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Abstract

In this paper, we define a new class of partially filled
arrays, called relative Heffter arrays, that are a general-
ization of the Heffter arrays introduced by Archdeacon
in 2015. Let v = 2nk + ¢t be a positive integer, where ¢
divides 2nk, and let J be the subgroup of Z,, of order t. A
H;(m, n; s, k) Heffter array over Z, relative to J is an
m X n partially filled array with elements in Z, such
that (a) each row contains s filled cells and each column
contains k filled cells; (b) for every x € Z,\J, either x or
—Xx appears in the array; and (c) the elements in every
row and column sum to 0. Here we study the existence
of square integer (i.e., with entries chosen in
i{l, [%J} and where the sums are zero in 7Z)
relative Heffter arrays for ¢t = k, denoted by Hi(n; k). In
particular, we prove that for 3 < k < n, with k # 5,
there exists an integer Hy(n; k) if and only if one of the
following holds: (a) k is odd and n = 0, 3 (mod 4); (b)
k =2 (mod 4) and n is even; (c) k = 0 (mod 4). Also,
we show how these arrays give rise to cyclic cycle
decompositions of the complete multipartite graph.
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1 | INTRODUCTION

An m X n partially filled (p.f., for short) array on a set Q is an m X n matrix whose elements
belong to Q and where we also allow some cells to be empty. An interesting class of p.f. arrays,
called Heffter arrays, has been introduced by Dan Archdeacon in [3].

Definition 1.1. A Heffter array H(m, n; s, k) is an m X n p.f. array with elements in
Zink+1 such that

(a) each row contains s filled cells and each column contains k filled cells;
(b) for every x € Z,,x41\{0}, either x or —x appears in the array;
(c) the elements in every row and column sum to 0 (in Z,,x41)-

Trivial necessary conditions for the existence of an H(m, n; s, k) are ms = nk,3 < s < n,and
3 < k < m. Hence if the Heffter array is square, namely if m = n, then s = k; such an array will
be denoted by H(n; k). A Heffter array is called integer if condition (c) in Definition 1.1 is
strengthened so that the elements in every row and in every column, viewed as integers in
{+1, ..., £nk}, sum to zero in Z.

Heffter arrays are considered interesting and worthy of study in their own right together
with their vast variety of applications. In fact, there are some recent papers in which they are
investigated since they allow to obtain new biembeddings (see [3,15,17,19]), while other ones
completely solve the existence problem of square Heffter arrays (see [4,5,12,14,20]). In
particular, in [5,20] the authors verify the existence of a square integer Heffter array for all
admissible orders, proving the following theorem.

Theorem 1.2. There exists an integer H(n; k) if and only if 3<k<n and
nk = 0, 3 (mod 4).

In this paper we introduce a new class of p.f. arrays, which is a natural generalization of
Heffter arrays.

Definition 1.3. Letv = 2nk + ¢ be a positive integer, where ¢ divides 2nk, and let J be
the subgroup of Z, of order t. A H,(m, n; s, k) Heffter array over 7, relative to J is an
m X n p.f. array with elements in Z, such that:

(a;) each row contains s filled cells and each column contains k filled cells;
(b,y) for every x € Z,\J, either x or —x appears in the array;
(cy) the elements in every row and column sum to 0 (in Z,).

If H,(m, n; s, k) is a square array, it will be denoted by H;(n; k). Clearly, if t = 1, namely if J
is the trivial subgroup of Z,+1, we find again the classical concept of Heffter array. A relative
Heffter array is called integer if condition (c;) in Definition 1.3 is strengthened so that the
2nk + tJ .

5 ,sum to 0 in
Z. The support of an integer Heffter array A, denoted by supp(A), is defined to be the set of the
absolute values of the elements contained in A. It is immediate to see that an integer Hy(n; k) is
nothing but an integer H(n; k), since in both cases the support is {1, 2, ..., nk}.

elements in every row and in every column, viewed as integers in i{l, v [
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Example 1.4. The following are integer relative Heffter arrays Hys(4; 4) and H;,(4; 4),
respectively.

1 -7 | 16 | 22 1 -9 | =21 | 29

23 2 -8 | —17 31 3 —11 | =23
—13 19 4 —10 —17 | 25 5 —13
—11 | —14 | 20 5 —15 | =19 | 27 7

Here we investigate the existence problem of this new class of arrays in the square integer
case. In Section 2 we will describe the relationship between relative Heffter arrays and relative
difference families, see [1], which are very useful tools to obtain regular graph decompositions.
In fact, many known results about regular decompositions of the complete graph and of the
complete multipartite graph have been obtained thanks to difference families and to relative
difference families, respectively. From this relationship it follows that starting from a
relative Heffter array it is possible to construct a pair of orthogonal cyclic cycle decompositions
of the complete multipartite graph, as we will explain in details in the same section. In Section 3
we will determine some necessary conditions for the existence of an integer relative Heffter
array H;(n; k). In Section 4 we will present a result which reduces the existence problem of an
integer Hy(n; k) to the case 3 < k < 6, then in Section 5 we will present direct constructions for
these basic cases. The results of these two sections allow us to present an almost complete result
which can be summarized as follows.

Theorem 1.5. Let 3 < k < n with k # 5. There exists an integer Hy(n; k) if and only if
one of the following holds:

e kis odd and n = 0,3 (mod 4);
o« k=2 (mod 4) and n is even;
e k=0 (mod 4).

Furthermore, there exists an integer Hs(n; 5) if n = 3 (mod 4) and it does not exist if
n=1,2(mod 4).

Note that for k = 5 we solved the existence problem of integer relative Heffter arrays Hs(n; 5)
only for n = 3 (mod 4), leaving the case n = 0 (mod 4) open. In Section 6 we prove Theorem 1.5
and the result about orthogonal decompositions obtained thanks to the arrays constructed in
previous sections. Hence, in this paper we focus on the construction of relative Heffter arrays
Hy (n; k). Further constructions for integer H;(n; k) will be given in [23]. We have to point out that
relative Heffter arrays, as well as the classical ones, are useful to obtain biembeddings of orthogonal
cyclic cycle decompositions. This relationship is investigated in [18].

2 | RELATION WITH RELATIVE DIFFERENCE FAMILIES
AND DECOMPOSITIONS OF THE COMPLETE
MULTIPARTITE GRAPH

First, we recall some basic definitions about graphs and graph decompositions. Given a graph T,
by V(') and E (I') we mean the vertex set and the edge set of I, respectively, and by AI' the
multigraph obtained from I' by repeating each edge A times. We will denote by K, the complete
graph of order v and by K,., the complete multipartite graph with g parts, each of size r.
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Obviously Ky is nothing but the complete graph K. The cycle of length k, also called k-cycle,
will be denoted by C.

The following are well known definitions and results which can be found in [7]. Let T be a
subgraph of a graph K. A T'-decomposition of K is a set D of subgraphs of K isomorphic to T
whose edges partition E (K). If the vertices of I" belong to an additive group G, given g € G, the
graph whose vertex set is V (I') + g and whose edge set is {{x + g,y + g}I{x,y} € E(I')} will be
denoted by I' + g. An automorphism group of a I'-decomposition D of K is a group of bijections
on V (K) leaving D invariant. A I'-decomposition D of K is said to be regular under a group G or
G-regular if it admits G as an automorphism group acting sharply transitively on V' (K). Here we
consider cyclic cycle decompositions, namely I'-decompositions which are regular under a
cyclic group where I is a cycle.

Proposition 2.1. Given an additive group G, a I'-decomposition D of a graph K is
G-regular if and only if, up to isomorphisms, the following conditions hold:

« V(K) =G;
e BeD=>B+geDforalged.

One of the most efficient tools applied for finding regular decompositions is the difference
method. Here, in particular, we are interested in relative difference families over graphs,
introduced in [9] (see also [10]).

Definition 2.2. Let I be a graph with vertices in an additive group G. The multiset
AT = {x(x — y)l{x,y} € E(D)}
is called the list of differences from T'.

More generally, given a set ‘W of graphs with vertices in G, by AW one means the union
(counting multiplicities) of all multisets A", where I' € “W.

Definition 2.3. Let J be a subgroup of an additive group G and let I' be a graph. A
collection ¥ of graphs isomorphic to I' and with vertices in G is said to be a (G, J, T, 1)-
difference family (briefly, DF) if each element of G\J appears exactly 4 times in A¥, while
no element of J appears there.

One speaks also of a difference family over G relative to J. If J = {0} one simply says that ¥ is
a(G, T, 1)-DF. IfT is a complete graph we find again the concept introduced by Buratti in [8]. If
J = {0} and T is a complete graph, then we obtain the classical concept of difference family, see
[1]. If ¢ is a divisor of v, by writing (v, t, T', 1)-DF one means a (Z,, %ZV, T, 1)-DF, where %ZV
denotes the subgroup of Z, of order t. We point out that the most interesting (and the most
difficult) case is with 4 = 1. The relationship between relative difference families and regular
decompositions of the complete multipartite graph is explained in the following result.

