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Abstract. We study the free boundary problem for the plasma-vacuum interface in
ideal incompressible magnetohydrodynamics (MHD). In the vacuum region the magnetic
field is described by the div-curl system of pre-Maxwell dynamics, while at the interface
the total pressure is continuous and the magnetic field is tangent to the boundary. Under
a suitable stability condition satisfied at each point of the plasma-vacuum interface, we
prove the well-posedness of the linearized problem in Sobolev spaces.

1. Introduction. We consider the equations of ideal incompressible magnetohy-
drodynamics (MHD), i.e., the equations governing the motion of a perfectly conduct-
ing inviscid incompressible plasma. In the case of homogeneous plasma (the density
p(t,x) = const > 0) these equations in a dimensionless form are

O+ (v,Vv— (H,V)H+Vqg=0, (1.1a)
OH+ (v,V)H — (H,V)v =0, (1.1b)
dive =0, (1.1c)

where v = v(t,x) = (v1, va, v3) denotes the plasma velocity, H = H(t,x) = (Hy, Ha, H3)
the magnetic field (in Alfvén velocity units), ¢ = p + |H|?/2 the total pressure, and
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p = p(t,x) the pressure (divided by p). As the unknown we fix the vector U = (¢, W)
with W = (v, H). System (1.1) is supplemented by the divergence constraint

divH =0 (1.2)

on the initial data Wj;—o = Wp.

The classical plasma-vacuum interface problem models confined plasmas in a closed
vessel (see, e.g., [8]). In this model the plasma is confined inside a perfectly conducting
rigid wall and isolated from it by a vacuum region. Until recent times there were no
well-posedness results for full (non-stationary) plasma-vacuum models. The linearized
plasma-vacuum problem in ideal compressible MHD was studied in [13, 16], and the
well-posedness of the original nonlinear free boundary problem was recently proved in
[14] by the Nash-Moser method. Our main goal is to obtain an analogous result for
the plasma-vacuum interface problem for the model of incompressible MHD which can
be used when the characteristic plasma velocity is very small compared to the speed
of sound. In this paper we concentrate on the corresponding linearized problem. It is
noteworthy that the assumption in [13, 14, 16] that the plasma density is strictly positive
up to the free boundary of the plasma region is automatically satisfied in incompressible
MHD. However, the non-hyperbolicity of system (1.1) produces additional difficulties
compared to the analysis in [13, 14, 16].

Regarding the case without magnetic fields, the well-posedness of the free boundary
problem for incompressible Euler equations with a free interface that separates the fluid
region from the vacuum was proved in [10, 6, 18] (see also [7] for a comprehensive review)
under the condition (Op/dn)|r < 0, where n is the outward normal to the interface T
In [10, 6] the fluid domain was assumed to be bounded whereas in [18] the problem was
set up in an unbounded domain. For our plasma-vacuum problem (see its statement just
below) we consider the case of an unbounded plasma domain and, as in [10], neglect the
influence of gravity because it just contributes with a lower-order term in (1.1a).

Let Q7 (t) and Q (t) be space-time domains occupied by the plasma and the vacuum
respectively. That is, in the domain Q7 (¢) we consider system (1.1) governing the motion
of an ideal plasma and in the domain Q7 (¢) we have the elliptic (div-curl) system

VxH=0 divH =0, (1.3)

describing the vacuum magnetic field H = H(t,x) = (H1,Ha2,H3) € R3. Here, as in
[3, 8], we consider so-called pre-Mazwell dynamics. That is, as usual in nonrelativistic
MHD, we neglect the displacement current (1/c¢)9;E, where ¢ is the speed of the light
and F is the electric field.

The boundary of the domain Q% (¢) is a hypersurface I'(t) = {n(t,z) = 0} that is
the interface between plasma and vacuum. It is to be determined and moves with the
velocity of plasma particles at the boundary:

8+ (v,Vn) =0 on I(¢t) (1.4)

(for all ¢ € [0,T]). As n is an unknown of the problem, this is a free-boundary problem.
For technical simplicity we assume that the space-time domain Q7 (¢) (the plasma
region) and Q7 (¢) (the vacuum region) are unbounded and the interface T'(t) has the
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form of a graph: x1 = (¢, '), 2’ = (x2,x3). That is,

O (t) = {21 2 p(t,2")} (1.5)
and the function ¢(¢,2’) is to be determined. With the choice n(t,z) = x1 — (¢, ),
(1.4) becomes

oo = (v,N) onT(t), (1.6)
where N = Vn = (1, =02, —03¢p).

The plasma variable U is connected with the vacuum magnetic field H through the
relations (cf. [3, 8])

[¢g=0, (H,N)=0 (H,N)=0, onTI(t), (1.7)

where [q] = q|r — %|7—L|‘2F denotes the jump of the total pressure across the interface.
These relations together with (1.6) are the boundary conditions at the interface I'(¢).
From the mathematical point of view, a natural wish is to find conditions on the initial
data
W(0,z) = Wo(z), x¢€QF(0), n(0,z) = no(z), =z €T(0), (1.8)
H(0,z) = Ho(z), x€Q(0), (1.9)
providing the local-in-time existence and uniqueness of a solution (U, H,n) of problem
(1.1), (1.3)—(1.9) in Sobolev spaces.

REMARK 1.1. In fact, for both the “elliptic” unknowns q and H we do not need to pose
initial data. That is, the initial data (1.9) are not quite necessary because the vector H,
is uniquely defined through 79 from zero-order compatibility conditions. Indeed, after
straightening the interface I'(0) one can show that the elliptic problem composed by
system (1.3) and the last boundary condition in (1.7) considered at ¢ = 0 has a unique
solution Hg in Sobolev spaces (see [14] for more details).

REMARK 1.2. As for current-vortex sheets, see [12], [15], we must regard the second
boundary condition in (1.7) as the restriction on the initial data (1.8). More precisely,
after straightening of the interface and in exactly the same manner as in [12], [15], we
can prove that a solution of (1.1)—(1.7), (1.8), (1.9) (if it exists for all ¢ € [0,T) satisfies

divH =0 inQ"(t) and (H,N)=0 onI(t)

for all ¢t € [0, T, if the latter was satisfied at ¢t = 0, i.e., for the initial data (1.8).

In the next section we first reduce the free boundary problem (1.1)—(1.7), (1.8), (1.9)
to that in a fixed domain by a suitable straightening of the unknown interface; then
we linearize the resulting problem around a basic state (“unperturbed flow”). Under a
suitable stability condition’ satisfied at each point of the unperturbed interface, we prove
the well-posedness of the linearized problem in the Sobolev space H*.

The rest of the paper is organized as follows. In Section 2 we obtain the linearized
problem. In Section 3 we introduce the functional setting. In Section 4 we state the
main result. In Section 5 we introduce a suitable “hyperbolic” regularization of the
linearized problem. In Section 6 we derive a priori estimates for the regularized problem.

1Stlrictly speaking, in this paper by stability we mean the well-posedness of the problem resulting
from the linearization about a given (generally speaking, non-stationary) basic state. This basic state is
not necessarily a solution of the nonlinear problem.
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In Section 7 we prove the well-posedness of the hyperbolic regularized problem. In
Section 8 we prove the well-posedness of the original linearized problem in conormal
Sobolev spaces (see Section 3 for their definition). At last, in Section 9, using as in [12]
a current-vorticity-type linearized system, we estimate missing normal derivatives of the
perturbations of the velocity and the plasma magnetic field and prove the well-posedness
of the linearized problem in Sobolev spaces (more precisely, in weighted Sobolev spaces,
see Section 3), as stated in Section 4.

1.1. Reduction to a fized domain. We straighten the interface I' by using the same
change of independent variables as in [13], that is inspired, in its turn, by Lannes [9] (see
also [4]). As in [13], we set

QF =R3N{£z; >0}, T :=R*n{z; =0}. (1.10)

We want to reduce the free boundary problem (1.1)—(1.7), (1.8), (1.9) to the fixed domains
QF, by constructing a global diffeomorphism of R, mapping Q% () onto QF and I'(¢)
onto I' at each time ¢ € [0, 7.

The construction is based on the following lemma that shows how to lift functions
from T to R3; the key point is the regularization of one half derivative of the lifting
function ¥ with respect to the given function ¢ on I'.

LEMMA 1.3. Let m > 3 be a fixed integer. For all € > 0 there exists a continuous linear
map ¢ € H™ %%(R?) — ¥ € H™(R3) such that ¥(0,2") = ¢(2'), 1 ¥(0,2') =0 on T,
and

1019 Loo(rs) < elloll m(me) - (1.11)
The following lemma gives the time-dependent version of Lemma 1.3.
LEMMA 1.4. Let m > 3 be a fixed integer and let T > 0. For all € > 0 there exists a con-
tinuous linear map ¢ € N72'CI ([0, T]; H™~I=25(R?)) W € N2,'C7 ([0, T]); H™ 7 (R?))
such that ¥(¢,0,2") = p(t,2’), 1 ¥(¢,0,2") =0 on T, and
1019 (0,711 r2)) < €ll@lleqo,r)m2(R2)) - (1.12)
Furthermore, there exists a constant C' > 0, that is independent of T and only depends
on m, such that
Y € NIS'CI(0, T H™ 9705 (R?), vt e[0,T],
(1.13)
Haf\Il(t, ~)HHm7j(]R3) S CH@{@(t, ')HH'rrijft).S(]R2), j = O7 cee, M — 1.

For the proof of Lemmata 1.3 and 1.4 the reader is referred to [13]. The diffeomorphism
that reduces the free boundary problem (1.1)—(1.7), (1.8), (1.9) to the fixed domains QF
is given by the following lemma.

LEMMA 1.5. Let m > 3 be an integer. For all T > 0 and for all ¢ € ﬂ;-":_olcj([O,T];
H™~i70-5(R?)) satisfying without loss of generality [|¢[|c(o,7];m2(r2)) < 1, there exists a
function ¥ € N7"'¢7([0,7]; H™~7(R?)) such that the function

O(t, ) := (1 + ¥(t,z),z") = (P1(¢, x), '), (t,z) €[0,T] x R? (1.14)
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defines a H™—diffeomorphism of R? for all ¢ € [0,T]. Moreover, there holds & (® —
Id) € C([0,T]; H™ I (R3)) for j =0,...,m — 1, ®(t,0,2") = (p(t,2"),2'), 1 P(t,0,2') =
(1,0,0).
Proof. The proof follows from Lemma 1.4, because
NP1t z) =1+ 01¥(t,z) > 1— |[01¥]c(o, 1) ®3)) = 1 — €ll@lleqo,mm2re)) = 1/2,

provided e is taken sufficiently small, e.g. ¢ < 1/2. The other properties of ® follow
directly from Lemma 1.4. O
It is straightforward to check that, at each t € [0,T], the diffeomorphism ®(¢,x), given
in Lemma 1.5, maps the time-dependent domain Q% (¢) onto the reference domain QF

and the unknown interface I'(¢) onto I'.
We introduce the change of unknown functions induced by (1.14), by setting

Ult,z) :=U(t,®(t,x)), H(t,z):=H(t B, z)). (1.15)

The vector-functions U = (§,0,H) and H are smooth in the half-spaces Q2 and Q~
respectively. Dropping the tildes for convenience, the problem (1.1)—(1.7), (1.8), (1.9)
can be restated in the fixed reference domains Q% as follows.

