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Abstract. In this paper we analyze the finite element approximation of the Stokes equations
with nonsmooth Dirichlet boundary data. To define the discrete solution, we first approximate the
boundary datum by a smooth one and then apply a standard finite element method to the regularized
problem. We prove almost optimal order error estimates for two regularization procedures in the
case of general data in fractional order Sobolev spaces and for the Lagrange interpolation (with
appropriate modifications at the discontinuities) for piecewise smooth data. Our results apply in
particular to the classic lid-driven cavity problem, improving the error estimates obtained in Cai and
Wang [Math. Comp., 78 (2009), pp. 771-787]. Finally, we introduce and analyze an a posteriori error
estimator. We prove its reliability and efficiency and show some numerical examples which suggest
that optimal order of convergence is obtained by an adaptive procedure based on our estimator.
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1. Introduction. The goal of this paper is to analyze finite element approxi-
mations of the Stokes equations with nonsmooth Dirichlet boundary data. For the
Laplace equation, the analogous problem has been analyzed in recent years in [5, 6].

Before explaining the problem and goals, let us introduce some notation. For s a
real number, 1 < p < oo, and D a domain in R? or its boundary or some part of it, we
denote by W*P(D) the Sobolev space on D and by || -||sp.p and | -|s p,p its norm and
seminorm, respectively (see, for example, [2, 1]). Asusual, we write H*(D) = W*2(D)
and omit the p in the norm and seminorm when it is 2. Moreover, bold characters
denote vector-valued functions and the corresponding functional spaces. The notation
(-,-)p stands for the scalar product in L?(D) as well as for the duality pairing between
a Sobolev space and its dual; when no confusion may arise, the subscript indicating
the domain is dropped.

The subspace of H!(D) with zero trace on the boundary is denoted as usual by
H}(D), while LZ(D) is the subspace of L?(D) of functions with zero mean value.

Let Q ¢ R%, d = 2,3, be a Lipschitz domain with boundary I' = 99, and denote
by n the outward unit vector normal to the boundary.
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We consider the Stokes problem

—Au+Vp=f inQ,
(1.1) divu=7 inQ,

u=g onl,

where f, 77, and g are given data. If f € H-1(Q), n € L?(Q), g € HY/?(T"), and the

Compatlbllity Condll iOIl
/ g . / 77
I Q

is satisfied, the existence and uniqueness of solution u € H*(Q2) and p € L*(Q)/R is
a well-known result (see, for example, [22, page 31]). Moreover, the following a priori
estimate holds true:

(1.2) [ullr.e + Ipllz2@)/m < C(IEl-1.0 + Inlo.q + lIgll/2r)-

The classic analysis of finite element methods for this problem is based on the
variational formulation working with the spaces H!(Q) for the velocity u and L?(Q)
for the pressure p. If g ¢ H'Y/2(T'), then the solution u ¢ H'(Q), and therefore
that theory cannot be applied. This situation arises in many practical situations. A
typical example is the so-called lid-driven cavity problem, where 2 is a square and
the boundary velocity g is a piecewise constant vector field which has jumps at two
of the vertices and therefore does not belong to H'/?(T'). However, this example is
used in many papers as a model problem to test finite element methods using some
regularization of g (although many times how the boundary condition is treated is not
clearly explained). Error estimates for this particular case were obtained in [10, 17]. In
[10], the authors work with LP-based norms and use that u € W?(Q) for 1 < p < 2.
In [17], a particular regularization of the boundary datum is considered.

More generally, we will consider boundary data g € L?(T") using some regular-
ization of g to define the finite element approximation. In this way the a priori error
analysis is separated in two parts: the error due to the regularization and that due
to the discretization. We will analyze the first error in general, assuming a given ap-
proximation of g and considering afterward some particular regularizations that can
be used in practice.

For piecewise smooth boundary data, as in the case of the lid-driven cavity prob-
lem, it is natural to use as an approximation to g its Lagrange interpolation at continu-
ity points with some appropriate definition at the discontinuities. This is a particular
regularization, and so we can apply our theory. We will show that this procedure pro-
duces an optimal order approximation for the lid-driven cavity problem improving, in
particular, the result obtained in [10], where the order was suboptimal. Let us remark
that, since in this example the solution belongs to H*(f2) for all s < 1 (see [3, 20]),
the best expected order for the error in the L?-norm using quasi-uniform meshes is
O(h).

In the second part of the paper we introduce and analyze an a posteriori error
estimator of the residual type. We will prove that the estimator is equivalent to
appropriate norms of the error. Numerical examples will show that an adaptive
procedure based on our estimator produces optimal order error estimates for the
lid-driven cavity problem.

Since (1.1) with g = 0 has been already analyzed, we restrict ourselves to study
the case f = 0 and n = 0 as follows.
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Problem 1.1. Given g € L?(T") with

(1.3) / g-n=0,
r
find (u, p) such that

—Au+Vp=0 in Q,
(1.4) divu=0 in Q,

u=g on I

The existence and uniqueness of solution is known. Indeed, we have the following.

PROPOSITION 1.1. Let Q be a convex polygon or polyhedron, and let g € L?(T)
satisfy the compatibility condition (1.3). Then the Stokes system (1.4) has a unique
solution (u,p) € L2(Q) x H~1(Q)/R.

Moreover, there exists a constant C, depending only on €2, such that

(1.5) [l

0.2+ [Ipllz-1@)r < Clgllor.

Proof. The existence of solution is proved in [17] in the two-dimensional case and
in [15] in the three-dimensional case. Actually, in [17] the a priori estimate is proved
only for smooth solutions, but a standard density argument, as the one we use below
in Proposition 2.4, can be applied to obtain the general case.

On the other hand, in [15] it is not explicitly stated that p € H~1(2). However,
since u € L2(Q), it follows immediately that Vp € H~2(Q2), from which one can get
p € H~1(Q) and (1.5) (see [17, page 317] and references therein). Let us also mention
that the method used in [15] could also be applied in the two-dimensional case, as
was done for the case of the Laplace equation in [23]. ]

The rest of the paper is organized as follows. In section 2 we introduce the finite
element approximation, which is based in replacing the boundary datum g by smooth
approximations g,. Then we develop the a priori error analysis, which is divided in
two subsections. In the first one we estimate the error between the exact solution
of the original problem and the regularized one in terms of g — g,. In the second
subsection, considering some appropriate computable approximations, we analyze the
error due to the finite element approximation of the regularized problem and prove a
theorem which gives a bound for the total error in terms of fractional order norms of
g. Then in section 3 we consider the case of piecewise smooth data approximated by a
suitable modification of the Lagrange interpolation. Section 4 deals with a posteriori
error estimates. We introduce and analyze an error indicator for the regularized
problem. Finally, in section 5 we present some numerical examples for the lid-driven
cavity problem using two well-known stable methods: the so-called Mini element and
the Hood—Taylor one.