Theorem 2.4 9, Proposition 2.6]. If ¥ = {By, ..., B¢} is a (G, J, T, 1)-DF, then the collection
of graphs 8 = {B; + gli = 1, ..., ¢; g € G} is a G-regular I'-decomposition of AK,, where
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q=1G:Jl and r = |JI. Thus, in particular, a (G, T, 1)-DF gives rise to a G-regular T-
decomposition of AK g.

Results about regular cycle decompositions of the complete multipartite graph via relative
difference families can be found in [9,11,22,25].

Now, to present the connection between relative Heffter arrays and relative difference
families, we have to introduce the concept of simple ordering.

Henceforward, given two integers a < b, we denote by [a, b] the interval containing the
integers{a, a + 1, ..., b}. If a > b, then[a, b] is empty. Given an m X n p.f. array A, the rows and
the columns of A will be denoted by Ry, ..., R,, and by C,, ..., C,, respectively. We will denote by
&E(A) the list of the elements of the filled cells of A. Analogously, by E(R;) and 8(5}) we mean
the elements of the ith row and of the jth column of A, respectively. Given a finite subset T of
an abelian group G and an ordering w = (&, &, ..., t) of the elements in T, let s; = 2;:1 tj, for
any i € [1, k], be the ith partial sum of T. The ordering w is said to be simple if s, # s, for all
1 <b<c<k. If sy =0, this is equivalent to require that no proper subsequence of consecutive
elements of w sums to 0. Note that if w is a simple ordering then also w™' = (&, ty_1, ..., i) is
simple. We point out that there are several interesting problems and conjectures about distinct
partial sums: see, for instance [2,6,16,21,24]. Given an m X n p.f. array A, by wg, and wg we will
denote an ordering of &(R;) and of &(C)), respectively. If for any i € [1, m] and for any
Jj € [1, n], the orderings wg, and wg, are simple, we define by w, = wg o--owg, the simple
ordering for the rows and by w, = wg, o--owg, the simple ordering for the columns. A p.f. array
A on a group G is said to be simple if there exists a simple ordering for each row and each
column of A. Clearly if k < 5, then every relative Heffter array is simple. Note that if we have a
simple H,(n; k) we can construct 2" simple orderings w, for the rows and 2" simple orderings
w, for the columns, since the inverse of a simple ordering of a row (or a column) is still a
simple ordering.

Proposition 2.5. If A is a simple H,(m, n; s, k), then there exist a 2ms + t, t, Cs, 1)-DF
and a 2nk + t, t, Cy, 1)-DF.

Proof. By hypothesis A is simple, hence there exists a simple ordering w; for the ith
row of A with i € [1, m]. So, from each row of A we can construct an s-cycle whose
vertices in Z,,s+, are the partial sums of w;. Let F; be the set of m s-cycles constructed
this way using the rows of A. Clearly, AF; = +E(A). On the other hand, since A is a
H,(m, n; s, k) we have +8(A) = Lo\ ™ Zoms+1. Hence 7 isa (2ms + 1,1, C;, 1)-DF.

An analogous reasoning can be done on the columns of A obtaining a
(2nk + t, t, Cy, 1)-DF, say ¥ similarly. O

Remark 2.6. Let 5 and F; be the relative difference families constructed in the previous
proposition. Note that for any C; € F; and any Cy € F%, we have |AC; N ACy | € {0, 2}.

Example 2.7. Starting from the array A = Hi¢(4; 4) given in Example 1.4 we construct
two (48, 16, C4, 1)-DFs. Since k = 4 < 6 every ordering is simple. Set, for instance:
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w =(1,-7,-16,22), v =(-11,-13,23,1),
w, =(23,2,-8,-17), v, =(-7,2,19, —14),
w;=(—-10, 4,19, —=13), v; = (20, 4, —8, —16),
wy; = (=11, —14,20,5), » = (5, —10, —17, 22).

The w;’s and the v;’s are simple orderings for the rows and the columns of A, respectively.
Starting from these orderings we obtain the following 4-cycles:

Cc=(1,—-6,-22,0), C"=(-11,-24,—1,0),
C@ =(23,25,17,0), C”=(-7,-5,14,0),
C% =(-10, —6,13,0), C¥ = (20, 24, 16, 0),
Co = (-11, —25,-5,0), C%=(5,-5,—22,0).

Set ¢ = {C%|i € [1,4]} and ¥, = {C¥|i € [1, 4]}; by the construction of the cycles it
immediately follows that AFY = AF ) = Z43\3Z4s. Hence F§ and F, are two
(48, 16, Cy, 1)-DFs.

We recall the following definition, see for instance [13].

Definition 2.8. Two I'-decompositions 9 and D’ of a simple graph K are said to be
orthogonal if for any B of O and any B’ of ', B intersects B’ in at most one edge.

Proposition 2.9. Let H,(m, n; s, k) be simple with respect to the orderings w, and w..
Then:

1. there exists a cyclic s-cycle decomposition D, of Kam+ty;
2. there exists a cyclic k-cycle decomposition Dy, of Kakriy,;

3. the cycle decompositions D, and D, are orthogonal.

Proof. 1 and 2 follow from Theorem 2.4 and Proposition 2.5. Then 3 follows from
Remark 2.6. O

3 | NECESSARY CONDITIONS FOR THE EXISTENCE OF
SQUARE INTEGER H,(n;k)

Here we determine some necessary conditions for the existence of square integer H,(n; k). We
recall that, by definition, ¢t divides 2nk.

Proposition 3.1. Suppose that there exists an integer H,(n; k).
1. Ift divides nk, then

nk=0(mod 4) or nk=-t=+1(mod 4).

2. If t = 2nk, then k must be even.
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3. If t # 2nk does not divide nk, then

t + 2nk = 0 (mod 8).

Proof. Given an integer H,(n; k), in order for each row to sum to zero, each row must
contain an even number of odd numbers. In particular, the entire array contains an even
number of odd numbers. The support of H;(n; k) is the set S = [1, nk + [éj]\T, where T

consists of the multiples of 2"'2“ , that is,

T {2nk+ t’22nk+ t,...,[LJznk+ t}.

t t 2 t

A ¢ A nk + BJ +1 X
Note that the interval [1, nk + [EJ] contains exactly — odd numbers. Now, if

BJ+1

2k+t s odd (i.e., if t divides nk), then T contains {

t
nk+BJ+1 [§J+1
2 - 2

J odd numbers. It follows that

is necessarily even, giving case 1.
If 22K+ s even (i.e., if t does not divide nk), then T contains no odd numbers. Hence

nk+|L]+1
i must be even. In particular, if t = 2nk, then T contains all the even numbers

of [1,2nk], and so S consists only of odd numbers. It follows that k must be even,
giving case 2. We are left to consider case 3. If t # 2nk does not divide nk, then ¢t must be
even and

[2nk+ t+2J
4

is necessarily even. Hence 2nk +t=0,6(mod 8). Now we will show that
2nk + t = 6 (mod 8) leads to a contradiction. Since we are in the hypothesis that ¢ is
even, we can set t=2m with nk = mh. From 2nk + t= 6 (mod 8) we obtain
2mh + 2m = 6 (mod 8) which implies m(h + 1) = 3 (mod 4). In particular this implies
that h is even which contradicts the hypothesis that t = 2m does not divides nk = mh.
Hence 3 follows. Ll

We have to point out that the necessary conditions of the previous proposition are not
sufficient. In fact, for k = 3 we have also found two non-existence results. To present them we
need some definitions.

Given an m X n p.f. array A, by A[i, j] we mean the element of A in position (i, j). Also, we
define the skeleton of A, denoted by skel(A), to be the set of the filled positions of A. In case A
and B are m X n p.f. arrays such that skel (A) N skel(B) = @, we define the union of A and B to
be the m X n p.f. array filled with both the entries of A and B.
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Let A be an m X n p.f. array with no empty rows and no empty columns. Let R be anr X n
subarray of A and C be an m X c subarray of A. We say that the r X ¢ subarray R n C of A is
closed if skel(R N C) = skel(R) U skel(C). We say that a closed subarray is minimal if it is
minimal with respect to the inclusion.

Example 3.2. Consider the following p.f. array A, where a filled cell is represented by a

Let R be the subarray consisting of the rows 1, 3, and 5 of A and let C be the
subarray consisting of the columns 1, 2, and 4. Then RN C is a minimal closed
subarray of A.

Lemma 3.3. There is no integer Hs,(n; 3) forn > 3.

