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Abstract

In [[6] Riv. Mat. Univ. Parma 11 (2) (1970) 79-96] Ferrero demonstrates a connection between a
restricted class of planar nearrings and balanced incomplete block designs. In this paper, bearing in
mind the links between planar nearrings and weakly divisible nearrings (wd-nearrings), first we show
the construction of a family of partially balanced incomplete block designs from a special class of
wd-nearrings; consequently, we are able to give some formulas for calculating the design parameters.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

AnearringNis called aveakly divisible nearringwd-nearring) if the following condition
is satisfiedV¥a, b € N 3x € N|ax=b or bx=a. This algebraic structure was first defined
and studied if4] and a method to construct a special class of wd-nearrings was found in
[2,3]. This method has been generalized and implemented in “* SONATA", a package of
GAP[1].

The structure of a finite wd-nearring is quite similar to that of a better known planar
nearring. Since planar nearrings have been a powerful tool in the construction of balanced

* Work carried out on behalf of Italian M.l.U.R.

* Corresponding author.
E-mail addressanna.benini@ing.unibs (A. Benini).

0012-365X/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2005.03.026


http://www.elsevier.com/locate/disc
mailto:anna.benini@ing.unibs.it

A. Benini, F. Morini/Discrete Mathematics 301 (2005) 34—45 35

incomplete block designs (BIB-designs), in this paper it is shown that partially balanced
incomplete block designs (PBIB-designs) can be constructed from a class of wd-nearrings.
More precisely, the paper is organized as follows:

In Section 2 we gather some results on wd-nearrings which we will use throughout the
paper.

In Section 3, using the structure and the properties of a suitable class of wd-nearrings,
we show how it is possible to construct block designs and to compute their parameters.

In Section 4 we firstly recall that, starting from an orbital design and using a general
construction of Hall, it is possible to define an association scheme making the design a
PBIB-design. Then, we prove that the previously constructed designs are orbital designs or
adisjoint union of them. Thus, such designs become partially balanced and several formulas
to compute their parameters are proved.

In Section 5, to facilitate the application of the many steps of the whole construction, we
will conclude showing an example.

2. Weakly divisible nearrings

A left nearringis an algebraic structur®¥ = (S, +, *) such that(S, +) is an additive
group, (S, %) is a multiplicative semigroup, and the left distributive low holds (&g8]).
In the sequel we always consider leérosymmetrioearrings, thatis, ®x =0, Vx € N.

In this section, we shall summarize the results, terminology and notation[#@3]
that will be used in the sequel.

Definition 2.1. A nearringN is called weakly divisible (wd-nearring) if the following con-
dition is satisfied:

Ya,b € N 3x € N|ax=b or bx=a.

In [4] it is proved that a finite wd-nearringis the disjoint union of the nil radic#) (the
set of the nilpotent elements Nj and the multiplicative semigroupof the left cancellable
elements. Moreover, by Theorem 8[df, the setC is the disjoint union of its maximal
multiplicative subgroups, isomorphic to each other. ARiny, denotes the left translation
defined bya, for a € N, thatis,y,(x) = ax, for everyx € N. We know thaty, is an
endomorphism ofV* which turns out to be an automorphism if, and onlyaifis a left
cancellable element &i. Furthermore, by Proposition 2 {#] we note that"(C), the set
of the left translations defined by the element€ofs an automorphism group &f* with
respect to composition, and the fixed pointsyof# idy, ¢ € C, are nilpotent elements
of N.

Definition 2.2. Letp be a prime number and consider the residue class graadulop™)
(Zpn, +). A p"-maximal wd-nearringN is a finite wd-nearring oQZ ., +), in which the
setQ of the nilpotent elements ™ coincides withpZ ..

Obviously, the ringZ ,» is, in particular, g»"-maximal wd-nearring but this trivial case
will be excluded in the following.
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In [2,3] p"*-maximal wd-nearrings are investigated and a construction method is shown.
In this paper we will limit our attention to the case whpiie odd. Theorem 2.5 summarizes
the results from Theorems 2,3 @] and Theorem 1 di3], needed in the sequel.

