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Abstract

We deal with the Signorini contact problem between two Timoshenko beams. In this work
we use the theory of semigroups to show the existence of solutions that decay uniformly
to zero. This method is new and more effective than the widely used energy method. This
is because in particular we obtain uniform decay of the solutions to zero for any boundary
condition. A second important point is that we can take advantage of stabilization results
of others linear dynamic systems with different dissipative mechanisms and apply them
through our method for Contact Problems (see Sect. 4). Finally, thanks to Lipschitzian per-
turbations we can generalize the Signorini problem to more general semi linear problems in
a simple way (see Sect. 4.3).

Keywords Timoshenko beams - Contact problem - Semilinear problem - Asymptotic
behaviour
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1 Introduction

This work is focused on the mechanical evolution of two dissipative Timoshenko beams
in unilateral contact across a joint with clearance. The area-centers of gravity of beams in
their (stress free and isothermal) reference configurations are given by the intervals I; :=
0,¢,) and I, := (€, £), respectively. Let 0 < T < oo. We denote by ¢; = ¢;(x,t) : [} X
(0, T) — R the transverse displacement (vertical deflection) of the cross section at x €
I, and at time ¢t € (0, T), by ¢, = ¢2(x,t) : I x (0, T) — R the transverse displacement
(vertical deflection) of the cross section at x € I, and at time ¢ € (0, T'). Supposing that plane
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Fig.1 The two beams and the joint at x = £, with clearance g = g1 + g2

A
N

cross sections remain plane, the angles of rotation of a cross section are defined respectively
by 1 =y(x,t) : Iy x (0,T) - R and ¥, = ¥ (x,t) : I, x (0,T) — R. The physical
setting is represented by Fig. 1.

We describe the evolution of the system, under consideration, by the following equations
(for details, see e.g. [9, 16, 18]),

P19 — Six + V1.9 =0, (x,1)el; x(0,T),
Vi — M+ S +v2ivi; =0, (x,t)el; x(0,7),

(1.1)

where y;; and y,; are real non negative functions defined in /; with i = 1,2. Here the
coefficients represent: p; = p A the mass density, p, = p/ the moment of mass inertia, k =
k G A the shear modulus of elasticity, b = E[ the rigidity coefficient of cross-section, where
E is the Young modulus, G is the modulus of rigidity, « is the transversal shear factor,
and / is the moment of inertia. Functions § and M stand for the shear force and the bending
moment, respectively. Subscripts x and ¢ represent partial derivatives with respect to x and 7.
Henceforth, unless stated otherwise, the index i, as a subscript of the variables involved, will
always take the values 1 and 2. The initial conditions are given by

@i(x,0) =gjo(x), ¢ (x,0)=¢i1(x), Vxel,
Vi(x,0) =¥io(x), ¥ (x,0)=vi(x), Vxel,

(1.2)
for some given functions ¢;o, ¢;1, Yio, ¥i1 : I; = R. In addition, we suppose that, at x =0,
x={,and x =¢,

1(0,6) =0, ¥1(0,1) =91 (Ls, 1) =0, in (0, +00),
QDZ(E»[):()’ WZ(E*J):‘/&(KJ):O, in (Oa +OO)

(1.3)

The joint at x = £, is modeled with the Signorini non penetration condition (see, e.g.,
[11]). In particular, the joint with gap g is asymmetrical so that g = g; + g», where g > 0
and g, > O are, respectively, the upper and lower clearance, when the system is at rest. Then,
at the point £, of the beam is assumed to move vertically only between two stops, namely

Pl 1) — g1 =1l 1) S @a(ly, 1) + 82, 0=t <T. (1.4)

This condition assures that the displacement at x = £, is constrained between the stops g;
and g,. The stress at this point if given by

S1(ls, 1) = S2(Ly, 1) 1= S (L, 1).
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A Contact Problem Between Two Dissipative Beams 573

Moreover, we prescrive the condition

—S(lss 1) € W fgytsry (91(Es, 1)), (15)

where 0 x, (1) denotes the subdifferential of the indicator function y, (1),

)0 if v—g<u<v+g,
Xo () = { 00 otherwise,
namely
(—00,0) if Uu=v-—g,
oxy(u) = 0 if v—g<u<v+g,
0, 400) if u=v+g.

Let us spend a few words on the condition expressed by the condition above. When

2Ly, 1) — 82 < 1 (s, 1) < @2 (Ly, 1) + g1,

is verified, there is no contact, the ends at x = £, are free, and S({,, 1) = 0. On the other
hand, when

0l t) — g =01y, 1) or 9L, 1) =p2(ls, 1) + g1,

the ends at x = ¢, are in contact. More precisely, when the contact occurs at the lower end,
relations @, (Ly, t) — g2 = @1 (£, t) and S(£,, t) > 0 hold; when the contact takes place at the
upper end, relations ¢, (€, 1) = ¢ (£y, 1) — g1 and S(€,, t) < 0 are verified.

This manuscript engages and develops within the study of the existence and asymptotic
behavior of solutions associated with contact problems between two beams. The system
specified by (1.1)—(1.5), and the questions related, can be regarded as an extension to the
viscoelastic case of the problem studied in [10]. Dynamic models for vibrations transmis-
sion across joints are of considerable interest in various industrial settings and in many ap-
plications. In most articles currently present in the literature, the Signorini contact problem
has been analyzed in a weak sense, namely by considering an approximate version of the
Signorini problem via the introduction of a normal compliance condition as regularization
of the Signorini condition. The exponential stability of a solution as time goes to infinity
is obtained in the approximate framework: the exponential decay for the approximate so-
lution is found by introducing a suitable Lyapunov functional and by using the multiplier
method. Then, by weak lower semicontinuity arguments, the exponential decay is achieved
for a solution to the original problem.

