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Abstract 

 

La presente tesi, sviluppata in collaborazione con l’azienda Lucchini RS 

(Lovere, Italia), è incentrata sullo sviluppo di modelli numerici e semi-

numerici per applicazioni ferroviarie, in particolare il contatto ruota-rotaia. 

Tre diverse aree di ricerca sono oggetto di analisi. 

La prima di queste riguarda lo studio dell’effetto di contaminanti solidi 

interposti tra la ruota e la rotaia, come per esempio la sabbia negli ambienti 

desertici. Nonostante in particolari circostanze la sabbia venga utilizzata per 

migliorare l’adesione tra ruota e rotaia, i granelli di sabbia così come i detriti 

di rocce possono drammaticamente peggiorare il comportamento ad usura; 

inoltre, le pressioni localizzate sui componenti sono fonte di deformazioni 

plastiche di intensità maggiore rispetto ad un contatto asciutto. Il corretto 

abbinamento dei materiali di ruote e rotaie risulta di fondamentale 

importanza per migliorare l’efficienza e la vita utile di questi componenti. 

Simulazioni numeriche agli elementi finiti sono state eseguite per valutare 

come il campo delle deformazioni plastiche cambia al variare 

dell’accoppiamento dei materiali. 

Il secondo tema trattato è di natura metallurgica e riguarda la 

microstruttura delle ruote monoblocco. La microstruttura è tipicamente 

ferritico-perlitica e tale struttura rimane la migliore dal punto di vista della 

resistenza ad usura e a fatica. Tuttavia, la formazione della bainite è 

inevitabile durante il raffreddamento continuo degli acciai ipoeutettoidici e 

la presenza di bainite potrebbe compromettere il comportamento meccanico 

della ruota, poiché la bainite presenta una velocità di usura maggiore della 

perlite. Inoltre, è risaputo che fasi metallurgiche di diversa natura vicine tra 

loro possono generare sovrasollecitazioni e, di conseguenza, maggiori 

deformazioni a causa delle diverse delle proprietà meccaniche. Lucchini RS 

ha individuato la velocità di raffreddamento da adottare durante il 

trattamento termico di rim chilling che permette di contenere il più possibile 

le tracce di isole bainitiche nella corona di rotolamento della ruota e di 

ottenere la durezza e la tenacità richiesta dalle normative. Obiettivo di 

questa tesi è individuare la massima quantità di isole bainitiche nella 

microstruttura ferritico-perlitica che non compromette il comportamento 

della ruota dal punto di vista della deformazione plastica. Per raggiungere 
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questo obiettivo, si è ricorso a modelli numerici agli elementi finiti e ad un 

modello semi-analitico scritto dai ricercatori francesi dell’Institute National 

des Sciences Appliquées di Lione (INSA-Lyon).  

Nella terza parte viene proposto un modello semi-analitico, mirato a 

risolvere problemi di contatto non conforme, come quello ruota-rotaia. 

L’utilizzo di un modello semi-analitico anziché uno numerico presenta 

come principale vantaggio la riduzione del tempo di calcolo.  Il modello si 

propone principalmente di trovare la risposta ciclica del materiale, partendo 

dalla risoluzione del problema del contatto Hertziano, dal calcolo del campo 

degli sforzi elastici e dal modello costitutivo plastico di Chaboche. Infine, 

sono proposti alcuni criteri di verifica a fatica multiassiale ad alto e basso 

numero di cicli. Questa parte è stata realizzata in collaborazione con la 

Chalmers University of Technology di Göteborg in Svezia. 

 

Parole chiave: teoria del contatto non conforme, metodo agli elementi finiti, 

modello semi-analitico, contaminanti solidi, fatica per contatto ciclico, fatica 

ad alto/basso numero di cicli, usura, deformazioni plastiche, microstruttura, 

bainiti. 

Key words: non-conforming contact mechanics theory, finite element 

models, semi-analytical models, solid contaminants, rolling contact fatigue, 

high/low cycles fatigue, wear, plastic deformation, microstructure, bainite. 
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Introduction 

 

1.1   Rail transport 

The railway is considered a means of fast and secure transportation. The 

constant development of this sector has led to an improvement in the 

performance of rail transport; nevertheless, this does not prevent conditions 

limiting the optimum efficiency and performance.  

Railway transport has comparative advantages (noticeably, speed and 

comfort for passengers and economies of scale for freight) with medium to 

long distances over other means of transportation. According to the 

Independent Regulators Group – Rail (IRG-Rail), the route length for the 

monitored European countries is over 234,000 km (1). Furthermore, over 

50% of this total is from only five countries: Italy, Germany, France, Poland 

and the United Kingdom. FIGURE 1.1 illustrates the route length in 2018. 

Across the countries that participated in the IGR-Rail survey in 2018, 55% 

of the total route is electrified. Since 2014, the length of electrified tracks has 

been slowly increasing at an average rate of 0.6% per year. On the other 

hand, the non-electrified route tracks have been decreasing since 2014 by 

about 0.7% (1).  

If we focus on the European rail traffic from 2014 to 2018, the rate of 

distribution between passenger and freight has been substantially 

unchanged. Over a total of 4.5 billion train-km reported, freight traffic only 

contributed 19%, while passenger traffic accounted for the remaining 81%. 

The difference in freight and passenger traffic volumes is due to the rail 

freight services suffering from reliability and low quality, as a result of the 

lack of traffic management and the absence of coordination in the cross-

border capacity (2). 

1 
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The situation in the United States of America (USA) differs completely, 

where freight traffic is more diffused than passenger services. USA had 

about 222,900 railroad route-km in 2017 (1), whereas the route length of 

passenger rails service operated over about 34,500 km. The next chapter 

elaborates on how this opposite trend with respect to Europe implies a 

different choice in the railway wheels material. 

The history of the wheel–rail systems has mirrored the industrial revolution 

started in the second half of the 18th century and the technological advances 

achieved. Flanged wheels running on a cast-iron rail have been in use since 

the 18th century. Coned wheels with a flangeway clearance, enabling the 

wheels to run on a straight track without flange–rail contact, were 

established in the 1830s. The spread of the industrial revolution throughout 

Europe in the first half of the 19th century lead to massive railway projects. 

In 1825, the first railway line with locomotives and regular traffic opened in 

England. A decade later, the first Italian train line was launched.  

The maximum speed has been increasing over the years. In 1830, the Rocket 

steam locomotive designed by Robert Stephenson reached a speed of 

approximately 50 km/h. In 1903, Siemens & Halske designed the first 

experimental electric rail car, which exceeded 200 km/h. 

The 1960s saw a rise in high-speed trains. In 1964, the Japanese Shinkansen, 

or bullet train, was introduced, travelling at a maximum speed of 210 km/h. 

In 1981, the French TGV (Train à Grande Vitesse) was introduced at 260 km/h 

and now runs at 300–320 km/h in regular traffic. FIGURE 1.2 shows the 

maximum operating speed and top speed records of trains worldwide (3). 

Figure 1.1 – Route length 

(km) in European countries 

participating in the survey in 

2018 
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Unlike the conventional trains that use wheels, the Maglev train is based on 

magnetic levitation. This kind of train is costly to construct, with only three 

operational Maglev systems in existence, in South Korea, China and Japan. 

The Chinese Maglev has the highest run speed of 431 km/h, while, in 2015, 

the Japanese Maglev hit a record of 603 km/h.    

Axle loads have been increasing significantly over the years, reaching 

values of 30, 35 and 40 tonnes per axle for heavy-haul applications 

(especially in the USA and Australia). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.2 – Top speed 

train records and 

maximum operating 

speeds (Maglev trains are 

not considered) 
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Figure 1.3 – A short description of Lucchini RS company; 

https://lucchinirs.com/it/ 

 

 

 

https://lucchinirs.com/it/
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1.2   Thesis structure  

The trend to heavier axle loads and higher speeds has increased the demand 

for more defined mechanical properties and geometries. Inefficiently 

designed railway components (rails, wheels, axles, etc.) and materials can 

lead to a dramatic increase in maintenance costs, train delays and personal 

injuries. The optimal design may even contribute to reducing CO2 emissions 

and energy consumption. With this goal in mind, many railway companies 

and universities have been carrying out research activities in this field.  

This thesis was financed by the Lucchini RS company, and it examines some 

railway challenges from a numerical point of view using finite element 

methods (FEM) and semi-analytical models. FEM models were carried out 

with the commercial software Abaqus®. The current work contains four 

parts. 

Part 1 includes this introductory chapter (Chapter 1) and Chapter 2. The first 

section of Chapter 2 gives a brief overview of the wheel and rail steels, 

focusing on European and American materials. In addition, the main 

phenomena occurring at the wheel-rail interface are proposed: contact, wear 

and fatigue.  

Part 2 examines the effect of solid contaminants in wheel–rail contact 

(Chapter 3). After a short literature review about this topic, the finite element 

models are illustrated. The main task of this chapter is to investigate how 

the changing of wheel and rail material couplings influences the plastic 

deformation in wheels and rails. The numerical results are then compared 

to the experimental outcomes obtained through a twin-disk testing machine.   

The effect of non-homogeneous microstructure in railway wheels is 

analysed in Part 3. Chapter 4 first illustrates the possible microstructures of 

railway wheels (ferritic-pearlitic, bainitic and ferritic-pearlitic with traces of 

bainite), highlighting the qualities and the defects of each alternative. 

Numerical models and semi-analytical models will be proposed to study 

the effect of small traces of bainite in ferritic-pearlitic wheel steels. 

Determining the amount of bainite that does not compromise wheel 

behaviour is the goal. This chapter was carried out in partnership with the 

French university INSA-Lyon. 

Part 4 is concerned with a semi-analytical model coded in Matlab®, whose 

aim is to investigate the cyclic response in non-conformal contact problems. 

This part is organised in four theoretical chapters and the final chapter 

illustrating the results. Chapter 5 explains the contact mechanics theory, 

focusing on the Hertzian theory applied to cylindrical and elliptical contact. 

Chapter 6 shows how to solve the elastic problem to obtain the elastic stress 

of the bodies in contact. The plastic constitutive law is presented in Chapter 

7. Chapter 8 shows how wear is handled in the model. Lastly, Chapter 9 

analyses the results of the simulations. This part was carried out in 

partnership with Chalmers University of Technology in Gotheborg 

(Sweden).  

Finally, the conclusion gives a brief summary and critique of the findings. 
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Review of wheel–rail 

materials and damage 

phenomena  

  

 

2.1   Wheel materials  

The traditional approach to railway solid-wheel materials uses carbon steel 

for almost every application; however, the standards followed in North 

America (AAR), Russia (GOST), Japan (JIS) and Europe (EN) may vary. In 

this work, we only focus on EN and AAR. 

According to EN 136262, the European solid wheels are mainly based on 

grade C steels, with carbon content in the range of 0.45–0.60%, lower than 

that of the North American solid wheels. For example, the C content of AAR 

Class B and C solid wheels ranges from 0.57 to 0.77%. Another main 

difference between the American and European chemical composition relies 

on the content of Si: the European range being lower (maximum 0.40%) 

compared to AAR range (0.15–1.00%). Si limits the formation of martensite 

and promotes the formation of pearlite. If pearlite formation is rapid, the 

austenite will form pearlite before it reaches the martensite transformation 

start temperature. The AAR standard also demands a calibrated content of 

sulfur to improve machinability; this requirement is rarely found in the 

European standards. 

Solid wheels made of these materials can be produced in two main different 

heat treatment conditions: total quenching, that is rarely adopted, and rim 

chilling. The latter creates circumferential compressive residual stresses in 

the wheel rim, which suppress propagation of transverse cracks. Rim 

chilling also promotes a good combination of strength, toughness and 

resistance to wear. 

TABLE 2.1 shows the chemical composition of the European and American 

solid wheel steel grades and their common applications.  

As previously stated, most solid wheels have been produced from carbon 

steel grades, with the appropriate content of Si and Mn. The resulting 

microstructure consists of two elements: 

• soft ferrite generally generated around the prior austenite grain 

boundaries  

2 
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• hard pearlite comprising lamellae of the softer ferrite and the 

harder cementite. 

 
Table 2.1 – (top) Minimum and maximum content of the alloy elements in European and American steel 

grades, according to EN 13262 and AAR M-107/M-208 codes; (bottom) common applications of AAR and 

ER wheel steel grades (1) 

Grade 
Min. and max. content in European and North American steel grades (%) 

 C S P Mn Cr Ni Mo Cu Si V Al Nb Ti Cr+Ni+Mo 

EN ER6 Max 0.48 0.015 0.020 0.75 0.30 0.30 0.08 0.25 0.40 0.060 - - - 0.50 

EN ER7 Max 0.52 0.015 0.020 0.80 0.30 0.30 0.08 0.25 0.40 0.060 - - - 0.50 

EN ER8 Max 0.56 0.015 0.020 0.80 0.30 0.30 0.08 0.25 0.40 0.060 - - - 0.50 

EN ERS8 Max 0.57 0.015 0.020 1.10 0.30 0.30 0.08 0.25 1.10 0.060 - - - 0.50 

EN ER9 Max 0.60 0.015 0.020 0.80 0.30 0.30 0.08 0.25 0.40 0.060 - - - 0.50 

AAR 

CLASS L 

Min - - - 0.60 - - - - 0.15 - - - - - 

Max 0.47 0.015 0.020 0.90 0.25 0.25 0.10 0.25 1.00 0.040 0.060 0.050 0.030 - 

AAR 

CLASS A 

Min 0.47 - - 0.60 - - - - 0.15 - - - - - 

Max 0.57 0.015 0.020 0.90 0.25 0.25 0.10 0.25 1.00 0.040 0.060 0.050 0.030 - 

AAR 

CLASS B 

Min 0.57 - - 0.60 - - - - 0.15 - - - - - 

Max 0.67 0.015 0.020 0.90 0.25 0.25 0.10 0.25 1.00 0.040 0.060 0.050 0.030 - 

AAR 

CLASS C 

Min 0.67 - - 0.60 - - - - 0.15 - - - - - 

Max 0.77 0.015 0.020 0.90 0.25 0.25 0.10 0.25 1.00 0.040 0.060 0.050 0.030 - 

AAR 

CLASS D 

Min 0.67 - - 0.60 - - - - 0.15 - - - - - 

Max 0.77 0.015 0.020 0.90 0.25 0.25 0.10 0.25 1.00 0.040 0.060 0.050 0.030 - 

 

EN 13262 or AAR M107/M108 Common applications 

EN 13626 ER6 

AAR CLASS L 

Generally applied in low-axle load simulations, for some 

underground applications or regional and suburban 

passenger carriages and locomotives 

EN 13626 ER7 

Suitable for a wide range of applications in Europe, as it 

gives a good balance between toughness and hardness on 

the tread; mostly used for carriages and locomotives in 

passengers service 

EN 13626 ER8 

Commonly applied for heavy-duty applications; increasing 

demand in Europe in the last decade for applications 

requiring improved wheel wear, RCF (rolling contact 

fatigue) and out-of-roundness resistance 

EN 13626 ER9 
Seldom used in Europe, except for heavy-duty applications, 

high-contact stress in special locomotives and carriages  

AAR CLASS A 

Rarely used in Europe, suitable for heavy-duty wheel 

application, high contact stress in special locomotives or 

rapid transit carriages 

AAR CLASS B 
Seldom used in Europe, but very common in Japan and the 

USA mass transit transportation. Suitable for heavy-duty 

applications, special suburban and urban vehicles, rapid 

transit carriages, heavily loaded locomotives with high 

diameter driving wheels with light braking conditions  
AAR CLASS C 

AAR CLASS D 
Suitable for locomotives and carriages under extreme load 

and service conditions 

This microstructure has shown an excellent combination of the mechanical 

properties required for the railway application. In these steels, the 

mechanical properties are mainly governed by the grain size, thickness of 
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the cementite lamellae and distance between the cementite lamellae. 

Fracture toughness, impact tests and area reduction are determined largely 

by the grain size and the thickness of the cementite lamellae. The mechanical 

properties improve when the thickness of the lamellae and the grain size 

decrease. Furthermore, when the interlamellar spacing decreases, the yield 

strength and the ultimate tensile stress increase.   

The pearlitic microstructure can be altered in several ways, for example, by 

subjecting the steel to special heat treatment and accelerating cooling 

processes, changing the thickness of the lamellae, changing the proportion 

of the lamellae in the pearlite, precipitating fine carbides within the ferrite 

and so on. Increasing the content of C and introducing special alloying 

elements (Ni, Nb, V, Cr, Al, Ti and Mo) can alter the chemical composition.  

To achieve a sufficient level of toughness, pearlitic steels grades can be 

replaced with tempered bainitic and martensitic steel grades. These steels 

exhibit a different microstructure consisting of harder iron carbide laths 

embedded in softer acicular ferrite. Tempered bainitic martensitic steels are 

a good alternative to high-C steels when traditional requirements of 

microstructure and chemical analysis are not mandatory.  

In Europe, forged solid wheels, or rolled tyres mounted on a wheel centre, 

are used almost exclusively. Manufacturing a forged railway wheel 

includes forging, rolling, heat treatment, machining and ultrasonic testing. 

2.2   Rail materials  

At present, most of the rail steels are made of carbon steel, with a C content 

ranging between 0.7 and 0.8%. The microstructure is typically pearlitic. 

EN13674-1:2011 is the European standard generally accepted by most 

railway companies. TABLE 2.2 shows the different options proposed in 

Europe (2): 

• standard carbon steel grade steels not heat-treated or “naturally 

cooled” 

• alloyed rail steels not heat-treated or “naturally cooled” 

• traditional heat-treated rail steels 

• R370CrHT and R400HT that are heat-treated steels with increased 

levels of hardness  

 

Table 2.2 – Typical rail steel grades in Europe, according to EN 13674-1:2009 (1) 

Rail steel 

grade 

Hardness 

[HB] 

Naturally cooled Heat-treated 

C, Mn 

steels 

Alloyed 

steels 

C, Mn 

steels 

Alloyed 

steels 

Ultra-

high C 

R200 200–240 X     

R220 220–260 X     

R260 260–300 X     

R260Mn 260–300 X     

R320Cr 320–360  X (1% Cr)    

R350HT 350–390   X   

R350LHT 350–390   X   

R370CrHT 370–410    X  

R400HT 400–440     X 
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In North America, most rails comply with the AREMA (American Railway 

Engineering and Maintenance-of-Way Association) standard (TABLE 2.3). 

25% are not heat-treated, while 75% are quenched and tempered.  

Table 2.3 – Main rail steel grades in the USA (1) 

Rail steel grade Hardness [HB] 

AREMA 325 325–385 

AREMA 370 370–410 

AREMA 400 400–440 

The heat-treated rail steels are beneficial for curves with radii less than 

300 m or in unfavourable environmental conditions, like deserts. In the past 

twenty years, heat treatment has become a more standard product, 

especially in high normal axle load, in systems with very sharp curves, for 

heavy-haul applications and in turnouts. The heat treatment can be applied 

to the whole rail section or to a portion of the railhead. 

Hyper-eutectoid steels have been recently produced as an improvement of 

the first eutectoid heat-treated carbon steels. The carbon level of these steels 

is roughly 0.8–0.9%, with a small addition of chromium, resulting in higher 

hardness values.   

Similarly to wheels, pearlitic rails have been replaced by bainitic rails for 

applications that require higher yield strength, ultimate tensile strength, 

fracture toughness and hardness. Austenitic rails were manufactured as 

well. 

Rails are produced from continuously cast blooms. During manufacturing, 

rails are checked for defects by automatic and continuous ultrasonic testing.  

2.3   Phenomena in the wheel–rail interface  

Wheel–rail contact is an extremely complex problem to solve that requires 

knowledge in various disciplines to understand and model. Furthermore, 

the lack of any analogies with other engineering components adds to the 

challenge. The main issue is the changing nature of the wheel–rail system: 

the continuous variations of the contact area and the stresses, which are 

different for each wheel, leading to different worn profiles. Another 

complexity of the wheel–rail contact is the fact that all the critical issues are 

interlinked. Consider, for example, rolling contact fatigue (RCF) and wear: 

if wear is reduced, cracks can grow to the point that RCF failure occurs; on 

the other hand, if crack growth is truncated, wear is more likely to be the 

problem. Friction modifiers are often used to control wear damage, but they 

may influence crack growth.  

2.3.1 Wheel–rail contact 

The position of the wheel–rail contact varies continuously as the train 

follows its path, with a typical contact patch of 1 cm2. The position depends 

on the wheel and rail profiles, the degree of curvature of the track and 

whether the wheel is the leading or trailing wheelset on a bogie. Three 
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possible regions can be identified (3,4). In straight track or high-radius 

curves, the railhead and wheel tread are likely to be in contact (Region A in 

FIGURE 2.1), while the wheel flange and rail gauge corner will be in contact 

along tighter curves (Region B in FIGURE 2.1). The contact may also occur, 

but is least likely, between the field sides of the rail and wheel (Region C). 

In Region A, the lowest contact stresses and lateral forces occur; Region B 

yields to higher wear rates and contact stresses and two-point contacts may 

even occur; finally, Region C results in wear problems causing incorrect 

steering of the system.  

Numerous mathematical solutions have been proposed over the years to 

solve the contact problem. The most straightforward approach was in the 

second half of the 19th century by Heinrich Hertz, considered the pioneer of 

the contact mechanics. Further details about his approach can be found in 

CHAPTER 5.  

 

 

2.3.2 Wear 

Wear is the displacement or loss of material from a contacting surface. The 

wear mechanism depends on several factors, among which are the nature 

of the material and other elements of the tribo-system, including 

environmental conditions and the presence of other contaminants (sand, 

leaves, wear debris, friction modifiers, etc.) (4,5,6).  

In wheel–rail contact, there are two areas of interest, sliding and rolling. 

Sliding motion (motion tangential to the surface) is more severe than motion 

perpendicular to the surface, occurring with rolling or impact. Sliding may 

result in oxidative wear in the mild contact condition (Region A, low sliding 

velocity and load) and in adhesive or galling wear (Region B). If particles are 

present in the contact, abrasive wear may also occur. In very severe sliding 

conditions, high heat generation may result in the contact leading to a thermal 

breakdown of the material.  

Fatigue dominates the wear mechanisms during rolling motion. Typically 

referred to as fatigue wear, this kind of wear is created with the formation of 

cracks and separation of material due to repeated forces. These cracks 

seldom initiate below the surface and then propagate to the surface. 

However, if the traction force is significant, cracks initiate at the surface. 

Another critical kind of wear is abrasive wear, classified as three-body abrasive 

wear when hard particles are trapped between the surfaces and two-body 

Figure 2.1 – Regions of 

contact between the rail 

head and wheel flange (1) 
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abrasive wear where the asperities of the harder body remove portions of the 

softer body. 

Wear is often classified as mild or severe. For any pair of materials, increasing 

either the normal load, sliding speed or temperature leads to a sudden jump 

in wear rate. Increasing temperature leads to the transition to a catastrophic 

wear regime. Mild wear results in smooth surfaces, and the debris is 

minimal (100 nm diameter), while severe wear in rough and torn surfaces 

has large debris (up to 0.01 mm diameter) (5). FIGURE 2.2 (7) shows two 

example data from twin–disk testing using BS11 rail steel versus AAR 

CLASS D (data are available in (8)). 

 

The most common wear models are the following: 

• Archard model: It asserts that the wear volume V is directly 

proportional to the sliding distance l, the contact load P, but 

inversely proportional to the surface hardness H of the wearing 

material: 

𝑉 = 𝑘
𝑃 𝑙

𝐻
, (2.1) 

 

where k is the wear coefficient 

• 𝑇𝛾  approach: 𝑇  is the tractive force given by the normal force 

multiplied by the friction in the contact, and 𝛾  is the slip in the 

contact (FIGURE 2.3). This method is widely applied in the railway 

field.  

 

 

 

Figure 2.3 – Example of T𝛾 

approach plot (5) 

 

Figure 2.2 – Wear map 

BS11 rail steel versus AAR 

CLASS D (7)  
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2.3.3 Fatigue 

RCF and wear are the main damage phenomena in rails and wheels. RCF is 

caused by cyclic loading of the material and results in cracks. These cracks 

can further propagate, causing the fracture of the component.  

FIGURE 2.4 illustrates the crack formation and propagation that can occur 

from contact loading under different conditions (9). FIGURE 2.4A shows the 

case of pulsating vertical force, that can lead to surface or sub-surface cracks; 

in this case, the cracks will be arrested when they have grown out the 

contact stress zone (unless a bulk stress exists). In FIGURE 2.4B, the vertical 

load (pulsating or constant) is combined with an oscillating lateral load 

(fretting fatigue), and cracks may form at the surface. In FIGURE 2.4C, the 

rolling condition is combined with interfacial shear and slip; this results in 

plastic deformation and crack initiation and growth. 

