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Let S be a subset of a group G (not necessarily abelian) such
that S N —S is empty or contains only elements of order 2,
and let h = (hi,...,hm) € N and k = (ki,...,kn,) € N". A
generalized Heffter array GHAY(m,n; h, k) over G is an mxn
matrix A = (a;;j) such that: the i-th row (resp. j-th column)
of A contains exactly h; (resp. k;) nonzero elements, and the
list {aij, —ai;j | aij # 0} equals A times the set S U —S. We
speak of a zero sum (resp. nonzero sum) GHA if each row and
each column of A sums to zero (resp. a nonzero element), with
respect to some ordering.

In this paper, we use near alternating sign matrices to build
both zero and nonzero sum GHAs, over cyclic groups, having
the further strong property of being simple. In particular,
we construct zero sum and simple GHAs whose row and
column weights are congruent to 0 modulo 4. This result also
provides the first infinite family of simple (classic) Heffter
arrays to be rectangular (m # n) and with less than n
nonzero entries in each row. Furthermore, we build nonzero
sum GHA2(m,n;h,k) over an arbitrary group G whenever
S contains enough noninvolutions, thus extending previous
nonconstructive results where £5 = G\ H for some subgroup
H of G.
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Finally, we describe how GHASs can be used to build orthogonal
decompositions and biembeddings of Cayley graphs (over
groups not necessarily abelian) onto orientable surfaces.

© 2024 Elsevier Inc. All rights reserved.

1. Introduction

In [1], Archdeacon introduced Heffter arrays as a tool to construct current graphs,
orthogonal cycle systems and biembeddings of complete graphs on surfaces. Since then,
such arrays have been subject to extensive study and various generalizations, see for
instance [2,3,5,6,8-11,13,14,16]. In the following, we start by introducing a generalized
class of Heffter-type arrays, thus unifying different terminologies used in quite a few
papers concerning Heffter arrays and some variants, for which we refer the reader to the

survey [20].
Let G be an additive group, not necessarily abelian, and choose a map || - || : G —
G,a > |la|| such that ||a| = ||—a| € {xa}, for every a € G. We refer to ||a|| as the

absolute value of a € G. Given a multiset (or list) H of G, we define the multiset
|H|| = {||k|| | h € H}, while H" represents the underlying set of |H| minus the zero
element. In particular, set ZT = N = {1,2,...}. For a set S C G, we denote by I(S) the
set of all involutions (i.e., elements of order 2) in S.

For a multiset M and a positive integer A\, we denote by *M the multiset union of A
copies of M.

Given an m X n matrix A with entries from G, the row-weight of A is the sequence
wy(A) = (h,...,hy) where h; is the number of nonzero entries in the i-th row of A; the
column-weight w.(A) of A is the row-weight of the transpose of A. We denote by £(A)
the multiset of nonzero entries of A.

Definition 1.1. Let S C G*, (m,n,\) € N3 and let h = (hy,...,h,) and k =
(k1,...,kn), with 1 < h; < nand 1 < k; < m for each i and j. A generalized Heffter
array GHA3(m, n; h, k) (briefly, GHA) over G is an m x n matrix H, with entries from
G, satisfying the following properties:

L 2lEH)] = *MS\I(S)) U M (S), and
2. the i-th row (resp. j-th column) of A contains exactly h; (resp. k;) nonzero elements,
that is, (w.(H),w.(H)) = (h,k).

We drop the parameter A (representing the multiplicity of a GHA) when it is equal to 1.
We speak of a uniform GHA whenever the weight sequences h and k are constant, that
is, h = (h,...,h) and k = (k,...,k); in this case, we write GHAY(m,n; h, k).
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It follows that for a GHAg(m, n; h, k) to exist, we necessarily have that

A must be even when I(S) # @, and

(1)
NS = 3(S)| =Rt + oot by = k1 + ..+ k.

Clearly, changing the signs of some entries of a GHA produces another GHA with the
same parameters.

We recall the following result by Gale and Ryser [15, Theorem 7.7.4] on the existence
of matrices over Zo with given row and column weights.

Theorem 1.2. Let h = (hy,...,hy) and k = (k1,...,k,) be two sequences of positive
integers such that Y ;- h; = Z?Zl k;j. There exists an m X n matriz A over Zs with
w,(A) =h and w.(A) = k if and only if

>oimymin(hi,u) = 300 K, for every 1 < u < m, (2)

where (K, ..., k]) is the decreasing reordering of k.

Replacing each nonzero entry of a GHA’S\(m, n;h, k) with 1 produces a matrix over
Z4 = {0, 1} whose row and column weights are h and k. Therefore, (2) provides another
necessary condition for the existence of a GHA. We will refer to (1) and (2) as the
necessary conditions for the existence of a GHA.

As described in Sections 6 and 7, GHAs can be used to construct orthogonal path
or cycle decompositions and biembeddings of Cayley graphs onto orientable surfaces.
The structural properties of these decompositions and biembeddings depend on the sum
of the entries in each row and column of a GHA, with respect to a given ordering.
Indeed, it is needless to recall that the sum of elements in a non abelian group heavily
depends on the chosen ordering. Given a sequence a = (aq,...,a,) € G, we denote by
so(a) = Y., a; the sum of a.

Let A be an m x n matrix over a group G, and denote by A; (resp. A7) its i-th row
(resp. j-th column). An ordering — of the nonzero entries — of A; (resp. A7) is a sequence
wri (resp. we j) whose underlying set is £(A;) (resp. £(A7)). We say that w,; (resp. we ;)
is a natural ordering if it is obtained by cyclically sequencing from left to right (resp.
from top to bottom) the nonzero entries of A; (resp. A7) starting from a given element.

We refer to w, = (Wr1,...,Wrm) and we = (We,1,- .. ,Wen) as orderings of the rows
and of the columns of A, respectively; we also call w = (wy,w.) an ordering of A. We
refer to (A,w) as an ordered matrix (with respect to the ordering w). We say that w,
(resp. w,) is a natural ordering of the rows (resp. columns) of A if each w;; (resp. we ;)
is natural. Similarly, w = (w;,w.) is natural, if both w, and w,. are so.

Definition 1.3. An ordered m x n matrix (A,w) over a group G is

1. zero sum, if so(wy;) =0 = sp(we,;) for every 1 <i<mand 1 < j<m
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2. nonzero sum, if so(wy;) # 0 # so(w, ;) for every 1 <i<mand 1 < j < n.
The matrix A is zero sum (resp. nonzero sum) if it is so with respect to some ordering.

Note that when G is abelian, the matrix A cannot be at the same time zero sum
and nonzero sum; in this case, the property of being a zero sum or nonzero sum matrix
is independent of the chosen ordering. Furthermore, given an arbitrary group G and
considering that a cyclic shift of a sequence a of G turns it into another sequence whose
sum is a conjugate’ of sq(a), it follows that a zero sum matrix over G with respect to a
natural ordering continues to be zero sum with respect to every natural ordering.

We point out that the classic concept of a Heffter array, introduced in [1], is equivalent
to a zero sum uniform GHAg(m,n; h,k) over the cyclic group G = Z,, where A = 1,
v=2hm+1=2kn+1and S ={1,...,hm}. We notice also that for different values of
the parameters of a GHA, we can obtain some variants to the original Heffter arrays for
which we refer the reader to the recent survey in [20].

Definition 1.4. A naturally ordered generalized Heffter array (NGHA) is a GHA endowed
with a natural ordering.

In Section 5, we construct nonzero sum NGHAg(m,n; h, k) over an arbitrary group
whenever the necessary conditions hold and S contains enough noninvolutions (elements
of order greater than 2), thus extending a result in [10], which is however nonconstructive.
More precisely, we prove the following.

Theorem 1.5. Let G be an arbitrary group and let S C GT such that
IS\I(S)] =m+n—1. (3)

There exists a nonzero sum NGHAg(m,n;h, k) over G if and only if the necessary
conditions (1) and (2) hold.

Further structural properties of decompositions and biembeddings originating from
a generalized Heffter array depend on the partial sums of its rows and columns. To
this matter, it is fundamental the concept of a simple sequence over a group G: a =
(ai,...,a,) € G™ is said to be simple if all its partial sums ai,a; + as,a1 + as +
as, ..., so(a) are pairwise distinct and nonzero, except possibly for sp(a) = 0. An ordering
of an m x n matrix A over a group G is said to be simple if the corresponding orderings
of the rows, wy.1,...,wWrm, and of the columns, w¢ 1,...,Wen, of A are all simple.