Definition 2.3. Let G be a group. LeH < G and® < Aut(G). For each orbitb(g), g € G,
the set of the cosets bf which contain elements @#(g) is calledH-class of®(g), denoted

by [P()]n -

Definition 2.4. Let G be a group. LelHf <G and® < Aut(G). Two orbits®(g) and®(g’),
g, g € G, are calledH-equivalent if{®(g)]1y = [P(g))]H.

To simplify our notations, whehl is cyclic we identifyH with its generatoh and, so,
we briefly sayh-class (oh-equivalent) and writ¢®(g)];,.

Theorem 2.5. Let p be an odd prime number. L@t= (Z,», +) and® < Aut(G). Suppose
E is a set of the representatives of the orbitstoincluded inZ,:\pZ,» such that the
selected representatives cEpuivalent orbits belong to the same cosep4f,». Choose e
in E. Definé:

axb— 0 if a=0,
T\ op e (€77) ifa=kp" withkeZ, (k,p)=1and0<r <n.

ThenN = (Z,n, +, ) is a p"-maximal wd-nearring

Conversely every p"-maximal wd-nearringV = (Z,», 4, o) coincides with the one
constructed as belowgtarting from the grougs = (Z», +) and choosingd = I'(C), E as
the set of the idempotent elements of N and e coinciding with an idempotent right identity
of the residue class.p

3. Block designs from wd-nearrings

The object of this section is to prove Theorem 3.8, in which we state that a class of cyclic
block designs is constructible starting from a wd-nearhihgbtained as in Theorem 2.5.

In the following, most of the notation and terminology for design theory is that used
by [8]. Here we recall that an incidence structyee, # < #2(X)) on a finite setX is
calledblock desigr(or tactical configuratioi if all the blocks contain the same number
of elements and all the elements occur in the same numbiblocks. A block design is
said to beincomplete(IB-design) if at least one of its blocks is a proper subset,aind
cyclicif it has a cyclic automorphism group regular ¥n

The numbersv, b, r, k), wherev andb are the cardinality oK and# respectively, are
called theparameter®f the design. It is well known that they are not independent, because
vr = bk

1 werecall thatp, denotes the automorphisméfsuch thatp, (ex)=x, wheree, isthe selected representative
of the orbit®(x).
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Definition 3.1. Let N be ap”-maximal wd-nearring. The sé{ * a + b, a, b fixed in N,
is called the block determined ly » and denoted by, ,. A block of the formN x a is
called a basic block generated &y

Proposition 3.2. Let N be gp”-maximal wd-nearring. lf6=1I"(C) has order tf, (1, p)=1,
then there are = ”T’lp”‘h‘l distinct basic blocks generated by the elements.of C

First we will show that iz, b belong toC thenN xa =N % b if, and only if,aandb belong
to the sameb-orbit. From[4] we learn that: € C impliesa € N xa. HenceN xa= N *b
impliesa € N * b, thatis,a = y * b for somey € N. Soy cannot be nilpotent; otherwise,
y x b =a ought to be nilpotent. Thugis a cancellable element and, applying Theorem 2.5,
we haven =y xb=b¢ (1) = ¢,(b). The converse is analogous.

We conclude that the numbeiof the distinct basic blocks equals the num%rof the
@-orbits coveringC, that is,c = PT_lp"_h_l_

Remark 1. The cardinality of a basic block depends on its generator. Generadlys i&
cancellable element arglis a nilpotent, the cardinality oV * a is greater than that of

N x g. That is why, in order to obtain a tactical configuration, only basic blocks generated
by cancellable elements will be considered. Moreover, since our claim is to obtain an
incomplete block design, we must exclude the asise N xa + b, foralla,b € N. Thus

we will not consider the trivial casB(C) = Aut(N), in which the wd-nearring is a ring.