 

Sub-surface–initiated rolling contact fatigue 

Sub-surface–initiated RCF is relatively rare; however, when it occurs, it is 

potentially dangerous. The cracks initiate below the contact surface and, in 

the wheel, can branch towards the hub or the wheel surface (10). The crack 

formation is a result of low material resistance and high stress. Material 

cleanliness assumes a vital role since material defects may lead to intensified 

stresses (11,12). FIGURE 2.5 and FIGURE 2.6 illustrate examples of sub-

surface–initiated RCF cracks in railway wheels. 

 

 

Figure 2.4 – Different 

types of contact loading 

and resulting crack 

formation 

 

 

Figure 2.5 – Example of sub-

surface–initiated RCF in a 

railway wheel (courtesy of 

Lucchini RS) 
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Surface initiated rolling contact fatigue 

Surface-initiated RCF cracks are more common but less severe than sub-

surface ones. These cracks initiate because of frictional rolling/sliding 

contact leading to plastic deformation. The crack forms when plastic 

deformations exceed the plastic strain and propagate owing to the rolling 

contact loading and the hydro-pressurisation (caused by fluids trapped in 

the crack) (13). In wheels, surface-initiated cracks typically branch towards 

the surface and cause surface pitting (FIGURE 2.7), while cracks in rails may 

propagate downwards leading to transversal rail breaks.  

  

 

Figure 2.7 – Surface-

initiated RCF causing 

surface pitting (8) 

 

Figure 2.6 – 

Micrographs showing 

sub–surface RCF cracks 

in railway wheels 

(courtesy of Lucchini 

RS)  
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The remedy for surface cracks is re-profiling, which is a costly approach 

requiring trains to be taken out of traffic. Surface cracks may even be worn 

away by wear itself if slip is high enough; the balance between crack 

initiation and wear is referred to as the “magic wear rate” (14). 

Thermal cracks 

Thermal damage occurs when the outer layer of the wheel is severely heated 

(through the tread braking or, simply, the friction between wheel and rail). 

Thermal cracks initiate when the material plastically deforms from the 

restrained thermal expansion during heating; the tensile residual stresses 

induced by the cooling may promote crack propagation (15). Thermal 

damage is also related to material transformation. An example of thermal 

cracks in the wheels is shown in FIGURE 2.8. 

 

 

Cyclic stress response 

In general, four possible scenarios to cyclic response are known (FIGURE 2.9) 

(5,16): 

• elastic response – no plastic deformation  

• elastic shakedown – some plastic strains admitting in the early, but 

the material reverting to elastic behaviour owing to material 

hardening and residual stresses 

• plastic shakedown – plastic strains following a hysteric cycle with no 

strain accumulation 

• ratcheting – cyclic plastic strain accumulation 

 

 

Figure 2.8 – Thermal cracks 

extending in an axial/radial 

direction (8) 
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Shakedown maps are a useful tool to predict the cyclic response. FIGURE 2.10 

(5) illustrates an example of a shakedown map for contact between coaxial 

cylinders; it shows the limit of the material behaviour in terms of the friction 

coefficient and a non-dimensional load factor, obtained by dividing the 

contact pressure by the shear yield strength. For friction coefficients above 

about 0.3, plastic flow is greatest on the surface.  
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Figure 2.9 – Material 

response to cyclic loading (σ 
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(right image) Rail track in Namibia  https://unsplash.com/s/photos/desert-train 

(left image) Desert railway track in Morocco https://www.youtube.com/watch?v= 

7EEEu2HF8es 

 

 

 

  

List of symbols 

Symbol   Description 

a Semi-contact length 

C.YS Cyclic yield strength 

C.YSR Rail yield cyclic yield strength 

C.YSW Wheel yield cyclic yield strength 

E Young’s modulus 

FE Finite Element 

HB Brinell hardness 

N Hardening exponent in Ramberg-Osgood law 

P Contact force per unite length 

p0 Hertzian pressure 

RP Particle radius 

s Slip ratio 

zP Depth below which the effect of the particle is 

negligible 
𝛼 Conventional cyclic yield deformation 

𝜀  Strain 

𝜀P Plastic strain 

𝜀VM Von Mises equivalent plastic strain 
𝜗  Rotation set in the Finite Element model 
𝜎  Stress 

https://unsplash.com/s/photos/desert-train
https://www.youtube.com/watch?v=%207EEEu2HF8es
https://www.youtube.com/watch?v=%207EEEu2HF8es
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contaminants on 

wheel/rail material 

couplings  

 

 

 

 

3.1   State of the art and motivation 

The choice of the correct material coupling is decisive to optimise the life of 

both the railway wheels and rails. FIGURE 3.1 shows the results of an enquiry 

about the typical wheel-rail material couplings in Europe and North 

America, published in (1). At a first sight, the following observations can be 

done:  

1. The rails are generally harder than the wheels. 

2. In general, the wheel materials preferred in America are harder 

than the ones preferred in Europe, what implies higher yield 

strength and, consequently, lower plastic deformation. 

3. For each group, the rail materials are harder in curve than in 

straight line. 

This highlights the tendency to consider the wheel as the sacrificial element, 

as it can be reprofiled or replaced with lower impact on the maintenance 

costs if compared with the wheels.  

However, the demand of steels with higher performance is increasing for 

both the wheels and the rails, due to the new challenges linked to higher 

speeds, higher freights and harsher environmental conditions. An interest 

arose about the effects of solid contaminants at the wheel-rail interface, 

which is a crucial topic for new high-speed lines that are planned or under 

construction in desert environments (1,2).  

It is commonly thought that increasing the hardness of one of the contacting 

elements, while reducing wear on itself, will increase wear on the other 

body. However, in his review of recent studies on this topic, Burstow (3) 

argued that this belief is not always justified. Indeed, in a clean and dry 

environment, a hardness change of one of the bodies is expected to slightly 

3 

This chapter is based on the paper: 

Mazzù, A. Ghidini, N. Zani, M. Faccoli. A simplified numerical study of 

wheel/rail material coupling in presence of solid contaminants. Tribology 

– Materials, Surfaces & Interfaces. 2020. https://doi.org/10.1080/1751583 

1.2020.1829877 

 

https://doi.org/10.1080/1751583%201.2020.1829877
https://doi.org/10.1080/1751583%201.2020.1829877
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change the size and shape of the contact patch, with a limited effect on the 

stress field of the other body. 

 

Wheel 
Rail 

Curve 

Steel grade 
Typical 

hardness [HB] 
Steel grade 

Typical 

hardness [HB] 

EN ER7 235÷285 R350HT 350÷390 

EN ER8 248÷302 
R350HT 

R370CrHT 

350÷390 

370÷410 

EN ER9 255÷311 
R370CrHT 

R410HT 

370÷410 

400÷440 

AAR CLASS B 300÷340 
AREMA 370 

AREMA 400 

370÷410 

400÷440 
AAR CLASS C 320÷360 

AAR CLASS D 345÷410 

 

Lewis et al. (4) investigated the effect of hardness ratio on wear changing 

the rail and maintaining the same wheel; increasing rail hardness has the 

effect of lowering its wear rate, whereas wheel wear rate is constant when 

the rail is harder than the wheel but decreases when the rail gradually 

softens. Liu et al. (5) investigated the effect of axle load on rail materials, 

finding that the wheel/rail hardness ratio has an increasing effect on the 

wear rate as far as the axle load increases. 

A considerable amount of literature has been published on the presence of 

solid contaminants (such as sand, wear debris, crushed ballast, dust, etc.) 

and the damage process caused by such contaminants on both rails and 

wheels. The practice of sanding (i.e. the application of sand in at the contact 

surface) is widely diffused to enhance wheel-rail adhesion, especially when 

the rails become slippery due to the formation of thin layers of wet chopped 

leaves on their top. These studies showed that wear dramatically increases 

in the presence of sand, up to 30 times the wear in clean dry conditions. The 

worn surface has a frosted appearance, with the formation of indentation 

and abrasion score marks; the subsurface region is characterised by huge 

plastic strain, formation of surface cracks and detachment of large material 

particles that make the surface very rough (6-13). 

 

 

Rail 

Straight line 

Steel grade 
Typical 

hardness [HB] 
Steel grade 

Typical 

hardness [HB] 

EN ER7 235÷285 

EN R260 260÷300 EN ER8 248÷302 

EN ER9 255÷311 

AAR CLASS A 300÷340 

AREMA 325 325÷365 AAR CLASS B 320÷360 

AAR CLASS D 345÷410 

 

 

Table 3.3 

Table 3.1 – Main steel grades 

for wheel/rail couplings used 

in Europe (above) and 

America (below) in straight 

line and curve 

 

 

Table 3.2 – Main steel grades 

for wheel/rail couplings used 

in Europe (above) and 

America (below) in straight 

line and curve 
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Recent researches (2,14) identified a damage mechanism related to solid 

contaminants that is linked to a local ratcheting, involving a layer whose 

depth is on the dimensional scale of the area of contact between the main 

bodies (wheel or rail) and the contaminant particles. This thin layer, 

characterized by huge plastic strain, is clearly distinct from the underlying 

layer where plastic strain is of lower magnitude order. In the surface layer, 

the huge plastic flow, coupled with third body indentation, can lead to the 

incorporation of the contaminant inside the metal substrate, generating 

subsurface clusters of incoherent material which enhance high rate 

delamination wear. This damage mechanism, as well as the others 

previously identified, is strongly influenced by the materials hardness and 

their coupling.  

In the last decade, Lucchini RS has developed a group of steels specifically 

designed for desert environment, called SANDLOS®. SANDLOS® steels 

follow the American regulations for railway wheels (AAR) since they 

represent the upgraded version of AAR steels. in this work, we mainly refer 

to two version of SANDLOS®: SANDLOS® S and SANDLOS® H, that are 

the upgraded versions of AAR CLASS C and AAR CLASS D, respectively. 

SANDLOS® S is designed for interaction with head hardened rails 

(R350HT÷R370CrHT) and it is aimed at mass transit transportation and 

heavy applications (special vehicles, high-speed service and heavily loaded 

locomotives with light braking conditions). SANDLOS® H is designed for 

very hard treated rails (R400HT) and is specifically targeted to locomotives 

and passengers cars in extreme service and loading conditions. TABLE 3.4 

shows some typical mechanical properties of SANDLOS® steels compared 

with the traditional CLASS C and CLASS D steels. Data have been collected 

by Lucchini RS’s Metallurgic Department (14). Many metallurgical 

investigations on full scale and small scale (2) showed that SANDLOS® 

materials exhibited excellent performance in terms of resistance to wear in 

desert environment, thanks to good toughness and ductility. The high 

mechanical properties confine the extremely huge plasticization layer due 

to the presence on contaminants to a thin plasticised layer. These steels have 

also proved to be a good alternative to traditional materials in “clean” 

environment. 

Average results 

AAR Class C AAR Class D 

UPLOS® 

A. CL. C 

SANDLOS® 

S 

UPLOS® 

A. CL. D 

SANDLOS® 

H 

Monotonic yield 

strength [MPa] 
715 750 770 800 

Cyclic yield 

strength [MPa] 
640 660 680 720 

Elongation to 

fracture  
0.38 0.37 0.36 0.34 

Front rim hardness 

(HB) 
320÷360 325÷360 345÷410 355÷415 

Apparent 

toughness, 20°C 

[MPa√𝒎] 

55 50 45 40 

  

Finite Element (FE) analyses can help understanding how contaminants 

interact with the coupled materials in relation to their hardness. In the 

 

 

Table 3.4 – Main 

mechanical properties for 

improved UPLOS® and 

SANDLOS® family 

steels.UPLOS® A.CL.C 

and UPLOS® A.CL.D are 

the steel grades developed 

by Lucchini RS in 

compliance with AAR 

standards 
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literature, most of FE models have been developed to study the contact 

problems in clean contact both with elastic and plastic materials (15-16), the 

crack initiation and propagation (17-18) and the influence of the wheel 

geometry (19). However, little FE simulations were carried out to study the 

effects of solid contaminants. In (2,14), this mechanism was simulated by 

means of two ring sectors in plastic material rolling one on the other with a 

few entrapped contaminant particles.  

In this chapter, the effect of material coupling on the plastic strain of wheels 

and rails in presence of solid contaminants was analysed by means of finite 

element simulation, considering some typical material couplings in straight 

line and curve in indentation loading. In particular, the focus was mainly 

addressed to the plastic properties of the wheel and rail steels. Analyses 

with and without contaminants were carried out for comparison. A model 

concerning rolling condition in clean contact was also proposed. Rolling 

contact loading in presence of solid contaminants was not considered due 

to the excessive simulation time and convergence difficulties issues.  

As we will see in the next paragraph, these models have not the aim of 

reproducing the complexity of the interaction between contacting bodies 

and the solid contaminants: complex phenomena such as abrasion of the 

contacting surfaces, particles crushing, conglomeration and incorporation 

of the contaminant particles, irregular particle distribution and size are not 

included in the FE models. However, they can contribute to understand, at 

least qualitatively, how hard solid contaminants can affect the contact 

mechanics of the wheel-rail system in relation to plasticity. 

3.2   Finite element models 

3.2.1 Geometry and constraints in indentation loading 

Two-dimensional plane strain finite elements models were built, simulating 

both a clean contact and a solid-contaminated contact. The former included 

a portion of circle representing the wheel and a rectangle representing the 

rail. The latter, in addition to these, included a number of small equally 

spaced circles, representing the contaminant particles, between the wheel 

and the rail, again modelled by plane strain elements. To simplify the model, 

only a half model was represented and the boundary condition of symmetry 

was imposed. The dimensions were chosen so that the boundary conditions 

may not influence the stresses and the strains in the contact area. The bottom 

of the rail is fixed. The portion of the wheel is tied trough beam elements to 

a reference point, which represents the centre of the wheel itself. The contact 

load was applied to this point in vertical direction. The geometry of the 

contaminated contact model is shown in FIGURE 3.1; the model of the clean 

contact has the same geometry for the wheel and rail bodies. The 

contaminant radius RP was set to 20 μm, representative of the average sand 

fraction that can be transported by the wind (20). Wheel and rail were 

meshed with CPE4R elements (first-order quadrilateral elements) and CPE3 

(first-order triangular elements). The characteristic length of the elements in 

the global model varies from 0.5 mm to 10 µm in the contact area. 
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3.2.2 Geometry and constraints in rolling contact loading 

Also in rolling contact simulations, two-dimensional plane strain model 

was built. The model uses portions of the wheel and of the rail. The wheel 

is a portion of annulus and the rail is a rectangle, fixed at its bottom. The 

portion of the wheel is tie-constrained to a reference point, like in the 

previous models. Rolling condition was obtained making this point move 

towards the horizontal direction. Furthermore, a slip rate of s = 1% was 

introduced by forcing the wheel to rotate a quantity equal to: 

𝜗 =
𝑢

𝑅(1 − 𝑠)
(3.1) 

where 𝜗 is the rotation imposed, R the wheel radius, s the slip rate and u the 

displacement of the wheel. the simulations can be split up into two steps: in 

the former, the wheel and the rail were brought to contact, in the latter the 

wheel was made roll over the wheel for 30 mm. This rolling distance 

ensured that a steady state contact was achieved. FIGURE 3.2 shows the 

model. Wheel and rail were meshed with CPE4R elements (first-order 

quadrilateral elements) and CPE3 (first-order triangular elements). The 

characteristic length of the elements in the global model varies from 0.5 mm 

to 5 µm in the contact area. 

 
 

 

Figure 3.1 – Finite element 

model of the solid-

contaminated contact 

Figure 3.2 – Finite element 

model of the clean contact 
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3.2.3 Material models 

To determine the material plastic properties to be used in the simulations, 

the data published in (14) and (20), which contain a review of the main 

properties of several wheel steels, were considered. In particular, the cyclic 

yield stress C.YS was considered as representative of the material elastic 

limit for high number of cycles. In order to estimate this parameter even for 

the rail steels, a relationship between the Brinell hardness and the cyclic 

yield stress C.YS was obtained by interpolating the known data of the wheel 

steels. The trend line shown in FIGURE 3.3 and expressed by Equation 3.1 

was obtained; in Figure 3 the black dots correspond to the given wheel steels 

properties, whereas the red triangles correspond to the estimated rail steel 

properties.  

𝐶. 𝑌𝑆 [𝑀𝑃𝑎] = −0.0121 𝐻𝐵2 + 10.84 𝐻𝐵− 1389,with 250 ≤  HB ≤  390 (3.1) 

For each steel, once the cyclic yield strength was estimated, the constitutive 

law was approximated through the Ramberg-Osgood model: 

{
 

 𝜖 =
𝜎

𝐸
   𝑖𝑓   𝜎 < 𝐶. 𝑌𝑆

𝜖 =
𝜎

𝐸
+ 𝛼 (

𝜎

𝐶. 𝑌𝑆
)

1
𝑛
    𝑖𝑓   𝜎 ≥ 𝐶. 𝑌𝑆

(3.2) 

where ε and σ are the strain and the stress, respectively, E = 206 GPa is the 

elastic stiffness, α = 0.002 is the conventional yield strain and n is the plastic 

exponent, here set to 5. The plastic part of the strain 𝜀𝑝 =  𝛼 (
𝜎

𝐶.𝑌𝑆
)

1
𝑛
 was 

introduced into the software only for stress exceeding the elastic limit. 

As the contaminant particles are concerned, they were modelled by linear 

elastic material. In nature, the values of sand and rocks elastic modulus may 

vary in a wide range, from about 1 GPa till 100 GPa: the highest value (100 

GPa) was considered in the simulations as it represents the most deleterious 

condition. 

 

 

 

Figure 3.3 – Correlation 

between cyclic yield strength 

and Brinell hardness in rail 

and wheel steels 

 



Chapter 3 - Effect of solid contaminants on wheel/rail material couplings              31 

 

3.2.4 Loads 

In order to determine the load to be applied in the 2D models, firstly the 

three-dimensional contact pressure distribution, taking into account a real 

case of wheel-rail geometry, was estimated according to the Hertz model 

for elliptical contact. In straight line, a contact load of 70 kN was imposed, 

typical for high-speed passenger train. The wheel diameter was taken as 900 

mm; the transverse radius in the contact zone was set to 330 mm, according 

to the EPS EN 13715 profile. The rail transverse radius in the contact zone 

was taken as 300 mm, according to the 60 E1 EN 13674-1 profile. In case of 

curve, the contact load was set to 80 kN, taking into account the load transfer 

from the internal to the external wheel due to centrifugal inertia; 

furthermore, a lower rail transverse radius was considered (240 mm), taking 

into account a slight lateral displacement of the contact point. Once the 

pressure distributions were obtained, which were three-dimensional over 

an elliptical contact area, the Hertz theory of contact between two parallel 

cylinders was used for determining equivalent two-dimensional pressure 

distributions, whose profile was similar to the corresponding three-

dimensional ones along the longitudinal axis of the elliptical contact area. 

Such distributions were obtained with a load-per-unit-thickness P = 3 

kN/mm in straight line and P = 8 kN/mm in curve. These loading conditions 

match to maximum Hertz pressures 𝑝0  = 490 MPa and 𝑝0  = 800 MPa and 

semi-amplitude of contact area a = 3.90 mm and a = 6.36 mm. The value of 

the pressure in curve is coherent with the one foreseen in (22). The 

comparison between the equivalent two-dimensional distributions and the 

sections of the real three-dimensional ones along the longitudinal axis of the 

elliptical contact area is shown in FIGURE 3.4. The comparison is made under 

fully elastic strain hypothesis, complying the Hertz theory, just to fix a 

criterion for determining an equivalent load in plane strain models; the 

pressure distribution in the FE simulations, as shown below, differ from 

these due to plastic deformation. In the FE simulations a Coulomb friction 

law was employed, with coefficient of friction set to 0.5 both for steel-steel 

and contaminant-steel contact. 

 

 

 

Figure 3.4 – Equivalent 

line contact pressure 

distributions compared 

with correspondent point 

contact distributions 

along the longitudinal 

axis of the contact ellipse 

(22) 
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3.3   Results  

FIGURE 3.5 and FIGURE 3.6 show the contact pressure distribution on the 

wheel side in clean and contaminated contact, with the same steel coupling 

and under the same contact load. The corresponding Hertz pressure 

distribution was displayed as well for comparison. In clean contact the 

pressure distribution, which has larger contact area and lower pressure 

peak with respect to the Hertz case, is likely to be similar to this as far as the 

cyclic yield strength increases. In contaminated contact the overall pressure 

is given by a sequence of local distributions over the areas of contact 

between the contaminant particles and the main body. The peaks of the local 

distributions, which are of a magnitude order higher with respect to the case 

of clean contact, are higher at the centre of the overall contact area and decay 

to zero as far as they approach the borders. 

 

 

 

Figure 3.5 – Pressure 

distribution in clean contact 

in compression loading, 

with P = 8 kN/mm (curve 

condition): a) European 

couplings; b) American 

couplings  
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FIGURE 3.7 shows the pressure distribution in the curve condition and in 

clean contact with European and American couplings compared to the 

Hertzian pressure when rolling condition is simulated. In plastic regime 

and in presence of slip rate, the contact area is wider than the Hertzian 

pressure and the pressure estimated in indentation loading. Also in these 

conditions, lower C.YS implies lower maximum pressure. Moreover, the 

pressure distribution is asymmetric, which means the resulting force 

direction is slightly displaced from the centre of the contact area, generating 

a momentum due to the friction force on the contact area. The maximum 

pressure was still much lower than the one estimated in contaminated 

contact.  

Figure 3.6 – Pressure 

distribution in 

contaminated contact, with 

P = 3 kN/mm (a) and P = 8 

kN/mm (b) 
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FIGURE 3.8 shows the map of the von Mises stress in clean and contaminated 

contact with Hertz nominal pressure 𝑝0  = 490 MPa, wheel cyclic yield 

strength C.YSW = 505 MPa and rail cyclic yield strength C.YSR = 681 MPa. In 

the clean case a stress field involving a region on the dimensional scale of 

the contact area can be observed under the contact surface. In the 

contaminated case, an overall stress field similar to the clean contact case is 

generated, although it appears slightly more elongated in the direction 

normal to the contact surface. However, zooming the zone of the 

contaminant particles, a surface layer with local stress distributions related 

to the contact between the particles and the main bodies can be recognised, 

  

 

 

Figure 3.7 - Pressure 

distribution in clean 

contact in rolling 

condition with P = 8 

kN/mm (curve 

condition): a) European 

couplings; b) American 

couplings 
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This surface layer is clearly separated from the overall stress field related to 

the wheel-rail contact. 

 

Figure 3.8 – Map of the Mises equivalent stress in the contact zone with rail 𝐶. 𝑌𝑆𝑅 = 685 𝑀𝑃𝑎, 

wheel 𝐶. 𝑌𝑆𝑊 = 505 𝑀𝑃𝑎, p0 = 490 MPa in clean (a) and contaminated contact (b,c) 
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Figure 3.9 – Map of the Mises equivalent stress in the contact zone with rail 𝐶. 𝑌𝑆𝑅 = 685 𝑀𝑃𝑎, 

wheel 𝐶. 𝑌𝑆𝑊 = 505 𝑀𝑃𝑎, p0 = 490 MPa in clean contact: (a) compressive loading; (b) rolling 

condition 

 

FIGURE 3.9A and FIGURE 3.9B show the map of the von Mises stress in clean 

contact for EN ER9 wheel against R350HT rail in indentation loading and in 

rolling-sliding condition, respectively.  As we expect, the maximum von Mises 

stress in indentation loading is in subsurface. On the other hand, when the 

wheel rolls over the rail, the maximum shifts towards the surface. As we saw 

in Chapter 2, the tangential contact force generated during the rolling is 

responsible of such behaviour, provided that the coefficient of friction is higher 

than about 0.3. The stress components due to the tangential force give rise to 

much higher stress values than in the simpler indentation loading (about 40% 

in the portrayed case). Nevertheless, the maximum von Mises stress is still 

much lower than the one found in contaminated contact.  
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FIGURE 3.10A and FIGURE 3.10B show the trends of the maxima von Mises 

plastic strain in simulations of clean contact in the wheels and the rails, both 

in curve (𝑝0 = 800 MPa) and in straight line (𝑝0 = 490 MPa), as a function of 

the wheel cyclic yield strength C.YSW for various rail cyclic yield strength 

C.YSR. The results with 𝑝0 = 490 MPa show that no plastic strain is expected 

in the rail, whereas plasticization is expected in the wheels only for the 

lowest C.YSW. With 𝑝0 = 800 MPa, increasing the rail hardness decreases the 

plastic strain in the rail itself, but on the other hand it increases the plastic 

deformation in the wheel. The dependence of the wheel strain on the rail 

strength C.YSR is less evident when C.YSR is higher than the wheel strength 

C.YSW. This is consistent with the experimental evidence obtained by Lewis 

et al. [5] in terms of wear rate, which is correlated even to plastic strain. 