In this paper we follow a new and different approach. We consider the linear Timoshenko
model coupled to a dynamic boundary condition defined by an ordinary differential equa-
tion (hybrid system), the coupling is defined through a parameter ¢ which we will then
approximate to zero, see the system (2.3) below. We use semigroup theory to show the
well-posedness of the problem, as well as the exponential stability of the corresponding
model. We arrive at the problem of contact with normal compliance condition through a
Lipschitzian perturbation.

Finally, by setting ¢ — O the dynamic boundary condition becomes static and due to
the characteristics of the chosen Liptchitzian perturbation (see the last equation in system
(3.7)), we arrive at the Signorini conditions which proves the existence of solution to prob-
lem (1.1)—(1.5). This procedure is possible thanks to the observability inequalities that Timo-
shenko model possesses. We believe that this method is more efficient than the usual penalty
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574 J.E. Muioz Rivera, M.G. Naso

method (see [4, 11, 15] and the references contained therein) because in this way we obtain
more general results about the asymptotic behavior of the solution. In particular, we show
that the boundary conditions of the model do not play any important role in the test of
asymptotic behavior. This means that the decay result can be proved for any boundary con-
dition, different from the results obtained in [4, 6, 7, 15] where boundary conditions played
an important role in the proof of exponential decay.

The remaining part of this paper is organized as follows. In Sect. 2 we show the well
possedness of the linear hybrid model. In Sect. 3 we find the main result of this paper:
the existence of a solution to Signorini problem, which decays exponentially as the linear
semigroup. Finally, in Sect. 4 we give some applications of our result.

2 The Hybrid Linear Model as a Compact Perturbation

To fix ideas, we consider the viscoelastic constitutive law of Kelvin-Voigt type

Si = ki (Qix + V) FK ) (@i + Vi), Mi=bii . + Ei(@%,m 2.1

with §; and b; nonnegative functions characterizing the viscosity of the beam. Moreover, we
assume that both have the same support, namely

supp(%;) = supp(b;) C I;. 2.2)

In general, we assume that the viscous component is effective over sub intervals of I;. We
will denote as Iz any subinterval of I; where the viscosity is not efective, that is k; = 3, =0
over Ig.

To apply the semigroup theory to study the Signorini problem, let’s start by considering
two uncoupled linear hybrid models, one defined over the interval I, := (0, £,) and the
other one over the interval I, := ({,, £), approaching the penalized problem associated to
(1.1)—(1.5), and given by

01 @i (x, 1) = Six(x,t) +y1,i0i(x,t) =0 in I; x (0, +00),
P2 Wi (X, 1) = M, (x,8) + Si(x,t) +y2, ¥ (x,6) =0 in; x (0,+00), (2.3)
€V 1 (1) + vy, (1) + €v; (1) + (=)' S (6, 1) =0 in (0, +00),

satisfying the boundary conditions over I} =]0, £,[ and I, =]¢,, €[

91(0,)=0, @b, 0) =vi(®), ¥1(0,0) =91 (Ls, 1) =0, in (0, +00),

) 2.4)
§02(£*7t)205 902((7[):1)2(’% WZ(E*J)ZT/&(KJ):O, mn (Oa +OO)7
and verifying the initial conditions (1.2) together with
v;i(0) =vi0, v;:(0) =y, (2.5)

for some given numbers v; o and v; ; € C.

The dynamic boundary condition (2.3); can be interpreted as a beam rigidly attached
at the end x = £, to a tip body that models a sealed container with a granular material,
for example sand. This granular material dampens the movement of the system by internal
friction (for details, see [2, 3, 14]).
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A Contact Problem Between Two Dissipative Beams 575

The phase space of our problem is
H; = V{ x L*(I;) x Hy(I;) x L*(I;) x C?,
where
Vo ={weH'(I}): w0)=0} and Vy={weH'(hL): w)=0}.

Denoting by U; = (¢;, ®;, ¥, Wi, v;, Vi) T, we define the norm

;12 =/ (ki 1@ic + Vil + o1 B> + bl + 2| W, 1P) dx + €lvil” + €l Vi .

Ij

Equations (2.3) are uncoupled and independent one to the other for i = 1, 2. For sake of
simplicity, in what follows we remove the subindex i from the variables. Denoting by BT
the transpose of a matrix B and ® = ¢;, ¥ =, and V = v, we have

U = (1), (), ¥ (1), ¥ (1), v(@®), V() = U V)",

where U := (p(t), D(2), ¥ (1), W(r)" and V := (v(r), V(¢))". Hence, system (2.3) can be
written as a linear ODE in H; of the form

d
L UO=AU®, (2.6)

where the domain D(A;) of the linear operator A; : D(A;) C H; — H; is given by

DA)={UeH,;: Si. M e H'(I)), (9, W) € Vj x Hy(I))},

and
- ® -
1 .
—Six — Nig,
L1 L1
v
AU=| | : 2.7)
_sz__Si_&qll
) 02 P2
\%4
-V —v = H=DSie) |

According to Lumer-Phillips Theorem (see, e.g., [12, Theorem 1.2.4] or [17, Theo-
rem 1.4.3]), the operator .4; is the infinitesimal generator of a contraction semigroup

T (1) =M T H; — H;.
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576 J.E. Muioz Rivera, M.G. Naso

In particular, 4; is dissipative. Indeed, for every U € D(A,),
ly
(AU, Uy, = / K1(Px+W) (px+9) dx + S (£) P (L)
0

& & o
—/ Sl(cl>x+l11)dx+/ bV, dx
0 0

Ly o _ .
—| MU, dx+eVi—e|V]?—evV — S1(L,)D(L,)
0

(*
—f (nI®* + 2| W) dx.
0

Here we used that V = @ (¢,.). For the constitutive law (2.1), we get

IR ~
Re(A,U, Uy, = —/ (&0 [®, + W+ By (0|9, P) dx
0 2.8)

