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Abstract: We consider the free boundary problem for current-vortex sheets in ideal
incompressible magneto-hydrodynamics. It is known that current-vortex sheets may be
at most weakly (neutrally) stable due to the existence of surface waves solutions to the
linearized equations. The existence of such waves may yield a loss of derivatives in the
energy estimate of the solution with respect to the source terms. However, under a suit-
able stability condition satisfied at each point of the initial discontinuity and a flatness
condition on the initial front, we prove an a priori estimate in Sobolev spaces for smooth
solutions with no loss of derivatives. The result of this paper gives some hope for proving
the local existence of smooth current-vortex sheets without resorting to a Nash-Moser
iteration. Such result would be a rigorous confirmation of the stabilizing effect of the
magnetic field on Kelvin-Helmholtz instabilities, which is well known in astrophysics.

1. Introduction

1.1. The Eulerian description. We consider the equations of incompressible magneto-
hydrodynamics (MHD), i.e. the equations governing the motion of a perfectly conducting
inviscid incompressible plasma. In the case of a homogeneous plasma (the density p =
const > 0), the equations in a dimensionless form read:

hu+V-W®u—-HQ®H)+Vg=0,
00H —V x (ux H)y=0, (D
divu =0, divH =0,

where u = (u1, u», u3) denotes the plasma velocity, H = (Hj, H», H3) is the magnetic
field (in Alfvén velocity units), g = p+|H|?/2 is the total pressure, p being the pressure.
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For smooth solutions, system (1) can be written in equivalent form as

ou+w-Vu—(H-V)H+Vqg =0,
ooH+Ww-VYH—(H-VYu=0, 2)
divu =0, divH =0.

We are interested in weak solutions of (1) that are smooth on either side of a smooth
hypersurface T'(f) = {x3 = f(t,x")} in [0, T] x 2, where Q C R3, x’ = (x1, x2) and
that satisfy suitable jump conditions at each point of the front I'(¢). For simplicity we
assume that the density is the same constant on either side of I'(¢).

Let us denote Q¥ (1) = {x3 = f(t, x')}, where Q = Q*(r) U Q™ () UT'(1); given
any function g we denote gi =gin Q*(r) and [g] = gl} — gl} the jump across ['(7).

We look for smooth solutions (u®, H*, g%) of (2) in Q% (r) such that I'(¢) is a tan-
gential discontinuity, namely the plasma does not flow through the discontinuity front
and the magnetic field is tangent to I'(¢), see e.g. [8], so that the boundary conditions
take the form

o=ut-n, H -n=0, [¢g]=0 onT().

Here n = n(¢) denotes the outward unit normal on 92~ (¢) and o denotes the velocity
of propagation of the interface I'(#). With our parametrization of I'(¢), an equivalent
formulation of these jump conditions is

Wf=ut-N, H - N=0, [¢q]=0 onT(t), (3)

with N := (—d1 f, —0d2f, 1). Notice that the function f describing the discontinuity
front is part of the unknown of the problem, i.e. this is a free boundary problem.
System (2), (3) is supplemented with initial conditions

w0, x) = uy(x), HEO,x) = Hf (x), x e Q*0), @
£0,x") = fo(x), x" eT(0),

where div ua—L = div HOjE = 0 in %(0). The aim of this article is to show a priori esti-
mates for smooth solutions to (2), (3), (4). This must be seen as a preliminary step before
proving the existence and uniqueness of solutions to (2), (3), (4). The result of this paper
gives some hope for proving the local existence of smooth current-vortex sheets without
resorting to a Nash-Moser iteration. Such result would be a rigorous confirmation of the
stabilizing effect of the magnetic field on Kelvin-Helmholtz instabilities, which is well
known in astrophysics.

