (5.2) follows with

CP D kr PgkL1.0;T IL2.�IR2//

�
1

2
L
2.�/_1

�
: (5.6)

The very same arguments used for the continuity of E , combined with the fact that
Pg 2 C0.Œ0; T çIH 1.�//, in fact yield the hR-continuity of @tE . This concludes the
proof.

With the following result we check the validity of condition hBi; we shall in
fact prove the stronger condition (5.7) below.

Proposition 5.2. The dissipation distance d defined in (3.6) and the viscous cor-

rection ı in (3.32) fulfill

lim
n!1

ı.Kn; K/

d.Kn; K/
D 0 for all .Kn/n; K 2 Kfin.�/ such that

Kn
h

! K and lim
n!1 d.Kn; K/ D 0:

(5.7)

In particular, conditions (5.3) and (5.4) are satisfied.
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Proof. Since d.Kn; K/ ! 0 as n ! 1, we have that, for n sufficiently large,
Kn ⇢ K and the integers ˛.Kn; K/ are 0. Therefore, it is sufficient to observe that

ı.Kn; K/

d.Kn; K/


1

H1.KnKn/

Z
KnKn

dist.x;Kn/dH1.x/

 h.Kn; K/ �! 0 as n ! 1;

(5.8)

where the last inequality follows by the definition of Hausdorff distance. Then, if

s ! t with s  t , H
h

! K with d.H;K/ ! 0, and .s;H/ 2 SD, we have that

lim sup
.s;H/f*.t;K/

E.s;H/ � E.s;K/

d.H;K/
 lim sup
H

h!K; d.H;K/!0

d.H;K/C ı.H;K/

d.H;K/
D 1 ;

which gives (5.4).

We conclude this section with a discussion on the closedness of the intersec-
tion of the Q-stable sets with the sublevels of the functional F introduced in (5.1).
It is immediate to see that this property is guaranteed by the following condition:

given a sequence .tn; Kn/n ⇢ SQ

D , for some Q � 0, such that .tn; Kn/
hR
! .t; K/

as n ! 1 and supnF.tn; Kn/ < C1, for every K 0 2 Kfin.�/, with K 0 � K and
d.K;K 0/ < C1, we can exhibit a sequence .K 0

n
/n such that K 0

n
� Kn and

lim sup
n!1

�
E.tn; K

0
n
/�E.tn; Kn/Cd.Kn; K 0

n
/Cı.Kn; K

0
n
/CQ

�

 E.t; K 0/ � E.t; K/C d.K;K 0/C ı.K;K 0/CQ I

(5.9)

along the footsteps of [34] (see also [33, Chapter 2.4]), we shall refer to .K 0
n
/n

as a “mutual recovery sequence”. In this way, we obtain E.t; K 0/ � E.t; K/ C

d.K;K 0/ C ı.K;K 0/ C Q � 0 for all K 0 2 Kfin.�/, whence .t; K/ 2 SQ

D .
Indeed, in Proposition 5.3 below we shall obtain (5.9) in a stronger form.

Proposition 5.3. Let .tn; Kn/n ⇢ SQ

D be a sequence of Q-stable points fulfilling

supnF.tn; Kn/ < C1. Suppose that .tn; Kn/
hR
! .t; K/. Then, for every K 0 2

Kfin.�/ with K 0 � K and d.K;K 0/ < C1 there exists a sequence .K 0
n
/n such

that K 0
n

� Kn and the following convergences hold as n ! 1:

K 0
n

h
! K 0; (5.10a)

E.tn; K
0
n
/ ! E.t; K 0/; (5.10b)

d.Kn; K 0
n
/ ! d.K;K 0/; (5.10c)

ı.Kn; K
0
n
/ ! ı.K;K 0/: (5.10d)

In particular, condition hCi is valid.

The proof shall be carried out in the upcoming Subsection 5.2.
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5.2. Proof of Proposition 5.3

Since supnF.tn; Kn/ < C1, we have that .Kn/ ⇢ Km.�/ for some m � 1.
Along the footsteps of [17], first of all we shall exhibit a mutual recovery sequence
for a fixed competitor setK 0 D J that is, additionally, connected, i.e., J 2 K1.�/,
cf. the upcoming Lemma 5.4. Then, in Lemma 5.5 we will address the general
case in which the competitor set is in Kp.�/ for some p � 1. The proof of
Proposition 5.3 will be then carried out at the end of this section. The proofs of
Lemmas 5.4 and 5.5 strongly rely on the arguments for [17, Lemmas 3.8 and 3.5].

Lemma 5.4. Letm 2 N, let .Kn/n; K 2 Km.�/ fulfill h.Kn; K/ ! 0 as n ! 1,

and let J 2 K1.�/ with J � K. Then, there exists a sequence .Jn/n ⇢ K1.�/
such that Jn � Kn and

h.Jn; J / ! 0 as n ! 1; (5.11a)

H
1.JnnKn/ ! H

1.J nK/; as n ! 1; (5.11b)Z
JnnKn

dist.x;Kn/dH1.x/ !

