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1. Introduction

A classical problem in finite geometry is to construct and characterize sets which have some regularity in their intersec-
tion pattern with respect to lines; for example sets with few intersection numbers, sets with a unique intersection number
modulus p (the field characteristic), or sets such that for some parallel classes almost all lines of the same class meet the
set in the same number of points (possibly modulus p), see [6]. In this paper we consider point sets of finite Desarguesian
planes such that the multisets of intersection numbers obtained from different parallel classes of lines are the same for all
but one parallel class of lines. We call such sets regular of affine type; their formal definition is given in Definition 1.1.

A point set X of PG(2,q) is of type (mq,my,...,my) if for each line ¢ of PG(2,q) there is some i € {1,2,...,k} such
that |X N €| = m;. The numbers mq, my, ..., m, will be called the types of X. It is hard, in general, to find point sets with
few types. In [10] Hirschfeld and Szényi introduced the notion of affine type for those sets of PG(2, q) which admit at least
one tangent line. Assume that Pg is a point of X and ¢ is a tangent to X at Py, that is, a line of PG(2,q) such that
X N €y ={Pp}. Up to a suitable choice of reference, we may assume that Py is the common point (co) of all vertical lines
of affine equation x = a of AG(2,q) and that £9 = ¢ is the line at infinity. Then X is of affine type (mi,my, ..., my) if
for each line ¢ # Py we have |X N ¢| =m; for some i € {1,2,...,k}. The numbers mq,my, ..., m; will be called the affine
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types of X. In [10] the authors proved various results about sets of affine type (m,n) and showed infinite families of such
point sets. If in addition all of the vertical lines meet X in the same number of points, say t + 1 with t > 1, then X is a
set of pointed type [t; m,n] (note that these are also sets of type (1,t+ 1, m,n)). The classical examples for such sets are the
unitals of PG(2, g%); they are exactly the sets of pointed type [q; 1, g+ 1]. In [10, Theorem 5.5 for r =1 and Theorem 5.8 for
A/q =1 > 1] Hirschfeld and Szényi constructed sets of pointed type [rq;r(q —1),r(q — 1) +q] in PG(2, g?) for q odd. Still for
q odd, the same authors constructed also some other sets of pointed type in PG(2, q) with a small number of affine types.
These sets have s+ 1 affine types when s is an even divisor of ¢ — 1 and 2s + 1 affine types when s > 1 is an odd divisor of
q—1, [11, Theorem 3.1]; see after Theorem 2.5 for more details. Another construction appears in [1], where sets of pointed
type [q; q — 1,2q — 1] are constructed in PG(2, q%); see Remark 2.8.

As usual, by (d) we denote the common ideal point of the affine lines y =dx + b with slope d € GF(q). If X is a set
of affine type (m,n) with distinguished point Py = (c0) and with tangent £g = £+, then the number of m-secants and the
number of n-secants incident with the direction (d) € ¢ is the same for each d # oo. In this paper we will consider the
following generalizations of this concept.

Definition 1.1. A point set X in PG(2, q) is regular of affine type (m1, my, ..., my) if there is a distinguished point Py in X and
a tangent ¢y of X incident with Pg such that:

(i) every line not through Pg is an m;-secant for some i € {1, 2,...,h};
(ii) the number of m;-secants incident with P is the same for each P € ¢g \ {Po}.

The set X is called regular of pointed type [t; m1,m2, ..., my] for some t > 0 if in addition to (i) and (ii) it holds that
(iii) all the lines incident with Pg other than ¢y are (t 4+ 1)-secants of X.
Finally, a set X in PG(2, q) is said to be of pointed type [t; m1,m>, ..., my] if properties (i) and (iii) hold.

Clearly if X is regular of pointed type then it is regular of affine type with the same parameters (mi,my,...,mp).
Assuming Pg = (00) and £y = £, trivial examples of regular sets of affine type are: subsets of a vertical line, the union
of some vertical lines, a Baer subplane whose intersection with £, is (c0) and Korchmaros-Mazzocca arcs of type (0, 2,t)
considered together with their nucleus (here the distinguished point is the nucleus), [14,9]. The point sets constructed
in [11, Theorem 3.1] are obtained from a pencil of touching conics. Although it is not mentioned there, sets obtained in
this way are necessarily regular of pointed type, see Theorem 2.5. The touching conics idea can be applied to obtain some
special examples involving internal and external points of a conic, see Example 2.6.

Let G denote a subgroup of the group of collineations PI'L(3, q) of PG(2,q) and denote by O, Oq,..., Oy some of the
point orbits of G. Put Y = Ui‘: 0;. Then the multiset {|¢NY]|: £ > P} is the same for each choice of P € 0. If O = £, then
Y is an affine set such that the number of k-secants of Y incident with P is the same for each P € {. If O = £ \ (00)
then Y is regular of affine type, but not necessarily regular of pointed type, [13].