Current-vortex sheets have various interesting applications in astrophysics. For
instance, an accepted model in the literature for the interface region between the unper-
turbed flows of the interstellar plasma and the supersonic solar wind plasma is given by
a current-vortex sheet separating the interstellar plasma compressed at the bow shock
from the solar wind plasma compressed at the termination shock, see [11] and refer-
ences therein. This current-vortex sheet is called the heliopause, and in some sense can
be considered as the outer boundary of the solar system.

In recent years there has been a renewed interest in the analysis of free interface
problems in fluid dynamics, especially for the Euler equations in vacuum and the water
waves problem, see [6,7] and the references therein. This fact has produced different
methodologies for obtaining a priori estimates and the proof of existence of solutions.
If the interface moves with the velocity of fluid particles, a natural approach consists
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Incompressible Current-Vortex Sheets

in the introduction of Lagrangian coordinates, that reduces the original problem to a
new one on a fixed domain. This approach has been recently employed with success
in a series of papers by Coutand and Shkoller on the incompressible and compressible
Euler equations in vacuum, see [6,7]. However, this method seems hardly applicable to
problem (2), (3), (4).

In the present paper we follow a different approach. To reduce our free boundary
problem to the fixed domain, we consider a change of variables inspired from Lannes
[9]. The control of the function describing the free interface follows from a stability
condition introduced by Trakhinin in [14]. The a priori estimate in Sobolev norm of
the solution is then obtained by showing the boundedness of a higher-order energy
functional.

1.2. The reference domain Q2. To avoid using local coordinate charts necessary for arbi-
trary geometries, and for simplicity, we will assume that the space domain €2 occupied
by the fluid is given by

Q= {(x1, x2,%3) € R? | x' = (x1,x2) € T2, x3 € (=1, D)},

where T? denotes the 2-torus, which can be thought of as the unit square with periodic
boundary conditions. This permits the use of one global Cartesian coordinates system.
We also set

QF:=QN{x3=20}, T:=QN{x3=0}
On the fop and bottom boundaries
Iy = {(&/, 1), x’ € T?}
of the domain €2, we prescribe the usual boundary conditions
uzs=H3;=0 on[0,T] x I'+. (®)]
The moving discontinuity front is given by
L) :={(',x3) e T xR, x3 = f(t,x)},

where it is assumed that —1 < f(z,-) < 1.

1.3. An equivalent formulation in the fixed domain 2. To reduce the free boundary
problem (2), (3), (4), (5) to the fixed domain €2, we introduce a suitable change of vari-
ables that is inspired from [9]. This choice is motivated below. In all that follows, H* (w)
denotes the Sobolev space of order s on a domain w. We recall that on the torus TZ,
H*(T?) can be defined by means of the Fourier coefficients and coincides with the set
of distributions u such that

> (1+1n?) len()]* < +00,

neZ?

cn(u) denoting the n™ Fourier coefficient of u. The following lemma shows how to lift
functions from I to €2.
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o5 Lemma 1 ([9]). Let m > 1 be an integer. Then there exists a continuous linear map
w feH" 9T — ¢ € H(Q) such that Y (x',0) = f(x")on T, ¥(x', £1) = 0 on
o7 'y, and moreover 33 (x',0) = 0 if m > 2.

9 For the sake of completeness, we recall the proof of Lemma 1 in Sect. 7 at the end
99 of this article. The following lemma gives the time-dependent version of Lemma 1.

10 Lemma 2. Letm > 1 be an integer and let T > 0. Then there exists a continuous linear
101 map

102 fenIZiCi(10, T1; H"I703(T%) > ¢ € NI/ ([0, T1; H™ /()

1w such that ¥ (t,x',0) = f(t,x), ¥, x', £1) = 0, and moreover 93¢ (¢, x’,0) = 0 if
14 m > 2. Furthermore, there exists a constant C > 0 that is independent of T and only
105 depends on m, such that