Hereinafterp”-maximal wd-nearring mearnsis an odd prime numbemndthe nearring
is not a ring

Proposition 3.3. Let ® be a subgroup ofAuz(Z,~, +) of order tg, (r, p) = 1.Then

r t, r=h,
[2(p")| = {,ph_r’ r<h
DenoteG = (Zpn, +). Itis well-known that® =T x &, whereT < Aut(G) is a group
of ordert of fixed point free automorphisms & and®, ={y, : a — ka| k= bp' " +
1, 0<b< p" —1) < Aut(G) has ordep” (sed5, Chapter 2, p. 49]If r >h, p” is fixed by
each automorphism ab;,, so|®(p")| = ¢. Letr < h. The automorphisms a@b;, fixing p”
are of the formy, , wherek = bp*~" 4 1 with » = 0 (mod p”~"). Theb elements satisfying

all our conditions are exactly”, thus|®(p”)| = ‘pii' =tp'".

Proposition 3.4. LetN be g”-maximal wd-nearringand € C.If #=I'(C) has orderp”,

(t. p)=1,thenN xa=|J'—} qs(apre—’)U{O}u@(a)and|N*a|=P’;+f;1t+(n—h—1)t+1.

Obviously, (a, p) =1 andN x a = a(N x 1) imply [N xa| = |N % 1|, foralla €
C.If x =kp", with k € Z and (k, p) = 1, from Theorem 2.5 we learn thatx 1 =
P e (€77),SON % 1= Q0% 1UCx1=J""1 {kp" 1k € Z, (k, p) =1} U{0} U (1) (see
[4, Proposition 9). From Proposition 5 of2] we know thatp” x 1 = ke x e~" p”, for all
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r=1...,n — 1, moreover, it is clear that the sgte’ |k € Z, (k, p) = 1} equalsC, so
(kp" %1k € Z, (k, p) =1} ={k& xe " p" |k € Z, (k, p) =1} =D " p"). ThusN 1=
U:‘;i (e " p")U{0tU d(1). Since|@(e”" p")|=|P(p")|, the previous statement gives us
IN*1|=3 1 (PP [+ [P+ 1+ PI= g [P(p") [+ 30y [ D) +1.

By Proposition 3.3 we obtaifV « 1| = Y"_ tp" " +1(n —h— 1)+ 1=1(p"t1 = )(p —

D r+rn—h—-1)+1.

Proposition 3.5. Let N be ap”-maximal wd-nearringThenN x 1+ b= N * 1if, and only
if, b=0.

If »=0the statementis trivial. Suppode:1+b=N x1, b # 0. Obviouslyb belongsto
N=x1,as0tb=>. ThusN x1 contains the cyclic additive subgrotig, generated bp. This
impliesb € Q, otherwise N =N x1 and this is excluded sind¢is notaring. So, sét=kp",
wherek € Z and(k, p) = 1. From({b) € N x 1 we know thatb) = U?’;l d(e~ p')y U {0}.
Hence the orbit of € p” contains all the elements @which are multiples op” but not of
p" 1, which meang® (e p")| = (p — 1) p"~ "V If r < h, from Proposition 3.3 we know
that|®(e™" p”)|=tp" ", soh=n—1,1= p —1 and we obtaid = Aut (N 1), which implies
N = N % 1, now excluded ahl is not a ring. Ifr > h, again from Proposition 3.3, we have
|®(e™" p’)|=t,sor=n—1and=p—1, henceb=kp" V. Thus,(b)={0}ud(e~ "D pn-1)
and this implieg0} U ®(e=*—D pn—1) = ({0} U ¢(e~ =D p7—1)) + b. The last equality
forces® (e~ pH)=d(e " pi)+b,i=1,...,n—2.In particular, now we consider= 1. We
know that|/@(e™" p")| =t = p — 1; hence, " p" + b =a(e" p"), wherex is a fixed point
free automorphism dfl. Thus, €’ p"*1 4+ pb = a(e™" p"*+1) and the element@ p/*1 is
a fixed point ofx, aspb = 0. This implies that = n — 1 and agair® = Aut(N ™), which
is excluded.