In Section 2 we consider some general constructions of regular sets of affine type. In particular, in Theorem 2.2 and
Theorem 2.3 we show how regular sets of affine type (my, my,...,my) in PG(2, q) may be used to construct regular sets of
affine type (mq,ma, ..., mg) in PG(2, ¢"). This method is a mixture of ideas from [9] and [16].

By Tr and N we will denote the GF(q%) — GF(q) functions x > x 4+ x and x — x9t1, respectively. For some additive
function f: GF(q%) — GF(q?) consider the algebraic plane curve of affine equation

Tr(y + f(0)) =N(x). (1)

In Theorem 2.7 we show that the set X of the projective points of this curve is regular of pointed type in PG(2, g%). Note
that this result does not say anything about the affine types, or about the number of affine types. For certain choices of f
the resulting point set is a unital and, according to a non-exhaustive computer search for small values of g, when X is not
a unital then we have at least 4 affine types (except when q is even and f(x) = ax?, see Remark 2.8 where the non-additive
choice f(x) =ax? is discussed for q odd). Up to equivalence, we found a unique infinite family with 4 affine types, obtained
with the choice f(x) = axv4 whenever q is a square prime power and a € GF(g2)*. This case is particular not only because
there are few affine types but also because they are all congruent to 1 modulus ,/q and the point set X U {(co)} meets
each line of the plane in 1 modulus ,/q points. This 1 modulus p property holds only for certain choices of the additive
function f.

In Section 3 we determine the affine types of a special point-set of the aforementioned type. This is the most laborious
part of our work and it is done separately for the q¢ odd and q even cases. The main result of this section is the following.

Theorem 1.2. Let q be a square prime power and a € GF(q2)*. Let Ty denote the algebraic plane curve of affine equation

Tr(y + axv9) = N(x). (2)
Then the set of projective points of Ty in PG(2, q%) is a regular (q> + 1)-set of pointed type
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[: q—2V/9+1, q—/q+1,9+1, g+ /q+1].

Using Theorem 1.2, we are able to describe the intersection between an Hermitian curve and a special family of curves
of degree ,/q.

Theorem 1.3. Let q be a square prime power and let a,m,d € GF(q?), a # 0. Denote by C(a, m, d) the curve of affine equation y =
axv4 + mx + d. Then the curves C(a, m, d) meet the Hermitian curve y9 + y = x3t1 of PG(2, q?) in the following number of points:

q—2J9+1, q—/q+1,q+1, g+ /q+1.

We refer the reader to [4] for information about the number of GF(q?)-rational points in the intersection of a non-
degenerate Hermitian surface with a surface of degree-d, where Sgrensen’s conjecture about the maximal number of such
points when d < q is proven.

In Section 4 we apply Theorem 1.2 to study the projective linear codes associated to ;. These codes are ,/g-divisible
with only 5 non-zero weights (when g =4 then with 2 non-zero weights if I'; is a unital and with 4 non-zero weights
otherwise). We also discuss the corresponding weight enumerators, which are important tools in coding theory, since they
contain some crucial information to estimate the actual error-correcting capability and the probability of error-detection
and correction of the code with respect to some channels.

2. General constructions of regular sets of affine type

First we show some general results on how to construct new regular sets of affine type starting from a given regular set
(of affine type) X. We will always assume that the distinguished point is (co) and that £, is a tangent to X.

Proposition 2.1.

1. If X is (regular) of affine type (m1,my, ..., my) in PG(2, q), then (AG(2, q) \ X) U {(c0)} is (regular) of affine type (q —m1,q —
mp,...,q —my).

2. If X is (regular) of pointed type [t; m1,my, ..., my] in PG(2, q), then (AG(2, q) \ X) U {(c0)} is (regular) of pointed type [q — t; q —
mp,q—my,...,q—mgl.

Clearly the same arguments hold in non-Desarguesian finite planes as well. O

The next construction is motivated by [9] and [16]. For s =h — 1, this is the same as the construction of [9, Section 3].
When S is a GF(p)-subspace of GF(q) x GF(q), then it is essentially the construction in [16, Section 4]. Our proof here works
without assuming the additivity of S.

Theorem 2.2. Let S = {(xk, i)}k € AG(2,q) be a point set such that S U {(00)} is of affine type (m1,ma, ..., mg). Let vq,..., v,

denote integers such that each vertical line is incident with v; points of S for some i € {1, 2, ..., r}. Take a non-trivial s-dimensional
GF(q)-subspace I of GF(q"), with I N GF(q) = {0}. Consider the point set

S' ={(, yr +i) i€ l, (X, yx) € S} CAG2,q")

of size q°|S|. Then the vertical lines of AG(2, q") meet S in either 0 or in gSv; points, fori € {1, 2, ..., r}. Non-vertical lines of AG(2, q")
meet S’ in either 0, 1 orinm; points,i € {1, 2, ..., g}. In particular S" U{(c0)} is of affine type (0, 1, my,my, ..., mg) and in £ \ (00)
there are

