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Abstract

In [5] the authors are able to give a method for the construction of a family of partially
balanced incomplete block designs from a special class of wd-nearrings (wd-designs). In this
paper the wd-design incidence matrix and the connected row and column codes are studied.
The parameters of two special classes of wd-designs and those of the related row and column
codes are calculated.

1 Introduction

In [10] a general method to construct partially balanced incomplete block designs on the set X is
given, starting from a transitive permutation group H on X with an intransitive subgroup S.

Obviously, from such a general method no formulae arise for the design parameters computation.
A possible way to obtain the computability of the parameters is to link the action of H to the action
of some operation defined on X, making X an algebraic structure. This could be an efficient tool
to work with. Following such a line, in [5], a class of partially balanced incomplete block designs
(wd-designs) is constructed and formulae for their parameters are found.

In this paper the incidence matrix of the above designs and the related row and column codes
are studied. In more detail:

In Section 2 the basic definitions related to partially balanced incomplete block designs (PBIBDs)
can be found and a frame of the whole construction, based on [3, 4, 5], is given.

In Section 3 the incidence matrix of the constructed PBIBDs is studied.

In Section 4 the parameters of the row and column codes related to the above incidence matrix
are found.

In Section 5 two special classes of PBIBDs are considered, for which all the parameters can
be easily calculated.

2 Partially Balanced Incomplete Block Designs

A Partially Balanced Incomplete Block Design is a complex structure: a block design and an
association scheme are defined together on the same set and they fit. We give the basic definitions
here.
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Definition 2.1 An incidence structure (X, B C P(X)) is called block design (or tactical configura-
tion) if all the blocks have the same size k and all the elements have the same replication number
r, which means they occur in the same number r of blocks. A block design is said to be incomplete
(IB-design) if at least one of its blocks is a proper subset of X. The numbers (v,b,r, k), where
v and b are the cardinality of X and B respectively, are called the parameters of the design. We
know that they are not independent, because vr = bk holds.

For more information on design theory we refer to [7].

Definition 2.2 An association scheme with m associate classes on a finite set X is a family of m
symmetric and antireflexive binary relations Ry, ..., R, on X such that:

(i) any two distinct elements of X are ith associates for exactly one value of i = 1,...,m;

(ii) for all # = 1,...,m and =z € X, there are exactly n; distinct elements y € X so that
(z,y) € Ri;

(iii) for all 4,5,k = 1,...,m, if (z,y) € Rg, the number pfj of 2 € X so that (z,2) € R; and
(y,2) € Rj is a constant depending on i, j, k but not on the particular choice of « and y.

For further information about association schemes see [2].

Definition 2.3 A tactical configuration (X, B) with an association scheme on X is called partially
balanced incomplete block design (PBIBD) if there are positive integers A;, i = 1,...,m, such that,
if x,y € X are any two ith associate elements, then x, y occur together in exactly \; blocks of B.

Thus a PBIBD has the tactical configuration parameters v, b, r and k, the association scheme
parameters n; and pfj, and the partial balance parameters \;, in addition. We refer to [13] for
more information on PBIBDs.

2.1 PBIBDs from wd-nearrings

A left nearring is an algebraic structure N = (S, +, *) such that (S, +) is an additive group, (5, )
is a multiplicative semigroup, and the left distributive low holds (see [8, 14]). A weakly divisible
nearring (wd-nearring) is a left nearring N in which at least one of the equations ax = b or bx = a
has a solution in N, for all a,b € N (see [6]).

From [3, 4], we know that a class of wd-nearrings is constructible starting from a pair (G, ®),
where G is the abelian group (Zy»,+) and ® is a proper non trivial subgroup of Aut(G), and giving
a rule for a multiplication “*” on (Zyn, +) which makes (Zyn,+, *) a wd-nearring. In [5], starting
from the wd-nearrings of [3, 4], a family of PBIBDs (wd-designs in the sequel) is constructed when
pisodd. As we are interested in the above wd-designs, in the following paragraph we summarize
the main steps of the construction given in [3, 4, 5].