2. Finite element approximation and a priori estimates. In this section
we introduce the finite element approximation to Problem 1.1 and prove a priori error
estimates. As we have mentioned, in general the solution u of this problem is not
in H'(Q2), and so the standard finite element formulation and analysis cannot be
applied. Therefore, to define the numerical approximation, we first approximate the
original problem by more regular ones and then solve these problems by standard
finite elements. Consequently, our error analysis is divided into two parts that we
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present in the following subsections. In the first one, we analyze the error due to the

regularization, while in the second one the finite element discretization error.
1
Given g € L2(T"), let g, € H2(T') be approximations of g such that

(2.1) /th.n:()

and

(2.2) lim [lg — gnllo,r = 0.
h—0

Here h > 0 is an abstract parameter which afterward will be related to the finite ele-
ment meshes. The existence of approximations satisfying the compatibility condition
(2.1) is not difficult to prove. Anyway, we will construct explicit approximations later
using suitable interpolations or projections.

For each h, we consider the following regularized problem: Find u(h) and p(h)
such that

—Au(h) +Vp(h) =0 in Q,
(2.3) divu(h) = in Q,
u(h) =g, onl.

This problem has a unique solution which, in view of (1.2), satisfies

(2.4) lu(P)[l1.0 + [[p(M) 22 @)k < Cllgnlli/2,r-

The standard variational formulation of this regularized problem reads as follows:
Find u(h) € H(Q) with u(h) = g, on I' and p(h) € L3() such that
(Vu(h), Vv) — (divv,p(h)) =0 Vv € H}(Q)

(2.5) ) )
(divu(h),q) =0 Vg€ Lj(Q).

2.1. Analysis of the error due to the approximation of the boundary
datum. We will make use of the following well-known result.

PROPOSITION 2.1. Let Q2 be a convex polygonal or polyhedral domain and f €
L2(Q). Then the system
—A¢p+Vg=1f inQ,
(2.6) divg =0 inQ,
=0 onTl

has a unique solution (¢, q) € H>(Q)NHS(Q) x H(Q)/R, which satisfies the following
a priori estimate

(2.7) [@ll2.0 + llall a1 @)/r < Clf]lo.q-

Proof. This is proved in [18, Theorem 2] for d = 2 and in [14, Theorem 9.20(b)]
for d = 3. d

The result given in the next lemma is known, but we outline the proof in order
to make explicit the dependence of the involved constant on s. We will denote by I';,
1 <1 < Ng, the edges or faces of T'.
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LEMMA 2.2. There exists a constant C independent of s such that, for 0 < s < %

(28) Flloar, < g W loar  VF € L2(D).

Proof. Given ¢ € H*(T';), let &5 be its extension by 0 to I'. Tracing constants in
the proof of [19, Theorem 11.4 in Chapter 1], we can show that for 0 < s < %7

~ C
(2.9) 10llor < T l6llor, Vo€ H(TY),
— 2s
and then we have

loar = sp A0 T0% I S04 [l
—s,I'; 0£¢peH*(T';) ”d)Hs,Fi 0£pcH=(T;) ||¢||q1" ||¢||al“

which yields

Jo. fods ¢ Jp, fods
sup L < u T
1 =28 ozpem=r) ||¢]lsr 1 =25 gzgcm=mr) lDllsr

[RA[RS S

that is, (2.8). d

Remark 2.3. The dependence of the constant in terms of s is optimal. Indeed,
by duality, it is enough to see that this is true for (2.9). Consider, for example,
¢ € H*(0,1) and ¢ its extension by zero to (—1, 1). An elementary argument gives

B =0l +2 [ [ AL

with C7 > 0 independent of s, and so (2.9) implies the fractional Hardy inequality

[l ¢||0 1) < 1 ,(0,1)5

and it is known that the constant in this inequality is optimal (see [8]).
In the following proposition we estimate the error between the solutions (u,p)

of (1.4) and (u(h),p(h)) of (2.3) in the L?(Q)-norm for the velocity and in the
H~(Q)/R-norm for the pressure.

PROPOSITION 2.4. Let Q be a convex polygonal or polyhedral domain and (u,p)
and (u(h),p(h)) be the solutions of (1.4) and (2.3), respectively. Then there exists a
constant C, independent of h, such that, for 0 < s < %

c
(2.10) e —u(®)lloe +llp = o)l a-10)/r < 7 ll& =~ 8nll-s.r-

1

Proof. First, we will estimate the L?(Q)-norm of v := u — u(h) using a duality
argument. Since €2 is convex, we know from Proposition 2.1, that the solution of (2.6)
with f = v satisfies (2.7). Take h; another value of the parameter. Then, taking into
account (2.5), we have

(u(h1) —ua(h),v)o = (u(h1) —u(h), —A¢ + Vq)q

2.11
( ) = - <gh1 — 8h; gﬁ)r + ((gh1 —gn) - an)P-
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Summarizing,
¢
(2.12) (u(h) —u(h),v)g =~ | 8r —8h 5 ) +((gn —8r) 1)
r

Since from (1.5) and (2.2) we know that, for hy — 0,

[l —u(h1)foe < Cllg — gn llor =0,
taking h; — 0 in (2.12), we obtain

213 -l = (- e Ge) + (&) ma;

We estimate the right-hand side in terms of ||g — gn| g+ (r). For the second term we
note that while ¢ € H %(I‘), due to the discontinuities of n, we cannot enssure that
gn € H%(I‘). Therefore, with 0 < s < %, we have

Ne

Ne
(8—gnm)pr=Y (8—8nmp, <> lg—gnl-sr
i=1 =1

qn“s,l—‘i

N, 2
- c
so(X}m—gﬂLL> lallio < ——llg — gall-srllal.