(1) ¢t directions (d) incident with ¢" — g5*! affine lines that do not meet S’ and with A; aq° affine lines meeting S’ in m; points.
These are exactly the directions (d) with d € GF(q) & I and for each such d put d = dy + dy with dy € GF(q) and dy € I. Then for
ie{l,2,..., g}, A qis the number of affine m;-secants of S in PG(2, q) incident with the direction (do) # (00) and, ng=1 Aig=

q,
(2) q" — g5+ directions incident with q%|S| tangents to S’ and with q" — q°|S| affine lines that do not meet S’

Proof. The statement on the vertical lines is trivial, it remains to determine the size of S’N¢, where £ is the line of equation
y =dx 4+ b. This is the same as the cardinality of the set

(ki) €{1,2,...,|S]} x I : yx + i =dx; +b}.

Let I’ be an (h — 1)-dimensional GF(q)-subspace of GF(q") such that I C I’ and GF(q) & I’ = GF(q"). For any e € GF(q") put
e =eg + ey with eg € GF(q) and ey € I'.
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The condition yj +i =dxy + b can be written as y, +i = (do + d1)Xx + bo + b1, that is,

Vi —doXg —bo =d1x, + by —i.

Here the left hand side is in GF(q) while the right hand side is in I’, thus equality holds if and only if

Yk —doxk —bo =0 (3)

and

dixy +b1 —i=0. (4)

Let £ denote the line of equation y =dpx + by in AG(2,q) and let w € {1, ..., g} be such that
My =[S N Lol = [{(Xk, Yk) : Yk — doXk — bo = 0}|.

(i) If d; € I and by € I’ \ I then (4) does not have a solution and hence ¢ meets S’ in 0 points.

(ii) If dy € I and by €I then for every solution (xi, yi) of (3) there corresponds a unique solution of (4) and hence ¢ meets
S’ in m,, points.

(iii) If dqy € I’ \ I then ¢ meets X’ in at most one point. Indeed, if we had dix; + by =i and dix + b1 =i’ for some i,i’ € I
and k, k' € {1,2,...,|S|}, then dy(xy — x}y) =i — i’ and hence d; € I would follow, a contradiction.

Since there are q(g"~! — ¢°) pairs (dg, d1) such that d; € I’ \ I, part (2) of the theorem follows from (iii). Since there are

q(@"! — ¢°) pairs (bg, b1) such that by € I’ \ I, it follows that each of the ¢g5*! directions (d) such that d =dg +d;, dy €1

is incident with g" — ¢*1 affine lines that do not meet S’ (cf. (i)). On the other hand, if d; € I and b; € I, then lines with

equation y =dx +b meet S’ in the same number of points as the line with equation y = dox + bg meet S (cf. (ii)). As there

are q° possible values for b (or choices for by) if we fix by, this proves part (1). O

Theorem 2.3. If in Theorem 2.2 the set S U {(00)} is regular of affine type (m1, ..., mg) in PG(2,q) and s =h — 1 then S’ U {(c0)} is
regular of affine type (my, ..., mg) in PG(2, q"). Moreover, the number of non-vertical, affine k-secants of S’ is a multiple of g for
every integerk. O

Example 2.4. Theorem 2.2 can also be applied to construct sets with few types. Indeed, if S of PG(2, q) is of type (0, 1,n),
then S’ of PG(2, g") is of type (0, 1, n, ng®).

We are going to provide two further constructions of regular sets of pointed type in PG(2, q). The next construction
is basically the same as in [10,11]. The difference is that in those papers B is taken as a special subset of GF(q) and the
regularity is not explicitly indicated there.

Theorem 2.5. For b € GF(q), q odd, let P}, denote the conic of equation yz = x*> + bz in PG(2, q). For B € GF(q) consider
X(B) :=Upep Pp.
Then X(B) is regular of pointed type.

Proof. If B = {b1,by,...,by} then the vertical lines meet X(B) in h + 1 points. The line £: y = mx + d meets X(B) in
20tm,d + Bm,a points where

om.d = |{b € B:m?* — 4(b — d) is a non-zero square in GF(q)},
Bm.a={beB:m*—4(b—d) =0}

Since in the multiset {m? + 4r : r € GF(q)} each element of GF(q) is represented exactly once, it follows that the multiset
{20t q + Bm,q : d € GF(q)} does not depend on the choice of m and hence X(B) is regular of pointed type. O

In [11, Theorem 3.1] it is shown that if B = {vu®: u € GF(q)} for some fixed non-square —v € GF(q) and s|q—1, s
even, then B is of pointed type [(q — 1)/s + 1;1,my, ..., ms]. Note that with s =2 we obtain the same parameters as in
the third subcase of Example!2.6 (cf. the first comment of page 503 of [11] and [3, Section 3.4] from Barlotti, where these
sets are considered as complete (k,n)-arcs). On the other hand, if s is an odd divisor of ¢ — 1, then X(B) is of pointed type
[(@—1D/s+1;(@—1/s+1,my,...,my].