! We recall that the conjugate of an element g € G is any group element of the form —z + g + x, for some
z e G.



L. Mella, T. Traetta / Journal of Combinatorial Theory, Series A 205 (2024) 105873 5

Definition 1.6. If w is a simple ordering of an m X n matrix A over a group G, we say
that (A,w) is simple. Furthermore,

1. A is simple if it has a simple ordering;
2. A is naturally simple if it has a simple natural ordering, that is, (4, w) is simple and
w is a natural ordering of A.

We point out that classic (nonzero) Heffter arrays with a simple natural ordering
were first studied in [12] under the name of globally simple Heffter arrays. We notice
that unlike for the property of being zero sum, the simplicity of a sequence is not, in
general, preserved under the action of a cyclic permutation of its elements.

In Section 4.1, we build nonzero sum GHAs over the cyclic group that are, in addition,
naturally simple, thus extending some previous constructions contained in [11,18] con-
cerning the particular case where S = (Zyy \ ©Zyw) T, and both h and k are constant.
Among other things, we prove the following.

Theorem 1.7. There exists a nonzero sum and simple NGHAg(m, n; h,k) over Z, when-
ever the necessary condition (1) holds (that is, S C [1,[*52]] and |S| = so(h) = so(k)),
and either

1. h and k are constant, or
2. m and n are even, h = 2 (hy,hy, .. hp, b)), k =2 (k1, k1, ..., kn, kn), and the
necessary condition (2) holds.

Our methods also apply in the much harder case of constructing zero sum and simple
GHASs. In Section 4.2, among other things, we obtain the following result.

Theorem 1.8. Let v = (2d + 1)u = u (mod 16), where u =1 or u = 0 (mod 4), and let U
be the subgroup of Z,, of order w. If the necessary conditions (1) and (2) hold, then there
exrist

1. a zero sum and simple GHA(z,\py+(4m, 2n; (4h, 4h), 4k) with
h=(hi,h1,...,hm, ) and k= (ki,k1,... kn, kn);

2. a zero sum and simple GHA gz, \uy+ (2m, n; 4h, 4k).

We point out that Theorem 1.8.(2) constructs simple (classic) Heffter arrays in cases
whose existence was previously unknown, that is, when the arrays are rectangular and
with row and column weights less than m and n, respectively.

The above results rely on the concept of a near alternating sign matriz, introduced in
Section 3, where they are built in the uniform case (Theorem 3.6) and in some nonuniform
case (Theorem 3.8).
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In Section 6 we point out that a GHA (and more generally a matrix) over an ar-
bitrary group G can be used to build G-reqular orthogonal decompositions of Cayley
graphs, directed or not, into walks. These walks may be cycles or paths and this de-
pends on the property of some row or column of A to be simple and either zero sum
or not. In particular, Theorem 6.9 constructs pairs of orthogonal cycle decompositions,
of complete equipartite graphs, whose cycle lengths are congruent to 0 modulo 4. Fur-
thermore, Theorem 6.10 constructs Z,-regular orthogonal path decompositions of any
Cayley graph over Z, (also called a circulant graph) for almost all possible lengths of
the paths. Finally, in Section 7, we show that (as for classic Heffter arrays) GHAs can
be used to build biembeddings of Cayley graphs onto orientable surfaces (Theorem 7.4).
We point out that the embedded Cayley graph does not need be defined over an abelian
group, as always supposed in the context of classic Heffter arrays.

The following section collects the terminology and notation used throughout the ar-
ticle, except for some concepts already defined in the introduction.

2. Terminology and notation

Let G be an additive group, not necessarily abelian, and let || - || : G — G,a — |a]|
be a map such that ||a|| = ||—a|| € {£a}, for every a € G. Recall that ||a|| is referred to
as the absolute value of a € G. This concept extends naturally to multisets of G, and
coordinate-wise to n-tuples or arrays with entries from G. In particular, we recall that
given a multiset H of G, H" represents the underlying set of ||H|| = {||h|| | h € H}
minus the zero element.

Letting v € N U {oo}, we denote by Z, the ring of integers modulo v when v # oo,
otherwise Z., = Z. Let Z;7 = N when v = oo, otherwise Z; = {1,...,|v/2]}. We
extend to Z U {oo} the natural total ordering of Z by considering oo as its maximal
element. In Z U {o0}, we denote by [u,v] = {u,u+1,...,v} the interval of integers from
u to v whenever u < v, otherwise [u,v] = @.

Given a set S C G, we denote by S™" the set of m x n matrices with entries from S,
and let S™ = S17. Letting A = (a;;) € G™™, we denote by

1. £(A) = {ai; | aij # 0} the list (multiset) of nonzero entries of A;

2. skel(A) ={(i,j) | ai; #0,1 <i<m,1 < j < n} the skeleton of A, that is, the set of
positions (¢, 7) whose relative entry in A is nonzero.

We will always consider skel(A) lexicographically ordered.

2.1. Sequences over an arbitrary group G
Given an integer ¢, an element a of a group G, and two finite sequences a =

(a1,...,a,) and b = (by,...,b:) over G and length n and ¢, respectively, we use the
following terminology and notation.
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1. a = (a,...,a). The length of a will be always clear from the context.

2. (a,b) = (al,‘. cy Gy b1, b)), ga = (qaq, ..., qay,), and —a = (—1)a.

3. s (@) =>7_,aris a run of a, for every 1 < i < j < n, and we call it proper when
(i24) # (1,n).

4. sj(a) = s1 j(a) is the j-th partial sum of a, for 1 < j < n. For our convenience, we
set sp(a) = sp(a).

5. a is called simple if all proper runs of a are different from zero; this is equivalent to
saying that 0 # s;(a) # s;(a) forall 1 <i < j < n.

6. a is called a zero sum sequence (resp. nonzero sum sequence) if sgp(a) = 0 (resp.

so(a) # 0). |

7. The alternated forms of a are the sequences a* = (—a1,..., (=1)%a;, ..., (=1)"ay,)
and —a*.

Remark 2.1. If G is abelian, given an integer ¢ and a sequence a = (ay,..., a,) € G",

we have that s;(ga) = ¢s;(a), hence s;(—a) = —s;(a), for 1 < i < n.

2.2. Matrices over an arbitrary group G

Given an m x n matrix A = (a,;) with entries from an arbitrary group G, not neces-
sarily abelian, we use the following terminology and notation. We denote by A; and A7
the i-th row and the j-th column of A, respectively. The reduced i-th row of A, denoted
by A(;), is the left-to-right sequence of nonzero elements in A;. Similarly, the reduced j-th
column of A, denoted by AW is the top-to-bottom sequence of nonzero elements in A7.

The row-weight of A is the sequence w,(A) = (w1(A),...,w,(A4)) where each w;(A)
is the length of A(;), that is, the number of nonzero entries in the i-th row of A. The
column-weight of A is the sequence w.(A) = (wl(A),...,w"(A)) where each w’(A) is
the length of AY)| that is, the number of nonzero entries in the j-th column of A; clearly,
we(A) = w,.(A?), where At denotes the transpose of A. The weight of A is the number
w(A) of nonzero entries of A. Clearly,

w(d) =Y wi(4) = Y wl(4) = [€(A).

The nonzero position matriz associated to A is the m x n array A* = (aj;) where

aj; = p if (i,7) is the p-th element in skel(A) endowed with the lexicographic order,
otherwise a;; = 0. In other words, af; counts the number of nonzero entries of A from
ai1 up to a;; # 0, using the lexicographic order over the indices (4, j).

Given a map f: G — G, let f(A) = (f(as;;)) denote the m x n matrix obtained by
applying f element-wise on A.

Letting B = (b;;) € Z™", the Hadamard product of B and A is the m x n matrix
Bo A= (bijai;).
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3. Near alternating sign matrices

In this section, we construct near alternating sign matrices, which we use in the
following to build simple NGHAs.

Definition 3.1. An m x n matrix A with entries from {0, +1} is called a near alternating
sign matriz (NASM) if the nonzero entries of each row and each column alternate.

Letting h = w,.(A) and k = w.(A), we say that A is a NASM(m,n;h,k) or simply
a NASM(m,n). Finally, if h = (h,...,h) and k = (k,..., k), we say that A is uniform
and write NASM(m, n; h, k).