Plasma part. System (1.1) is reduced to the following

1
o+ —{(w,V)v—(h,V)H} + Veq =0,
0,9

1 _ 1.16
8tH+E{(w,V)H—(h,V)U}—O, (1.16)

divu=0 1in0,7] x Qt,
where
u = (vp, 201 P1,v301P1), v, =(v,n), n=(1,—-0P1,—03P1) = (1,—02¥,—037V),
w=u-—(0:91,0,0) =u—(0;7,0,0), h=(Hy,, HP1,H30:91), H,=(H,n),

oig LY 03T
- Y gt Bags— L 01q + g ).
Vaeq (31<I>1’ 0,0, 19 + Oagq, 0,0, 19 + 361>

Here and below, vectors will be written indifferently in rows or columns in order to
simplify the presentation.
System (1.16) can be shortly rewritten in the following matrix form

. ]L(U, \I/) _ . 4
P(U, ) = ( o ) —0 in[0,7] x QF, (1.17)
with
L W) = LoV 00 = L+ (Ve
where
Li(W, W) = 0 + Ay (W, )0y + A(W)0a + A3(W)03 (1.18)
and

3
= (W) - 3 A - 0,
k=2



6 A. MORANDO, Y. TRAKHININ, anp P. TREBESCHI

vl  —Hpls vy,  —Hi
Ap(W) = =® , with k=1,2,3.
—Hply  wvils —Hi v

Vacuum part. The elliptic system (1.3) becomes
V(H,¥)=0 in[0,T] xQ7,

where
VX
V(H"I’):( diib >

H=Hi101P1, Hry, Hry)s b= (Hp, Ho01P1, H301P1),
Hr, = Hi10OY +Hy, k=2,3, Hn = (H,n).
Boundary Conditions. Conditions (1.6) and the first and third equations in (1.7) become
B(U,H,p) =0 on[0,7]xT,

(1.19)

and

where
Oyp —vN
B(U,H,¢) = [q] (1.20)
Hn

and
1
[Q] = q\l—‘ - §|H||2]_"7 UN = (UvN)a HN = (H? N)7 N = (1a _82§07 _8380) .

Notice that v, r = vy, Hyr = HN.
Final System. To sum up, after the change of unknown functions (1.15), the free boundary
problem (1.1), (1.3)—(1.9) is reduced to the following initial-boundary value problem

P(U,®) =0, in[0,7]xQ", (1.21a)

V(H,¥) =0, in [0, 7] xQ™, ( )

B(U,H,9) =0, on|0,T]xT, (1.21c)

Wli=o = Wy, in QF, Hlt=o = Ho, in, ©li=o = @0 inR? )
)

where P(U, V), V(H, V), B(U, H, ) are the operators defined in (1.17), (1.19), (1.20
respectively. We also did not include in our problem the equation

divh =0 in [0,7] x Q7 (1.22)
and the boundary condition
Hy =0 on[0,T]xT, (1.23)

because they are just restrictions on the initial data (1.21d). More precisely, referring to
[15], [12] for the proof, we have the following lemma.

LEMMA 1.6. Let the initial data (1.21d) satisfy (1.22) and (1.23). If (U, H, @) is a solution
of problem (1.21a)—(1.21d), then this solution satisfies (1.22) and (1.23) for all ¢t € [0, T].

2. Linearized problem.
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2.1. Basic state. For T > 0, let us set
Q% = (=00, T] x QF, wr = (=00, T] x T. (2.1)

Let

(U(t,z), H(t,z), p(t,2")) (2.2)

be a given sufficiently smooth vector-function, respectively defined on Q7-, Q7, wr, with
U = (g,v, H), such that

1Ullw200 o) T 101Ullw2,0c gy + [ HIw2.00 gz + 18llws.= (0, 11xR2) < K,
(2.3)

1Plleo, ;2 @y <1,

where K > 0 is a constant. Corresponding to @, let the function T and the diffeomor-
phism @ be constructed as in Lemmata 1.4 and 1.5 such that

Py >1/2.

We assume that the basic state (2.2) satisfies

~ 1 ~ ~
OH+ —— 3 (w,V)H — (h,V)0} =0, divi=0  in QF, 2.4a
4+ o5 { (@ V) - (. V)i QF,  (24n)
divh=0  inQg, (2.4D)
hp—iy =0, [G]=0, Hg=0  onwr, (2.4c)

where all the “hat” values are determined like corresponding values for (U, H, ), i.e.
5: (ﬁlalilvﬁfévﬁ‘f‘g)a ﬁ‘f‘;c :ﬁlak@"_ﬁka k:273,

b= (Hn Ho01®1, H301®1),  Ha= (H,7),
h = (Hp, Hy0,®,, H30:1®,),  Hy = (H,7),
by =(0,N), Hg=H,N), N=(1,-0p —0:p), n=_(1,—-00,—00)
and where
@ = (05, 0201 P71, 030,01), Tp = (0,0), @ =a—(8:7,0,0).
Note that (2.3) yields
||Vt,o:(1>||W2v°°([0,T]><R3) <C,

where V, , = (9;,V) and C = C(K) > 0 is a constant depending on K.
It follows from (2.4a) that the constraints

divh =0 inQ%, Hg=0 onwr (2.5)

are satisfied for the basic state (2.2), if they hold at ¢ = 0 (see [15], [12] for the proof).
Thus, for the basic state we also require the fulfillment of conditions (2.5) at ¢ = 0.
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2.2. Linearized problem. The linearized equations for (1.21a)-(1.21c) read:

P/(U, W) (U, 60) := d%IP(UE, Um0 = f in QF,

V/(H, U)(0H,00) := —V(H., V). = F in Q,

de

B' (U, H, ) (8U,0H,6¢) := —B(U., He, c)|e—o = g on wr,

d
de
where U, = U+ edU, H. = H+ edH, v = @ +€dyp; IV is constructed from Jp as in
Lemma 1.4 and U, = U + 6. Here we introduce the source terms f = (fi1,..., f7),
F=(E), x = (x1,Xx2, x3) and g = (g1, g2, g3) to make the interior equations and the
boundary conditions inhomogeneous.

We compute the exact form of the linearized equations (below we drop 0):

. LG8 5
PO, 9)(U, ) = (L(Z;i) —f (26)
iy Y
V?—ll x VU
V/(H, §)(H, W) = V(H, T) + (v _%3 ) — 7 (2.7)
Ho

8t<,0 + @282@ + 17363(,0 — Ugr
HN — 7'[23290 - HSaSSO
where

o~ o~ v’\ — A~
LW, 9)U = L (W, 9)W + < §q> O, D)W,
u = (umma@hvga@l) vp = (v,7),

S0 W 5 01q
(LT, 1) w} 2 —Ll(W Ty +< Vsl ) 17
81 61CI)1 0 81(1’1
Ly (W, U) being the differentlal operator defined in (1.18) (with (W, ¥) = (W, 7)), and
the matrix C'(W, W) is determined as follows:

_ Oy (W, 0)W 1 ( (u, V)5 — (b, V)H )
CW, D)W = o - ~ )
Co(W, )W " \ (v, V)H — (h, V)V

In order to cancel out the first-order operators in ¥ from the operators P’ ((7 , \fl) and
V'(H, V), as in [1], the linearized problem is rewritten in terms of the “good unknown”

— U, H:=H—-—H. (2.10)
1Py 019,

U:=U-
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Taking into account assumptions (2.4c) and (2.4b) and omitting detailed calculations,
we rewrite our linearized equations (2.6)-(2.8) in terms of the new unknowns (2.10):

LW, 0)U + 7 H{L(U, )} .
019, =f, inQf, (2.11)
diva
Lo~ \j ~ ~
V(H,¥) + 03 MW{V(H, W)} =F, inQz, (2.12)
1%*1

B'(U,H,0)(U,H,¢)
Osp + V20200 + 0303 — Vg — 010
= q— (7—7,’}-{) + [01d]e =g, onwr, (2.13)
Hy — 0o (ﬁzw) — 03 (ﬁ:ﬂ’)

where

U= (@'Fla@Qal&)lv@Bal&;l)? vﬁ = (’Uuﬁ)v 'U]\A] = ('UvN)v

Hy = (H,N), [014] = 8vdlr — (H,0.H)|r.

While writing down the last boundary condition in (2.13) we used (2.4b) taken at 21 = 0.
As in [1, 5, 15], we drop the zeroth-order term in ¥ in (2.11), (2.12) and consider the
effective linear operators

)

PL(U, 0)U := ( LU, ®Uy )

div
S V x§
vU) = X =
V(H, D) ( div ) F,
where

— . —

LU, 0)U = L(W,0)U = Ly (W, U)W + ( (;f’q) +C(W, 0)W (2.14)
and
H= (7:[15161,7:l+2»7{+3)7 h= (7'.11\7,7'.[251‘5177'.133151)7
HN :7'.[1 *7‘.[282(1\/77'.[383(1\/, 7‘.{{7 :7‘.[181'(1\/+7'.[1', 1=2,3.

In the future nonlinear analysis by Nash-Moser iterations the dropped term in (2.11),
(2.12) should be considered as an error term.
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To sum up, under the preceding reductions the linearized problem reads as follows:

LT, %)0 = ( fo ) , (2.15a)
fu
dive = fr, in Q7 , (2.15b)
Vx$H=yx, divh=E, inQp, (2.15¢)
Orp = Uy — D202 — 03030 + 0105 + g1, (2.15d)
G=(H,H) - [0:14)¢ + g2, (2.15¢)
Hy = Oo(How) + 03(Hap) + g3, on wr, (2.15f)
(W,H,p) =0, fort<0, (2.15g)

where we have used the notations f = (fU’fH7.f7)a f’U = (flvaaf3)7 fH = (f47,f57f6)7
F =(x,Z) and g = (g1, g2, g3) for the source terms introduced in (2.6)—(2.8).
The source term x of the first equation in (2.15¢) should satisfy the constraint

divxy =0. (2.16)

Moreover, for the resolution of the elliptic problem (2.15¢), (2.15f), the data = and g3
must satisfy the necessary compatibility condition

/ de:/g3dx’, (2.17)
- r

see [13]. We assume that the source terms (f,x, =) and the boundary data g vanish in
the past and consider the case of zero initial data. The case of nonzero initial data is
postponed to the nonlinear analysis.