Example 2.6. In PG(2, q) with g odd:
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1. the set of the interior points of an oval together with one point of the oval is regular of pointed type [%(q —1);0, %(q -
1. 3@+

2. the set of exterior points of an oval together with one point of the oval is regular of pointed type [%(q —-1);q9-1, %(q —
3),3(@— Dl

3. the set of interior points of an oval united with the set of all the points of the oval is regular of pointed type [%(q +
D:1,3(@+3). 3@+ D

4. the set of exterior points of an oval united with the set of all the points of the oval is regular of pointed type [%(q +
D:q. 2@+, L@-Dl

Finally, we consider the pointed sets arising from (1) mentioned in the Introduction.

Theorem 2.7.If f is an additive GF(q%) — GF(q?) function then the set of projective points of the algebraic plane curve X of affine
equation

Tr(y + f(x)) =N(x)

is a regular set of pointed type in PG(2, g%). Moreover, in every parallel class of lines the number of k-secants to X is a multiple of q for
each integer k.

Proof. It is immediate to see that vertical lines meet X in q affine points. After substituting y = mx + d to determine the
number of common points of X and the line £: y = mx + d we obtain

mix? +d¥ + mx +d+ Tr(f(x)) = x4+,

The number of solutions of this equation remains the same after replacing x by x + m9, thus we obtain:

mlx? +m) +d? +mx+m?) +d+Tr(fx) + f(m?) = T + m)(x+m7) &
mIx? 4+ mIt 4 d9 + mx4+mIt 4d + Tr(f(x) + fFm?)) =97 £ xIm? +mx +mo! &
mIT 4+ Tr(f(m%)) +d +d? =xIt — Tr(f(x).  (5)

Denote by t;; 4 the number of different solutions in x of the equation (5). Recall that d — d + d? is g-to-1, hence in the
multiset {m9t! + Tr(f(m9)) +d + d? : d € GF(q?)} each element of GF(q) is represented exactly q times. It follows that the
multiset {tq:d € GF(g%)} does not depend on the choice of m and each of its elements is represented a multiple of q
times. This completes the proof. O

Remark 2.8. The points of Tr(y + f(x)) = N(x) give unitals or regular sets of pointed type [q; ¢ — 1,2q — 1] when f(x) = ax?,
a € GF(q)*, 4N(a) # 1, q odd. Indeed, in this case the map x — x? — 2ax is a bijection of GF(g%). The number of solutions
of Tr(y + ax?) = N(x), with y =mx + b, is the same as the number of solutions of Tr(m(x + o) + b + a(x + &)%) = N(x + &)
where « is chosen such that o9 — 2ace = m. This equation reads as

Tr(ma + aa®) — N(a) 4 Tr(b) = N(x) — Tr(ax?).

If we view Tr(ma + aa®) — N(«) as a constant and recall that Tr is g-to-1, it is immediate to see that the multiset of the
number of solutions in x (as b runs through GF(q?)) does not depend on the choice of m.

In [1] a very similar construction, related to Ebert’s discriminant condition ([2,7]), was considered. Applying ideas from
there it can be seen that the number of solutions of Tr(mx + b + ax?) = N(x) corresponds to the number of affine points of
the conic of equation

x3(2a0 — 1) +x3€%(2a0 + 1) 4 4xox182%a1 4 2xomo + 26?my +2bg =0

of PG(2,q), where ¢7~1 = —1 and for each z € GF(q?) we write z = zg + £z1 with (z1, z2) € GF(q). When 4N(a) = 1 then
this conic has a unique point at infinity and hence it has 0, g, or 2q affine points, thus we obtain a set of pointed type
[g; 0, q, 2q] (which is not regular). On the other hand if 4N(a) # 1, then to determine the intersection numbers it is enough
to consider the case m = 0. The conic is reducible if and only if Tr(b) = 0 and it has 1 affine point when 4N(a) — 1 is a
square and 2q — 1 affine points when 4N(a) — 1 is a non-square in GF(q). When the curve is irreducible then it has q + 1
affine points when 4N(a) — 1 is a square and q — 1 affine points when 4N(a) — 1 is a non-square. Similar ideas work also
when q is even and f(x) = ax?. In Section 3 we shall examine the case g square, f(x) = xv9.

5
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3. Proofs of Theorems 1.2 and 1.3
3.1. Proof of Theorem 1.2

The odd q case The affinity 7 : (x, y) — (ax, y) maps the points of the curve Tr(y + f(ax)) = N(o)N(x) to the points of the
curve Tr(y + f(x)) = N(x). Take some « such that N(«) = 2, with f(x) = axv4. It follows that the set of points of the curve
Tr(y + aavxvq) = 2N(x) is equivalent to I'y, which is regular of pointed type by Theorem 2.7. Since {aav4 : a € GF(q?)*} =
GF(q?)*, to prove Theorem 1.2 it is enough to determine the size of the intersections with lines of AG(2, g?) of the curve
A4 of equation

Tr(y + axV9) = 2N(x)

with a € GF(q)*.