=1

where, in the last inequality, we have used (2.8). With a similar argument, we obtain
for the first term in the right-hand side of (2.13) the estimate

1o} C
< — — _s .
(g 8h, 8n)r > 23Hg grll-srll®ll20

Hence, from (2.13) and the a priori estimate (2.7) we have

la = u(h)|[§,q = (a—u(h),v)

C
< Il —gullor (190 + la

< — —
1) < 75 llg = gnll-srllu—ul)oe,
and so
2.14 —u(h < — s
(214) o= u(h)loe < 15 llg — g1l -or
Now for the error in the pressure we have
lp = (W)l -1(0)/r < CIV(p = p(h))l|-2.0 = Cl|A(u —u(h))]-2,0
C

< - < —F - —s,I'y

< Cllu—u(h)[loe < 11— 25”g 8hll—s,r
which concludes the proof. O

Remark 2.5. The estimate of the previous proposition can be compared with [5,
Lemma 2.12], where the corresponding result for the approximation of a Poisson
equation with a nonsmooth Dirichlet boundary datum is considered. A constant
independent of s is obtained in [5], while our estimate contains a factor C'/(1 — 2s).
Indeed, we could bound the first term in the right-hand side of (2.13) exactly as in
[5]. However, the slightly worse factor C'/(1 — 2s) arises due to the presence of the
second term, which involves the pressure q.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/09/21 to 192.167.18.242. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

STOKES EQUATION WITH NONSMOOTH DATA 3315

2.2. Analysis of the finite element approximation error. Let {7}, h > 0,
be a family of meshes of €2, which is assumed to be shape-regular, with h being the
maximum diameter of the elements in 7. Each mesh 7 induces a mesh 7r j along
the boundary fitted with the edges/faces I';, i = 1,..., N,.

We consider a family of pairs V;, = W, NH} () and Q;, C LZ(Q) of finite element
spaces, with W, C HY(Q), which are uniformly stable for the Stokes problem; that
is, the following inf-sup condition is satisfied for some 8 > 0 independent of h (see,
e.g., [7, Chapter 8]):

(qh, div vh)O,

sup = > Blanlloe  VYan €Qn, Vh>0.
VLEV) th”LQ
Moreover, we assume that
(2.15) [P1(Th) N HH Q)] € W,

where Py (75,) stands for the vector space of piecewise polynomials of degree not grater
than k£ on the mesh 7j. In the following we shall use interpolant operators onto the
discrete spaces W, and Q. For functions ¢ € H?(2), we define ¢! € W, as the
continuous piecewise linear Lagrange interpolation of ¢. The following error estimates
are well known:

(2.16) | — @ lmz < CR*™|plar, m=0,1, forall pc H*(Q).

Let Py be the L2-projection of L2(Q2) onto Q5, we assume that there exists a positive
constant independent of A such that

lg — Pogllo.r < Chlgliq for all g € H'().

From now on, we assume that gy, is the trace of a function Fg;, € Wy,; for example, it
is enough to assume that gy, is continuous and piecewise linear. Moreover, it is known
that Egy can be chosen such that |[Egnll1,0 < Cllgall 1 r-

We consider the finite element approximation of (2.5) that reads as follows: Find
u, € Wy, and pp, € Qp, such that u;, = gy on I' and

(Vuh,Vvh) — (diVVh,ph) =0 Y vy € Vp,

2.17
(2.17) (divup,qn) =0 YV qu € Qp.

By taking vy, = up — Fgp, and ¢ = pp, in (2.17) and using the inf-sup condition, we
obtain existence and uniqueness and the estimate

(2.18) lanllie + [Ipalloe < Cligll1 p-

In the following proposition we estimate the finite element error in norms correspond-
ing with the ones used in Proposition 2.4.

PROPOSITION 2.6. Let (u(h),p(h)) € HY(Q) x L3(Q) with u(h) = g, on T and
(up,pr) € Wy X Qp, with u;, = Egj + ugp be the solutions of (2.5) and (2.17),
respectively. Then we have

(2.19) lu(h) = unlloe + [Ip(h) = palla-1@)/r < Chllgall 3 r-
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Proof. Subtracting (2.17) from (2.5), we get the following error equations:

(V(u(h) —up),Vvy) — (divvp,p(h) —pn) =0 Vv, € Vi,

(2:20) (div(u(h) — up), gn) =0 Van € Qn.

In order to use a duality argument, we introduce the solution (¢, q) satisfying (2.6)

with f = u(h) —uy. From Proposition 2.1, ¢ € H2(Q)NH(Q) and ¢ € HY(Q)NLE(Q)
with the a priori estimate (2.7). We have

lu(h) = unll§ o = (u(h) — un, ~A¢ + Vg).

Then integration by parts, the error equations (2.20), the approximation proper-
ties (2.16) and (2.18), the fact that u(h) = up = gp on the boundary, and the a priori

estimates (2.4) and (2.18) give
[u(e) = wnllf o = (V(a(h) = w,), V) — (div(u(h) = un),q) - (div ¢, p(h) ~ pn)
= (V(u(h) ~ un), V(g - 6"))
— (div(@ — ¢").p(h) = p1) = (div(u(h) = w.).q — Poa)

< Ch(glz,0 + lgl0) IV(u(h) —un)llo.o + Chlgl2allp(h) — prlloo
< Chllu(h) = upllo.0 (IVa(h)log + [Vuanllo,a + [2(h)]lo,q + [Ipa
< Chllu(h) — upllo.llgnlls r,

0.)

which provides the desired estimate for the velocity field
(2.21) Ju(h) - ulloe < Chllgaly.r-

Let us now estimate p(h) — py. Since p(h) — pn € L3(Q), we have

h - )
(2.22) Ip(h) — pull-rym = sup P —Pm@)
qEH () lall.e
Joa=0

Given q € Hg () with [, ¢ =0, we know that there exists ¢ € H§(Q) such that [21,
Theorem 1]

(2:23) divip=q nQ  [$l20 < Clalio

Then using the interpolant ' as in (2.16) and the error equation (2.20), we have
(p(h) = pr,q) = (p(h) — pn, divep)

p(h) = prs div(y — 1)) + (V(u(h) — un), Vo)

p(h) = pr.div(y = ")) = (V(u(h) = wn), V(¥ — "))

+ (V(u(h) = ), V).