2.3. Reduction to homogeneous data. We can reduce problem (2.15) to that with ho-
mogeneous data fg =0, fr =0, F = 0 and g = 0 (except f, # 0) by the following
steps.

2.3.1. Plasma part (fr =0 and g1 = 0). We decompose the velocity © as 0 = 0" + o
and the front ¢ as ¢ = ¢’ + @, where © and ¢ are such that

diva = fr and O1p =V — 02029 — V3050 + PO1Og + g1

(i.e.  satisfies (2.15b) and ¢ satisfies (2.15d) with 0 instead of ). Then 9" solves the
homogeneous equation

divi’ =0 in QF,
with 4/ = (1}%,%81&)1,1}&81&)1) and 0}, =] — 0,0, — "[1583\/1), and ¢’ is such that
8“0’ = U;v — 17282@/ - ’173834,0’ + 4,0/81171\7.

Hence, (¢,', H, ') satisfies system (2.15) with fr = 0 and g; = 0 and new data f, = f/,
fo = [, 92 = g5 and g3 = g5.
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2.3.2. Vacuum part (x =0 and 2 = g5 =0). As in [13], we decompose the vacuum
magnetic field HasH=H+H (and accordingly H=9 —|—5§ and h = H + f)) where H
is a solution, for each ¢, of the following elliptic problem

Vx%:x, divH:E in Q™
(2.18)
b =Hgy=gy onl.
Provided the data (x, Z, g4) vanish at infinity in an appropriate way and satisfy (2.16),
(2.17) (with g5 = g%), the classical results of the elliptic theory ensure the existence of a
unique solution of (2.18) vanishing at infinity.
Once H is given, we look for H’ as a solution to the problem

Vx$§ =0, divh =0, inQp,
= (H, 1) = [013)¢' + g , (2.19)

Hy = 05(Ha¢') + 3(Hs¢') on wr,

where
95 =g+ (H,H). (2.20)
If # and A’ solve (2.18) and (2.19) respectively, then it is clear that X = H’ + H solves
(2.15¢), (2.15¢) and (2.15f) with ¢ = ¢/, g2 = ¢4 and g3 = g5.
Collecting the changes of unknowns performed above and dropping for convenience
the primes in o/, H', ', ¢4, f/ and f17, we obtain the linearized problem (2.15) with
f7:O,f:03Hdgliggi()2

Lg(ﬁ,@)U:( Fo ) ,

fu
dive =0, in QF,
V(H,¥)=0, inQg, (2.21)
0
B(U,H,o) (U, H,0):=| 92 |, onwr.
0

2.3.3. Plasma-vacuum interface (fir = 0 and g2 = 0). From system (2.21) we can
deduce nonhomogeneous equations which are a linearized counterpart of the divergence
constraint (1.22) and the “redundant” boundary condition (1.23). More precisely, with
reference to [15, Proposition 2] and [12] for the proof, we have the following.

LEMMA 2.1 ([15]). Let the basic state (2.2) satisfies assumptions (2.3)—(2.5). Then
solutions of problem (2.21) satisfy

divh =7 in QF, (2.22)
ﬁ282<,0+ﬁ383(,07HN7g081ﬁN =G on wr. (223)

Here

h = (Hp, Hy01®y, H301®1), Hp = Hy — HyoW — H303V  (Hyglui—0 = Halw=0)-
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The functions r = r(t,z) and G = G(t, '), which vanish in the past, are determined by
the source terms and the basic state as solutions to the linear inhomogeneous transport
equations

O + U091 + U3037 + (821A}2 + 83133) r = lefH in Q;, (224)
where {57 := (fir,n, 0191 f5, 0191 f6), frn = (fu,7) = fo — OV f5 — 93V fg and
BtG + @282(? + 173836’ + (82@2 + (93’173) G = ijL | 21=0 on wry . (225)

Equations (2.24), (2.25) do not need boundary conditions at {z; = 0}.

Following [15], we now perform a further change of unknowns to make fy and g2 equal
to zero (in view of Lemma 2.1, r and G in (2.22), (2.23) will become zero as well). Let
X € C§°(R4) be a cut-off function equal to 1 on [0, 1]. We define

7= x(r1)g2 (2.26)

and H solves the equation for H contained in (2.21) with © = 0, namely

T + — (w,V)I?JrCQ(W,\TJ)( 0 ) = fu  inQF. (2.27)
194 H

We define the new unknowns

¢’ i—q .
Ul=| o | = ¥ . HU=H. (2.28)
H* H-H

One can check that (U, H%) satisfies problem (2.21) with fg = 0 and g» = 0 (and a
new f,). Dropping for convenience the indices # in (2.28), the final form of our reduced
linearized problem reads

L@ s = (4 ).

dive =0, in QF, (2.29)
V(’]—L\I}):O’ in Q%?

B (U, H,)(U,H,p) =0, onwr.
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Recall that the operators L., (U, W), V(H, ¥) and B'(U, H, $) are defined in (2.14), (1.19)
and (2.13) respectively. We also write down problem (2.29) in the component-wise form

1 A .
O+ ——= {(w, Vo — (b, V)H} +Vaq+ CL (W, )W = f,, (2.30a)
1*1
1 - ~ ~
OH + —— {@,9)H = (b, V)o} + Co(W, B)W =0, (2.30D)
1*1
divu=0 inQF, (2.30c

VxH=0, divh=0 in Qr, (2.30d
Orp = vy — D202p — 03030 + OO , (
g=(H.H)— [0y, (2.30f
Hy = 0o(Hap) + 03(Hap)  onwr,  (
(W, H,) =0 fort<0. (2.30h

Clearly, for problem (2.30) we get (2.22) and (2.23) with r = 0 and G = 0. That is,
solutions to problem (2.30) satisfy

divh =0 in QF, (2.31)
HN = ﬁ262¢+ﬁ383¢—@81ﬁ]\7 on wr. (232)
3. Function Spaces. The purpose of this section is to introduce the main function

spaces to be used in the following and collect their basic properties.
Let us denote

Qf =R, xQF, w:=R,xT. (3.1)
3.1. Weighted Sobolev spaces. For v > 1 and s € R, we set
N(E) = (P + [€7) (3.2)

and, in particular, A® := A\S!.
Throughout the paper, for real v > 1, H3(R"™) will denote the Sobolev space of order
s, equipped with the y—depending norm || - ||, defined by

= 20 [ e P, (33
u being the Fourier transform of . The norms defined by (3.3), with different values of
the parameter v, are equivalent each other. For v = 1 we set for brevity || - ||s := || - ||s.1

(and, accordingly, H*(R"™) := H;(R™) for the standard Sobolev space).
For s € N, the norm in (3.3) turns to be equivalent, uniformly with respect to -, to
the norm [| - [|pzz (rn) defined by

lullfrs ey = D2 VTP U] T ) (3-4)
lal<s
where, for every multi-index o = (aq,...,ay) € N, we set 0% := 90" ...0%" and

la] == a1 + -+ + @, as usual.
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For functions defined over Q7. we will consider the weighted Sobolev spaces H,’Y”(Q}' )
equipped with the natural y-depending norm

Hu”Hm Qf) "~ Z 72(m e} HaauHLz(Q}r)v

|a|]<m

where 9% := 93° 07" 052 05° with 9y = 0;. An useful remark is that

|97’Y <y HU”r’ya (3.5)

[Ju

for arbitrary s <r and v > 1.

Similar weighted Sobolev spaces will be considered for functions defined on Q~

3.2. Conormal Sobolev spaces. Let us introduce some classes of function spaces of
Sobolev type, defined over Q;. Let 0 = o(x1) be a monotone increasing function in
C*(R4), such that o(x1) = z; in a neighborhood of the origin and o(z1) = 1 for a4
large enoungh. Then, for every multi-index o = (g, a1, a9,a3) € N%, the conormal

derivative 0% = is defined by

tan
Ofan = 05" (0(21)01)™1 05205,

where 80 = 8t.
Given an integer m > 1 the conormal Sobolev space H,,(QF) is defined as the set of
functions u € L*(Q%F) such that 02,u € L?(QF), for all multi-indices a with |a| < m.

Agreeing with the notations set for the usual Sobolev spaces, for v > 1, H?, ,Y(QT) will
denote the conormal space of order m equipped with the y—depending norm

e S Gl /0 (3.6)

jal<m

and we have Hj7, (Q7) == HJ%, 1 (QF).

Similar conormal Sobolev spaces with y—depending norms will be considered for func-
tions defined on @~. We will use the same notation for spaces of scalar and vector-valued
functions.

3.3. Homogeneous Sobolev space. Because of the presence of the “elliptic” unknown ¢
we will have also to use the homogeneous function space

HY(Q7) = {u € Li,.(Q7) | Vu € L*(Q7)}-

4. The main result. We are now in the position to state the main result of the paper.
Recall that U = (q,v, H), where we drop the dot from the variables for simplicity. The
main result of the paper reads as follows.

THEOREM 4.1. Let T > 0. Let the basic state (2.2) satisfy assumptions (2.3)-(2.5) and
|HxH|>6>0, onuwr, (4.1)

where § is a fixed constant. Then there exists 79 > 1 such that for all v > ~¢ and for
all f, 4 € H,i (QF) vanishing in the past, namely for ¢ < 0, problem (2.29) has a unique
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solution (U’w H’w (p’)’) SuCh that (Q"/a W’Ya H’Ya <)0’Y) € Hl(Q’}t) XH'%(Q;:) XH%(QE) XH'% (wT)
with the trace (g, u1, v, b1, v, Hoy)lwr € H$/2(wT) and obeys the a priori estimate

V(IWL 12 @iy + IV 22 gy + 1H 121 o

4.2)

C
2 2 2 2
+ 1 (ay, u1,4, ha, 5, Hy) |UJT||H’1y/2(wT)) +7 ||<IO’7||H%(UJT) < ;”f’u,’y HL(Qh)” (

where we have set U, = e "'U, H, := e "H, ¢, := e " and so on, and where
C =C(K,T,0) >0 is a constant independent of the data f, and the parameter ~.