Overall, the results of the simulations in clean contact show that for each of 

the two contacting bodies the plastic strain depends both on its own cyclic 

yield strength and on the cyclic yield strength of the coupled body. 

Figure 3.10 – Maximum 

von Mises equivalent 

plastic strain in clean 

contact in curve 

(p0 = 800 MPa) and in 

straight line 

(p0 = 490 MPa) as a 

function of the wheel 

cyclic yield strength 

𝐶. 𝑌𝑆𝑊 for various rail 

cyclic yield strength 

𝐶. 𝑌𝑆𝑅 in: a) wheels; b) 

rails 
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FIGURE 3.11A and FIGURE 3.11B show the same results as FIGURE 3.6 in solid 

contaminated contact. The diagrams show that when the contaminant is 

interposed between wheel and rail, the plastic strain in the surface is one 

order of magnitude higher than in clean condition. Plastic strain in wheels 

essentially depends on the contact pressure and on the wheel strength 

C.YSW; the dependence on the rail strength C.YSR is much slighter. The same 

goes for the rails: the plastic strain strongly depends on the contact pressure 

and on the rail C.YSR; the dependence on the wheel C.YSW is negligible. This 

means that, contrary to the case of clean contact, in presence of solid 

contaminant the maximum plastic strain does not depends so much on the 

properties of the coupled body. The reason is that the maximum plastic 

deformation is affected mainly by the local contact between the contaminant 

particles and the body rather than by the overall wheel-rail contact. 

Figure 3.11 – Maximum 

von Mises plastic strain p 

Mises in contaminated 

contact in curve 

(p0 = 800 MPa) and in 

straight line 

(p0 = 490 MPa) as a 

function of the wheel 

cyclic yield strength 

𝐶. 𝑌𝑆𝑊 for various values 

of the rail cyclic yield 

strength 𝐶. 𝑌𝑆𝑅; a) in 

wheels; b) in rails 
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FIGURE 3.12A and FIGURE 3.12B show the trends of the maxima von Mises 

plastic strain in clean contact and rolling conditions. The plastic strain is one 

order of magnitude higher than in the case of indentation loading due to the 

action of the friction force generated by the rolling wheel, but the general 

trend of the curves is the same. When C.YSW increases, the wheel plastic 

strain shows a downward trend; on the other hand, the rail plastic strain 

slightly increases and it seems to reach a steady state when C.YSW becomes 

higher than C.YSW. It is also noteworthy that all the rails plasticise, except 

for the American rail (AREMA 370) when the applied pressure is 490 MPa.  

 

 Figure 3.12 – Maximum 

von Mises equivalent 

plastic strain in clean 

contact in rolling 

condition in curve 

(p0 = 800 MPa) and in 

straight line 

(p0 = 490 MPa) as a 

function of the wheel 

cyclic yield strength 

𝐶. 𝑌𝑆𝑊 for various rail 

cyclic yield strength 

𝐶. 𝑌𝑆𝑅 in: a) wheels; b) 

rails 
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FIGURE 3.13 and FIGURE 3.14 show the equivalent von Mises plastic strain 

accumulated by the wheels and the rails in straight line (P = 3 kN/mm) and 

curve (P = 8 kN/mm). European couplings are identified with coloured solid 

lines, American couplings with dashed coloured lines. The black solid lines 

represent the maxima plastic strains found in indentation and rolling 

conditions in the same loading conditions. SANDLOS®S is considered as 

well (C.YSW = 660 MPa). In general, the plastic strain in contaminated contact 

is much higher than in clean contact and even the rails always plasticise, 

although in clean contact remains in their undeformed state. Once again, 

the wheels are more affected by the change of rail and load than the rails. 

The rails are indeed less swayed by the change of wheels, particularly when 

the contact load is lower. The American railr behave worse than the 

European one in curve despite the higher cyclic yield strength.  

 Figure 3.13 – Von 

Mises equivalent plastic 

strain in contaminated 

contact in straight line 

(p0 = 490 MPa) as a 

function of the wheel 

cyclic yield strength 

𝐶. 𝑌𝑆𝑊 for various rail 

cyclic yield strength 

𝐶. 𝑌𝑆𝑅 in wheels: a) 

wheels; b) rails 
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This phenomenon relies on the fact the American wheel-rail couplings have 

a smaller difference in cyclic yield strength than the European couplings.  

These figures are also further evidence of the deleterious effect of solid 

contaminants between wheel and rail and suggest that there are a 

subsurface region influenced by such contaminants and a region far enough 

away the surface only influenced by the “global” wheel-rail contact.   

 

 

 

 

 

Figure 3.14 – Von Mises 

equivalent plastic strain 

in contaminated contact 

in curve (p0 = 800 MPa) 

as a function of the wheel 

cyclic yield strength 

𝐶. 𝑌𝑆𝑊for various rail 

cyclic yield strength 

𝐶. 𝑌𝑆𝑅 in rails: a) wheel; 

b) rail 
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The relation between the stress fields related to local and overall contact 

respectively can be highlighted by the von Mises plastic strain gradient 

along the depth shown in FIGURE 3.15. The stress gradient is plotted along a 

line below the location of the particle closest to the centre of the contact area, 

both in clean and contaminated contact, with the same steel coupling and 

under the same load. This line includes the point of maximum equivalent 

plastic strain.  FIGURE 3.15A shows the overall stress field; FIGURE 3.15B is 

zoomed on the region near the contact surface. Close to the surface, the 

stresses are much higher in contaminated contact than in clean contact. As 

far as the depth increases, the two curves tend to overlap. The layer where 

the two curves tend to diverge can be identified as the zone of influence of 

the local contact between one of the main bodies (in this case the wheel) and 

the contaminant particle. The depth 𝑧𝑝 which bounds this layer can be taken 

at the location where the two curves intersect.  

 

 Figure 3.15 – Gradient 

of the Mises stress 

below the location of the 

particle closest to the 

contact centre, with rail 

𝐶. 𝑌𝑆𝑅 = 489 𝑀𝑃𝑎, 

wheel 𝐶. 𝑌𝑆𝑊 =

505 𝑀𝑃𝑎, p0 = 490 

MPa; a) overall; b) 

zoom on layer with z < 

0.2 mm 
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FIGURE 3.16 shows the depth of influence of the local contact 𝑧𝑝, normalized 

with the contaminant particle radius 𝑅𝑝, with varying cyclic yield strengths 

C.YSW and C.YSR and contact pressure 𝑝0 . It is not possible to identify a 

general univocal law for the dependence of 𝑧𝑝/𝑅𝑝 on the load and material 

parameters, but it varies around 𝑧𝑝/𝑅𝑝 =2, meaning that the depth of 

influence of the particles is of the magnitude order of their diameter. Mazzù 

and Battini (23) elaborated an analytical model to determine the pressure 

distribution in the presence of solid contaminants with fully elastic 

contacting material. They also analysed the stress field under such pressure 

distribution, finding that the depth of influence of the particles is about 

𝑧𝑝/𝑅𝑝 =  3. The present analysis shows that with plastic materials 𝑧𝑝  is 

always below such limit; therefore 𝑧𝑝/𝑅𝑝 = 3 can be taken as the upper 

bound for the depth of influence of the local particle-body contact. This 

means that, for a depth 𝑧𝑝/𝑅𝑝  > 3 the body can be treated, with good 

approximation, as the contaminant was not present.  

 Figure 3.16 – Variation 

of the depth of influence 

of the local particle-body 

contact normalized with 

the particle radius as a 

function of the wheel 

𝐶. 𝑌𝑆𝑊, for various rail 

𝐶. 𝑌𝑆𝑅  and contact 

pressure, compared with 

the case of fully elastic 

materials: a) in wheels; b) 

in rails 

 



44               Chapter 3 – Effect of solid contaminants on wheel/rail material couplings               

 

 

 

 

3.4   Comparison with experimental results  

In (2) the results of bi-disc experimental tests in clean and sand 

contaminated contact are published. Such tests were carried out with 

nominal Hertz pressure set at 1100 MPa, with 500 r.p.m. mean rolling speed 

and 1% sliding-to-rolling speed ratio, using wheel and rail steel discs of 15 

mm thickness and 60 mm diameter. The contaminated contact was obtained 

adding a continuous sand flow at the contact interface, using calibrated 

sand with particle size ranging from 0.20 to 0.35 mm. The working condition 

of such tests were different from those simulated in the present analyses, 

however the results of these tests provide some feedbacks about the 

tendency highlighted by the FE simulations. 

FIGURE 3.17 shows the sections of two wheel steel specimens, made in ER8 

and SANDLOS® S, and of the rail steel specimens that were tested against 

them, both made with the same rail steel (R350HT). These specimens were 

tested in clean contact. The layer where plastic strain is visible directly on 

the microstructure is highlighted. As far as the cyclic yield stress of the 

wheel increases (from the top to the bottom), the depth of such layer 

decreases in the wheel specimen (left column) and correspondingly 

increases in the rail specimen (right column). 

FIGURE 3.18 shows the sections of two wheel steel specimens and two rail 

steel specimens made with the same steels, tested in sand contaminated 

contact. Whereas the depth of visible strain decreases in the wheel specimen 

as far as its cyclic yield stress increases, such depth does not change 

significantly in the rail specimen. This is in agreement with one of the 

tendencies highlighted by the simulations: in clean contact, the plastic strain 

of each contacting body depends on the properties of both of the coupled 

bodies, whereas in solid contaminated contact the plastic strain of each 

contacting body depends mainly on its own properties. 

Other information can be obtained considering the size of the contaminant 

particles. The particles size passing the contact interface without being 

crushed is not known, as a post-process analysis of the used sand was not 

carried out. However, a clue on the size of the passing particles is given by 

Grieve et al. (24), who measured the particle size distribution before and 

after tests in sand contaminated contact. Although they were not able to 

separate the particles passing the contact from those thrown away without 

being entrapped between the specimens, they observed that the quantity of 

particles with size up to 146 μm increased after the tests, whereas the 

quantity of particles of higher size decreased. Therefore, 146 μm can be 

considered as the upper limit of particle size that can pass the contact 

without being crushed; roughly, 80-100 μm can be considered the mean size 

of particles passing the contact and significantly affecting the stress 

distribution. Therefore, according to the tendency highlighted by the 

simulations, the maximum depth of influence of the local particle-body 

contact can be estimated as about 150 μm. Comparing this estimation with 

the sections of the specimens tested in contaminated contact of FIGURE 3.17, 

we can observe that for the rail steel and for the harder wheel steel (FIGURE 
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18B, FIGURE 18C and FIGURE 18D) the estimated layer of the particle influence 

is characterized by huge strain, with grain boundaries and cracks oriented 

parallel to the contact surface. The material laying below this layer exhibits 

plastic strain as well, but not so severe and progressively decreasing as far 

as the depth increases, with a pattern similar to the cases of clean contact. 

On the other hand, in the softest wheel steel (Figure 18a) the layer with huge 

deformation extends well below the estimated depth of influence of the 

contaminant. Moreover, sand particles are incorporated in this layer, 

forming veins of incoherent material below the surface. In this case, 

reasonably, there wasn’t a clear separation between the local and overall 

strain field, as the latter was severe as well. Therefore, the contaminant 

 

 

Figure 3.18 – 

Micrographs of the 

sections of wheel and rail 

steels tested in (2) in 

sand contaminated 

condition: a) EN ER8 

wheel steel 𝐶. 𝑌𝑆𝑊); b) 

R350HT rail steel 

(𝐶. 𝑌𝑆𝑅 = 691 𝑀𝑃𝑎), 

tested against the EN 

ER8; c) SANDLOS® S 

wheel steel (𝐶. 𝑌𝑆𝑊 =

660 𝑀𝑃𝑎); d) R350HT 

rail steel, tested against 

the SANDLOS® S 

 

Figure 3.17 – 

Micrographs of the 

sections of wheel and rail 

steels tested in (2) in 

clean condition: a) EN 

ER8 wheel steel 

(𝐶. 𝑌𝑆𝑊 = 470 𝑀𝑃𝑎); b) 

R350HT rail steel 

(𝐶. 𝑌𝑆𝑅 = 691 𝑀𝑃𝑎), 

tested against the EN 

ER8; c) SANDLOS® S 

wheel steel (𝐶. 𝑌𝑆𝑊 =

660 𝑀𝑃𝑎); d) R350HT 

rail steel tested against 

the SANDLOS® S 
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particles were involved in the overall plastic flow process, being even 

incorporated into the metal bodies. 

3.5   Concluding remarks 

In this chapter, the effect of changing the cyclic yield strength ratio between 

wheel and rail in presence of solid contaminants was investigated by means 

of 2D finite element analyses. Simulations were carried out with two levels 

of loads, reproducing the contact conditions of a wheel in curve and straight 

line. Clean contact conditions were simulated as well. The results were 

discussed mainly in terms of plastic strain and compared with published 

experimental results. 

The main findings are listed in the following points: 

• In clean contact, the plastic strain of each contacting body depends 

on the mechanical properties of both of the coupled components, 

specifically on the cyclic yield strength. When solid contaminant is 

added, the plastic strain depends essentially on the local contact 

between the particles and the body, therefore the influence of the 

coupled body is low. 

 

• A zone of influence of the local contact between the particles and 

the body was identified by comparing the stress fields in clean and 

contaminated contact. Such zone extends in depth up to 

approximately 2.5 times the radius of the contaminant particles, 

depending on the load and the mechanical properties of the 

contacting bodies. An upper bound for the depth of particle 

influence can be set at 3 times the particle radius, which is obtained 

in fully elastic contact. 

 

• The comparison with published experimental results of sand 

contaminated contact revealed that, with hard materials, the 

damage, in terms of huge ratcheting and crack formation, keeps 

confined essentially within the zone of influence of the local 

particle-body contact. On the other hand, if the material of the 

contacting body is too soft, the local and overall strain field merge 

and the damage is extended well below the limit of influence of the 

local contact. 

The general conclusion that can be derived is that a key role for improving 

the performance of wheel and rail steels in solid contaminated environment 

is played by the cyclic yield strength. By increasing this parameter, it is 

expected that the most severe damage is limited at a depth comparable to 

the particle size, without significantly influencing the performance of the 

coupled element. 
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(previous page) Micrograph of a railway wheel with ferritic-pearlitic 

microstructure and presence of traces of bainite. 

 

 

 

 

List of symbols 

Symbol   Description 

a Semi-contact length along direction x 

B Material coefficient in Swift’s law 

b Major semi-axis dimension of elliptical bainitc spot 

C Material coefficient in Swift’s law 

C.YS Cyclic yield strength 

c Semi-contact length along direction y 

E Young’s modulus 

FEM Finite Element Model 

HB Brinell hardness 

I Interaxis between two bainitic spots 

m Hardening exponent in Swift’s law 

n Hardening exponent in Ramberg-Osgood’s law 

PEEQ Von Mises equivalent plastic strain calculated by 

ABAQUS®  

p0 Hertzian pressure 

RX Curvature of the contact body along direction x 

RY Curvature of the contact body along direction y 

RCF Rolling contact fatigue 

r Radius of circular/spherical bainitic spot 

SAM Semi-Analytical Model 

x Cartesian coordinate along the rolling direction 

(longitudinal direction) 

y Cartesian coordinate along the transverse direction 

z Cartesian coordinate along the depth 

zC Coordinate of the bainitic spot centre in direction z 
𝛼 Conventional cyclic yield deformation 

𝜀  Strain 

𝜀P Plastic strain 
𝜎  Stress 



 

 

4 Effect of traces of 

bainite in railway 

wheels 

 

 

 
 

4.1   State of the art and motivation 

As anticipated in Chapter 2, the microstructure of railway wheels is 

typically ferritic-pearlitic. This microstructure has revealed to offer a good 

compromise between wear response and fatigue behaviour (1-12). The last 

decades have witnessed an increase in the hardness of the wheel steels and, 

with this goal in mind, the bainitic steels have been designed. 

Notwithstanding the number of researches focusing on pearlite and its 

effect on RCF and wear, there are only a few studies on bainitic 

microstructure. Pointner (13) discussed the differences between pearlitic 

and bainitic homogenous microstructures in railway components, 

especially rails; in his work, he pointed out how the fatigue resistance of 

bainitic steel is much higher than pearlitic one but, on the other hand, wear 

rate is higher. Wear resistance in bainitic steels was indeed about half the 

wear resistance of pearlitic rails with the same hardness. However, the RCF-

cracks grow much slower than the cracks in the pearlitic rails.  

Despite several works highlighting that the bainitic microstructure offers 

excellent mechanical properties, its wear performance is still a matter of 

debate: according to some papers, bainitic steels offer weak wear resistance, 

ascribed to metallurgical phases, like martensite, retained austenite, 

allotriomorphic ferrite but also to insufficient strain hardening ability (14-

16). Contrary to these studies, many others asserted that the bainitic 

microstructure showed excellent wear resistance (17-20).  

This chapter aims at investigating the presence of bainitic traces in a 

ferritic-pearlitic microstructure of a railway wheel through finite element 

models (FEM) and semi-analytical models (SAM). This activity was 

carried out in partnership with the Institute National des Sciences 

Appliquées in Lyon (INSA-Lyon), whose researchers coded a semi-

analytical model for contact problems application.   

This chapter is based on the paper:  

N. Zani, T. Chaise, A. Ghidini, M. Faccoli, A. Mazzù. Numerical study 

about the effect of bainitic traces on plasticity in ferritic-pearlitic railway wheels. 

Proceedings if the Institution of Mechanical Engineers, Part F: Journal of 

Rail and Rapid Transit, 2020. https://doi.org/10.1177%2F095440972 

0960888. 
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Devanathan et al. (16) published one of the first papers about bainitic rail 

steels in 1991. In this paper, bainitic steels with different carbon content and, 

therefore, hardness were compared to traditional eutectoid rail steels. 

Rolling-sliding tests revealed that the wear rate in the eutectoid steels 

decreased with increasing the hardness, while the bainitic steels exhibit the 

opposite behaviour revealing that for hardness value higher than about 300 

HB bainitic steels worn out more than traditional rail steels. 

Garnham et al. (15) also carried out rolling-sliding dry wear. The main 

conclusion of this work was that the pearlitic steels are recommended for 

dry wear applications with rolling. The bainitic steel of the same content of 

carbon as pearlitic steel showed a little lower wear rate, but at the expenses 

of the counter-material. The wear resistance of the bainitic steels increased 

with increasing carbon content, as found by Devanathan et al. (16). Despite 

better mechanical properties (ultimate tensile strength, yield strength, 

reduction of area and elongation), the wear rate of the lower carbon bainitic 

steels was inferior to that of the pearlitic steels.  

Hasan et al. (17) investigated the wear behaviour of newly developed 

carbide-free bainitic with Amsler wear testing machine (bi-disc). The 

counterpart wheel specimen was pearlitic. The weight loss of the bainitic 

steels was lower than the pearlitic steel and even the pearlitic wheel steel, 

despite the lower hardness, had a lower wear rate when coupled with the 

bainitic steel.  

Chen et al. (20) compared pearlitic and bainitic rail steels by means of 

ring/block wear tester in different cooling conditions. Bainitic steel always 

possessed better wear resistance than traditional pearlitic steels. 

As far as fatigue resistance and ratcheting are concerned, most of the papers 

agree. Bainitic steels were found to have higher yield strength, fatigue 

strength and hardness compared to pearlitic steels (21-25); furthermore, the 

fracture toughness of bainitic steels is almost double than in pearlitic steels 

(21,26). Bainite may also play a fundamental role in crack propagation. 

Guan et al. (27) highlighted that, in ferritic-bainitic steels, the harder phase 

(the bainite) delays the crack propagation or deflects its path and the crack 

propagation could become unstable later than with ferritic-pearlitic steels. 

Yokoyama et al. (25) carried out bi-disk rolling fatigue tests. The wheel steel 

disc was pearlitic, whereas the rail disc was either bainitic or pearlitic. The 

tensile strength of the bainitic steels varied from 810 to 1410 MPa, the tensile 

strength range of the pearlitic rail steel varied in a range from 900-1300 MPa. 

More details about the loading conditions can be found in the reference. 

Wear resistance analysis revealed that, at the same tensile strength, the 

pearlitic steel railways were superior to the bainitic rail steel in wear 

resistance. Nevertheless, the bainitic steel rail having 1400 MPa of tensile 

strength performed the same way as the pearlitic steel having 1300 MPa of 

tensile strength. Such bainitic steel also exhibited higher fracture toughness, 

fatigue strength and tensile elongation. 

In 2006, Aglan et al. (26) investigated the mechanical properties of American 

rail steels on behalf the U.S. Federal Railway Administration. The fracture 
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toughness of the bainitic steel was about 27% higher than that of the pearlitic 

steel and the initiation. The bainitic steel also performed higher crack 

initiation and propagation lifetime. Moreover, the bainitic steel had higher 

ultimate strength and elongation to failure, respectively 1500 MPa and 13%, 

against 1100 MPa and 11% obtained with the pearlitic steel.  

Gianni et al. (23) described the MICRALOS® bainitic steel grade, developed 

by Lucchini RS in the early 2000s. MICRALOS® microstructure is tempered 

martensite and bainite with a very low content of micro-inclusions. This 

material was compared with AAR Class C wheel steel in terms of 

mechanical properties and wear behaviour. MICRALOS® had higher 

ductility, resistance and toughness properties when compared with AAR 

Class C. Also, the cyclic yield strength was higher, despite the higher cyclic 

softening (calculated as the reduction of the yield stress from the monotonic 

yield stress to the cyclic conditions). The two steels were also compared on-

field in the North Scandinavia. The wear of the tread the bainitic steel was 

slightly higher than that of AAR Class A wheels, but neither surface-

initiated rolling contact fatigue cracks nor thermal cracks were found on the 

bainitic wheels. The properties of the two steels are shown in TABLE 4.1. 

 MICRALOS AAR C 

Rim  

Monotonic yield 

strength [MPa] 
1135 700 

Ultimate tensile 

strength [MPa] 
1215 1150 

Reduction of area [%] 50 32 

Elongation to fracture 

[%] 
15 13 

Hardness (depth 25 

mm from tread) (HB) 
386 340 

Apparent toughness, 

20°C [MPa√𝒎] 
135 45 

Web  

Monotonic yield 

strength [MPa] 
1040 450 

Ultimate tensile 

strength [MPa] 
1160 935 

Reduction of area [%] 15 13 

Elongation to fracture 

[%] 
50 - 

 

As can be inferred, much work has been carried out on bainitic rails and the 

results seem very promising. However, little can be drawn about wheel 

steels made of full bainitic microstructure instead, since little evidence can 

be found in the literature.  

The homogenous bainitic microstructure is not the only solution proposed 

by the railway companies; in the last few years, there has been a debate 

about non-uniform microstructure in wheels, mainly traditional ferritic-

pearlitic matrix with traces of bainite. Ghidini et al. (28) reported that small 

spots of bainite are almost inevitable in the external part of the wheel rim (it 

 Table 4.1 – Mechanical 

properties for MICRALOS 

and AAR C wheel steels 

(23) 
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is a result of a balance between required mechanical properties and cooling 

transformation curve)  and a small amount of this intermediate phase does 

not compromise the wheel performance. Faccoli et al. (29,30) investigated 

the mechanical properties of commercial railway wheel materials produced 

by Lucchini RS and characterised by a ferritic-pearlitic matrix with bainitic 

spots, showing that such materials have good properties in terms of 

ductility, tensile strength and yield strength. TABLE 4.2 shows the 

mechanical properties of ER7, traditional European wheel steel, and 

HYPERLOS®, the improved version of ER7 developed by Lucchini RS. 

 ER7 HYPERLOS® 

Monotonic yield 

strength [MPa] 
555 568 

Ultimate tensile 

strength [MPa] 
860 885 

Elongation to fracture 

[%] 
17 28 

Reduction of area [%] 42 65 

Apparent toughness 

[MPa√𝒎] 
89 102 

 

Li et al. (31) investigated the effect of upper bainite in high-speed wheel 

steels. Two different microstructures were considered: the former wheel 

steel contains 50% of upper bainite, 40% of pearlite and 10% of ferrite; the 

latter contains only pearlite and ferrite and the volume fraction of pearlite 

and bainite was 80% and 20%. Bi-disc tests were performed coupling the 

wheel specimens with a disc made of U71Mn rail steel. The experiments 

showed that the upper bainite in the steel worsened the wheel spalling, 

increasing the weight loss of the wheel.  

Gao et al. (32) and Zhang et al. (33) highlighted that shelling and crack 

initiation are promoted by properties incompatibility at the phases 

interface; on the other hand, bainite showed low plastic deformation 

compared to pearlite.  

As for crack propagation, bainite should not necessarily be considered as 

damaging. When bainitic spots are finely distributed in the ferritic-pearlitic 

matrix, they may arrest propagating cracks initiated at the bainite-matrix 

interface or in the matrix because of bainite higher fracture toughness. In 

this regard, Guan et al. (24) observed many crack branching in ferritic-

bainitic steels and estimated lower crack propagation speed compared to 

ferritic-pearlitic steels. On the other hand, macrosegregation generates large 

areas characterised by bainitic microstructure. In this circumstance, the 

cracks may even initiate and propagate in bainite, as described in (32) and 

(34). 