N TN

Integrating by parts the last term, we have

(p(h) = prsa) = (p() = pa,div(ep = 7)) = (V(ulh) — wn), V(3 — "))
~ (u(h) — up, Ag)

(2.24)
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Then we obtain
(p(h) = pn,q) < Clh(Ip(M)llo.a + lIpnllo.q + [Vah)log + [IVusllog)
+[lu(h) — unllo.] lgll.o-
Substituting this inequality into (2.22) implies
Ip(h) = pull-1()/m < Ch((lp(A)llo. + [[pallo.q + [IVa(h)
+ [[u(h) —unllo,q-

0.0+ |[Vuy,

0,0)

Then the stability estimates (2.4) and (2.18), joint with (2.21), give
(2.25) [p(h) = prlla-1(2)m < Chllgnlly r,
which together with (2.21) concludes the proof. |

The regularization of the boundary datum g could be obtained by finite element
discretization. By construction of the mesh 7, the boundary I' is subdivided into
boundary elements fitted with the edges/faces I';, i = 1,..., N, and Tp 5, denotes the
mesh along the boundary. Let hr be the maximum diameter of the elements in 7t ,
and define the discrete space on the boundary as

(2.26) G, = {2z, € C°(T") : 2z, ¢ PY(E) VE € Tru}-

Then the function g; can be obtained either as the L?(I')-projection of g onto the
space Gy, or using the Carstensen interpolant Cpg of g (see [11]) or by a suitable
Lagrange interpolation; see section 3. It is straightforward to check that both the
L2-projection and the Carstensen interpolant provide approximations g, of g which
satisfy the compatibility condition (2.1), while this is not always the case for the
standard Lagrange interpolation; Moreover, we can show the following regularization
error estimates for g, (see [4, Lemmas 2.13 and A.2]).

PROPOSITION 2.7. Let g, € Gy, be either the piecewise linear Carstensen inter-
polant of g or the L*(T)-projection on the continuous piecewise linear functions. Then
we have

(2.27) lg —gnll-sr <CR**gllr Vg e H'(TD)s,t €[0,1].
We also have

(2.28) lIgn

where, fort > 0, it is assumed that the mesh Tr p, is quasi-uniform.

T Vg € HY(I'),t € [0,1],

tr <Clg

Proof. Inequality (2.27) is proved in [4, Lemma A.2] for g being the Carstensen
interpolant and in [4, Remark A.3] when gy, is the L2-projection on piecewise linear
functions on I'.

Inequality (2.28) for t = 0 is also proved in [4]. For ¢ > 0 we can proceed as follows.
Let ITj, : HY(I') — G, be Clément’s operator. Then, if the mesh is quasi-uniform, we
can use an inverse inequality and obtain

Cr
IVgnllor < IVILgllor + [|V(gh — ng)llor < cllgllir + 7||gh — IIxgllo,r

C[ CI
< cllglh,r + Tllgh —gllo,r + WHg —Ihgllor < Cllgllir-

Then, by interpolation of Sobolev spaces (see, e.g., [9, Proposition 14.1.5]), we get
(2.28). O
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The bounds (2.10) and (2.19) together with the inequalities in Proposition 2.7
give the following result.

THEOREM 2.8. Let Q) be a convex polygonal or polyhedral domain. If the family of
meshes Tr p, 15 quasi-uniform and gy, is given as in Proposition 2.7, then, for0 <t < %
and g € H'(T'), we have

(2.29) lu = wnllo +llp = prlla-1)/r < Cllog hlh= g r-

Proof. From Proposition 2.4 and (2.27), we have, for 0 < s < 3,

= u(h) oo+ Ip — oW -0y < 75 A+ gl
Taking s =1/2+ 1/logh < 1/2 we obtain
230)  Ju—ulloa +lp - pW)ll-10ym < ChEH [log hlg]ler-
On the other hand, from Proposition 2.6,
(2.31) la(h) —unllo,e + p(h) — prllr-1(0)m < Chllgnll1 -

Now, using an inverse inequality ([13, Theorem 4.1]) and (2.28), we obtain
_1 1
lgnlly.r < Ch'=|lgnller < CR"2|g]le.r,
which, substituted in (2.31), gives

(2.32) la(h) = wnlloo + lIp(h) = palls-1() < Ch2Hlger.

Combining (2.30) and (2.32) we arrive at the desired estimate (2.29). |

3. A priori error estimates for piecewise smooth boundary data. In
this section we analyze the approximation of piecewise smooth data; in particular,
our results can be applied to the lid-driven cavity problem. In practice, the most
usual way to deal with the nonhomogeneous Dirichlet boundary condition is to use
the Lagrange interpolation or a simple modification of it to treat discontinuities and
to obtain a compatible approximation gy,.

We shall use the following notation for the norm of g:

N. 3
(3.1) lglle.r = (Z IIin,n) :
i=1

In the following, we consider separately the case d = 2 or d = 3.

3.1. Two-dimensional case. Let g = (g1,92) : I' — R? be such that g|r, €
HY(T;) for i = 1,..., N, where I'; are the boundary segments I'; = [A;, A;11] (with
An,+1 = A7) and A;, i = 1,..., N, are the boundary vertices. We observe that
g € H*(I') with 0 < s < . Indeed, let us set g; = g|r,. Since, for 0 < s < 3,
HY(T;) € H*(T;), we have that the extension by zero g; of g; € H*(I';) belongs to
H*(T") (see [19, Theorem 11.4 in Chapter 1]) and, thanks to (2.9),

gills,r-

. C
; <
I&illr < 75
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Then g = Zf\;el g; belongs to H*(T"), with

(3.2) lelr < <o

We denote by B;, 1 < i < M, the boundary nodes of the mesh numbered con-
secutively and set Bps+1 = By (of course these nodes depend on h, but we omit this
in the notation for simplicity) and h; = |B;4+1 — B;|- In principle, we would define
g as the continuous piecewise linear vector field on I' such that g,(B;) = g(B;) if
g is continuous in B; and gn(B;) = g(B; ) or gn(B;) = g(B;f) (or some average of
these two values) if not. Notice that |g(B;)| < ||g| 1 ). However, in general, this
definition does not satisfy the compatibility condition (2.1). We now show how to
enforce compatibility by a simple modification.

LEMMA 3.1. Given g € L*(T') such that g|r, € H'(;) for i = 1,...,N,, there
exists a piecewise linear function g which is a modified Lagrange interpolant of g
satisfying the compatibility condition (2.1). Moreover,

gl

(3.3) lgnll=r) < Cllgl,r-

Proof. We modify the definition of g, given above in some node By. For simplic-
ity, let us choose this node different from all the vertices and their neighbors and such
that hy is comparable to h. For each j, let I'g; be the union of the two segments of

Tr,n containing B;. Moreover, we set I'y; = UZN;ll"Ai.
We want to define g, (Bj) in such a way that

OZ/gh'n:/ gh‘n+/ gh'n+/ gh -1
T F\(FVUI‘Bk) 'y FBk

or, equivalently,

/ gh'n:_/ gh'n_/ gh'n:_/ gh - .
FBk F\(FVUFBk) I'y F\FBk

/F gh-n= %hkA [&(Br-1) +gn(Bx)] - n+ %hk [gn(Bk) + 8(Br+1)] - n

1 1
=3 (h—18(Br—1) + heg(Bry1)] -n+ 5(’%—1 + hi)gn(Bg) - n.