2.1.1 Construction

First step. ~ Consider the additive group G = (Zp»,+), n > 1 and p prime odd, and choose ®,
a proper non trivial subgroup of Aut(G) of order tp", (t,p) = 1. Set Q = PZpyn and C = Zpn \ Q,
soN=CUQand CNQ = 0.
Select a set E of the representatives e, of the ®-orbits covering C' in such a way that “if e, — ep &
P, (j <n),then z —y & p'Zyn,Vz € ®(a),Vy € ®(b) 7. Fix e among the elements of E and



define!:

b 0 ifa=0
axb=
bp"rer(e7") if a=kp" withke€Z, (k,p)=1and0<r<n

Then N = (Zpn,+, %) results in a wd-nearring.

Second step. Now, both the nearring multiplication “
(no symbol) are defined on Z,». Obviously a*b = b(a*1), for all a,b € Z,». In the sequel, without
loss of generality, we can set e = 1. Thus we obtain N x1 = {0} U®(1)U®(p)U---Ud(p"~!) and
we deduce N xa = a(N x 1).
In this way cyclic wd-designs can be generated:

orbital wd-designs D, = (N, B,), where a is a fixed element of C and B, = {N*a+b|be N)}.
We obtain ¢ = p"~"~!(p — 1)/t orbital wd-designs, isomorphic to each other;

the union wd-design D = (N,B), where B={N*a+b|ac C,b€ N} = J,ccBa- It is the
union of the previous ones.

Third step.  Consider the ®-orbit A; and set U; = A; U (=4;). If A; = —A,;, we say that A;
is self-paired and in this case U; = A;. If A; is not self-paired, then A; N (—4;) is empty. Anyway
we define x and y to be ith associates if x — y belongs to U;. In this way an association scheme is
given on (Zyn,+). It fits with the previously constructed block designs and we obtain PBIBDs.

7

and the usual ring multiplication

2.1.2 Notations and parameters

In the sequel, to remember easily and quickly the main definitions and properties from [3, 4, 5],

the following keys could be useful.

notations
1 P| = h 1 n—1
) automorphism group of (Zpn, +) <lef=tp" <(p—1)p
(t,p) =1
N = N=CUQ
constructed wd-nearring
(ZP"7+’*) Q :pr"L7 C:N\Q
_ n—h—1 _
f number of the non trivial ®-orbits = (ph —h+ pzp !
c number of the ®-orbits in C = %pn_h_l
E = (ej) representatives of the ®-orbitsin C' | 7=1,...,c
Ay [th non trivial ®-orbit l=1,....f
. . |®| even : self-paired
VAVREAY) d ®-orbit .
patre OrpIts |®] odd : not self-paired
U — i=1,...,m where
A Ul( _A ) union set of paired ®-orbits m=f if |®| is even
! ' m = f/2 if |®|is odd
D = (d;) representatives of the U; i=1,...,m
Bas block generated by a € Cand b€ N | Bop =N *xa+b

B B ] list of differences
anb 42,02 between the elements of By, 5, and those of Bay b,

far,a0,k frequency of k in [Ba,,0 — Ba,,0] in particular fo ok = fa,k
a fixed element of C

Bo ={Bayp | bE N)}
B=U,ccBa =

{Bap | a € C,be N}

Do = (N, Ba) orbital wd-design

D = (N, B) union wd-design

'We recall that ¢, denotes the automorphism of ® such that ¢, (ex) = z, where e, is the selected representative
of the orbit ®(z).



parameters

association scheme

z,y €R; 1th associate elements ife—yeU;
. m=f if |®| is even
ber of the associate classes
mn Hmber ! > m=f/2 if|®|is odd
. . n; = |A;] i |®] is even
n; number of the ith associates elements ! :
o number of the ith associates of z and jth associates of y
ij

when z and y are kth associates
tactical configuration

partial balance

design v b k r A
ph+1 1
Da = (Nv Ba) pn pn 7175 + (n —h— 1)t +1 k (Ai)a = fa,di, = deia_l
g1
D=(N,B) |p" | ep" | ———t+(n—h—-1t+1 | ck A = Zfldie»
p—1 e;€EE Y

Propositions 4.1 and 4.2 of [5] show that, for any k € N,

fal’a%k = fa17a27¢(k) V(Z5 e ®, Vai,ao € C and fa,k = f17ka—1, Va € C

Thus, to know the frequency of k in the list [By, 0 — Ba, 0] it is sufficient to know the frequency
of any element of its orbit ®(k) in the same list. Moreover, for any a € C, the frequency of k in
[Ba,o — Bao] equals the frequency of ka™! in [B1 g — Bi ).