Near alternating sign matrices were first considered in [4], although the terminology
was suggested in a private communication by R. Brualdi. Here, we are interested in
building them with given row-weight and column-weight sequences.

Remark 3.2. Since the absolute value of a NASM(m, n; h, k) is a {0, 1}-matrix, by The-
orem 1.2 it follows that h and k must satisfy condition (2).

We now define the concept of frame of a NASM, a parameter that will enable us to
join two or more suitable NASMs to obtain larger NASMs.

Definition 3.3. Let A be a NASM(m,n). The frame of A is the quadruple p(A) =
(A‘_, A=, AT Ai) defined as follows:

1. A =(ai,...,an) where each a; is the first nonzero entry of the i-th row of A;
2. A7 =(ay,...,an) where each a; is the last nonzero entry of the i-th row of A;
3. AT = (A< and A% = (A?)~, where A? is the transpose of A.

The following two lemmas are straightforward.

Lemma 3.4. An f x g block matriz B = (A;;) is a NASM whenever the following types
of submatrices of B are all NASM

A, Ay Aigal, Arr
11,7

Lemma 3.5. Let A; be a NASM(m;,n;;hy, k;), fori=1,2.

1. [A;  As] is a NASM(mq,n1 + no;hy + ho, (k1,ka)) if and only if m1 = my and
AT = —AS.
Ay

2. A,

is a NASM(my4mg,ny; (hy, hy), ki+ky) if and only if n1 = ny and At = — Al
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We now show how to build uniform NASMs.
Theorem 3.6. There exists a NASM(m,n; h, k) if and only if mh = nk.

Proof. If a NASM(m,n;h, k) exists, then necessarily mh = nk. To prove sufficiency,
let f = ged(m, k) and g = ged(n, h). Since mh = nk, we have that %% = %% Since

ged (g, %) =1= gcd(%, ), we can write %z = 2 = {, hence % = ? =d.

We start by constructing a NASM(/, ¢;d, d). Let A = (a;j) be the ¢ x £ matrix over
{0, £1} defined as follows:

min(¢,j +d— 1), or

NS
<i<j+d—¢—1and ¢ —dis even,
Q5 = "

Y ()i 1< <

0 otherwise.

One can easily check that each reduced row (resp. reduced column) of A is alternating
of length d, that is, A is a NASM(Y, ¢; d, d). Furthermore,

A7 = (=144 and  AY = (—1)%H1AT (4)

Now we are going to show that the matrix obtained by suitable repetitions of A or
—A is a NASM(m,n; h, k). Let B = (b;;) be the f x g block matrix defined as follows:

_ A if d is even,
Y (-1 A if d s odd,

forl <i< fand1 < j < g. Clearly, B is a matrix with m = f¢ rows and n = gf columns.
Also, its reduced rows (resp. columns) have each length h = gd (resp. k = fd). Finally,

by (4) and Lemma 3.5, we have that +[4 (—1)?A] and + l( SdA] are NASMs. It

then follows by Lemma 3.4 that B is a NASM(m,n; h, k). O

Example 3.7. In this example we construct a NASM(6,9;6,4) by using the procedure
described in the proof of Theorem 3.6. We have that:

f=

é:

d(m, k) =2, g = ged(n, h) = 3,

C
m
/ g

We can then construct the following NASM(3, 3; 2, 2):
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11 0|-1
A=|-1| 1| 0
0|—-1| 1

Since d is even, we build the following array B, that is a NASM(6,9;6,4):

—1 =1 0[—1

—i 1 = 0[[=i] 1] 0
B_AAA_O—l 0] =1 1 —1

lAlAlAl T -1 1 -1 -1

i 1] o[[-1] 1 1] 1] 0

0/—1] 1| ol—=1] 1| o|=1] 1

In order to show the complete procedure of the proof of Theorem 3.6, we also construct
a NASM(12, 16;4, 3). As before, we compute the parameters:

f =ged(m, k) =3, g =ged(n, h) =4,

We take as a NASM(4,4;1,1) the 4 x 4 identity matrix, denoted by I. Since d is odd,
we construct the following block matrix, that is a NASM(12,16; 4, 3):

I\—-1| I|-I
—I| I|-I| I
I\—-1| I|—-I

We end this section by constructing NASMs whose row and column weights are even.

Theorem 3.8. Let h = (hy,hy, ..., W, b)) and k = (k1, k1, ..., kn, kn) be sequences of
positive integers. There exists a NASM(2m, 2n; 2h, 2k) if and only if condition (2) holds.

Proof. By Remark 3.2, we only need to show sufficiency. Since h and k satisfy condition
(2), one can check that the same holds for h' = (hy,...,hy) and kX' = (k1,...,k,).
Then, Theorem 1.2 guarantees the existence of an m X n matrix, say A, over Zs such
that w,(A) = h' and w.(A) = k’. The array obtained from A by replacing each 0 with

(8 8) and each 1 with (_11 11> is the desired NASM. O

Further constructions of NASMs will be provided in a paper in preparation [21].
4. Simple GHAs over a cyclic group
In this section, we build simple GHAs over a cyclic group. We start by showing that

the alternated form of an increasing sequence of integers is simple modulo v for every
sufficiently large v.
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Lemma 4.1. Let a = (a1, ...,a,) be an increasing sequence of positive integers, and let
b € {a*,—a*} and v > a,. Then, all runs of b are nonzero (mod v).

Proof. By Remark 2.1, it is enough to prove the assertion when b = a* =

(—a1,az2,—as,...,(—1)"a,). We start by showing that the sum so(b) of b is nonzero
modulo v. Set ag = 0, and let z = a,, if n is odd, otherwise set x = 0. We notice that
1< —agj—1+ a2 < —agj—2+ag; — 1, for 1 < j < [n/2]. Therefore,

[n/2] [n/2]
[n/2) =& <so(b) = Y (—agj1+ag) < Y (—ag—o+ag —1)—=
j=1 j=1

= agtn/QJ — T — Ln/ZJ
In other words,

if n is even, then x =0 and 0 < n/2 < so(b) < ap, — n/2;

if n is odd, then z = a,, and |n/2] —a, < so(b) < ap—1 —an — [n/2] <O0.

Hence, so(b) # 0 (mod v). This means that the sums of the alternated forms of an
increasing sequence of integers are nonzero modulo v, provided that v is larger than the
maximum integer in the sequence.

For every 1 <i < j < n, set a;; = (@i, @iy1,...,a;) and b;; = aiij. Clearly, s;j(b) =
so(bj;). Since a;; is increasing and v > a,, > a;, by the first part of the proof it follows
that s;;(b) # 0 (mod v). O

The previous construction can be slightly modified to obtain simple sequences whose
total sum is zero.

Lemma 4.2. Let a = (aq,...,a,) be a sequence of distinct positive integers, such that
ay < ag < - <ap_y and let b € {a*t, —a*} and v > a,. If so(b) = 0 (mod v), then all
proper runs of b are nonzero (mod v).

Proof. By Remark 2.1, it is enough to prove the assertion when b = a*. Since
(ai,...,an—1) is increasing, by Lemma 4.1 we have that all runs of (—ay, a2, —as, ...,
(—=1)""'a,_1) are nonzero modulo v. Considering that by assumption so(b) = 0 (mod v),
it follows that all proper runs of b are nonzero. O

Remark 4.3. Sequences satisfying the assumptions of Lemma 4.2 can be constructed
starting from a balanced sequence, defined in [7, Definition 3.1]. More precisely, an

increasing sequence of positive integers a’ = (aq,...,as,) is called balanced if there
exists 7 € [1,n] such that so(b®) = so(c*), where b = (ay,...,az,;) and ¢ =
(a2r41,---,02pn). In [7], using a different terminology, it is shown that the sequence

a=(a,...,a27,02742, . -,025, a2-+1) and its alternated forms at and —a® satisfy the
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+

assumptions of Lemma 4.2, hence a* and —a® are zero sum and simple modulo v > as,,.

This result is used in the proof of Theorem 4.5.

Lemmas 4.1 and 4.2 are used in the following, together with near alternating sign
matrices, to build simple GHAs.

4.1. Nonzero sum and simple GHAs

Theorem 4.4. Assume there is a NASM(m,n;h,k). Then, there exists a nonzero sum
and simple NGHAg(m,n;h, k) over Z, if and only if the necessary condition (1) holds,
that is, S has no involutions and |S| = so(h) = so(k).

Proof. The necessity of condition (1) has been discussed in the introduction; therefore,
it is enough to prove sufficiency.