The constant 2 at the right hand side is harmless and just to simplify the computations. Since 7 fixes (c0), the vertical
lines meet A, in the same number of points as they met Iy, that is, in q affine points. Since A, is regular of pointed
type, it is enough to calculate the size of intersections of A, with horizontal lines. So, after substituting y = d, we need to
determine the number of solutions of the following equations as d varies in GF(q?):

a9xV99 4 axVT 4+ d7 +d —2x1t1 = 0. (6)
We can replace x with xav? in (6) without changing the number of solutions. So we end up with the following

N(a)'~vaxv4 4 N(a)'~vaxv4 4+ d9/N(a)V + d/N(@)V — 2x3t1 = 0.

In other words, the number of points of A, in common with the line y =d is the same as the number of points of AN@],ﬁ

in common with the line y = d/N(a)v4. This means that in (6) we may assume without loss of generality a € GF(q)*. For
any a € GF(q)*, denote by M, 4 the number of solutions of (6).
Fix now a primitive element g of GF(q?) and put & = B@t1/2, Then, ¢9 = —¢ and &2 is a primitive element of GF(q);
also {1, e} is a basis of GF(g?) regarded as a vector space over GF(q). The elements of GF(g?) shall always be written as
linear combinations with respect to this basis, that is, z = Zg + 21 &, with z € GF(q?) and Zg, 21 € GF(q). So,
Tr(ax¥?) = a(&oﬁ + eﬁfqﬁ) + a(&(*)/a — sﬁfqﬁ) = Za%/a;
X1 = (Ro + e81)(Ro — &81) = (R — £233).

With this choice of &, (6) becomes
a1 — 82+ 6282 + do =0, )

to be solved for (Xg, X1) € GF(q)2.
Let E be the affine curve of Equation (7) over GF(q). The number of GF(q)-rational points P = (Xg, X1) of E is the number

Mg q. Rewrite (7) as

aXvVi— X2 +&2Y? +t=0. (8)
Let now {1, n} be a basis of GF(q) over GF(,/q). As before we can choose 1 € GF(q) \ GF(,/q) such that 17~/a =—n and n? is
a primitive element in GF(,/q). Set X = Xo + nX; and g2 =e. So,

X% = (Xo +nX1)? = (X2 +2nXo X1 + n*X3);

2v2 _ 2 2v2y _ 2 22 2 2 2, y2
&Y =(eo+ HE])(YO +2nYoY1+ 17 Y]) = (eOY() +eon Yl +2n“e1YoY1) +n(eq YO +7n €1Y1 + 2egYoY1).

Thus, Equation (8) is equivalent to the system of the following two equations

to — X3 — n*X3 +eoY3 +eon’Yi +2n%e1YoY1 + aoXo — a1 X1 =0, (9)
t1 —2XpX1 +e1Y§ + 7}261 Y]Z +2e9YoY1 +a1Xo —agX; =0. (10)

As both are non-homogeneous quadratic equations in (X, X1, Yo, Y1) € GF(ﬁ)“, the solutions of the system correspond
to the affine points of the intersection of two quadratic hypersurfaces Q; and Q) of PG(4, ,/q). Thus, the number to
determine is Mg 4 = [(Q1 N Q2) \ To| Where X, denotes the hyperplane at infinity. To count the number of these points
we first determine the number of points at infinity of Q1 N Q,. The matrices associated to the quadrics 9O = Q1 N X
and O5° = Q, N ¥, are respectively
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-2 0 0 0
0 -2n2 0 0

oo __

T71lo o 2e0 2e1n? (11)

0 0 2e1n? 2eon?
and

0 -2 0 0
2 0 0 0

o0 __

A=l 0 0 20 20 |’ (12)

0 0 29 2e1n?

We have det(AS°) = 16n*(e2 — n?e?) and det(A®) = 16(ej — e2n?). Since 1 € GF(q) \ GF(,/q) it follows that det(AS°) # 0 #
det(A3°) and hence Q$° and Q3° are always non-singular. Now consider the pencil F spanned by the two quadrics Qf°
and Q5° over GF(q). A generic quadric Qg ; with (§,1) € GF(\/ﬁ)2 \ {(0, 0)} of F has matrix

—2& =2 0 0
—20 —2n% 0 0
oo __
A= o 0 2e0é + 2)req 2n%e1E + 2)eg (13)
0 0  2n2e1E+2xeg 2eon?E +2e1n*A
whose determinant is
det(AZ%) = 160> — n°£%)*(e§ — ein?). (14)