Previous results can be generalized by the following statements, in order to give some informa-
tion about the cardinality of the block intersection.

Proposition 2.4 Let B,, 3, and Ba,, be two blocks of the wd-design D = (N, B). Set a = asa; "
and k = (by — b1)a;'. Then
|Ba1,bl N Ba27b2| = fl,a,k

Let y € By, p, N By, p,- Then there are z,7 € N so that y = x x a1 + by = T * as + by. Setting
a = agafl and k = (by — bl)afl, we obtain z x 1 — T xa = k, thus k € [By9 — B, ). Suppose that
y' =2’ x a1 + b1 =T * ag + by belongs to Bg, 5, N Bayp,, then 2/ «1 — 7' xa =k, also. If ¢/ # y
we have z * a1 # &’ * a1 and this implies z % 1 # &’ % 1. So, two different elements in Bg, 5, N By, b,
produce two different occurrences of k in [By g — By o]. Conversely, if k occurs in [B) g — Bg,0], we
have k = 2" %1 — %" % a for a = agal_l, k= (by — bl)al_l and for some z”,7"” € N. Thus, there
exists ¥’ = 2" x a1 + b1 = T" * ag + by belonging to Bq, p, N Bayp,-

Now, to prove the following proposition, let O be a set of representatives of the ®-orbits and
remember that E is a set of representatives of the ®-orbits covering C.

Proposition 2.5 Let D = (N, B) be a wd-design. Let Bg, p, and By, p, be any two different blocks.
Then
max{|Bga, b, N Bayby|, a1,a2 € C,b1,by € N} =
= maz{frak, (a,k) € (ExO)\{(1,0)}}
From Proposition 2.4 we know that |Bg, », N Ba,p,| = f} asar (ba—by)ar " When ai, as run over

C, and by, by run over IV, agal_l gives us all the elements of C' and (b — bl)al_1 gives us all the



elements of N. Moreover, we know that N xa = N x ¢(a) and fo, 4y k = fay,a0,6(k) for all ¢ € ®.
So, to compute maz{fi or,a € C,k € N}, we can confine a in F and k in O. Obviously, the case
(a =1,k = 0) must be excluded because it would be to say that the two blocks coincide. &

Observation 2.6 Theorem 4.5 of [5] tells us something about the pfj Precisely, if two of Uj,
U; and Uy are contained in a proper subgroup N’ of (Z,n,+) and the third one has an empty
intersection with N’, then pfj = p};j = pgk = 0. To compute the non zero pfj as well, we can
also say that pfj equals the frequency of di, the representative of Uy, in the list [U; — Uj] of the
differences between the element of U; and those of U;.

3 Incidence matrix of a wd-design

If B={DBi,...,By} is ablock design on X = {x1,...,x,} of parameters (v, b, r, k), the v x b matrix
A = (ay) is called incidence matriz of the design when a,, = 1if x, € B, and ay, =0 if 2, & B..

Co cT ... Cn—1
. Ch—1 €0 -.. Cp-2 . . ,
Here we remember that a matrix of the form ) ) ) is called circulant matriz and,
C1 Coy ... Co
for a given circulant matrix C, we have
n n—1
det(C) = H f(€) where f(z) = Z cx” (3.1)
j=1 z=0
is the defining polinomial of C' and €, €9, ..., €, denote the distinct nth roots of unity, (see [9, 11]).

Now, we come back to the wd-designs previously constructed. We know that, for every choice
of Zyn and ® C Aut(Zpn,+), our wd-designs are partially balanced with respect to the same
association scheme with m associate classes, where either m = f, when |®| is even, or m = f/2,
when |®| is odd, f being the number of the non trivial ®-orbits.