This chapter proposes to study the influence of inhomogeneous 

microstructure in railway wheels (ferritic-pearlitic matrix with bainitic 

Shelling: important 

loss of material due to 

the rolling contact 

fatigue. Cracks 

normally start from the 

subsurface 

 

Table 4.2 – Mechanical 

properties for ER7 (ferritic-

pearlitic steel) and 

HYPERLOS® (ferritic-

pearlitic with traces of 

bainite) (29) 
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traces) on the plastic strain with semi-analytical methods (SAM) and finite 

element methods (FEM), with focus on: 

• Effect of the inhomogeneity morphology 

• Effect of the inhomogeneity dimension 

• Effect of a cluster of inhomogeneities to study the interaction of 

adjacent bainitic traces. 

Multi-parametric studies were carried out and the outcomes were 

characterised by many stress and plastic strain measures. The essence of this 

chapter effort is establishing the bainite threshold in the homogenous 

ferritic-pearlitic microstructure, above which the wheel behaviour may 

worsen the damage mode and the plastic behaviour. 

4.2   Experimental evidence 

4.2.1 Dimension and morphology of bainitic spots 

Statistical analysis was performed to investigate the morphology and the 

dimension of the bainitic spots. Wheels in ER8 UPLOS®, a commercial 

ferritic-pearlitic steel produced by Lucchini RS, were considered. The 

samples for microstructure examination were taken at 15 mm under the 

wheel tread of the finished wheels, on the transversal section, on four 

perpendicular sections of the rim (see FIGURE 4.1). This depth was chosen 

for two reasons: first, it is the recommended depth for microstructure 

inspection in the railway wheels standard (EN13262, for example), second, 

it is representative of the bulk wheel microstructure. The magnification of 

the optical microscope was 100x. The amount of bainite in the pearlite was 

measured by software for automatic calculation and analysis LEICA IM 500.  

 

An “equivalent radius” r was introduced to study the dimensions 

efficiently; this parameter was defined as the radius of a circular section 

having the same area as the bainitic spot. FIGURE 4.2 shows the boxplots of 

six wheels: the mean radius ranges from about 65 to 80 μm, while the largest 

vary 130 from to 206 μm. The maximum amount of bainitic phase in the 

matrix is about 21%. In this work, the phase dimensions varied from 25 to 

about 230 μm. FIGURE 4.3 illustrates two examples of ferritic-pearlitic 

microstructure with different amount of bainitic spots (7.80% in FIGURE 4.3A 

and 0.62% in FIGURE 4.3B). From these micrographs, we can see that the 

bainitic islands detected have irregular shapes and only the smaller spots 

have regular circular section. Furthermore, the bainitic spots are randomly 

 Figure 4.1 – Location of 

the specimens analysed to 

calculate the bainitic 

spots dimensions (unit: 

mm) 
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distributed in the ferritic-pearlitic matrix. To decrease the complexity of the 

problem and to reduce the number of the geometrical variables, spots with 

circular and elliptical sections were considered. For the same reason, the 

bainitic spots distribution problem was investigated by considering nine 

spots arranged in three rows and columns. 

 
 

Figure 4.2 – Equivalent 

radius” distribution in six 

railway wheels 

Figure 4.3 – Micrographs showing the bainitic structure in 

the ferritic-pearlitic matrix with different amount of bainitic 

spots:  

a) 32.14% 

b) 7.80%  

c) 0.62% 
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4.2.2 Loading condition 

The wheel-rail contact problem in the curve trajectory was considered. 

Geometries of the bodies in contact were designed to obtain typical dynamic 

parameters found in curve path (35): Hertzian pressure 1100 MPa, Coulomb 

friction of about 0.5 and contact patch area 110 mm2. The applied normal 

load was 100 kN, which is equivalent to about 20 t the maximum axle load.  

4.2.3 Material properties 

ER8 UPLOS® commercial steel was considered as the wheel material. The 

mechanical properties of the ferritic-pearlitic matrix were assumed to be 

ER8 UPLOS® properties. As far as the bainitic properties are concerned, the 

elastic modulus was calculated through a proportion between ferritic-

pearlitic Young modulus and hardness and the hardness of bainite; the 

plastic yield was estimated by means of the relationship (3.2) between the 

Brinell hardness HB and the cyclic yield strength C.YS proposed in Chapter 

3. 

Rail steel was considered elastic in all the simulations. This issue is not of 

concern anyway; indeed, several works show that rails behave better than 

wheels in terms of plastic deformation, thanks to higher yield strength and 

hardness (5,12). 

Finally, it should be clarified that the ferritic-pearlitic matrix was considered 

as a single metallurgical phase. This choice relies on the small proportion of 

grain boundary ferrite in the wheel tread (36), due to thermo-mechanical 

processing and chemistry. Moreover, the mechanical properties obtained 

with experimental tests (hardness, tensile tests, fatigue tests and so on) 

consider the overall behaviour of the two phases.  

4.3   Model of analysis 

Before dealing with the parametric study of the bainitic phase, a comparison 

between the two kinds of models adopted is proposed.  

The Semi-Analytical Methods (SAM) are a class of computational methods, 

especially developed for contact problem simulations. The base idea is to 

use a summation of elementary analytical solutions to describe complex 

problems. The analytical solutions are described as influence coefficients 

and based on Green's functions that are solutions to elementary problems 

used here as kernels in the semi-analytical solution. Typically, the 

Boussinesq (37) analytical solution describes the surface displacement of a 

semi-infinite elastic plane subjected to a point force. The summation of those 

elementary analytical solutions allows solving more complicated problems 

such as the displacement of the aforementioned plane under a complex 

pressure distribution. The influence coefficients used in the semi-analytical 

are the space discretisation of the Green's functions. They have shown a 

good capability to solve three-dimensional contact problems between 

materials of complex behaviour (e.g. plasticity (38,39), heterogeneous 

bodies (40-42) or viscosity (43) among others). Two major advantages of 

these methods are their robustness in the resolution of contacts (44) and 

their relative computational speed compared to the Finite Element Method 
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(FEM). A detailed description of the SAM used in this paper and its 

validation can be found in (39) and (42). 

As far as numerical models are concerned, a two-dimensional plane strain 

model was implemented using the commercial software ABAQUS®. The 

finite element method is commonly known to be more versatile than the 

analytical method; but non-linear 3D simulations involving a high number 

of elements, like rolling contact in the plastic regime, are tricky to be solved 

in a reasonable time.  

Semi-analytical model (SAM) and finite element model were compared in 

terms of von Mises equivalent stress and strain. Indentation loading 

condition was adopted for the comparison. An ellipsoid-plane contact was 

modelled in the 3D semi-analytical model to obtain the elliptical contact 

area that characterises the wheel-rail contact. In turn, a 2D cylinder-plane 

contact was modelled with the finite element method. The dimensions of 

the ellipsoid and the cylinder were chosen so that the 3D and the 2D models 

had in common the contact pressure (1100 MPa) and the depth where the 

maximum Hertzian stress occurs (about 3 mm). TABLE 4.3 describes the 

geometries of the bodies in contact. FIGURE 4.4 and FIGURE 4.5 shows 

schematically the contact problems simulated with SAM and FEM.  

Finite element model 

Wheel x 150 mm 

z 50 mm 

Width y 13 mm 

Rail Radius 204 mm 

Width y 13 mm 

Bainitic spot Radius 200 µm 

Hertzian Pressure 1100 MPa 

Semi-contact area a(x) 4.2 mm 

c(y) L/2 = 6.5 

mm 

Number of nodes 561554 

Element Type Second-order plane 

strain CPE8R  

Number of elements 323115 

 

 

 

 

 

 

 

 

Semi-analytical model 

Wheel Semi-infinite 

space 

x 45 mm 

y 22.5 mm 

z 5 mm 

Rail Indenter Rx 280 mm 

Ry 670 mm 

Bainitic spot Radius 200 µm 

Hertzian Pressure 1100 MPa 

Semi-contact area a(x) 4.8 mm 

c(y) 8.72 mm 

Number of nodes 970200 

 Table 4.3 – Details about 

the semi-analytic and the 

finite element models 

adopted for the comparison 
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As for the bainitic spots, the inhomogeneities in SAM models were 

represented as equivalent inclusions following Eshelby's formalism. 

Practical implementation of Eshelby’s theory in the semi-analytical method 

can be found in (45-47) and (40). In this formalism, the inhomogeneities are 

considered perfectly bounded to the surrounding matrix. In the finite 

element models, the bainitic spots were simply considered as partitions in 

the wheel geometry with different mechanical properties with respect to the 

matrix.  

One circular section inhomogeneity was set at z = 2.5 mm depth under the 

contact point (x = 0). The inhomogeneity radius was 200 µm. It should be 

pointed out that the geometry of the inhomogeneities was not the same, 

despite the same cross-section; indeed, SAM bainitic spot was spherical, 

while FEM one was a cylinder. As plastic inhomogeneities cannot be 

currently implemented in SAM, elastic inhomogeneities were considered. 

The semi-analytical computation lasted about 2 days and 7 hours when the 

finite element model took about 6 hours. 

When it comes to the matrix material properties, the Ramberg-Osgood 

model was considered in FEM (Eq. 2) (12). The elastic threshold chosen was 

the cyclic yield strength C.YS, and the plastic strain component was added 

to the elastic one for stress value above C.YS:  

{

𝜖 =
𝜎

𝐸
   𝑖𝑓   𝜎 < 𝐶. 𝑌𝑆

𝜖 =
𝜎

𝐸
+ 𝛼 (

𝜎

𝐶.𝑌𝑆
)

1

𝑛
    𝑖𝑓   𝜎 ≥ 𝐶. 𝑌𝑆

(4.1)     

where ϵ is the total strain, σ is the stress, E is the Young’s Modulus, α is the 

conventional cyclic yield deformation (0.2%), n  is the strain hardening 

exponent, and C.YS is the cyclic yield strength. TABLE 4.4 summarises the 

mechanical properties. 

Swift plastic constitutive law (42) was implemented in SAM instead:  

𝜎 = 𝐵 (𝐶 + 106 𝜀𝑃)
𝑚 (4.2)  

where 𝜎 and 𝜀𝑃 stands for the stress and the plastic strain and B, C and m 

are material constant. In SAM, the Swift law was considered instead of 

Ramberg-Osgood since it was the implemented constitutive model that 

allowed a better convergence. In FIGURE 4.6, the comparison between Swift 

and Ramberg-Osgood law is shown. 
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 ER8 UPLOS® Rail 

Phase Ferrite-Pearlite Bainite - 

Subsurface average HB  275 283 - 

Elastic Properties 

Poisson ratio 0.3 0.3 0.3 

Young Modulus E [GPa] 206 212 206 

SAM plastic properties: Swift law coefficients 

m 0.247 - - 

C  300 - - 

B [MPa] 67 - - 

FEM plastic properties: Ramberg-Osgood law coefficients 

Cyclic yield strength C.YS [MPa] 470 - - 

Strain hardening exponent, n 1/5 - - 

Conventional cyclic yield 

deformation α [%] 
0.2 - - 

 

 

Figure 4.4 – Semi-

analytical model used for the 

comparison with SAM 

 

Table 4.4 – Mechanical 

properties for materials 

employed in the 

simulations for FEM and 

SAM comparison 
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Figure 4.5 – Finite 

element model used for the 

comparison with SAM 

 

 Figure 4.6 – Stress-strain 

curves for Swift and 

Ramberg-Osgood 

constitutive laws 
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FIGURE 4.7 and FIGURE 4.8 shows von Mises stress and plastic strain along 

the depth below the contact point (x = 0). If we exclude the surface contact, 

2D FEM subsurface ferritic-pearlitic von Mises stress was in good 

agreement with those found with SAM; on the contrary, SAM predicted 

higher stress in bainite; this effect may be due to SAM limitations in 

meshing too small phases with respect to the contact area. However, both 

the models succeeded to predict the overstress at the phase boundary. Finite 

element plastic strain was more conservative, instead. Discrepancies 

between the results are a direct result of different pressure distribution in 

the two geometries: 3D pressure is an ellipsoid with a maximum at the 

contact centre, and pressure is decreasing moving away from the centre; 

while 2D pressure is a semi-ellipse projected along the cylinder depth. 

 

 

 

 

 

 

Figure 4.7 – Von Mises 

stress along the depth at the 

centre of the contact in 

presence of a circular 

inhomogeneity 

 

Figure 4.8 – Plastic strain 

along the depth at the 

centre of the contact in 

presence of a circular 

inhomogeneity 
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4.4   Semi-analytical model results (SAM) 

The bainitic spot distribution problem was solved by applying SAM. Two 

ellipsoidal geometries were defined to obtain the loading condition 

described in PARAGRAPH 4.2. Given the difficulties in simulating phases 

characterised by very small dimensions with respect to the contact patch 

area in the plastic regime, we limited to consider the scope of consideration 

to only the elastic regime in both the ferritic-pearlitic matrix and the bainitic 

spots. A cluster of nine spherical phases with radius r was simulated by 

changing their radius dimension and fixing the interaxis I to 0.5 mm (FIGURE 

4.9A). Elastic-plastic properties were the ones reported in TABLE 4.4. The 

execution time was about 11 hours.  

FIGURE 4.9B illustrates von Mises stress/Hertzian Pressure ratio when the 

contact load, moving from left to right, is precisely above the bainitic 

distribution (zc = 2.5 mm, a = 2.8 mm and x = 0 mm). Figure 7 shows von 

Mises/Hertzian Pressure ratio along the depth in the homogeneous 

condition (dot-dash line) and the presence of phases (solid lines), vertical 

dash lines are also shown to locate the phases easily. A strong influence 

between the phases was registered when the radius-interaxis ratio is major 

to 0.2. Indeed, when this parameter is smaller than 0.2, von Mises stress 

among the phases is not affected by the bainite presence, and it returns to 

the stress values calculated in the homogeneous condition.   

 

 
 

 

Figure 4.9 –  

a) Rolling contact 

problem in SAM 

b) Von Mises stress 

field in the rolling plane 

when the contact load is 

above the cluster of bainite 
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4.5   Finite Element model results (FEM) 

FEM flexibility concerning meshing and material definition allows to 

simulate more versatile problems than SAM, including the rolling condition 

in plastic regime; but, on the other hand, three-dimensional rolling problem 

in non-linear conditions would require excessive time to be simulated, 

longer than SAM. For this reason, the sub-modelling technique was adopted 

to decrease simulation time.  

This technique requires a former model, hence forth called “global model”, 

used to generate a boundary condition for a smaller model. For our purpose 

the global model represents a full-scale model portraying wheel-rail 

coupling with homogeneous materials with pearlite properties; whereas the 

latter model (“the submodel”) represents an area located in the subsurface 

of the wheel with bainitic spots dispersed in the matrix.  

To reproduce the same condition simulated with SAM, where the bottom 

geometry is the one which can contain the heterogeneities, wheel and rail 

were exchanged, and the rail component was made roll over the wheel. 

Furthermore, the stress state and the contact dynamics are the same as the 

wheel rolling over the rail condition. 

FIGURE 4.11 illustrates the model. The wheel was simulated as a flat body, 

the rail as a portion of a circle. The wheel bottom was fixed, the rail was tie-

constrained to a point representing the centre of the circle through the beam 

elements. The chosen dimensions of the two bodies ensured that the 

boundary conditions did not affect the outcomes in the contact area. 

Figure 4.10 – Von Mises 

stress profile in presence of 

three phases along the depth 

varying the radius 

dimension 
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The sub-model area was extracted from the subsurface of the wheel. Sub-

model simulations can be classified into two groups: 

• Single phase problem: these simulations aim to study the role of 

bainitic spot dimension and shape and the effect on the ferritic-

pearlitic matrix. Radius r and semimajor ellipse axis b were set to 25, 

50, 100 and 200 μm; the minor axis was set to half and a quarter the 

major one; major axis inclination was set to 0, 30, 45, 60 and 90 

degrees. Two depths zc from the contact surface of the wheel were 

also considered. 

 

• Spots distribution problem: this groups of simulations focuses on the 

bainitic spots interaction with one another and the amount of 

permittable bainite in the matrix. 

The elastic mechanical properties and the plastic properties of ferritic-

pearlitic matrix are the ones shown in TABLE 4.4. TABLE 4.6 shows the plastic 

mechanical properties of the bainitic spots in the wheel. ER8 UPLOS® 

bainitic Young’s modulus and cyclic yield strength of bainite were obtained 

through interpolation with Brinell hardness HB, as described in PARAGRAPH 

5.2.  

“Direct (Standard)” constraint enforcement was set to describe the contact 

and a general contact interaction with a friction coefficient of 0.5 was 

applied to the assembly. Wheel and rail were meshed with CPE8R elements 

(second-order quadrilateral plane strain elements). The characteristic length 

of the elements in the global model varies from 0.5 mm to 10 µm in the 

contact area. In the submodel, the bainitic spots have a characteristic length 

of about 1 µm. TABLE 4.5 shows the details on the number of nodes and 

elements and the simulation time. 

 

 

Figure 4.11 – Finite 

element model: on the 

right, the global model; on 

the left, the sub-model 
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Phase  Bainite  

Cyclic yield strength, C.YS 

[MPa] 
495 

Strain hardening exponent, n 1/5 

Conventional cyclic yield 

deformation, α [%] 
0.2 

 

 
Global 

model 

Submodel 

One bainitic 

spot 

Bainitic 

distribution 

Computation 

time 
~1 d ~ 3 h ~ 6 h 

Number of 

nodes 
372357 126000 251000 

Number of 

elements 
363996 125000 250000 

 

4.5.1 Plastic strain according to circular section dimension and depth 

FIGURE 4.13 shows the residual von Mises plastic strain (PEEQ) trend after 

one cycle loading along the depth of the wheel with homogeneous ferritic-

pearlitic matrix (dash line) and in the presence of bainite (solid line). The 

dimensionless depth z/a was obtained by dividing the depth z by the 

Hertzian semi-contact area a = 4.2 mm. It is immediately apparent that the 

bainitic phase deforms less than the matrix, regardless of the position of the 

phase. Overstrained regions occur in the matrix areas near the interface with 

the bainitic spot instead; this phenomenon may be ascribed to the stress 

intensity factor due to bainite higher hardness. Furthermore, the plastic 

strain inside the bainitic phase and the overstress values do not appear to 

be dependent on the dimensions. However, when the phase is set at 3.3 mm 

depth, the plastic strain in the inferior phase border is even lower than the 

bainite one. The location of the bainitic spot border with regard to the 

Hertzian depth and, therefore, to the stress may be a possible explanation. 

Furthermore, there exist areas with both higher and lower plastic strain than 

homogeneous conditions at the phase boundary. In this regard, (BELOW) 

Figure 4.12 shows that higher plasticized areas alternate to lower deformed 

ones and that the maximum values occur at about 45-degree angles with 

respect to the vertical axis. Indeed, stress analysis reveals shear stress to be 

the component responsible for such behaviour, as it is expected with contact 

rolling conditions. The order of magnitude of the highest strain seems not 

to be strongly influenced by the bainitic spots size but increasing the bainite 

size magnifies the extent of the region affected by the overstrain; this result 

is in good agreement with the one found by Amuzuga et al. (42). 

 

 

 

Table 4.6 – Plastic 

properties of the bainitic 

spots in FEM simulations 

 

Table 4.5 – Details 

about the FE model and 

computing time 
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Figure 4.13 – Von Mises 

equivalent plastic strain 

evolution according to 

radius dimensions after one 

cycle: (a) circular bainitic 

spots centred at 2.5 mm 

depth (z/a =0.6); (b) circular 

bainitic spots centred at 3.3 

mm (z/a = 0.78) 

Radius dimension: mm 

 

(below) Figure 4.12 – 

Von Mises plastic strain 

distribution around the 

bainitic spots according to 

phase size (z/a = 0.78) 
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4.5.2 Plastic strain according to elliptic section dimension, orientation and 

depth 

The elliptic shape effects on plasticity are reported in FIGURE 4.14 and FIGURE 

4.15. Simulations considering this geometry were made fixing the major axis 

dimensions and, then, varying the slope of the axis. FIGURE 4.14 shows the 

results for the minor axis set to one half the major one. The plots referring 

to 2.5 mm depth are in good agreement with the ones dealing with circular 

sections. When deeper phases are considered, one can note that the strain 

along the depth is affected by the axis inclination and no general trend can 

be inferred. In each case, bainite spots show lower plastic strain. Further 

considerations can be derived from observing von Mises equivalent plastic 

strain in the phase neighbouring. The outcomes referring to the major axis 

set to 100 µm are shown as an example (FIGURE 4.15). It is noteworthy that 

the maximum value never occurs at the ellipse apex but on the lateral side. 

Higher ellipse eccentricity is also considered to simulate a smaller apex 

radius. As opposed to what we expected, the sharper radius adopted in the 

simulations does not worsen the mechanical response; indeed, the highest 

strain value does not still occur at the apex, and its value differs little from 

previous results. 
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Figure 4.14 – Von Mises equivalent plastic strain profile according to ellipse dimension, major axis 

inclination and depth after one cycle loading (b = major semi-axis in mm) 
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Figure 4.15 – Residual equivalent von Mises plastic strain (PEEQ) according to axis bainitic phase slope (major axis set to 100 μm) 
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4.5.3 Influence of bainite distribution 

The effect of the bainitic spot distribution is investigated in this paragraph. 

Heaving regard to the outcome of the previous paragraph, the circular spot 

section was adopted. TABLE 4.7 shows the analysed cases.  

FIGURE 4.16 portrays the equivalent residual plastic strain after one cycle 

loading along the depth of the middle column of the distribution. When χ 

(radius/interaxis ratio) major to 0.2, the plastic strain between two 

neighbouring spots is higher than the one calculated in fully ferritic-pearlitic 

matrix and the bainitic spots are close enough not to allow the stress and 

strain field to relax until homogenous values. Consequently, ferritic-

pearlitic matrix deforms more compared to the case without bainite and 

cracks initiation and propagation are expected to become dramatically more 

likely. The critical χ value is consistent with that one found with the semi-

analytical models.  

Once the critical parameter was found, the next step is to establish the 

amount of bainitic phase corresponding to χ equal to 0.2. This value is 

derived by considering how many circular phases separated from each 

other by a distance given imposing χ to 0.2 may be contained in an area 

equal to a micrograph made under 100x magnification. TABLE 4.8 also shows 

that the average amount corresponds to about 11%. 

 

 

χ = r/I r = 0.025 

[mm] 

r = 0.05 

[mm] 

r = 0.1 

[mm] 

0.125 0.2 0.4 0.8 

0.165 0.15 0.3 0.6 

0.2 0.125 0.25 0.5 

0.25 0.1 0.2 0.4 

 

 

 

 

 

 

 

 

 

 

 

 

 Radius [mm] 

 0.025 0.05 0.075 0.1 0.125 0.2 

Average 

Amount 
12 % 11 % 12 % 9.5 % 11 % 11 % 

Table 4.7 – Interaxis 

adopted with respect to 

bainite size according to 

different radius dimension 

 

Table 4.8 – Average 

amount of bainitic phases 

according to different 

radius dimension 
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Figure 4.16 – Plastic strain profile after one cycle loading for circular section bainite spots according to different 

interaxis and radius 
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4.6   Discussion of the results 

As demonstrated in previous research, bainitic microstructure performs 

better than ferritic-pearlitic one concerning plasticity, thanks to higher yield 

stress (28,32,48). Nevertheless, traces of bainite in a ferritic-pearlitic matrix 

generates intensification in stress and strain at the interface with the softer 

phase (ferrite-pearlite). Experimental evidence showed that localised 

deformation may easily lead to the initiation of fatigue cracks and that the 

less resistant region at the boundary between ferrite-pearlite and bainite 

may become the preferential path of the cracks, causing for example the 

decohesion at the interface and the spalling failure of the wheel (32,34,49).  

The results of the finite element simulations show that the plasticised area 

is affected by the bainitic spot size (the bigger the spot, the larger the 

overstrained area is). However, the spot size does not influence the order of 

magnitude of the plastic strain. As for the ellipse shaped particles, the 

selected configurations (two geometries in five different orientation) 

showed that the stress field around the bainitic spots are not too dissimilar 

between smooth edged and sharp edged particles, leading to the conclusion 

that the sharper radius is not more detrimental than the smooth one. 

Anyway, this result must be yet be interpreted with caution as different 

size/orientation combinations may have a more favourable orientation with 

the stress field and leas to a different conclusion. 