5. Hyperbolic regularization of the reduced problem. Problem (2.29) (or
(2.30)) is a nonstandard initial-boundary value problem. For its resolution we intro-
duce a fully hyperbolic approximation. Concerning the plasma part, we replace the
incompressible MHD equations with their “compressible” counterpart by introducing an
evolution equation for the total pressure involving a small parameter € which corresponds
to the reciprocal of the sound speed in the fluid. As for the vacuum part, we consider a
“hyperbolic” regularization of the elliptic system (2.30d) by introducing a new auxiliary
unknown F which plays the role of the vacuum electric field, and the same small pa-
rameter of regularization € as above is now associated with the physical parameter 1/c,
being c the speed of light. We also regularize the second boundary condition (2.30f) and
introduce two boundary conditions for the unknown FE.

Plasma part. Let us denote U¢ = (¢%,v%, H®) (we also set W& = (v%, H¢)). The regular-
ized system for the plasma part reads

~ . 1
{0 — O, 1) ~ (L) + 0,V
1¥1
1 ~
- —— (@, (VH, H*
o (@ ))
S (@ (H, VHE))} + L diver =0, (5.1a)
81@1 81(1)1
1 .
O + —— (v, V)v° — (h, V)H®
1 J
+ Vg + CL (W, W = f, (5.1b)
1 .
O H® + —{ (w0, V)H® — (h, V)v°
e O L AT
;T e ﬁ . e . +
+ Co(W, 0)We + ——dive* =0 in Q7F, (5.1c)

0191
where the matrices Cy and Cy were defined in (2.9), and u° is defined through v like u
is defined through v.
In the matrix form, system (5.1) can be shortly written as

3
A50,U° +3 " A59,U° +CU° =F  in QF, (5.2)

j=1
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where the matrix-valued coefficients ﬁj, 7=0,1,2,3, and C are easily computed in terms
of the basic state (ﬁ/\, \f') and F = (0, f,,0). The latter system with £ = 1 looks like the
linearized system of compressible isentropic MHD equations reduced to a dimensionless
form.
Vacuum part. Let us denote VE = (HE, E¢). We consider the following regularized system
for the unknown V¢:

edh® +V x €° =0, (5.3a)

€0 —VxH*=0 in Q7r, (5.3b)
where

E° = (BE1, B3, E3), € = (BE{0:®1, B}, E7),
¢© = (E5, B501®1, B50,81), ES = Ef—E50,V—E50,0, ES = E5,U+EL, k=23,
All the other notations for H° (i.e. h* and $°) are analogous of those for H.
We rewrite (5.3) in the matrix form

3
QVE+ BioyVE+ ) BiokVE + BaVE =0,
k=2
where
3
~ 1 ~ ~ ~
Bi=——(B - B0, V), B,=1I®B, (5.4)
o, (P~ BiowT)
- ~ 0, ~ - 0,000
0 —0;0sU + QU™ 9,050 + 93U 2L
. 01®1 191
B=| 0 %0 0 7 (5.5)
(91@1 R
7
0 0101
0,9,

Iy is the unit matrix of order 2, and the symmetric matrices B (j = 1,2,3) coincide
with the corresponding ones for the vacuum Maxwell equations if ¢ = 1:

00 000 0 00 0 0 01
00 000 —1 00 0 0 00
00 001 0 00 0 —10 0
BE: —1 BE: —1
1= o0 000 o |” 727F 00 -1 0 00|
00 100 0 00 0 0 00
0 -1 00 0 0 10 0 0 00
0 000 —1 0
0 001 0 0
0 000 0 0
e _ ~—1
B;=¢ 0100 0 0
1000 0 0
0 000 0 0
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Boundary conditions. We couple equations (5.1) and (5.3) with the following regularized
boundary conditions

Oyp® = vg, — 02029 — U3030° + D10,

¢ = (H,H°) = [014]¢" — (B, EF)

E:, = € 0:(H3p®) — e 0a(Er7),

EE, = — 0i(Hap®) — e 05(E1¢°) on wr,

(5.7)

where E = (El, Eg, Eg) and the coefficients Ej are given functions which will be chosen
later on. Again, VG = (ve, N)

Final form of the reqularized problem. Collecting the previous equations we obtain the
regularized problem given by (5.1), (5.3) and (5.7).

5.1. An equivalent formulation for the reqularized problem.

5.1.1. Plasma part. We derive an equivalent form for system (5.2) in two steps. First
we write down this system in terms of the new unknown ¢'¢ = ¢ and then we pass to
the ”curved unknowns” uf, h®.

Step 1. To symmetrize system (5.2), we derive div u® from (5.1a) and rewrite the equation
for the magnetic field in (5.1c) as

1 N —~ o~
O H® + —— {(w,V)HE _ (h,V)vf} + (W, D)We

191
. ~ ~ 1
- EQH{atqf — QL) — (H.00) + —— (0. 91)
11
1 ~ 1 ~
- —(w,(VH,H®)) — — (w, (H,VH® =0. (5.8
e (3.(VHL 1) o (3.5 H) =0 69

Substituting (5.8) in (5.1) gives a symmetric system. Unfortunately, the matrix-valued
coeflicient by the t—derivative of U¢ is not uniformly positive-definite with respect to &
that makes inconvenience because we are interested in obtaining an uniform in € a priori
estimate for smooth solutions of (5.1). Therefore, we make the change of unknown

q°=eq, (5.9)

and restate system (5.2) in terms of the new unknown (¢’'¢,v¢, H¢). Just for simplicity
we again denote U® = (¢’¢,v¢, H¢). In the matrix form, system (5.2) becomes

~c 3 N N
AU + A,0U° + Y A0,U° +CU =F  inQF, (5.10)
j=2

where the new coefficients are the symmetric matrices

1 00 0 —eH —eHy,  —cHj
0 1 0 0 0 0 0
0 01 0 0 0 0
Af = 0 0 0 1 0 0 0
*6?[1 0 0 0 1 +€2j‘\[12 EQﬁlﬁg 62ﬁ1ﬁ3
—EﬁQ 0 0 0 EQﬁlﬁQ 1+ 521/;]\'22 EQﬁQﬁg
—Eﬁg 0 0 0 €2ﬁ1ﬁ3 Ezﬁgﬁg 1+ EQﬁg
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—Ei}\lﬁg
0
0
o
82’[)1]?11:‘\[3
62@1ﬁ1ﬁ3
01 + €2ﬁ1f[§
*Eﬁzﬁg
0
0
—H,
62@2ﬁ1ﬁ3
52@2ﬁ1ﬁ3
@2 + Ezf)gﬁg
—55}\31’:\’3
0
0
—H
52@3ﬁ1ﬁ3
82@3ﬁ1ﬁ3
V3 + 82@3[:’:’;

1 0 —EfIT
= 0 I 0 ,
—eH 0 L+e2HoH
o et 0 0 e Hy ety Hy
g1 o 0 0 —H, 0
0 0 b 0 0 —H,
AC = 0 0 0 0 0
—eoyH, —Hy 0 0 Oy +e200H2 20 H H,y
—etyHy, 0 —Hy 0  e200HHy b +cH2
—et, H 0 —H, &% HHs 291 HyHy
0 0 g1 0 — ety H, — Uy Hy
0 s 0 0 —H, 0
g1 0 s 0 0 —H,
A = 0 0 0 g 0 0
—Ei}\gﬁl —,[:’,\[2 0 0 @2 + 52@2]{:}12 E2ﬁ2ﬁ1ﬁ2
—elpHy 0 —Hy 0  e200H\Hy g+ ey H?2
75'1721?3 0 0 —H, 5262ﬁ1ﬁ3 szﬁgﬁgﬁg
U3 0 0 g1 —853]?1 —Eﬁgﬁg
0 by 0 0 —H, 0
0 0 3 0 0 —H,
A= et 0 0 0 0 0
—ev3H, —H; 0 0  03+c203H2 e205H, H,
—el3Hy, 0 Hy 0 c2gH Hy, i3+ c203H2
—eU3Hy 0 0 —Hy e23H,Hys  203HoHy
and the coefficient A\i is
G 1 . 5. . N
A= —— | A7 =) 0, WAS — 0,04 |,
o0 P, =
while
—a(f), He?)
CU® = CL (W, D)We F=
Co(W, 0)W*e + £2(D, H*)H
and
D=0+ ——(a,V)A.
al(pl
Note that the coefficients A\j , for 7 =1,2,3 and C® can be shortly rewritten as
R v; e tel —sﬁjﬁT
A; = 5_162\ @2\13 —ﬁjfg s

—€6jH —Hjlg

i}\j([3 +E2ﬁ®ﬁ)
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with
517]' R R R
ej=1| 6, |, HoH=HH"
03,5
and N
0 0 0 —eDT
cc=1C(W, o)1 +1]10 0 0
Co(W, 1) 0 0 e2H®D
~E
Moreover, an explicit calculation gives for A; the following expression
- @ e At —e HT
A= 81(/]:\)1 e 'n w113 —hils s

et H —mIs @ (Is+<*H ® H)
where we recall that

ﬁT = (1 —82\/1\/ —83\/1\/) s ’L/U\l = ij\ﬁ — at\/ff7 /Bl = ﬁﬁ .

19

(5.11)

System (5.10) is symmetric hyperbolic because the matrix /Tg is uniformly definite pos-
itive for e sufficiently small. Unfortunately, the matrix in (5.11) contains the singular
factor e 1. Fortunately, this potential difficulty will not prevent obtaining an uniform in

€ a priori estimate.

