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In this paper, we consider point sets of finite Desarguesian planes whose multisets of 
intersection numbers with lines are the same for all but one exceptional parallel class 
of lines. We call such sets regular of affine type. When the lines of the exceptional parallel 
class have the same intersection numbers, then we call these sets regular of pointed type. 
Classical examples are e.g. unitals; a detailed study and constructions of such sets with 
few intersection numbers is due to Hirschfeld and Szőnyi from 1991. We here provide 
some general construction methods for regular sets and describe a few infinite families. 
The members of one of these families have the size as a unital and meet affine lines of 
PG(2, q2) in one of 4 possible intersection numbers, each of them congruent to 1 modulus √

q.
As a byproduct, we also determine the intersection sizes of the Hermitian curve defined 
over GF(q2), q a square, with suitable rational curves of degree √q and we obtain √q-
divisible codes with 5 non-zero weights. We also determine the weight enumerator of the 
codes arising from the general constructions up to some q-powers.

© 2023 Published by Elsevier B.V.

1. Introduction

A classical problem in finite geometry is to construct and characterize sets which have some regularity in their intersec-
tion pattern with respect to lines; for example sets with few intersection numbers, sets with a unique intersection number 
modulus p (the field characteristic), or sets such that for some parallel classes almost all lines of the same class meet the 
set in the same number of points (possibly modulus p), see [6]. In this paper we consider point sets of finite Desarguesian 
planes such that the multisets of intersection numbers obtained from different parallel classes of lines are the same for all 
but one parallel class of lines. We call such sets regular of affine type; their formal definition is given in Definition 1.1.

A point set X of PG(2, q) is of type (m1, m2, . . . , mk) if for each line � of PG(2, q) there is some i ∈ {1, 2, . . . , k} such 
that |X ∩ �| = mi . The numbers m1, m2, . . . , mk will be called the types of X . It is hard, in general, to find point sets with 
few types. In [10] Hirschfeld and Szőnyi introduced the notion of affine type for those sets of PG(2, q) which admit at least 
one tangent line. Assume that P0 is a point of X and �0 is a tangent to X at P0, that is, a line of PG(2, q) such that 
X ∩ �0 = {P0}. Up to a suitable choice of reference, we may assume that P0 is the common point (∞) of all vertical lines
of affine equation x = α of AG(2, q) and that �0 = �∞ is the line at infinity. Then X is of affine type (m1, m2, . . . , mk) if 
for each line � /� P0 we have |X ∩ �| = mi for some i ∈ {1, 2, . . . , k}. The numbers m1, m2, . . . , mk will be called the affine 
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types of X . In [10] the authors proved various results about sets of affine type (m, n) and showed infinite families of such 
point sets. If in addition all of the vertical lines meet X in the same number of points, say t + 1 with t > 1, then X is a 
set of pointed type [t; m, n] (note that these are also sets of type (1, t + 1, m, n)). The classical examples for such sets are the 
unitals of PG(2, q2); they are exactly the sets of pointed type [q; 1, q + 1]. In [10, Theorem 5.5 for r = 1 and Theorem 5.8 for √

q ≥ r > 1] Hirschfeld and Szőnyi constructed sets of pointed type [rq; r(q − 1), r(q − 1) + q] in PG(2, q2) for q odd. Still for 
q odd, the same authors constructed also some other sets of pointed type in PG(2, q) with a small number of affine types. 
These sets have s + 1 affine types when s is an even divisor of q − 1 and 2s + 1 affine types when s > 1 is an odd divisor of 
q − 1, [11, Theorem 3.1]; see after Theorem 2.5 for more details. Another construction appears in [1], where sets of pointed 
type [q; q − 1, 2q − 1] are constructed in PG(2, q2); see Remark 2.8.

As usual, by (d) we denote the common ideal point of the affine lines y = dx + b with slope d ∈ GF(q). If X is a set 
of affine type (m, n) with distinguished point P0 = (∞) and with tangent �0 = �∞ then the number of m-secants and the 
number of n-secants incident with the direction (d) ∈ �∞ is the same for each d 	= ∞. In this paper we will consider the 
following generalizations of this concept.

Definition 1.1. A point set X in PG(2, q) is regular of affine type (m1, m2, . . . , mh) if there is a distinguished point P0 in X and 
a tangent �0 of X incident with P0 such that:

(i) every line not through P0 is an mi -secant for some i ∈ {1, 2, . . . , h};
(ii) the number of mi -secants incident with P is the same for each P ∈ �0 \ {P0}.

The set X is called regular of pointed type [t; m1, m2, . . . , mh] for some t > 0 if in addition to (i) and (ii) it holds that

(iii) all the lines incident with P0 other than �0 are (t + 1)-secants of X .

Finally, a set X in PG(2, q) is said to be of pointed type [t; m1, m2, . . . , mh] if properties (i) and (iii) hold.

Clearly if X is regular of pointed type then it is regular of affine type with the same parameters (m1, m2, . . . , mh). 
Assuming P0 = (∞) and �0 = �∞ , trivial examples of regular sets of affine type are: subsets of a vertical line, the union 
of some vertical lines, a Baer subplane whose intersection with �∞ is (∞) and Korchmáros–Mazzocca arcs of type (0, 2, t)
considered together with their nucleus (here the distinguished point is the nucleus), [14,9]. The point sets constructed 
in [11, Theorem 3.1] are obtained from a pencil of touching conics. Although it is not mentioned there, sets obtained in 
this way are necessarily regular of pointed type, see Theorem 2.5. The touching conics idea can be applied to obtain some 
special examples involving internal and external points of a conic, see Example 2.6.