- /OZ*(yI |PI* + 12| W]?) dx — €| V|2
Similarly for A,. Hence we have
Re(A;U, Uy, < —€|V[* 0. (2.9)
For any initial datum Uy = (¢o, ¢1, Yo, ¥1, Vo, vl)T € H; the solution to (2.6) is denoted by
Ut) = (9(0), 9 (0), Y (), Y (1), v(0), V()T = T; (1) Up. (2.10)
Considering the resolvent equation
i\U—-A;U=F, (2.11)

and taking inner product with U over the phase space H;, we get

b N e
/ (R19, + WP + 5w, ) dx +[ (1P + 12l WP) dx + €|V = Re(U (1), F (1)),
0 0
2.12)
In particular, we have
€IVP <Re(U(). F())s,. 2.13)

In this section we will make a comparison between the hybrid model and the non hybrid
Timoshenko model given by

P1@ise — Six + V00 =0 in I; x (0, 4+00),
(2.14)
P2 Vi — Mix + Si + 2%, =0 in[; x (0, +00),
for i =1, 2, satisfying the boundary conditions
01 (0,) =51(ls, 1) =0, Y1(0,1) =1Ly, 1) =0, in (0, +00), (2.15)
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A Contact Problem Between Two Dissipative Beams 577

Ui t)=02(8,1) =0, Yo(ly,t) =Y, t) =0, in (0, 400). (2.16)

Let us denote the infinitesimal generator of system (2.14)—(2.16) by A; r where

_ @ _
1 Y1,
p—Sf,x - p—% t
AU = ‘ ! . 2.17)
v
1 1 i
— M ——S — yiwi,t
~ P2 P2 P2 -

The phase space we consider for the above model is
H; = Vi x L*(I;) x Hy (I;) x L*(I)).
Hence the domain D(A; 1) of the linear operator A; 7 : D(A; ) C H; — H; is given by
D(Air)={UeH;: S, Mie H'(I)), (®, V) € Vy x Hy(I)}.

Similarly as the hybrid model, we have

Ly _ L
R%&ﬂkww=—/(mn@ﬁ4¥+MMWMLM—f(m@ﬁ+mwﬂm,
0 0

(2.18)
with yy, > > 0. Under this notations we get that system (2.14)—(2.16) can be written as

d
EU(I) =ArU(1). (2.19)

Let us denote by T; = e’4:7 the semigroup associated to system (2.14). The main objec-
tive of this section is to show that the semigroup T; is exponentially stable if and only the
semigroup 7; is also exponentially stable. This means that the dissipation produced by the
ODE in (2.3)3, of the hybrid model, is not relevant. Let us introduce the space

H; = H; x {0} x {0},
intended as the extended phase space. Let us denote by I1; the projection of H; onto ﬁ,-:
(e, @, ¢, W, v, V)= (¢, D, ¥, ¥,0,0).

Let us decompose the infinitesimal generator A; in the following way

_(Air 040
A; ._< B K > (2.20)

with

0 0 0 0
B=| . « , K
(;)’1 0 —%yo 0)

I
—
|
NO
|~
~
N

@ Springer



578 J.E. Muioz Rivera, M.G. Naso

where y,0 = ¢, (£,) and y,¥ = ¥ (£,). Hence, recalling that U := (U, V)T, where U :=
(¢, D, ¢, W) and V := (v, V), we get

_ .Ai,Tu _ .Ai,TZ/[ 0 0 )
AfU‘(Bu+Kv>_< 0 >+(KV)+<BL{>’ VU € D(A).

Under the above conditions we can state the following Lemma:

Lemma 2.1 The difference T;(t) — T;(¢)I1 is a compact operator over H;. Hence the corre-
sponding essential types w.s(T;) and w,s(T; (t)I1) are equal.

Proof Note that the solution of U, — A;U =0, U (0) = U, can be written as

uy _(Aird 0 0
(%)= (%) () ()
with Uy = Uy, Vo) T which implies that

t
U=eMTl,, and V=eFVy+ / "X BLi(s) ds.
0

Therefore

tAiT
v - (e 0 u0> - (e’KVo + /5 e(’O*S)KBU(S) ds> '
Note that the right hand side of the above equation is a compact operator, therefore
[7:(t) — T ()]
is a compact operator. So our conclusion follows. |

Remark 2.1 Let us denote by A the operator A; or .A; r, then resolvent operator (uI —A)~!
is not compact.

Here we consider y; ; =0 and y,; = 0. We will show that the spectrum of A, o (A), does
not contain only eigenvalues. In fact, let us consider u € R, then the resolvent equation can
be written as

up — @ = fi,

/'Lplq) - K(wx + W)x - k‘(cbx + "p)x = Plf27

pr == fi,

w02 W = by — DV + k(e + ) +R(D + W) = o fo,

where we assume that «, X, b and b are positive constant. Taking f; = f3 = 0, the above
system can be written as

1ro1p — (k + pk) (@ + ¥)x = p1 fo, (221

122 — (b + ub) P + (kK + uR)(@x + V) = pa fo. (2.22)
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A Contact Problem Between Two Dissipative Beams 579

Let us consider the numbers | = —« /K and py = —b/g none of them belong to the
resolvent set of A. In fact from (2.21) we get

uiprg = pi fr € L*(0,£,). (2.23)

On the other hand, if ©; € p(A) the corresponding solution U must satisfy U € D(A)
which in particular means that ¢ € H'(0, £,), which is contradictory to (2.23).
Similarly, if @, € p(A) using (2.21) and (2.22) we get

302V = P2 fax — P1I39 + pi fo € H'(0,2,). (2.24)

But U must be in D(A) which in particular means that v € HOl (0, £,). This is contradictory
to (2.24). Hence u; ¢ p(A).

Finally we will show that one of them is not an eigenvalue. Here f, = f4 =0, let us
suppose that p, < 1. We will show that p; is not an eigenvalue. Note that (2.21) implies
that ¢ = 0 and (2.22) can be written as

1220 + b(s — 1) Yy =0,

Multiplying the above equation by v, integrating by parts we get

Oy -~
/ [120al P+ B — ) s ] dx = 0.
0

So we have that 1y = 0 which implies that U = 0 that is a contradiction.
If 1 < o, then we have that p, is not an eigenfunction. This because system
(2.21)—(2.22) can be written as

13019 + K (1 — p2) (@ + ¥), =0,
o — K (g — 12) (9r + ¥) = 0.