Step 2. For overcoming the difficulty connected with the appearance of =1 in (5.11) we
rewrite system (5.10) in terms of the new vector unknown Y* = (¢'¢,u®, h®). Observing

that U® = JY ¢, where the matrix J is

. U D30
10 0 1P 01y
_ T T_ 1
J=lo 7o, T=|o L 4 |
0 0 J 0194 )
0 0 =
0194

we obtain the new system
3 ~
A50, Y+ A9,y + AV =F,
j=1

where

As = 0,0, JT A5, AS =09, JTAJ, A =0,0,JTAT  (k=2,3),

< ~ ~ =€ 3 ~ A

A3 = 0Py (JTAéatJ—F JTA 01T+ Y JTALOkT + JTCEJ> ,

k

=2

0
F=0 0 J"F=| f, |, fo=0:2J"f,.
0
Direct calculations show that
A§:&§+€ E1j+1 s j=12,3,

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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where
@j 0 —€U7jﬁTj
A=l o g 0TS ,
—ew; JTH —h;JTJ @;J%(Is +c2H @ H)J
(5.17)
0 e 0
51’j+1 = €4 0 0 5 j == 1,2,3.
0 0 O

Compared to (5.10), the equivalent formulation (5.13) has the advantage that the
factor e~! appears only by the constant matrices & ;11 and that the boundary matrix

AS takes the form
AS = AS 4716, (5.18)
where
Al,, =0 (5.19)

(since W1y, = /f;1|wT = 0, see (2.4c), (2.5)). Moreover, an explicit calculation shows
that A5 and A5 do not contain the singular multiplier e~! (their elements are bounded
as e — 0).
5.1.2. Vacuum part. System (5.3) can be written in terms of the “curved” unknown
We = (§°, €°) as
3

BodyW* + " B50,W° + ByW* =0, (5.20)
j=1
where
1 N
By=——KK", K=IL,®K, Bs=8BhB, (5.21)
9, D,

1 -0, 0 —950
011 0 ; (5.22)
0 0 o P,

K=J"1'=

o

and the matrices .J and Bj are defined in (5.12) and (5.6) respectively, see [13] for more
details.

System (5.20) is symmetric hyperbolic. The main advantage of the usage of the
variables W¢ rather than V< is that the matrices B5 in (5.20) containing the singular

I are constant.

multiplier e~
5.1.3. Boundary conditions. We restate the boundary conditions above in terms of

the unknown (Y, <) by using the relations (recall that & ®; = 1 on wr)

(H,He) = HgHs + HoHe, + HaHe, = (0, 9°),
(5.23)
(B, E°) = EgEf + E>E:, + E3E, = (3,€).
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Regarding the first line in (5.23), we notice that b = ﬁN = 0 on wr, so that $H] does
not appear in the boundary condition. Then the boundary conditions become
8tg05 = uf — ’0282@6 — ’03(93@6 + @58161\7,
5_1(]/8 = (6\758) - [alqA]Le\E - E(?a ea)
¢S = e 0 (H3yp®) — e Da(E1p°),
€5 = —£ 9y (Hap®) — £ 03(E1¢°) on wr .

(5.24)

5.1.4. Full equivalent reqularized problem. To sum up, we consider the following reg-
ularized problem for the unknown (Y€, W=, ¢°):

M«

A50, Y5+ AS9;v + A5y =F  inQf (5.25a)
j=1
3
BodyW* + > BSO,WT+ BV =0 in Qy (5.25b)
j=1
Dip® = uf — Da02p° — U3039° + P 0, (5.25¢)
elgf = (H, H°%) — [01G]p° — e(e, €°), (5.25d)
€5 = £ 8y(Hsp®) — e Oa(E1¢°) (5.25¢)
¢ =—¢ &g(ﬁgwe) —¢ 83(E1<p5) on wr, (5.25f)
(Y5, W5, ¢%) =0 for t < 0. (5.25g)

It is noteworthy that solutions to problem (5.25) satisfy

divh®* =0  in QF, (5.26a)

divh® =0, divee=0 inQr, (5.26b)

va = f1232<p5 + ﬁgaggpg — @5311% on wr, (5.26¢)
He, = 0s(Hay®) + 05(Hsp®)  onwr (5.26)

because (5.26) are just restrictions on the initial data which are automatically satisfied in
view of (5.25g). Equations (5.26b) trivially follow from (5.25b) and (5.25¢g). Condition
(5.26d) is obtained by considering the first scalar equation in (5.25b) at 1 = 0 and taking
into account (5.25¢)-(5.25g). As we already noticed, (5.25a), (5.25b) is a symmetric
hyperbolic system.

REMARK 5.1. The invertible part of the boundary matrix of a system allows to control
the trace at the boundary of the so called noncharacteristic component of the vector solu-
tion. Thus, with system (5.25a) (whose boundary matrix is —A5|,,,. = — '€ 2, because
of (5.19)), we have the control of ¢’¢, u§ at the boundary; therefore the components of
Y'¢ appearing in the boundary conditions (5.25¢), (5.25d) are well defined.

The same holds true for (5.25b), where we can get the control of 13, 95, €5, €5. The
control of &§, which appears in (5.25d), is not given from system (5.25b), but from the
constraints (5.26b), as will be shown later on. We recall that £ does not appear in the
boundary condition (5.25d), because Hl = ﬁ]\‘r =0 on wr.
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Before studying problem (5.25) we should be sure that the number of boundary con-
ditions in (5.25¢)-(5.25f) is in agreement with the number of incoming characteristics for
the hyperbolic systems (5.25a), (5.25b). Since one of the four boundary conditions in
(5.25¢)-(5.25f) is needed for determining the function ¢°(¢,z’), the common number of
incoming characteristics should be three. Let us prove that this is true.

LEMMA 5.2. If € > 0 is sufficiently small, system (5.25a) has one incoming characteristic
for the boundary wr of the domain Q7. If € > 0 is sufficiently small, system (5.25b) has
two incoming characteristics for the boundary wr of the domain Q7.

Proof. In view of (5.18) and (5.19) we obtain
(ASY*S,Y®) = e 1(£2Y5, V) =271 %uf  on wr. (5.27)

Hence, the boundary matrix A5 at the boundary wr has one negative eigenvalue A\_ =

1 1

—e~! (“incoming” in the domain Q;) and one positive eigenvalue A, = 7+, and other

eigenvalues are zeros.
Let us consider system (5.25b). The boundary matrix B has eigenvalues A\ o = —¢ 71,
A3a4 = €', As6 = 0. Thus, system (5.25b) has two incoming characteristics in the

domain Q. O

6. A BVP associated to the regularized hyperbolic problem: a priori esti-
mates. Let T > 0. Let the basic state (2.2) satisfy assumptions (2.3)-(2.5) and (4.1).
Our next goal is to prove the existence of solutions (Y2, W=, ¢°) to problem (5.25) and
a uniform in € a priori estimate in H},,,(QF) x H'(Q7) x H(wr). This will be done in
several steps.

6.1. The boundary value problem. We assume that all the coefficients and data ap-
pearing in (5.25) are extended to the whole real line with respect to the time, and recall
that Q* =R, x QF and w =R, x T (see (3.1)).

The first step of our analysis is to prove a uniform in e estimate for smooth solutions
to the boundary value problem (5.25a)(5.25¢) in Q% i.e., to the problem

A50,YE + Y] AS0; e+ AsYE=F  in QT
BodyWe + 35 BSOWE + BV =0 in Q™

O0p® = uf — U2029° — 03039° + YO0,

S = (5,5°) — [udle* — =€)

€5 = e O (H3p®) — € Oa(Fr¢°),

&5 = —¢ at(ﬁws) — 563(E1Lps) on w,

(Y, We %) =0 fort <O0.

Recall that Y€ = (¢'¢, u®, h) and W¢ = (§°, €°).
In this section, we prove a uniform in € a priori estimate of smooth solutions of (6.1).
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THEOREM 6.1. Let the basic state (2.2) satisfy assumptions (2.3)-(2.5) and (4.1) for all
times. There exist g > 0, 79 > 1 such that if 0 < € < gg and v > 79, then all sufficiently
smooth solutions (Y, W¢, ©°) of problem (6.1) obey the estimate

2 2 2 2
(I 12,ory + IV agmy + IV lulZara gy + IVl )

Y

C ~
20, € 112 2
+ 775 s o) < ;”FwHHgMW(Qﬂ, (6.2)
where we have set Y = ™'Y, Y = e " (e71q' %, ug, h]), WS = e VWS, f, = e "
and so on, and where C = C(K,d) > 0 is a constant independent of the data F and the
parameters €, 7.

In order to obtain the energy estimate (6.2), we use the same ideas as in [13] (see
also [17]). We underline that the coefficients Ej in the boundary conditions in (6.1)
are still arbitrary functions whose choice will be crucial to make boundary conditions
dissipative. Moreover, we have to be careful with lower order terms, because we must
avoid the appearance of terms with =1 (otherwise our estimate will not be uniform in
g). Also for this reason we use the unknown (Y¢,V/¢) rather than (U®,V®).

For the proof of the energy estimate (6.2) we need a secondary symmetrization of the
transformed Maxwell equations in vacuum (5.3).

6.2. Secondary symmetrization for the vacuum part. Let us perform a new symmetriza-
tion of the vacuum part (see [17]), that consists of replacing the original system (5.3)
with the equivalent system

_ 1 A 1
R0 + -V x @) + K 1(0y¢° — =V x §°) x ev + —=—divh® = 0,
€ € 0,9,

(6.3)

_ 1 N 1
K705 — “V x $°) — K~H0,h° + -V x €) x ev + —=— divet =0,
€ € 0,9,

where K is defined in (5.22), while v = (v1,10,v3) and v; = vi(t,x) (i = 1,2,3) are
arbitrary functions that will be chosen in an appropriate way later on. We refer to [13,
Lemma 16] for the detailed proof of the equivalence between systems (5.3) and (6.3), for
an arbitrary v # 0.

Step 1. With respect to the variable V¢ = (H®, E®) system (6.3) reads

3
BEOVE + BV + D BV + BIVE =0, (6.4)
k=2
where
1 0 0 0 EV3  —€ls
0 1 0 —Eev3 0 %1 .
e 0 0 1 eVy —€l4 0 o ( I3 BS)
By = = | ~T s

0 —€V3 €Uy 1 0 0 B I3

EV3 0 —El] 0 1 0

—Ely 41 0 0 0 1
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141 12 V3 0 0 0
120} —U1 0 0 0 —5_1 P Py
c vs, 0 —u» 0 et 0 B B
sBl = =\ =7 =)
0 O 141 12} 12 Bi %1

—lV2 U1 0 0 0 3
141 1] Vs 0 0 0 P _
B _ 0 wv3 -1y —1 0 0 [ B2 Bj
2 — —1 - —~T — 5
0 0 —¢ —V2 1 0 B% B,
0 0 0 %1 Vo [%:
571 0 0 0 vy —UV2
—v3 0 ©»v 0 -1 0
0 —v3 vy el 0 0 P
BE — V1 V2 V3 0 0 0 _ %3 B§
3= —1 B (=t ARl IR
0 e 0 —u3 0 141 Bg B3
—571 0 0 0 —U3 120}
0 0 0 V1 ) V3
_ 1 3 N
B = (%&Z%ia,ﬁy)?
0191 P
i =B84,

where By is defined in (5.4).

Note that
—~T — . —~T — . ~
B, =B; (j=1,2,3), B = —B;T (j=0,1,2,3), Bf|c=0 = Ba.