Z
JnK

dist.x;K/dH1.x/ as n ! 1 : (5.11c)

Proof. IfK D ;, it is sufficient to define Jn WD J . Indeed, from h.Kn;;/ ! 0 we
deduce that Kn D ; for n sufficiently large, and then the convergences properties
(5.11) are trivially satisfied.

Let us now assume K ¤ ;, and let K1; : : : ; Ki , 1  i  m, be its connected
components. First of all, in Step 1 we will provide the construction of a mutual
recovery sequence with the desired properties (5.11) for a carefully chosen set bJ ,
such that bJ coincides with K, if K is connected, and bJ is a suitable subset of J
containing K (cf. (5.12b)) in the general case.

Step 1. If i D 1, let us set

bJ WD K D K1: (5.12a)

If i � 2, we apply [17, Lemma 3.7] to conclude that there exists a finite fam-
ily of indices .�j /`jD0, with f�0; : : : ; �`g D f1; : : : ; ig, and a family .Äj /`jD1 of
connected components of J n K, such that K�j �1 \ Äj ¤ ; ¤ K�j \ Äj for
j D 1; : : : ; `, namely Äj connects K�j �1 to K�j : In this case, we set

bJ WD K [

`[
jD1

Äj (5.12b)

and prove the following
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Claim. There exists a sequence .bJn/n ⇢ K1.�/ such that bJn � Kn and

h.bJn; bJ / ! 0 as n ! 1; (5.13a)

H
1.bJnnKn/ ! H

1.bJ nK/ as n ! 1; (5.13b)Z
bJnnKn

dist.x;Kn/dH1.x/ !

Z
bJnK

dist.x;K/dH1.x/ as n ! 1 : (5.13c)

To carry out the construction of the sets bJn, we proceed in the following way.
Given the connected components .Kl/i

lD1 of K, we choose " > 0 such that the
sets fx 2 � W dist.x;Kl/  "g are pairwise disjoint, and we set

eKl
n

WD

n
x 2 Kn W dist

⇣
x;Kl

⌘
 "

o
:

Following [17], we observe that, for sufficiently large n, we have that KnD eK1
n

[

: : : [ eKi
n
, eKl

n
2 Km.�/, and h.eKl

n
; Kl/ ! 0 as n ! 1 for all l 2 f1; : : : ; ig.

We now apply [17, Lemma 3.6] and for all l 2 f1; : : : ; ig we find a sequence
.bKl

n
/n ⇢ K1.�/ such that bKl

n
� eKl

n
,

h
⇣ bKl

n
; Kl

⌘
! 0; and H

1

⇣ bKl
n
neKl

n

⌘
! 0 as n ! 1: (5.14a)

Therefore, h.bKl
n
; eKl

n
/  h.bKl

n
; Kl/C h.eKl

n
; Kl/ ! 0, as n ! 1. This implies

that Z
bKl

nn eKl
n

dist
⇣
x; eKl

n

⌘
dH1.x/ ! 0 as n ! 1: (5.14b)

In the case i D 1 (namely, K D K1 2 K1.�/), we define bJn WD bK1
n

2 K1.�/.
Then, properties (5.13) are satisfied: indeed, in this case bJ D K, so that the first
condition of (5.14a) yields (5.13a). Furthermore, eK1

n
WD fx 2 Kn W dist.x;K1/ D

dist.x;K/  "g coincides with Kn for n large enough. Therefore, bJn � Kn and
H
1.bJnnKn/ D H

1.bK1
n
neK1

n
/ ! 0 by the second condition of (5.14a). Property

(5.13c) then follows from (5.14b), as bJ nK D ;.
Suppose now that K is not connected, namely i � 2. Then, the set bJ is given

by (5.12b). For every j D 1; : : : ; `, we fix xj 2 K�j �1 \Äj and yj 2 K�j \Äj .
Since h.bKl

n
; Kl/ ! 0 as n ! 1 for all l 2 f1; : : : ; ig, we have that there exist

sequences .xjn/n; .y
j

n /n with xjn 2 bK�j �1
n and yjn 2 bK�j

n for all n 2 N, such that
x
j

n ! xj and yjn ! yj as n ! 1. Since � has a Lipschitz boundary, there exist
arcs Xjn and Y jn in �, connecting xjn to xj and yjn to yj , respectively, such that
H
1.X

j

n / ! 0 and H
1.Y

j

n / ! 0 as n ! 1. We set for every n 2 N

bJn WD

i[
lD1

bKl
n

[

`[
jD1

Xj
n

[

`[
jD1

Äj [

`[
jD1

Y j
n
: (5.15)
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It has been shown in the proof of [17, Lemma 3.8] that bJn 2 K1.�/ for sufficiently
large n, and that (5.13a) and (5.13b) hold. It remains to check (5.13c). With this
aim, we observe that by (5.15) we have