For convenience, in what follows each element of Z,» will be denoted via his smallest non
negative representative, that is Z,» = {0,1,...,p" — 1}.

Let E = {e1,ea,...,e.} be a set of representatives of the ®-orbits covering C. Consider the
orbital wd-design D, = (N, Be,) and set B, . = N xes+ 2, as usual. Let A; = (ay.) be the p" x p"
incidence matrix of D, , where a,, = 1 if, and only if, y — 1 € B, .1 and a,. = 0 otherwise,
for y,z = 1,...,p". The incidence matrix of the union wd-design D = (N,B = UeSGE Bes), is a
p" X cp™ matrix obtained by the juxtaposition of the Ags, that is A = (A1 As... Ae).

Theorem 3.1 Let D., = (N,Be,) be an orbital wd-design with m associate classes and As its
incidence matriz. Then, for s=1,...,c

1. As is a circulant matriz, symmetric if, and only if, |®| is even;

2. det(As) =k Z 7 ;

(0

P m
3. Hy = Ay - AT is a symmetric circulant matriz and det(Hs) = H k+ Z(Ai)s Z e?
j=1 i=1 2€U;

where € is a primitive p"th root of unity and the (\;)ss are the partial balance parameters of the
De,s.



1. Ag is circulant because y — 1 € B, .1 if, and only if, y € B, ., for y,z = 1,...,p".
This implies ay. = ay41 241, subscripts mod p", for all y,z = 1,...,p". Now, let |®| be even.
If ayp =1, that is y — 1 € Be, o, it results in —(y — 1) € Be,, because all the orbits are self
paired. Hence 0 € B, ,—1, that is a1, = 1. The converse is analogous, thus a,;1 = a1, for
y=1,...,p". Using this last statement in addition to the circulant definition, when y > z we have
Ayz = Ay—(2—1),2—(2—1) = Ay—24+1,1 = Aly—2z+1 = A4 (2—1),y—2+1+(2—1) = Qzy, SO We Call conclude
that A, is symmetric.

2. Setting a1 , = c¢,—; and applying (3.1), for s =1,..., ¢ we have

det(Ag) = H (Z cz6§> = H (Z czejz> (3.2)

where € is a primitive p"th root of unity and we set ¢; = ¢/. We know that ¢, = aj .41 = 1 if, and
only if, 0 € Be, . and this happens if, and only if, —z € B, o, for 2 =0,...,p" — 1.

If |®| is even, —z € Be, p if, and only if, z itself belongs to Be, o, because the ®-orbits are self
paired. So c, =1 <= z € B, .

If |®] is odd, —z € B, if, and only if, 2 € —Be, o = Be, o, the block containing all the orbits
paired to the orbits of B, p. Soc, =1 <= z € EQS@.
Thus, applying (3.2), for s = 1,..., ¢ we have

p" 1;”
det(Ag) = Z 7 = H Z €* when |®| is even
J=1 \2€Bcs,0 J=1 \#€jBe,,0
p" p"
det(As) = Z 7| = H Z €* when |®| is odd
J=1 \2€Be, 0 J=1 \z€jBe,0
where, obviously, Be, o = Be, 0, for some t € (1,...,¢).

Finally, for every s = 1,..., ¢, we can see that (Be, o, 2Be, 0, - - ., " Be,,0) becomes (es (Nx1),2e4(N*
1),...,p"es(N x* 1)), being B, o = es(N % 1). Since {es,2es,...,p"es} = Zpn, rearranging the
previous sequence we obtain ((N x1),2(N x1),...,p"(N * 1)) Thus, Vs =1,...,c,

p" p"—1
det(A) = H Z J7 | =k H Z gE
j=1 \z€B1,0 Jj=1 \z€Bi,0

being > .cp, "? = |B1g| = k.