Let G denote a subgroup of the group of collineations P�L(3, q) of PG(2, q) and denote by O , O 1, . . . , O m some of the 
point orbits of G . Put Y = ∪k

i=1 O i . Then the multiset {|� ∩ Y | : � � P } is the same for each choice of P ∈ O . If O  = �∞ , then 
Y is an affine set such that the number of k-secants of Y incident with P is the same for each P ∈ �∞ . If O  = �∞ \ (∞)

then Y is regular of affine type, but not necessarily regular of pointed type, [13].
In Section 2 we consider some general constructions of regular sets of affine type. In particular, in Theorem 2.2 and 

Theorem 2.3 we show how regular sets of affine type (m1, m2, . . . , mk) in PG(2, q) may be used to construct regular sets of 
affine type (m1, m2, . . . , mk) in PG(2, qh). This method is a mixture of ideas from [9] and [16].

By Tr and N we will denote the GF(q2) → GF(q) functions x �→ x + xq and x �→ xq+1, respectively. For some additive 
function f : GF(q2) → GF(q2) consider the algebraic plane curve of affine equation

Tr(y + f (x)) = N(x). (1)

In Theorem 2.7 we show that the set X of the projective points of this curve is regular of pointed type in PG(2, q2). Note 
that this result does not say anything about the affine types, or about the number of affine types. For certain choices of f
the resulting point set is a unital and, according to a non-exhaustive computer search for small values of q, when X is not 
a unital then we have at least 4 affine types (except when q is even and f (x) = ax2, see Remark 2.8 where the non-additive 
choice f (x) = ax2 is discussed for q odd). Up to equivalence, we found a unique infinite family with 4 affine types, obtained 
with the choice f (x) = ax

√
q whenever q is a square prime power and a ∈ GF(q2)∗ . This case is particular not only because 

there are few affine types but also because they are all congruent to 1 modulus 
√

q and the point set X ∪ {(∞)} meets 
each line of the plane in 1 modulus 

√
q points. This 1 modulus p property holds only for certain choices of the additive 

function f .
In Section 3 we determine the affine types of a special point-set of the aforementioned type. This is the most laborious 

part of our work and it is done separately for the q odd and q even cases. The main result of this section is the following.

Theorem 1.2. Let q be a square prime power and a ∈ GF(q2)∗ . Let �a denote the algebraic plane curve of affine equation

Tr(y + ax
√

q) = N(x). (2)

Then the set of projective points of �a in PG(2, q2) is a regular (q3 + 1)-set of pointed type
2
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[q; q − 2
√

q + 1, q − √
q + 1,q + 1, q + √

q + 1].

Using Theorem 1.2, we are able to describe the intersection between an Hermitian curve and a special family of curves 
of degree 

√
q.

Theorem 1.3. Let q be a square prime power and let a, m, d ∈ GF(q2), a 	= 0. Denote by C(a, m, d) the curve of affine equation y =
ax

√
q + mx + d. Then the curves C(a, m, d) meet the Hermitian curve yq + y = xq+1 of PG(2, q2) in the following number of points:

q − 2
√

q + 1, q − √
q + 1, q + 1, q + √

q + 1.

We refer the reader to [4] for information about the number of GF(q2)-rational points in the intersection of a non-
degenerate Hermitian surface with a surface of degree-d, where Sørensen’s conjecture about the maximal number of such 
points when d ≤ q is proven.

In Section 4 we apply Theorem 1.2 to study the projective linear codes associated to �a . These codes are 
√

q-divisible 
with only 5 non-zero weights (when q = 4 then with 2 non-zero weights if �a is a unital and with 4 non-zero weights 
otherwise). We also discuss the corresponding weight enumerators, which are important tools in coding theory, since they 
contain some crucial information to estimate the actual error-correcting capability and the probability of error-detection 
and correction of the code with respect to some channels.

2. General constructions of regular sets of affine type

First we show some general results on how to construct new regular sets of affine type starting from a given regular set 
(of affine type) X . We will always assume that the distinguished point is (∞) and that �∞ is a tangent to X .

Proposition 2.1.

1. If X is (regular) of affine type (m1, m2, . . . , mh) in PG(2, q), then (AG(2, q) \ X) ∪ {(∞)} is (regular) of affine type (q − m1, q −
m2, . . . , q − mh).

2. If X is (regular) of pointed type [t; m1, m2, . . . , mh] in PG(2, q), then (AG(2, q) \ X) ∪ {(∞)} is (regular) of pointed type [q − t; q −
m1, q − m2, . . . , q − mh].

Clearly the same arguments hold in non-Desarguesian finite planes as well. �
The next construction is motivated by [9] and [16]. For s = h − 1, this is the same as the construction of [9, Section 3]. 

When S is a GF(p)-subspace of GF(q) × GF(q), then it is essentially the construction in [16, Section 4]. Our proof here works 
without assuming the additivity of S .

Theorem 2.2. Let S = {(xk, yk)}k ⊆ AG(2, q) be a point set such that S ∪ {(∞)} is of affine type (m1, m2, . . . , mg). Let v1, . . . , vr

denote integers such that each vertical line is incident with vi points of S for some i ∈ {1, 2, . . . , r}. Take a non-trivial s-dimensional 
GF(q)-subspace I of GF(qh), with I ∩ GF(q) = {0}. Consider the point set

S ′ = {(xk, yk + i) : i ∈ I, (xk, yk) ∈ S} ⊆ AG(2,qh)

of size qs|S|. Then the vertical lines of AG(2, qh) meet S ′ in either 0 or in qs vi points, for i ∈ {1, 2, . . . , r}. Non-vertical lines of AG(2, qh)

meet S ′ in either 0, 1 or in mi points, i ∈ {1, 2, . . . , g}. In particular S ′ ∪ {(∞)} is of affine type (0, 1, m1, m2, . . . , mg) and in �∞ \ (∞)

there are

(1) qs+1 directions (d) incident with qh − qs+1 affine lines that do not meet S ′ and with Ai,d qs affine lines meeting S ′ in mi points. 
These are exactly the directions (d) with d ∈ GF(q) ⊕ I and for each such d put d = d0 + d1 with d0 ∈ GF(q) and d1 ∈ I . Then for 
i ∈ {1, 2, . . . , g}, Ai,d is the number of affine mi-secants of S in PG(2, q) incident with the direction (d0) 	= (∞) and, 

∑g
i=1 Ai,d =

q;
(2) qh − qs+1 directions incident with qs|S| tangents to S ′ and with qh − qs|S| affine lines that do not meet S ′.