Proof. By contradiction, suppose that A is an integer Hs,(n; 3), hence by Proposition
on

3.1 we have n = 0 (mod 4). Then, supp(A) = [1, 7]\{3, 6, ..., 97"} Fix any row of A
and consider its three elements. Since they sum to zero in Z and each of them cannot
be congruent to zero modulo 3, these elements must belong to the same residue class
modulo 3. The same clearly holds also for any column of A. So, considering
alternatively rows and columns, one obtains that, for any minimal closed subarray
B of A, all the elements of &(B) belong to the same residue class modulo 3. It is easy
to see that if we change all the signs of the elements of a closed subarray of A,
we still obtain an integer Hs,(n; 3). Hence, there would exist an integer Hz,(n; 3),
say A’, such that all its elements belong to the same residue class modulo 3 and,
without loss of generality, we can suppose that this residue class modulo 3 is 1,
namely that

E(A)) = {1, —2,4,-5,7,-8, ..., 9"2_ 4 —9"2_ 2}.

Now, it is evident that the elements of E(A’) cannot sum to zero in Z, giving a
contradiction. O

Lemma 3.4. There is no integer Hg(4; 3).

Proof. Assume, by way of a contradiction, that A is an integer Hg(4; 3), hence
supp(A) = [1, 16]\{4, 8, 12, 16}. We divide the proof into two cases.

Case 1. Suppose that each row of A contains an element equivalent to 0 modulo 3.
Clearly we can assume without loss of generality that 3 € supp(R)), 6 € supp(Ry),
9 € supp(R3), and 15 € supp(Ry). It follows that:
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supp(R) €{{3, 1, 2}, {3,2, 5}, {3, 7,10}, {3, 10, 13}, {3, 11, 14}};
supp(R) € {{6, 1, 5}, {6, 1, 7}, {6, 5, 11}, {6, 7, 13}};

supp (Rs) € {{9, 2, 7}, {9, 1, 10}, {9, 2, 11}, {9, 5, 14}};

supp(Ry) € {{15, 1, 14}, {15, 2, 13}, {15, 5, 10}}.

A simple direct check shows wus that these conditions are compatible with
supp(A) = [1, 16]\{4, 8, 12, 16} only if

supp(R) = {3,10,13};  supp(R,) = {6, 5, 11}; W
supp(Rs) = {9, 2, 7}; supp(Ry) = {15,1, 14}.
We can also assume, up to permutations of the columns and changing signs, that
&E(R,) = (15, —14, —1) and that the cell (4, 4) is empty. Since —14 € C,, we have that
&E(Cy) € {{3,11,—14}, {5, 9, —14}}. We consider these two cases separately

(a) A= 1 ) A= :
15| —14 | —1 15| —14 | —1

(a) Since the cell (4,4) is empty it follows that the cell (1,4) is not empty and that
A1, 4] € {10, —13}. It is easy to see that if A[1,4] = 10 then it is not possible to
complete the column C,. Hence A[1, 4] = —13 which implies E(Cy) = {13, 6, 7},
but now there is no possible way to complete the row R,.

(b) Using (1), it is not hard to see that E(C;) = {—13, —2, 15} and &(C3) = {3, -2, —1},
which clearly is a contradiction.

Case 2. Suppose now that there is a row R; of A such that each of its elements is
equivalent to +1 modulo 3. Clearly, we can assume without loss of generality that R; = R,
hence {3,6,9,15} C supp(R,) U supp(Rs) U supp(R,). Because of the pigeonhole
principle there exists a row R;, with j# 1, whose support contains at least two
elements among {3, 6, 9, 15}. We can assume that j = 2 and that the filled positions of R,
are (2, 1), (2,2) and (2, 3). Since the sum of the elements of R, is zero, we have that
Isupp(Ry) N {3,6,9,15}1 = 3; let us denote by x the element of {3, 6,9, 15} that is not
contained in supp (R,). It follows that x € supp(C,), otherwise we would have a column
with exactly two elements equivalent to 0 modulo 3, but this implies that the sum of this
column is not zero. Therefore, each column of A contains an element equivalent to 0
modulo 3. Now reasoning as in the first case (on the columns instead of the rows) we

obtain a contradiction. O

In this paper, we investigate the existence of an integer Hy(n; k). Note that in this special
case the necessary conditions given in Proposition 3.1 can be written in a simpler way. In fact,
we are in case 1 with t = k and hence we obtain the following result:

Corollary 3.5. If there exists an integer Hi(n; k), then necessarily one of the following
holds:
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1. kis odd and n = 0, 3 (mod 4);
2. k=2 (mod 4) and n is even;
3. k=0 (mod 4).

4 | EXTENSION THEOREM

First, we introduce notations and definitions useful to present the main result of this section
which allows us to obtain an integer Hy.,(n; k + h) starting from an integer Hy(n; k), for
suitable even h. Above all, this result plays a crucial role in the paper.

Definition 4.1. A square p.f. array A with entries in Z is said to be shiftable if every row
and every column contains an equal number of positive and negative entries.

Let A be a shiftable array and x a non-negative integer. Let A + x be the array obtained
adding x to each positive entry of A and —x to each negative entry of A.

Remark 4.2. If A is shiftable then the row and column sums of A + x are exactly the
row and column sums of A.

If Aisann X n p.f. array, fori € [1, n] we define the ith diagonal
Di = {(i’ 1)’ (i + 1’ 2)’ eeey (i - 19 n)}'

Here all the arithmetic on the row and the column indices is performed modulo n, where the set
of reduced residues is {1, 2, ..,n}. We say that the diagonals D;, D;1, ..., Ditx are k + 1
consecutive diagonals.

Definition 4.3. Let k > 1 be an integer. We will say that a square p.f. array A of size
n > k is cyclically k-diagonal if the nonempty cells of A are exactly those of k consecutive
diagonals.

Definition 4.4. We call cyclically (s, k)-diagonal every p.f. array S obtained as follows.
Take a cyclically k-diagonal n X n p.f. array A and replace each cell of A with an s X s
array which is totally empty if the corresponding cell of A is empty. Denote by B the
sn X sn array so obtained and let C, ..., Cy, be its columns. Let S be any array whose
ordered columns are C;, Ci 1, ..., Csn, Ci, ..., Ci_1, with i € [1, sn].

Example 4.5. The following is a cyclically (2, 3)-diagonal array of size 8.

4 36 —28 —-33 21
8 | —27 39 20 —40
—22 13 3 —35 41
12 —-29 7 42 -32
26 —37 1 —14 24
—38 19 5 25 —11
15 -10 23 =30 2
-9 18 —31 16 6
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Remark 4.6.

as a cyclically (2, %)-diagonal p.f. array.

Example 4.7.

(2, 2)-diagonal.

WILEY—L*

Each cyclically k-diagonal p.f. array of even size n with k odd can be viewed

The following p.f. array is a cyclically 3-diagonal integer H3(12; 3)
whose filled diagonals are D,,, Dy, D,. This array can be also viewed as a cyclically

-5 18 —13
—32 1 31
—-19 2 17
—-33 3 30
—20 4 16
—34 12 22
—28 7 21
—29 —6 35
—15 -8 23
—27 -9 36
—14 =10 24
37 —26 | —11

Theorem 4.8. Suppose there exists an integer Hi(n; k), say A, and an n X n shiftable p.f.
array B such that:

1. each row and each column of B contains h filled cells;
2. supp(B) = [1, g(Zn + D]\T, where:

{@n+1),22n + 1), ..., g(Zn + 1)} if k iseven;
T =

. Zon+ 1} if k isodd;

{mn+1),n+1)+Cn+1),.,n+1)+

3. the elements in every row and column of B sum to 0;
4. skel(A) n skel(B) = @.

Then there exists an integer Hy . ,(n; k + h).

Proof. Note that since B is shiftable then h is even. We divide the proof into two cases

according to the parity of k.
Case 1: k is even. Since A is an integer Hy(n; k), we have that

supp(A) = [1, §(2n + 1)]\{(2n +1),22n +1),..., S(Zn + 1)}.

Since B is shiftable, by Remark 4.2 and by 3, the rows and columns of B = B + %(Zn +1)
still sum to zero. Moreover, because of hypothesis 2, we also have that:

k;h@n+lﬁ\{k;20n+Dpwk+h

supp(B) = [g(Zn +1) +1, 2n + 1)}.
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It follows from hypotheses 1 and 4 that the union of A and B is an integer
Hiyn(n; k + h).
Case 2: k is odd. We proceed in a similar way. Here we have that:

supp(A) = I:l’ M]\{Qn +1),.., k ; ! 2n + 1)}

2

Since B is shiftable, by Remark 4.2 and by 3, the rows and columns of B = B + %

still sum to zero. Moreover, because of hypothesis 2, we have that the support of B is:

[k(zn +D+1 (k+hEn+1) - 1]\{" lontn,. Ko,y 1)}-
2 2 2 2

It follows from hypotheses 1 and 4 that the union of A and B is an integer
Hiyn(n; k + h). U

Many of the constructions we will present are based on filling in the cells of a set of

diagonals. To describe these constructions we use the same procedure introduced in [20]. In an
n X n array A the procedure diag(r, c, s, A1, Ay, €) installs the entries

Alr + iA, ¢ + iA] =5 + i, forie[0,¢ —1].