From the above equations we get

[~
/ (2ol 4+ 12pal¥ 12 + R (2 — wlps + v ] dx =0,
0

So we have that U = 0 which is a contradiction. The same result holds when 1+ = u,. Then
our conclusion follows.

Lemma 2.2 Let us denote by A the operator A; or A;r. If iR ¢ 0(A) then there exists
0# 0 € R such thaticU — AU =0.

Proof Let us denote by
N={seR":]—is, is[C p(A)}.

It is easy to see that 0 € p(A), so we have A/ # &. Putting o = sup N we have two possi-
bilities. First 0 = +o00, which implies that iR C p(A), and that 0 < o finite. We will reason
by contradiction. Let us suppose that o < co. Then, exists a sequence {A,} € R such that
A, = 0 <00 and

GAnT — Al 230y = 00.
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580 J.E. Muioz Rivera, M.G. Naso

Hence, there exists a sequence { f,,} € H verifying || f,l% =1 and ||(iA, ] — A)~" f |l —
oo. Denoting by

On:(i)\nl_A)_lfn = fn:i)"nUn_AUn

Un n
= , F, = Nf
AT TA

irxUu,—AU,=F,—-0 = —ReAU,,U,)=(F,,U,)—0

and U, =

we conclude thet U, verifies ||U, || =1 and

Since ||AU,||y < C gsing (2.1) or (2.18) we have that over the viscoelastic component
I, = supp(x) = supp(d) the sequences ®,,, ¥, converges strongly, that is

®,, ¥, >0 strongin H'(L). (2.25)
Since A, — o < oo the above convergence implies that
On, Yy = 0 strong in H'(1,). (2.26)

Since U, is bounded in D(A) we conclude that ¢,, v, are bounded in H>(]0, £,[\1,).
In particular this means that there exists a subsequence of ¢, and ¥, we still denote in the
same way, such that

(@n, Pu, ¥, W) = (@, @, 9, W) strongin  [H'(10, €.[\L,) x H'(10, £,[\1,)]*.
(2.27)

Therefore from convergences (2.25), (2.26) and (2.27) there exists a subsequence of U,,, we
still denote in the same ways such that

U, — U, strongin H.

Hence ||U|l% = 1. Moreover, because of AU, =i}, U, — F,, we have AU, converges
strongly in . Since A is closed, we conclude that U verifies

icU—AU =0, (2.28)
from where our conclusion follows. O

To show the equivalence of the exponential stability between 7;(¢) and T;(¢) we apply
the following result

Theorem 2.1 Let S(t) = e™ be a Cy-semigroup of contractions on Banach space. Then, S(t)
is exponentially stable if and only if

IRCo(A) and  we(S(1)) <0, (2.29)
where w,ss(S(t)) is the essential growth bound of the semigroup S(t).

Proof Here we use [8, Corollary 2.11] establishing that the type w of the semigroup e’
verifies

w = max{wes, Wy (A)}, (2.30)
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where w, (A) is the upper bound of the spectrum of A. Moreover, for any ¢ > w,,, the set
Z.:=o0(A)N{r e C: Re > c} is finite.

Let us suppose that (2.29) is valid. Since the essential type of the semigroup we; is
negative, identity (2.30) states that the type of the semigroup will be negative provided
wys(A) < 0.

If w, (A) < w,y then we have nothing to prove. Let us suppose that w, (A) > .. From
(2.29) and Hille-Yosida Theorem we have E C 0(A), hence w, (A) < 0. On the other hand
Zipess +6 18 finite for 8 > 0 verifying wess + 6 < 0 and w,s + § < w, (A). Therefore we have

ws(A) =supReo (A) =supReZ,, s <O0.

Hence, the sufficient condition follows.

Reciprocally, let us suppose that the semigroup S(¢) is exponentially stable, in particular
it goes to zero. Then, by [5, Theorem 1.1] we have that iR C o(A). Moreover, since the type
w verifies (2.30), we have that

Wess < Max{Wess, e (A)} = w < 0.
Then, our conclusion follows. O
Remark 2.2 The above characterization is valid for any Banach space.

Theorem 2.2 The semigroup T; is exponentially stable if and only if the semigroup T;(t) =
e*i' associated to the hybrid system (2.3) also is exponentially stable.

Proof Let us suppose that T; is exponentially stable. First note that iR C o(A;). In fact, let
us suppose the contrary, then by Lemma 2.2 we have that there exists o € R such that

(AU, Uy, =io|U|*> = Re(AU, U)y, =0.
Using (2.9) we find
0<—€lV? = v=V=0.
By (2.3); we get
Si(€,) =0.
Therefore the eigenvector U = (U, V)T = (U, 0) T verifies (2.15)—(2.16). Then, we have
UeD(A;r) and A sU=i)lU.

This implies that i\ € o (A; r) which is not possible because T; is exponentially stable.
This contradiction comes from assuming that iR ¢ o(A;). Therefore iR C o(A;). From
Lemma 2.1 we have that @es(7;) = wess(T; () I1) < O then Theorem 2.1 implies the expo-
nential stability of T; (1) = ei’.