J

Step 2. Again, to avoid the appearance of the “dangerous” multiplier ! in the energy
integral for problem (6.1) we pass in system (6.4) from the unknown V¢ to the “curved”
unknown We = ($°, €°):

where

3
M§OWVE + M{oLW? + >~ M{ORW* + MEWE =0, (6.5)
k=2
£ 1 T
MO = - K%OK > O7
019,
~ 1~ 1
M{=——KBK", M{=—-———KBK" (k=2,3),
314)1 61¢1 (6.6)
— o~ = 1
M§ = M{ + My, M;=—— KBK" — KB50,(L™),
1¥*1

My = —K (%ial(L”) B9, (L) + %gag(Lfl)) ,

the matrices L and K are obtained from the relations

1 ~
— K", K=L®K,

We=LVe, L7'=_—
01 Py
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and the matrix K was defined in (5.22). The symmetric system (6.5) is hyperbolic if
M§ >0, ie.

ely| < 1.

The last inequality is satisfied for small €.
We need to know the behavior of the above matrices in (6.6) as ¢ — 0. To this end,
we find that

M§ = 0(1), 1\715 =-Bi+0(1),
(6.7)
Mg =-B;+0(1) (k=2,3), M;=0(1),

where by O(1) we denote a generic matrix bounded w.r.t. ¢ and the matrices B were
defined in (5.6). As the matrices M§ and M§ do not contain the multiplier e~1, their
norms are bounded as ¢ — 0. Recalling that the matrices B are constant, we deduce as
well that all the possible derivatives (with respect to t and x) of the matrices Mf, Mg
have bounded norms as £ — 0.

6.3. Final form of the regularized problem. After all the changes of unknowns de-
scribed above the regularized problem (6.1) takes the new form

3
A50,Y° +> A0,y + A5y =F  inQ", (6.8a)
j=1
. 3
M§OW® + M{OyW + > MW+ M{We =0 in Q™ , (6.8b)
k=2
Opp® = uf — V2029° — 0303¢° + Y 010y, (6.8¢)
e = (5,9°) — [D1gle" — (5, €), (6.8d)
€5 = £ 0,(Hsp®) — € o (Fr¢°), (6.8¢)
S = —c0y(Hap®) — £ 03(E1p°) on w, (6.8f)
(Y5, W8, 0%) =0 for t <0, (6.8¢)

where for the readers convenience we recall that equation (6.8a) is the “compressible”
regularization of the plasma system written in terms of the unknown Y€ = (¢’ u®, h¢)
while equation (6.8b) is the “hyperbolic” regularization of the div-curl vacuum system
written, after the secondary symmetrization, in terms of W¢ = (§°, €°).

6.4. Proof of Theorem 6.1. To obtain the a priori estimate (6.2) we apply the energy
methods to the symmetric hyperbolic systems (6.8a), (6.8b). In the sequel vy > 1 denotes
a generic constant sufficiently large which may increase from formula to formula, and C'
is a generic constant that may change from line to line.
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First of all let us restate systems (6.8a), (6.8b) in terms of the y-weighted unknowns
Y7, W5. The equations take the equivalent form

3
VAGYE + Ao YE+ Y ASOYE+AYE=F, inQ", (69)
j=1
N 3
YMEWS + MEOWS + M{OOWS + > MOxWs + M{WS =0 inQ™ . (6.9b)
k=2

The arguments below are, with suitable modifications, analogous to those from [13]. How-
ever, for the readers convenience we do not drop them and start with some preparatory
estimates.

Conormal derivative of the plasma unknown. First of all we estimate the conormal de-
rivative 001 of Y. Applying to system (6.9a) the operator ¢0;, multiplying by 00, Yy
and integrating by parts over Q* gives the inequality

7||031Y75H2L2(Q+)

C .= .
< 5 {”FVH?LQMW(QJr) + HY,YEH?{th o+ T lle 01 (£12Y5) ||2L2(Q+)}, (6.10)

Y

for v > ~p. On the other hand, directly from equation (6.9a) we get

le701 (£1,2Y5) 1 72¢g+) < C {||Fv||%2(c2+) + ||Yf||§1t1aw(Q+)} ; (6.11)

where the constant C' is independent of € and « (recall the definition of the matrix &; o
in (5.17)). From (6.10), (6.11) we obtain

C [ ~
oYy |24y < 5 {||Fw||§1,}anﬂ(cg+) + ||Y»y€||§{gmw(cg+)} ; Y=, (6.12)
where C' is independent of € and ~.
Normal derivative of the noncharacteristic part of the plasma unknown. Also, using the
structure of the boundary matrix in (6.9a) (see (5.19)) and the divergence constraint
(5.26a) allows us to get an estimate of the noncharacteristic part Y5 , = e 7" (7'¢'¢, uf,
h5) of the “plasma” unknown:

101Y;2 220y < C {IB W32y + Y51

tan,y

(Qﬂ} , (6.13)

where C' is independent of € and ~.

Normal derivative of the vacuum unknown. As in [13], from system (6.9b) and the diver-
gence constraints (5.26b) we can express the normal derivative of all components of the
“vacuum” unknown W5 through its tangential derivatives. This gives the estimate

3
[0S NI72(0-) < C {'}/QHW—iH%ﬂ(Q) + 10511720y + Z |3kW§||2L2‘(Q)} ;. (6.14)
k=2

where C' is independent of € and ~, for all € < .
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L?—estimate of the front. Writing the first boundary condition (6.8¢) for ¢., that is
’}/(,Oi + 8%02 = ui,y — @282(,02 — @383@2 + (,0281@](, ,
multiplying it by ¢ and integrating by parts over w yields

C
M5z () < ;llﬁ,wlliz(@ ;o Y20, (6.15)

where C' is independent of ~.
Tangential derivatives of the front. As in [13], assumption (4.1) on the basic state (U, H)
allows to solve the system of the boundary conditions (5.26¢), (5.26d) and (6.8¢) (stated
in terms of ¢) as an algebraic system for the space-time gradient Vi oy, = (015, 0295,
d3¢5)

Vm.mpi = alhi,\{ + a2hi’¥ + Zigu‘iﬁ + 64@2 + 7@5(,02 , (6.16)
where the vector-functions dg = g (U], H|.,) could be written explicitly.? From (6.16)
we may estimate Vy ,/¢f through the trace on the boundary w of the noncharacteristic
part of the unknowns (Y7, W5) and 5 itself:

IV oSz w) < C {1V lollz@w) + WS Ll + €5 2wy } > v =70, (6.17)

where C' is independent of € and ~.

L?-estimate. Now we are going to derive an L?—energy estimate for (Y, W¢). To this
end, we multiply system (6.9a) by Y7 and (6.9b) by W5, integrate by parts over Q* to
find

7/ (ASY;,Yf)dxdt—i—v/
Q+

(MgW3, W) da dt + / Asdz’ dt

w

3

1 . . .

== Ag AS —2A% )Y YE t
2/Q+<(3t o+j§:15'3 J 4) v v)dmd

3
1 e 17 c e - -
+35 /Q ((atMo + 1M + kzzzakMk — 2M4>W7,W7) dz dt

+/ (Fy,YS)dzdt, (6.18)
Q+
where we have denoted
1, . 1~
A = = (ASYE, V) + S (W, W)L, (6.19)

Recalling that A and Mg are positive definite matrices uniformly in ¢ for € < o, using
the Cauchy-Schwarz and Young inequalities, and the fact that
3 s 3
A5+ 045 — 245 =0(1), M+ M; + > 0 Mj — 2M5 = O(1),
j=1 k=2

2Under the conditions about the basic state ﬁ]\? = ﬁN = 0 on w, one computes |H x H|2 = (HaH3z —
HsH2)2(V'$)2, where (V/P) = (1 + |028)2 + |033|2)1/2 and HoHs — HsHy is just the determinant of
the 2 x 2 algebraic system for d2¢°, d3¢p° made from the boundary conditions (5.26¢), (5.26d).
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from (6.18) we derive the L? estimate

'Y||Y,YEH2L2(Q+) +7||W§H%2(Q7) + / A€ da’ dt
1 ~
S C {’yHF'y”%?(Qﬂ + ||Y’YE||%2(Q+) + ”W’?”%%Q—)} , (6.20)

where C is independent of € and 7.
Using (5.27), we obtain

(ASYE,Y5) = M (E12Y5, Y5) = e 27 %u] onw.

Following [13], we choose the functions v; in the secondary symmetrization (6.3) by
setting

V) =01 = f)gaggb + 03039, vp =10, k=2,3. (621)
After long calculations we get

A® = e M =g fuf + e (95€5 — H3E)

Now we use the boundary conditions in (6.1) and the assumption H slw = 0 for
calculating the quadratic form A°. Thanks to the multiplicative factor ¢ in the boundary
conditions (6.8e), (6.8f), we get rid of the singular multiplier e ! appearing in the second
term of the right-hand side of (6.22). The factor e ~! multiplying ¢’¢ in the right-hand side
of (6.22) is not dangerous because it is included in the definition of the noncharacteristic
component Y;* = (e71¢'¢, u§, h) of the vector function Y = (¢'¢, u®, h¥) to be estimated

(see (6.2) in Theorem 6.1).
After long calculations we get

As =2t {(El + ’[)27:[\3 — @3ﬁ2) (6Ef\78t<p5 + H5030° — 55%82@5)
+ €(E+2 E5 + E+3E§) (0" + D20290° + 1303¢%)
+ ¢ {[01d] v — 0105 (e S + [Dr1d)e°) + (0 H3 — B2 E1) (95 + el B )
H(OHa + O E1)(95 — e F) + (0 + O5Ha) (0295 + 0595)} | - (6.23)
Now we make the following choice of the coefficients Ej in the boundary conditions
(6.8d)-(6.8f):
E=—ox1H, (6.24)
where © = (01, 02, ¥3). For this choice

Ey + 0oHs — 03Hy =0, E;, =0, E; =0,
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and this leaves us with
A® = e @ {[01q) uf — 010 (e g T + [014)¢%)
+ (0Hs — 02F1)(95 + €2 BS)
(O + BsFr) (95 — €035 + (0a7a + 0sTls) (02595 + 0555) } |
= o {[01d]ui , — Do (e gl + [D1d]e5)
+ (O Hs — 0:E0)(95 , + £62E5, ) + (0 Hz + 03E1)(95,, — e05 5 )
+ (DHo + 05H3) (02995, + 0395,,) ). (6.25)

where we restore the usage of the subscript ~.
Substituting (6.25) into (6.20) and using the Cauchy-Schwarz and Young inequalities,
from (6.20) we get