106 Vfe m']’.:(}cf([o, T, H"7%5(T?), Vj=0,....m—1, Viel0,T],
107 ||3,]1ﬂ(t, ')”H’”*Jl(Q) 5 C ||8[]f(t, ‘)”Hmfjfo.S(TZ).

18 The proof of Lemma 2 is also postponed to Sect. 7. The diffeomorphism that reduces the
109 free boundary problem (2), (3), (4), (5) to the fixed domain £2 is given in the following
1o lemma.

m  Lemma 3. Let m > 3 be an integer. Then there exists a numerical constant gy > 0
w2 such that for all T > 0, for all f € ﬂ;’:olcf ([0, T1; H™1=03(T2)) satisfying
113 “f”C([O,T];HZ‘S(TZ)) < &p, thefunction

114 W(t, x):= (x’,X3 + Y (t, x)), (t,x) €0, T] x Q, (6)

s with y as in Lemma 2, defines an H™-diffeomorphism of Q for all t € [0, T]. More-
e over, there holds 3/ W e C([0,T); H"/(Q)) for j = 0,....,m — 1, W(t,x',0) =
w (X, f@,x), W, x', £1) = (¢, £1), 339 (¢, x', 0) = (0,0, 1), and

1
118 Veel0, T], |v(, ')“WLOO(Q) < 5
19 Proof of Lemma 3. The proof follows directly from Lemma 2 and the Sobolev Imbedding
120 Theorem, because

121 BW3(r,x) = 1+3Y @, x) = 1= [[Y @, o, whe @)
122 > 1-C ”f||C([0,T];H2-5(’£[‘2)) > 1/2,
123 provided that f is taken sufficiently small in C([0, T]; H 25(T?2)). In the latter inequal-

124 ity, C denotes a numerical constant. The other properties of W follow directly from
125 Lemma?2. O

126 We set
A :=[DW]™!" (inverse of the Jacobian matrix) ,

127 J :=det[DW¥] (determinant of the Jacobian matrix) ,
a:=JA (transpose of the cofactor matrix) ,

128
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Incompressible Current-Vortex Sheets

and we compute

1 0 0 J 0 0
A= 0 1 0 ), J=1+8y, a=| © J 0
—ony/J —hy/J 1/J -0y -y 1

(N

We already observe that under the smallness condition of Lemma 3, all coordinates of A
areboundedby2and J € [1/2; 3/2]. Now we may reduce the free boundary problem (2),
(3), (4), (5) to a problem in the fixed domain €2 by the change of variables (6). Let us set

vE@, ) =uT(t, W, x), B, x):=H @1, U, x), 05, x):=qF @1, V(1 x)).

Then system (2), (3), (4), (5) can be reformulated on the fixed reference domain €2 as

[(9,0F + (3% - Vvt — (BT . V)BE+ ATVt =0,

&BE+@F V)BT — (BT .- V=0,

(AT V). vt =0, ATV).B*=0, in [0, T] x Q*,

1o, f=vt-N, BE.-N=0, [0]=0, on[0,T]1xT, (8)
i =B85 =0, on [0, 7] x I's,
Vo=V, Bj_o=By, on QF,

Sie=0 = fo, onTl.

In (8), we have set

N = (=01¢, =029, 1),
v:=Av—(0,0,9y/J) = (vi,v2, (v- N —dy)/J), )
B:=AB=(Bi,By,B-N/J).

Vectors are written indifferently in rows or columns in order to simplify the redaction.
Notice that

J=1, N=(=df,—0f.1) onI', T3=B3=0 onTand+. (10)

We warn the reader that in (8), the notation A” is used to denote the transpose of A and
has nothing to do with the time interval [0, T'] on which the smooth solution is sought.
We hope that this does not create any confusion.