Proof. The statement on the vertical lines is trivial, it remains to determine the size of S ′ ∩�, where � is the line of equation 
y = dx + b. This is the same as the cardinality of the set

{(k, i) ∈ {1,2, . . . , |S|} × I : yk + i = dxk + b}.
Let I ′ be an (h − 1)-dimensional GF(q)-subspace of GF(qh) such that I ⊆ I ′ and GF(q) ⊕ I ′ = GF(qh). For any e ∈ GF(qh) put 
e = e0 + e1 with e0 ∈ GF(q) and e1 ∈ I ′ .
3



A. Aguglia, B. Csajbók and L. Giuzzi Discrete Mathematics 347 (2024) 113835
The condition yk + i = dxk + b can be written as yk + i = (d0 + d1)xk + b0 + b1, that is,

yk − d0xk − b0 = d1xk + b1 − i.

Here the left hand side is in GF(q) while the right hand side is in I ′ , thus equality holds if and only if

yk − d0xk − b0 = 0 (3)

and

d1xk + b1 − i = 0. (4)

Let �0 denote the line of equation y = d0x + b0 in AG(2, q) and let w ∈ {1, . . . , g} be such that

mw = |S ∩ �0| = |{(xk, yk) : yk − d0xk − b0 = 0}|.
(i) If d1 ∈ I and b1 ∈ I ′ \ I then (4) does not have a solution and hence � meets S ′ in 0 points.

(ii) If d1 ∈ I and b1 ∈ I then for every solution (xk, yk) of (3) there corresponds a unique solution of (4) and hence � meets 
S ′ in mw points.

(iii) If d1 ∈ I ′ \ I then � meets X ′ in at most one point. Indeed, if we had d1xk + b1 = i and d1xk′ + b1 = i′ for some i, i′ ∈ I
and k, k′ ∈ {1, 2, . . . , |S|}, then d1(xk − xk′ ) = i − i′ and hence d1 ∈ I would follow, a contradiction.

Since there are q(qh−1 − qs) pairs (d0, d1) such that d1 ∈ I ′ \ I , part (2) of the theorem follows from (iii). Since there are 
q(qh−1 − qs) pairs (b0, b1) such that b1 ∈ I ′ \ I , it follows that each of the qs+1 directions (d) such that d = d0 + d1, d1 ∈ I
is incident with qh − qs+1 affine lines that do not meet S ′ (cf. (i)). On the other hand, if d1 ∈ I and b1 ∈ I , then lines with 
equation y = dx + b meet S ′ in the same number of points as the line with equation y = d0x + b0 meet S (cf. (ii)). As there 
are qs possible values for b (or choices for b1) if we fix b0, this proves part (1). �
Theorem 2.3. If in Theorem 2.2 the set S ∪ {(∞)} is regular of affine type (m1, . . . , mg) in PG(2, q) and s = h − 1 then S ′ ∪ {(∞)} is 
regular of affine type (m1, . . . , mg) in PG(2, qh). Moreover, the number of non-vertical, affine k-secants of S ′ is a multiple of q2h−1 for 
every integer k. �
Example 2.4. Theorem 2.2 can also be applied to construct sets with few types. Indeed, if S of PG(2, q) is of type (0, 1, n), 
then S ′ of PG(2, qh) is of type (0, 1, n, nqs).

We are going to provide two further constructions of regular sets of pointed type in PG(2, q). The next construction 
is basically the same as in [10,11]. The difference is that in those papers B is taken as a special subset of GF(q) and the 
regularity is not explicitly indicated there.

Theorem 2.5. For b ∈ GF(q), q odd, let Pb denote the conic of equation yz = x2 + bz2 in PG(2, q). For B ⊆ GF(q) consider

X(B) := ∪b∈B Pb.

Then X(B) is regular of pointed type.

Proof. If B = {b1, b2, . . . , bh} then the vertical lines meet X(B) in h + 1 points. The line � : y = mx + d meets X(B) in 
2αm,d + βm,d points where

αm,d = |{b ∈ B : m2 − 4(b − d) is a non-zero square in GF(q)}|,
βm,d = |{b ∈ B : m2 − 4(b − d) = 0}|.

Since in the multiset {m2 + 4r : r ∈ GF(q)} each element of GF(q) is represented exactly once, it follows that the multiset 
{2αm,d + βm,d : d ∈ GF(q)} does not depend on the choice of m and hence X(B) is regular of pointed type. �

In [11, Theorem 3.1] it is shown that if B = {vus : u ∈ GF(q)} for some fixed non-square −v ∈ GF(q) and s | q − 1, s
even, then B is of pointed type [(q − 1)/s + 1; 1, m1, . . . , ms]. Note that with s = 2 we obtain the same parameters as in 
the third subcase of Example!2.6 (cf. the first comment of page 503 of [11] and [3, Section 3.4] from Barlotti, where these 
sets are considered as complete (k, n)-arcs). On the other hand, if s is an odd divisor of q − 1, then X(B) is of pointed type 
[(q − 1)/s + 1; (q − 1)/s + 1, m1, . . . , m2s].