3. The matrix Hy = A,- Al = (hy-) is obviously symmetric and circulant. The element b, give
us the number of the blocks of D, containing both the elements y — 1 and z — 1, hence hy, = k, for
y=1,...,p". When y # 2z, y — 1 and z — 1 are i-associates if, and only if, their difference belongs
to U;. So, z € U; implies hy 41 = (\i)s, for i = 1,...,m. Applying again (3.1), where ¢, = hy .41,
we can write

p" /p"—1 p" m
det(H,) =[] (Z czejz> =3 JELED I
j=1 \ 2=0 j=1 i=1 zeU;

being ¢cp = k and ¢, = (\;)s when z € U, for i =1,...,m. &



Theorem 3.2 Let D = (N, B) be a union wd-design with m associate classes and A = (A1 Az ... A.)
its incidence matriz. Then H = A- AT is a symmetric circulant matriz and

m

o
det(H) = H T+ Yy N Z e?
j=1 i=1

= zeU;

where the \js are the partial balance parameters of D = (N, B).

H = A- A" is circulant because it is a sum of circulant matrices. The statement follows similarly
C

to th int 3. of i Th 3.1, but =k+---+k=ck= de, =\ = A
o the poin of previous Theorem 3.1, but now ¢g + + c r and ¢, i Z( i)s

c times s=1

when z € U, fori=1,...,m. &

4 Row and column codes from PBIBDs

A binary code of length n is a subset C of Z§. The weight of a codeword is the number of its non
zero coordinate places. The Hamming distance between two codewords is the number of coordinate
places in which they differ. The smallest of the distances between distinct codewords is called
minimum distance of C' and denoted by d(C). A binary code of length n having m codewords
and minimum distance d is called a binary (n,m,d)-code. If C is a vector subspace of Zj and
dim(C) = k, then it is called a binary linear (n, k)-code.

It is well known that there is a link between block designs and codes via the design incidence
matrix A: the set of all the columns, the set of all the rows of A, as well as their linear hulls can be
regarded as binary codes and A itself can be regarded as the parity check matrix of a linear code.
For more information on codes see [1, 12].

In what follows we are interested in the set C. of all the columns of A and the set C, of all the
rows of A, the so called column code and row code, respectively. The parameters characterizing C.
and C, depend on the design parameters, as we summarize in the following proposition.

Proposition 4.1 Let B be a PBIBD with parameters (v,b,r,k,\1,..., \m), A its incidence ma-
triz, C, and C. the related row and column codes. Set A = max{\1,...,A\m} and p = maz{|B; N
Bj|,i,j=1,...,b with i # j}.Then

(1) the cardinality of C, is v, the codeword length is b, each codeword has the same weight r and
the minimum distance is d(C;) = 2(r — A).

(2) the cardinality of C. is b, the codewords length is v, each codeword has the same weight k
and the minimum distance is d(Cc) = 2(k — ). &

4.1 Row and column codes from wd-designs

Now, we come back to the PBIBDs of [5], the so called wd-designs recalled in Paragraph 2, and
we consider their incidence matrices. Working on Z,» with |®| = tp", each orbital design has a
p" X p" matrix A;, for i =1,...,¢, and A = (A4;... A.) is the incidence matrix of the union block
design. We can see that, applying previous Propositions and using the keys of Paragraph 2.1.2,
we are able to compute all the wd-design parameters as well as those of the row and column codes
related to their incidence matrices and we obtain:



row and column codes
design code words | length d weight
. = (N,B,) | C. or C. p" p" 2(k — Aa) k
D = (N,B) C, p" ep™ | 2(ck —X) ck
C. cp” p" 2(k — p) k
h+1 _ 1 -1
where k= pilt +(n—h—-1t+1,c= Lpn_h_l, Aa = Mmax {f1 da-1s di € D}7
p— Loz
A = max Z fidie;, di € Do, p=max{fiak, (a,k) € (ExO)\{(1,0)}}.

€j cer

5 Some special classes of wd-designs

From the key of page 4 we know that the number m of the associate classes of a wd-design is f or
f/2, according to the order of ® is even or odd.

Thus, if we want a given number of associate classes, we have to compute case by case. For
example, if we want an eight-class wd-design, we can work on Zss with |®| = 37 as well as on Zsa
with |®| = 2.5% as well as on Z;54 with |®| = 3.13% and so on.

Now, two special cases will be examined, for which the previous formulae can be developed
further.