The parameters used in the diag procedure have the following meaning:

r denotes the starting row,

¢ denotes the starting column,

s denotes the entry A[r, c],

A; denotes the increasing value of the row and column at each step,
A, denotes how much the entry is changed at each step,

¢ is the length of the chain.

We will write [a, b]w) to mean supp (W) = [a, b].

Here we provide some direct constructions of shiftable p.f. arrays that satisfy the hypotheses

of Theorem 4.8.

Proposition 4.9. There exists a shiftable, integer, cyclically 4-diagonal Hy(n; 4) for
n>4.

Proof. We construct an n X n array A using the following procedures labeled A to D:

A: diag(1,1,1,1,1, n); B: diag(1,2,—(n + 1),1, -1, n);
C: diag(1,3,—(2n + 4),1,-1,n — 2); D: diag(1,4,3n+4,1,1,n — 2).

We also fill the following cells in an ad hoc manner:
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An-1,1]1=-2n+2), Aln-1,2]1=3n+2,
Aln,2] = —(2n + 3), Aln,3] =3n + 3.

We now prove that the array constructed above is an integer Hy(n; 4). To aid in the proof
we give a schematic picture (see Figure 1) of where each of the diagonal procedures fills
cells. We have placed an X in the ad hoc cells. It is easy to see that A is shiftable and
cyclically 4-diagonal. We now check that the elements in every row sum to 0 (in Z).

Row 1 to n— 2: Notice that for any row r = 1 + i, where i € [0, n — 3], from the A, B, C
and D diagonal cells we get the following sum:

Q+d)-m+1+)—-Cn+4+i)+@Bn+4+i)=0.

Row n — 1: This row contains two ad hoc values, the (n — 1)th element of the A diagonal
and the (n — 1)-th element of the B diagonal. The sum is

-2n+2)+Bn+2)+(n—-1)—2n—-1)=0.

Row n: This row contains two ad hoc values, the last of the A diagonal and the last of the
B diagonal. The sum is

—2n—02n+3)+Bn+3)+n=0.

So we have shown that all row sums are zero. Next we check that the columns all add
to zero.

Column 1: There is an ad hoc value plus the first of the A diagonal as well as the last
elements of the D and B diagonals. The sum is

1+(@n+1)—Q2n+2)—2n=0.

Column 2: There are two ad hoc values plus the first of the B diagonal as well as the
second of the A diagonal. The sum is

—(n+1)+2+@Bn+2)—(2n+3)=0.

Column 3: There is an ad hoc value plus the first of the C diagonal, the second of the B
diagonal and the third of the A diagonal. The sum is

—-2n+4)-(n+2)+3+@Bn+3)=0.

Column 4 to n: For every column c, write ¢ = 4 + i, where i € [0, n — 4]. From the D, C,
B, and A diagonal cells we get the following sum:

Bn+4+i)—-Cn+5+i)—m+3+iD)+@A+i)=0.
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So we have shown that each column sums to 0. Now we consider the support of A:

supp(A)=[1,n]ay U [n + 1,2n]e) U {2n + 2,2n + 3} U [2n + 4, 3n + 1]V
{3n +2,3n 4+ 3} U [3n + 4,4n + 1]
=[1,4n + 1]\{2n + 1}.

Thus, A is a shiftable, integer, and cyclically 4-diagonal H,(n; 4) for n > 4. O

Example 4.10. Following the proof of Proposition 4.9 we obtain the integer Hy(7; 4)
below.

2 -9 | —19 26
3| —10 | —20 27

29 5| —12 | =22
—16 23 6| —13
—14 | =17 24 7

Proposition 4.11. For every n > 4, there exists an n X n shiftable, cyclically 4-diagonal,
p.f- array B such that:

1. supp(B) = [1,4n + 2]\{n + 1,3n + 2},
2. the elements in every row and column of B sum to 0.

Proof. We construct an n X n array B using the following procedures labeled A to D:

A: diag(1,1,1,1,1, n); B: diag(1,2,—(n + 2),1, -1, n);
C: diag(1,3,—(2n + 4),1,-1,n — 2); D: diag(1,4,3n+ 5,1,1,n — 2).

We also fill the following cells in an ad hoc manner:

Bln—-1,1=-2n+2), B[n-1,2]=3n+3,
B[n,2] = —(2n + 3), B[n,3] = 3n + 4.

To aid in the proof we give a schematic picture of where each of the diagonal procedures
fills cells (see Figure 1). We have placed an X in the ad hoc cells. Note that B is shiftable
and cyclically 4-diagonal, so we only need to prove that the array constructed above
satisfies the properties 1 and 2 of the statement. We now check that the elements in every
row sum to 0 (in Z).

Row 1 to n— 2: Notice that for any row r = 1 + i, where i € [0, n — 3], from the A, B, C
and D diagonal cells we get the following sum:

Q+d)-m+2+)—-Cn+4+i)+@Bn+5+i)=0.
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Row n — 1: This row contains two ad hoc values, the (n — 1)th element of the A diagonal
and the (n — 1)th element of the B diagonal. The sum is

—-2n+2)+@Bn+3)+(m—-1)—2n=0.

Row n: This row contains two ad hoc values and the last elements of the A and B
diagonals. The sum is

—-2n+1)—(2n+3)+Bn+4)+n=0.

So we have shown that all row sums are zero. Next we check that the columns all add
to zero.

Column 1: There is an ad hoc value plus the first of the A diagonal as well as the last
elements of the D and B diagonals. The sum is

1+4U@n+2)—-2n+2)—2n+1)=0.

Column 2: There are two ad hoc values plus the first of the B diagonal as well as the
second of the A diagonal. The sum is

—-n+2)+2+@Bn+3)—2n+3)=0.

Column 3: There is an ad hoc value plus the first of the C diagonal, the second of the B
diagonal and the third of the A diagonal. The sum is

-C2n+4)-(n+3)+3+@Bn+4) =0.

Column 4 to n: Notice that for every column ¢ = 4 + i, where i € [0, n — 4], from the D,
C, B, and A diagonal cells we get the following sum:

BGn+s5+D)-2n+5+D)—-m+4+D)+@+i)=0.
So we have shown that each column sums to 0. Now we consider the support of B:

supp(B)=[1,n]x) U [n + 2,2n + 1]z U {2n + 2,2n + 3}V
[2n+4,3n + 1]y U{Bn + 3,3n + 4} U [3n + 5,4n + 2]
=[1,4n + 2]\{n + 1, 3n + 2}.

Hence we obtain the result. O

Example 4.12. Here we have the 7 X 7 array obtained following the proof of
Proposition 4.11.
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1 -9

—18 26
2| —10 | —19 27
3| —11 | —20 28
4| —-12 | =21 29
30 5| —13 | =22
—16 24 6| —14
—15 | —17 25 7

Proposition 4.13.

any even n > 4.

There exists a shiftable, integer, cyclically (2, 2)-diagonal Hy(n; 4) for

Proof. We set n = 2m. Let us consider the arrays

B — 1‘+4’7:A —2—4i| .4 P —2-4i| 3+4i |

—3—4i| 4+ 4 4+4i | —5—4
Now, let B be the 2m X 2m array so defined:

EO Fm
Ey Frp
EZ Fm+2
Em—2 | Fom—2
F2'm—l E’”*l

Clearly B is shiftable and cyclically (2, 2)-diagonal; its support is given by

m—1

2m-1

supp(B) = |J supp(E) U |J supp(F)

i=0

i=m

=[1,4m] U [4m + 2,8m + 1] = [1,4n + 1]\{2n + 1}.

It is also easy to check that each row and each column of B sums to zero and thus B is a
H,(n; 4) that satisfies the required properties.

(]

Example 4.14. Following the proof of Proposition 4.13 we obtain the integer Hy(8; 4)

below:
1 —2]-18 19
3 41 20 -21
5 —6| —22 23
-7 8| 24 —-25
9 —10| —26 27
—11 12| 28 —29
—30 31 13 —14
32 —33 -15 16

Given a cyclically (2, 3)-diagonal p.f. array, we call strip S; the union of two consecutive rows
Ryi1 and Ryjyr.
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Proposition 4.15. Let n = 0 (mod 4) with n > 8. Then there exists an n X n shiftable,
cyclically (2, 3)-diagonal, p.f. array B such that:

1. supp(B) =[1,6n + 3|\{n + 1,3n + 2, 5n + 3};
2. the elements in every row and column of B sum to 0.