C ~
BNy + Y5 ellEao)

FIWEL e |+ C {2 + IWE Iy b+ CYIeE 132 (6:26)

where C is independent of ¢ and . Thus, if vy is large enough, we obtain from (6.26)
and (6.15)

7||Y$H%2(Q+) + W’||W§H2L2(Q,) <

7||Y$H%2(Q+) + W’||W§H2L2(Q,)
C ~
< {1 ey + IV lulfa + MV Lulfa } » 0<e<en, 7200, (6:27)

where C is independent of € and 7.
Tangential derivatives. Now we are going to derive an a priori estimate for the tangential
time-space derivatives of Y'¢, W¢. For simplicity, let us denote by Y, W7 the vectors

Y AL
Yo=e | aye |, Wi=e | o | (6.28)
d5Y* D3 W*

Below it will be sometimes convenient to write Jy instead of d;. Applying 9; to (6.9a),
(6.9b) for I = 0,2,3, we easily find that the vector-functions Y, W2 must solve the
following system
. . 3. . .
YAGYS, + A§O:YE + Zl A0, Y5 + AFYE =T, in QT,
J:
AW £ € IVE € 2 € € AW 4 - (629)
7M0W7 + Moatw.y + M181W7 + kZQMkakW’Y + M4W,y = ny mn Q 5

where



30 A. MORANDO, Y. TRAKHININ, anp P. TREBESCHI

[ Aitady ads 9
Ai = 82{16 Ai + ?QAS § 62A§ § s
D3 A5 DAy A5+ 0345

OF — 0, Ac0, Y= — 9, A5Y*
F,=e " | 0F — 0,A50,Y° — 0,A5Y°
O3 F — 03A50,Y° — 03A5Y°

and
Mz My
Mi:: ; Mlaz ) l:032337
7 v
M4 OM; QM 0, M
M = O M§ M5 + 02 M5 O M35 ,
95 M O M5 M: + 0505

— 9, M9, WE — O, MEW*
Gy =e " | —0uM;o,W* — 0o M;WV?
— O3 MO W? — D5 MEWF

Arguing as for (6.9), we derive from (6.29) that

2 (AL9,YE,9,YF) dx dt
vy /Q+€ (A501Y*, 0,Y7) d

1=0,2,3

+v ) /Q e (MERWE, W7 da: dt

1=0,2,3

1 — )
+ 5/e*zvt{(Mfalwian/va)—(AialYf,alYE)}dz’dt
1=0,2,3 ~ 7w

3

1 ] ;

2/@+ > 045 — 245 | Y2, Y5 | dadt
J=0

+

N |

3
/ ((@MS + M+ D e M; — 2/\43) W;,W@) da dt
o

k=2

+/ (]FV,YEY)dxdt—l—/ (G, We) dedt. (6.30)
Qt Q-

The source terms F.,, G, appearing in the right-hand sides of (6.29) contain the deriva-
tives of the functions Y7, W=.

Since the normal derivative of the full vacuum unknown W5 is estimated through its
tangential derivatives by (6.14), using also the structure of the matrices M5 (cf. (6.7))
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we get

/ (G, W) dadt = Z/ e MF WS du dt
Q- 1=0,2,3Y Q@

-y / e MEWEW* da dt
o

1=0,2,3

< CRPIWil G2 oy + D NlOWENG 20y ¢+ (6:31)
1=0,2,3

where C is independent of € and 7.

Since the normal derivative of only the noncharacteristic part of the plasma unknown
Y7 is estimated in (6.13), the source term F., requires more attention. Firstly, from the
definition of F., we get

/Q (Y drdi= Y /Q e oY de
1=0,2,3

-y / e 9, A[0,Y0,Y* da dt —
Qt

/ e Y AY Y dudt.  (6.32)
1=0,2,3 Qt

1=0,2,3

The first and last integrals in the right-hand side of (6.32) involve only tangential deriva-
tives of Y and F. The second integral in the right-hand side of (6.32) contains the
normal derivative of Y. But, it follows from the special structure of the matrix A5 given
in (5.18) that

QAT =9A5, 1=0,2,3, (6.33)
and (5.19) implies
1A Y || 120y < CllodiY || L2t (6.34)
By the Cauchy-Schwarz and Young inequalities, (6.32)—(6.34) give the estimate
¢ = gl
< TS R g 3V, on . 120, (635)
1=0,2,3

where C is independent of € and 7.
Using the fact that the matrices AS and Mg are positive definite uniformly in ¢ for
e < g, from (6.30), (6.31) and (6.35) we derive

g Z ||6lY$H%2(Q+)+’Y Z ||6ZW§H%2(Q*)

1=0,2,3 1=0,2,3
gl
+ ) /A;dx/dtg§||Y;||§%M(Q+)
1=0,2,37¢%
! LB 2 2we 2 VA > 6.36
O S IB ,, on + 7 IV lza o) + > oWiligy ¢ 7270, (6.36)

1=0,2,3
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where C' is independent of € and ~ and, for each [ =0, 2,3,

1 - _
Af = e {—(Agalya, Y|, + (Mfalwa,alw)\w}

— 672’715

(e (@207%,07%) L + O, a7 }

N |

= 72 {;(Mfalwi AW, — Elalq’sf)luﬂw} . (6.37)
For the same choices as in (6.21) and (6.24), we obtain for A7 the following expression
A5 = 6_27t81<p5{[81ﬂ(3lu§ + 01Dt + e D0
+ (220095 + 0301595) (02 + 05Hs)
+ (0Ha + 03 B1) (9195 — €030, B%,)
+ (O — 2 B1) (0195 + €A ER) | +1ot., onw, (6.38)

where l.o.t. is the sum of lower-order terms. The presence of £~! in the right-hand side
of (6.38) is not dangerous because ¢~ !¢’ is a component of the noncharacteristic part
Y2 of the vector function Y. Using (6.16), we reduce the terms involved in (6.38) to
those like

chiOuy, chidp®, chid$5, chio€;,...onw,

terms as above with b5, u§ instead of hf, or even “better” terms like
VP Oy, Y OIpt .
Here and below, ¢ denotes a generic coefficient depending on the basic state (2.2). In-
tegrating by parts, such “better” terms can be reduced to the above ones and terms of
lower order.
Concerning the terms like ’c\hialu“i"‘ 21=0°
integral and again integrating by parts:

they are estimated by passing to the volume

/ e_QWt/C\hialui\m:o da' dt = — / + e 0, (ChiOyui) dz dt
w Q

_ / (DR (B14S) + EORS) vl — (D5 — (01 hS)OS } der
Q+
where ¢|,,—9 = ¢. To estimate the volume integrals in the right-hand side of the equality

above we only need to control normal derivatives of the noncharacteristic unknown Y ..
Thus, applying the Cauchy-Schwarz inequality and using (6.13) gives

Dt I 2 2
/we RS0S4, g d dt‘ < c{||F7||L2(Q+) + ||Y$||H3GM(Q+)} . (6.39)
In the same way we estimate the other similar terms chid 95, Ehfal(’E;le:O,

Eb‘f@luil 21207 ch50, ij‘ +,—0+ Where, after an integration by parts, again we only need to
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estimate normal derivatives either of components of Y7 or W2, by using (6.13) and
(6.14).
We treat the terms like Ehi\ 21—001p° again by substituting (6.16):

/ e ChE 0y p° da’! dt'

/w’c\h‘i7 (aﬂﬁﬁ +a2b7 , + Az, + das + 7&5902) da’ dt’
< {1V ollFe) + WS llZa) + 22165 IR0 | - (6.40)

Final estimate. Combining (6.36), (6.39), (6.40), (6.15) and similar estimates for the
other terms in (6.38) yields

v Y NS e gey + D IOl q-)
1=0,2,3 1=0,2,3

Q+)+C{ ||F HHl

tan,y

< IS

tan 'y

@+ Wil o)
+ ||er,'y|w||%2(w) + ||W§|w||2L2(w)} ; 0<e<en, 7=, (641)

where C' is independent of €, 7. Then adding (6.12), (6.14), (6.27), (6.41) we obtain

€ L~
WY, ey + V5 o-) < C{,y”F’YiI}anw(QJr) Y, on)
W Bisig +1 (¥ ol + IW3Lulac) b 0<e <0 7200, (6.22)

where C' is independent of e, ~.
It remains to produce an estimate for the traces on w of Y7, and W5. This is done
following the same arguments of [13].

LEMMA 6.2. The functions Y7 , and W5 satisfy
MY ollZa + 1Yol < € (IBslagey + 1YWy (o0))

(6.43)
VWS LolZz ) + ISl ) < CIVS I - -

Substituting (6.43) in (6.42) and taking 7o sufficiently large yields

Y5 7

tan,y

@Q+) + 'Y||W§||§I}Y(Q—)

Q

e

~ L@ 0<e<en, 72, (6.44)
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where C' is independent of ¢, 4. Finally, from (6.15), (6.17), (6.43) we get

2 2 2 2
Y (I Al ) + V5 LlZ072 ) ) + 22165 s
C 7
< ;llFWHHéan,w(Qﬂ , 0<e<er, v=7. (6.45)

Adding (6.44), (6.45) gives (6.2). This completes the proof of Theorem 6.1.

REMARK 6.3. For the sequel it is convenient to reformulate Theorem 6.1 in terms of
the original variable ¢° for the BVP corresponding to (5.1), (5.3), (5.7) when the time
belongs to R, i.e., for the problem

e {atqe — (0,H,H?) — (H,8,H®) + =% (w, V¢°)
1*1
1 ~ 7 17E 1 ~ 77 € 1 s €
N (w,(VH,H))— _ (w,(H,VH ))}+ —divus =0,
1Py 1P, 019,

1 A —~
0w+~ { (0, V)07 = (b, V)H } + Vsd® + OL(W, )W* = f,,
1*1

01®1 (6.46)
cbT+V x € =0

f0 —VXH =0 inQ,
Opp® = ui — Da0ap® — 03039 + =10,
qs = (Haﬁs) - [al(j]sps - 5(?7 66)7

€5 = e 0 (Hsyp) — £ 02(E19°),

&5 = —¢ 9, (Haw®) — £ 83(F1¢°) on w.