Z
bJnnKn

dist.x;Kn/dH1.x/

D

Z
bJn

dist.x;Kn/dH1.x/

D

iX
lD1

Z
bKl

n

dist.x;Kn/dH1.x/C

`X
jD1

Z
X

j
n

dist.x;Kn/dH1.x/

C

`X
jD1

Z
Äj

dist.x;Kn/dH1.x/C

`X
jD1

Z
Y

j
n

dist.x;Kn/dH1.x/

:
D S1

n
C S2

n
C S3

n
C S4

n

(where the integrals are taken over Äj since H
1.Äj / D H

1.Äj / by [17, Proposi-
tion 2.5]). As for the first summand, observe that

Z
bKl

n

dist.x;Kn/dH1.x/ 

Z
bKl

n

dist
⇣
x; eKl

n

⌘
dH1.x/ �! 0 as n ! 1

for every l D 1; : : : ; i ,

where the inequality is due to the fact that Kn D eK1
n

[ : : : [ eKi
n

� eKl
n
, while the

convergence to 0 is proved in (5.14b). Therefore, S1
n

! 0 as n ! 1. We trivially
estimate

Z
X

j
n

dist.x;Kn/dH1.x/diam.�/ � H
1.Xj

n
/!0 as n!1 for all j D1; : : : ; `;

and we handle the terms
R
Y

j
n

dist.x;Kn/ dH1.x/ in the same way. We thus con-
clude that S2

n
! 0 and S4

n
! 0 as n ! 1. Finally, we observe that

lim sup
n!1

Z
Äj

dist.x;Kn/dH1.x/

Z
Äj

lim sup
n!1

dist.x;Kn/dH1.x/



Z
Äj

dist.x;K/dH1.x/ for all j D 1; : : : ; `;
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where the first inequality follows from the Fatou lemma, and the second one is a
straightforward consequence of the fact thatKn ! K with respect to the Hausdorff
distance. All in all, we conclude that

lim sup
n!1

Z
bJnnKn

dist.x;Kn/dH1.x/  lim sup
n!1

`X
jD1

Z
Äj

dist.x;Kn/dH1.x/

D

`X
jD1

Z
Äj

dist.x;K/dH1.x/

D

Z
bJnK

dist.x;K/dH1.x/;

where the last equality is due to (5.12b). Then, (5.13c) ensues, since

lim inf
n!1

Z
bJnnKn

dist.x;Kn/dH1.x/

is estimated from below by
R
bJnK dist.x;K/dH1.x/ thanks to Proposition 3.10.

Step 2. Let us now carry out the construction of the mutual recovery sequence .Jn/n
for a given J 2 K1.�/with J � K. Let bJ be the set introduced in (5.12). Observe
that J is locally connected (see [7, Lemma 1]), hence the connected components
of J n bJ are open in the relative topology of J . Therefore, since J is separable,
J n bJ has at most countably many connected components .C`/`2L, with L a finite
or an infinite subset of N. It follows from the proof of [17, Lemma 3.7] that each
componentC` is open in J and satisfiesC `\K ¤ ;. Let us fix a point z` 2 C `\K
for every ` 2 L. From h.Kn; K/ ! 0 as n ! 1 we deduce that there exists a
sequence .z`

n
/n such that z`

n
2 Kn for all n 2 N and z`

n
! z` as n ! 1. Since �

is Lipschitz, for every ` 2 L there exists an arc Z`
n

⇢ � connecting z`
n

to z`, and
such that H1.Z`

n
/ ! 0 as n ! 1. Finally, along the footsteps of [17] we observe

that there exists a sequence .ƒn/n ⇢ N such that

lim
n!1

ƒnX
`D1

H
1

⇣
Z`
n

⌘
D 0

(in fact, if the set L consists of 1  ƒ < C1 elements, then we take ƒn D ƒ).
We claim that the sequence

Jn WD bJn [

ƒn[
`D1

Z`
n

[

ƒn[
`D1

C ` (5.16)



278 GIANNI DAL MASO, RICCARDA ROSSI, GIUSEPPE SAVARÉ AND RODICA TOADER

complies with (5.11). In fact, it is sufficient to check (5.11c), as (5.11a) and (5.11b)
have been proved in [17, Lemma 3.8]. With this aim, we observe that

Z
JnnKn

dist.x;Kn/dH1.x/

D

Z
bJn

dist.x;Kn/dH1.x/C

ƒnX
`D1

Z
Z

`
n

dist.x;Kn/dH1.x/

C

ƒnX
`D1

Z
C`

dist.x;Kn/dH1.x/ DW Sn
5

C Sn
6

C Sn
7
:

It follows from (5.13c) that

lim sup
n!1

Sn
5



Z
bJnK

dist.x;K/dH1.x/ :

We estimate

Sn
6

 diam.�/
ƒnX
`D1

H
1

⇣
Z`
n

⌘
! 0 as n ! 1:

Finally, we observe that

lim sup
n!1

Sn
7

D lim sup
n!1

ƒnX
`D1

Z
C`

dist.x;Kn/dH1.x/

 lim sup
n!1

Z
S

`2L C`

dist.x;Kn/dH1.x/



Z
S

`2L C`

lim sup
n!1

dist.x;Kn/dH1.x/



Z
S

`2L C`

dist.x;K/dH1.x/;

again by the Fatou lemma and the fact that h.Kn; K/ ! 0 as n ! 1. All in all,
we conclude that

lim sup
n!1

Z
JnnKn

dist.x;Kn/dH1.x/



Z
bJnK

dist.x;K/dH1.x/C

Z
S

`2L C`

dist.x;K/dH1.x/

D

Z
JnK

dist.x;K/dH1.x/ ;

namely, an inequality in (5.11c). The converse inequality follows from Proposi-
tion 3.10. This concludes the proof of Lemma 5.4.
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As in [17, Lemma 3.5], we now extend the construction of the mutual recovery
sequence to the case the “competitor set” J has at most p connected components,
with p � 1.

Lemma 5.5. Letm; p 2 N; m; p � 1, let .Kn/n; K 2 Km.�/ fulfill h.Kn; K/ !

0 as n ! 1, and let K 0 2 Kp.�/ with K 0 � K. Then, there exists a sequence

.K 0
n
/n ⇢ Kp.�/ such that K 0

n
� Kn and properties (5.10) hold.

Proof. As in the proof of [17, Lemma 3.5], we consider the connected components
J 1; : : : ; J i , 1  i  p, of the set K 0, we fix " > 0 such that the sets fx 2 � W

dist.x; J l/  "g, l 2 f1; : : : ; ig, are pairwise disjoint, and we define

bKl
n

WD

n
x 2 Kn W dist

⇣
x; J l

⌘
 "

o
; l 2 f1; : : : ; ig :

Following [17], we observe that, for n large enough, the sets bKl
n

are in Km.�/,
Kn D

S
i

lD1 bKln, and h.bKl
n
; Kl/ ! 0 as n ! 1, with Kl WD K \ J l . If Kl D ;,

we set J l
n

⌘ J j for all n 2 N. If Kl ¤ ;, we apply Lemma 5.4 to the connected
sets J l and to the sequences .bKl

n
/n, l 2 f1; : : : ; ig, and for each l 2 f1; : : : ; ig we

find a sequence .J l
n
/n ⇢ K1.�/ such that

J l
n

� bKl
n
; h

⇣
J l
n
; J l

⌘
! 0; H

1

⇣
J l
n
nbKl

n

⌘
! H

1

⇣
J lnKl

⌘
;

lim sup
n!1

Z
J

l
nn bKl

n

dist
⇣
x; bKl

n

⌘
dH1.x/ 

Z
J l nKl

dist
⇣
x;Kl

⌘
dH1.x/ :

(5.17)

Note that, for n large enough, the sets .J l
n
/i
lD1 are pairwise disjoint.

Then, we define the mutual recovery sequence .K 0
n
/n for the set K 0 in this

way:
K 0
n

WD J 1
n

[ : : : [ J i
n
:

By construction K 0
n

�
S
i

lD1 bKln D Kn and h.K 0
n
; K 0/ ! 0 as n ! 1, namely

(5.10a) holds. Then, (5.10b) follows from (5.10a) and Proposition 5.1. Further-
more,

H
1
�
K 0
n
nKn

�
DH

1

0
@

i[
lD1

J l
n
n

i[
jD1

bKj
n

1
A D H

1

 
i[
lD1

⇣
J l
n
nbKl

n

⌘!



iX
lD1

H
1

⇣
J l
n
nbKl

n

⌘
�!

iX
lD1

H
1

⇣
J lnKl

⌘
D H

1.K 0
nK/ ;

(5.18)

where the second equality follows from the fact that J l
n

n bKjn D J l
n

for l ¤ j ,
analogously, we have J lnKj D J l for l ¤ j , which gives the very last equality.

Now, we calculate ˛.Kn; K 0
n
/ D ˛.

S
i

lD1 bKln;
S
i

lD1 J
l

n
/; namely the number

of connected components ƒ of
S
i

lD1 J
l

n
such that ƒ\

S
i

lD1 bKln D ;. Since for n
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large enough the sets J l
n

, l D 1; : : : ; i , are connected and pairwise disjoint, eachƒ
must coincide with a set J Nl

n
, for some Nl 2 f1; : : : ; ig, that fulfills J Nl

n
\ bKl

n
D ; for

every l 2 f1; : : : ; ig. Recall that, for n sufficiently large, J Nl
n

\ bKl
n

D J
Nl \Kl D ;

for l ¤ Nl , and that, J Nl
n

\ bK Nl
n

D ; if and only if J Nl \ K
Nl D ;. Then, we easily

conclude that

˛.Kn; K
0
n
/ D ˛

 
i[
lD1

Kl ;

i[
lD1

J l

!
D ˛.K;K 0/ for n large enough.