We introduce
1
Li(g) = —/ gh -0 — o [he—18(Br-1) + hig(Br+1)] - n.
I\lg,

Notice that the integral fF\FB gp -n appears in the definition of Ly. Actually, g5 has
k

been already defined in all the boundary nodes except for By using the values of g.
Hence, the notation L;(g) is consistent.
We define the value gy, (By) such that

%(hk_l +hi)gn(Br) - n = Li(g),

(3.4) 1
§(hk—1 + hi)gn(Br) -t =0,
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where t denotes the unit tangential vector on I'. Taking into account that g satisfies
the compatibility condition, we have

Ll(g)=/ (g—gh)~n+/ (g—gh)-n+/ gn
M\(T'vulg,) 'y Ip,

1
= 5 [hi-18(Br-1) + hug(Br41)] - n.
The first term can be bounded using standard results for interpolation errors on

I'\(I'vy UTl'p,). To bound the other three terms, we use that ||g||z~r) < ||g|l1,r and
that the length of the integration set is less than . Then we obtain

(3.5) |L1(g)| < Chllg]

1,0

It is easy to check that the matrix of the system (3.4) (for g (By)) is nonsingular and
that its inverse has norm of order h~! so that we have

(3.6) lgn(Bi)| < Cllgl

where |gp,(Bg)| stands for the Euclidean norm of the vector g (By). Therefore, gy, is
defined on the entire I' and satisfies the compatibility condition and the bound (3.3). O

|1,F7

In the proof of the next proposition, we will use the embedding inequality for
0<s< %,

(3.7) ¢l oy < Cslldlls,e Vo € H*(T)
with ¢ = 1—223 and

1 1\~
(3.8) Cs ~ T—2; when s — <2) .

Inequality (3.7) is proved in [12, Theorem 1.1] in R. The analogous result follows for
an interval and therefore for I by using an extension theorem.

PROPOSITION 3.2. For all0 < s < % we have

C ..
g —gnll-sr < ﬁhﬁ gl

Proof. Let us set p = H%s and q = %QS its dual exponent. Using the Hdlder

i
inequality and the embedding inequality (3.7), we have

lg —gnll-s,r = sup / (g —gn)o
(3.9) é:l|lls,r=1JT
< sup g = gulleey) Ly < Csllg — gullLe -
¢:‘¢Hs,1“:1

Since gy, coincides with the Lagrange interpolation of gon I'\(I'y UT'p, ), [Ty Ul'g, | <
Ch, and 1 < p < 2, we have

P — P P
g — thLp(r) =llg— gh”LP(F\(FVUka)) +llg— thLp(FVUka)
N

p p p p
S Ch ||g||W1‘p(F\(FVUFBk)) +Ch||gH x(FVUka) S Cth Hg||H1(pi)7
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which, together with (3.9), yields

1
& — gll_er < CCuh lglr.

Using (3.8) and recalling that p = we conclude the proof. |

2
T+2s°
In the next proposition we obtain a quasi-uniform-in-A estimate of the H 3 _norm
of gh-
PROPOSITION 3.3. If the family of meshes Tr p, is quasi-uniform, we have

lgnlly,r < Clloghl[lgll.r-

Proof. Let g, be the Carstensen approximation. Then, for 0 < s < 1/2, inverse
estimates imply
s,F) )

lgnllzr < llgn —8nllzr+lI8rll1 0 <C (h_%th —&nllo.r +h 2|8l
and so, by (2.28) and the fact that g € H*(T),
lgnllsr < Ch™% (llgn — gllox + llg — &nllox + h°liglar).
Using Proposition 3.2, (2.27), and (3.2), we obtain

hs—2
< C( h3|glls ) <C :
lgnllsr < C (lgllr+ Iglls.r) = C1— 75 lgll.r
Choosing s such that 1 — 2s = 1/|log h|, we conclude the proof. O

Remark 3.4. The quasi-uniformity assumption in the previous proposition is not
essential. We have given the proof under this hypothesis for the sake of simplicity.
However, for a general family of meshes, an elementary but rather technical compu-
tation using the definition of the fractional norm leads to the estimate

gnlly,r < Cllog(hmin)| lgll,r,
where Ry, denotes the minimum meshsize of Tr .

3.2. Three-dimensional case. We assume that the boundary I' is composed by
N, polygonal faces T'; and that g|p, € H*(I';). Therefore, g € L°°(T') and ||g]| () <
Cgll2,r- Moreover, we can show, as in the two-dimensional case, that g € H*(T") for
0§5<%andthat

C
3.10 r < — .
(3.10) lellor < 5 lglzr

Assume that we have a triangular mesh 7t j, which is quasi-uniform. A construction,
similar to the one proposed here, can be made also in the case of quadrilateral quasi-
uniform meshes.

As for the two-dimensional case, let {B;} be the set of nodes of Tr j, and define

E=U{é:eisanedgeof§2}.

For each node B; € FE, let us choose T, an element of Tr,, such that B; € TBJ..
Finally, let eg be a polygon contained in a face T'y of Q, with |eg| = O(1), made up
of sides of triangles in 7r ; and such that triangles with a vertex on ey do not have
vertices on E. It is clear that we can take it. We denote by n., the normal vector to
the face I'y, containing eq.
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LEMMA 3.5. Giveng € L2(T") such that g|lr, € H*(T;), whereT; fori=1,..., N,
are the faces of T', there exists a piecewise linear function gy € Gy, which is a modified
Lagrange interpolant of g satisfying the compatibility condition (2.1) and

(3.11) lgnllzem) < Cligllz,r-

Proof. We define the Lagrange interpolation g, € Gy of g as the continuous
piecewise linear function on 7r j such that, for each node B; in Tr ;, we have

g(Bj) if Bj & (EUey),
gn(Bj) = ngBj (B;) if Bj € E,
o if B; € eo,

where a is a vector to be chosen in order to verify the compatibility condition (2.1).
For a set A C I', we denote by wr 4 the union of the closures of the elements in
Tr n, having a vertex on the closure of A. Then we impose

OZ/gh~n:/ gh'n+/ gh~n+/ gh - 1.
r I\(wr,EUwr, () wr, B WL, eq

Let us compute the last term. Clearly, wr ., lays on the face I'y, with normal n.,.