Proof. Consider the following three 2 X 6 arrays:

(1[5 [2]-7]-9] 10 ]
T34 -6] 8 1| -12)

v [0 7 [-12[ 4 -8
T3 =911 13 =216 |
Ve[S 2 [-7[ 13 [-12
Y73 =4 -6] 8 | =11 10

Note that supp(U) = [1,12], supp(Vs) =[1,4] U [6,13], and supp(Vs) = [1,8] U
[10, 13]. Also, U, Vs, and V4 are shiftable matrices whose rows sum to 0 and whose
columns have the following sums: (2, 1, —4, 1, 2, —2). As consequence, every cyclically
(2, 3)-diagonal p.f. array constructed strip by strip using 2 X 6 arrays of the form W + x,
where W € {U, Vs, Vo} and x is a non-negative integer, has rows and columns that sum to
0. We have to distinguish three cases.

If n = 12m, let B be a cyclically (2, 3)-diagonal n X n p.f. array whose strips S; are as
follows:

U + 12i ifi € [0,m — 1],
S — U+ 1+ 12i) ifi e [m, 3m—1]
" lUu+ @+ 120) ifie[3m,5m—1],
U+ 3+ 12i) ifi € [5m,6m — 1].
‘We obtain
m—1 3m—1
supp(B)= |J [1 + 12i,12 + 12i] u {J [2 + 12i,13 + 12i]u
i=0 i=m
S5m—1 6m—1
U [3+12i,14 + 12i]u | [4 + 12i, 15 + 12i]
i=3m i=5m

=[1,12m] U [12m + 2, 36m + 1] U [36m + 3, 60m + 2]U
[60m + 4, 72m + 3].

Ifn = 12m + 4, let B be a cyclically (2, 3)-diagonal n X n p.f. array whose strips S; are:
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(U + 12i ifi e [0,m — 1],
Vs + 12i ifi =m,
U+ @1+ 12) ifie[m+1,3m],

S; =4
T lux @+ 120) ifie[3m+1,5m],
Vo+ (2 + 12i) ifi=5m + 1,
(U + (3 +12i) ifie€[5m+2,6m+1].
It follows that
m—1

supp(B)= |J [1 + 12,12 + 12i] U [12m + 1, 12m + 4]U
i=0
3m
[12m + 6,12m + 13] U | [2 + 12i, 13 + 12i]U
i=m+1
Sm

U [3 + 12i, 14 + 12i] U [60m + 15, 60m + 22]u

i=3m+1
6m+1

[60m + 24,60m + 271U |J [4 + 12,15 + 12i]
i=5m+2

=[1,12m + 4] U [12m + 6, 36m + 13] U [36m + 15, 60m + 22]U
[60m + 24, 72m + 27].

Ifn = 12m + 8 with m > 0, let B be a cyclically (2, 3)-diagonal n X n p.f. array whose
strips S; are:

U + 12i ifi e [0,m — 1],

Vo + 12i ifi =m,

U+ @1+ 120) ifie[m+1,3m+1],
U+ Q2+ 12i) ifie[3m+2,5m + 2],
Vs+ (2 + 12i) ifi = 5m + 3,

U+ 3+ 12i) ifie[5m+ 4,6m + 3].

It follows that

m—1
supp(B)= U [1 + 12i,12 + 12i] U [12m + 1, 12m + 8]U
i=0

3m+1

[12m + 10, 12m + 13] U U [2 + 12i,13 + 12iu
i=m+1

Sm+2

U [3+ 12i, 14 + 12i] U [60m + 39, 60m + 42]uU

i=3m+2
6m+3

[60m + 44, 60m + 51] U U [4 + 12i,15 + 12i]
i=5m+4

=[1,12m + 8] U [12m + 10, 36m + 25] U [36m + 27, 60m + 42]U
[60m + 44, 72m + 51].
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In all three cases, we have supp(B) = [1, 6n + 3]\{n + 1,3n + 2, 5n + 3} as
required. Ll

Example 4.16. Following the proof of Proposition 4.15 we obtain the following 12 X 12
p.f. array B:

-1 5 2 -7 -9 10
3 —4 —6 8 11 —12
—14 18 15 =20 | —22 23
16 —-17 | —19 21 24 =25
—26 30 27 =32 | -34 35
28 —-29 | =31 33 36 37
-39 43 40 —45 | —47 48
41 —42 | —44 46 49 =50

—59 60 —51 55 52 =57
61 —62 53 —54 | —56 58
65 =70 | =72 73 —64 68

—69 71 74 =75 66 —67

Theorem 4.17. If there exists:

1. an integer cyclically k-diagonal Hy(n; k) with n > k + 4, then there exists an integer
cyclically (k + 4)-diagonal Hy,4(n; k + 4);

2. an integer cyclically (2, d)-diagonal Hyy(n; 2d) with n > 2d + 4, then there exists an
integer cyclically (2, d + 2)-diagonal Hyq44(n; 2d + 4);

3. an integer cyclically (2, d)-diagonal Hyy_1(n; 2d — 1) with n = 0 (mod 4), n > 2d + 6,
then there exists an integer cyclically (2, d + 3)-diagonal Hyy,5(n; 2d + 5).

Proof.

1. Let A be an integer cyclically k-diagonal Hy(n; k) with n > k + 4. Let B be the
cyclically 4-diagonal array of size n constructed in Proposition 4.9 if k is even and in
Proposition 4.11 if k is odd. Since n > k + 4, starting from B it is possible to construct
a cyclically 4-diagonal array B such that skel (A) N skel(B) = @ and A U B is cyclically
(k + 4)-diagonal. Hence the result follows by Theorem 4.8.

2. Let A be an integer cyclically (2, d)-diagonal Hy(n; 2d) withn > 2d + 4. Let B be the
cyclically (2, 2)-diagonal array constructed in Proposition 4.13. Reasoning as in case 1,
since n > 2d + 4 we can take B such that skel(A) N skel(B) =@ and AU B is
cyclically (2, d + 2)-diagonal. Hence the result follows by Theorem 4.8.

3. Let A be an integer cyclically (2, d)-diagonal Hy;_1(n; 2d — 1) with n = 0 (mod 4)
and n>2d + 6. Let B be the cyclically (2,3)-diagonal array constructed in
Proposition 4.15. Reasoning as in case 1, since n > 2d + 6 we can take B such that
skel (A) N skel(B) = @ and A U B is cyclically (2, d + 3)-diagonal. Hence the result
follows by Theorem 4.8. |

Example 4.18. We consider case 3 of previous theorem for n = 12 and d = 2. Taking
the integer cyclically (2, 2)-diagonal H;(12; 3) of Example 4.7 and the cyclically
(2, 3)-diagonal array B of Example 4.16, we obtain an integer cyclically (2, 5)-diagonal
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Hy(12; 9). The elements in bold are those of B + 37.

-5 18 —38 42 39 —44 | —46 47 —13
—32 1 31 40 —41 —43 45 48 | —49
—-19 2 17 —51 55 52 | —57 | —59 60
—33 3 30 53 —54 | —56 58 61 | —62
72 —20 4 16 —63 67 64 | —69 | —71
—74 —34 12 22 65 | —66 | —68 70 73
—82 —84 85 —28 7 21 —76 80 T
83 86 —87 —29 —6 35 78 | =79 | —81
92 89 —94 —96 97 —15 -8 23 —88
—-91 —93 95 98 —99 —27 -9 36 90
—-101 105 102 | —107 | —109 110 —14 | —10 24
37 103 | —104 | —106 108 111 | —112 —26 | —11

5 | DIRECT CONSTRUCTIONS OF H;(n;k)

In this section we give direct constructions of integer Hy(n; k) with k = 3, 5, 6, since the case
k = 4 has been already considered in Proposition 4.9.

Proposition 5.1. There exists an integer cyclically 3-diagonal Hi(n;3) for
n = 3 (mod 4).