2D and 3D models were in good agreement when it comes to bainitic phase 

distribution. The simulations predict that, given the bainitic spot size, there 

is a minimum distance between two neighbouring spots below which the 

ferritic-pearlitic matrix is fully affected by the stress-strain intensification 

and plastic strain maximum values may exceed those calculated in the 

presence of a single spot.  Furthermore, as mentioned in the literature 

review, the plastic strain intensification at the phases interface can accelerate 

the crack initiation and propagation leading to more severe wear damage 

(12). 

The bainitic amount threshold in the ferritic-pearlitic matrix results to be 

about 11%. Although this threshold was estimated on a microscopic scale 

(100x viewed window), this outcome can be transferred to bigger inspection 

area and, in general, to the wheel tread itself by considering the bigger 

regions as a merging of the microscopic inspection area.  

The proposed models are not able to predict wear as an independent 

damage phenomenon though, but plastic strain accumulated after each 

loading cycle (ratcheting) can be related to wear (8,50-55). Ratcheting leads 

to the exhaustion of material ductility and formation of cracks, which can 

propagate till part of the material is worn out. For this reason, the 

overstressed regions must be limited as much as possible. 

According to the above observation, a non-homogeneous microstructure is 

not necessarily negative. Ferritic-pearlitic matrix with traces of bainite 

characterised by controlled dimensions and distribution may even enhance 

fatigue strength, (higher fracture toughness and fatigue threshold values) 

without undermining wear behaviour (ferritic-pearlitic matrix ensures 

appropriate wear rates). 
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4.7   Concluding remarks 

The following conclusions can be drawn from the analysis of the influence 

of bainitic phases in the ferritic-pearlitic matrix in rolling contact loading. 

• Railway wheels characterised by ferritic-pearlitic matrix and 

limited bainitic spots uniformly distributed in the matrix can 

represent a proper compromise among the mechanical properties 

of the different phases. 

 

• Bainite deforms less than the ferritic-pearlitic matrix; however, both 

the finite element and the semi-analytical models foresee high 

strain and stress gradient in the ferritic-pearlitic matrix at the 

boundary between the two phases. The bainite size magnifies the 

extent of this affected area. 

 

• Investigation of two simulated bainite morphologies in variable 

orientations reveals that the maximum plastic deformation not to 

be strongly influenced by the bainitic spot shape. 

 

• The clustering of bainitic spots is detrimental when the phase 

radius/interaxis ratio is higher than 0.2 since this condition results 

in the formation of a highly affected region between the phases. 

This threshold corresponds to a bainite upper amount of about 11%. 

Beyond this limit, bainitic spots influence one another and the 

wheel fatigue strength and wear behaviour may be compromised. 

In future studies, the influence of crack propagation in non-homogeneous 

microstructure should be investigated employing Extended Finite Element 

Methods.  
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List of the main variables adopted in Part IV 

Variable   Description 

a Semi-contact length along direction x 

b Isotropic hardening exponent 

c Semi-contact length along direction y 

C Kinematic hardening parameter 
𝑐𝐷𝑉 , 𝑐𝐶𝑅   Dang Van and Crossland parameters 

d Jiang-Sehitoglu material parameter 

E Young’s modulus 

F Contact force 

FP, FP0 Fatigue parameters in Jiang-Sehitoglu’s criterion 

f Coulombian friction coefficient 

G Shear elastic modulus 

Hi Elastic equivalent modulus in Hertzian theory 

J Jiang-Sehitoglu material parameter 

L Contact length in line contact 

M, N Hertzian coefficients 

Nf Fatigue number of cycles to failure 

m, n McEwen’s coefficients 

pH Hertzian pressure 

R Actual dragstress for isotropic hardening 
𝑅∞  Isotropic hardening saturation coefficient 

R1X,  R1Y,  R2X,  R2Y Curvature of the contact body along direction x (1) and y (2) 

SF Safety factor 

X Actual backstress for kinematic hardening 

x,y,z Cartesian coordinates  

w Wear rate 

ε,  εij Strain, strain tensor 

εa Strain amplitude  

εP Plastic strain 

εn Strain component normal to a plane 

γ  Kinematic hardening parameter 

γij  Shear deformation 

λ  Plastic Lagrangian multiplier in plastic flow rule 
σ1, σ2, σ3  Principal stress 

σdev  Deviatoris stress tensor 
𝜎𝑒𝐷𝑉 , 𝜎𝑒𝐶𝑅  Dang Van and Crossland material parameter 
𝜎𝑒𝑞𝐷𝑉 , 𝜎𝑒𝑞𝐶𝑅  Dang Van and Crossland equivalent stress 
𝜎ℎ  Hydrostatic pressure 
𝜎𝑛  Stress component normal to a plane 
𝜎𝑦0, 𝜎𝑦  Initial/Actual yield stress 
𝜎𝑉𝑀  Von Mises stress 
𝜗, 𝜑  Eulerian angles 
𝜈  Poisson’s ratio 

𝛷  Von Mises yield function 
𝜔  Geometric parameter in general contact 

  

  



 

 

Introduction to the 

semi-analytical model 

 

This section focuses on a semi-analytical model coded in MATLAB® to 

predict the cyclic response in wheel–rail contact and in bi-disk experimental 

tests. The proposed activity has been carried out in partnership with 

Chalmers University of Technology in Gotheborg, Sweden.  

The code can be divided into five parts (FIGURE 1): 

1. Contact mechanics problem 

The Hertzian theory is used to find the contact area in point contact 

and line contact in normal load. The tangential load is implemented 

as well by considering the full slip condition. 

  

2. Elastic stress 

Boussinesq-Cerruti’s formulations and McEwen’s equations are 

implemented to calculate the elastic stress in point contact and line 

contact, respectively. This is an approximation of the real condition 

since it is common for the wheels and rails to exceed the yield stress. 

 

3. Stress-strain response 

Given the stress history, the strain response is calculated by means 

of plastic constitutive models. The Chaboche model is coded for 

simulating the non-linear material behaviour. 

  

4. Fatigue criteria 

Fatigue damage is evaluated by means of high cycle fatigue and low 

cycle fatigue criteria, according to the analysed cases. A ratcheting 

criterion is also proposed.  

  

5. Wear  

A wear damage model is also implemented for 2D problems. 

 

Frame of reference 

In a rectangular coordinate system, 𝑂𝑥𝑦𝑧, the two bodies, lower and upper, 

are denoted by suffixes 1 and 2. The z-axis is chosen to coincide with the 
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common normal of the two surfaces, which also coincides with the direction 

of the contact load. The x- and y-axes are chosen to coincide, where possible, 

with the axis of symmetry of the body. The xz-plane corresponds with the 

rolling plane; therefore, the stress history will be taken on this plane. Line 

contact (cylindrical contact) is a special case; the y-axis lies parallel to the 

axis of the cylinders, while the x-axis lies in the plane of the cross-section. 

  

 

 

 

 

 

Cyclic load

Contact mechanics

Contact area, pressure 
distribution, tangential load 

distribution

End 

Start 

Elastic stress

Stress tensor, principal stress, 
Von Mises, deviatoric stress, 

…

Plastic strain

Plastic model
Wear

Fatigue criteria

High cycle fatigue, low cycle
fatigue, ratcheting

Figure 1 – Flow chart for the semi-analytical model 

SEMI-ANALYTICAL MODEL 



 

5 Contact mechanics 

 

5.1   Hertzian theory 

Dating back to 1882, the Hertzian theory was the first satisfactory analysis 

of stresses at the contact of two elastic bodies. The hypotheses are the 

following (1): 

• The contact area is, in general, elliptical. 

• The bodies in contact can be treated as elastic half-spaces, which 

are idealised geometry adopted to study non-conforming contact 

problems. The body of the surface profile is considered semi-

infinite in extent and having a plane surface.  

• The contact area is smaller than the dimensions of the bodies in 

contact  

• The stress state in the contact area is unaffected by the shape of the 

bodies far from the contact area 

• The surfaces are assumed to be frictionless; this ensures that only a 

normal pressure is transmitted between them. 

5.1.1 General profile 

In the general case, the shape of the contact area is unknown in advance. 

However, the contact area is considered elliptical, having semi-axes a and c.  

The pressure distribution is given by the equation 

𝑝(𝑥, 𝑦) = 𝑝𝐻 (1 − (
𝑥

𝑎
)
2

− (
𝑦

𝑐
)
2

)

1
2
, (5.1) 

where 𝑥, 𝑦 are the coordinates on the plane contact, 𝑝(𝑥, 𝑦) is the punctual 

pressure, and 𝑝𝐻  is the Hertzian pressure, which is the maximum pressure. 

The contact area and the maximum pressure are the unknowns of the 

problem. The knowns are the following: 

• Geometry, referring to the radii of curvature 𝑅1𝑥, 𝑅1𝑦, 𝑅2𝑥 and 𝑅2𝑥 

• Load 𝐹 

• Angle of rotation 𝜔 between the axis of the two bodies 

• The elastic properties of the bodies, Young’s modulus E and 

Poisson’s ratio 𝜈. 



88                 Chapter 5 – Contact Mechanics 

 

 

 

Planar geometry is characterised by infinite radii. FIGURE 5.1 shows a 

schematic representation of the geometry in elliptical contact. 

 

The following scheme determines the contact area: 

I. Geometrical parameters (curvatures 𝝆 and geometrical factor 𝜿)   
 

𝜌1𝑥 =
1

𝑅1𝑥
      𝜌1𝑦 =

1

𝑅1𝑦
      𝜌2𝑥 =

1

𝑅2𝑥
     𝜌2𝑦 =

1

𝑅2𝑦
(5.2) 

𝜌3 = √(𝜌1𝑥 + 𝜌1𝑦)(𝜌2𝑥 + 𝜌2𝑦) + (𝜌1𝑥 − 𝜌1𝑦)(𝜌2𝑥 − 𝜌2𝑦) (sin𝜔)
2 (5.3) 

𝜌4 =
1

2
√(𝜌1𝑥 − 𝜌1𝑦)

2
+ (𝜌2𝑥 − 𝜌2𝑦)

2
+ 2(𝜌1𝑥 − 𝜌1𝑦)(𝜌2𝑥 − 𝜌2𝑦) cos(2𝜔) (5.4) 

𝜌5 =
1

2
(𝜌1𝑥 + 𝜌1𝑦) +

1

2
(𝜌2𝑥 + 𝜌2𝑦) (5.5) 

cos 𝜅 =
𝜌4
𝜌5

(5.6) 

II. Equivalent modulus 

 

𝐻1 =
4

3

𝐸1

1 − 𝜐1
2

(5.7) 

𝐻2 =
4

3

𝐸2

1 − 𝜐2
2

(5.8) 

𝐻12 = [𝐻1
−1 +𝐻2

−1]−1 (5.9) 

 

 

Figure 5.1 – Schematic of the 

general contact 
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III. Hertzian parameters (2) 

𝐜𝐨𝐬𝜿 M N 𝐜𝐨𝐬𝜿 M N 

0 1 1 0.53 1.080377 0.891719 

0.01 1.001662 0.998329 0.54 1.081787 0.889021 

0.03 1.004963 0.994962 0.55 1.083193 0.886281 

0.04 1.006602 0.993264 0.56 1.084595 0.883498 

0.05 1.008233 0.991558 0.57 1.085993 0.880668 

0.06 1.009857 0.989842 0.58 1.087386 0.87779 

0.07 1.011474 0.988117 0.59 1.088776 0.874863 

0.08 1.013084 0.986381 0.6 1.090161 0.871882 

0.09 1.014686 0.984636 0.61 1.09154 0.868847 

0.1 1.016283 0.982879 0.62 1.092915 0.865753 

0.11 1.017872 0.981113 0.63 1.094284 0.862599 

0.12 1.019456 0.979335 0.65 1.097003 0.856097 

0.13 1.021033 0.977546 0.66 1.098352 0.852741 

0.14 1.022604 0.975745 0.68 1.101026 0.845801 

0.15 1.024169 0.973932 0.69 1.10235 0.842208 

0.16 1.025729 0.972107 0.7 1.103663 0.838526 

0.17 1.027283 0.97027 0.71 1.104965 0.83475 

0.18 1.028831 0.96842 0.73 1.10753 0.826888 

0.19 1.030374 0.966556 0.74 1.108789 0.822789 

0.2 1.031912 0.964679 0.75 1.110031 0.818566 

0.21 1.033445 0.962788 0.76 1.111253 0.814211 

0.22 1.034973 0.960883 0.77 1.112453 0.809712 

0.23 1.036496 0.958963 0.78 1.113627 0.805059 

0.25 1.039528 0.955077 0.79 1.114772 0.800238 

0.26 1.041038 0.95311 0.8 1.115884 0.795234 

0.27 1.042543 0.951127 0.81 1.116957 0.790029 

0.28 1.044043 0.949126 0.82 1.117985 0.784604 

0.3 1.047032 0.945073 0.83 1.118961 0.778934 

0.31 1.04852 0.943019 0.84 1.119877 0.772994 

0.32 1.050005 0.940946 0.85 1.12072 0.766751 

0.33 1.051486 0.938853 0.86 1.121478 0.760166 

0.35 1.054436 0.934606 0.87 1.122132 0.753193 

0.37 1.057371 0.930273 0.88 1.122661 0.745775 

0.38 1.058834 0.928073 0.89 1.123035 0.73784 

0.39 1.060293 0.925849 0.9 1.123215 0.729298 

0.4 1.061749 0.923601 0.91 1.12315 0.720032 

0.41 1.063202 0.921327 0.92 1.122765 0.709885 

0.42 1.064651 0.919027 0.93 1.121953 0.698641 

0.43 1.066097 0.916701 0.94 1.120552 0.68599 

0.44 1.067539 0.914346 0.95 1.118301 0.67146 

0.45 1.068979 0.911963 0.96 1.114743 0.654282 

0.46 1.070415 0.909549 0.97 1.108989 0.633057 

0.48 1.073278 0.904628 0.98 1.098938 0.604763 

0.5 1.076128 0.899574 0.99 1.077506 0.560295 

0.52 1.078964 0.894375 1 0 0 
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IV. Semi-contact axis 

𝑎 = √
𝐹𝜌3

2

𝐻12

3

√
𝜌3

𝜌5 − 𝜌4

Μ

𝜌3
(5.10) 

𝑐 = √
𝐹𝜌3

2

𝐻12

3

√
𝜌3

𝜌5 + 𝜌4

Ν

𝜌3
(5.11) 

The Hertzian pressure is given by 

𝑝𝐻 =
3𝐹

2𝜋𝑎𝑐
(5.12) 

5.1.2 Two-dimensional contact of cylinder bodies 

Now, two cylindrical bodies are considered of length 𝐿  with their axes 

parallel to the y-axis and are pressed in contact by a force 𝐹. The contact 

area results in a strip of width 2𝑎  lying parallel to the y-axis. Hertz 

considered this case as a limit of an elliptical contact when 𝑏 becomes larger 

than 𝑎. FIGURE 5.2 shows a schematic of the model. 

 

In this case, the knowns are the following: 

• Radii of the two cylinders 𝑅1 and 𝑅2 (set to infinite if planar) 

• Applied load 𝐹  

• Length of the contact 𝐿 

• Elastic properties 𝐸 and 𝜈 

To determine the semi-contact area, we must first calculate the equivalent 

modulus 𝐻12 and the equivalent radius 𝑅12 

𝐻1 =
𝐸1

1 − 𝜐1
2

(5.13) 

𝐻2 =
𝐸2

1 − 𝜐2
2

(5.14) 

𝐻12 = [𝐻1
−1 + 𝐻2

−1]−1 (5.15) 

𝑅12 = [𝑅1
−1 + 𝑅2

−1]−1 (5.16) 

 

 

Figure 5.2 – Schematic 

representation of the cylindrical 

(line) contact 
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Now, we can calculate the contact area 𝑎 

𝑎2 =
4𝐹𝑅12
𝜋𝐿𝐻12

(5.17) 

The pressure distribution is 

𝑝(𝑥) = 𝑝𝐻 (1 − (
𝑥

𝑎
)
2

)

1
2

(5.18) 

where the Hertzian pressure 𝑝𝐻  is given by 

𝑝𝐻 =
2𝐹

𝜋𝑎𝐿
(5.19) 

5.2   Distributed normal and tangential tractions   

In this paragraph, we introduce the stress field produced in the elastic half-

space under the action of distributed normal and tangential forces. The 

normal force distribution can be associated with the Hertzian pressure 

studied in the previous paragraph. For the tangential distribution, full slip 

condition is assumed, i.e. the tangential distribution is proportional to the 

normal pressure  

𝑞(𝑥, 𝑦) = 𝜇 𝑝(𝑥, 𝑦), (5.20) 

where 𝜇 is the friction coefficient.  

FIGURE 5.3 shows an elastic half-space loaded over the strip by a normal 

pressure 𝑝(𝑥, 𝑦) and tangential traction 𝑞(𝑥, 𝑦) in an arbitrary manner. The 

stress at any point in the body of the solid can be calculated. The traction 

and the tangential loads can be treated as the summation of concentrated 

forces by discretising the distribution in elemental areas of width ds.  

 

After defining a grid of points in the three directions, the stress components 

at a given point can be found by integrating over the loaded region (1): 

𝜎𝑥 = −
2𝑧

𝜋
∫

𝑝(𝑠)(𝑥 − 𝑠)2𝑑𝑠

{(𝑥 − 𝑠)2 + 𝑧2}2

𝑎2

−𝑎1

−
2

𝜋
∫

𝑞(𝑠)(𝑥 − 𝑠)3𝑑𝑠

{(𝑥 − 𝑠)2 + 𝑧2}2

𝑎2

−𝑎1

(5.21) 

𝜎𝑧 = −
2𝑧3

𝜋
∫

𝑝(𝑠)𝑑𝑠

{(𝑥 − 𝑠)2 + 𝑧2}2

𝑎2

−𝑎1

−
2𝑧3

𝜋
∫

𝑞(𝑠)(𝑥 − 𝑠)𝑑𝑠

{(𝑥 − 𝑠)2 + 𝑧2}2

𝑎2

−𝑎1

(5.22) 

Figure 5.3 – Elastic half-space 

loaded by a normal pressure p(x) 

and a tangential traction 

distributed in an arbitrary 

manner 
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𝜏𝑥𝑧 = −
2𝑧2

𝜋
∫

𝑝(𝑠)(𝑥 − 𝑠)𝑑𝑠

{(𝑥 − 𝑠)2 + 𝑧2}2

𝑎2

−𝑎1

−
2𝑧

𝜋
∫

𝑞(𝑠)(𝑥 − 𝑠)2𝑑𝑠

{(𝑥 − 𝑠)2 + 𝑧2}2

𝑎2

−𝑎1

(5.23) 

Since the integration in closed form may be difficult, the stress components 

can be easily found by the equations obtained from the Boussinesq potential 

functions (1). For the stress components resulting from the concentrated 

normal force, we have 

𝜎𝑥,𝑝 =
𝑝

2𝜋
[
(1 − 2𝜈)

𝑟2
{(1 −

𝑧

𝜌
)
𝑥2 − 𝑦2

𝑟2
+
𝑧𝑦2

𝜌3
} −

3𝑧𝑥2

𝜌5
] (5.24) 

𝜎𝑦,𝑝 =
𝑝

2𝜋
[
(1 − 2𝜈)

𝑟2
{(1 −

𝑧

𝜌
)
𝑦2 − 𝑥2

𝑟2
+
𝑧𝑥2

𝜌3
} −

3𝑧𝑦2

𝜌5
] (5.25) 

𝜎𝑧,𝑝 = −
3𝑝

2𝜋

𝑧3

𝜌5
(5.26) 

𝜏𝑥𝑦,𝑝 =
𝑝

2𝜋
[
(1 − 2𝜈)

𝑟2
{(1 −

𝑧

𝜌
)
𝑥𝑦

𝑟2
+
𝑥𝑦𝑧

𝜌3
} −

3𝑥𝑦𝑧

𝜌5
] (5.27) 

𝜏𝑥𝑧,𝑝 = −
3𝑝

2𝜋

𝑥𝑧2

𝜌5
(5.28) 

𝜏𝑦𝑧,𝑝 = −
3𝑝

2𝜋

𝑦𝑧2

𝜌5
(5.29) 

While for the tangential force 𝑞𝑥, we have 

2𝜋𝜎𝑥,𝑞

𝑞𝑥
= −

3𝑥3

𝜌5
+ (1 − 2𝜈) {

𝑥

𝜌3
−

3𝑥

𝜌(𝜌 + 𝑧)2
+

𝑥3

𝜌3(𝜌 + 𝑧)2
+

2𝑥3

𝜌2(𝜌 + 𝑧)3
} (5.30) 

2𝜋𝜎𝑦,𝑞

𝑞𝑥
= −

3𝑥𝑦2

𝜌5
+ (1 − 2𝜈) {

𝑥

𝜌3
−

𝑥

𝜌(𝜌 + 𝑧)2
+

𝑥𝑦2

𝜌3(𝜌 + 𝑧)2
+

2𝑥𝑦2

𝜌2(𝜌 + 𝑧)3
} (5.31) 

2𝜋𝜎𝑧,𝑞

𝑞𝑥
= −

3𝑥𝑧2

𝜌5
(5.32) 

2𝜋𝜏𝑥𝑦,𝑞

𝑞𝑥
= −

3𝑥𝑦2

𝜌5
+ (1 − 2𝜈) {−

𝑦

𝜌(𝜌 + 𝑧)2
+

𝑥2𝑦

𝜌3(𝜌 + 𝑧)2
+

2𝑥2𝑦

𝜌2(𝜌 + 𝑧)3
} (5.33) 

2𝜋𝜏𝑦𝑧,𝑞

𝑞𝑥
= −

3𝑥𝑦𝑧

𝜌5
(5.34) 

2𝜋𝜏𝑥𝑧,𝑞

𝑞𝑥
= −

3𝑥2𝑧

𝜌5
(5.35) 

𝜌 and 𝑟 are defined as follows 

𝜌2 = 𝑥2 + 𝑦2 + 𝑧2 (5.36) 

𝑟2 = 𝑥2 + 𝑦2 (5.37) 

In the above equations, all the points below the applied load (𝜌 = 0 and 𝑟 =

0) represent singularity points of the second kind. Approaching these points, 

the stress tends to be infinite. To overcome this issue, we can adopt two 

grids of points, one to discretise the load distribution, the other to identify 

the points on which to calculate the stresses. The stress in a point can be 

calculated as the average value among the stresses generated by the 

neighbouring point loads. However, even after this expedient, the stresses 
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calculated near the surface will be higher than actual. Thus, it will be 

necessary to exclude the surface region during the analysis of the results. 

If two cylinders in contact are considered, the stresses acting on the xz-plane 

can be found by McEwen’s equations 

𝜎𝑥,𝑝 = −
𝑝𝐻
𝑎
[𝑚 (1 +

𝑛2 + 𝑧2

𝑚2 + 𝑛2
) − 2𝑧] (5.38) 

𝜎𝑧,𝑝 = −
𝑝𝐻
𝑎
𝑚 (1 +

𝑛2 + 𝑧2

𝑚2 + 𝑛2
) (5.39) 

τ𝑥𝑧,𝑝 = −
𝑃𝐻
𝑎
𝑛 (

𝑚2 − 𝑧2

𝑚2 + 𝑛2
) (5.40) 

𝜎𝑥,𝑞 = −
𝜇𝑃𝐻
𝑎
{𝑛 (2 −

𝑧2 −𝑚2

𝑚2 + 𝑛2
) − 2𝑥} (5.41) 

𝜎𝑧,𝑞 = −𝜇 τ𝑥𝑧,𝑝 (5.42) 

τ𝑥𝑧,𝑞 = −𝜇𝜎𝑧,𝑝 (4.43) 

𝜎𝑦 = −𝜈(𝜎𝑥 + 𝜎𝑧), (5.44) 

where 

𝑚2 = 0.5{[(𝑎2 − 𝑥2 + 𝑧2)2 + 4𝑥2𝑧2]2 + (𝑎2 − 𝑥2 + 𝑧2)} (5.45) 

𝑛2 = 0.5{[(𝑎2 − 𝑥2 + 𝑧2)2 + 4𝑥2𝑧2]2 − (𝑎2 − 𝑥2 + 𝑧2)} (5.46) 

The signs of m and n are the same as z and x, respectively. The total stress 

of each component is obtained by adding the tangential contribution to the 

normal one.  

5.3   Post-processing   

Once the elastic stress components are found, we can calculate other useful 

quantities on the xz-plane: 

• Hydrostatic and deviatoric components of the stress tensor 

• Principal stresses 

• Maximum and minimum values of stress components at any depth  

• Von Mises equivalent stress 

 

𝜎𝑉𝑀 = √𝜎1
2 + 𝜎2

2 + 𝜎3
2 − 𝜎1𝜎2 − 𝜎1𝜎3 − 𝜎2𝜎3, (5.47) 

 

where 𝜎1, 𝜎2 and 𝜎3 are the principal stresses. 