Thus, we infer the validity of property (5.10c).
With the same arguments we find that

lim sup
n!1

Z
K

0
nn bKn

dist
⇣
x; bKl

n

⌘
dH1.x/D lim sup

n!1

iX
lD1

Z
J

l
nn bKl

n

dist
⇣
x; bKl

n

⌘
dH1.x/



iX
lD1

Z
J l nKl

dist
⇣
x;Kl

⌘
dH1.x/ D

Z
K0nK

dist .x;K/ dH1.x/;

where the last inequality follows from (5.17). This gives an inequality in (5.10d);
the converse one is again due to Proposition 3.10. This concludes the proof.

Proof of Proposition 5:3. By (5.5) and by Theorem 2.2(i), the set K belongs
to Km.�/ for some m. Since �˛.K;K 0/  d.K;K 0/ < C1, we have that
K 0 2 Kp.�/ with p D m C ˛.K;K 0/. Then, the conclusion follows from Lem-
ma 5.5.

5.3. Proofs

In this section we prove Theorem 4.7.

Proof of Theorem 4:7. The first and the last statement follow from the general ex-
istence result [39, Theorem 3.9], which applies to the system .Kfin.�/; E ; h; d; ı/
for brittle fracture thanks to the validity of conditions hAi, hBi, and hCi, proved in
Propositions 5.1, 5.2, and 5.3.

We now prove the explicit bound (4.26) on the number m of connected com-
ponents. Indeed, from the energy-dissipation balance (4.13) we infer that

Jmpc.KI Œ0; t ç/  E.t; K.t//C H
1.K.t/nK.0//C Jmpc.KI Œ0; t ç/

 E.0;K0/C

Z
t

0

CP .E.s;K.s//C1/ds;
(5.19)

where the last inequality follows from (3.2). Then, by the Gronwall lemma we
infer that

E.t; K.t//  .E.0;K0/C1/ exp.CP t / � 1 for all t 2 Œ0; T ç:
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Inserting the above estimate in (5.19) yields

.�C�/Var˛.K; Œ0; t ç/  Jmpc.KI Œ0; t ç/  .E.0;K0/C1/ exp.CPT / � 1;

where the first inequality is a consequence of (4.10). Since ˛.K.0/;K.t// 

Var˛.K; Œ0; t ç/, we ultimately find

˛.K.0/;K.t// 
1

�C�
.E.0;K0/C1/ exp.CPT /;

and (4.26) follows by Lemma 3.5. This concludes the proof of Theorem 4.7.

6. Behavior near the crack tips

In the same spirit of [17, Section 8], in this section we describe the singularity at
the crack tips of the displacement u.t/ associated with a VE solution K.t/ to the
system .Kfin.�/; E ; h; d; ı/. This will be examined in an interval .⌧0; ⌧1/ during
which K evolves continuously as a function of time. Furthermore, along the foot-
steps of [17], we confine the discussion to the case in which the (moving part of
the) crack set consists of a finite family of simple arcs, whose endpoints are the
moving tips of the crack, as specified in Hypothesis 6.1 below. In Theorem 6.5
below we will show that the VE solution K complies with Griffith’s criterion for
crack growth.

Let us specify the structural condition on the crack K W Œ0; T ç ! Kfin.�/.

Hypothesis 6.1. We suppose thatK W Œ0;Tç !Kfin.�/ fulfills the following condi-
tion on some .⌧0; ⌧1/⇢ Œ0; T ç: there exists a finite family .Äi /

p

iD1 of arcs contained
in � and parameterized by arc length by C2 bijective functions �i W Œ�0i ; �

1

i
ç ! Äi

such that

K.t/ D K.⌧0/ [

p[
iD1

Äi .�i .t// for all t 2 .⌧0; ⌧1/; (6.1)

where, for i D 1; : : : ; p, �i W Œ⌧0; ⌧1ç ! Œ�0
i
; �1
i
ç are nondecreasing continuous

functions such that �i .⌧0/ D �0
i

and �0
i
< �i .t/ < �1

i
, while Äi .�/ D f�i .s/ W

�0
i

 s  �g. We also assume that the arcs .Äi /
p

iD1 are pairwise disjoint, and that
Äi \K.t0/ D f�i .�

0

i
/g for every i D 1; : : : ; p.