Finally, let us suppose that 7;(t) = e is exponentially stable. In particular, we have
iR C 0(A;), and as before by Theorem 2.1 it is enough to show the strong stability of A; 7.
By contradiction if iR ¢ o(A; 1), by Lemma 2.2 there exists & # 0 such that A; ;U =
io U then the vector U = (U, 0,0) must be an imaginary eigenvector of A;. But this is a
contradiction. Then, our conclusion follows. O

1
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582 J.E. Muioz Rivera, M.G. Naso

3 The Signorini Problem

In what follows we prove the well posedness of an abstract semilinear problem and we
study, under suitable conditions the asymptotic behavior of the solutions. So, we introduce
a local Lipschitz function F defined over a Hilbert space 7. We suppose that for any ball
Br={W e H: ||W] < R}, there exists a function globally of Lipschitz F¢ such that
F0)=0, FU)=ZFrU), YU E€E By, 3.1

and additionally, that there exists a positive constant K, such that
t
/ (FRWU ), U(9))3 ds < KollUO) |3, YU € C([0, T]; H). (3.2)
0
Under these conditions, we present
Theorem 3.1 Let {T(t)};>0 be a Cy semigroup of contraction, exponentially stable semi-
group with infinitesimal generator A over the phase space H. Let F locally Lipschitz on H
satisfying conditions (3.1) and (3.2). Then there exists a global solution to
U —-AU=FU), UQO)=UjeH, (3.3)
that decays exponentially.
Iir;oof By hypotheses, there exist positive constants ¢ and y such that || T (f)|| < coe™"’, and
Fr globally Lipschitz with Lipschitz constant K verifying conditions (3.1) and (3.2). Let
us consider the following space:

E,={VeL®0,00;H); t+>e™[|V(s)ll € L°R)}.

Using standard fixed point arguments we can show that there exists only one global solution
to

UR — AUR = Fr(U®), UR0)=UjeH. (3.4)
Multiplying the above equation by U® we get that
Ld ko2 R p7R = r7Ry 7R
37 10" Ol = (AU, U )y = (Fr(U™), U ).
Since the semigroup is contractive, its infinitesimal generator is dissipative, therefore
IUR@15, < 1Uoll3, + Z/OI(J?}(UR), UR)s dr.

Using (3.2) we get
TR @115, < (1 +2Ko) 1 Uoll3,-
Note that for R > (1 4+ 2Kj) || U0||,2H, we have that

Fr(V)=F(V), Y |VIx<R.
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In particular,
FrWUR @) = FURQ)).

This means that UR is also solution of system (3.3) and because of the uniqueness we
conclude that UR = U. To show the exponential stability to system (3.3), it is enough to
show the exponential decay to system (3.4). To do that, we use fixed points arguments. Let
us consider

T(VY=T @)U +/ T(t — $)Fr(V(s)) ds.
0

Note that 7 is invariant over E,,_s for § small, with y —§ > 0. In fact, forany V € E, _; we
have

t
1TVl < NUollpe™" —|—/ I F2(V(s)l2e 7 ds,
0
t
< Uolle™" + Ko/ IV ($)llpe 7 ds,
0
t
< 1Uollxe™" + Koe™ / ¢ ds sup [e7 DV (s)lx),
0

s€[0,1]

KoC e~ =1
J

< Uollpe™" +

Hence T7(V) € E, _s. Using standard arguments we show that 7" satisfies

(kyt)"

n!

17" (W) = T" (W)l < Wi — Wall,

with k; € R. Therefore we have a unique fixed point satisfying
t
T"WU)=U=T@®)U +/ T(t —s)Fr(U(s))ds,
0

that is U is a solution of (3.4), and since 7 is invariant over E, _s, then the solution decays
exponentially. O

3.1 TheLinear Model

To apply Theorem 3.1 for the linear model given by problem (2.3)—(2.5) let us introduce the
functions

N pi(x,0) if xelb =(0,£), Yi(x, ) if xeli=(0,¢),
P, = . Vx, 1) = .
pa(x, 1) if xelh= (1), Yal(x,t) if xelbh=(l,10).
Let us denote by # the phase space given by
H=V,.x L*(I,UL) x Hy(I; UL) x L*(I; U I,) x R*,

Then, for any Uy € # let us introduce the semigroup
TOUo = (§0), 5(0), ¥(©), Y (6), 011), 1,11, 020, v2,(1) (3.5)
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584 J.E. Muioz Rivera, M.G. Naso

It is easy to verify that 7(¢) is a contraction semigroup over H. Moreover its infinitesimal
generator A is given by

_ S _
s ns
PR with
v N Si(x,t) if xel,
1 ~ 1o e~ Sx,1) = )
AU=|—M,——S——=V |, So(x,t) if xel,, (3.6)
02 P2 02
Vi - Mi(x,t) if xel,
. Mx,t) =
=Vi—v —2S8i(6y) My(x,t) if x e,
V2

| —Va— 4185 |
where the domain D(A) of the linear operator A : D(A) C H — H is given by

DA)={UeH: ¢. ¥ e HH(,UDL), (B,¥) € Vyx H} (11 UL),
verifying ¢; (£,) = v; and (2.4)}.

Under the above conditions we have

Theorem 3.2 Let us suppose that the semigroups T;, i = 1,2 are exponentially stable, then
the semigroup defined in (3.5)—(3.6) is exponentially stable.

Proof Tmmediate consequence of Theorem 2.2. ]
3.2 The Semilinear Model
Let us consider the semilinear system

P13, — S+ @ =0, inl UL x (0, 00),

P20 — ME + 5+ 1,9, =0, in 1 UL x (0, 00),

€V, Fevs, +evt +(—1)ISE(e,, 1) G.7
ey

Wi —vs—gNT =5 —vi—g)*] in(0,00),

for i =1, 2. Note that the above system is now coupled by the dynamic boundary condition
(3.7)3. The above system can be written as

U — AU =F(U), U(0) = Uo,
where A is given by (2.7) and F is given by

]:(U) = (0’ 0! 07 07 0’ f(vl’ v2)7 07 _f(Ulv UZ))T7 (38)
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1

with f(vi, v2) = —— [(vf —v5—g)t — (5 —vf —g2)+]. Note that F is a Lipschitz func-
€

tion verifying hypothesis (3.1)—(3.2) and does not depend on i. In fact, 7(0) = 0. Moreover,

t
/ (F(U ), U(s)) ds
0
|

= _/ €2 [ —v3—g)" = (V3 —v] —g) "] (vis — v2) ds
0
1 ! d ¢ € +12 € € +2

:_2_62/ 2 @i = —gD) 1P + 105 —vi —g2) "] ds

0

< 5 (10650~ 150) — ) + 1450 35 0) ) 7] (39)