Observe that det(Ag%,) = 0 if and only if either n?&2 = A2 or n? = (eo/e1)?. Since 1 ¢ GF(,/q) but n? € GF(,/q), we have that
n? is a non-square in GF(,/q); so, neither of these conditions is possible. Then det(Agf’A) #0,V(E, L) e GF(\/&)2 \ {(0,0)}.
Since (e3 — n?e?) = ¢2P*V is a non-square in GF(/q), all quadrics in F are elliptic and hence with q + 1 points. By the
argument above, the generic quadric Qg ; of the pencil 7 spanned by Q; and Q) has rank at least 4. Let now C be the
base curve of the pencil F. The locus C is a quartic curve and the number of its affine rational points over GF(/q) is Mg g4.
If we denote by C the base locus of the pencil F then we have |C| = M, 4+ |C]|.
Observe that
Tl =1CI+ (Vg + D@+ 1-1CD,

so we get
|C|=0.

On the other hand, let rs, r, be respectively the numbers of non singular quadrics and elliptic cones in F. Then,
PG4, V| =ICl+75[(@+ DG+ 1 —ICl+r;[Va@+ 1) +1-ICl],

and

rs+ry =J/q+1.

So |C|= rs5./q + 1 namely My 4 =1 (mod ,/q). We obtain that My 4 = (/g +1—1,)./q + 1. We are now going to prove
that r, < 3. To this aim, we compute the number of homogeneous solutions in GF(ﬁ)z \ {(0, 0)} of the following equation

in (€,)):

—2¢ —21 0 0 £ag + A
—2x —2n2 0 0 —(@1n%€ + rap)
det 0 0 2&eq + 2req 2ne1€ + 2eg 0 =0, (15)
0 0 2nker +2xeq  2e0En? 4 2e1n*i 0
aof + a1 —(a1n* + Aag) 0 0 2(to€ + At1)
that is
—2& —2A Eap + Ay
4ef — ein®) 02 — g det | -2 —2&n? —(Ean? +rag) | =0.
gag+Aray —(Ean®+rag)  2(Eto + Aty)

Since (x2 — n2&?) is irreducible over GF(,/q), the solutions of Equation (15) correspond to those of

7
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—2& —2A Eap + ray
det| —2a —2&n? —(Ea1n? +rag) | =0. (16)
Eap+rar —(Ean?+1rao)  2(Eto + Aty)

Suppose now that (16) does not admit solutions of the form (0, 1). Then it is possible to divide by &, obtaining an equation
of degree 3 in A, which (clearly) has at most 3 different solutions in GF(,/q); so 0 <r, <3. On the contrary, if (0,) is a
solution of (16). Then, —8t; + 4apa; = 0, that is apa; = 2t1. Replacing this in (16), we get that the number of homogeneous
solutions of (16) is 1 plus the number of isotropic points of the 1-dimensional quadric with matrix

—4to +3a1n? + 3ap 4apain?
4again? 4n’to+an* +aon* )

This quadric has at most 2 points, so 1 <r, < 3. Consequently, we obtain
Mogefg+1-24/4.9+1-/q.9+1,9+/q+1}.

The even q case Arguing in the same way as for the g odd case, we see that we have to determine the number of solutions
of the following equation

N(a)!~vaxv 4 N(a)'~vaxva 4 d9/N(a)V? + d/N(@)vV7 — xIt1 =0, (17)

with a € GF(q)* and d € GF(g?).

Fix a primitive element 1 of GF(q%)\ GF(q) such that n9+n =1 and 1% +n+v =0 where v € GF(q)\ {1} and Trgr) (V) =
1. Then, {1, 5} is a basis of GF(q?) regarded as a vector space over GF(q). The elements of GF(q?) shall be written as linear
combinations with respect to this basis, that is, z = 29 + 211, with z € GF(g?) and 2, 2; € GF(q).

With our choice of 1, Equation (17) becomes

&Y 4 dy = R + Rok + V22, (18)
to be solved for (Xo, X1) € GF(q)%. Rewrite (18) as

aYva 4t =X2 + XY +vY2, (19)

and let {1, y} be a basis of GF(q) over GF(,/q). We can choose y € GF(q) \ GF(,/q) such that yﬁ—i-y =1land y24+y+v =0
where v’ is an element in GF(,/q) \ {1} whose absolute trace is 1. Setting X =Xo+ ¥ X1, Y =Yo+yY{ and v=vo + y vy,
(19) is equivalent to the system of the following two equations:

X3 +V"2X3 +voYE +V (Vo +v1)YZ+XoYo 4+ V' X1 Y1 +agYo + (ao + v'a1)Y1 +to =0, (20)
X2 4 [(vo 4 v1) +V'V11YZ + 11 Y2+ XoY1 + YoX1 + X1Y1 +aoY1 +ar Yo+t =0. (21)

As these are non-homogeneous quadratic equations in (Xp, X1, Yo, Y1) € GF(ﬁ)“, their solutions correspond to the affine
points of the intersection of two quadratic hypersurfaces C; and C; of PG(4, \/q).