Proposition 3.6. Let N be ap”-maximal wd-nearring. The®, , = B. 4 if, and only if
Nxa=N*xcandb =d.

Obviously,N x a = N % c andb = d imply B, , = B.4. SupposeB, , = B.4 and
d—b#0.FromN sa=N xc+ (d —b) we obtainN « 1 =N xa ¢+ (d — b)a L.
Setg =a~lcandf = (d — b)a—1 to obtainN x 1= N % g + f. From previous equality
ux Nxl=uxNxg4uxf,forallu € C,andalsaV«1=Nsxg+u= f,sinceux N=N.So
Nx1=N=x14+u=x* f— f and Proposition 3.5 forces« f = f, forallu € C. This mean$
is a fixed point for all the elements & so®=®;, and f =kp", wherer >h and(k, p) =1.
Forallm € Z, (m, p) =1, and for alli >h, ® = &;, implies®(mp) = {mg }; hence, for all
ueC,uxmgd =mg, and thusmp « 1 =mé x e/ p' =e ' p’. This implies that, for all
i>h, ge"ipl and € p’ are the only multiples op’, but not of pi 1, belonging toN * g
andN x 1, respectively. Hencep' 1% g + f =e " p", ash<n — 1. Fromh <n — 1, we
also obtaimp' 2% g + f =e " p”, the only multiple ofp”, but not of p" 1, belonging to
N 1, and this is impossible becaus@' 1 x g £ mp'~2 x g. Hence itmustbé =n — 1,
which impliesr =n — 1, ash <r. So, fromg + f € ®(1), we haveg + kp" 1 =1+hp" 1,
for someh € Z, henceg € @(1) and this force®(g) = @(1). In this way we end up with
N x g = N % 1, which is excluded.
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Lemma 3.7. Let N be ap”-maximal wd-nearring withl'(C)| = 1p", (¢, p) =1.Fixa € C
and set%, = {B, »|b € N}, then

(1) (N, 4,) is a cyclic block design with parameters
v=b=p" and r=k=(p - P —Dr+m—h-Dr+1.

(2) There exist = ”T_lp"‘h‘l disjoint cyclic block designév, 4,), a € C, isomorphic
to each other

(1) Firstly, we note tha®, = (N, %4,) is the development of the basic blosk o, so it is

obviously cyclic. Proposition 3.5 tells us that |[N| = p". We know that each block

h+1
contains exactly = ik t;lt + (n —h — 1)t + 1 elements from Proposition 3.4. Finally,

as the number of the blocks containing an elemert N equals the number of the
blocks containing 0, obviously, we can say that each elemeNtamfcurs in the same
number of blocks. Thus the replication number is bk /v = k.

(2) The first part of the statement follows by Propositions 3.2 and 3.6. Moreover, any two

designsZ,, = (N, #,,) andZ,, = (N, #,,) are isomorphic via the automorphism

yazafl of an.

Theorem 3.8. Let N be ap”-maximal wd-nearring withI"(C)| = tp” and (¢, p) = 1. Set
#B={Bupla € C, b € N}. ThenZ = (N, %) is a cyclic block design with parameters

P, +m—h—-Dt+1 r=ck

v=p", b=cp", k= =T

We note thatZ = (N, %) results in the union of the= I’T_lp"—h—l disjoint developments
Y,=(N,%,),a € C,and we apply Lemma 3.7.