• Normal and shear stresses acting on a plane 45° with respect to the 

surface. These quantities are useful when applying critical 

approach fatigue criteria; to define this new tensor, direction 

cosines are used in terms of angles 𝜃 and 𝜑. 𝜃 denotes the rotation 

angle of the xy-plane, while 𝜑 is the angle between the old z-axis 

and the new x-axis (x’). FIGURE 5.4 shows the general case of the 

coordinate transformation.  
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In our situation, we can fix the y-axis and rotate the x- and z-axes, 

varying 𝜑 (FIGURE 5.5). Note that the original frame of reference is 

defined by 𝜃 = 0° and 𝜑 = 90°. 

 

 
 

Below are the equations for the coordinate transformations from the 

original system xyz to the new one x’y’z’ (3):   

𝜎𝑥′ = 𝜎𝑥𝑎11
2 + 𝜎𝑦𝑎12

2 + 𝜎𝑧𝑎13
2 + 2(𝜏𝑥𝑦𝑎11𝑎12 + 𝜏𝑥𝑧𝑎11𝑎13 + 𝜏𝑦𝑧𝑎13𝑎12) (5.48) 

𝜏𝑥′𝑦′ = 𝜎𝑥𝑎11𝑎21 + 𝜎𝑦𝑎12𝑎22 + 𝜏𝑥𝑦(𝑎11𝑎22 + 𝑎12𝑎21) + 𝜏𝑦𝑧(𝑎12𝑎23 + 𝑎13𝑎22)

+𝜏𝑥𝑧(𝑎13𝑎21 + 𝑎11𝑎23) (5.49)
 

𝜏𝑥′𝑧′ = 𝜎𝑥𝑎11𝑎31 + 𝜎𝑦𝑎12𝑎32 + 𝜏𝑥𝑦(𝑎11𝑎32 + 𝑎12𝑎31) + 𝜏𝑦𝑧(𝑎12𝑎33 + 𝑎13𝑎32)

+𝜏𝑥𝑧(𝑎13𝑎31 + 𝑎11𝑎33) (5.50)
 

The direction cosines 𝑎𝑖𝑗  are given by 

𝑎11 = cos 𝜃 sin 𝜑 (5.51) 

𝑎12 = sin 𝜃 cos 𝜑 (5.52) 

𝑎13 = cos𝜑 (5.53) 

𝑎21 = −sin 𝜃 (5.54) 

Figure 5.4 – Stresses acting 

on a plane in a three-

dimensional coordinate 

system 

 

Figure 5.5 – Rotating 

coordinate system in the 

half-space model 
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𝑎22 = cos 𝜃 (5.55) 

𝑎23 = 0 (5.56) 

𝑎31 = −cos 𝜃 cos𝜑 (5.57) 

𝑎32 = −sin 𝜃 cos 𝜑 (5.58) 

𝑎33 = sin 𝜑 (5.59) 

Analogous equations can be written for strains by replacing 𝜎 with 

the normal strains 𝜀 and the shear stress 𝜏 with one-half the shear 

strain 𝛾/2. 
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ELASTIC STRESS COMPUTATION 



 

Constitutive models 

 

 

6.1   Some notes on tensor calculus   

This paragraph covers some basic concepts of tensorial algebra used in the 

chapter (1,2). 

Scalar product and length of a vector 

Any vector v (first-order tensor) can be represented in an arbitrary Cartesian 

coordinate system as follows: 

𝐯 =  vi𝐞𝐢 (6.1) 

Given two vectors 𝐮 =  ui𝐞𝐢  and 𝐯 =  vj𝐞𝐣 , we define the scalar product as 

follows (remind the Einstein sum convention  𝑎𝐽𝑏𝐽 = ∑ 𝑎𝐽𝑏𝐽
3
𝑗=1 ): 

𝐮 ⋅ 𝐯 = uivi (6.2) 

The Euclidean norm, or simple length of 𝐮, denoted |𝐮|, is defined as: 

u = |𝐮| = |𝐮 ⋅ 𝐮|
1
2 = [[u1]

2 + [u2]
2 + [u3]

2]
1
2 (6.3) 

 

Second rank tensor 

The simplest form of a second order tensor 𝐓 is a dyad, which is defined as 

the open product (or dyadic) of two vectors 𝐮 and 𝐯: 

𝐓 = 𝐮⊗ 𝐯 ≝ [ui𝐞𝐢] ⊗ [vj𝐞𝐣] = uivj𝐞𝐢⊗ 𝐞𝐣 (6.4) 

where ⊗ is the “open product” symbol. The matrix format of the dyad 𝐮⊗

𝐯 is: 

[(𝐮 ⊗ 𝐯)𝑖𝑗] = [

u1
u2
u3
] [v1 v2 v3] = [

u1v1 u1v2 u1v3
u2v1 u2v2 u2v3
u3v1 u3v2 u3v3

] (6.5) 

6 

Notation 

i. Lightface Latin and Greek letters denote scalars 

ii. Boldface lowercase Latin and Greek letters denote vectors, 

but o, x, y and z denote points 

iii. Boldface uppercase Latin and Greek denote tensors 
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This defined dyad is a special case of the general representation: 

𝐓 = Tij𝐞𝐢⊗ 𝐞𝐣 (6.6) 

in this case, the matrix format is the following: 

𝐓 = [

T11 T12 T13
T21 T22 T23
T31 T32 T33

] (6.7) 

Examples of second-order tensors are the stress tensor and the strain tensor. 

Second rank tensor: double contraction 

The double contraction operator between two base dyads is defined as 

follows: 

(𝑒̂𝑖𝑒̂𝑗): (𝑒̂𝑘𝑒̂𝑙) = (𝑒̂𝑖 ⋅ 𝑒̂𝑘)(𝑒̂𝑗 ⋅ 𝑒̂𝑙) = 𝛿𝑖𝑘𝛿𝑗𝑙, (6.8) 

where 𝛿𝑖𝑗 is the Kronecker operator 

𝛿𝑖𝑗 = {
1       𝑖 = 𝑗
0       𝑖 ≠ 𝑗

(6.9) 

If we assume bilinearity of that operator, then double contraction between 

two second-order tensors T and U results in a scalar α and is obtained as: 

T ∶ U = TikUjl = α (6.10) 

Special second order tensors 

The second-order tensor I defined by the identity 𝐈 ∙ 𝐮 = 𝐮 for any vector u. 

the matrix format is 

𝐈 = [𝛿𝑖𝑗] = [
1 0 0
0 1 0
0 0 1

] (6.11) 

The deviator of a tensor of as symmetric tensor T, denoted as 𝐓𝐝𝐞𝐯, is defined 

as 

𝐓𝐝𝐞𝐯 ≝ 𝐓 −
𝟏

𝟑
[𝐈: 𝐓]𝐈 = 𝐓 − Th𝐈     with   Th ≝

1

3
𝐈: 𝐓 =

1

3
Tkk (6.12)  

Tvol is the hydrostatic part of the tensor (note that it is a scalar). 

Invariant of second order tensors 

Given a tensor T, we can define three invariant quantities: 

𝐅𝐢𝐫𝐬𝐭 𝐢𝐧𝐯𝐚𝐫𝐢𝐚𝐧𝐭        I1 = tr(𝐓) (6.13) 

𝐒𝐞𝐜𝐨𝐧𝐝 𝐢𝐧𝐯𝐚𝐫𝐢𝐚𝐧𝐭    I2 =
𝟏

𝟐
[(tr(𝐓))

2
− (tr(𝐓))

2
] (6.14) 

𝐓𝐡𝐢𝐫𝐝 𝐢𝐧𝐯𝐚𝐫𝐢𝐚𝐧𝐭     I3 = det(𝐓) (6.15) 

Special fourth rank tensors 

The fourth-order identity tensor 𝑰 is defined by the identity 𝑰 ∶ 𝐓 = 𝐓 for 

any second-order tensor T. This gives the component representation: 

𝑰 = 𝐈 ⊗̅̅̅ 𝐈 = 𝛿𝑖𝑘𝛿𝑗𝑙𝐞𝐢⊗𝐞𝐣⊗ 𝐞𝐤⊗𝐞𝐥 (6.16)    



Chapter 6 – Constitutive models                99 

 

We also define the deviator projection tensor from the fourth-order identity 

tensor as follows: 

𝑰𝒅𝒆𝒗 ≝ 𝐈 −
𝟏

𝟑
𝐈 ⊗ 𝐈 = 𝐈 − 𝑰𝒔𝒑𝒉 (6.17) 

Voigt-matrix representation of tensor transformation 

Voigt notation uses classical matrix-vector algebra to express tensor 

operations. To this end, the components of second order tensors are 

rearranged in a vector. Analogously, the components of fourth-order 

tensors are rewritten in a matrix. For example, the Voigt format of stress and 

strain tensors are: 

𝝈 =

[
 
 
 
 
 
𝜎11
𝜎22
𝜎33
𝜎23
𝜎13
𝜎12]
 
 
 
 
 

,   𝜺 =

[
 
 
 
 
 
𝜀11
𝜀22
𝜀33
𝛾23
𝛾13
𝛾12]
 
 
 
 
 

 𝑤𝑖𝑡ℎ  𝛾𝑖𝑗 = 2𝜀𝑖𝑗 ,    𝑖 ≠ 𝑗 (6.18)   

Here we exploited the symmetry of the stress and the strain tensors by 

considering only the six independent components. However, nothing 

prevents us from using all nine components. 

If we consider the linear transformation between stress and strain: 

𝝈 = 𝑬 ∶ 𝜺 (6.19) 

the elastic stiffness matrix E is a fourth-order tensor, which becomes a 

square matrix in Voigt notation: 6×6, if we consider six stress/strain 

components or 9×9, if we consider full stress/strain tensors. The Voigt 

format of the elastic stiffness is 

𝑬 =  

(

 
 
 
 
 
 
𝐾 +

4

3
𝐺 𝐾 −

1

3
𝐺 𝐾 −

1

3
𝐺

𝐾 −
1

3
𝐺 𝐾 +

4

3
𝐺 𝐾 −

2

3
𝐺

𝐾 −
1

3
𝐺 𝐾 −

1

3
𝐺 𝐾 +

4

3
𝐺

0

0

0

0

0

0

0 0 0

0            0             0
0            0             0
0            0             0

𝐺 𝐺 𝐺
𝐺 𝐺 𝐺
𝐺 𝐺 𝐺 )

 
 
 
 
 
 

(6.20) 

where K is the bulk modulus, and G is the shear modulus.  

The second order identity and the fourth order identity tensor are: 

𝐈 =

(

  
 
 

1
1
1
0
0
0

 

)

  
 
                    𝑰 =

(

 
 
 
 
 
 

 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

0 0 0
1

2
 0 0

0 0 0 0
1

2
0

0 0 0 0 0
1

2

 

)

 
 
 
 
 
 

(6.21) 

Derivatives of a second order tensor 

Among the several derivatives, we recall the following: 
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𝜕𝐀

𝜕𝐀
=
𝜕A𝑖𝑗

𝜕A𝑘𝑙
= 𝑰𝑠𝑦𝑚 (6.22) 

𝜕|𝐀𝒅𝒆𝒗|

𝜕𝐀
=
𝐀𝒅𝒆𝒗
|𝐀𝒅𝒆𝒗|

(6.23) 

6.2   General remarks on constitutive modelling 

Constitutive modelling describes the material responses to mechanical and 

thermal loading, providing the stress-strain relations. From a mathematical 

point of view, the constitutive equations are complementary to the 

kinematic and equilibrium equations. The constitutive models are 

mathematical simplifications of the complex physical behaviour of the 

material, and an exact model does not exist. For instance, a material is not 

considered viscoplastic, but the behaviour of the material can be modelled 

as viscoplastic. 

Constitute models are subjected to constraints, some of which are intuitive 

but difficult to formulate in a mathematical way through the following (3): 

• Principle of coordinate invariance – The choice of an arbitrary 

frame of reference should not affect the relationships between 

physical entities and the constitutive equations. 

• Principle of material objectivity – The arbitrary rigid body motion 

superposed on the actual motion should not affect the constitutive 

relations. 

• Principle of determinism – The motion of the body completely 

defines the stress, meaning future events do not influence the stress 

state in the body. 

• Constraint of material symmetry – Response functions are 

unaffected by certain rotations of the chosen reference 

configurations owing to material symmetry. 

• Second law of thermodynamics – Expressed by the Clausius-

Duhem inequality, the second law of thermodynamics states that 

the dissipation of energy is never negative. 

FIGURE 6.1 summarises the most relevant types of constitutive models.  

6.3   Plasticity 

Early work about macroscopic and mathematical plasticity dates to 1900 to 

the 1920s by Huber, von Mises, Prandtl, Hencky and Reuss. In the 1930s, 

Odqvist first introduced the concept of hardening, later deepened by Melan 

(1938) and Prager (1947), who coined the term kinematic hardening. Plasticity 

was born as a branch of the mechanics of materials mainly targeted for 

ductile metals, but this theory has been finding a widespread use also in the 

modelling of some kinds of polymers and soils.  

 

Plastic comes from the 

Greek verb to “form” or 

“shape”  
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Plasticity is usually related to the irreversible deformations of metals for 

which the inelastic deformation mostly happens as distortion, while the 

inelastic volume change is negligible. The plasticity theory concerns time-

independent behaviour that is non-linear and where residual strains still 

exist after that the material is unloaded. 

The key point to understanding the plastic, as well as viscoplastic, 

deformation in metals is in the plastic slip along the crystal plane in the 

direction of the largest shear stress (3). The motion of the dislocations of 

atom planes is responsible for this slip. If the crystal structure is perfect, the 

plastic slip leads to a macroscopic shear deformation without any other 

distortion of the lattice structure. The plastic strain must be superimposed 

on the elastic one. However, most metals are polycrystalline, i.e. the grains 

have different orientations and lattice structure. If the grain orientation is 

statistically uniform, the macroscopic response can be inferred to be 

isotropic. Anisotropy induced by the manufacturing process makes this 

ideal situation difficult to meet (3). 

FIGURE 6.2 shows the basic behaviour of an elasto-plastic material. The linear 

elastic behaviour is defined by the stiffness E. The threshold of the elastic 

limit is represented by the initial yield stress 𝝈𝒚𝟎, after which, plastic strains 

occur. Unloading from point A occurs elastically with the stiffness E so that, 

at complete unloading to point B, the residual strain amounts to the plastic 

strain 𝜀𝑝  developed at point A. Therefore, at point A, the total strain 𝜀 

consists of the sum of the elastic and plastic strains 

ELASTICITY

Reversible, no rate/time dependence

Examples: Hooke’s law, hyperelasticity

Materials: metals (small deformation), 
rubber

VISCOELASTICITY

Irreversible, rate/time dependence

Examples: Maxwell, Kelvin, Norton

Materials: polymers, secondary creep
in metals

PLASTICITY

Irreversibile, no rate/time dependence

Examples: von Mises with mixed 
hardening

Materials: metals

VISCOPLASTICITY

Irreversible outside elastic domain, 
rate/time dependence

Examples: Norton overstress with mixed 
hardening

Materials: metals at high temperatures

TYPES OF 
CONSTITUTIVE 

MODELS

Figure 6.1 – Types of constitutive models 
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𝜀 = 𝜀𝑒 + 𝜀𝑝 (6.24) 

If we reload again from point B, the material behaves elastically until the 

value 𝜎𝑦 is reached at point A. The value 𝝈𝒚 is denoted as the current yield 

stress. In general, σy differs from the initial stress 𝜎𝑦0. The response shown 

in FIGURE 6.2 is supposedly time-independent; this implies the same 

response occurs regardless of the loading rate. 

 

Since the yield stress often changes with the plastic strain, it is clear that the 

yield surface will vary with the plastic loading. The hardening rules describe 

this change of the yield surface. In general, the yield surface is represented 

by 

Φ = Φ(𝜎𝑖𝑗 , 𝐾1, 𝐾2, … ), (6.25) 

where 𝐾1, 𝐾2, …  stand for the hardening parameters. Before any plasticity 

occurs, all the hardening parameters are equal to zero. The hardening 

parameters can be scalar or tensors. Φ is a non-positive function. In the 

plasticity theory, Φ < 0 means that the material stays in the elastic field, and 

when Φ = 0 plastic strain occurs. As an example of a yield function, the von 

Mises function has the initial yield surface given by 

Φ = 𝜎𝑒 − 𝜎𝑦0 = √3𝐽2 − 𝜎𝑦0 = 

= √
3

2
 |𝝈𝒅𝒆𝒗| − 𝜎𝑦0, (6.26) 

where 𝜎𝑒  is the equivalent stress expressed in von Mises terms, 𝐽2  is the 

second invariant of the stress tensor and 𝜎𝑑𝑒𝑣  is the deviatoric part of the 

stress tensor. The yield surface can be represented on the deviatoric plane, 

as shown in Figure. 

Hardening rule is also defined by the associative plastic flow and hardening 

rules that describe how the plastic strain and the hardening parameters 

evolve in time, i.e. they define 𝜀𝑝̇,  𝐾̇𝑖 . It also must be recalled the plastic 

Lagrangian multiplier 𝜆, a non-negative parameter which acts as a constant 

of proportionality in the associative rules. The Kuhn-Tucker relationships 

summarise the loading criteria in the plastic field 

𝜆 ≥ 0         Φ(𝝈𝒊𝒋, 𝐾1, 𝐾2, … ) ≤ 0         𝜆 Φ(𝝈𝒊𝒋, 𝐾1, 𝐾2, … ) = 0 (6.27) 

Further details about the associative rules can be found in (4). 

 

𝑱𝟐 Second invariant of 

stress tensor  

𝜎11𝜎22 + 𝜎11𝜎33 + 𝜎22𝜎33 

being 𝜎11, 𝜎22 and 𝜎33 

the principal stress 

 

Double contractor 

tensor product: 

|𝝈𝒅𝒆𝒗| = √𝝈𝒅𝒆𝒗 ∶  𝝈𝒅𝒆𝒗 

Figure 6.2 – Basic elastic-

plastic response in 

uniaxial case 
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For isotropic hardening, the shape and the position of the yield surface remain 

fixed, whereas the size of the yield surface varies with plastic strain. The 

yield function is defined as 

Φ = 𝜎𝑒 − (𝜎𝑦0 + 𝑅), (6.28) 

where 𝑅 is the dragstress, a scalar quantity that defines how the yield surface 

size has changed. The quantity (𝜎𝑦0 + 𝑅) is the actual yield stress. FIGURE 

6.3 shows the stress-strain relationship for the uniaxial case and the 

deviatoric plane.  

For kinematic hardening, the shape and the position of the yield surface 

remain fixed, whereas the position of yield surface varies with plastic strain. 

In this case, the hardening parameter is a tensorial quantity 𝑋𝑖𝑗  called 

backstress. To express the yield function, we introduce the reduced stress 𝝈𝒓𝒆𝒅, 

equal to 𝜎𝑑𝑒𝑣 − 𝑋𝑑𝑒𝑣, with 𝑋𝑑𝑒𝑣  as the deviatoric part of the backstress. The 

yield function becomes 

Φ = 𝜎𝑒
𝑟𝑒𝑑 − 𝜎𝑦0 = √

3

2
 |𝝈𝒅𝒆𝒗 − 𝑿| − 𝜎𝑦0 (6.29) 

More than one backstress can be considered to implement a model that best 

fits the experimental data. FIGURE 6.4 shows the stress-strain relationship for 

the uniaxial case and the deviatoric plane.   

It is also common to employ a mixed hardening model, obtained by combining 

the isotropic and hardening models. The yield function then becomes 

Φ = 𝜎𝑒
𝑟𝑒𝑑 − (𝜎𝑦0 + 𝑅) = √

3

2
 |𝝈𝒅𝒆𝒗 − 𝑿| − (𝜎𝑦0 + 𝑅) (6.30) 

FIGURE 6.5 shows the simplicity linear hardening model, i.e. the slope of the 

curve in the plastic regime is constant. However, to describe the behaviour 

of a material in a more realistic fashion, non-linear laws of hardening can be 

adopted. Non-linear laws can model an asymptotic case of perfect plasticity 

for large plastic strain. This behaviour reflects the saturation of dislocations. 

The addition of the saturation coefficients is needed in the associative flow 

rules: 𝑅∞  and 𝑋∞ , the isotropic and the kinematic saturation coefficients, 

respectively. FIGURE 6.6 shows the stress-strain relationship when non-

linear hardening is considered.  

As an example of mixed hardening, we will consider the Chaboche 

plasticity model. This model manages to solve many problems relating to 

non-linear mixed hardening, and it is implemented in finite element 

software, like Abaqus®. SECTION 6.4 will provide further details about 

Chaboche equations and numerical implementation. 
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Figure 6.3 – Isotropic 

hardening: deviatoric 

plane and stress-strain 

curve (linear hardening) 

 

Figure 6.4 – Kinematic 

hardening: deviatoric 

plane and stress-strain 

curve (linear hardening) 

Figure 6.5 – Mixed 

hardening: deviatoric 

plane and stress-strain 

curve (linear hardening) 

 

Figure 6.6 – Stress-strain 

curve for mixed non-linear 

hardening 
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Hardening plastic behaviour may be represented by the rheological model 

shown in FIGURE 6.7. The frictional plastic slider is inactive until |𝜎| < 𝜎𝑦, 

and it increases its resistance because of the amount of slip developed. As 

anticipated at the beginning of this section, we consider the inelastic 

deformation to be volume-shear–dominated (or volume-preserving), so the 

plastic strain is only deviatoric (𝜀𝑝 = 𝜀𝑝
𝑑𝑒𝑣). The volumetric deformation is 

governed by the bulk modulus K, whereas the elastic deviatoric strain is 

controlled by the shear modulus G. H and r represent the hardening 

modulus and the hardening ratio, respectively, which control the relation 

between kinematic and isotropic hardening.  

 

Figure 6.7 – Rheological model for multiaxial plastic with hardening 

6.4   Chaboche plastic model  

The Chaboche model (5,6) consists of a plastic model with mixed non-linear 

isotropic and kinematic hardening. In this section, the governing equations 

and the numerical implementation of the model are shown in the stress-

driven problem. 

The three governing equations are the followings: 

I. VON MISES YIELD FUNCTION 

 

Φ = √
3

2
 |𝝈𝒅𝒆𝒗 − 𝑿| − (𝜎𝑦0 +  𝑅) ≤ 0 (6.31) 

 

 

II. ISOTROPIC NON-LINEAR HARDENING 

 

𝑅̇ = 𝜆̇𝑏(𝑅∞ − 𝑅), (6.32) 

 

where 𝑅∞  is the isotropic saturation coefficient, R is the actual 

dragstress, b the isotropic coefficient linked to the rapidity with 

which the saturation limit is reached. 
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III. KINEMATIC NON-LINEAR HARDENING 

The kinematic hardening is supposed to be additively decomposed 

in several hardening stresses 𝑿𝒊 

𝑿 =∑𝑿𝒊

𝑛

𝑖=1

(6.33) 

The additive decomposition of the backstress is a concept 

introduced by Chaboche and yields a better approximation of the 

stress-strain curve. Nevertheless, it requires more computation time.  

The evolution rule, resembling the Armstrong-Frederik equation, is 

𝑿̇𝒊 = 𝐶𝑖𝜆̇
𝝈𝒅𝒆𝒗 − 𝑿

|𝝈𝒅𝒆𝒗 − 𝑿|
− 𝛾𝑖𝜆̇𝑿𝒊 (6.34) 

The former term denotes the static recovery, the latter the dynamic 

recovery. We recall here that, since the backstress is a tensor, this 

equation must be written in terms of components in the numerical 

implementation. 

The parameters  𝑏  and 𝑅∞ control the isotropic non-linearity of the 

hardening evolutions, while  𝐶𝑖  and 𝛾𝑖  control the kinematic one. The 

isotropic and kinematic saturation limits are 𝑅∞ and  𝐶𝑖/𝛾𝑖, respectively. 

The associative rule of the plastic strain is 

𝜺̇𝒑 = 𝜆̇
𝜕Φ

𝜕𝝈
= 𝜆̇√

3

2

𝝈𝒅𝒆𝒗 − 𝑿

|𝝈𝒅𝒆𝒗 − 𝑿|
(6.35) 

In the evolution equations, 𝜆̇ denotes the time derivative of the Lagrangian 

multiplier, related to the equivalent plastic strain 

𝜆̇ = √
2

3
𝜺̇𝒑: 𝜺̇𝒑 (6.36) 

Numerical integration  

To integrate the plastic response, let us consider time interval 𝒯 = [0, 𝑡] 

subdivided into a finite number of time steps mtim 

𝒯 = {0, 𝑡1, . . , 𝑡𝑛, 𝑡𝑛+1}𝑛=1,𝑚𝑡𝑖𝑚 (6.37) 

After that, the Backward Euler (BE) finite differences are applied to 

hardening equations. In so doing, we write the time derivative of a general 

quantity ℱ as finite differences, i.e. ℱ̇  =  
Δℱ

Δ𝑡
=

ℱ𝑛+1  − ℱ𝑛

Δ𝑡
. From now on, the 

quantity ℱ𝑛+1  will be simply written as ℱ. 