We refer the reader to [8] for the theory of quadrics in arbitrary (including 2) characteristic. Our approach to study (20)
and (21) here is according to [12, Section 1.2]. In particular, we describe the quadrics by means of matrices where we
replaced each of the terms a;;’s by formal indeterminates Z;j, then evaluate the discriminant and the Arf invariant as
rational functions over the ring of integers Z and then finally we specialize the indeterminates Z;; to a;; once more. So, the
matrices associated to the quadrics C{° :=C1 N X and C3° :=Cy N X are

2 0 1 0
o_|0 20/ 0 v
PE=11 o 2u 0 (22)
0 v 0 2V(w+v1)
and
00 O 1
w |02 1 1
Py = 0 1 2y 0 (23)
1 1 0 2[(vo+v)+v'v1]

We have det(P{°) = V'2 40 and det(P$°) =1 — 4vy, hence C{° and C5° are both non-singular.

8
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Let

0 O
0 O
0 -1
-1 -1

B:=

o o = O
OO = =

|B] — 1+ 4v;

=v; and
4|B|

Since

Trer /g)1cr@) (V1) = TrGr/gcr@) (V + Vi) = Trerg)cr2) (V) =1, (24)

we have that C5° is an elliptic quadric.
Now consider the pencil F generated by the quadrics C{° and C3° over GF(q). A generic quadric C¢ , € F has matrix

2& 0 £ A
| o 20+&v) A A+ EV
Ai=1le 0 2@ve+am) 0 (25)
A A+EY 0 2[(A +EV)(vg + V1) + Av'v1]
whose determinant is
det(As ;) = B2V +Ex +1%)°. (26)

Since Trcp(ﬁ)|cp(2)v’ =1, we have that V(£,1) € GF(q)? \ {(0, 0)}, det(Ag ) # 0. Thus, each C¢ € F is non-singular. For
& =0 we know that Cp, is elliptic. We want to prove that C¢ ; is elliptic also for £ # 0. Thus we can assume £ =1 and set

0 0 1 A
B — 0 0 AAFV
A — 0 o0
—A —(A+V) 0 0
We get that
Bul = 1G]
4B, |

and hence, from (24), that Cq; is an elliptic quadric for all A € GF(,/q). This means that any element of F is an elliptic
quadric. A straightforward computation shows that the determinant of the matrix

2% 0 £ A 0
0 20.+&V) Y At EV 0

ZE,A = S A 2(5\)0 +)»l)]) 0 (1()%' + Aaq (27)
LA +s 0 2[( +&V)(vo +v1) + '] ag(A + &) +&vay
0 0 &ap + ray ag(h + &) +&v'a 2(&to + At1)

is the product of A% + A& + v'€2, which is an irreducible polynomial over GF(,/q) by a homogeneous polynomial p(&, 1) of
degree 3. If

det(Ag ;) =0 (28)

does not admit solutions of the form (0, 1) then we can put &£ =1 in Equation (28) and we end up with an equation of
degree 3 in A which has at most 3 solutions. This implies that there are at most three singular quadrics in the pencil F
generated by C; and Ca. If (0, A) is a solution of Equation (28) then det(Ag ;) = &(EA% + A& + V'E2)h(E, 1) where h(£, 1) is
a homogeneous polynomial of degree 2. As before if h(&, 1) is not divisible by &, we obtain with a similar argument that
h(1, A) has at most 2 roots and we see again that in total there are at most 3 singular quadrics in F, one of them being Cs.
So we have the following intersection numbers with non-vertical affine lines also for q even:

q+1-2/9.9+1-49.9+1,9q+/q+1.

This completes the proof. O



A. Aguglia, B. Csajbok and L. Giuzzi Discrete Mathematics 347 (2024) 113835

3.2. Proof of Theorem 1.3
The Hermitian curve

H: yq +y =XQ+1 (29)

and the curve

C(a,m,d): y:axﬁ+mx+d,

with a,m, d € GF(q%) and a # 0, share a unique point on the line at infinity, namely the point (co). On the other hand, the
number of affine points lying on both curves is the same as the number of solutions of the system of equations

(30)

Tr(y + axv?) = N(x),
y=mx+d.

This is the same as the number of common points of the line y = mx + d and the curve I'y. Then the result follows from
Theorem 1.2.
We propose a general conjecture.

Conjecture 1.Let p be a prime, h > 2 and q = p2". Then the affine Hermitian curve H(q%) of AG(2,q%) meets the curves
X(a,m,d): y =axP +mx +d in 1 modulus p affine points.