Example 2.6. In PG(2, q) with q odd:
4
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1. the set of the interior points of an oval together with one point of the oval is regular of pointed type [ 1
2 (q − 1); 0, 12 (q −

1), 12 (q + 1)];
2. the set of exterior points of an oval together with one point of the oval is regular of pointed type [ 1

2 (q − 1); q − 1, 12 (q −
3), 12 (q − 1)];

3. the set of interior points of an oval united with the set of all the points of the oval is regular of pointed type [ 1
2 (q +

1); 1, 12 (q + 3), 12 (q + 1)];
4. the set of exterior points of an oval united with the set of all the points of the oval is regular of pointed type [ 1

2 (q +
1); q, 12 (q + 1), 12 (q − 1)].

Finally, we consider the pointed sets arising from (1) mentioned in the Introduction.

Theorem 2.7. If f is an additive GF(q2) → GF(q2) function then the set of projective points of the algebraic plane curve X of affine 
equation

Tr(y + f (x)) = N(x)

is a regular set of pointed type in PG(2, q2). Moreover, in every parallel class of lines the number of k-secants to X is a multiple of q for 
each integer k.

Proof. It is immediate to see that vertical lines meet X in q affine points. After substituting y = mx + d to determine the 
number of common points of X and the line � : y = mx + d we obtain

mqxq + dq + mx + d + Tr( f (x)) = xq+1.

The number of solutions of this equation remains the same after replacing x by x + mq , thus we obtain:

mq(xq + m) + dq + m(x + mq) + d + Tr( f (x) + f (mq)) = (xq + m)(x + mq) ⇔
mqxq + mq+1 + dq + mx + mq+1 + d + Tr( f (x) + f (mq)) = xq+1 + xqmq + mx + mq+1 ⇔

mq+1 + Tr( f (mq)) + d + dq = xq+1 − Tr( f (x)). (5)

Denote by tm,d the number of different solutions in x of the equation (5). Recall that d �→ d + dq is q-to-1, hence in the 
multiset {mq+1 + Tr( f (mq)) + d + dq : d ∈ GF(q2)} each element of GF(q) is represented exactly q times. It follows that the 
multiset {tm,d : d ∈ GF(q2)} does not depend on the choice of m and each of its elements is represented a multiple of q
times. This completes the proof. �
Remark 2.8. The points of Tr(y + f (x)) = N(x) give unitals or regular sets of pointed type [q; q − 1, 2q − 1] when f (x) = ax2, 
a ∈ GF(q)∗ , 4N(a) 	= 1, q odd. Indeed, in this case the map x �→ xq − 2ax is a bijection of GF(q2). The number of solutions 
of Tr(y + ax2) = N(x), with y = mx + b, is the same as the number of solutions of Tr(m(x + α) + b + a(x + α)2) = N(x + α)

where α is chosen such that αq − 2aα = m. This equation reads as

Tr(mα + aα2) − N(α) + Tr(b) = N(x) − Tr(ax2).

If we view Tr(mα + aα2) − N(α) as a constant and recall that Tr is q-to-1, it is immediate to see that the multiset of the 
number of solutions in x (as b runs through GF(q2)) does not depend on the choice of m.

In [1] a very similar construction, related to Ebert’s discriminant condition ([2,7]), was considered. Applying ideas from 
there it can be seen that the number of solutions of Tr(mx + b + ax2) = N(x) corresponds to the number of affine points of 
the conic of equation

x2
0(2a0 − 1) + x2

1ε
2(2a0 + 1) + 4x0x1ε

2a1 + 2x0m0 + 2ε2m1 + 2b0 = 0

of PG(2, q), where εq−1 = −1 and for each z ∈ GF(q2) we write z = z0 + εz1 with (z1, z2) ∈ GF(q). When 4N(a) = 1 then 
this conic has a unique point at infinity and hence it has 0, q, or 2q affine points, thus we obtain a set of pointed type 
[q; 0, q, 2q] (which is not regular). On the other hand if 4N(a) 	= 1, then to determine the intersection numbers it is enough 
to consider the case m = 0. The conic is reducible if and only if Tr(b) = 0 and it has 1 affine point when 4N(a) − 1 is a 
square and 2q − 1 affine points when 4N(a) − 1 is a non-square in GF(q). When the curve is irreducible then it has q + 1
affine points when 4N(a) − 1 is a square and q − 1 affine points when 4N(a) − 1 is a non-square. Similar ideas work also 
when q is even and f (x) = ax2. In Section 3 we shall examine the case q square, f (x) = x

√
q .
5
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3. Proofs of Theorems 1.2 and 1.3

3.1. Proof of Theorem 1.2

The odd q case The affinity π : (x, y) �→ (αx, y) maps the points of the curve Tr(y + f (αx)) = N(α)N(x) to the points of the 
curve Tr(y + f (x)) = N(x). Take some α such that N(α) = 2, with f (x) = ax

√
q . It follows that the set of points of the curve 

Tr(y + aα
√

qx
√

q) = 2N(x) is equivalent to �a , which is regular of pointed type by Theorem 2.7. Since {aα√
q : a ∈ GF(q2)∗} =

GF(q2)∗ , to prove Theorem 1.2 it is enough to determine the size of the intersections with lines of AG(2, q2) of the curve 
�a of equation

Tr(y + ax
√

q) = 2N(x)

with a ∈ GF(q)∗ .
The constant 2 at the right hand side is harmless and just to simplify the computations. Since π fixes (∞), the vertical 

lines meet �a in the same number of points as they met �a , that is, in q affine points. Since �a is regular of pointed 
type, it is enough to calculate the size of intersections of �a with horizontal lines. So, after substituting y = d, we need to 
determine the number of solutions of the following equations as d varies in GF(q2):

aqx
√

qq + ax
√

q + dq + d − 2xq+1 = 0. (6)

We can replace x with xa
√

q in (6) without changing the number of solutions. So we end up with the following

N(a)1−√
qx

√
qq + N(a)1−√

qx
√

q + dq/N(a)
√

q + d/N(a)
√

q − 2xq+1 = 0.