Remark 3.1 1If the initial data verifies
®02(8:) — g1 < ¢o.1(Le) < @o2(Ls) + g2,
then the right hand side of the (3.9) vanishes.
Theorem 3.3 The semilinear semigroup defined by system (3.7) is exponentially stable.
Proof 1t is a direct consequence of Theorem 3.1. ]
Next we show the energy inequality
Lemma 3.1 The solution of system (3.7) satisfies
E(t) < E(0), (3.10)

where

L - > . 1 2
2E(z>=f [p1|af|2+pz|wf|2+k|¢;+w*|2+b|w;|2]dx+;N(r)+Ze|vi,lz+elvf|2,
0

i=1

and
N@) = |(vf —v§—g) TP + | (vs —vf —g2) "I~

Proof Multiplying equation (3.7); by @,, equation (3.7), by @,, and equation (3.7)3 by v;;,
summing up the product result our conclusion follows. |

Let us introduce the functional

1
Litx,0) = 5 [pilgi(x, DI + kil @i (x, D1 + palvi, (2, OF + bi [0 (x, )]
Under the above notations we have

Lemma 3.2 Let |a, B[ be an interval where K; = ?;, = 0, then the solution of system (3.7)
satisfies

T
/ (Z.(e 5) + T (B.5)] ds < cTE(0).
0
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Proof Over the interval ]o, B[ where K; = E, =0, system (3.7) can be written as

PLP y — Ki%f e =KV — V@i in Jor, B[ (0, 00), Gl
P2V, — bV, = —ki(@f, + V) — yavie,  inla, BIx(0, 00). '
a+p

Let us denote by g = x — =5=. Multiplying equation (3.11); by g¢; . and equation (3.11),
by i we get

< ﬁmqw-e o5 dx—lfﬁqi(mlgf *+klg P)dx =1, (3.12)
dt 5 Lt¥i,x 2 A d)C it i,x . .

Similarly we get

4 vtaque.d 1/5 Lol P bilys, D dx =0 (313
dta/OZ itdViydx 2aqu P21V, ilVis X =40 .

where

B B
J1=/ q ¥ =i Do dx, Jz=—/ [ki(@f, + ¥ + V2t gV dx.

Summing up identities (3.12) and (3.13) performing integrations by parts and integrating
overt [0, T'] we get

B—a
2

T
f [Zi(et,s) + Zi (B, s)] ds
0

T B T
=/ / [Z1(x, 5) +Ta(x, 5)] dxds—Ir/ [Ji(s) + Jo(s)]ds + X|g (3.14)
0 o 0
where
B B
X=/ plqwi,wixdwr/ P2V dx.
o o
Using Lemma 3.1 we get
T B
/ / [Zi(x,s) + Zr(x,s)] dxds < cT E(0),
0 o
T
/ [J1(s) + Ja(s)|ds < cTE(0), |XI5|<cE0).
0

Substitution of the above inequalities into (3.14), our result follows. O

Let us introduce the convex set
K={(u,w)e H'(0,T) x H'(0,T), w(t)—g <u@®) <gi+w)}.

With these notations we have
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Theorem 3.4 For any initial data (¢}, ¢\, Wi, i) € H; such that

©0,2(€) — g1 < 9o,1(£s) < @o2(Ly) + &2,

there exists a weak solution to Signorini problem (1.1)—(1.4) which decays as established in
Theorem 3.3.

Proof From Theorem 3.1 we have that there exists only one solution to system (3.7). Let
1€, — 8, £, [ be an interval where k; = b; = 0, using Lemma 3.1 and Lemma 3.2, we get

Z.(£y,t) uniformly bounded in L*(0,T), (3.15)

which means that the first order energy is uniformly bounded for any € > 0. This implies that
(vf, v5) strongly converges to (vi, v2) € K. Standard procedures implies that the solution of
system (3.7) converges in the distributional sense to system (1.1). It remains only to show
that conditions (1.4) holds. First note that

lim S} (£, 1) = lim S5 (€., 1).
e—0 e—>0
In fact, from (3.7); we get
evy ,+evi , +evi+S7 (L, 1)
1 .
=—— [0 —vi—g) =i —vi—g)"] in (0, 00), (3.16)
€V, +evy  +evy — 87 (L, t)
1 .
=- [(vf—v5—g) T — (s —vf—g2) "] in (0, 00). (3.17)
Summing up the above equations we get
e(f,, +vy,,)te@], +v3 ) +e@] +v)+ (ST (L, 1) — ST(€,, 1)) =0 in (0, 00).

Then for any n € C°(R) we get
/ (ST, 1) = ST, ) dt = —/ e +v3) (M — n, +m)dt — 0.
Ry R,

So we denote by S(£,, 1) =lim._,o ST (€, t) =lim._,¢ S5 (£, t). Finally, we use the ob-
servability inequality in Theorem 3.2, and we get that @F (¢, ¢) and S€(¢, ¢) are bounded in
L?(0,T), sois v;,. Using (3.7); we obtain

T
/ [evin +ev, +ev] + ST (L, t)] [u —vildt
0

1 (7
=_2/ [ —v5—gD" — (V5 —vf —g2) "] [u — vf]dr,
0

for any u € KC. It is no difficult to see that
T

lin(l) (evft—i—evf—l—eve) [u —vi]dt =0.
=0 Jy
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In fact, from (3 7)3 ev;, is bounded for any € > 0 (by a constant depending one€)in L*(0, T).
From (3.15) v;, is also uniformly bounded in L?(0, T'). Therefore vf, is a continuous func-
tion, unlformly bounded in L*°(0, T'). Making an integration by parts we find