Let A be a NASM(m,n;h, k) and S C Z; a set satisfying the assumptions. Note that
v = 2|S| + 1 and |S] is the weight of A. Furthermore, set H = m,(A o f(A*)) where
f:[0,1S]] = [0, [%5]] is the increasing map fixing 0 such that S = m,(f[1, |S]]).

We claim that H is the desired NGHA. First, we notice that ||E(H)|| = 7, (f(A4*)) =
7o (f[1,|5]]) = S. Now, set a; = f(A*)(;), bi = Ay oay, for some i = 1,...,m, and note
that H;) = m,(b;). Since A is a NASM, then A;) is alternating, hence b; € {aii7 —aii}.
By the definition of f, we have that a; is increasing and its maximum entry is less than

v. Therefore, by Lemma 4.1, it follows that all runs of b; are nonzero modulo v, that
is, H(;y is a nonzero sum and simple sequence. Similarly, one can show that each H () is
nonzero sum and simple. Therefore, H is the desired NGHA. O

By Theorems 3.6 and 3.8, conditions 1 and 2 of Theorem 1.7 independently guar-
antee the existence of a NASM(m, n; h, k). Therefore, Theorem 1.7 is a consequence of
Theorem 4.4.

4.2. Zero sum and simple GHAs

Theorem 4.5. Let T = 7,(S) U m,(S+x) where S CN and z,v € N satisfy the following
properties

1. 1S] =0 (mod 4),

2. S is the disjoint union of pairs of consecutive integers,

3. 5 —max$§ >x >maxS — minS.

If there exists a NASM(m,n;4h,2k) of weight |S|, then there exists a zero sum and
simple GHA(2m,n; (4h,4h), 4k) over Z,.
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Proof. Let h = (hy,...,hy) € N™ and let A be a NASM(m, n; h, 2k) of weight |S| =
4(hy + -+ + hyp). Since S is the disjoint union of pairs of consecutive integers, we can
write S = inl Si7 with Sz = {ail, ce ,ai,4hi}, such that

(1) aij < apq whenever (i,7) < (p,q) (according to the lexicographic order on N x N),
and

(49) ai20 = @i0—1+1,

for every 1, j, £, p, ¢ belonging to the appropriate range of positive integers.

We build the m x n matrix B(e), with € € {0, 1}, as follows: for every i € [1,m] and
J € [1,4h;], we replace (following the natural ordering) the j-th nonzero entry of the i-th
row of A with b, ; j, where

Qg lf.] € [17 2hl]a
beﬂ"j = €T+ § Qi j+1, if j € [th +1,4h; — 1], (5)

aion,+1, if j=4h;.

Ao B(0)
—Ao B(1)
o (E(B(0))) U mo(E(B(1) = T.

We now show that the i-th reduced row of C, that is,

We claim that C = m, is the desired GHA. First notice that ||£(C)|| =

)

WU(A(l)OB(O)(l)) if 1 <2<m,
Cay ==+ .
WU(A(l)OB(].)(Z)) 1fm+1<z<2m

is a zero sum and simple sequence. Let b = B(¢)) = (be,i,1,- - - bei an;) for some e €
{0,1} and i € [1,m]. By (i), we have that (be;1,...,0bcin;,—1) is increasing, and by
(ii), one can check that so(b¥) = 0; also, v > be;4n, (assumption 3). Therefore, by
Lemma 4.2, all proper runs of b are nonzero modulo v. Since A;yo B(€) ¢ € {b*, —b*},
by Remark 2.1, we have that the sequence C(; is zero sum and simple.

It is left to show that the j-th reduced column CY) of C' is a zero sum and simple
sequence with respect to some ordering. Letting B(0)Y) = (by,. .., bk, ), by construction
we have that

C(j) = :l:ﬂ-v(_blu b27 _b37 sty kaj,
b1 + x, —(bg + $), bs+x,..., —(bgkj + x))

Setting b = (b1, ..., bax,,ba + x,bog; + x,b1 + x), one can check that so(b*) = 0. Since
x > max .S —min S (assumption 3) and in view of condition (i), removing the last term
of b produces an increasing sequence. Therefore, by Lemma 4.2, we have that m,(b*)
and —,(b¥) are zero sum and simple sequences. Since one of them is a reordering of
C), the assertion follows. 0O
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Remark 4.6. When 4h = n and 2k = m, the array C' built in Theorem 4.5 can be easily
rearranged to obtain a zero sum GHA (with the same list of row and column weights)
that is naturally simple. Indeed, it is enough to move to the end the (m+1)-th row of C.

In the following, we focus on (the most studied case for classic Heffter arrays, that is)
the case where S = (Z, \ U)™ for some subgroup U of Z,,.

Corollary 4.7. Let v = (2d + 1)u = u (mod 16), where u = 1 or w = 0 (mod 4), and
let h = (hi,...,hy) be a partition of %. If there is a NASM(m,n;4h,2k), then there
exists a zero sum and simple GHAz \vy+(2m, n; (4h,4h), 4k), where U is the subgroup
of Z.,, of order u.

Proof. Let T = S U (S + z), where 2 = ¢ and S = [1,2] when u = 1, otherwise
x=(2d+1)% and S = [1,2]\ {i(2d+1) | 1 <i<%}. Note that S,z and v satisfy
the assumptions of Theorem 4.5. Considering that m,(T) = (Z, \ U)* and |S| = & =
4(hy + - - + hy,), the result follows by Theorem 4.5. O

The existence of NASMs provided by Theorems 3.6 and 3.8, together with Corol-
lary 4.7, implies Theorem 1.8. Note that by Remark 4.6, when 2m = 4k and n = 4h, by
shifting down a suitable row of the GHA z,\vy+ (4k, 4h; 4h, 4k) built in Theorem 1.8.(2),
we obtain a zero sum GHA — with the same parameters — that is simple according to
the natural ordering.

5. Nonzero sum GHAs over an arbitrary group

In this section, we describe an algorithm that builds a nonzero sum GHA over an
arbitrary group G, by replacing the 1’s of a suitable m x n matrix A over Zy with the
elements of a multisubset of GG. First, we consider the following subsets of the skeleton
of A:

R={(0,§) ] aij #0=aij41 =" =am}
C={(,))] aij #0=aj41,;, = = am;},
L=RnNC.

Clearly, |R| = m, |C| = n and 1 < |£] < min(m, n). We now consider the simple graph
¢ = (V(®), E(®)) having V(®) = R UC as vertex-set, and whose edge-set E(®) is
defined as follows:

E(®) = {{(i,), (u,v)} | (i,§) € R, (u,v) € C and either i = u or j = v.} (6)

We start by showing the following.
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Lemma 5.1. @ is a forest, and each one of its connected components contains exactly one
vertex of L.

Proof. We first show that the smallest vertex (with respect to the lexicographic order)
of a path of @, say P = [z1,...,x¢], is necessarily an end-vertex. Indeed, assume for a
contradiction that there is i € [2,¢ — 1] such that

x; = (ui,v;) < xj = (uj,v), forevery je[1,4\ {i}. (7)

By the definition of the graph ®, if x; € R, then x;_1,2;4+1 € C. Hence, by (6) and (7), it
follows that either u; < u; and v; = v;, or u; = uj and v; < vj, for each j € {i —1,i+1}.
The latter case cannot happen, since x; € R is the last cell of its row with a nonzero
entry. Therefore, u; < u; and v; = v; for each j € {i—1,i+1}, which however contradicts
the fact that x;_1,x;41 € C. With a similar reasoning when z; € C, we obtain another
contradiction. Therefore, the smallest vertex of a path of ® is one of its end-vertices.
This property of ® implies that it does not contain cycles, hence ® is a forest. Also,
there is no path joining two vertices of L. Indeed, if P = [z1,...,x] is such a path, and
x1 is its smallest vertex, then by definition of £, we would have x5 < x1, contradicting the
minimality of ;. Therefore, the vertices of £ belong to different components of ®. O

Example 5.2. Let m = 6, n = 8, h = (4,3,3,2,2,5) and k = (3,2,3,2,3,3,1,2). We
construct the following 6 x 8 matrix A with elements in Zs such that w,(A) = h and
we(A) =kt

1/171]/0({1{0|0]0
1/0/1]0(0{1/0]0
0j1|0(1j1({0{0|0
0/0|1(0|1({0]|0|0
0/0j0j0|0O|1]|0|1
1/0(0{1/0j1|11

where in bold we have highlighted the cells corresponding to V(®). We then have:

I
—~—
—_
ot
n
D
:-\
ot
=
-
(@34
:\
J('.ﬂ
oo

) (6,8)},

We conclude with a drawing of ®:



16 L. Mella, T. Traetta / Journal of Combinatorial Theory, Series A 205 (2024) 105873

(3.2 @56)

43) (1) 5.8) 1) 64) (67)

(3.5) (6.6)

(4,5) (6,8)

We are now ready to prove the main result of this section.