Each triangle T' in wr, has rr > 1 vertices on ey that we denote Pr,..., Pr,,,
while Pr,,41,...,Pr3 are the remaining ones. Then
1 1 >
/ g n=g > Thrracng, + 3 DT Y g ne,(Pr).
“wr,eq TCwr,eq T'Cwr,eq i=rr+1

We require that the vector « is such that the following equality holds true:

1
Py Z IT|rr | ¢ ney = La(g),

3
TCuwr,eq

where, taking into account that the continuous solution satisfies (1.3),

Ll(g):/ (g—gh)'n+/ (8—8n)'n
I'\(wr,eUwr eq) wr, e

3
+/ g'n—% Z |T| Z gh ey (Pri).

T.eq TCwr,eq i=rp+1

Since |wr,g| and |wr ¢, | are bounded by Ch, using interpolation error estimates, we
see that

IL1(g)| < Chlgl2r.
In order to be able to find a unique «, we add two conditions on the tangential

components, obtaining the following system:

1
g Z |T|’I‘T (6 20 1 P2 :Ll(g), ot ZO, -ty :0,

TCwr,eq
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where t; and tg are unitary vectors that together with n., form an orthogonal basis of
R3. This is a linear system for o, whose nonsingular matrix M verifies [|[M~!|| < C+
since the mesh is quasi-uniform. Therefore, we can find « such that

(3.12) laf < Cllg]lz.r-
This inequality, together with the definition of gy, gives (3.11). |

In the following proposition we estimate ||g — gp||—sr. Since the best possible
exponent ¢ in the embedding inequality (3.7) depends on the dimension, the argu-
ment used in Proposition 3.2 does not give an optimal result in the case of a three
dimensional domain. We can give a different argument using a Hardy type inequality.
It will become clear that the same argument can be used for d = 2, but it gives a
worse constant in terms of s than that obtained in the Proposition 3.2.

PROPOSITION 3.6. There exists a positive constant such that, for all 0 < s < %,
the following bound holds true:

C .
3.13 — s < ——h2TE .
(313) g~ gl < 75+ llgllar

Proof. For each T';, face of ), and x € T';, we denote by d;(z) the distance of x
from OT';. There exists a constant C' such that, for 0 < s < 1 and every ¢ € H*(I';),
we have

¢

ds

C
<

3.14 s.T-
(3.14) P =t

0,T;

This estimate with a precise constant is proved in [8] for the half-space; by standard
argument, one can show that the behavior of the constant in terms of s is the same
for Lipschitz-bounded domains.

For simplicity let us assume that the polygon ey chosen in the construction of g,
is close to the boundary of I'y; i.e., if « € eq, then di(z) < C1h for some constant C;.
Then, for any ¢ € H*(T'),

Ne

N,
JCREALE Z/F (8- g6 < g —edlor,

i=1

d

i

0,I';

and therefore, using (3.14), we obtain

N,
C e
lg—gull_or = sup / (8- gn)o < (g — g1)d: lo.r,-
s:llllo=1JT 1—2s ;
But,
It~ ), = | (& — g1)%d> + / (& — gn)2d2
{zel;:d;(x)<C1h} {zel;:d;(x)>C1h}

< C (R gl ey + H2lglir,)  fori # k.
(g —gn)dildr, < C (B lgllin ) + =gl r + h*l8lir, )

where for the first term we have used that |[{z € T; : d;(x) < Cih}| < Ch, that
llgnllzery < Cligllze(ry, and inequality (3.12), while for the second one we have
used that g, agrees with the Lagrange interpolation. Hence, we conclude that, for all
0 < s < 3, the bound (3.13) holds true. d
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The next proposition can be proved using the same argument as in Proposition 3.3.

PROPOSITION 3.7. If the family of meshes Tr p, is quasi-uniform, we have

lgnlly,r < Clloghl[lgll2.r-

We are ready to prove the main theorem of the section.

THEOREM 3.8. Let Q C R?, d = 2 or 3, be a convex polygonal or polyhedral
domain. Suppose that g|lp, € HI"YT;) for all T; and that the family of meshes
Tr.n is quasi-uniform. Let gy be given by the modified Lagrange interpolation of g
introduced in Lemmas 3.1 and 3.5. Then we have, for Q C R?, conver polyhedral
domain

d41
la —unllo,o + [P = Prllr-1()/r < Chllogh| > |lglla-1.r-
Proof. From Propositions 2.4, 3.2, and 3.6, we have, for 0 < s < %,

C .
[u—u(h)lloo+ llp—p()|z-1@)/mr < ﬁhﬁ‘ lglla-1,r-

(1-2s)72
Then, taking s =1/2+ 1/logh < 1/2 yields

d+1
(3.15) lu—u®)foe+Ilp—p(W)|a-1@r < Chllogh| = |lgla-1r

On the other hand, from Propositions 2.6, 3.3, and 3.7, we have

lu(h) = unlloe + Ip(h) = pull-1()/r < Chlloghllgla-1.r;

which, together with (3.15), gives the desired estimates. |

Remark 3.9. In view of Remark 3.4, the quasi-uniformity assumption in the pre-
vious theorem can be removed, obtaining, for a general regular family of meshes, the
analogous estimates with |log h| replaced by |log(hmin)|.

4. A posteriori error estimates. In this section we introduce the error indi-
cator for the finite element solution of our problem and show that it provides upper
and lower bounds for the discretization error of the regularized problem. From Propo-
sition 2.4, we have that the difference between the solutions of problem (1.4) and its
regularized version (2.3) is bounded by the difference between the given datum g and
its approximation gy, which is a computable quantity.