Proof. We construct an n X n array A using the following procedures labeled A to J:

A: diag(z,z,l,l,l,”"3); B: diag(”+3,”+3,—”“,1,—1,”‘1);
2 2 2 2
c: diag(z,l,—5n+3,2,—1,n+1); D diag(3,2,—3n+3,2,—1,n_3);
2 B 1
1 1 1 _
E: dlag(l’z’ 3n + ’2,_1, nt ), F dlag(Z, 3, n + ,2,—1, n 3),
4 2 4
1 7 1 11n +7 1
G diag("+ Rt 3P Y Wi ); H: diag(””,"*s, n+7 ., n% );
2 2 4 4 2 2 4 4
I: diag(n+3,n+1,—9n+5,2,1,n+1); J: diag(n+5,n+3,—5n+1,2,1,"+1),
2 2 4 4 5 5 2 2
We also fill the following cells in an ad hoc manner:
n—1 n+1l n+1
A[lyl]:_ ) Al: y ]:
2 2 2

We now prove that the array constructed above is an integer cyclically 3-diagonal
Hi(n; 3). To aid in the proof we give a schematic picture of where each of the diagonal
procedures fills cells (see Figure 2). We have placed an X in the ad hoc cells. Note that
each row and each column contains exactly three elements. We now check that the
elements in every row sum to 0 (in Z).
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Row 1: There is an ad hoc value plus the first of the E diagonal as well as the last of the J
diagonal. The sum is

n-—1 3n+1
+
2

—(n+1)=0.

Row 2 to "; L : There are two cases depending on whether the row r is even or odd. If 7 is

even, then write r = 2i + 2 where i € [0, "7_7] Notice that from the C, A, and F
diagonal cells we get the following sum:

(—75'4;3 —i)+(1+2i)+(5nz+1 —i):o.

If r is odd, then write r = 2i + 3 where i € [0, "7_7] From the D, A, and E diagonal
cells we get the following sum:

(—Lf—i)+(2+2i)+(3n2_1—i):O.

Row ;r L. We add the last value of the C diagonal, an ad hoc value and the first of the G
diagonal:
11n + 3 n+3
- +n =0.
4 4

Row 2 ;r 3 to n: Note that ” ;“ 3 is odd. There are two cases depending on whether the row r

is odd or even. If r is odd, then write r = "TH + 2i, where i € [O, "7_3] Notice that
from the I, B, and H diagonal cells we get the following sum:

9n + 5 . n+1 . 11n + 7 .
- +i|+ |- =2i|+|——— +i|=0.
4 2 4

If r is even, then write r = "TH + 2i, where i € [0, "7_7] Notice that from the J, B,
and G diagonal cells we get the following sum:

Sn+1 . n+1 . n+3 .
- +i)+ |- - 2|+ +i]=0.
4 2 4

So we have shown that all row sums are zero. Next we check that the columns all add
to zero.

Column 1: There is an ad hoc value plus the first of the C diagonal as well as the last of
the H diagonal. The sum is

n—1_5n+3

5 +Gn+1)=0.
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Column 2 to "=!: There are two cases depending on whether the column c is even or odd.
. 2 . . . 7
If ¢ is even, then write ¢ = 2i + 2 wherei € [g

0, "%] Notice that from the E, A, and D
diagonal cells we get the following sum:

=0.

(3n+1

—i)+(1+2i)+(—3n2+3—i)

n-—17
4

If ¢ is odd, then write ¢ = 2i + 3, wherei € [0,
cells we get the following sum:

(%—i)+(2+2i)+(—#—i):

]. From the F, A, and C diagonal

Column ™1: We add the last value of the E diagonal, an ad hoc value and the first of the

I diagonal

5n+5 9n+5
+n—
4 4

=0.

Column ™*2 to n: Note that “*3 is odd. There are two cases depending on whether the
column c is odd or even. If ¢ is odd, then write ¢ = "TH + 2i, where i € [0, ";3
Notice that from the G, B, and J diagonal cells we get the following sum:

n + 3 . n+1 . 5n +1 .
+i|+ |- =2+ |- +i|=0.
4 2 4

If ¢ is even, then write ¢ = "TH + 2i wherei € [0, "7_7] Notice that from the H, B, and
I diagonal cells we get the following sum:

11n + 7 . n+3 . 9n +1 .
—— 4|+ |- —2i|+ |- +i|=0.
4 2 4

So we have shown that each column sums to 0. Now we consider the support of A:

supp(A) = l,n_3] U{n_l}u[n+1,n—1] U{n}u[n+1,5n+1] U
2w 2 2 ®) 4 o

[5n+5 3n+1 3n+3 Tn—1 n + 3
s U , U ,2n| U
4 2 g 2 4 o 4 ©

[ 9n + 5 Mm+9 5n+1 5n+3 1ln+3
2n + 2, U , U , U
5 (0 4 2y 2 4 o

[11n + 7

,3n+1]

(1)
=[1,3n + 1]\{2n + 1}.

Thus, A is an integer cyclically 3-diagonal Hz(n; 3) for n = 3 (mod 4). O
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Example 5.2. Following the proof of Proposition 5.1 we obtain the integer H3(11; 3)
below.

-5 17 —12
—29 1 28
—18 2 16
—30 3 27
—-19 4 15
—31 11 20
—26 —6 32
—14 -7 21
—25 -8 33
—13 -9 22
34 —24 | —-10

Proposition 5.3. There exists an integer cyclically 3-diagonal Hi(n;3) for
n =0 (mod 4).

Proof. We construct an n X n array A using the following procedures labeled A to J:

A: dlag( 4); B: diag(n+6 n+6 n+4’1’_1,n_4);
2 2 2
c: dlag(z,l, m+4 o, g, E); o diag(3,2, 3n+2 2’_1’}1—4);
4 4
E: dzag(1,2, -1, E); - diag(z, 3, Sn+2 21, n_4);
4 4
G dlag( 4 smoo g, E); u: diag(n+ , 6 _9m o ’n—4);
2 4 4 2 4 1
I: diag( +4,n+6’11n+8 21 E). It diag(n+6,n+8 7n+8,2,1,n_4).
2 2 4 5 2 2
We also fill the following cells in an ad hoc manner:
A =-222, A[” ”]—n, A[E,””]: n+4
2 272 5 5 1
A[n+2,£]:_9n+4, A[n+2’n+2]:n+2’ A[n+2’n+4]:7_n’
2 2 4 2 2 2 2 5 )
A[n+4,n+2]:_9n+8, A[n+4’n+4]:_£'
2 2 4 2 2 2

We now prove that the array constructed above is an integer H;(n; 3). To aid in the
proof we give a schematic picture of where each of the diagonal procedures fills cells (see
Figure 3). We have placed an X in the ad hoc cells. Note that each row and each column
contains exactly three elements. We now check that the elements in every row sum to 0
(in Z).

Row 1: There is an ad hoc value plus the first of the E diagonal as well as the last of the G
diagonal. The sum is

2 3
Ly _m+D=0.
2 2
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Row 2 to 2 ; 2: There are two cases depending on whether the row r is even or odd. If r is
even, then write r = 2i + 2 where i € [O, % - 2]. Notice that from the C, A, and F

diagonal cells we get the following sum:

(—5";4—i)+(1+2i)+(5"2+2 —i):O.

If r is odd, then write r = 2i + 3 wherei € [0, % — 2]. From the D, A, and E diagonal
cells we get the following sum:

(—3n2+2—i)+(2+2i)+(3n2_2—i):

Row g: We add the last value of the C diagonal with two ad hoc values:

11n + 4 n + 4
- +n+
4 4

n+

> 2. This row contains three ad hoc values. The sum is

Row

on + 4 n+2 n
- + + —=0.
4 2 4

n+4

Row == There are two ad hoc values plus the first of the I diagonal. The sum is

on +8 1ln +8 _

n 0.
4 2 4

Row “*° to n: Note that *° is odd. There are two cases depending on whether the row r

2 2
is odd or even. If r is odd, then write r = "T% + 2i, where i € [O, % — 2]. Notice that

from the G, B, and J diagonal cells we get the following sum:

5n . n+4 . 7n + 8 .
— +i|l+ |- - 2|+ +i]=0.
4 2 4

n+8

If r is even, then write r =

+ 2i, wherei € [0, % - 2]. Notice that from the H, B,
and I diagonal cells we get the following sum:

( 9n ) ( n+6 ) (11n+12 )
—— +i|+ |- —2i|+|———=+i]=0.
4 2 4

So we have shown that all row sums are zero. Next we check that the columns all add
to zero.
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Column 1: There is an ad hoc value plus the first of the C diagonal as well as the last of
the I diagonal. The sum is

n—2_5n+4
2

+Gn+1)=0.

-2

Column 2 to 2==: There are two cases depending on whether the column c is even or odd.
If c is even, then write ¢ = 2i + 2 wherei € [g(), % - 2]. Notice that from the E, A, and
D diagonal cells we get the following sum:

=0.

(%n—i)+(1+2i)+(—3n2—+2—i)

If ¢ is odd, then write ¢ = 2i + 3, wherei € [0, % - 2]. From the F, A, and C diagonal
cells we get the following sum:

(5n+2_

5 i)+(2+2i)+(—5n+6—i)

Column g: We add the last value of the E diagonal with two ad hoc values:

5n + 4 9n + 4
+n— =0.