T T
T
/evm[ —vf]dt:ev;,[u—vf]|o—/ evi [u, —vi, ldt  — 0.
0 0

Hence,
T
liII(l)/ ST, H)[u —vjldt
=0 Jo
T
= 111% —= [ —v5—gDT — (Vs —v{ —g) "] [u — v{]dr.
€—> 0 €
Since

T
/(vf—vé—glﬁ[u—vf]dt
0
T T
=/ (vf—vi—glﬁ[u—vé—gl]dt—/ (v —v5—gD T (i —v5—g1)dt
0 0

T T
=/ (i —v5—g)Flu—v5 — gldt —/ |(vf —v5—gn)*Pdt <0,
0 0
for all u < v§ + g;. Similarly we find
T
—/ [(v5—v—g2)"[u —v{]dr <0,
0
for all u > v§ — g». Therefore, from the last two inequalities we get
1
/0 E[(vf—vg—glﬁ — (v§—vf—g2)+][u —v§]dt <0, Ve>0,
for any u € KC such that v5 — g» < u < v5 + g;. Taking the limit € — 0 we get
T
/ S1Uy, )[u —v]dt =0, V(u,v)ek. (3.18)
0
Using the same above procedure to equation (3.17) we get
T
—f Sy, )[w —vy]dt >0, V(v,w)eKk. 3.19)
0

From relations (3.18)—(3.19) and since S; (£, 1) = Sp(y, t), we get (1.5).

In case of £, € supp(k;) we have that ¢¢ is bounded in L*(0,T; H' (e, — 8, £.]). So
the sequences g5 (£*, t) converges strongly in C(0, T') as € — 0. Then, the above procedure
is also valid. Hence, the proof of the existence is now complete. To show the asymptotic
behavior, we get

E(t, ¢ y) < EQ,¢% y)e".
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Integrating over [#;, ;] and applying the semicontinuity of the norm, we obtain the expo-
nential stability of a solution of the Signorini problem. O

Remark 3.2 The uniqueness of the solution to Signorini problem (1.1)—(1.4) remains an open
question.

4 Applications

In this section we present some applications of exponential stability for the contact problem
between two dissipative Timoshenko beams. For that, we use known results of exponential
stability for linear models of Timoshenko beams and extend it first to the hybrid models,
using Theorem 2.2, then we apply Theorem 3.1 and Theorem 3.2 to show that there is
a solution to the Signorini contact problem between two Timoshenko beams that decay
exponentially to zero.

4.1 Continuous and Discontinuous Viscoelastic Constitutive Law

In [1] the authors studied the oscillations of a beam of length ¢, configurated over the interval
10, £[, and splitted in three components: an elastic part Iz, without dissipative mechanism
acting over it, and two viscous parts, one of them with a continuous constitutive law we
denote as /¢ and the other, I, with discontinuous (discontinuity of the first kind at the border
of Ip) constitutive law. This components are positioned over the intervals I} =]0, {y[, I, =
10, €[, Iz =]¢;, £[. We denote by 7= I, U I, U Iz. Under this conditions the constitutive
law are given by

S=k(pc+ V) +R(@u + V). M =byr + b, .1
with & and b functions of the following type:
R=ko+Ki,  b=by+bi, 4.2)

where k¢ and by are discontinuous functions over ]0, £[ vanishing out side of /. Instead «;
and b; are C'(0, £) functions vanishing out side of I¢, verifying

by ) < clbi@)], ) < clie ()], 4.3)
and the existence of certain positive constants C;, C, such that
Cix1 < by < Caky. 4.4)
Typical examples for the function & = ko + k; are given in Figs. 2 and 3 (b is similar).
Taking S| = S, M| = M defined over 10, £*[ and S, = S, M, = M defined over 1¢€*, ¢],

under the above conditions the authors proved (see [1]).

Theorem 4.1 The semigroup T; associated to the linear Timoshenko system (2.14)—(2.16)
is exponentially stable if the viscous discontinuous part Ip is not in the center of the beam,
provided (4.3) and (4.4) holds.

Using our approach we extend the above result to the Signorini contact between two
Timoshenko beams.
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Fig.2 An example of function x|

y = ro(x)
< I |||||||||||||||||||||||||||||||| >
v lo b ¢
Fig.3 An example of function «
., I I, Iy I Iy I.=FElastic Component
8 8 8 8 { = Iy =Frictional Component
0 2 5 l3 In V4 I, =Viscoelastic Component

Fig.4 An example of five-components beam

Theorem 4.2 Assume that the constitutive law of the Signorini problem (1.1)—(1.5) with
v1.i = Y2.i =0 are given by (4.1) and (4.2). Then, for any ((pf), gai, w(i), lﬁf) € H; such that

@o,2(Ls) — g1 < @o,1(€s) < @o2(Ly) + &2,

there exists a weak solution which decays exponentially, provided that conditions (4.3) and
(4.4) hold and the discontinuous viscous component Ip is neither in the center of the first
beam configured on 10, £*[ nor in the center of the second beam configured on 1¢*, £[.

The above problem can be generalized to N-components discussed in the next subsec-
tion.

4.2 The Viscoelastic Beam with N-Components

In [13] the authors consider the transmission problem of a Timoshenko beam of length £
composed by N components, each of them can be of three different types of materials: elas-
tic, viscoelastic or a material with a frictional damping mechanism as illustrated in Fig. 4,
for N =5.

Unlike the case studied in [1] and described in Sect. 4.1, here only viscous components
with discontinuous constitutive law are considered.