We denote by &, the union of the interior edges/faces of the elements of the mesh
Tr, and define

9]
J:& —RY J.=J, withJ, = [{a“h —phn]] for e € &,
n (&
where the jump of the function r across the edge e = T N1~ is given by

auh - 8uh\T+ 4 8uh|T- _
87nfphn e* In+ — pplr+n + aT*p}JT*n

if n* denotes the exterior normal to the triangle 7.
Then we introduce the local error indicator

. 1
(4.1) ng = byl — Aap + Vpu |3 7 + h7[| divug|[§ 7 + 3 DR [R A
eCT
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Since we want to estimate the velocity in the L?(Q)-norm and the pressure in the
H~1(Q)/R-norm, the error indicator becomes the usual error indicator for problems
with smooth boundary data multiplied by h2. (see, e.g., [24, 16]). Notice that the
powers of hr in (4.1) are determined by using a duality argument, as will be shown in
the next proposition, and depend on the full regularity of the solution of the adjoint
problem available in the case of a convex domain. As far as we know, an L?-error
indicator is available for the Poisson problem only under the assumption that the
domain is convex (see, for example, [25, Proposition 3.8, page 68]). It is possible to
obtain an error estimator for the nonconvex case, but the powers in hy depend on
the biggest angle, and the efficiency cannot be proved. To find an error estimator
equivalent to the L?-norm is a very interesting problem that, as far as we know, has
not yet been solved.

PROPOSITION 4.1 (robustness). Assume that Q is convex. The estimator nr
introduced in (4.1) is robust; that is, there exists a positive constant C independent of
h such that

(4.2) lu(h) — wnllo.o + lp(h) — pullg-1)r < C ( Z 77%) .

T€ETh

Proof. We start with the estimate for u(h) — uj,. In order to apply a duality
argument, we consider the solution (¢,q) of (2.6). Then, taking into account the
equations (2.20) and (2.5) and the approximation estimates (2.16) and (2.17), we
obtain by integration by parts:

(k) = unlff o = (u(h) = un,u(h) = u) = (u(h) — up,~A¢ + Vo)
= (V(u(h) — ), V(6 - &)

~ (div(u(h) — w),q ~ Poa) — (p(h) = pr div( — ¢

(4.3) Z ( Auy 4+ V b ¢I) 4 Z (d P )
= - —Aup Dh;s - wup,q — q
TETh } " T TeTh ' o
0
- <[[;If—phn]] ,¢—¢I> :
ecly e

Thanks to (2.16), we can write

la(h) = willgo < C Y lI-Aun+ Vpullg 7 b7 |¢l2r

TeTh
3
+C Z | divugllo,rhrlglir +C Z [IMo.c 27 |Dls,
(44) TET, ec&y
3
<C < > 77%) [a(h) = unllo,q;
TeTh

where w, is the union ot the elements sharing e € £,. This concludes the estimate of
[a(h) —uy,

o,
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Now we consider the error for the pressure. Since p(h) and p;, have zero mean
value, the definition of the H'-norm reads

h) — )
(4.5) lp(h) — pull-1(Q)r = sup (p(h) —pn,a)
qEH () .
f@qzo

For each ¢ € H} (Q2) with [, ¢ = 0, we take ¢ € H3(Q) with divey = g and |9 || g2(o) <
Cllall a1y (see (2.23)); hence,
(1) = pnsa) = (p(0) = pn,div( = ")) = (V(u(h) = w,), V(3 ~9"))
— (u(h) —up, A9)
> (~dun+ Vpnw - ')

TETh

(e R

ecEp

T

Then

-

2
(k) = pira) < c[ S b - Aw+ Vit Y h%an%,e} lale
TET e€lp

+ [[u(h) = unllo,ellgl.o-

The proof concludes by using the estimate (4.4) and the norm definition (4.5). |

In the next proposition we show that the error indicator bounds locally the error
by below.

PROPOSITION 4.2 (efficiency). For all element T € Ty, we have
(4.6) nr < C([[u(h) = anllow, + [lp(h) = pall-1.0r)
where wp = {T" € T, : T'NT # 0}.

Proof. We estimate the three terms of the error indicator in (4.1) separately.
Given an element T € Ty, let us consider the function

d+1 2
br = (H m)
=1

with A\; 7,4 =1,...,d + 1 being the barycenter coordinate functions in 7'. We set
wr = (—Auy + Vpy) br.
Thanks to the definition of by we have that
wr =0 on 0T, Vwr =0 on 0T,
and, by inverse inequality,

| div w1 < Chy? ||=Auy + Vol 7,

(4.7) 72
[Awr|lor < Chy” [[=Aup + Vpally 1,
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Then integration by parts gives

| —Auy + Vph”g,T = (-Auy + Vpp, —Auy, + Vpp))7
< Cl(—=Aup + Vi, wr) |
= C|(=A(up —ua(h)) + V(pr — p(h)), wr)|
= C'|(up, —u(h), Awr) + (pr, — p(h),divwry)].

(4.8)

Due to the definition of by we have that divwy € H}(T); hence, we can use the
duality between H~1(T) and Hg(T), to obtain

I=Aun+Vprl§ r < C (lun = u(®) o r|Awzlloz + [ (pn = p(R) | -1zl div wr|l1,7)
which, together with (4.7), implies
(4.9) W | =Aun + Vprllo 7 < C (un = u(®) oz + llpn = p(h)||-1.7) -

In order to bound the second term in (4.1), let us introduce wr = (divuy)br,
which satisfies

[Vwrllo,r < Chz'|| divuagllor.

Hence, we obtain

divuh2<C =C
( )
T

[ @vunyur| = | [ av - um)or

=C / (uh - u(h)) VwT S Ch;1||uh - Ll(h)”o’TH div uh||U’T,
T

which implies
(410) hT” div llh”()’T S C||uh - ll(h)”()’T.

It remains to bound the last term of the indicator involving the jumps along element
interfaces in Tj,. Let e € &, be an internal edge/face, and let us suppose that there
are two elements 77 and T3 such that e = T3 N 1. Let vy for ¢ = 1,...,d, be the
vertices of e. We denote by Ay, r,, i = 1,...,d, j = 1,2, the barycentric coordinate
functions for the vertex v; on the triangle T; and by w, the union of 77 and 75. Then
we define the bubble function

d d 2
be = (H AVi,Tl H >\V717T2> .
=1 =1

Setting w, = J.b. and taking into account that the mesh is regular, it is not difficult
to check that the following inequalities hold true:

_3
[AWello,w. < Che *[|Jelfo,es
_3
(4.11) || diVWeHl,we < Che ® HJeHO,ev

1
[Wello,w, < Ché[[Jelloe-
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There exists a positive constant C' such that

1 9 9 ouy,
— < = Zn
C”JGHO,G = (Je,be)e <|:|: on phn:|:| , W e)e

= (Vu, — Vu(h),Vw.), — (pn —p(h),divwe), + Z (Aup, — Vpp, we)pr
TCwe

ow,
—(up, —u(h), Aw,),, + <uh ~ulh). av:l )&ue

- (ph - p(h)a div We)we + Z (Auh — Vpp, We)T .
TCwe

Using again the fact that divw,. € HJ (w.), we obtain, by multiplying times h?,
R e < C(Huh —u(h)[low. PEllAWe 0w, + [IPn — P(R) | -1 W2 ] divwell1 .