Column ";2: This column contains three ad hoc values. The sum is
m+4 n+2 9n+8
+ - =0.
4 2 4

Column ";’4: There are two ad hoc values plus the first of the G diagonal. The sum is

n n 5n

— - —-=o

4 2 4
Column 2+ to n: There are two cases depending on whether the column c is odd or even.

If ¢ is odd, then write ¢ = "T% + 2i wherei € [O, g - 2]. Notice that from the I, B,
and H diagonal cells we get the following sum:

11n + 8 . n+4 . 9n ,
— +i|+ |- = 2il+|-—+i]=0.
4 2 4

If ¢ is even, then write ¢ = "T” + 2i where i € [O, % — 2]. Notice that from the J, B,
and G diagonal cells we get the following sum:

n+8 . n+6 . 5n —4
+il+ |- =21+ |- +i|=0.
4 2 4
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So we have shown that each column sums to 0. Now we consider the support of A:

supp(A) = 1’71—4] u{n_z,ﬁ,n+2}u[n+4,n—1] 0 (U
L 2 () 2 2 2 2 ®)

[ 5n 5n+4 3n 3n+2 7n—4 n Tn+ 4
n+1,>—| U el IV ; Ui v
4 o 4 2w 2 4 (D) 4 4

[7n + 8 9n m+4 9n+8
,2n ul2n+ 2, — U s U
| 4 () 4w 4 4

[9n + 12 5n + 2 Sn+4 1ln+ 4 11n + 8
> U , Ul—,3n+1
L 4 2 2 4 lo &)
=[1,3n + 1]\{2n + 1}.

Thus, A is an integer cyclically 3-diagonal Hs(n; 3) for n = 0 (mod 4). O

The integer H3(12; 3) obtained following the proof of Proposition 5.3 is given in
Example 4.7.

Proposition 5.4. Letn = 3 (mod 4) with n > 7. Then there exists an integer cyclically 5-
diagonal Hs(n; 5).

Proof. We construct an n X n array A using the following procedures labeled A to N.

A: diag(3, 3, n_—3, 2,—1, n- 5); B: diag(4, 4, , 2,1, n- 3);
2 2
-1 n—3
C: dlag(3,2 2n + 2,2,2, 3 ); D: dlag(4 3,2n—1,2,-2, 5 );
1 —
E dlag(z, 3, ); F: dlag(3, ,—(2n + 3),2,— n 5 3);
15 7 3 1
G diag(3, 1, — n+t , 4,1, n ), H: dlag(4, 2,—(3n + 4),4, — n: );
I dlag(S, 3,— 1on 1,4, 1, n- 3), J: dlag(6, ,—(4n + 3),4, — n- 3);
4 4 4
1 - 1
K diag(l, 3, 7"4+ 9 41, . 3), L: dlag(2,4 5n, 4, — ": );

N: diag|4,6,4n + 1,4, -1, n;3).

We also fill the following cells in an ad hoc manner:
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All1,1] = n, All1,2] = -3n, All,n] =n+1,

A2, 1] =n + 2, Al2,2]=n -1, Al2,n] = =(5n + 1),
1

A[n—2,n—2]_—n2 . Aln-2,n]=5n+2, An,1] = =Gn + 1),

Aln,2] =3n + 3, Aln,n—-2]=-Bn+2), Alnn]=1

We now prove that the array constructed above is an integer Hs(n; 5). To aid in the proof
we give a schematic picture of where each of the diagonal procedures fills cells (see Figure 4).
We have placed an X in the ad hoc cells. Note that each row and each column contains exactly
five elements. We now check that the elements in every row sum to 0 (in Z).

Row 1: We add three ad hoc values and the first of the K diagonal with the last of the H
diagonal:

17n+9_13n+13

n—3n+ +(m+1)=0.

Row 2: There are three ad hoc values plus the first of the E diagonal as well as the first of
the L diagonal. The sum is

m+2)+(n—-1)—-2n+5n—(G5Bn+1)=0.

Row 3 to n — 3: Consider the row r, there are four cases according to the congruence class
of r modulo 4. If r = 3 (mod 4) write r = 3 + 4i, wherei € [0, ";7]. Notice that from
the G, C, A, F, and M diagonal cells we get the following sum:

(—1573#+i)+(2n+2+4i)+(n7_3—2i)—(2n+3+4i)

(13n + 17
+ —_—
4

+i):0.

If r = 0 (mod 4) write r = 4 + 4i, wherei € [0, "7_7] Notice that from the H, D, B, E,
and N diagonal cells we get the following sum:

—-Bn+4+i)+2n—-1-4)—(n—-2-2)—2n—-2—-4i)+Un+1-1)
= 0.

n—11
4

Ifr =1 (mod 4) writer = 5 + 4i, wherei € [0,
and K diagonal cells we get the following sum:

]. Notice that from the I, C, A, F,

n—>5

19n — 1
(—nT+i)+(2n+4+4i)+(

17n + 13 .
+ f-i-l =0.

—2i)—(2n+5+4i)
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n-11
4

If r = 2 (mod 4) writer = 6 + 4i wherei € [O,
and L diagonal cells we get the following sum:

]. Notice that from the J, D, B, E,

—An+3+i)+2n—-3-4i)-mn—-3-20)—-2n—-4-4i)+(Bn-1-1i)=0.

Row n— 2: This row contains two ad hoc values, the last of the I diagonal, the ";3th
element of the C diagonal and the last of F diagonal. The sum is

_9n+3+(3n_3)_n—1

—(Bn-2)+Gn+2)=0.

Row n— 1: We add the last elements of the L, J, D, B, and E diagonals:

19n + 3 17n + 5 n+1
2 - +(n+4) -

—(m+3)=0.

Row n: This row contains four ad hoc values and the last of C diagonal. The sum is
—-Bn+1)+@Bn+3)—Bn+2)+Bn-1)+1=0.

So we have shown that all row sums are zero. Next we check that the columns all add to zero.
Column 1: We add three ad hoc values and the first of the G diagonal with the last of the
L diagonal:

15n+7 . 19n+3
4 4

n+m+2) — —(Bn+1)=0.

Column 2: There are three ad hoc values plus the first of the C diagonal as well as the first
of the H diagonal. The sum is

“3n+mm—-1)+@2n+2)—Bn+4)+@Bn+3)=0.

congruence class of ¢ modulo 4. If ¢ = 3 (mod 4) write ¢ = 3 + 4i, wherei € %7
Notice that from the X, E, A, D, and I diagonal cells we get the following sum:

Column 3 to n—3: Consider the column c, there are four cases accordinlg to the
09

i)—(2n—4i)+(nT_3—2i)+(2n—1—4i)—(19’17_1—i):0.

(17n+9
— 4+
4

4

Ifc = 0 (mod 4) write ¢ = 4 + 4i, wherei € [0, "7_7] Notice that from the L, F, B, C,
and J diagonal cells we get the following sum:

Gn—-i)—2n+3+4i)—(n—-2-20+0Rn+4+4i)—@n+3+1i)=0.
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n-—11
4

Ifc =1 (mod 4)writec = 5 + 4i, wherei € [0, ] Notice that from the M, E, A, D,

and G diagonal cells we get the following sum:

(13n + 17
4

1
_( 5n+3_i):0.
4

+i)—(2n—2—4i)+(nT_5—2i)+(2n—3—4i)

n-11
4

Ifc = 2 (mod 4) writec = 6 + 4i, wherei € [O, ] Notice that from the N, F, B, C,

and H diagonal cells we get the following sum:
Un+1-i)—n+5+4)—-(n—-3-2)+@n+6+4i)—Bn+5+1i) =0.

Column n — 2: This column contains two ad hoc values, the last of the M diagonal, the

";3th element of the E diagonal and the last of D diagonal. The sum is

n+ 5 n—1

—(n+5)— +(n+4)—-CBn+2)=0.

Column n — 1: We add the last elements of the H, N, F, B, and C diagonals:

13 13 15 11 1
B n:— 4 n:— —(3n—2)—n+

+Gn-1)=0.

Column 7n: This column contains four ad hoc values and the last of E diagonal. The sum is
m+D)-Gn+1)+Gn+2)—m+3)+1=0.
So we have shown that each column sums to 0. Now we consider the support of A:

supp(A):{l}U[Z,n_S] U{n_l}u[n+1,n—2] U
2w 2 2 ®)

fn—1,nn+1,n+2U[n+32n]g o Ul2n+ 2,31 — 1y
13n + 13]

{3n,3n +1,3n + 2,3n + 3}U[3n+4,
(H)
[13n +17 7n+ 5 n+7 15n+ 7 15n + 11
, U , Ul———,4n +1 U
L 4 2w 2 4 do o

[ 17n + 5 17n+9 9n+1 9n+3 19n-—-1
4n + 3, U , U , U
(@ 4 2 I 2 4 o

[ 191 + 3
)
=[1,5n + 2]\{2n + 1, 4n + 2}.