Let us decompose the interval I = [0, €] into N subintervals, [0, £] = Ule T; such that

Li=1_, ¢l for i=1,2,..., N, with¥{, =0, £y =¢.
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A Contact Problem Between Two Dissipative Beams 591

Over each interval I; is configured one type of material. We denote by I,, I, or I, the
subinterval where the viscoelastic component, elastic component or the component with
frictional mechanism is configured, respectively. In Fig. 4 the intervals /; and I4 are of type
1,, elastic components, I, =]¢,, £, is of viscoelastic type I, and so on. Let us denote by T
the set

T=Jn =10.e0\{to. tr.....Lx}.

i=1
T is a disconnected open set. The classical linear Timoshenko system given by

019 (x, 1) — S, (x,1) = =y ()@ (x, 1), in xRy, (4.5)
02 Wi (x, 1) — My (x, 1) + S(x, 1) = =y ()P (x, 1), in T xRy, (4.6)

where y, y, are positive only on the intervals I, vanishing over I, and /.. Here, we consider
the following Dirichlet boundary conditions:

@0,1) =9, 1) =¥ (0,1) =¥ (£, 1) =0, “4.7)

and the initial conditions

p(x, 0) =@o(x), VY(x,0)=1o(x), @i(x, 0)=@1(x), Y (x, 0)=91(x). (4.8)

The constitutive equations are given by

S(@x, V) =k (ox + V) + ko (@x + V1), M) =b s+ bo Yx:- (4.9)

We denote by by and g, positive functions which characterize the viscosity over I, van-
ishing over I, U I ;. Therefore the elastic coefficients are discontinuous at the points where
different materials are fitted. This characterizes the transmission problem. Hence the func-
tions «, kg, b, by, vi, ¥» : [0,£€] — R are such that its restrictions to I;, i =1,..., N, are
C! functions, with bounded discontinuities at the nodes ¢;, i = 1,..., N — 1. But even
so, the stress as well as the bending moment must satisfy the laws of action and reac-
tion at each point, therefore we have that any strong solutions of the problem must ver-
ify o, ¥, S, Me H 1(0, £), which in particular implies the transmission conditions at the
interface points ¢;:

e =), SE) =S, YEH) =Y, M) =M, 4.10)

fori =1,...N — 1. A typical example of a function y = xo(x) is given in Fig. 5.

A similar graph would hold for function by. The frictional mechanism is characterized
by the functions y = y; (x), with i = 1, 2, for the same example is given as Fig. 6.

The authors establish in [13] the following result:

Theorem 4.3 The transmission problem (4.5)—(4.10) (N > 2) is exponentially stable if and
only if any elastic part of the beam is connected with at least one component with frictional
damping mechanisms. Otherwise the system is polynomially stable, with a rate of decay of
the order t 2.

Taking S| = S, M| = M defined over 10, £*[ and S, = S, M, = M defined over 1¢€*, ¢],
under the above conditions the authors proved
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L e
< o—"0 T T P
J]O b Ay U3 Ly ly
, L L, Iy I I
<  — § § —=
0 by Ay ls ly ly
Fig.5 An example of a function y = kq(x) for a five-components beam
pmaw TN
< | 7 ! ? 7 ! | =
0 b b l3 4y l

Fig.6 An example of the functions y = y; (x), withi =1,2

—
J L Iy I, L I
<  — 1 81 &8
0 6 b 05 byl ¢
|

Fig.7 Signorini contact between two beams

Theorem 4.4 The semigroup T; associated to the linear Timoshenko system (4.5)—(4.10) is
exponentially stable if and only if any elastic part of the beam is connected with at least one
component with frictional damping mechanisms.

Therefore using our approach we extend the result in [13] to the Signorini contact prob-
lem between to Timoshenko beams (see Fig. 7).

Theorem 4.5 Assume that the constitutive law of the Signorini problem (1.1)—(1.5) with
v1,i = 0and y,; > 0 are positive only on the intervals 1, vanishing over 1, and I,. Then for

any (go(l)s wllf 1/,(1)3 '(/f;) € H[ such that

©02(Ls) — g1 < @o,1(Ls) < @o2(Ly) + g2,
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there exists a weak solution which decays exponentially, provided any elastic part of the
beam is connected with at least one component with frictional damping mechanisms.

4.3 More General Semi Linear Problem

Theorem 3.4 and Theorem 4.5 can be easily extended to the semi linear Signorini problem
P1@iie — Six + V10 + p1i0il@i|* =0, (x,0)el; x (0,7), @10)
O2Vine — M 4 Si 4+ vaitis + poi¥ilyil? =0, (x,0) € I x (0, T),

verifying conditions (1.2)—(1.5).

Theorem 4.6 Under the same hypothesis of Theorem 3.4 or Theorem 4.5, there is at least
one solution to Signorini problem (4.11) verifying conditions (1.2)—(1.5) that decays expo-
nentially to zero.

Proof Here we use Theorem 3.3 for the function
FU) = O, =@ 171, 0, =¥ P17, 0, f (01, 02), 0, — f (w1, v2)) ",

instead of such given in (3.8). Note that 7(0) = 0. Using the mean value theorem to g(s) =
|s|“s we obtain the inequality

<(a+D(s|*+1r*)ls —rl.

‘s|s|°‘ —rr|
Taking the norm in H and since ¢; and v belong to H 1(0, £) € L*(0, £), then we get
17U = FU I < ClIUL — Ualln.

Therefore, F is locally Lipschtiz. Since

d (*( m Uy~
FU,U - _Pl mejat2 _Me e B2 d
( ) dt J <1+a|(p| 1+,8|1p| *

1 d
‘ﬁ/ E[|(vf—v§—gl)+|2+|(v§—vi—g2>+|2] ds
0

then

t L
M1~ w42 M2~ B+2
/o(fU’U)”‘f/O (1+a"" e L] )dx

1
+2—€2 [1(v5(0)—v5(0)—g) 1> + (V5 (0)— v (0)—g2) T ]
Thus, there exists a positive constant ¢y such that
t
f (FU. Uy < eollU I,
0

Note that, for this function, there exists the cut-off function

pixlx|® ifx <Ry, pax|x|?if x <Ry,
fir, = 2Ry =

mix|Ry|* if x > Ry, pax|RolPif x = R,.
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It is not difficult to check that

fRz = (0, — fi.ry> 0, — fa.ry> 0, £ (v1,v2),0, — f (v1, v12)) "

is globally Lipschtiz. Using Theorem 3.3, Theorem 4.2 and Theorem 4.5 our conclusion
follows. a
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