In other words, the number of points of �a in common with the line y = d is the same as the number of points of �N(a)1−√
q

in common with the line y = d/N(a)
√

q . This means that in (6) we may assume without loss of generality a ∈ GF(q)∗ . For 
any a ∈ GF(q)∗ , denote by Ma,d the number of solutions of (6).

Fix now a primitive element β of GF(q2) and put ε = β(q+1)/2. Then, εq = −ε and ε2 is a primitive element of GF(q); 
also {1, ε} is a basis of GF(q2) regarded as a vector space over GF(q). The elements of GF(q2) shall always be written as 
linear combinations with respect to this basis, that is, z = ẑ0 + ẑ1ε, with z ∈ GF(q2) and ẑ0, ̂z1 ∈ GF(q). So,

Tr(ax
√

q) = a(x̂
√

q
0 + ε

√
qx̂

√
q

1 ) + a(x̂
√

q
0 − ε

√
qx̂

√
q

1 ) = 2ax̂
√

q
0 ;

xq+1 = (x̂0 + εx̂1)(x̂0 − εx̂1) = (x̂2
0 − ε2 x̂2

1).

With this choice of ε, (6) becomes

ax̂
√

q
0 − x̂2

0 + ε2 x̂2
1 + d̂0 = 0, (7)

to be solved for (x̂0, ̂x1) ∈ GF(q)2.
Let 	 be the affine curve of Equation (7) over GF(q). The number of GF(q)-rational points P = (x̂0, ̂x1) of 	 is the number 

Ma,d . Rewrite (7) as

aX
√

q − X2 + ε2Y 2 + t = 0. (8)

Let now {1, η} be a basis of GF(q) over GF(
√

q). As before we can choose η ∈ GF(q) \ GF(
√

q) such that η
√

q = −η and η2 is 
a primitive element in GF(

√
q). Set X = X0 + ηX1 and ε2 = e. So,

X2 = (X0 + ηX1)
2 = (X2

0 + 2ηX0 X1 + η2 X2
1);

ε2Y 2 = (e0 + ηe1)(Y 2
0 + 2ηY0Y1 + η2Y 2

1 ) = (e0Y 2
0 + e0η

2Y 2
1 + 2η2e1Y0Y1) + η(e1Y 2

0 + η2e1Y 2
1 + 2e0Y0Y1).

Thus, Equation (8) is equivalent to the system of the following two equations

t0 − X2
0 − η2 X2

1 + e0Y 2
0 + e0η

2Y 2
1 + 2η2e1Y0Y1 + a0 X0 − η2a1 X1 = 0, (9)

t1 − 2X0 X1 + e1Y 2
0 + η2e1Y 2

1 + 2e0Y0Y1 + a1 X0 − a0 X1 = 0. (10)

As both are non-homogeneous quadratic equations in (X0, X1, Y0, Y1) ∈ GF(
√

q)4, the solutions of the system correspond 
to the affine points of the intersection of two quadratic hypersurfaces Q1 and Q2 of PG(4, 

√
q). Thus, the number to 

determine is Ma,d = |(Q1 ∩ Q2) \ �∞| where �∞ denotes the hyperplane at infinity. To count the number of these points 
we first determine the number of points at infinity of Q1 ∩ Q2. The matrices associated to the quadrics Q∞

1 = Q1 ∩ �∞
and Q∞ =Q2 ∩ �∞ are respectively
2

6
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A∞
1 =

⎛
⎜⎜⎝

−2 0 0 0
0 −2η2 0 0
0 0 2e0 2e1η

2

0 0 2e1η
2 2e0η

2

⎞
⎟⎟⎠ (11)

and

A∞
2 =

⎛
⎜⎜⎝

0 −2 0 0
−2 0 0 0
0 0 2e1 2e0

0 0 2e0 2e1η
2

⎞
⎟⎟⎠ . (12)

We have det(A∞
1 ) = 16η4(e2

0 − η2e2
1) and det(A∞

2 ) = 16(e2
0 − e2

1η
2). Since η ∈ GF(q) \ GF(

√
q) it follows that det(A∞

1 ) 	= 0 	=
det(A∞

2 ) and hence Q∞
1 and Q∞

2 are always non-singular. Now consider the pencil F spanned by the two quadrics Q∞
1

and Q∞
2 over GF(q). A generic quadric Qξ,λ with (ξ, λ) ∈ GF(

√
q)2 \ {(0, 0)} of F has matrix

A∞
ξ,λ =

⎛
⎜⎜⎝

−2ξ −2λ 0 0
−2λ −2η2ξ 0 0

0 0 2e0ξ + 2λe1 2η2e1ξ + 2λe0

0 0 2η2e1ξ + 2λe0 2e0η
2ξ + 2e1η

2λ

⎞
⎟⎟⎠ (13)

whose determinant is

det(A∞
ξ,λ) = 16(λ2 − η2ξ2)2(e2

0 − e2
1η

2). (14)

Observe that det(A∞
ξ,λ) = 0 if and only if either η2ξ2 = λ2 or η2 = (e0/e1)

2. Since η /∈ GF(
√

q) but η2 ∈ GF(
√

q), we have that 
η2 is a non-square in GF(

√
q); so, neither of these conditions is possible. Then det(A∞

ξ,λ) 	= 0, ∀(ξ, λ) ∈ GF(
√

q)2 \ {(0, 0)}. 
Since (e2

0 − η2e2
1) = ε2(p+1) is a non-square in GF(

√
q), all quadrics in F are elliptic and hence with q + 1 points. By the 

argument above, the generic quadric Qξ,λ of the pencil F spanned by Q1 and Q2 has rank at least 4. Let now C be the 
base curve of the pencil F . The locus C is a quartic curve and the number of its affine rational points over GF(

√
q) is Ma,d . 