Hence, for t 2 .⌧0; ⌧1/ the fracture grows along the branches Äi , i D 1; : : : ; p,
and the points �i .�i .t// are the moving crack tips. The compliance with Griffith’s
criterion stated in Theorem 6.5 ahead will be expressed in terms of conditions in-
volving the stress intensity factors of the displacements u.t/ at the crack tips. We
briefly recall some preliminary facts about this notion.
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Basics on the stress intensity factor. The notion of stress intensity factor is
based on the following result.

Proposition 6.2. Let B ⇢ R2 be an open ball, and let � W Œ�0; �1ç ! R2 be

a simple path of class C2 parameterized by arc length, such that �.�0/ 2 @B ,

�.�1/ 2 @B , and �.�/ 2 B for all � 2 .�0; �1/. In addition, assume that � is not

tangent to @B at �0 and �1.

Given � 2 .�0; �1/, let Ä.�/ WD f�.s/ W �0  s  �g and let u 2

L1;2.BnÄ.�// satisfy

Z
BnÄ.�/

ru � rz dx D 0 for all z 2 L1;2.BnÄ.�// with z D 0 on @BnÄ.�/ :

Then, there exists a unique constant  D .u; �/ 2 R such that

u � 2
p
⇢=⇡ sin.✓=2/ 2 H 2.BnÄ.�// \H 1;1.BnÄ.�// ; (6.2)

where ⇢.x/ D jx � �.�/j and ✓.x/ is the continuous function on BnÄ.�/ that

coincides with the oriented angle between P�.�/ and x � �.�/, and vanishes on the

points of the form x D �.�/C " P�.�/ for " > 0 small enough.

Proof. Since the connected components of BnÄ.�/ have Lipschitz boundary, the
space L1;2.BnÄ.�// coincides with H 1.BnÄ.�//. Then the proof of (6.2) can be
found in [23, Theorem 4.4.3.7 and Section 5.2] and [37, Appendix 1].

The constant  is proportional to the stress intensity factor considered in the
engineering literature. It is related to the derivative of the energy with respect to
the crack length, as we shall see in Proposition 6.3 below.

Given an open subset A ⇢ � with Lipschitz boundary, a compact set K ⇢ �,
and a function g W @A nK ! R, we define

eE.AIg;K/ WD min
v2eV.AIg;K/

Z
AnK

1

2
jrvj

2 dx ; (6.3)

where eV.AIg;K/ WD fv 2 L1;2.AnK/ W v D g on @A nKg : (6.4)

The following result can be obtained by adapting the proof of [24, Theorem 6.4.1].

Proposition 6.3. LetB and � be as in Proposition 6:2 and let g W @Bnf�.�0/g ! R
be a function. For every � 2 .�0; �1/ suppose that eV.BIg; Ä.�// ¤ ; and let

u.�/ 2 Argminv2eV.BIg;Ä.�//
R
BnÄ.�/

1

2
jrvj2 dx : Then,

d
d�
eE.BIg; Ä.�// D �.u.�/; �/2 for every � 2 .�0; �1/ ; (6.5)

with  defined by (6.2).
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Localization of the stability condition. We now prove that the VE-stability in-
equality can be localized, in the spirit of [17, Lemma 8.5].

Lemma 6.4. Assume that .t; K/ 2 Œ0; T ç ⇥ Kfin.�/ is D-stable and let u 2

Argminv2V.g.t/;K/
R
�nK

1

2
jrvj2 dx : Then, for every open subset A ⇢ � with Lip-

schitz boundary we have

eE.AIu;K/  eE.AIu;K 0/C H
1.K 0

nK/

C

Z
K0nK

dist.x;K\A/dx C .�C �/˛.K\A; .K 0
[K/\A/

(6.6)

for all K 0 2 K.A/ with K 0 � K \ A.

Proof. Let K 0 2 K.A/. It follows from (4.1), with K 0 replaced by K 0[K, that

E.t; K/  E.t; K 0
[K/C H

1.K 0
nK/

C

Z
K0nK

dist.x;K/dx C .�C �/˛.K;K 0
[K/ :

(6.7)

We repeat the very same calculations as in the proof of [17, Lemma 8.5], obtaining
that

E.t; K 0
[K/ � E.t; K/  eE.AIu;K 0/ � eE.AIu;K/ : (6.8)

As for the third term on the right-hand side of (6.7), we observe that
Z
K0nK

dist.x;K/dx 

Z
K0nK

dist.x;K\A/dx: (6.9)

Finally, let us prove that

˛.K;K 0
[K/  ˛.K\A; .K 0

[K/\A/ : (6.10)

It is enough to show that every connected component of K 0[K disjoint from K is
a connected component of .K 0[K/\A. If C is a connected component of K 0[K
and does not intersect K, then C ⇢ K 0 ⇢ A, hence C ⇢ .K 0[K/\A. If C 0
is a connected set such that C ⇢ C 0 ⇢ .K 0[K/\A, then C 0 ⇢ K 0[K and
hence C 0 D C . This shows that C is a connected component of .K 0[K/\A and
concludes the proof of (6.10), which, together with (6.7)–(6.8), yields (6.6).