1.4. The main result.

1.4.1. The linearized stability conditions. The necessary and sufficient linear stability
conditions for planar (constant coefficients) current-vortex sheets was found a long time
ago by Syrovatskii [13] and Axford [2]. Let us consider constant vectors u®, HE satis-
fying (3) with the planar front £(z,x’) = ot + & - x’ and constant pressures ¢g* = 0.
(Here we consider for this paragraph that x’ belongs to R? instead of T? and x3 € R.
This is however of no consequence on what follows.) The linear stability conditions for
such piecewise constant solutions to (1) read

<2 (1P + 1H7F), (11a)
|H* x [w]>+|H™ x [ul)> <2|H* x H . (11b)
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Under the additional assumption H* x H~ # 0, then (11a) follows from (11b) and the
strict inequality in (11a) follows from the strict inequality in (11b). The case of equality
in (11b) corresponds to the transition to violent instability, i.e. ill-posedness of the lin-
earized problem. In the region of parameters defined by (11), the associated linearized
equations admit surface waves of the form exp(i T ¢ +i 1 - x’ — || |x3|) for n € R*\{0}
and some suitable T € R, see [2,13] or [4, p. 510]. We also refer to [1] for the derivation
of weakly nonlinear surface waves.
The interior of the set of parameters described by (11) is defined by the condition

|H* x [u]>+|H™ x [u]]®> <2 |H" x H™|>. (12)

In particular, H* x H~ # 0 and (11a) becomes redundant. The condition (12) is always
satisfied for current sheets, i.e. if [u] = 0and H* x H~ # 0. If [u] # 0, condition (12)
can be rewritten as

V2|H*| |H™||sin(¢* — ¢7)

[[ull < — ——
VIH*? sin? ot + |[H—|? sin® ¢~

where <pi denotes the oriented angle between [u] and H ==

Under the “spectral stability condition” (12), Morando, Trakhinin and Trebeschi [10]
have shown an a priori estimate with a loss of three derivatives for solutions to the line-
arized equations with constant coefficients. In this paper we shall consider the following
more restrictive situation:

max (|H+x[u]|,|H_x[u]|) <|H"x H™|. (13)

Under the latter more restrictive stability condition, which represents “half” of the sta-
bility domain defined by (12), Trakhinin [15] has shown an a priori estimate in the
anisotropic space HJ, without loss of derivatives from the data, for solutions of the lin-
earized incompressible equations with variable coefficients. Similar stability conditions
have also been considered by Trakhinin for the analysis of linearized and nonlinear sta-
bility of compressible current-vortex sheets, see [5,14,16]. The choice of the space H*l
in [15] was motivated by the fact that the free boundary I"(¢) is characteristic. However,
we shall prove here that no loss of derivatives in the normal direction to the boundary
occurs and we shall obtain estimates in standard Sobolev spaces. Though there is no
loss of derivatives from the source terms of the equations to the solution in the main a
priori estimate of [15], the regularity assumptions on the coefficients are rather strong
(stronger than what we shall assume here), and it is not so clear that the estimate in
HJ is sufficient to prove an estimate in some H", m large enough, with coefficients in
the same space H]". There are even strong reasons to believe that with the formulation
of [15], a loss of regularity will occur with respect to the coefficients of the linearized
equations.

Our goal here is to prove a closed estimate where coefficients are estimated in the
same space as the data. As a matter of fact, we have found it more convenient to work
directly on solutions to the nonlinear equations. Since we are considering classical solu-
tions in three space dimensions, our a priori estimate will be proved in H3(£2), a space
that is imbedded in W1 by the Sobolev Imbedding Theorem.
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Incompressible Current-Vortex Sheets

1.4.2. The main result. For a pair of functions u = (u*,u~) € H*(Q") x H*(Q7),
with real s > 1, we will shortly write

||Ml||s,+ = utllms@y, ulls,— = lu"llgs@y
= lls,+ o= N g+ + llu™ s, -

We also let | - |+ denote the L” norm on QF, and | - |, denote the L” norm on 2 for

p > land p # 2; the L% norm on Q% is denoted by || - ||+. Our main result reads as
follows.