Theorem 5.3. Let A be an m x n array over Zg such that w,(A) = h and w.(A) = k.
Let G be an arbitrary group and let S C Gt such that

IS\NI(S)| = [RUCI. (8)

There exists a nonzero sum NGHAJ(m,n;h,k) over G if and only if the necessary
condition (1) holds.

Proof. Let A = (a;;), h, k and S be as in the statement. By cyclically shifting the rows
(if necessary), we can assume that

the last row of A has the largest weight. (9)

Let R, C and L be the sets of cells of A defined above, and let ® be the forest with
vertex-set V(®) = R U C, associated to A. In view of Lemma 5.1, for every z € L, we
denote by ®, the connected components of ® containing z and consider a maximal path
P, in ®, that contains z as an end-vertex.

Let T = *(S\ I(S)) U 21(S). By condition (8), there exists a subset F of S\ I(S)
having the same cardinality as |V (F)|. We are going to describe an algorithm that will
construct the desired GHA by properly filling the cells of A, that is, by replacing the 1’s
in A with all the elements of T" in such a way that the rows and columns of the final
matrix have nonzero sums.

1. Filling B = skel(A) \ (R U C). We arbitrarily fill the cells of A belonging to B with
T\ F.

2. Filling isolated vertices of ®. Let £’ C L be the set of isolated vertices of ®. For every
(i,7) € L' and g € G, we say that g is a forbidden element for (i, j) if at least one of the
following conditions holds:

(a) (i,7) € R and by filling the cell (7,7) of A with g we have g¢(A;) = 0;
(b) (i,4) € C and by filling the cell (i, ) of A with g we have oq(A7) = 0.
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It follows that each cell in £’ has at most two forbidden elements. Note that |£'| < |£] <
[V(®)]. If |£'| < |L]|, considering that the elements of F' are pairwise distinct in absolute
value, it is not difficult to check that there is an injective map ¢ : £ — F such that
either (i,7) or —p(7,7) is not a forbidden element for (i, ). We use this element to fill
the cell (4,7) of A, for every (i,j) € L. This procedure guarantees that all rows and
columns through a cell of £ have a nonzero sum. We then remove ¢(£’) from F.

Now assume that |£'| = |£|. This means that all components of ® consist of isolated
vertices, that is, £L = R = C. Therefore, since all cells in the last row of A belong to C, it
follows that the weight of A,, is 1, and by condition (9), each row of A has weight 1. In
this case, 0 is the only forbidden element for each of the isolated vertices. Hence, we can
arbitrarily fill the cells of A belonging to £’ with the elements of F, without creating
rows or columns whose sum is 0.

3. Filling W = V(®,)\ V(P,), for every z € L\ L. As before, for every (i,j) e W, g € G
is a forbidden element for (4, j) if either condition (a) or (b) (in step 2) is satisfied. Note
that only one between (a) and (b) holds, since W N L = &, hence each cell in W has
exactly one forbidden element. Since |F| > |W| and all the elements of F' are pairwise
distinct, there is an injective map ¢ : W — F such that (¢, 7) is none of the forbidden
elements for (4, 7). This guarantees that filling each cell (4, j) of A with ¢(i,j), for every
(i,7) € W does not produce rows or columns whose sum zero. We then remove (W)
from F.

4. Filling V(P,), for every z € L\ L. Let P, = [21,...,x¢ = z], where each z; = (u;,v;),
and let F, = {f1,..., fe} be any subset of F of size £. If ug_1 = u; (resp. ve—1 = vy),
let g¢ € G such that by filling the cell xz, of A with gy we have so(AY) = 0 (resp.
s0(Ay,) = 0). In other words, g, is the element that, if used to fill z,, makes equal to
0 the sum of either the row or the column through z,. Since £ > 1 and the elements of
F, ={f1,..., fe} are distinct in absolute value, we can apply a permutation to F, so

that go & {fe, —fe}-

Now for every 1 < i < £ — 1 we proceed as follows.

1. Let g; € G be the unique element in G such that (u;,v;) and g; satisfy either condition
(a) or (b) (in step 2);
2. Fill cell z; of A with some element in {f;,—f;} \ {g:};

This iteration guarantees that all rows and columns through the cells of V(P,) have
nonzero sums, except possibly for the row and column through zy;. The two forbidden
elements for z, are g, and g;. Recall that go ¢ {f¢, —fe}, therefore we can fill z, with
some element in { f¢, — fe}\{g¢, g;} so that the row and column through z, have a nonzero
sum.

It follows that A is a GHAg (m,n;h’, k) over G, where h' is a cyclic permutation of h.
Since a cyclic shift of the rows does not change the order of the column sums, by shifting
back the rows of A (if necessary), we obtain the desired GHA. O
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By using the trivial upper bound |R UC| < m + n — 1, we obtain Theorem 1.5. The
latter improves previous results contained in [10], where the existence of a nonzero sum
uniform GHAg is proven, using a probabilistic and non-constructive approach, when
|G| > 41 and S = (G \ J)™, where J is a subgroup of G.

Example 5.4. Let A be the following 6 x 8 array having w,.(4) =h = (5,6,5,4,5,5) and
we(A) =k = (6,3,4,6,4,3,2,2) (notice that its graph ® is isomorphic to the one of the
array constructed in Example 5.2):

1/{1)1{1{1/0]|0]|0
1(1]1{1(1|1]0]|0
1(1)1{1{1/0]|0]|0
1/0|1{1{1(/0]|0]|0
1(0]0j1{0|1|1|1
1/10{0j1|0|1|1]|1

We have [RUC| = 12 and w(A) = 30, hence for S = {a? : j € [1,12]}U{a’B : j € [0,5]}
subset of the dihedral group Dihos = {(a, B]a?® = 32 = (a3)? = 1), having order 50, we
construct a NGHAZ%(6,8;h,k) by following the proof of Theorem 1.5. We point out to
the reader that, in this example, we use the (more standard) multiplicative notation for
the dihedral group Dihss.

We begin by defining F' = S\ I(S) = {a? : j € [1,12]}, and we fill the array B with
the elements of (29) \ (FUI(S)) = S:

Blap|a?p| o 0] 0|0
a3p| alaB| o*|ad| 1| 0|0
a’| 1| a%|a®B| 1| 0| 0]0
al® 0 1| o°| 1| 0| 0|0
all] 0 0| o8| 0|a”|a'?]|1
11 0 0 1| 0] 1| 1|1

The graph ® does not contain isolated vertices, thus we directly move to step 3. of
the proof of Theorem 1.5 by filling V(®) \ V/(P; U Pz), where P, = [(6,8), (6,1)] and
Py =[(4,5),(3,5), (3,2)]. We can fill each one of these cells with either a or a1, for any
ain F:

BlaB|a?B| o?|a~8 0| O
alB| alaB| | a®|a” 0] O
o’ 1| af|a’p 11 0] 0 0
al®l 0] ot o 11 0 0| 0
alll 0 0| af 0]a”|al?|a?
1 0 0| & 0| a|l a®| 1
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In step 4. we have Fy = {a® o} and F» = {a!?, o', a!?}. Since no rows or columns of
the array have forbidden elements contained in F} U F5, we can fill the remaining cells

as follows:
Bl ap|a?p| o?| a" 0] 0
BBl alaB| ot a3|a”| 0| 0
oot abla®B|la"tt] 0| 0| O
all 0| a*| a®| a*?| 0 0 0
all 0 0| o 0|a®|al?|a?
a® 0 0| o 0| af a®|a?

6. GHAs and orthogonal decompositions

Given a graph T, directed or not, possibly with multiple edges, we denote by V(T') its
set of vertices and by E(T") its multiset of arcs or edges. We speak of a multigraph if some
edges of I have multiplicity greater than 2, otherwise the graph is simple. We denote
by *T" the A-fold of a graph T, that is, the graph on the same vertex-set as I' obtained
by repeating A times every edge of I'. If T" is directed, we denote by I'* the undirected
version of I', that is, the undirected graph obtained by replacing each arc of I with an
undirected edge. Note that if I' is directed, then clearly (*I')* = *(I'*). Therefore, we
simply write AT'*.