5.1 The case with |®|=p"!

We are following the line described in Section 2, Paragraph 2.1.

First step. In Aut(Zyn) we choose ® =< ap41 > 2, thus [®] = p"~ 1. So we start from p = p,
n=mn,h=n—1andt = 1. Using the keys of Paragraph 2.1.2 we can compute the number ¢ of the
P-orbits covering C' = Zpn \pZpn: ¢ = p—1. Now we have to select a set E of representatives of these
®-orbits and, for convenience, we want 1 € . An easy selection is £ = (¢;)jer,_, = (1,2,...,p—1).
Now, from [4], we learn that a new multiplication “*” can be defined on Zy» to obtain a wd-nearring
N = (Zyn,+,*) and we have N x1 = ®(1)UP(p)U---UP(p"1)U{0} (see Paragraph 2.1.1), where
®(p*) = {p® + hsy1p®™, 0< hgyy <p* 1}, fors=0,...,n—1.

Second step. Using the sets N xa + b, with a € C' and b € N, as blocks, wd-designs can be
constructed. We have p—1 orbital wd-designs, generated by the p—1 basic blocks N1, ..., Nx(p—1)
and isomorphic to each other, of parameters v = b =p" and k =r = (p" +p—2)/(p — 1) and
one union wd-design, union of the previous ones, of parameters v = p", b = (p — 1)p", k =
(P"+p—2)/(p—1)and r=p" +p—2.

Third step. Using the keys of Paragraph 2.1.2 we can compute the number of the non trivial
d-orbits, f = n(p —1). As |®| is odd, we know that the non trivial ®-orbits are not self-paired,
so we define the U;s by pairing them, that is U; = A; U —A;, with ¢ = 1,..., f/2. Thus, we
obtain an association scheme with m = n(p — 1)/2 associate classes defining = and y to be ith
associates when = — y belongs to U;. To compute the association scheme parameters, the U;s
have to be ordered and we can do it by choosing D, a set of their representatives: D = (d;)cr,, =

(1, 2,..., p—;l,p, 2p, ..., %p, o pthopnTt %pn_l). We know that the number of the ¢th

for s € Z and (s,p) = 1, as is the automorphism of Zyn s. t. as(z) = sx,Va € Zpn.



associates of each element depends on i only, and now we have n; = |U;|, thus n; = 2p" 7, where
j=l...nandi=(G-1(p-1)/2+1,....5(p—1)/2
Since m = n(p—1)/2, the pfj fill in n(p —1)/2 squared matrices of order n(p —1)/2: the Pys. Now,
applying the first part of Observation 2.6, we obtain the general structure of these matrices. In
fact, for I = 1,...,n, if one of k,i or j belongs to {(I—1)(p—1)/24+1,...,l(p—1)/2} and the two
others are greater than [(p — 1)/2, we have pfj = p};j = ka = 0. So, setting

ri:(pfj) with 4,5 = (r — 1)55= i, rp21, r=1,...,n

= (p — 1)zt -1 _
Hkr+s=(pfj) With{Z (=D +1,....r r=1,...,n

2 )
_(7~+5—1)p21+1 J(r+s)t s=1,....n—r
fori=1,...,n and k:(l—l)(p—l)/2+1,...,l( -1)/2, we obtain

Or1 ... 0
S 0
0 ... Qri
Py, = Qri  Hgip1... Hgag
0 HI,., 0. 0
HT. 0. 0

Fourth step. To compute the partial balance parameters applying the keys of Paragraph
2.1.2, we need the frequencies f1g,c; for d; € D and e; € E. Actually, it is sufficient to compute

fir=1+1+p+-- +p”2—1+pn 11_1, fie="=fi,p-1)2=0, and,forh=1,....,.n—1, fi,n=
n— h—l

PUTAD T A p T L P fragpe = = fiprpon2 = PP AP T2 440" 7", o obtain

for Dy, the orbital wd-design generated by B1o =N 1 with (\)1 = fi,4,1 = f1,4,
forh=0,...,n—1
_ _ . n—1 n—2 n—h p" h —1
Mp—1)/241 = fipn =" P E 4+ pV T 1+ Beg
An(p—1)/242 = fropn =+ = /\(h+1)(p 1)/2 = fl,ph(p—l)/Q =p"lpnT i T