+ Z hZ||Auy, — Vpp

TCwe

orhelwellor)-

Using (4.11) and (4.9), we have

B3R e < C(Ilun = u®) o, + on = p(R) ] 1

3
(4.12) + > R2lAw, = Ipnllor ) hd 13 o,

TCwe

< (llan —u()llow. + llpn = p(A)-1,w.) hé [T ]]o.e-

Taking into account the definition (4.1) of the estimator 7y, together with the esti-
mates (4.9), (4.10), and (4.12), we obtain the desired result. |

5. Numerical example. On Q = [0,1]2, we consider the lid-driven cavity flow
problem (1.4) with

0) if0<z; <landazy=1,
0) ifzy=0o0rz =1orazy=0.

1,
g(xlva) = { EO
We consider the methods: - -
e Mini-element: Vj, = (P}(7))? N C°(Q)? and Q, = P1(T5) NC(Q) N LE(Q);
e Hood and Taylor: V;, = Pa(T3)2NC%(Q)? and Qp, = P1(T) NC°(Q) N L3(Q),
where, if for an element T', by € P3 is the cubic bubble function vanishing on 0T, we
set
PYT) = P (T) @ span {br(-)}

We consider the variational formulation (2.17) with u, = Egp 4+ uop, where ug, € Vi,
and gy, is the Lagrange interpolation of g on the restriction of 7 to 9Q2. We remark
that the compatibility condition (2.1) is automatically verified.

Below for the distinct methods and different refinement strategies, we estimate the
convergence errors for u in the L?()-norm. Since we do not know the exact solution,
the L?(Q2)-error is computed as the difference between the solutions obtained at two
consecutive refinements.

Table 1 shows the results obtained by uniform refinements procedures starting
with a coarse mesh for Mini-element (second to fifth columns) and Hood—Taylor (sixth
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TABLE 1
Schemes on uniformly refined structured meshes. The second through fifth columns correspond
to the Mini-element method, and the sizth through ninth columns correspond to the Hood—Taylor
method.

Mini-element Hood-Taylor
# vert. [[ullo,0 Rate n Rate lallo, Rate n Rate
289 5.14e — 2 1.85 4.07e — 2 3.60
1089 2.59¢ -2 | 052 | 9.3le—1 0.52 2.03e —2 | 0.52 1.80 0.52

4225 1.30e—2 | 0.51 | 4.67e—1 | 0.51 1.02e—2 | 0.51 | 9.03e—1 | 0.51
16641 6.48¢ —3 | 0.51 | 2.34e—1 | 0.50 5.08e —3 | 0.51 | 4.52¢e—2 | 0.51

TABLE 2
Adaptive scheme for the Mini-element method using the local estimators np. Parameter: 6 = 0.5.

Step | # vert. [lullo,0 Rate n Rate
2 84 4.16e — 2 2.48
4 107 1.76e —2 | 9.49 | 1.06 4.98
6 201 1.09¢ — 2 1.17 4.43e — 1 1.35
8 514 4.17e—3 | 090 | 1.72e—1 | 0.97

10 1197 1.72e—3 | 091 | 7.33e—2 | 1.04
12 2859 7.4le—4 | 1.15 | 3.08e—2 | 1.06
14 6834 3.3le—4 | 096 | 1.28¢e—2 | 1.00
16 15443 1.4le—4 | 1.05 | 5.53e—3 | 1.02

TABLE 3
Adaptive scheme for the Hood—Taylor method using the local estimators np. Parameter: 6 = 0.75.

Step | # vert. [lullo,0 Rate n Rate
2 84 3.60e — 2 4.30
4 102 1.59e —2 | 4.67 1.39 4.77
6 160 4.55e—3 | 1.95 | 4.65e—1 | 1.88
8 385 1.45e — 3 1.10 l.4le—1 1.26
10 992 4.23e—4 | 1.39 | 419e—2 | 1.33

12 2583 1.30e—4 | 148 | 1.19e—2 | 1.34
14 6665 39le—5 | 1.35 | 3.256e—3 | 1.38
16 16629 1.0le—5 | 1.38 | 8.97e—4 | 1.39
18 40802 2.73¢ —6 | 1.62 | 243e—4 | 1.47

to ninth columns) methods. In the first column we report the number of vertices of
the mesh, which is equivalent to the number of degrees of freedom. The next four
columns refer to the Mini-element method and the remaining ones to the Hood—Taylor
method. For each method, we display the approximation of the L?-error for u and
the total estimator 1 with the corresponding experimental rate of convergence, where

(51) 772 = Z 77%7

TETh
with nr given by (4.1). We observe that, in both cases, order % with respect to the
number of vertices (i.e., order 1 with respect to h) is obtained for the error decay in
L?(2) of u. Accordingly, the error estimator 1 decreases with the same order.

In Tables 2 and 3 we show the results obtained by an adaptive procedure using
the a posteriori error estimator (5.1). The refinement process is standard: Given 0 <
0 < 1, a fixed parameter, suppose that 7y is the mesh in the k-step. If we enumerate
the triangular elements such that 7, = {T; : ¢ = 1,..., Ng} with nz, > 07, let
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Fi1G. 1. Meshes generated by the Hood—Taylor adaptive process in steps 5, 10, and 15 using the
local estimators nr with parameter 8 = 0.75. The starting mesh is obtained by adding a diagonal to
each square in an 8 X 8 grid.

Nyey i be the minimum integer such that

Nref,k‘

2 2
> ong, =00
i=1

Then the mesh for the k& + 1-step is constructed in such a way that the elements
Ti, i =1,..., Nyt are refined. We report the L?(Q)-error in u, which, as before,
is computed in each step as the L?(Q)-norm of the difference between the discrete
solution obtained in the current step and in the previous one of the iterative process.
Similarly, the numerical orders of convergence for u and 1 are computed from the last
two steps of the scheme.

We observe that for both Mini-element and Hood—Taylor methods, the adaptive
process recovers the expected optimal order of convergence in u, i.e., the order of
convergence with respect to the number of degrees of freedom, which, for each method,
is proved in the literature for regular solutions. In Figure 1 we show the initial mesh
and some of the meshes obtained in the iterative process for the Hood—Taylor method.

Acknowledgments. We thank Pablo De Napoli, who suggested to us the argu-
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