Recall that a decomposition of a graph I' is a set F = {F},..., F,} of subgraphs of T"
whose edge-sets partition between them F(T").

Remark 6.1. Note that if 7 = {F},..., F,} is a decomposition of a directed multigraph
T, then F* = {F},...,F;} decomposes I'*.

Two decompositions of I', say F and F, are said to be orthogonal if |E(F) N E(F")| <
1, for every F' € F and F' € F'.

Let G be a group and take a set D C G\ {0}. The Cayley digraph CT;;(G;D) is
the simple directed graph with vertex set G whose arcs are exactly those of the form
(d+x,x) for every x € G and d € D. Similarly, the Cayley graph Cay(G; D) is the simple
undirected graph with vertex set G whose edges are exactly those of the form {z,d + x}
for every x € G and d € D. In both cases, we refer to D as the connection set. Note that
Cay(G; D) = Cay(G; DT).

Letting M = |J;_, ' D; be a multiset of elements of G \ {0}, where Dy,..., D, are
pairwise disjoint sets, we refer to

Cay(G; M) = | J MCay(G; Di) and Cay(G: M) = | J *Cay(G; Dy),
=1 =1

as the Cayley digraph and the Cayley graph, respectively, with connection multiset M.
Clearly, the above graphs are simple if and only if M is a set.
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Remark 6.2. Note that CTQ?;(G; M)* = CTa?y(G; | M]])*.

Assuming that the directed graph I' is simple, then I'* has edges of multiplicity either
1 or 2; also, an edge {z,y} € E(I'*), with z # y, has multiplicity 2 if and only if
(x,y), (y,z) € E(T). In particular, for a given connection set D, we have that

* is simple if and only if D N —D = &, and in this case, C’ay(G D)*

)
);
)* is the 2-fold of a simple graph if and only if D = —D, and in this case,
)* = 2Cay(G; D).

One can easily check that C—ag;(G; M) is the A-fold of a simple directed graph if and only
if M = *D for some set D C G \ {0}. Similarly, Cay(G; M)* is the A-fold of a simple
undirected graph if and only if |[M| = *2I(D) U *D’ for some set D C G, where
I(D) is the set of all involutions of D and D’ = D \ I(D). Indeed, by noticing that
I(D) =—I(D) and D' N —D = &, we have that

Cay(G; M)* = Cay(G; | M|))* = »2Cay(G; I(D))* U *Cay(G; D')*
ACay(G; 1(D)) U *Cay(G; D)
ACay(G; D).

6.1. Orthogonal decompositions of Cayley (di)graphs
Given a graph I, directed or not, with vertices in a group G, we denote by

1. T'+ g the right translate of T by an element g € G, that is, the graph obtained from
T" by replacing each vertex x with = + g;

2. Dev(T') the development of T', that is, the multiset of right translates of T' by the
elements of G.

Remark 6.3. If T is directed, then (I' 4+ ¢g)* =T + g.

We say that a decomposition F of C’—a{/(G; S) or Cay(G; S) is G-regular if F+ g € F for
every ' € F and g € G. In this case, the group of all right translations induced by G is
an automorphism group of F with a sharply transitive action on the vertex-set.

Given a sequence w = (g1,...,9,) of nonzero elements of a group G, let w~ =
(gns Gn—1,---,g1) be the reverse of w, and set s; (w) = Sy—it1,n(w). We denote by W, (w)
and W_(w) the following directed walks of length k:

L We(w) = (0,—s1(w), ..., —sk(w)),
2. W_(w) = (0,57 (w),...,s; (w)).
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Remark 6.4. When w is simple, then W, (w) and W_(w), as well as their undirected
versions, are k-cycles (i.e. cycles of length k) or k-paths (i.e. paths of length k) according
to whether sp(w) = 0 or so(w) # 0, respectively. Furthermore, for every x € {4, —},

—

o Dev(W,(w)) is a decomposition of Cay(G;z€(w)), and

o given two sequences w; and ws of elements of G, if |E(wy) N E(w1)| < 1, then
Dev(W,(w1)) and Dev(W,(ws)) are orthogonal.

Letting (w,,w.) be an ordering of an m X n matrix A over a group G, for every
x € {+,—}, set

UDev w(wri)) and Wy O W (we,j))-

In view of the above considerations, we obtain the following result whose proof is left to
the reader.

Theorem 6.5. Let A be an m X n matriz over a group G and let (w,,w.) be an ordering
of A. Then, for every x € {+,—}, the following holds.

1. Wy(wr) (resp. Wy(we)) is a G-regular decomposition of @(G;xE(A)) into walks
whose lengths span 1G1€ (w,.(A)) (resp. 1€1€ (w.(A))).
2. If E(A) is a set, then Wy(w,) and Wy (w.) are orthogonal.

Furthermore, if (wy,w.) is a simple ordering of A, then each Wy (wy;) (resp. Wy (we ;)
is a directed cycle if so(wy;) =0 (resp. so(we,j) = 0), otherwise it is a directed path.

A result similar to Theorem 6.5 holds for undirected Cayley graphs, as shown in the
following theorem, where

UDev 2(wri)™) and W,( LnJ Wa(we,j)"),

for x € {+,—}. Given an array A = (a;;), we recall that ||A|| denotes the matrix
[A[F = (llass])-

Theorem 6.6. Let A and A’ be m x n matrices over a group G such that ||A]] = ||A'|.
Also, let w, be an ordering of the rows of A, and let wl. be an ordering of the columns of
A’. Then, for every x,y € {4+, —}, the following holds.

1. Wa(wr)* (resp. Wy (wl)*) is a G-regular decomposition of C'—a>y(G; E(JIA]))* into walks
whose lengths span 1G1€ (w,.(A)) (resp. 1€1€ (w.(A))).
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2. If E(||A])) is a set, then Wy(w,)* and Wy(w.)* are orthogonal.

Furthermore, if w, and w., are simple orderings of the rows of A and of the columns of
A’ respectively, then each Wy (w,:)* (resp. Wa(wl. ;)*) is a cycle if so(w,i) = 0 (resp.
so(we ;) = 0), otherwise it is a path.

Proof. @;Remarks 6.1, 6.2,4655 and Theorem 6.51% follows that W, (w;)* is a decomposi-
tion of Cay(G; 2€(A))* = Cay(G; |2€(A)]))* = Cag(G: E(IA))"; also, by construction,
W, (wy)* is G-regular, for z € {+, —}. Si_milarly, one can see that W, (w..)* is a G-regular
decomposition of Cay(G; E(||4']]))* = Cay(G; E(||A|))*, for z € {+, —}.

Now assume that E(]|A||) is a set and suppose (for a contradiction) that Wy (w.)*
and W, (w.)* are not orthogonal, for some z,y € {+,—}. This means that the walks
We(wri)* + g and Wy (w;. ;)* + ¢' have at least two edges in common, for some i €
[1,m],j € [1,n] and some g,¢g" € G. It then follows that [|E(w.:)|| N [|E(w; )l > 2,
contradicting the assumption that £(||Al|) has no multiple elements.

Finally, if w, and w/ are simple orderings of the rows of A and of the columns of
A’, respectively, then by Theorem 6.5, we have that each W, (w;.;) (resp. W (wy, ;)) is a
directed cycle if so(wr,;) = 0 (resp. so(we,;) = 0), otherwise it is a directed path; clearly,
the same holds for Wy (w,;)* (resp. Wy (w; ;))*, for each z € {+,—}. O

Remark 6.7. If GG is abelian, it is not difficult to check that Theorem 6.6 continues to
hold after replacing each Wy (wy ;) with —W,(w,;) and each W, (w, ;) with =W (we,;).

Given a GHA, say H, by taking A = H in Theorem 6.5 and A = A’ = H in The-
orem 6.6, we build orthogonal decompositions of Cayley (di)graphs into walks, paths
or cycles, thus generalizing similar results for undirected complete (equipartite) graphs
based on classic Heffter arrays (see, for example, [11]). More precisely, we obtain the
following,.

Theorem 6.8. Let H be a GHAY(m,n;h, k) over G, and let (w,,w.) be an ordering of H.
Then, for each x,y € {+,—}, the following holds.