\ = magj{)\l, RN )\n(pfl)/2} = pp:ll

For Dy, ..., Dy_1 we find the same values but, obviously, not in the same order.

for D, the union wd-design

forh=0,...,n—1

Ah(p—1)/241 = Z fl*dh(pfl)/2+lej =2(fipr + fropn + F fl,p"(p—l)/2) =

e€E h—1

2+p" —p"Th 4 2171,#1 = Mn(p—1)/242 = " = ANht1)(p—1)/2

A=maz{\1,..., A\yp_1)2} = D" —p+2

There remains to compute p, the maximum cardinality of the block intersections. Obviously, for
each orbital wd-design we have u = A. For the union wd-design, applying Proposition 2.5, we have
to compute the fi 418, for (a,k) € (E x O)\{(1,0)}. E was already defined as (1,2,...,p—1). O,
a set of representatives of all the ®-orbits, can be taken as O = EUpE U ---Up" 'EU{0}. After
a straightforward computation we obtain again u = (p"™ — 1)/(p — 1). Thus, applying the key of
Paragraph 4.1, for the row and column codes we have:



row and column codes
wd-design code words length d weight
Dy,...,Dy1 | Cpor C, p" p" 2 (P"+p—-2)/(p—1)
D C: " (p—Dp" | 4p —2) (p"+p-2)
Ce (p—1)p" p" 2 " +p—2)/(p—1)

Finally, applying Theorems 3.1 and 3.2, for the incidence matrix we obtain:

incidence matrix A = (4;... 4, 1)
n-l |:ij + (P 44 p+ 2)Pi|p

mn—j—1

A :...:A_ :k -
| 1‘ | pl‘ j1;[1 pl4+--+p+2

A AT =

i b1 P (p—1)
h a
(=R ] l(p — Dk =p"Apyepr + (0= 1) z;)p )‘(n—a)p21‘|
h=0 a=

5.2 The case with |®| = Z1pn—!

Following, as above, the line of Paragraph 2.1.1 of Section 2, if we work on Z,» and we choose
|®| = %pn_l with p = 3(mod4), we obtain an already known class of PBIBDs. The union wd-
design D = (NN, B) can be split into two orbital wd-designs Dy = (NN, By), generated by By g = Nx*1,
and Dy = (N, Bz) generated by Byn_19 = N * (p™ — 1). All the designs have the same association
scheme with n associate classes and they, their incidence matrices and the related row and column

codes are described in the following tables:

assoclation scheme

z,y € R; | ith associate elements, for i = 1,...,n | if x —y € U; = p" 1 Zyn \ p'Zypn
m number of the associate classes m=f/2=n
n; number of the ith associates elements | n; = (p— 1)p"~‘ fori=1,...,m
As usual we set P, = (pf’]) fork=1,....,m
ny 0 ... 0 0 0 - 0
0 no ... 0 0 0 ... 0
p— 0 0 Ng—1 0 0 0
k 0 0 0 (p—2)p"F npiq N,
0 0 0 Nk+1 0 0
0 O 0 Tm, 0 0
tactical configuration partial balance
design v b k r AN fori=1,...,n
DiorDy | p | p | 2 2 § 2 A1 =)z = (2p" —p" " —p" " +2)/4
D P e |2 P+l A= (2p" —p" T = p" T 4 2)/2

2




incidence matrix A = (A; As)

incidence matrix of |A1n| = 1zl = S
A, D, = (N,B)) s=1,2 kH Kl +p2(n—j)+1> /4]19 (p—1)/2
A A=
A | incidence matrix of D = (N, B) o2 ﬁ [(1 N p2(n—j)+1) /2} P (p-1)
j=1

row and column codes
design code words | length d weight
DyorDy | Cror Ce | p* pt | (p+1)/2 ] (p"+1)/2
D C, p" 2p" p+1 pt+1
C. 2p" Pt | (p+1)/2 ] (p"+1)/2
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