In the sequel, block designs generated as in Section 3 will be ¢dtiek designs derived
from N

4. PBIB-designs

Definition 4.1. An association scheme with m associate classesfinite seN is a family
o/ of msymmetric antireflexive binary relatior, . .., R, onN such that:

(i) any two distinct elements ¢f areith associates for exactly one valueef 1, ..., m;
(i) forall i =1,...,m andx € N, there are exactly; distinct elements € N so that
(x’ }’) € Rly
(iii) forall i, j,k=1,...,m,if (x,y) € R, the numbeynfj of z € N suchthaix, z) € R;
and(y, z) € R; is a constant depending @nj, k but not on the particular choice ®f
andy.

Definition 4.2. A tactical configuration N, %) is called abalanced incomplete block de-
sign (BIB-design) if there is a positive integérso that, ifx, y € N are any two distinct
elements of, then there are exactlydistinct blocks of# containing bothx andy.
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Definition 4.3. A tactical configuration(V, #4) with an association schem¢ is called a
partially balanced incomplete block desifdBIB-design) if there are positive integers

i =1,...,m, such that, ifx, y € N are any twoith associate elements, thgny occur
together in exactly,; blocks of%4. Thus a PBIB-desigiN, 4, .«/) has parameters;, pfj

and/; in addition to those of the tactical configuratioM, %).

Generally, the block designs derived fromp&-maximal wd-nearring\ are notBIB-
designs. Nevertheless, we will see that it is possible to define an association schidme on
making themPBIB-designs. In order to obtain this, we recall the following constructions.

Construction 1. A block design (N, %) is called anorbital designof Higman (5,

p. 162) if we obtainZ in the following way: takeH a transitive permutation group with an
intransitive subgrou@acting on a finite nonempty skt Let B be any union of orbits o
andsSi be the stabilizer oB, |H : S1| = b. Choose the representatives i =1, ..., b, for
the cosets; Sy, i =1,...,b. Finally, set% = {B; =x;(B), i =1, ..., b}.

Construction 2. An orbital design N, #) can become a PBIB-design. Precisely, frioth
we know that from a transitive permutation gradpf rank f + 1 onN, an orbital design
can be derived which results in a PBIB-design with at ni@stsociate classes determined
as follows: considea any element oN, H, its stabilizerandV ={a}U4,U4,U---UAd;
the decomposition dfl into the H,,-orbits. For each orbifl we haved’ ={g(a)|g € H, a €
g(A)}, which is again an orbit, of the same lengthsand(4’)’ = A. The orbits4 and
A’ are calledpairedand an orbit is calledelf-pairedif 4 = A". Supposed;, i =1,...,u,
are self-paired orbits and the remainifig— u orbits4;, 4;, i =u+1,..., (f —u)/2,
are paired. Pointa andb are said to beth associates if <u andb € 4; or s >u and
b € A,U 4. Moreoverg(a) andg(b), g € H, are said to beth associates #andb aresth
associates too. Finallgth associate points occur togetheriinblocks, wherel; depends
only ons.

Now, we come back to the block designs derived from a wd-nearring.

Lemma 4.4. Let N be ap”-maximal wd-nearring with'(C)| = tp", (t, p) =1.1fa € C
and%, = {B..» | b € N}, then(N, 4,) is an orbital design

Take®=T'(C) and consideH = N x ,®, the natural semidirect product whete o) x »
(b, ) = (a + a(b), af), which acts transitively oMN by (a, ¢p)n = a + ¢(n). Consider
S ={(0, ¢) | ¢ € ®}. Sis a subgroup oH isomorphic to®, so|H : S| = p". Moreover,S
acts intransitively ol, has the same orbits é#fand turns out to be the stabilizer®f =N xa
in H, a € C. From Proposition 3.4 we know that % a is a union of someb-orbits, so
we can construct an orbital design following the method described previously. Denote by
m = (m, idy) the representative of the cosetS = {(m, ¢) | ¢ € @}. LetQ,...,p" — 1
be the representatives of the cosetsSaind compute @B,), ..., p" — 1(B,): you find
b(B,) = By p, forallb € N. Thus,(N, %4,) results in an orbital design.
Finally, we are able to prove the main theorem of this section.
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Theorem 4.5. Let N be ap”-maximal wd-nearring with'(C)| = tp" and (¢, p) = 1. The
block designs derived from N aRBIB-designs with either f associate classésis even
or f/2 associate classe tis odd where f = [(ph — h + p)p" "1 — 1]/1.