Griffith’s condition at the crack tips. Our result for a VE solution KW Œ0; T ç !

Kfin.�/ satisfying, in addition, the structural condition stated in Hypothesis 6.1,
involves the constants the i D i .u.t/; �i .t// satisfying (6.2) at the tips �i .�i .t//
of the branches of the crack, where u.t/ is the corresponding minimal displacement
(cf. (6.11) below).
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Theorem 6.5. Let K W Œ0; T ç ! Kfin.�/ be a VE solution of the system for brittle

fracture .Kfin.�/; E ; h; d; ı/, with time-dependent boundary datum

g 2 C1
⇣
Œ0; T çIH 1.�/

⌘
;

and for every t 2 Œ0; T ç let

u.t/ 2 Argminv2V.g.t/;K.t//

Z
�nK.t/

1

2
jrvj

2 dx : (6.11)

Assume thatK satisfies Hypothesis 6:1 on some .⌧0; ⌧1/ ⇢ Œ0; T ç, with arcs Äi and

functions �i , i D 1; : : : ; p. Then,

P�i .t/ � 0 for a.a. t 2 .⌧0; ⌧1/; (6.12a)

1 � i .u.t/; �i .t//
2

� 0 for all t 2 .⌧0; ⌧1/; (6.12b)�
1 � i .u.t/; �i .t//

2
�

P�i .t/ D 0 for a.a. t 2 .⌧0; ⌧1/ (6.12c)

for every i D 1; : : : ; p.

Remark 6.6. Following [17], we observe that (6.12a) states that the length of every
branch of the crack is nondecreasing, in accordance with the irreversibility of the
crack growth process; (6.12b) imposes that the absolute value of the stress intensity
factor, at each tip, be less or equal than 1; by (6.12c), the stress intensity factor
reaches the threshold values ˙1 as soon as the tip moves with positive velocity. In
fact, conditions (6.12) rephrase Griffith’s criterion in our context.

Therefore, Theorem 6.5 ensures that a VE solution complying with Hypoth-
esis 6.1 satisfies Griffith’s criterion in the interval .⌧0; ⌧1/ during which it evolves
continuously as a function of time, like it happens for the quasistatic evolutions
considered in [17, Theorem 8.4]. This is consistent with the fact that the most rele-
vant difference between VE solutions and quasistatic evolutions resides in the jump
behavior, as highlighted by Proposition 4.8.

Proof of Theorem 6:5. As in the proof of [17, Theorem 8.4], we fix an arbitrary
t 2 .⌧0; ⌧1/ and consider a family of open balls B1; : : : ; Bp centered at the points
�i .�i .t//. Up to choosing their radii sufficiently small, we have that B i ⇢ � and
B i \K.⌧0/ D B i \Bj D B i \ Äj D ; for j ¤ i . Furthermore, we may assume
that, for every i D 1; : : : ; p,

Bi \ Äi D
˚
�i .�/ W ⇢0

i
< � < ⇢1

i

 

for suitable ⇢0
i

and ⇢1
i

such that �0
i
< ⇢0

i
< �i .t/ < ⇢1

i
< �1

i
, and that the arcs Äi

intersect @Bi only at the points �i .⇢0i / and �i .⇢1i / with a transversal intersection.
Then, taking into account Hypothesis 6.1, we conclude that

B i \K.s/ D B i \ Äi .�i .s// D
˚
�i .�/ W ⇢0

i
 �  �i .s/

 
(6.13)
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whenever �i .s/ 2 .⇢0
i
; ⇢1
i
/. In particular, (6.13) holds at s D t and for s sufficiently

close to t , since �i is continuous at t .
It follows from Lemma 6.4 that, for every i D 1; : : : ; p,

eE.Bi Iu.t/;K.t//
 eE.Bi Iu.t/;K 0/C H

1.K 0
nK.t//

C

Z
K0nK.t/

dist.x;K.t/\Bi /dx C .�C �/˛.K.t/\B i ; .K
0
[K.t//\B i /

for all K 0 2 K.B i / with K 0 � K.t/\B i , where eE is the localized energy func-
tional defined in (6.3). Choosing K 0 D Äi .�/ \ B i D f�i .⇢/ W ⇢0

i
 ⇢  �g

with � 2 Œ�i .t/; ⇢
1

i
ç, and recalling that H1.Äi .�/nÄi .�i .t/// D � � �i .t/ and

˛.Äi .�i .t//\B i ; Äi .�/\B i / D 0, we deduce that

eE.Bi Iu.t/; Äi .�i .t///  eE.Bi Iu.t/; Äi .�//C � � �i .t/

C

Z
Äi .�/nÄi .�i .t//

dist.x; Äi .�i .t//\Bi /dx:
(6.14)

for all � 2 Œ�i .t/; ⇢
1

i
ç. Taking into account that

lim
�!�i .t/

1

���i .t/

Z
Äi .�/nÄi .�i .t//

dist.x; Äi .�i .t//\Bi /dx D 0;

from (6.14) we obtain that

d
d�
eE�Bi Iu.t/; Äi .�/�

ˇ̌
�D�i .t/

C 1 � 0 for all i D 1; : : : ; p:

Then, (6.12b) follows from Proposition 6.3 applied with g D u.t/.
For every Œs; t ç ⇢ .⌧0; ⌧1/ we have that ˛.K.s/;K.t// D 0 by Hypothesis 6.1.