1. Wy(wy) (resp. Wy(we)) is a G-regular decomposition of C’—aZ/(G;xS(H)) into walks
whose lengths span 1C1€(h) (resp. 1G1€(k)).

2. If E(H) is a set, then Wy(w,) and Wy (w.) are orthogonal.

3. We(wp)* (resp. We(we)*) is a G-regular decomposition of *Cay(G;S) into walks
whose lengths span |G1E(h) (resp. 11€(k)).

4. If A\ =1, then Wy(w,)* and Wy(w.)* are orthogonal.

Furthermore, if (wy,w.) is a simple ordering of H, then Wy(wr;) and Wy(wy;)* (resp.
Wi (we,;) and Wy(we ;)*) are cycles if so(wri) = 0 (resp. so(we,j) = 0), otherwise they
are paths.



L. Mella, T. Traetta / Journal of Combinatorial Theory, Series A 205 (2024) 105873 23

The existence results for zero sum and simple GHAs contained in Section 4 allow
us to construct, via Theorem 6.8, orthogonal cycle decompositions of Cayley graphs. In
particular, by Theorems 1.8 and 6.8, we obtain the following.

Theorem 6.9. Let v = (2d + 1)u = u (mod 16), where u =1 or u = 0 (mod 4).

1. If 8hm = 4kn = du, then there exist two (Z,-regular) orthogonal cycle decompositions
of Kagy1[u] whose cycle-lengths are 4h and 4k, respectively.

2. Let h = (h1,h1,..., A, b)) and k = (ki,k1,. .., kn, kn) be sequences of positive
integers such that 8so(h) = 4so(k) = du. If 4h and 2h satisfy condition (2), then
there exist two (Z.,-regular) orthogonal cycle decompositions of Kagy1[u] whose cycle-
lengths span 2°E(4h) and VE(4k), respectively.

Similarly, the following result constructs orthogonal decompositions of Cayley graphs
into paths of given lengths.

Theorem 6.10. Let S C Z;7 \ {4}, and let h € N™ and k € N™ such that |S| = so(h) =
so(k). If h and k satisfy condition (2), then there exist two (Z,-regular) orthogonal path
decompositions of Cay(Z,;S) whose path-lengths span E(h) and YE(k), respectively.

Proof. By Theorem 1.2, there is an m x n matrix C over Zz such that w,(C) = h
and w.(C) = k. Let f : [0,|S]] — [0, [%5*]] be the increasing map fixing 0 such that
S = m,(f[1,]S]]). Recalling that C* denotes the position matrix of C' (see Section 2), set

B =7, (f(C*)). We denote by A and A’ the arrays built as follows:

1. to obtain A we alternate, from left to right, the signs of the nonzero entries in each
row of B;

2. to obtain A’ we alternate, from top to bottom, the signs of the nonzero entries in each
column of B.

Note that ||| = |4’ and £([A]}) = E(IA'I) = £(B) = m(f[1,]S1]) = 5.

Let (wy,w.) be the natural ordering of A starting from the first nonzero element in
each row and column. By Theorem 6.6, it follows that W, M* and W, (w))* are (Z,-
regular) orthogonal decompositions of Cay(G; E(||A]]))* = Cay(G; S)* = Cay(G; S). Tt
is left to show that each W, (wy;)* and each W (wy, ;)* is a path. Note that w,; = A
is an alternated form of B(;) = m,(f(C*);)). Since f(C*)(;y is increasing, by Lemma 4.1,
it follows that w,; is simple and so(w,;) # 0. By reasoning in a similar way, we have
that w;, ; is simple and so(w,. ;) # 0. The result then follows again by Theorem 6.6. O

We end this section by modifying the two decompositions W, (w,)* and W,,(w.)* of a
suitable Cayley graph in order to obtain decompositions of the same Cayley graph into
closed walks (i.e. circuits). The latter will play a fundamental role in the next section.
From now on, we assume z € {4, —}.
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Recall that the period of an element g € G is the minimum positive integer p(g) such
that p(g)g = 0. From elementary group theory, it is known that there is 7' C G such
that G = {kg+1t|1 <k <p(g9),t € T}. Given a sequence w of nonzero elements of T
such that 0 and g are the end vertices of W (w), we denote by

1. Cp(w) = UZ(:i W, (w)*+ kg the closed walk (circuit) obtained by joining all translates
of the undirected walk W, (w)* by multiples of g,
2. Cy(w) ={Cy(w)+t|teT}.

Note that |E(Cy(w))| = p(g)|E(Wx(w))|. Also, Cy(w) and Dev(W,(w)*) partition the

*

same multiset of edges, that is, C,(w) is a decomposition of Cay(G; E(w))* into circuits.

Remark 6.11. When g = 0, that is, p(g) = 1, we have that T = G. Hence, C,(w) =
Wy (w)* and Cy(w) = Dev(Wy(w)*). Furthermore, if w is simple, then by Remark 6.4
C(w) is an f-cycle, where £ is the length of w, hence C,(w) is an ¢-cycle decomposition

of Cay(G; E(w))*.

As in Theorems 6.6 and 6.8, letting A be an m xn matrix over a group G with ordering
(wr,we), one can check that

m n

Co(wr) = U Co(wri) and Cy(we) = U Cy(we,j)

i=1 j=1

are G-regular decompositions of I' = CT;(G; E(IA)* into circuits; furthermore, if A is
a GHA}(m,n;h,k), then I' = *Cay(G; S), for every z,y € {+, —}.

Remark 6.12. If A is a zero sum and simple GHA (m, n; h, k) with respect to the ordering
(wr,we), then by Theorem 6.8 and Remark 6.11, we have that C,(w,) = W,(w)* and
Co(we) = Wy(we)* are cycle decompositions of *Cay(G;S).

7. GHAs and biembeddings of graphs onto surfaces

In this section, we briefly recall the basic definitions (see [17,19]) concerning biembed-
dings of graphs onto surfaces, and we generalize the constructions of these embeddings
based on Heffter arrays to the more general setting of Definition 1.1.

Definition 7.1. An embedding of a graph I' in a surface X is a continuous injective map
¢ : ' = X, where I is viewed as a simplicial 1-complex endowed with the usual topology.

We remark that in our setting ¥ and I' may not be connected.
A connected component of X\ ¢(T) is called a ¢-face. An embedding ¢ is said to be
cellular if every ¢-face is homeomorphic to an open disk.
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Definition 7.2. Let C and C’ be two circuit decompositions of a simple graph I'. An
embedding ¢ : I' — X is called a biembedding of C and C’ if it is face 2-colorable and the
sets of boundaries of each color class are ¢(C) and ¢(C’), respectively.

For every edge e of a given graph I', we consider its two possible directions et and
e~, and we denote by 7 the involution that swaps e* and e~. For every vertex v in T,
a local rotation p, is a cyclic permutation of the edges directed out of v. If we choose a
local rotation for each vertex of I', we then obtain a rotation of the directed edges of T.
We also recall the following result (see [17]).

Theorem 7.3. A rotation p on I is equivalent to a cellular embedding of T in an orientable
surface. The face boundaries of the embedding corresponding to p are the orbits of pr.

Letting 3 be the surface of the embedding built by Theorem 7.3, we notice that the
number of its connected components is equal to the number of connected components
of I'. By knowing the number of faces, the genus g of each connected component C' of
the surface can be obtained from the Euler’s formula v — e + f = 2 — 2g, where v, e,
and f denote the number of vertices, edges and faces determined by the embedding in
C, respectively.

Now, let A be an m x n array whose entries are pairwise distinct, that is, £(A)
does not contain multiple elements and let (w;,,w.) be an ordering of A. By abuse of
notation, we consider each w;.; (resp. w. ;) as a permutation of £(4;) (resp. £(A?)) and
let w, = wp1 - Wy and We = We 1 -+ * - We,m denote the two permutations of £(A) induced
by the orderings w,, w. of the rows and columns of A, respectively. The orderings w,- and
w, are said to be compatible if w.w, is a cyclic permutation of length |E£(A)|. In this case,
we refer to (w,,w.) as a compatible ordering of A.

We are now able to show how GHAs produce biembeddings of Cayley graphs onto
orientable surfaces.

Theorem 7.4. Let H be a GHAg(m,n;h, k) over a group G, with a compatible order-
ing (wr,w.). Then there exists a biembedding of the circuit decompositions C4(w,) and
C_(w;) of Cay(G; S) over an orientable surface.