By applying BE, the equations become 

𝑿𝒊 = 𝑿𝒊
𝒏 +  Δ𝜆 (𝐶𝑖

𝝈𝒅𝒆𝒗 − 𝑿

|𝝈𝒅𝒆𝒗 − 𝑿|
− 𝛾𝑖𝑿̇𝒊) (6.38) 

𝑅 = 𝑅𝑛 + Δ𝜆 𝑏 (𝑅∞ − 𝑅) (6.39) 
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√
3

2
 |𝝈𝒅𝒆𝒗 − 𝑿| − (𝜎𝑦0  +  𝑅) = 0 (6.40) 

Given the stress state, the unknowns are the current dragstress 𝑅  (one 

unknown), the backstress 𝑿𝒊  (six independent components for each 

backstress) and the plastic multiplier Δ𝜆 (one unknown).  

Solving explicitly, the system problem is rather difficult (owing to the non-

linearity). It is common to resort the formulation of an unbalance 𝑮[𝒙] = 𝟎. 

In view of the relations, 𝑮 is formulated as 

𝑮[𝒙] =

[
 
 
 
 
 
 
 
𝑿𝒊 −  𝑿𝒊

𝒏 − Δ𝜆 (√
2

3
 𝐶𝑖  

(𝝈𝒅𝒆𝒗 − 𝑿)

|𝝈𝒅𝒆𝒗 − 𝑿|
− 𝛾𝑖𝑿̇𝒊)

𝑅 −  𝑅𝑛 − Δ𝜆𝑏(𝑅∞ − 𝑅)

√
3

2
 |𝝈𝒅𝒆𝒗 − 𝑿| − (𝜎𝑦0 +  𝑅)

 

]
 
 
 
 
 
 
 

=  [
𝟎
0
0
] , 𝒙 = [

𝑿𝒊
𝑅
Δ𝜆
] (6.41) 

If only one backstress is considered, x can be written as 

𝒙 =

[
 
 
 
 
 
 
 
𝑿𝒙𝒙
𝑿𝒚𝒚
𝑿𝒛𝒛
𝑿𝒚𝒛
𝑿𝒙𝒛
𝑿𝒙𝒚
𝑅
Δ𝜆 ]
 
 
 
 
 
 
 

(6.42) 

The solution 𝒙  is obtained as using Newton-Raphson iteration, so that 

{ 𝒙𝑖 → 𝒙𝑖+1 }
𝑖=1,2,…,𝑛

, for i iterations. The procedure is drawn as 

𝒙 = 𝒙𝑖 + 𝝃     𝑤𝑖𝑡ℎ    𝑱 𝝃 = −𝑮[𝒙], (6.43) 

where 𝑱 is the Jacobian for 𝑮[𝒙] 

𝑱 =
𝑑𝑮[𝒙]

𝑑𝒙
(6.44) 

The explicit expression of the Jacobian matrix, in case only one backstress in 

considered, is obtained as 

𝑱 =

[
 
 
 
 
 
 
 

𝑱𝟏𝟏 0 −(√
2

3
 𝐶
(𝝈𝒅𝒆𝒗 − 𝑿)

|𝝈𝒅𝒆𝒗 − 𝑿|
 − 𝑿𝛾)

0 1 + Δ𝜆𝑏 −𝑏(𝑅∞ − 𝑅)

−√
3

2
 
(𝝈𝒅𝒆𝒗 − 𝑿)

|𝝈𝒅𝒆𝒗 − 𝑿|
−1 0

]
 
 
 
 
 
 
 

(6.45) 

where 

𝑱𝟏𝟏 = 𝑰 − Δ𝜆 (−√
2

3
 𝐶

1

|𝝈𝒅𝒆𝒗 − 𝑿|
[𝑰 −

(𝝈𝒅𝒆𝒗 − 𝑿) ⊗ (𝝈𝒅𝒆𝒗 − 𝑿)

|𝝈𝒅𝒆𝒗 − 𝑿|
] + Δ𝜆𝛾) (6.46) 

The size dimension of the Jacobian is 

Reminder: 

𝑰 is the 4th order identity 

tensor 

⊗ is the symbol of the 

open tensorial product (it 

gives a tensor as a result, 

in this case a 4th rank 

tensor) 
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𝑱 = [
6 × 6 6 × 1 6 × 1
1 × 6 1 × 1 1 × 1
1 × 6 1 × 1 1 × 1

] (6.47) 

When two backstresses are considered the Jacobian is 

𝐽 =

[
 
 
 
 
 
 
 
 
 
 

𝑱𝟏𝟏 𝑱𝟏𝟐 0 −(√
2

3
 𝐶1 

(𝝈𝒅𝒆𝒗 − 𝑿)

|𝝈𝒅𝒆𝒗 − 𝑿|
− 𝑿𝟏𝛾1)

𝑱𝟐𝟏 𝑱𝟐𝟐 0 −(√
2

3
𝐶2
(𝝈𝒅𝒆𝒗 − 𝑿)

|𝝈𝒅𝒆𝒗 − 𝑿|
− 𝑿𝟐𝛾2)

0 0 1 + Δ𝜆𝑏 −𝑏(𝑅∞ − 𝑅)

−√
3

2
 
(𝝈𝒅𝒆𝒗 − 𝑿)

|𝝈𝒅𝒆𝒗 − 𝑿|
−√

3

2
 
(𝝈𝒅𝒆𝒗 − 𝑿)

|𝝈𝒅𝒆𝒗 − 𝑿|
−1 0

]
 
 
 
 
 
 
 
 
 
 

(6.48) 

 

𝑱𝒊𝒊 = 𝑰 − Δ𝜆 (−√
2

3
 𝐶𝑖

1

|𝝈𝒅𝒆𝒗 − 𝑿|
[𝑰 −

(𝜎𝑑𝑒𝑣 − 𝑋)⊗ (𝜎𝑑𝑒𝑣 − 𝑋)

|𝝈𝒅𝒆𝒗 − 𝑿|
] + 𝛾𝑖) ,𝑤𝑖𝑡ℎ 𝑖 = 1,2(6.49) 

𝑱𝒊𝒋 = −Δ𝜆 (−√
2

3
 𝐶𝑖

1

|𝝈𝒅𝒆𝒗 − 𝑿|
[𝑰 −

(𝜎𝑑𝑒𝑣 − 𝑋)⊗ (𝜎𝑑𝑒𝑣 − 𝑋)

|𝝈𝒅𝒆𝒗 − 𝑿|
]) ,  𝑤𝑖𝑡ℎ 𝑖 = 1,2 𝑎𝑛𝑑 𝑖 ≠ 𝑗(6.50) 

Now, the size dimension of the Jacobian is 

𝑱 = [

6 × 6 6 × 6
6 × 6 6 × 6

6 × 1
6 × 6

6 × 1
6 × 1

1 × 6 1 × 6 1 × 1 1 × 1
1 × 6 1 × 6 1 × 1 1 × 1

] (6.51) 

Once the system is solved, the updated plastic strain is given by the 

associative flow rule written in BE formulation 

𝜺𝑷 = 𝜺𝑷 +𝒏 Δ𝜆√
3

2
 
(𝝈𝒅𝒆𝒗 − 𝑿)

|𝝈𝒅𝒆𝒗 − 𝑿|
(6.52) 
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Total strain 

Knowing the compliance matrix C of the material, the total strain 𝜺 can be obtained by 

adding the elastic strain 𝜺𝒆 to the plastic strain 𝜺𝒑 calculated through the above scheme 

𝜺𝒊𝒋 = 𝜺𝒊𝒋
𝒆 + 𝜺𝒊𝒋

𝒑
= (𝑪𝒊𝒋𝒌𝒍: 𝝈𝒌𝒍) + 𝜺𝒊𝒋

𝒑
 

Newton-Raphson method 

Named after Isaac Newton and Joseph Raphson, it is also simply known as Newton’s method. 

For more mathematical details about this method iteration, refer to (2). This is one of the most 

adopted iteration schemes to solve non-linear problems. We may summarise the main 

properties as follows: 

1. This method works well both in loading and in unloading. 

2. A fast convergence is provided. 

3. Problem of convergence may occur close to peak points (the derivatives tend to zero). 

4. Every iteration is costly in terms of time. 

PLASTIC STRAIN COMPUTATION 



 

Multiaxial fatigue 

criteria  

Contact mechanics produce a typical multiaxial problem with all the six 

Cauchy stress components involved. Multiaxial fatigue requires more 

attention to analyse than uniaxial fatigue. In the uniaxial condition, only the 

alternate stress amplitude is compared to the reduced fatigue limit (the 

fatigue limit corrected with the average stress, the stress concentration 

factors and so on). When more than one component is involved, the 

multiaxial state of stress is first related to the uniaxial fatigue limits. 

However, defining the middle value and the stress amplitude of six 

components is considerably more complicated.  

7.1   High cycle fatigue criteria 

High cycle fatigue (HCF) occurs under mostly elastic conditions. An initial 

elasto-plastic deformation may also occur, introducing residual stresses 

(elastic shakedown). Despite several HCF criteria that have been developed 

over decades of research, there is not yet a universally accepted approach. 

Different approaches were summarised by Papadopoulos et al. in (1). In the 

proposed code, two HCF criteria are implemented. 

7.1.1 Crossland criterion  

Crossland’s approach (CR) (2), developed in 1956, is based on the stress 

invariants. For a general loading, it can be expressed as 

𝜎𝑒𝑞,𝑐 = max
𝑡
[√
3

2
𝝈𝒂
𝒅𝒆𝒗(𝒕): 𝝈𝒂

𝒅𝒆𝒗(𝒕)] + 𝑐𝐶 max
𝑡
[𝜎ℎ(𝑡)] < 𝜎𝑒𝐶 , (7.1) 

where 𝑐𝐶  and 𝜎𝑒𝐶  are material parameters and 𝜎ℎ is hydrostatic stress. 

7.1.2 Dang Van criterion  

The Dang Van (DV) criterion (3), developed in 1972, is a Tresca-type, which 

assumes that fatigue stems from damage induced at a critical plane. Also, it 

is one of the first criteria that addresses rotating principal stresses. For a 

general loading, this criterion can be formulated as 

7 
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𝜎𝑒𝑞,𝐷𝑉 = max
𝑡
[√
𝜎1,𝑎
𝑑𝑒𝑣(𝑡) − 𝜎3,𝑎

𝑑𝑒𝑣(𝑡)

2
+ 𝑐𝐷𝑉𝜎ℎ(𝑡)] < 𝜎𝑒𝐷𝑉 (7.2) 

where 𝑐𝐷𝑉 and 𝜎𝑒𝐷𝑉  are material parameters.  

7.1.3 Deriving material parameters 

A simple method to calibrate the material parameters in the equivalent 

stress criteria is using uniaxial fatigue data (fatigue limits in pulsating 

tension, alternating torsion and alternating bending). For example, one can 

write two equations, one for each uniaxial fatigue data chosen, and solve 

the system, whose unknowns will be 𝑐𝐶  and 𝜎𝑒𝐶  for Crossland or 𝑐𝐷𝑉 and 

𝜎𝑒𝐷𝑉  for Dang Van.  

However, neither of the criteria take volumetric or gradient effects into 

account. Therefore, the criteria will predict the same equivalent stresses for 

cases of alternating tension/compression as for alternating bending. Still, 

experimental tests reveal that 𝜎𝑓𝑙 ≈ 0.8 𝜎𝑓𝑙𝑏 , where 𝜎𝑓𝑙  and 𝜎𝑓𝑙𝑏  are the 

fatigue limit in tension/compression and in alternating bending, 

respectively. Therefore, the following suggestions can be adopted to 

account for the volumetric and gradient effects: 

• If a large volume is subjected to a high equivalent stress, 𝜎𝑓𝑙  and 

another uniaxial fatigue limit (the fatigue in pulsating tension 𝜎𝑓𝑙𝑝, 

for instance) are used.  

• If only a small volume is subjected to high equivalent stresses, 𝜎𝑓𝑙𝑏  

and another fatigue (i.e. the pulsating bending fatigue) limit are 

employed. 

In the literature (3–6), it is common to find the following results for the DV 

parameters: 

𝑐𝐷𝑉 = 3
𝜏𝑓𝑙

𝜎𝑓𝑙𝑏
−
3

2
           𝜎𝑒𝐷𝑉 = 𝜏𝑓𝑙 (7.3) 

or 

𝑐𝐷𝑉 =
3

2

𝜎𝑓𝑙 − 𝜎𝑓𝑙𝑝

2𝜎𝑓𝑙𝑝 − 𝜎𝑓𝑙
, (7.4) 

where 𝜏𝑓𝑙 is the fatigue life in torsion. For steels, 𝑐𝐷𝑉 is roughly equal to 1/3.   

7.1.4 Mean and alternate stress in multiaxial case 

Consider the stress tensor 𝝈 acting on an elementary volume of the body 

and a plane passing through the point of the volume being studied. We can 

denote 𝒕 as the stress vector acting on this plane: 

𝒕 = 𝝈 ∙ 𝒏 (7.5) 

𝒕 can be divided into two components: the normal stress 𝝈𝒏 and the shear 

stress 𝝉. 𝝈𝒏 is the projection of 𝒕 on the normal vector to the plane and, for a 

time-dependent cyclic load, it is a scalar quantity. Therefore, the definition 

of the amplitude of . 𝝈𝒏 is straightforward, both the mean and the maximum 

quantity. 𝝉 is the orthogonal projection of 𝒕 on the plane (FIGURE 7.1).  
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The definition of the amplitude and the mean value of 𝝉  is a complex 

problem because both the amplitude and the direction of the shear stress 

vector vary with time. Ψ represents the path described by the tip of 𝝉 during 

a cyclic load. To define the amplitude and the mean stress, one must first 

construct the minimum circumscribed circle to the curve Ψ. The mean value 

of the shear stress is given by the length of the vector that defines the centre 

of the circle, while the radius of the circle defines the amplitude of the shear 

stress (FIGURE 7.2). 

 

7.1.5 HCF general procedure 

The general approach to derive equivalent stresses is the following: 

I. In the material point studied, calculate the stress tensor at each 

instant in time. 

II. Derive the hydrostatic and the deviatoric part of the stress tensor. 

III. Derive the mean value of the deviatoric stress tensor. One way to 

find it is to apply an optimisation algorithm to the following min-

max problem 

 

min {max
𝑡
 ‖𝜎𝑖𝑗

𝑑𝑒𝑣(𝑡) − 𝜎𝑖𝑗,𝑚𝑖𝑑
𝑑𝑒𝑣 (𝑡)‖} (7.6) 

 

A suitable choice is to take the norm ‖∙‖ as the von Mises norm. 

Thus, the von Mises norm is calculated for every instant in time. 

𝜎𝑖𝑗,𝑚𝑖𝑑
𝑑𝑒𝑣 (𝑡) is obtained through an iteratively improved guess. The 

Figure 7.1 – Normal stress 

and shear stress acting on a 

material plane. O is the 

application point of the 

vector t 

 

Figure 7.2 – Definition of 

shear strain amplitude 

through the construction of 

the minimum 

circumscribed circle to 

curve 𝛹 
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algorithm will find the value of 𝜎𝑖𝑗,𝑚𝑖𝑑
𝑑𝑒𝑣  that makes the largest von 

Mises stress occurring during the period studied as small as 

possible. The main issue with this method is that it does not 

guarantee that 𝜎𝑖𝑗,𝑚𝑖𝑑
𝑑𝑒𝑣  is indeed deviatoric, but enforcing 𝜎𝑘𝑘,𝑚𝑖𝑑

𝑑𝑒𝑣 =

−(𝜎𝑖𝑖,𝑚𝑖𝑑
𝑑𝑒𝑣 + 𝜎𝑗𝑗,𝑚𝑖𝑑

𝑑𝑒𝑣 ) ensures this. 

IV. For every instant in time, calculate the amplitude of the deviatoric 

stress tensor 

 

𝜎𝑖𝑗,𝑎
𝑑𝑒𝑣 = 𝜎𝑖𝑗

𝑑𝑒𝑣(𝑡) − 𝜎𝑖𝑗,𝑚𝑖𝑑
𝑑𝑒𝑣 (7.7) 

 

V. (DV) Calculate the amplitude of the Tresca shear stress for every 

instant in time 

 

𝜏𝑇𝑟,𝑎(𝑡) =
𝜎1,𝑎
𝑑𝑒𝑣 − 𝜎3,𝑎

𝑑𝑒𝑣

2
, (7.8) 

 

Where 𝜎1,𝑎
𝑑𝑒𝑣  and 𝜎3,𝑎

𝑑𝑒𝑣  are the smallest and the largest principal 

value of 𝜎𝑖𝑗,𝑎
𝑑𝑒𝑣, respectively. 

(CR) Evaluate the von Mises stress for every instant in time 

 

𝜎𝑉𝑀,𝑎(𝑡) = √
3

2
𝝈𝒂
𝒅𝒆𝒗(𝒕): 𝝈𝒂

𝒅𝒆𝒗(𝒕) (7.9) 

VI. Evaluate the equivalent stress 

 
(DV)  𝜎𝑒𝑞,𝐷𝑉(𝑡) = 𝜏𝑇𝑟,𝑎(𝑡) + 𝑐𝐷𝑉𝜎ℎ(𝑡) (7.10) 

 
(CR)  𝜎𝑒𝑞,𝐶(𝑡) = 𝜎𝑉𝑀,𝑎(𝑡) + 𝑐𝐶𝜎ℎ,𝑚𝑎𝑥 (7.11) 

 

VII. The largest equivalent stress is employed, and fatigue initiation 

occurs if 

 

(DV)   𝜎𝑒𝑞,𝐷𝑉 = max
𝑡
[𝜎𝑒𝑞,𝐷𝑉(𝑡)] > 𝜎𝑒𝐷𝑉 (7.12) 

(CR)   𝜎𝑒𝑞,𝐶 = max
𝑡
[𝜎𝑒𝑞,𝐶(𝑡)] > 𝜎𝑒𝐶 (7.13) 

 

VIII. Evaluate the safety factor 

𝑆𝐹 =
𝜎𝑒
𝜎𝑒𝑞

(7.14) 

7.2   Low cycle fatigue criteria 

Low cycle fatigue (LCF) is almost always limited to cases of limited fatigue 

life and is related to the amount of plastic flow accumulated during the 

loading cycles. The LCF criteria define fatigue life as a function of the strain. 

The most common uniaxial LCF criterion is given by the Manson-Coffin 

curve (6) 

𝜀𝑎 =
𝜎𝑓
′

𝐸
(2𝑁𝑓)

𝑏
+ 𝜀𝑓

′(2𝑁𝑓)
𝑐

(7.15) 

where E is Young’s modulus, and 𝜎𝑓
′, 𝜀𝑓

′ , 𝑏 and c are material parameters to 

be determined from fatigue tests. 𝑁𝑓 is the estimated fatigue life.  
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7.2.1 Jiang-Sehitoglu criterion 

The Jiang-Sehitoglu (JS) criterion (7) is a combination of an energy approach 

(such as Crossland) and critical plane approach. The JS parameter FP is 

identified as follows 

𝐹𝑃 = 〈
Δ𝜖

2
 𝜎𝑚𝑎𝑥〉 + 𝑐𝐽𝑆 Δ𝜏 Δ𝛾 (7.16) 

The criterion is evaluated on any planes where 𝜎𝑚𝑎𝑥  is the maximum 

normal stress on the plane, Δ𝜖 is the range of the normal strain acting on the 

plane, and Δ𝛾 and Δ𝜏 are the ranges of the (engineering) strain and shear 

stress, respectively. Note that the first term is the same as the SWT (Smith-

Watson-Topper) parameter. The fatigue life is then evaluated from 

(𝐹𝑃 − 𝐹𝑃0)
𝑑𝑁𝑓 = 𝐽, (7.17) 

where 𝑁𝑓 is the fatigue life, and 𝐹𝑃0, 𝐽 and 𝑑 are material parameters.  

7.2.1 JS general procedure 

I. Evaluate stress and strain tensors at each instant in time for the time 

period to be studied. 

II. In each material point, loop through all planes of interest. In all 

planes, evaluate normal and shear stress and strain. 

III. For the normal component evaluate 

 
𝜎𝑚𝑎𝑥 = max

𝑡
[𝜎𝑛(𝑡)] (7.18) 

Δ𝜀 = max
𝑡
[𝜀𝑛(𝑡)] − min

𝑡
[𝜀𝑛(𝑡)] (7.19) 

 

IV. Evaluate Δ𝛾 and Δ𝜏 according to FIGURE 7.3. 

 

Figure 7. 3 – Evaluation of shear stress range 𝛥𝜏. Example with stresses evaluated at four 

instants in time. The shear strain range is evaluated in the same way. 

 

V. Evaluate the JS parameter. 

VI. Evaluate the fatigue life 𝑁𝑓 from the equation (7.17). 
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7.3   Ratcheting 

If ratcheting is the dominating damage mechanism, the following criterion 

proposed by Kapoor (8) may be employed 

∑𝜀𝑖
𝑖

< 𝜀𝑐, (7.21) 

where 𝜀𝑖  is the current strain increment, and 𝜀𝑐  is the fracture strain. 𝜀𝑖 

needs to consider the multiaxial state of strain. 
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Wear 

 

8.1   Modelling wear 

The wear phenomenon is already implemented in the cyclic plasticity code. 

The proposed wear model is very simple, and it should only be applied in 

the line contact (2D) case.  

Wear is considered an independent phenomenon (1), which gradually 

removes layers of material from the surface and influences the plastic strain 

accumulation process. The wear rate 𝑤  is a given in the problem and is 

supposed to be constant through all the simulations. Combined with the 

distance between the horizontal layers ∆𝑧 , the wear rate allows us to 

calculate the number of cycles 𝑁𝑤 necessary to remove the first layer, whose 

thickness is equal to the distance between two horizontal lines in the nodes 

grid. After the first layer is removed, all the layers below shift towards the 

surface (the second layer becomes the surface layer, the third layer the 

second one, and so on). At this point, the new surface layer has the plastic 

strain of the previous second layer, but it will undergo the cyclic load acting 

on the surface plane; the same reasoning is applied to the layers below. 

The distance between two horizontal layers will play a fundamental role in 

the convergence of the problem since larger distances will predict smaller 

and smaller plastic deformations (the convergence problem will be assessed 

in the following chapter). 

This approach has the following three issues: 

• The wear rate must be known a priori, from experimental tests, for 

example. 

• The wear rate is constant, which is not always true, although it 

applies to the cases in this investigation. 

• This model is suitable for line contact problems, where the removal 

of material is roughly uniform over the contact body. 

 

 

8 
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Simulations 

 

This chapter suggests solving some railway contact problems by means of 

the concepts introduced in the previous chapters. Before turning to the 

simulations, we remind that at this stage, the proposed solutions are only 

meant to understand the pros and cons of the semi-numerical model and 

not to obtain an exact solution of the problem. 

9.1   Hertzian contact and elastic stress quantities 

Both the full-scale and small-scale–bi-disk problems are proposed (see 

FIGURE 9.1 for the schematic of the models). TABLE 9.1 shows the 

geometrical and material parameters of the bodies in contact and the 

solution of the respective Hertzian problems. The two bodies are assumed 

to be the wheel and the rail. 

For simplicity, we only show the results referring to the contact pressure 

1100 MPa, but the same conclusions can be drawn for the higher pressure. 

The trends of the contact pressure on the xz-plane and the yz-plane (the 

latter only for the general contact) are illustrated in FIGURE 9.2 and FIGURE 

9.3. The tangential load is shown as well, which is calculated by assuming 

full-slip condition and applying different friction coefficients (0.1, 0.2, 0.3 

and 0.5).  

Once the pressure and the tangential load are found, we can move on the 

elastic stress computation problem. FIGURES 9.3-14 show the dimensionless 

stress quantities for the line and the general contact for friction set to 0, 0.3 

and 0.5. The coordinates x and z are made dimensionless by dividing them 

by the semi-contact length a. As far as the general contact concerned, the 

results are shown for values of z/a ≳ 0.18, i.e. the area not affected by the 

singularity points in Boussinesq-Cerruti’s equations.  

Finally, FIGURE 9.16 and FIGURE 9.17 show the stress components near the 

surface (z/a ≈ 0.18) and at the depth z/a ≈ 0.5. 

The out-of-plane shear components 𝜏𝑥𝑦 and 𝜏𝑦𝑧 are not represented in the 

figures because they are negligible in the rolling plane. 