Theorem 4. Ler 8y €10, 1/2], let R > 0, and let vy, By € HY(QF), fo € H*(T?)
satisfy

vx' e T?, |Bf x By (x',0)| > &,
max (|B§ x [vo] (¥, 0)], |By x [vo] (x',0)[) < (1= &) [Bf x By (x',0)], (14)
o 13,2 + B3 N3+ + 1 foll gaser2y < R

Then there exist ¢ > 0, Ty > 0 and C1 > O that depend only on 8y and R such
that if || foll y25(T2) < €1, then for all solutions (vE, BE, 0%) € C([0, T1; H*(Qb)),

f e C0, T1; H*>(T?)) to (8) satisfying (without loss of generality)

/ Q_(t,x)dx+/ Ot (t, x)dx =0,
Q- Qt
forallt € [0, T, the following estimates hold:

o= @)ll3,% + 1B Ol3,+ + 1 QO3 4 | f (Dl 352y < C,s

1
W Ollgoser <260, 0

forallt € [0, min{T, Ty}].

Directly from (8) and (15) a uniform estimate readily follows for ||d;v*(r) 12,4,
18 B=(0) 12,4 and 113, £ ()]l j2352)-

The first two conditions (14) are nothing but a uniform version of (13) on the initial
front. Then our main result gives a uniform control of solutions to (8) provided that a
flatness condition is satisfied by the initial front. The main result also shows that the
front remains sufficiently flat on a small time interval. The main interest of Theorem 4
is to show that energy estimates without loss of derivatives can be proved for (8) in the
framework of standard Sobolev spaces. We hope that in the near future, our approach
will yield an existence and uniqueness result for (8) without using a Nash-Moser itera-
tion. As far as we know, no existence result has been proved yet for (8), with or without
a Nash-Moser iteration.

We can imagine many different possibilities where our “nonlinear” estimate can help
for an existence theorem. First of all, a similar a priori estimate without loss of deriv-
atives for the linearized problem could enable one to prove existence for the nonlinear
problem by a standard fixed-point argument. The solution could be found as well by
a fixed-point argument by the resolution of a sequence of linearized equations, with
an approach resembling the one introduced in [12]. Alternatively, one can try to find
the solution in the limit of a suitable approximation, chosen to preserve as much of the
boundary behavior as possible. In this respect see the interesting parabolic regularization
in [7].
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Our “nonlinear” estimate can be useful as well for optimal regularity of solutions.
Assume for instance that solutions of the nonlinear problem are found either by a suitable
Nash-Moser iteration (for highly regular initial data), or by some kind of Cauchy-Ko-
waleskaya argument in the analytic framework (for analytical initial data). Given general
H? data, one can construct a sequence of regularized data, and find the corresponding
highly regular solutions by one of the above methods. Then our Theorem 4 directly
gives compactness (and thus strong convergence) of such a sequence of approximate
solutions. In the limit one finds the solution with optimal H? regularity.

We will investigate the problem of existence with regularity as in Theorem 4 in a
future work.

1.4.3. Strategy of the proof. We consider the following energy functional

E@) = v (@), BEOI5 £ + 105 O3 £ + If Ol 352 + 10 f O350,
(16)

Even though this function is not conserved, it is possible to show that sup, (o 7, € (7)
remains uniformly bounded for sufficiently smooth solutions to (8), whenever 7Ty > 0 is
taken sufficiently small (7p being independent of the solution that we are considering).
The strategy for proving Theorem 4 is the following: we first estimate the velocity and
magnetic field by showing energy estimates on their tangential derivatives (meaning the
a1 and 9d; derivatives), on their divergence and on their curl. Computing the curl equation
is the crucial point if one wants to use standard Sobolev spaces (this is one difference
with [15]). The front f will be estimated directly from the boundary conditions in (8).
Eventually, the pressure will be estimated by showing that O satisfy an elliptic system
with source terms depending only on v®, B¥, f which have been estimated previously.
Then we shall combine all these estimates to show that they yield a uniform control of
solutions on a time interval that only depends on the size of the initial data.