Previous Lemma 4.4 tells us that, = (N, %4,) is an orbital design; hence, applying
Construction 2, an association scheme can be determined starting from the abbiE @)
which makesz, = (N, 4,) a PBIB-design.
Actually, considering the groufl = N x,® of Lemma 4.4 acting transitively dd, we
can identify theb-orbits with the orbits of the stabilizer of® N, asS?(0)={(0, ¢) | ¢ € &}
is isomorphic tod. Let f be the number of the nontriviat-orbits. From Theorem 16.4 of
[10] we learn that the paired orbitsandA’ of @ coincide if, and only if, there is an element
g € H exchanging 0 and € 4. If |®| is even the element=(x, —idy), exchanging 0 and
X, exists inH, for allx € N;thus, all the orbits are self-paired and the associate class number
isf. If |@| is odd such an element does not exidtlifor all x € N, so no nontrivial orbit is
self-paired. Hencgis even and the associate class numbgy % Using Proposition 3.3, we
easily obtain that the number of tlkeorbits coveringy” Z ,n\ p"*17 n is p"~"=1(p - 1) /1,
for0<r<h,andp"” " Y(p—21)/t,forh <r<n—1.So,f =[(ph—h+p)p" "1 —1]/t.
Finally, the desigrz = (N, 4), the union of the disjoint orbital design®/, 4,), for
a € C (Theorem 3.8), results in a PBIB-design with respect to the same association scheme.

4.1. Association scheme and partial balance parameters

In [8] we find many equalities involving PBIB-design parameters. For instance, for a
PBIB-design we can define thex b incidence matriXA and read all the values df in
the elements oft « AT = (¢;,), | # m, whereAT denotes the transpose matrixAflf,
as usual, we say that each element is the Oth associate of itself we carpl.?[vtiiai and
pl]-(oz pél. =0k (the Kronecker delta) and we also know that the parameters of a PBIB-design
with m associate classes satisfy=> """, pfu andnkpf. = nip,ij. If the PBIB-design is
derived from ap”-maximal wd-nearring, further formuias for computing the PBIB-design
parameters can be found.

In this section,¥ = (N, #) denotes a PBIB-design derived fromp&-maximal wd-
nearring, as described in the previous section. In the followkg, — B. 4] denotes the
list of the differences between the element8gpf, and those 0B, ;. The number of times
in which an elemenk occurs among the elements[d&, , — B. 4] is called therequency
of kKin [B,,» — Bc.4l. In particular the frequency &fin [B,.0 — B0l is denoted byf, ..«
and we self, sk = fak-

Proposition 4.6. The frequency of anye N in [B,.0— B, 0l equals the frequency gf(k),
that is, fa,c,k = fa,c,(f)(k)vd) e ®, Va,ceC.

Letn € Nxa andm € N xc. Obviously, whenp belongs tob < Aut (N 1), ¢(n) € N *a
and¢(m) € N * c. Moreover, fromn — m = k we obtaing(n) — ¢(m) = ¢(k) and vice
versa.

Thus, to know all the possible frequencies of an elenteat N in [B,,0 — Bc0] it is
sufficient to know the frequency of any element of its obk).
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Proposition 4.7. The frequency of anye N in [B,.0— B, 0] equals the frequency b1
in [B1.0— B1ol, that is, Jak = fl.ka_l Va € C.

Infactk € [B,,0— Ba.0l implies that there exist, r € N such that xa —t xa =k, that
is,a(z+1—1%1) =kandfinallyz « 1 — r « 1= ka~*. The converse is analogous.