9 
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SMALL-SCALE FULL-SCALE 

Line contact General contact 

R1x [mm] 40 R1x [mm] 440  

R1y [mm] Inf R1y [mm] Inf 

R2x [mm] 30  R2x [mm] Inf 

R2y [mm] Inf R2y [mm] 300 

L [mm] 15  ω [rad] 0  

E [MPa] 206 000 E [MPa] 206 000 

𝜐 0.3 𝜐 0.3 

F [N] 6860  F [N] 70 000 

a [mm] 0.33  a [mm] 6.26 

c [mm] 7.50  c [mm] 4.85 

pH [MPa] 1100  pH [MPa] 1100  

F [N] 23 000 

 
a [mm] 0.55 

c [mm] 7.50  

pH [MPa] 1800  

 

Table 9.1 – Geometrical properties of the adopted models. elastic properties and 

results of the Hertzian problem 

 

Figure 9.1 – Schematic representation of the general and the line contact 
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Figure 9.2 – Hertzian pressure distribution in the line contact problem 
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Figure 9.3 – Hertzian pressure distribution in the elliptical contact problem: (a) contact 

loading in direction x in MPa; (b) contact loading in direction y in MPa; (c) 3D 

pressure plot and contour plot. 
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Figure 9.4 – Elastic stresses and von Mises contours in the plane 𝑦 = 0 (friction coefficient 𝑓 = 0, 

𝑝𝐻 = 1100 MPa (line contact)) 
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Figure 9. 5 – Principal stresses and deviatoric stresses contours in the plane 𝑦 = 0 (friction coefficient 

𝑓 = 0, 𝑝𝐻 = 1100 MPa (line contact)) 
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Figure 9. 6 – Elastic stresses and von Mises contours in the plane 𝑦 = 0 (friction coefficient 𝑓 = 0.3, 

𝑝𝐻 = 1100 MPa (line contact)) 
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Figure 9.7 – Principal stresses and deviatoric stresses contours in the plane 𝑦 = 0 (friction coefficient 

𝑓 = 0.3, 𝑝𝐻 = 1100 MPa (line contact)) 
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Figure 9.8 – Elastic stresses and von Mises contours in the plane 𝑦 = 0 (friction coefficient 𝑓 = 0.5, 

𝑝𝐻 = 1100 MPa (line contact)) 
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Figure 9.9 – Principal stresses and deviatoric stresses contours in the plane 𝑦 = 0 (friction coefficient 

𝑓 = 0.5, 𝑝𝐻 = 1100 MPa (line contact)) 
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Figure 9.10 – Elastic stresses and von Mises contours in the plane 𝑦 = 0 (friction coefficient 𝑓 = 0, 

𝑝𝐻 = 1100 MPa (elliptical contact)) 
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Figure 9.11 – Principal stresses and deviatoric stresses contours in the plane 𝑦 = 0 (friction coefficient 

𝑓 = 0, 𝑝𝐻 = 1100 MPa (elliptical contact)) 
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Figure 9.12 – Elastic stresses and von Mises contours in the plane 𝑦 = 0 (friction coefficient 𝑓 = 0.3, 

𝑝𝐻 = 1100 MPa (elliptical contact)) 
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Figure 9.13 – Principal stresses and deviatoric stresses contours in the plane 𝑦 = 0 (friction coefficient 

𝑓 = 0.3, 𝑝𝐻 = 1100 MPa (elliptical contact)) 
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Figure 9.14 – Elastic stresses and von Mises contours in the plane 𝑦 = 0 (friction coefficient 𝑓 = 0.5, 

𝑝𝐻 = 1100 MPa (elliptical contact)) 
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Figure 9.15 – Principal stresses and deviatoric stresses contours in the plane 𝑦 = 0 (friction coefficient 

𝑓 = 0.5, 𝑝𝐻 = 1100 MPa (elliptical contact) 

 



136                 Chapter 9 – Simulations                   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 9.16 – Elastic stresses along the rolling direction x at 𝑧 𝑎⁄ = 0.15 and 𝑧 𝑎⁄ = 0.5 (line contact) 
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Figure 9.17 – Elastic stresses along the rolling direction x at 𝑧 𝑎⁄ = 0.15 and 𝑧 𝑎⁄ = 0.5 (elliptical contact) 
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The most noticeable results are the following: 

• All the stress quantities in frictionless contact are symmetric (or 

antisymmetric if we consider the shear stress); this is a direct 

consequence of the symmetry of the external pressure load. 

Moreover, all the normal components of the stress tensor are 

compressive. 

• Once a depth is fixed, only the shear stress 𝜏𝑥𝑧 shows an alternated 

trend in any cases. Nevertheless, by increasing the friction 

coefficient, 𝜎𝑥 shows an alternating trend near the surface as well, 

with values also higher than zero. Furthermore, the higher the 

friction, the higher the maximum 𝜎𝑥. This evidence supports some 

models in the literature, which only consider the shear stress in the 

constitutive equations.  

• The equivalent von Mises stress reaches the highest value in 

subsurface when frictionless contact is considered. When the 

friction coefficient is set to 0.3, the highest values are found in the 

subsurface and on the surface. When the friction coefficient is set to 

0.5, the maximum occurs at the surface contact.  

• In general contact, the stresses from the surface to the subsurface 

decrease more rapidly than in the line contact. 

9.2   Cyclic plasticity 

The cyclic plastic response of the material is investigated through the 

Chaboche non-linear hardening framework (see Chapter 6). The material 

properties are summarised in TABLE 9.2 (1). Only 300 cycles are simulated, 

but this number of cycles may provide us with an idea of the plastic 

evolution.  

Material property Value 

𝜎𝑦 [MPa] 315 

𝐶1 [MPa] 33 900 

𝛾1 8.3 

𝑅∞ [MPa] 271 

b 0.52 

In this section, the effects of the applied load, the friction coefficient, the 

contact model (cylindric vs elliptical) on the plastic strain evolution and 

wear are analysed. The results were studied considering the total shear 

strain on the rolling plane accumulated at the end of every cycle and the 

displacements. The shear strain was reported for the surface (only for 

cylindrical contact) and z/a equal to 0.04, 0.2 and 0.5. The shear-strain plotted 

versus the number of cycles is a useful tool since it provides an estimate for 

the ratcheting rate and, therefore, whether the material undergoes 

shakedown or plastic accumulation. 

9.2.1 Effect of friction coefficient 

Frictionless contact and friction set to 0.3 and 0.5 were analysed (FIGURE 

9.18). The shear plastic strain illustrated in this figure and in the following 

ones is intended as the shear plastic strain accumulated considering the sum 

of all the cycles. As anticipated in the previous paragraph, the traction 

Table 9.2 - Plastic 

properties of the material 

(1) 
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generated from friction increases the alternating shear stress and shifts the 

most stressed areas towards the surface.  FIGURE 9.18 shows all these 

aspects: 

 

 

 

•  

Figure 9.18 – Shear plastic strain versus number of cycles (left) and dimensionless depth z/a (right) 

according to the friction coefficient 
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• In frictionless contact, the surface layer does not even plasticise, 

while the other considered layers undergo shakedown after 

roughly 60 cycles. The total shear stress is one order of magnitude 

lower than the cases with friction. The layer set at z/a = 0.5 deformed 

more owing to the higher shear stress.  

• Ratcheting phenomena were found for friction contact instead (f = 

0.3 and 0.5). The estimated ratcheting rate was much higher for 

friction set to 0.5 and, in this case, the plasticised layer was also 

deeper. 

 

9.2.2 Effect of contact geometry 

FIGURE 9.19 shows the shear plastic strain when a contact Hertzian pressure 

of 1100 MPa is applied in cylindrical contact and elliptical contact. The 

surface layer was not considered for elliptical contact for the divergence 

problem previously explained. Despite the difference in the contact area and 

the pressure distribution in the two cases, the total shear strain accumulated 

near the surface on the rolling plane did not differ much. However, moving 

away from the surface, the discrepancy between the two cases higher (about 

10%). This is a consequence of the elastic stress gradient along the depth. 

 

Figure 9.19 – Shear plastic stain versus number of cycles according to the geometry contact type 
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9.2.3 Effect of load 

FIGURE 9.20 and FIGURE 9.21 illustrate the effect of changing contact pressure 

in the presence of friction. The two levels of pressure were 1100 MPa and 

1800 MPa. The total plastic deformation accumulated in 300 cycles was one 

order of magnitude higher with 1800 MPa, and the ratcheting phenomena 

were more pronounced. Furthermore, the deformed area widened in the 

subsurface.  

 

 

 

 

Figure 9.20 – Shear plastic strain versus number of cycles and dimensionless depth z/a according to the 

contact pressure (1100 MPa on the left, 1800 MPa on the right) when the friction coefficient is set to 

0.3 
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9.2.4 Effect of wear  

Wear was only coded for line contact (cylindrical contact); the model 

proposed in Chapter 8 cannot be applied for general contact problems; 

elliptical contact indeed requires more sophisticated models that consider 

the change of curvature of the contact bodies during the investigated time 

span.  

In FIGURE 9.22, the results of the simulations with and without wear are 

illustrated; friction contact was considered, and two contact pressures were 

evaluated (in the first row, pressure is 1100 MPa; in the second row, 

pressure is 1800 MPa). Given the short time span (300 cycles), we needed to 

consider a wear rate higher than typically found in wheel–rail contact to see 

the effect of the material removal. Wear rate was set to 0.0001 mm/cycle (two 

orders of magnitudes higher than the wear rate in bi-disk tests (2,3)). As can 

be expected, simulations with wear estimated lower plastic strain after 300 

cycles than in the case without wear. Except for f=0.3 and pH=1100 MPa, the 

plastic strain showed an increasing trend, meaning that the fatigue 

phenomenon was still dominating over wear. The “irregular” trend in 

presence of wear was justified by the low cycles sampling when plotting the 

graphs: if we simulated more loading cycles, we could adopt a higher cycles 

sampling and obtain an increasing trend in the plots.  

Figure 9.21 – Shear plastic strain versus number of cycles and dimensionless depth z/a according to the contact 

pressure (1100 MPa on the left, 1800 MPa on the right) when the friction coefficient is set to 0.5 
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Figure 9.22 – Shear plastic strain versus number of with and without the effect of wear. The first 

row refers to contact pressure equal to 1100 MPa, the second one to 1800 MPa 
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9.3   Convergence in the wear model 

As anticipated in Chapter 8, the wear model is based on the removal of the 

first layer after a fixed number of cycles. As a consequence, the distance 

between two layers (∆𝑧) plays a fundamental role in determining the plastic 

strain accumulated throughout the simulations.  

To better understand the influence of ∆𝑧, let us consider FIGURE 9.23. The 

black lines and the red lines represent the layers of the body in two different 

configurations; ∆𝑧 of the black configuration is smaller than that of the red. 

When computing the plastic strain history with friction coefficients higher 

than 0.3, the second layer in the black reference will have a higher plastic 

strain than the second layer in the red frame of reference. Therefore, when 

the surface layers are worn out, and the layers below are shifted, the new 

surface layers will show different plastic strain according to how the semi-

infinite space is discretised along the direction z. If ∆𝑧 is too large, the results 

might be compromised since the model will predict smaller plastic strain. 

 

The proposed model was converged by considering different values of ∆𝑧 

and dividing the semi-infinite space into 102, 54, 26 and 13 layers. FIGURE 

9.24 shows the shear plastic strain when 30 cycles are simulated. The 

solutions obtained with 102 layers are not shown since they identical to 

those with 54 layers. However, the results tend to slightly diverge as the 

number of layers decreases, increasing ∆𝑧. With 26 layers the plastic strain 

at the surface is about 6% higher than with 102 layers, while, in the 

subsurface, the values differ less than 1%. With 13 layers, the plastic strain 

is at least 2% higher than with 54 layers almost at every depth. 

 

Figure 9.23 – 

Schematic 

representation of the 

layers 

Figure 9.24 – Shear 

plastic strain along the 

depth according to 

different ∆𝑧 size 
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9.4   Multiaxial fatigue: Dang Van and Crossland 

This section seeks to investigate the multiaxial fatigue response, within high 

cycle regime. This hypothesis implies that the material undergoes elastic 

behaviour or, at most, elastic shakedown. However, for the elastic 

shakedown condition, we should also verify whether the material 

plastically collapses before reaching the elastic condition. For simplicity, we 

only consider the “pure” elastic response. 

The simulated loading conditions were the following: 

• Cylindrical and elliptical contact geometries as reported in TABLE 

9.1 

• Contact pressure set to 1100 MPa 

• Five levels of friction coefficients: 0, 0.1, 0.2, 0.3 and 0.5. 

 

DV and CR coefficients are reported in TABLE 9.3. 

 Dang Van Crossland 

𝑐𝐷𝑉 0.33 𝑐𝐶  0.6 

𝜎𝑒𝐷𝑉  269 MPa 𝜎𝑒𝐶  466 MPa 

From the shakedown maps, we can draw the yield strength that prevents 

the material from exceeding the elastic threshold. TABLE 9.4 illustrates the 

yield strengths according to von Mises yield criterion. These strengths are 

much higher than the shear yield stress considered in the previous 

simulations; indeed, plastic response was obtained. 

Friction 

coefficient 

f 

Von Mises shear stress 

threshold [MPa] 

Cylindrical 

contact 

Elliptical 

contact 

0 ~355 ~305 

0.1 ~360 ~323 

0.2 ~375 ~379 

0.3 ~400 ~440 

0.5 ~680 ~647 

FIGURE 9.25 shows the CV and CR equivalent stress along the depth 

(dimensionless quantities are plotted; the stress is divided by the Hertzian 

pressure, and the depth by the semi-contact length a). The black lines 

indicate the thresholds for each criterion. The equivalent stresses were 

calculated for a plane parallel to the surface. 

The threshold was exceeded in the surface layer for friction coefficients 

equal to 0.3 and 0.5. Surface crack initiations will be expected in these 

conditions provided elastic condition or elastic shakedown happen (if these 

two conditions are not verified, these criteria cannot be applied). It is also 

noteworthy that, according to the CR criterion, the material region that 

might fail is deeper than the one calculated using DV (at least twice as deep). 

 

Reminder: 

Dang Van 

max
𝑡
[√
𝜎1,𝑎
𝑑𝑒𝑣(𝑡) − 𝜎3,𝑎

𝑑𝑒𝑣(𝑡)

2
+ 𝑐𝐷𝑉𝜎ℎ(𝑡)]

< 𝜎𝑒𝐷𝑉 

Crossland 

max
𝑡
[√
3

2
𝝈𝒂
𝒅𝒆𝒗(𝒕): 𝝈𝒂

𝒅𝒆𝒗(𝒕)]

+ 𝑐𝐶max
𝑡
[𝜎ℎ(𝑡)] < 𝜎𝑒𝐶 

 

Table 9.3 – Multiaxial 

fatigue material 

parameters 

 

Table 9.4 – Von Mises 

shear stress threshold for 

elastic response according to 

the shakedown maps 
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Figure 9.25 – Dang Van and Crossland equivalent stress according to the dimensionless depth z/a for line and elliptical 

contact 

 



     Chapter 9 – Simulations                  147 

 

9.5   Multiaxial fatigue: Jiang-Sehitoglu  

As already anticipated in this chapter, the JS criterion can be applied 

whenever plastic shakedown occurs. The following conditions were 

simulated to ensure that this criterion could be applied: 

• Cylindrical contact (see TABLE 9.1 for the geometry) 

• Contact pressure of 800 MPa, semi-contact length a = 0.25 mm 

• Frictionless contact 

• 100 cycles 

• Yield strength of 230 MPa 

• Kinematic hardening parameters 𝐶1 and 𝛾1 of 30 000 MPa and 60, 

respectively 

• Isotropic hardening 𝑅∞ and b of 150 MPa and 3, respectively 

• Wear was not considered. 

The JS parameters from (4) were adopted: 

𝐹𝑃0 = 0.5 MPa      𝑑 = 2.5     𝑐𝐽𝑆 = 0.32 𝐽 = 1.5x106 MPa𝑑  

The shear plastic strain history for the four depths is illustrated in FIGURE 

9.26. The “history” is defined in terms of virtual time; the virtual time 

represents the total number of increments to simulate the behaviour of  all 

the points in a layer in direction x (the rolling direction) during the 100 

cycles. Since the nodes along x are 101, the total virtual time of the 

simulation is 101 𝑛𝑜𝑑𝑒𝑠 × 100 𝑐𝑦𝑐𝑙𝑒𝑠 = 101000.  After roughly 92 cycles the 

plastic strain cycle stabilises, and no further deformation accumulated at z/a 

= 0.5; at z/a = 0.2, plastic shakedown occurs after about 38 cycles, instead. 

The surface layer remains in the elastic regime, while, just under the surface 

(z/a = 0.04), the material undergoes elastic shakedown. As a consequence, 

the JS approach should be applied only to the subsurface layers subjected to 

plastic shakedown and not to the surface layers. For the sake of 

completeness and to demonstrate the code capabilities, we applied the 

criterion in all the layers.  

As a rule of thumb, a check is first performed on whether the material yields 

before the shakedown condition is reached. However, as a case study, we 

have only limited to study the stabilised stress-strain cycle. 

 

Reminder: 

Jiang-Sehitoglu 

𝐹𝑃 = 〈
Δ𝜖

2
 𝜎𝑚𝑎𝑥〉 + 𝑐𝐽𝑆  Δ𝜏 Δ𝛾 

(𝐹𝑃 − 𝐹𝑃0)
𝑑𝑁𝑓 = 𝐽 

 

 

Figure 9.26 – Plastic shear 

strain evolution at four 

depths 
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The contribution due to the normal component 〈
Δ𝜖

2
𝜎𝑚𝑎𝑥〉 is zero regardless 

of the deformation since the normal stress is compressive and the normal 

strain is zero for equilibrium (8). This means that FP only depends on the 

shear strain and the shear stress and, in this case, FP is simply defined as 

𝐹𝑃 = 𝑐𝐽𝑆 Δ𝜏 Δ𝛾 (9.1) 

FIGURE 9.27A and B show the shear stress and strain range according to the 

dimensionless depth when the xz-plane is rotated. For the sake of 

completeness, the parameters were evaluated for all the depths, even 

though some layers would not undergo plastic shakedown. 

FIGURE 9.27C shows how FP varies according to the depth (represented as usual 

as the dimensionless quantity z/a). The maximum FP value (0.845) was 

estimated at z/a = 0.5 in the plane parallel to the surface. 

From Equation (7.17), we can estimate the fatigue life 

𝑁𝑓 =
𝐽

(𝐹𝑃 − 𝐹𝑃0)
𝑑
= 21 × 106  cycles (9.2) 

 

 

Figure 9.27 – 𝛥𝜏, 𝛥𝛾 and FP parameter by varying the depth and the angle 𝜗 
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9.6   Conclusions and ongoing activities 

The current project has proposed a semi-numerical model to investigate 

cyclic non-conforming contact problems. This model enables the prediction 

of the material behaviour more quickly than numerical models; however, the 

computing time reduction is also a result of some simplifications with 

respect to reality.  

The main assumptions that may be questioned are twofold: 

• Elastic stress framework and contact load. The proposed model is 

stress-driven, and the stress history is directly calculated from the 

Boussinesq model and the Hertzian theory, whose hypothesis 

might be by far from the real wheel–rail working conditions. 

Because of plasticity, the real contact area is typically larger than 

that of the Hertzian, but the maximum contact pressure is lower. 

As a result, the stresses acting on the material should be lower than 

the those predicted by this model. However, according to Merwin 

and Johnson (5), Hearle and Johnson (6) and Bhargava et al. (7), the 

presumed error obtained by calculating the plastic field from the 

elastic stress is low.  

• Another aspect related to the elastic stress is the choice of the 

material parameters; in fact, the stress (higher than actual) should not 

be higher than the saturation stress given by the constitutive law. 

Adopting a constitutive law with a high saturation level may make 

the convergence easier; alternately, a mixed hardening model with 

a linear isotropic hardening can be adopted. 

Furthermore, the combination of the normal pressure and the 

friction/traction force return an asymmetric contact load. However, 

as seen in Chapter 3, the distance between the location of the 

maximum pressure and the centre of the contact area may be 

considered negligible. 

• Residual stress. The actual model, as it has been coded so far, 

predicts strain components that are not all compatible with the 

conditions of line contact. After the passage of the first load, 

stresses are zero, but there exists some residual strain (𝜀𝑥, 𝜀𝑦 and 

𝜀𝑧). Nevertheless, such normal strain is zero in reality. A relaxation 

procedure is then required to ensure this condition, yielding a rise 

in the stresses 𝜎𝑥  and 𝜎𝑦  (8), after which the next load can be 

applied. 

 

Future activities 

Further work is necessary to improve the model. Firstly, the aforementioned 

strain relaxation procedure should be implemented. Future research should 

then assess the impact of the viscous effect on the material, and 

viscoplasticity can be applied to study the effect of the high temperatures in 

shoe-braking conditions (3).  
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Conclusion and 

Perspectives 

10.1   Conclusion 

The present research has proposed numerical and semi-analytical models 

for railway problems. Throughout the thesis, we addressed three main 

topics: the effect of solid contaminants in wheel–rail couplings, the presence 

of inhomogeneities in ferritic-pearlitic wheels and the plastic response of the 

wheel materials due to repeated loading cycles. These matters, though 

seemingly unrelated, indicated that the material parameters may be crucial 

when selecting the steel to adopt for a specific application.  

The presence of solid contaminants at the wheel–rail interface (CHAPTER 

3) produced a local strain field characterised by large plastic deformation, 

whose depth was roughly 2.5 times the radius of the particle. Furthermore, 

the addition of a deep layer comprising less intense plastic deformation was 

due to the overall contact between wheel and rail. The numerical results, as 

well as the experimental outcomes obtained from bi-disk tests, showed that 

the cyclic yield strength has a key role in improving the wheel and rail 

performance; increasing the cyclic yield strength of both components results 

in severe damage limited to a depth comparable to the particle size. 

The microstructure depends on several factors, including the chemical 

composition and the thermal treatments and, in turn, influences the 

mechanical properties (tensile and yield strength, fracture toughness, etc.). 

The numerical and semi-analytical models simulating the traces of bainite 

in the ferritic-pearlitic matrix (CHAPTER 4) demonstrated how the 

microstructure may affect the plastic deformation. The bainitic spots, whose 

cyclic yield strength is higher than that of the ferritic–pearlitic material, 

deforms less, offering more resistance to rolling contact fatigue crack 

initiation. However, the differences of the elastic properties and cyclic yield 

strength between the bainitic spots and the matrix may generate localised 

deformations with increased intensity where the bainitic spots are densely 

spread.  

Our semi-analytical solver (CHAPTER 5–10) offered the possibility to 

investigate non-conforming contact problems more quickly than the 

10 
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traditional numerical solvers, like the finite element method. The model 

accurately predicted the response of the railway wheels (shakedown or 

ratcheting) occurring in the different layers of the materials within a 

reasonable time. The model may also be useful to optimise the wear 

(governed by the wear rate) with rolling contact fatigue (controlled by the 

yield strength), by determining the number of cycles necessary to balance the 

rate the material layers accumulate strain in the maximum stress region 

with the wear rate of these layers in this region.  

10.2   Perspectives  

Below are suggestions for future activities. 

Contaminants at the wheel–rail interface – In this work, solid 

contaminants were the focus. Liquid contaminants also play a vital role in 

wheel–rail tribology and in-surface crack propagation. Liquid contaminants 

can be water or a lubricant, like frost or moisture. Water in the contact patch 

decreases friction and contributes to sliding; when the wheel slides, a 

significant amount of heat is generated, resulting in the formation of a thin, 

white layer of brittle-hard martensite. When martensite breaks, micro-

cracks initiate, which can suddenly propagate when water fills in the crack. 

During the contact, the crack closes, compressed by the load, and water 

pressure increases, causing crack propagation. Finite element models can be 

useful in understanding this phenomenon by predicting how stress intensity 

factor (SIF) evolves during a loading cycle.     

Influence of traces of bainite in ferritic-pearlitic wheels – Applying the 

fracture mechanics approach would help determine how the traces of 

bainite could affect the crack propagation in the matrix and whether the 

bainite stops or deviates the crack. The extended finite element method could 

be adopted; however, finding the fracture toughness of the single phases to 

implement in the numerical model will be the main challenge. Another 

solution consists of adopting the equations available in the literature, which 

link the displacements of the nodes near a pre-existing crack near the 

bainitic spots to the SIF to investigate how SIFs evolve during a loading 

cycle.  

Semi-analytical model – The following features can further improve the 

efficiency of our solver: 

• Addition of more constitutive laws to properly model viscoplastic 

and recovery phenomena occurring at high temperatures (braking 

condition, for example) 

• Implementation a proper wear model for general contact problems, 

for example, possibly the Archard’s model 

• Application of a semi-numerical solver to solve the contact 

problem as an alternative to the Hertzian solution, also solving the 

conforming contact  

 



 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

“When helping others, do not look for a reward; 

If you are looking for a reward, don’t help others.” 

Chinese proverb 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 



 



 



 



 