Not so surprisingly, Theorem 4 requires an additional degree of regularity on the
solution compared to the space in which we prove the estimate. This technical point is
assumed only to justify all computations below (integration by parts and so on). This
is exactly the same as when one proves a priori estimates for solutions to first order
hyperbolic problems and in many aspects our analysis is closely linked to techniques
used in hyperbolic boundary problems with characteristic boundaries. In particular, if
we believe that coefficients of the differential operators in (8) should have the same
regularity as the solution to (8), then A should belong to H? if v*, BT belong to H?.
This forces the lifting ¥ of the front f to belong to H* and this is where it is crucial
to gain half-derivative from f to ¥r. This is the reason why we have adopted the same
lifting procedure as in [9].

2. Estimate of Tangential Derivatives

2.1. Uniform control of low order derivatives. From now on we consider a time 7’ > 0
such that we have for our given solution the uniform estimates:

Vi e [Ov T/] ) ”f(t’ )IlHZS(TZ) = &0, (173.)
lvE () — v, BE(t) — B |+ < €0, (17b)
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where in (17), the numerical constant g¢ is given by Lemma 3. Let us already observe
that with our choice of g, (17a) implies

V(t,x) €0, T'TxQ, VY, x)| < %

Moreover, the Sobolev Imbedding Theorem implies that the H> norm dominates the >
norm on Q7 so we can further restrict &g, depending only on 8y, such that the following
inequalities are implied by (17b):

1
Vi, x) €0, T x T?, |B*x B~ (1,x',0)| = 30, (18a)
+ i = 4
V(l,x/)e[o, T/]X’I[‘z, max(|B X[v](t,x,0)|,|B X[v](t9-x70)|) 51_8_0.
|B* x B~ (1, x', 0)| 2
(18b)

Of course, the time T’ chosen above a priori depends on the particular solution that we
are considering, and one of our goals is to show below that 7’ can be chosen to depend
only on §p and on the norm R of the initial data.

We will denote generic numerical constants (for instance constants that appear in
Sobolev imbeddings) by the same letter C or by My. Such constants are allowed to
depend only on §y and R. We also let F' denote a generic nonnegative, nondecreas-
ing function which does not depend on the solution. In particular, we feel free to use
F+F =F, F x F = F and so on. We shall sometimes write u(t) instead of u(¢, -), for
some given function u depending on ¢ and x. For shortness we shall write || vE, BE 3.+
for [|[v¥3,+ + | BX||3.+, and similarly for ||3,vF, 8, B ||2,+ and other quantities. Let us
now turn to the derivation of L? estimates for tangential derivatives of the velocity and
magnetic field.

2.2. Estimates of tangential derivatives. Let us denote by d = (91, d») the horizontal
(tangential) derivatives. Inspired from [14, 15] we define on [0, 7'] the energy functional

1 _aE 3+ o4
=3T3 [ (e ) @5) G e @
+ |a|<3

where A* = A(vF, B¥) is a C! function that will be chosen appropriately later on. In
particular, the choice of A+ will be made so that we have

IA Lo qo,mxry < 1, AT oo rxa-) < 1, (20)

which will imply that the matrix in the integrals defining H(¢) is positive definite (hence
we shall recover a control of the tangential derivatives of the solution).
We compute the time derivative

1 0 =T (Tvt) (9 vt
wo=3 B3 [ (o 76) (7o) Goae) o

+ |o|<3
1 )\ §“a,vi vt
22 [ ) o) G @
al<
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/ AT v . 3BT dx
Q:t

)

Dl gavi
D, J\ 5 g+ )

BN {(ﬁi V)E — (BE.V)BE+ ATV Qi}
E {(f)i .V)BE — (B* - V)ui]

ey

’

where each term H, in the decomposition will be defined below, and we leave it as a
very simple exercise to the reader to check that the sum of all these terms coincides with
the time derivative 7' (t). We now define and estimate all the terms in the decomposition
of H'(t). We first consider