Hence Var˛.K; Œs; t ç/ D 0, so that Vard.K; Œs; t ç/ D H
1.K.t/nK.s//. Since K

evolves continuously in time on the interval .⌧0; ⌧1/, the energy-dissipation balance
(4.13) reduces to

E.t; K.t//C H
1.K.t/nK.s// D E.s;K.s//C

Z
t

s

@tE.r;K.r//dr

for all Œs; t ç ⇢ .⌧0; ⌧1/ :

(6.15)

From (6.15), with the very same arguments as in the proof of [17, Theorem 8.4] we
deduce (6.12c).
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7. Extension to 2D linearized elasticity

In [8] the existence of quasistatic evolutions for fracture, proved in the scalar set-
ting in [17], was extended to the vectorial, still two-dimensional, setting of lin-
earized elasticity. The argument relied on a density result of H 1.AIR2/-fields in
the space of fields whose symmetrized gradient is in L2.AIR2⇥2

sym /, proved by the
author in the case A ⇢ R2 is a bounded open set whose complement has a finite
number of connected components.

We will now briefly explain how the arguments in [8] also allow us to prove
the existence of visco-energetic solutions for the vectorial (2D, linearized elastic-
ity) version of the system for brittle fracture, that we address in a domain � ⇢

R2 still complying with the conditions expounded at the beginning of Section 2.
The viscously corrected system for brittle fracture is now given by the quadruple
.Kfin.�/; ELE; h; d; ı/ in which:

✏ The dissipation quasi-distance d, and the viscous correction ı are still given by
(3.6), and (3.32), respectively;

✏ The driving energy functional ELEŒ0; T ç ⇥ Kfin.�/ ! Œ0;C1/ is defined by

ELE.t; K/ WD min
u2VLE.g.t/;K/

Z
�nK

1

2
Ce.u/ W e.u/dx; (7.1)

where C is the elasticity tensor and e.u/ denotes the symmetric part of ru,

g 2 C1
�
Œ0; T çIH 1

�
�IR2

��
;

and the space for admissible displacements is now given by

VLE.g.t/;K/ WD fv 2 LD.�nK/ W v D g.t/ on @D� nKg :

Here, following [8], for a given A ⇢ R2 we denote by LD.A/ the space

LD.A/ WD fv 2 L2loc.AIR2/ W e.v/ 2 L2.AIR2⇥2
sym /g :

We will denote by FLE the functional associated with ELE and a reference crack set
Ko (which may be again chosen as the empty set), as in (5.1).

As we have seen in Subsection 5.3, in order to prove the existence of VE solu-
tions it is sufficient to show that the system for brittle fracture .Kfin.�/; ELE; h; d; ı/
complies with conditions hAi, hBi, and hCi listed at the beginning of Section 5.
Now, the viscous correction ı obviously still enjoys property hBi. As for hAi, it
follows from the following analogue of Proposition 5.1.

Proposition 7.1. The functional ELE W Œ0; T ç⇥Kfin.�/ ! Œ0;C1/ defined in (7.1)
is continuous with respect to the hR-topology on sublevels of the functional FLE
Moreover, @tELE W Œ0; T ç ⇥ Kfin.�/ ! R is given by

@tELE.t; K/ D

Z
�nK

Ce.u/ W e. Pg.t//dx
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with u 2 VLE.g.t/;K/ a solution of the minimum problem in (7.1); @tELE as well is

continuous with respect to the hR-topology on sublevels of FLE, and fulfills estimate

(5.2).

The proof of Proposition 7.1 follows from the arguments in [8, Theorem 3]. Fi-
nally, Proposition 5.3, guaranteeing the validity of property hCi, carries over to
the present setting: in particular, the construction of the mutual recovery sequence
.Kn/n fulfilling (5.9) developed throughout Subsection 5.2 is still appropriate for
this vectorial setting thanks to the aforementioned continuity properties of ELE.

That is why the analogue of our existence Theorem 4.7 holds for the system
.Kfin.�/; ELE; h; d; ı/.
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Università degli studi di Brescia
Via Branze 38
25133 – Brescia, Italia
riccarda.rossi@unibs.it

Department of Decision Sciences
Università Bocconi
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