Remember that in a finite wd-nearrihithe left translations determined by the elements
of Cform a subgroup’(C)=® of Aut (N ™). For convenience, in the followiri§will denote
a set of representatives, calling themof all the®-orbits contained i€, andD will denote
a set of representatives, calling thémof all the union set&/; = &(d;) U ®(—d;) = 4; U 4;
of nontrivial @-orbits. On the basis of Section 3, if ti-orbits are self-paired, which
means|®| is even, each of them is connected to an association classRyia if, and
only if, y — x € @(d;) = 4;. If the ®-orbits are not self-paired, which mea@s is odd,
paired orbits are connected to an association classRja if, and only if, y — x € @(d;)
U ®(—d;) = 4; U 4.

Finally we are ready to prove the following.

Theorem 4.8. LetZ = (N, #) be aPBIB-design derived from @"*-maximal wd-nearring.
Then

AT e

geC e_/-EE

From Theorem 3.8 we know that = | J,.~ %, and the number of distine#,, is ¢ =
’”T_lp”*h*l. Consequently,; = )", (4),, Where(4;), denote the number of blocks of
A, containing twath associate elements. Fr¢g&), Lemma 1 of Chapter 3, we learn that the
number of blocks o3, containing two given distinct elementsy of Nequals the frequency
fa,y—x of y —x in[By 0 — By, 0]. From Proposition 4.7 we know th#t ,_, = J1,(y=x)a-1-
Bearing in mind that two elements @fbelong to the same orbit if, and only if, they generate
the same basic block, the number of bIocks_ contaimiaggiy is %dec f1.(y-x)g- Now,
choosex, y so thatx — y =d;, the representative éf;. Obviouslyx andy areith associates;
thus,2; = %dec f1,4;¢- Instead of having running inC, which forces the division byp|,
we can choose a representatiyén each orbit contained i@ to obtain/; = Ze,e E fldie;-

Corollary 4.9. LetZ=(N, #) be aPBIB-design derived from @"-maximal wd-nearring.
If 4; € Cthen/; :Zeje E fle; and if moreoverthe®-orbits are not self-pairedve obtain

Ai = ZZdjeDmc fl,dj-

Theorem 4.10. LetZ=(N, #) be aPBIB-design derived from @"-maximal wd-nearring.
Consider the three union sefig = 4, U 4;, andU; = 4; U 4}, andU; = 4; U A/j. If two of
them are contained in a proper subgrotj of N and the third has an empty intersection
with N’, thenpfj = p,ij = pljk =0.

Let N’ be a proper subgroup of *. SupposéJ;, U; € N’ andUy N N’ = (. Consider
the twokth associate elements 0 adgd the representative df,. Theith associates of
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0 are the elements df; and thejth associates of; are the elements d¥; + di. Thus
pf‘j =|U; N (U +dp)l. Supposepfj # 0. Then there exists at least an elemghelonging
toU; N (Uj +dy), thatis,u € U; andu = d + dy for somed € U;. Thusdy =u —d € N’
and this is excluded, & N N’ = ¢. From pf; = 0 we obtainp; ; = 0, asnx p}; = ni pj;

andn; # 0. For the same reason and bearing in mind tat= p%;, we havep/, = 0.

Theorem 4.11. In a PBIB-desighZ = (N, %) derived from ap”-maximal wd-nearring
we haven; = |4;] if |@| is evenandn; = 2|4;]| if |®| is odd

Obviously, the number; of ith associates of any € N equals the cardinality of
U; = 4; U 4; and, from Theorem 4.5, we know that = 4 if, and only if, | @] is even.

5. Example

In this section, we give the reader an example of the previous construction, developed in
the following steps:

First step choose G® and defing *”.

Second stegonstruct block designs

Third step define an association scheme

Fourth step have PBIB-designs and their partial balance parameters

Example 5.1. First stepichoose G® and defing x" .