Remark 3.1. As we saw in the proof of Theorem 1.2, the number of lines with slope m # oo and meeting I’y in ky :=
V3+1—-a)/q+1, ae{0,1,2,3} points depends on the parameter a. In fact, for the same g, with different choices of a,
we may get point sets with different number of k,-secants and hence nonequivalent constructions.

The number of kg, k1, k2, k3-secants of I'; with slope m # oo is, respectively is

either 0, 2% -3, 0, 22, or 22, 0, 2% - 3, 0 when q = 22 (cf. Remark 2.8),
32.2,3%.3,32.3, 32 when q =32,

42 .4, 42.6, 4% .4, 4% .2 when q =42,

either 5% -6, 52-12,5%-3,52.4, or 5.7, 5%.9, 52.6, 52 3, when q = 52.

There are two combinatorially different examples also for g =112 and q = 172.

4. A class of ,/q-divisible codes over GF(q?) and codes with a simple weight enumerator modulus a g-power

In this section apply the usual construction of codes arising from projective systems to the curve I';. More in detail, we
construct a 3 x (q° + 1) generator matrix G for a code by taking as columns the coordinates of the points of the algebraic
curve I'q with Equation (2). The order in which the points are taken is not relevant, as all codes thus obtained are equivalent.

The code C(T'y) having G as generator matrix is called the projective code generated from T'y. The spectrum of the inter-
sections of Iy with the lines of PG(2, q%) is related to the list of the weights w; of the associated code; furthermore the
minimum Hamming weight of C(I'y) is

w(Tg) = || — max{|T'qg N £|: £ is aline of PG(2, qz)}.

Since || = ¢ + 1 it is now easy to see that C(I'g) is a [¢> + 1,3,¢> — g — \/q],2-linear code. Also, C(I'g) has just 5
weights, that is:

Wi=q@ —q—Jawa=¢>—qw3=¢>—q+ /G wa=¢>—q+2/q ws=¢q

which are all divisible by ./q. Furthermore, for g =4, w4 = ws and the corresponding C(I'y) is either a [65, 3, 60]16-linear
code with two non-zero weights or a [65, 3, 58]1g-linear code with just 4 non-zero weights (cf. Remark 3.1).
We define the intersection enumerator of the projective curve arising from I'; as the polynomial

1(x) = Z xl¢Tal — Zeixi.
i

£ line of PG(2,g2)

Denote by A; the number of codewords of C(I'g) with Hamming weight i. The (Hamming) weight enumerator is defined as
the polynomial

1+ A1x+ -+ Apx™;

10
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this polynomial gives a great deal of information about the code and is an important invariant. Also, it is used in order to
estimate the probability of a successful decoding when there are more than 2d + 1 errors, d being the minimum distance
of the code.

If t(x) is the intersection enumerator of I'g, then the weight enumerator of C(I'y) is

W =1+ @ -1 exd 11, (31)

From Theorem 1.2, it follows immediately that the only non-zero coefficients in e; are those for i e {1,q —2,/q+1,q9—
J4+1,9+1,q9+,/q+1}. Also, the only line meeting I'; in exactly one point is the line at infinity, and the q? vertical lines
of AG(2, ¢%) meet Iy in g+ 1 points; so e; = 1. It is easy to see that the following general result holds.

Proposition 4.1. Let X denote point set of PG(2, gM), let C(X) denote the associated projective code and let e; denote the coefficient of
X in u(x).

1. If X is regular of pointed type then all coefficients e; with i # 1 are divisible by q", e =1 (mod g").

2. Ifh =2 and X is obtained from Theorem 2.7 (such as T'y) then all coefficients e; with i ¢ {1, q + 1} are divisible by q°, eg+1 = q>
(mod g3) ande; =1 (mod ¢°).

3. If X = S"U{(0c0)} is obtained from a regular set S of pointed type [t; m1, ..., mg] of PG(2, q) as in Theorem 2.2, then all coefficients
e; with i ¢ {1, %t + 1} are divisible by ¢**1, egse41 =q, 1 =q" —q+1 (mod ¢**). O

The result above has the following immediate consequence.

Proposition 4.2. If X is regular of pointed type in PG(2, q"), C(X) denote the associated projective code and e; denote the coefficient
of x! in 1(x), then the weight enumerator 1 + (q" — 1) 3_ e;xX|=1 of C(X) modulus q" equals

1 —xXI=1,
Ifh =2 and X is obtained from Theorem 2.7 (such as 'y ) then the weight enumerator of C(x) modulus q> equals
11— (P =1

If X =S U {(c0)} is obtained from a regular set S of pointed type [t;m1, ..., mg] of PG(2,q) as in Theorem 2.2, then the weight
enumerator of C(x) modulus q2*1 equals

tqs+1

Observe that the codes C(I';) not only have good parameters, but they turn also out to be ,/g-divisible, see [15,17].
Incidentally, as the codes we consider are projective, their duals are [q> + 1, q> — 3, 3]-linear almost MDS codes (however
they are not NMDS), see [5].
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