THEOREM 6.4. Let the basic state (2.2) satisfies assumptions (2.3)-(2.5) and (4.1) for all
times. There exist €9 > 0, 79 > 1 such that if 0 < € < g9 and v > =y then all sufficiently
smooth solutions (¢, u®, h®, W#, ¢°) of problem (6.46) obey the estimate

Yl on + 1R ory + Wl qr)
55 o Pl + V2Ll )
Y

£ £ C -
FIVE By + 7165 i < T IB I (@ey (647)

where we have set W5 = e TtWe, o, = e ° and so on, and where C = C(K,4) > 0

is a constant independent of the data F and the parameters €, 7.
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Proof. From the regularized interior equation (6.46), we can express Vgzq° through
conormal derivatives of (u, h) (since W1 = hy = 0 on w) by

~

Vot = fo — 0wt — —{ (@, V)" — (b, V)H"} — (W, Bywe,

0Py
and we use
Ve = 019,77V 34
The rest of the estimate (6.47) comes from (6.2). O

7. Well posedness of the hyperbolic regularized problem. In this section, we
focus on the existence of the solution to the regularized problem (5.25). Here, we follow
a general strategy that is usual for initial-boundary value problems for linear hyperbolic
systems (see e.g. [2], [13]). One firstly reduces the time-dependent problem (5.25) to the
boundary value problem (6.1) (where the time spans the whole real line) by a suitable
time-extension of the data F.3 Then one proves the existence of the solution of the
boundary value problem (6.1) with such an extended data. The restriction to the time
interval (—oo,T] of the solution to (6.1) will provide the solution of problem (5.25),
(5.26).

As a first step, we prove the existence of the solution of (6.1). Here we rely on
the result obtained by Secchi and Trakhinin in [13], where the plasma-vacuum problem
for the compressible MHD equations was studied. Indeed, for a fixed e, problem (6.1)
coincides with that in [13] up to the passage to new “scaled” unknowns.* By applying
[13, Theorem 15] to (6.1) for fixed € (0 < & < ), we get the following result.

LEMMA 7.1. There ex1st Yo > 1, g > 0 such that for all v > vy, 0 < € < g¢ and
F = (0, fv +,0) € H,,, (QT), vanishing in the past, problem (6.1) has a unique solution

(VE,WE, %) € Hl  (QF) x HY Q™) x HY?(w) with (Y, W2)|w € Hy*(w).

REMARK 7.2. In view of the proof of Theorem 4.1, that will be given in the Section 8,

it is convenient also to restate Lemma 7.1 in terms of the variable ¢° for the regularized
BVP (6.46).

LEMMA 7.3. There exist 79 > 1, g > 0 such that for all v > vy, 0 < € < g9 and E, =
0, fu ~,0) € HY,, 7(Q+), vanishing in the past, problem (6.46) has a unique solution

(45, uS, he, W, 05) € HAQY) x Hiy,, (QF) x HA(Q ™) x Hy? (w) with ¢S € Hf,, ,(Q1)
and (g5, u5 ., b5 ., W)l € Hy/? ().

As we announced before, the existence of a unique solution to the evolution problem
(5.1), (5.3), (5.7) for fixed 0 < £ < g and given data F € H},,.(QF), vanishing in

the past, comes directly from Lemma 7.3 applied to the time-extension of 157. Since

3The extension of the data F beyond T is made by the use of reflection methods of Lions-Magenes,
see [11] and [2] for details. This kind of time-extension keeps the regularity of original data on (—oo, T7.
In particular, it defines a continuous operator from Htlan W(QT) into Ht{m ~ (Q™T), uniformly with respect
to ~.

4More precisely, they coincide if without loss of generality we set ¢ = 1 and reduce the regularized
linear problem in [13] to a suitable dimensionless form.



36 A. MORANDO, Y. TRAKHININ, anp P. TREBESCHI

the solution of the BVP (6.46) enjoys the a priori estimate (6.47), then the solution

(45,05, b5, W3, 5) € H(Q7) x Hiyy o (QF) x H3(Qz) x Hy*(wr) to (5.1), (5.3), (5.7)
satisfies the following estimate

Y(lea 12 gy + IS B, o) + WS o)

S [CRI >|WT||21/2 +\|WE|W||21/2 )

+7HV%||L2(Q+ +72||80§H12q;(w) ||F ”HLM(QP’ (7.1)

where the constant C' = Cr is independent of € and ~.

8. Well-posedness of the original linearized problem in conormal Sobolev
spaces. We first prove the well-posedness of problem (2.29) in conormal Sobolev spaces.

LEMMA 8.1. Let T > 0. Let the basic state (2.2) satisfy assumptions (2. 3) (2 5) and
(4.1). Then there exists vo > 1 such that for all v > 4 and for all f, , € H,, (QF)
vanishing in the past, namely for ¢ < 0, problem (2.29) has a unique solution (U, H~, ©~)
such that (gy, Wy, H, 0y) € HA}(QT) X Hi,,, (QF) x HY(Qr) x H(wr) with the trace

(@ys 1, ys Py Hoy)|wor € Hi/z(wT) and obeys the a priori estimate
2 2 2
Y(IWLlZy )+ IVa 2 gy + 112 o

C
+ [1(gy, u1, 5, hl,’va'yNwTHidﬂ(wT)) +72||¢7||2H%(UJT) < ;”fv,’y”?qtlan (QF) (8.1)

where C = C(K,T,6) > 0 is a constant independent of the data f, and the parameter
.

Proof. For every € > 0, such that 0 < € < €9, 7 > 70 (where gg9 and vy are given by
Lemma 7. 3) and f’U v €eH tan 'y(QT) let (qiﬂ 27h27W6 <p'8y) € H’#(Q;) x Htlan,'y(Q%) X
H(Qr) x H3/2(~wT) be thf unique solution to the e-regularized problem (5.1), (5.3),
(5.7) with data Fy, = (0,8,®,J7 f, -,0).

The a priori estimate (7.1) yields that {Vq5, us, hS, W5, ¢S bo<e<e, and {(¢5, 4 -, b5
W2 )|z Yo<e<e, are bounded sequences respectively in L*(QF) X Hi,,, (QF) x HX(Q7) X
H](wr) and H},/Z(wT). Thus, one can pass to the weak limit as e — 0, up to subse-

quences.
In particular,

(quu'yvhi’we E) (T’Y’UV’hV7W’Y’(p7)
in L2(QF) x Hiy, o (QF) x HA(Q7) x Hi(wr) , with
Ty = Vq’Y’ Ay € H’i(Q¥)7 (u’Y7h ) € Htlan A/(Q;%
Wy = (94,€,) € Hy(Q7), ¢y € Hy(wr).

We also define v, = J u, and, similarly, we define H.,, H., E, through h,, ,, &,
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Firstly, we pass to the limit as ¢ — 0 in (5.1a), restated for ¢'¢ = e¢®. Using that ¢'¢
is bounded in Htlmw(Q;) from estimate (7.1), we get that the limit u of {u®} satisfies

divu =0 in QF. (8.2)

Secondly, passing to the limit as ¢ — 0 in the other equations of problem (5.1), (5.3), (5.7)
we get that (v, H,H, ) solves the original problem (2.30), and one has that £ = & = 0.

Passing to the limit as ¢ — 0 in the a priori estimate (7.1), we get estimate (8.1) of
(Vq,v, H,H, ) (recall that v = ju, H= jh) This estimate gives the uniqueness of the
solution. O

9. Current-vorticity-type linearized system: proof of Theorem 4.1. Just as
in (6.13), from (2.30a) and (2.31) we can estimate the normal derivatives of the normal
components of the velocity and the plasma magnetic field through conormal derivatives
and the source term:

Hal(ul’whlﬂ)”%ﬁ((yﬂ <C {”WV”iﬂ (Q1) + ”‘h“?’{l Q1) + ”fv,W”%Q(QJr)} ’

tan vy tan
with
lals ooy = D 10fnuliaige)-

laj=1
Then, it follows from Lemma 8.1 that there exist dju; , € L?(QF) and d1hy € L2(QF)
obeying the estimate
¢
v

[ forllmy, @) (9-1)
(Q7)

tan ,vy

101 (11, v, P17 )22 (@+) <

To prove the existence of missing normal derivatives of W, (and obtain estimates
for them) we use arguments similar to those in [12] for incompressible current-vortex
sheets. That is, we write down a current-vorticity-type linearized system which is a
linear symmetric hyperbolic system for the linearized vorticity &, = V x {l, and current
zy =V x B, where

LLY = eirytﬂ, U= (’1)181(/1;1,1%-2,1)723), Uy, = Ulai\i} +wv;,, 1=2,3,

%7 = ei’yt%, B = (H181$17H+2,H+3), H; = Hlai(ff +H;, 1=2,3.

For obtaining this system we rewrite equations (2.30a) and (2.30b) as

1 A -

Outly + 7k + = {@. ), = (b, 9)B, | + Vg, + Lot = fis,
1*1

9.2)

1 ~
OBy + 7By + {@.9)%, = (b, V)L } +10t@ =0 inQf,
1%*1

where
fory =€ oy fo=([101®1, fry, f2)s [ = OV + fi, i=2,3,

and Lo.t.(%) (k = 1,2) represent lower-order terms whose exact forms have no meaning
(they are linear combinations of components of W,).
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Applying the curl operator to (9.2) and using the fact that d1u; , and 01hy, 4 can be
expressed through conormal derivatives, we obtain the current-vorticity-type system
1 (&-V —h-V =

NIy 4N+ ——— | - Z,+e(W,0)Z, = in QF 9.3
2yt o\ ey gy B TEWNZ =8 nQr, (93)

Zy = (57> ., F= (V X foq t l-O-t-u)) :
Zy 1.0.13.(2)
the coefficients of the matrix € = ¢(W,¥) are of no interest and Lot.y (K = 1,2)
represent linear combinations of components of W, and its conormal derivatives. Clearly,

(9.3) is a symmetric hyperbolic system for the vector Z,, provided the right-hand side
T is given. It is worth noting that, in view of Lemma 8.1, § € L2(Q+). Since 1|y, =

where

P1lwy = 0 (see (2.4¢), (2.5)), the linear symmetric hyperbolic system (9.3) does not need
any boundary conditions on wp. Thanks to classical results the Cauchy problem for this
system has a unique strong solution Z., € L?(Q7) obeying the estimate

C 2 2
2l ot Wolinen) - 04

Since the components of W can be expressed through u;, hy and the components of
U and B, we can express 01 W, through 01u1,~, 011, ~, & and z,. Hence, there exists
MW, € L*(Q7). Moreover, estimates (8.1), (9.1) and (9.4) imply the a priori estimate
(4.2). This completes the proof of Theorem 4.1.

c
2 2
12517 < ?HSHLZ(Q;) <
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