,Sn] U{5n + 1, 5n + 2}
(L)

Thus, A is an integer cyclically 5-diagonal Hs(n; 5) for n = 3 (mod 4). O
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Example 5.5.

below.

COSTA ET AL.

Following the proof of Proposition 5.4 we obtain the integer Hs(15; 5)

15

66

—52

16

17

—30

—76

—58

53

—28

—71 34 5| —35 67
—63 27 | =12 | —26 74
—57 36 4 | =37 54
—50 25 | —11 | —24 60
—70 38 3| —39 68
—64 23 | =10 | —22 73
—56 40 2 | —41 55
—51 21 -9 | —20 59

—69

42

=7

—43

7

72

—65

19

-8

—18

48

44

Proposition 5.6.

n>6.

There exists an integer cyclically (2, 3)-diagonal Hg¢(n; 6) for every even

Proof. LetU, Vs, and V; be the three 2 X 6 arrays defined in the proof of Proposition 4.15.
Also here we have to distinguish three cases.
If n = 6m, let A be a cyclically (2, 3)-diagonal n X n p.f. array whose strips S; are:

We obtain

Si=

m-—1
supp(A)= J [1 + 120,12 + 12i] u |J [2 + 12i, 13 + 12i]u
i=0

3

i

m—1

U+ 12i

U+ +120) ifie[m,2m—1],
U+ (2+ 12i) ifi € [2m,3m - 1].

ifie[0,m—1],

2m-1

i=m

U [3 + 12i, 14 + 12i]

=2m

=[1,12m] U [12m + 2, 24m + 1] U [24m + 3, 36m + 2].

Ifn = 6m + 2, let A be a cyclically (2, 3)-diagonal n X n p.f. array whose strips S; are:

It follows that

U + 12i
Vs + 12i
U+ 1+ 120)
Vo £ (1 + 12i)
U+ (2 + 12i)

ifie[0,m—
ifi=m,

1],

ifie[m+1,2m-1],

ifi =2m,

ifi e [2m + 1, 3m].
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m—1
supp(A)= {J [1 + 12,12 + 12i] U [12m + 1, 12m + 4]U
i=0
2m-1
[12m + 6,12m + 13] U |J [2 + 12i,13 + 12i]U
i=m+1

[24m + 2,24m + 9] U [24m + 11, 24m + 14]U
3m
U [3+ 12,14 + 12i]

i=2m+1

=[1,12m + 4] U [12m + 6, 24m + 9] U [24m + 11, 36m + 14].

Ifn = 6m + 4, let A be a cyclically (2, 3)-diagonal n X n p.f. array whose strips S; are:

U+ 12i ifi e [0,m — 1],
Vo + 12i ifi =m,
Si=qU+ @1+ 12) ifie[m+1,2m],
Vs+ (1 +120) ifi=2m + 1,
U+ Q2+ 12i) ifie[2m+ 2,3m + 1].

It follows that

m-—1
supp(A)= |J [1 + 12i,12 + 12i] U [12m + 1, 12m + 8]U
i=0
2m
[12m + 10, 12m + 13] U U [2 + 12i,13 + 12iJu
i=m+1
[24m + 14,24m + 17] U [24m + 19, 24m + 26]U
3m+1
U [3 + 12i, 14 + 12i]
i=2m+2
=[1,12m + 8] U [12m + 10,24m + 17] U [24m + 19, 36m + 26].

In all three cases, we have

supp(A) = [1,6n + 2]\{2n + 1, 4n + 2}

and so the associated p.f. array A we constructed is an integer H¢(n; 6). |
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A|B|C|D
A|B|C|D
A|B|C|D
A|B|C|D
D A|B|C
X | X A| B
B|X|X A
FIGURE 1 Scheme of construction with n = 7
X | E J
C|A|F
D|A|E
C|A|F
D|A|E
C|X|G
I|B|H
J|B|G
I|B|H
J G
H I|B
FIGURE 2 Scheme of construction with n = 11
X | E G
C|A|F
D|A|E
C|A|F
D|A|E
C|X| X
X| X |X
X|X|1I
G|B|J
H|B|I
G|B|J
I H|B
FIGURE 3 Scheme of construction with n = 12
X[ X|K H| X
X|X|E]|L X
G|C|A|F | M
H|{D|B|E|N
I|C|A|F|K
J|D|B|E|L
G|C|A|F|M
H|D|B|E|N
I|C|A|F|K
J|D|B|E|L
G|C|A|F | M
H|D|B|E|N
I|C|X|F|X
L J|D|BJ|E
X| X X|C|X

FIGURE 4 Scheme of construction with n = 15
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Example 5.7. Following the proof of Proposition 5.6 we obtain the integer H¢(10; 6)
below.

-1 5 2 -7 -9 10
3 —4 —6 8 11 | —12
—13 17 14 | —-19 25 | —24
15 | —16 | —18 20 | —23 22
—26 30 27 | =32 | —34 35
28 | —29 | —-31 33 36 | —37

41 | —45 —38 47 44 | —49
-39 43 40 | —46 | —48 50
52 | =57 | —59 60 —51 55
—56 58 61 | —62 53 | —54

6 | CONCLUSIONS
Now we are ready to prove our main result.

Proof of Theorem 1.5. We split the proof into four cases according to the congruence
class of k modulo 4.

Case 1. Let k = 3 (mod 4). An integer cyclically 3-diagonal Hz(n; 3) for n = 3 (mod 4)
and n = 0 (mod 4) has been constructed in Proposition 5.1 and in Proposition 5.3,
respectively. The result follows applying inductively item 1 of Theorem 4.17.

Case 2. Letk = 0 (mod 4). An integer cyclically 4-diagonal Hy(n; 4) for any n > 4 has
been constructed in Proposition 4.9. As before, the result follows applying inductively
item 1 of Theorem 4.17.

Case 3. Let k = 1 (mod 4). If n = 3 (mod 4) an integer cyclically 5-diagonal Hs(n; 5)
has been constructed in Proposition 5.4. As before, the result follows applying inductively
item 1 of Theorem 4.17. If n = 0 (mod 4) andn > k > 9, by Case 1, there exists an integer
cyclically (k — 6)-diagonal Hy_¢(n; k — 6), which can be viewed also as an integer
cyclically (2, ?)—diagonal Hy_¢(n; k — 6) by Remark 4.6. Since n = 0 (mod 4) and
n > k + 1, the result follows applying item 3 of Theorem 4.17.

Case 4. Let k = 2 (mod 4). An integer cyclically (2, 3)-diagonal Hg(n; 6) for n even
with n > 6 has been constructed in Proposition 5.6. The result follows applying
inductively item 2 of Theorem 4.17. O

As already remarked in Section 1 we leave open the existence problem of an integer Hy (n; k)
only for k = 5 and n = 0 (mod 4). For this class we have two examples: an integer cyclically
(2, 3)-diagonal Hs(8; 5) is given in Example 4.5, while an integer cyclically (2, 3)-diagonal
Hs(16; 5) is given below.
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8 —65 81 55 —79
16 82 —58 —80 40
60 =77 —6 —38 61
—78 53 —14 62 —23
21 —31 -5 57 —42
—32 22 —13 —41 64
—69 51 7 —17 28
50 —76 15 29 —18
45 —67 3 39 —20
—68 30 11 —19 46
56 —70 2 —24 36
—71 49 10 37 —25
—48 27 1 —54 74
26 —63 9 75 —47
—34 43 59 —72 4
44 —35 —73 52 12

Our existence result about relative Heffter arrays implies the existence of new pairs of
orthogonal cycle decompositions. To describe how this result is obtained, we first recall the
following conjecture.

Conjecture 6.1 [[16], Conjecture 3]. Let (G, +) be an abelian group. Let A be a finite
subset of G\{0} such that no 2-subset {x, —x} is contained in A and with the property that
Za ca @ = 0. Then there exists a simple ordering of the elements of A.

Proposition 6.2. For n > k, there exist two orthogonal cyclic k-cycle decompositions of
K@n+1)xk in each of the following cases:

1. k=3,7,9 forn = 0, 3 (mod 4);
2. k=5 forn=3(mod 4);

3. k = 4,8 for every n;

4. k = 6 for every even n.

Proof. In [16], we verified Conjecture 6.1 for any set of size less than 10. Hence for k < 9
all the Hy(n; k) here constructed are simple for any n. The result follows from Theorem
1.5 and Proposition 2.9. l

If Conjecture 6.1 were true we would have two orthogonal cyclic k-cycle decompositions of
Kan+1)xk for any pair (n, k) for which we have constructed an integer Hy(n; k).
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