We consider the additive group = (Z;3, +) and we choos@ < Aut(G) of order 21.
So we are working wittp = 7, n = 3, r = 3 andh = 1. We can compute the number of
the @-orbits coveringC = Z43\7Z3, ¢ = 14 (see Proposition 3.2). Now we have to select
a setk of the representatives of thegeorbits and, for convenience, we want that 1F.
The @-orbits are not self-paired because the orde®a$ odd, so a suitable selection is
E = (ej)jeqr,..14 = (L +7i,342—7i) with i =0, ..., 6. Now, from Theorem 2.5 we
learn that a new multiplication %” can be defined o@s. Actually, now we are not really
interested in the whole construction of this multiplication, thus, we refer the interested
reader td1]. Anyway, now we know that a®maximal wd-nearring is generated.

Second stegonstruct block designs

Using as blocks the sefé « a + b, witha € C, b € N, block designs can be generated.
We have 14 basic blockd/ «¢;, for j =1,..., 14. Each of them generates a cyclic block
design with parametens= b = 343 andk = r = 28 (Theorem 3.7). So we have 14 cyclic
block designs, isomorphic to each other, and their union is a cyclic block design with the
following parameters.

v=343 b=14.343 k=28 andr =14.28.

Third step define an association scheme

We follow the construction described in Section 4. We can compute the number of the
nontrivial @-orbits, f =30 (see Theorem 4.5). A®|=21is odd, we know that the nontrivial
@-orbits are not self-paired so we define thes by pairing them, that id/; = 4; U (—4;),
withi=1, ..., 15. Thus we obtain an association scheme with 15 associate classes defining
x andy to beith associates when — y belongs toU;. To compute the parameters of our
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association scheme we need theBeif the representatives of thés. A good selection
could beD = (di)iell5 =, e, ...,e7,7,Tep, ..., Te7,49).

We know that the number of thiéh associates of each element depends only,
and now we have;; = |U;|, and thusny = --- =n7 =42, ng = --- = n15 = 6 (see
Proposition 3.3).

Sincem = 15, thepf.‘j fillin 15 squared matrices of order 15, the

ke
Pri---Pr7 | Pig---Pl1s

k k k k
Pis1--- Pis7 | Pisg -+ Pi5 15

Theorem 4.10 gives us

0
Py = @ | Q fork=1,...,7, Py= Q1 for k=8,...,15.
Q3| 0 0 | Q2

In addition we notice thapff. equals the frequency af, the representative dfy, in the
list of the differences between the elementé/ptind those ot/;.

Fourth step have PBIB-designs and their partial balance parameters

From Theorem 4.5, the constructed block desigwith the previous association scheme
turns out to be a PBIB-design which may be split into 14 orbital block designs, isomorphic
to each other. To compute their parameters we apply Propositions 4.8 and 4.9 directly.
For convenience, we will denote by ; the orbital design generated B, o = N * ¢},
j=1,...,14,and by(/;);,i =1,..., 15, the respective partial balance parameters. From
Theorem 4.8 we know that,) ; = (/L-)ej = fl’ei—ldi and we notice thaid; )1 = (4;)g, (Ai)o =

(4i)g: i)z = (210, (Gi)a= (411, (Ui)s = (412, (Ui = (Ai)13, (Ji)7 = (Zi)1a-

A A2 A3 Ja A5 Ae A7 A8 A9 Ao 411 A2 213 A14 Jais

2, 4 0 O0 1 7 1 1 1 0 © 1 1 1 1 23
2, 1 4 0 0 1 7 1 1 1 O 0 1 1 1 23
2z 1 1 4 0 O0 1 7 1 1 1 0 0 1 1 23
9, ¢ 1 1 4 0 O0 1 1 1 1 1 0 0 1 23
s 1 ¢ 1 1 4 0 O 1 1 1 1 1 0 0 23
% O 1 7 1 1 4 0 O0 1 1 1 1 1 0 23
2, 0 0 1 7 1 1 4 0 0 1 1 1 1 1 23
2 28 28 28 28 28 28 28 10 10 10 10 10 10 10 322
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