If we denote by C the base locus of the pencil F then we have |C | = Ma,d + |C |.
Observe that

|�∞| = |C | + (
√

q + 1)(q + 1 − |C |),
so we get

|C | = 0.

On the other hand, let r5, r−
4 be respectively the numbers of non singular quadrics and elliptic cones in F . Then,

|P G(4,
√

q)| = |C | + r5[(q + 1)(
√

q + 1) − |C |] + r−
4 [√q(q + 1) + 1 − |C |],

and

r5 + r−
4 = √

q + 1.

So |C | = r5
√

q + 1 namely Ma,d ≡ 1 (mod
√

q). We obtain that Ma,d = (
√

q + 1 − r−
4 )

√
q + 1. We are now going to prove 

that r−
4 ≤ 3. To this aim, we compute the number of homogeneous solutions in GF(

√
q)2 \ {(0, 0)} of the following equation 

in (ξ, λ):

det

⎛
⎜⎜⎜⎜⎝

−2ξ −2λ 0 0 ξa0 + λa1

−2λ −2η2ξ 0 0 −(a1η
2ξ + λa0)

0 0 2ξe0 + 2λe1 2η2e1ξ + 2λe0 0
0 0 2η2ξe1 + 2λe0 2e0ξη

2 + 2e1η
2λ 0

a0ξ + λa1 −(a1η
2ξ + λa0) 0 0 2(t0ξ + λt1)

⎞
⎟⎟⎟⎟⎠ = 0, (15)

that is

4(e2
0 − e2

1η
2)(λ2 − η2ξ2)det

⎛
⎝ −2ξ −2λ ξa0 + λa1

−2λ −2ξη2 −(ξa1η
2 + λa0)

ξa0 + λa1 −(ξa1η
2 + λa0) 2(ξt0 + λt1)

⎞
⎠ = 0.

Since (λ2 − η2ξ2) is irreducible over GF(
√

q), the solutions of Equation (15) correspond to those of
7
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det

⎛
⎝ −2ξ −2λ ξa0 + λa1

−2λ −2ξη2 −(ξa1η
2 + λa0)

ξa0 + λa1 −(ξa1η
2 + λa0) 2(ξt0 + λt1)

⎞
⎠ = 0. (16)

Suppose now that (16) does not admit solutions of the form (0, λ). Then it is possible to divide by ξ , obtaining an equation 
of degree 3 in λ, which (clearly) has at most 3 different solutions in GF(

√
q); so 0 ≤ r−

4 ≤ 3. On the contrary, if (0, λ) is a 
solution of (16). Then, −8t1 + 4a0a1 = 0, that is a0a1 = 2t1. Replacing this in (16), we get that the number of homogeneous 
solutions of (16) is 1 plus the number of isotropic points of the 1-dimensional quadric with matrix

(−4t0 + 3a1η
2 + 3a0 4a0a1η

2

4a0a1η
2 4η2t0 + a1η

4 + a0η
2

)
.

This quadric has at most 2 points, so 1 ≤ r−
4 ≤ 3. Consequently, we obtain

Ma,d ∈ {q + 1 − 2
√

q,q + 1 − √
q,q + 1,q + √

q + 1}.

The even q case Arguing in the same way as for the q odd case, we see that we have to determine the number of solutions 
of the following equation

N(a)1−√
qx

√
qq + N(a)1−√

qx
√

q + dq/N(a)
√

q + d/N(a)
√

q − xq+1 = 0, (17)

with a ∈ GF(q)∗ and d ∈ GF(q2).
Fix a primitive element η of GF(q2) \GF(q) such that ηq +η = 1 and η2 +η+ν = 0 where ν ∈ GF(q) \{1} and TrGF(2)(ν) =

1. Then, {1, η} is a basis of GF(q2) regarded as a vector space over GF(q). The elements of GF(q2) shall be written as linear 
combinations with respect to this basis, that is, z = ẑ0 + ẑ1η, with z ∈ GF(q2) and ẑ0, ̂z1 ∈ GF(q).

With our choice of η, Equation (17) becomes

ax̂
√

q
1 + d̂1 = x̂2

0 + x̂0 x̂1 + ν x̂2
1, (18)

to be solved for (x̂0, ̂x1) ∈ GF(q)2. Rewrite (18) as

aY
√

q + t = X2 + XY + νY 2, (19)

and let {1, γ } be a basis of GF(q) over GF(
√

q). We can choose γ ∈ GF(q) \GF(
√

q) such that γ
√

q +γ = 1 and γ 2 +γ +ν ′ = 0
where ν ′ is an element in GF(

√
q) \ {1} whose absolute trace is 1. Setting X = X0 + γ X1, Y = Y0 + γ Y1 and ν = ν0 + γ ν1, 

(19) is equivalent to the system of the following two equations:

X2
0 + ν ′2 X2

1 + ν0Y 2
0 + ν ′(ν0 + ν1)Y 2

1+X0Y0 + ν ′ X1Y1 + a0Y0 + (a0 + ν ′a1)Y1 + t0 = 0, (20)

X2
1 + [(ν0 + ν1) + ν ′ν1]Y 2

1 + ν1Y 2
0+X0Y1 + Y0 X1 + X1Y1 + a0Y1 + a1Y0 + t1 = 0. (21)

As these are non-homogeneous quadratic equations in (X0, X1, Y0, Y1) ∈ GF(
√

q)4, their solutions correspond to the affine 
points of the intersection of two quadratic hypersurfaces C1 and C2 of PG(4, 

√
q).