Proof. We define a permutation pg of £5 =5 U —S as follows:

_J-wrla) ifae&(H),
o= we(—a) ifa€ —E(H).

Notice that if a € £(H), then p3(a) = wew,(a). Since the two orderings w, and w,
are compatible, then pZ acts ciclically on £(H). Furthermore, for a € £(H) (resp. a €
—&(H)), it can be seen that pg(a) € —E(H) (resp. po(a) € E(H)); hence, pg acts cyclically
on £E(H) = £S.
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Let I' = Cay(G; S) and define the map p on the set D(T') of directed edges of I as
follows:

p((g,a+g)) = (g, po(a) + g),

for every ¢ € G and a € S. Now, since pg(a) is a cyclic permutation of £S5, for each
g € G the map p is a local rotation of the edges directed out of g; hence, as g ranges
through G, we have that p is a rotation of I'. Therefore, by Theorem 7.3, there exists
a cellular embedding IT of I" in an orientable surface such that the face boundaries are
the orbits of pr, where 7 is the involution swapping the direction of every edge, i.e.,

7((91,92)) = (92, 91) for every g1,92 € G.
We now verify that the obtained embedding is comprised of the circuits belonging to

Ci(w,) and C_(w. ). Let a € E(H?) be a nonzero entry of the j-th column of H (whose
weight is k;) and denote by p; the order of the sum HY with respect to the ordering w; .
We have that:

pr((g9,a+g)) =pla+g,—a+ (a+g))
= (a+g,po(—a) +a+g)
= (a+g,we(a) +a+g).

Hence, (g, a+g) belongs to a face boundary represented by the following circuit of length
! = pj kjl

B = (g,a+ g,we(a) +a+ g,w?(a) + wela) +a+g,...
cowe 2 (a) + -+ wi(a) + we(a) +at g).
Assume that w; = (a1, ...,ax;) with a, = a for some u € [1,k;]. Letting b = a,_1 +
ay—2 + -+ a1, one can check that B = C_(w, ;) — b+ g, therefore B € C_(w, ).
Consider now the oriented edge (g, —a+ g), where a is a nonzero entry of the row H;.

Denote by g; the order of the sum of H;, with respect to the ordering w,.. Since a € £(A),
we have that:

pr((9,—a+g)) =p(-a+g,a+(-a+yg))
= p(—a+g,po(a) + (—a+g))
=(-a+g,~wr(a) —a+g).

Hence, (g, —a + g) belongs to a face boundary represented by the following circuit of
length ¢ = q;h;:

B:(g,—a+g,—wr(a)—a+g,...,—wf*2(a)-~~—wr(a)—a+g).
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Assume that w,; = (a1, ...,an,;) with a, = a for some u € [1, h;]. Letting b = —a,—1 —
Ay—2 — -+- — ay, one can check that B = Cy(w,;) + b+ g, hence B € Cy(wy).

We have therefore shown that every non-oriented edge of I' belongs to the bound-
aries of exactly two faces of the cellular embedding II; these two face boundaries are
represented by circuits belonging to C4(w,) and C_(w; ). Therefore, the embedding is
2-colorable and the face boundaries are the images through II of the circuits in C4 (w;)
and C_(w.). O

Remark 7.5. If the GHA in Theorem 7.4 is, in addition, zero sum and simple according
to the ordering (w;,w; ), then by Remark 6.12 (the two color classes of face boundaries
represented by) C4(w,) and C_(w; ) are cycle decompositions. Note that when G is
abelian, the property of being zero sum is independent of the chosen ordering, and
(wr,w; ) is simple if and only if (w;,w,) is simple.

Theorem 7.4 generalizes similar results, in the non abelian case, previously obtained
in [1,11,18] and concerning classic (relative) Heffter arrays. Similarly to what has been
remarked in [11], the proof of Theorem 7.4 can be adapted to GHAs with multiplicity
greater than 1, thus obtaining the following: if H is a GHA:g\ (m, n; h, k) with a compatible
ordering (w,,w,), then there exists a biembedding of *Cay(G;S) over an orientable
surface.

8. Conclusions and further remarks

We have introduced and studied the existence of generalized Heffter arrays, briefly
GHAJ (Definition 1.1), which extend classic (nonzero sum) Heffter arrays (see the survey
[20]) by allowing that:

« the number of nonzero entries in each row (resp. column) of the array is not constant;
o the entries of the GHA, in absolute value, belong to an arbitrary subset S of a group
G, not necessarily abelian.

GHAs can be used to construct orthogonal path or cycle decompositions and biem-
beddings of Cayley graphs onto orientable surfaces (Sections 6 and 7) whose structural
properties depend on the sum of the entries in each row and column of a GHA, with
respect to a given ordering. We have therefore denoted by NGHA a generalized Heffter
array whose rows and column are ordered according to the natural order: from left to
right for the rows, from top to bottom for the columns.

In Section 3, we have introduced and built near alternating sign matrices which we
then use in Section 4 to construct nonzero sum and simple NGHAs over Z, (Theo-
rem 1.7), thus widely generalizing previous existence results contained in [11,18]. In
particular, Theorem 1.7 settles, in the uniform case, the existence problem for a nonzero
sum and simple NGHAg over Z,, while Theorem 1.8 constructs zero sum and simple
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GHAs whose row and column weights are congruent to 0 modulo 4. In the tight case,
that is, when row and column weights coincide with the number of columns and rows, re-
spectively, then the classic Heffter array built in Theorem 1.8.(2) can be rearranged to be
naturally simple. In Section 5, we provided an algorithm (Theorem 5.3) that constructs
nonzero sum NGHAs over an arbitrary group whenever S contains enough noninvo-
lutions. Theorem 1.5 extends an existence result contained in [10], which is however
nonconstructive.

GHAs (and more generally matrices) over an arbitrary group G are used in Section 6
to build G-regular orthogonal decompositions of Cayley graphs, directed or not, into
walks, cycles or paths, of various lengths which depend on the row and column weights
of A. Finally, in Section 7, we construct biembeddings that originate from suitable GHAs,
showing that the same conclusions that hold when starting from classic Heffter arrays
remain true for GHAs.

Uniform multigraphs, that is, graphs whose edges have the same multiplicity A, are
usually more studied since, in many cases, they formalize uniform interactions between
objects. Condition 1 defining a GHAg over a group G, say H, that is,

2leE@)] = S\ 1(8)) U *I(S)

is motivated by applications in constructing decompositions and biembeddings of the
Cayley graph *Cay(G; S) in which all the edges have the same multiplicity . However,
one may consider further generalizations of these combinatorial matrices with applica-
tions to nonuniform graphs. Indeed, the hypothesis that ||E(H)|| covers exactly A times
every noninvolution of S, and exactly A/2 times every involution of S, was not used in
many cases: see, for example, Theorems 1.5, 6.5, 6.6 and 7.4, thus suggesting that they
could remain true in a more general setting.

We could then consider a GHAZ(m,n;h,k), with A = (A1,...,\) and S =
(51,...,80) € (GT)*, where now condition 1. of Definition 1.1 becomes:

€A = {*si | 1< i< ).

Then, such an array would encode the construction of a walk decomposition of the union
of Cayley multigraphs, and if two compatible orderings exist, of its relative biembedding.
Another interesting variant to study can be obtained by replacing the first condition in
Definition 1.1 with £(A4) = *S where S C G \ {0}. Indeed, this type of rnatri@)yields7
when A = 1, pairs of orthogonal decompositions of the directed Cayley graph Cay(G;.S)
(see, Theorem 6.5).

We ended Section 7 by providing two circuit decompositions, denoted by C,(w;) and
Cr(we) (x € {+,—1}), of a suitable Cayley graph which originate from the rows and
columns of an ordered m x n GHA, say (H,w). We pointed out that the lengths of their
circuits depend not only on the weights of the rows and columns of H, but they also
depend on the periods of the sums of each row and column, according to w. We refer to
the sequence
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per(H) = (p(wr,l), e vp(wv’,m),p(wc,l)v e ap(wc,n))

of such periods as the period of H. Note that per(H) = 1 if and only if H is a zero sum
GHA. Also, if H is a GHA over Z,, with p prime, then H is nonzero sum if and only if
per(H) = p. In future work, we aim to construct uniform GHAs with a constant period
that satisfy the following strong property: the circuits in C,(w;) and C,(w,) are cycles,
that is, both C,(w.) and C,(w,.) are cycle decompositions of a suitable Cayley graph.
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