We refer the reader to [8] for the theory of quadrics in arbitrary (including 2) characteristic. Our approach to study (20)
and (21) here is according to [12, Section 1.2]. In particular, we describe the quadrics by means of matrices where we 
replaced each of the terms aij ’s by formal indeterminates Zij , then evaluate the discriminant and the Arf invariant as 
rational functions over the ring of integers Z and then finally we specialize the indeterminates Zij to aij once more. So, the 
matrices associated to the quadrics C∞

1 := C1 ∩ �∞ and C∞
2 := C2 ∩ �∞ are

P∞
1 =

⎛
⎜⎜⎝

2 0 1 0
0 2ν ′ 0 ν ′
1 0 2ν0 0
0 ν ′ 0 2ν ′(ν0 + ν1)

⎞
⎟⎟⎠ (22)

and

P∞
2 =

⎛
⎜⎜⎝

0 0 0 1
0 2 1 1
0 1 2ν1 0
1 1 0 2[(ν0 + ν1) + ν ′ν1]

⎞
⎟⎟⎠ . (23)

We have det(P∞) = ν ′ 2 	= 0 and det(P∞) = 1 − 4ν1, hence C∞ and C∞ are both non-singular.
1 2 1 2

8
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Let

B :=

⎛
⎜⎜⎝

0 0 0 1
0 0 1 1
0 −1 0 0

−1 −1 0 0

⎞
⎟⎟⎠ .

Since 
|B| − 1 + 4ν1

4|B| = ν1 and

TrGF(
√

q)|GF(2)(ν1) = TrGF(
√

q)|GF(2)(ν + ν
√

q) = TrGF(q)|GF(2)(ν) = 1, (24)

we have that C∞
2 is an elliptic quadric.

Now consider the pencil F generated by the quadrics C∞
1 and C∞

2 over GF(q). A generic quadric Cξ,λ ∈F has matrix

Aξ,λ =

⎛
⎜⎜⎝

2ξ 0 ξ λ

0 2(λ + ξν ′) λ λ + ξν ′
ξ λ 2(ξν0 + λν1) 0
λ λ + ξν ′ 0 2[(λ + ξν ′)(ν0 + ν1) + λν ′ν1]

⎞
⎟⎟⎠ (25)

whose determinant is

det(Aξ,λ) = (ξ2ν ′ + ξλ + λ2)2. (26)

Since TrGF(
√

q)|GF(2)ν
′ = 1, we have that ∀(ξ, λ) ∈ G F (q)2 \ {(0, 0)}, det(Aξ,λ) 	= 0. Thus, each Cξ,λ ∈ F is non-singular. For 

ξ = 0 we know that C0,λ is elliptic. We want to prove that Cξ,λ is elliptic also for ξ 	= 0. Thus we can assume ξ = 1 and set

Bλ :=

⎛
⎜⎜⎝

0 0 1 λ

0 0 λ λ + ν ′
−1 −λ 0 0
−λ −(λ + ν ′) 0 0

⎞
⎟⎟⎠ .

We get that

|Bλ| − |Cλ|
4|Bλ| = ν1

and hence, from (24), that C1,λ is an elliptic quadric for all λ ∈ GF(
√

q). This means that any element of F is an elliptic 
quadric. A straightforward computation shows that the determinant of the matrix

Aξ,λ =

⎛
⎜⎜⎜⎜⎝

2ξ 0 ξ λ 0
0 2(λ + ξν ′) λ λ + ξν ′ 0
ξ λ 2(ξν0 + λν1) 0 a0ξ + λa1
λ λ + ξν ′ 0 2[(λ + ξν ′)(ν0 + ν1) + λν ′ν1] a0(λ + ξ) + ξν ′a1
0 0 ξa0 + λa1 a0(λ + ξ) + ξν ′a1 2(ξt0 + λt1)

⎞
⎟⎟⎟⎟⎠ (27)

is the product of λ2 + λξ + ν ′ξ2, which is an irreducible polynomial over GF(
√

q) by a homogeneous polynomial p(ξ, λ) of 
degree 3. If

det(Aξ,λ) = 0 (28)

does not admit solutions of the form (0, λ) then we can put ξ = 1 in Equation (28) and we end up with an equation of 
degree 3 in λ which has at most 3 solutions. This implies that there are at most three singular quadrics in the pencil F
generated by C1 and C2. If (0, λ) is a solution of Equation (28) then det(Aξ,λ) = ξ(ξλ2 + λξ + ν ′ξ2)h(ξ, λ) where h(ξ, λ) is 
a homogeneous polynomial of degree 2. As before if h(ξ, λ) is not divisible by ξ , we obtain with a similar argument that 
h(1, λ) has at most 2 roots and we see again that in total there are at most 3 singular quadrics in F , one of them being C2. 
So we have the following intersection numbers with non-vertical affine lines also for q even:

q + 1 − 2
√

q,q + 1 − √
q,q + 1,q + √

q + 1.

This completes the proof. �

9
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3.2. Proof of Theorem 1.3

The Hermitian curve

H : yq + y = xq+1 (29)

and the curve

C(a,m,d) : y = ax
√

q + mx + d,

with a, m, d ∈ GF(q2) and a 	= 0, share a unique point on the line at infinity, namely the point (∞). On the other hand, the 
number of affine points lying on both curves is the same as the number of solutions of the system of equations{

Tr(y + ax
√

q) = N(x),
y = mx + d.

(30)

This is the same as the number of common points of the line y = mx + d and the curve �a . Then the result follows from 
Theorem 1.2.

We propose a general conjecture.

Conjecture 1. Let p be a prime, h ≥ 2 and q = p2h. Then the affine Hermitian curve H(q2) of AG(2, q2) meets the curves 
X (a, m, d) : y = axp + mx + d in 1 modulus p affine points.

Remark 3.1. As we saw in the proof of Theorem 1.2, the number of lines with slope m 	= ∞ and meeting �a in kα :=
(
√

q + 1 − α)
√

q + 1, α ∈ {0, 1, 2, 3} points depends on the parameter a. In fact, for the same q, with different choices of a, 
we may get point sets with different number of kα -secants and hence nonequivalent constructions.

The number of k0, k1, k2, k3-secants of �a with slope m 	= ∞ is, respectively is

• either 0, 22 · 3, 0, 22, or 22, 0, 22 · 3, 0 when q = 22 (cf. Remark 2.8),
• 32 · 2, 32 · 3, 32 · 3, 32 when q = 32,
• 42 · 4, 42 · 6, 42 · 4, 42 · 2 when q = 42,
• either 52 · 6, 52 · 12, 52 · 3, 52 · 4, or 52 · 7, 52 · 9, 52 · 6, 52 · 3, when q = 52.

There are two combinatorially different examples also for q = 112 and q = 172.

4. A class of 
√

q-divisible codes over GF(q2) and codes with a simple weight enumerator modulus a q-power

In this section apply the usual construction of codes arising from projective systems to the curve �a . More in detail, we 
construct a 3 × (q3 + 1) generator matrix G for a code by taking as columns the coordinates of the points of the algebraic 
curve �a with Equation (2). The order in which the points are taken is not relevant, as all codes thus obtained are equivalent.

The code C(�a) having G as generator matrix is called the projective code generated from �a . The spectrum of the inter-
sections of �a with the lines of PG(2, q2) is related to the list of the weights wi of the associated code; furthermore the 
minimum Hamming weight of C(�a) is

w(�a) = |�a| − max{|�a ∩ �| : � is a line of PG(2,q2)}.
Since |�a| = q3 + 1 it is now easy to see that C(�a) is a [q3 + 1, 3, q3 − q − √

q]q2 -linear code. Also, C(�a) has just 5
weights, that is:

w1 = q3 − q − √
q, w2 = q3 − q, w3 = q3 − q + √

q, w4 = q3 − q + 2
√

q, w5 = q3

which are all divisible by 
√

q. Furthermore, for q = 4, w4 = w5 and the corresponding C(�a) is either a [65, 3, 60]16-linear 
code with two non-zero weights or a [65, 3, 58]16-linear code with just 4 non-zero weights (cf. Remark 3.1).

We define the intersection enumerator of the projective curve arising from �a as the polynomial

ι(x) :=
∑

� line of P G(2,q2)

x|�∩�a| =
∑

i

ei x
i .

Denote by Ai the number of codewords of C(�a) with Hamming weight i. The (Hamming) weight enumerator is defined as 
the polynomial

1 + A1x + · · · + Amxm;

10
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this polynomial gives a great deal of information about the code and is an important invariant. Also, it is used in order to 
estimate the probability of a successful decoding when there are more than 2d + 1 errors, d being the minimum distance 
of the code.

If ι(x) is the intersection enumerator of �a , then the weight enumerator of C(�a) is

w(x) = 1 + (q2 − 1)
∑

ei x
q3+1−i . (31)

From Theorem 1.2, it follows immediately that the only non-zero coefficients in ei are those for i ∈ {1, q − 2
√

q + 1, q −√
q + 1, q + 1, q +√

q + 1}. Also, the only line meeting �a in exactly one point is the line at infinity, and the q2 vertical lines 
of AG(2, q2) meet �q in q + 1 points; so e1 = 1. It is easy to see that the following general result holds.

Proposition 4.1. Let X denote point set of PG(2, qh), let C(X) denote the associated projective code and let ei denote the coefficient of 
xi in ι(x).

1. If X is regular of pointed type then all coefficients ei with i 	= 1 are divisible by qh, e1 ≡ 1 (mod qh).
2. If h = 2 and X is obtained from Theorem 2.7 (such as �a) then all coefficients ei with i /∈ {1, q + 1} are divisible by q3 , eq+1 ≡ q2

(mod q3) and e1 ≡ 1 (mod q3).
3. If X = S ′ ∪ {(∞)} is obtained from a regular set S of pointed type [t; m1, . . . , mg] of PG(2, q) as in Theorem 2.2, then all coefficients 

ei with i /∈ {1, qst + 1} are divisible by q2s+1 , eqst+1 = q, e1 ≡ qh − q + 1 (mod q2s+1). �
The result above has the following immediate consequence.

Proposition 4.2. If X is regular of pointed type in PG(2, qh), C(X) denote the associated projective code and ei denote the coefficient 
of xi in ι(x), then the weight enumerator 1 + (qh − 1) 

∑
ei x|X |−i of C(X) modulus qh equals

1 − x|X |−1.

If h = 2 and X is obtained from Theorem 2.7 (such as �a) then the weight enumerator of C(x) modulus q3 equals

1 − q2xq3−q + (q2 − 1)xq3
.

If X = S ′ ∪ {(∞)} is obtained from a regular set S of pointed type [t; m1, . . . , mg] of PG(2, q) as in Theorem 2.2, then the weight 
enumerator of C(x) modulus q2s+1 equals

1 + (qh+1 − q)xtqs(q−1) + (−qh+1 + q − 1)xtqs+1
. �

Observe that the codes C(�a) not only have good parameters, but they turn also out to be 
√

q-divisible, see [15,17]. 
Incidentally, as the codes we consider are projective, their duals are [q3 + 1, q3 − 3, 3]-linear almost MDS codes (however 
they are not NMDS), see [5].
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