Hi) :=—-> >

which is trivially estimated by

+

|| <3

/ AT vE . 9 B dx,
Q:t

Viel0. T, [Hi@)] < CED D 1835 o). (22)
+

Next we consider some of the terms with the highest number of derivatives. Let us define

Ha (1)

=22 [

+ Joj<3”9

1

_\*
|

)(

3" BE

@ v)a“vt — (B - V)3 B\ (3"vE e
(3% - V)a" BE — (B - V)a"v* '

This term is estimated by integrating by parts and recalling the boundary condition (10).

‘We obtain

WOEDIS

£+ |o|<3

from which we already get

_ (div B +div (xiﬁi)) vt . 3BT dx,

/Qi % (div 7 4 div (xiéi)) (|5"‘ui|2 + |5°‘Bi|2)

|Ha(1)| < CE(1) Z Idiv §=, div B || oo + [ldiv (AF55), div W EBE) || oo ().
+

Using the expression of 7+, B¥, we get (recall that the estimate (17a) implies in partic-
ular 1 + 93¢ > 1/2)

vVt e |0, T’],
Idiv (2 *5F), div AFBF)[| ooy < FEM®) 125 100

-

o

Idiv 5%, div B || 1oty < F(E®)),

2
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Incompressible Current-Vortex Sheets

We thus end up with

Viel0. 7] Mo < FEW) (1+ X 13% e )- (23)
+

Let us now consider the term

- Tv A% H+ oo+
S N S G R I

+ Jal<3”’ €
=-> Z/ ATV(§“Q*).[5"#—F5"‘B*} dx.
Qi
+ |a|<3

This is the term which requires the most careful analysis. We first observe that the term
in the sum which corresponds to « = 0 (no tangential derivative) is estimated in an
elementary way by Cauchy-Schwarz inequality, and admits an upper bound that is the
same as in (23). We thus feel free to slightly modify the definition of H3 and from now
on we only consider the sum over the multi-indices « satisfying 1 < |a| < 3. A first
integration by parts gives (here we use Einstein’s convention over repeated indices)

Hay = > /rAg,-5“Q+ {@f -2+ 9%87 | v’

1=<|a|<3

- > /FA3i§“Q+ [af - 298!} v’

1<|e|<3

S /Agiﬁ"‘Q— [@07 — 2387} v’
r

I<|a|=<3

£ > / Ay %0 {5avi_—/\_5a3i_}dx’

1<|o|=<3
Sy /Qiﬁ‘xgiaj{A,»,-(E“vf—)\iﬁ"‘Bii)} dr.  (24)
+ 1<|a|<3

Let us notice first that
_ 1
A3 (0707 =35 5" B dsmr = 5 {0703 = 250 B fg=s1 = 0,

because of (7) and ¢ = v;: = B3i = 0on [0, T] x I'y+. Therefore the second and fourth
boundary integrals on 'y in (24) vanish identically. As for the two boundary integrals
on I', from (7), (10) and the boundary condition [Q] = 0 on I" we have

Ay, =N, [0°0]=0 onT.
Therefore we may rewrite (24) as H3(t) = Hz1(¢) + H32(¢) with

Ha(t) == > /F?Q[(ﬁ“u—)\ﬁ“B).N]dx/, (25)

1<||=<3

Ha() =D > /Qi 3" 0% 9, [Aji @ vt —xiﬁo‘gii)} dx,  (26)

+ 1<|el<3
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where [-] in (25) still denotes the jump across I', and Q denotes the common trace of

O* onT.

Let us first consider the term 31 (¢), which is where the choice of AT is made. The
=0onTyieldd (v-N]) =9 (BE-N)=0

boundary conditions [v - N] =

on I'. Therefore we may write

BT . N

Ha1 (1) = — Z /aQ [0 N]-v—A[3"; N]- ]d

I1<]a|=<3

where [3”; N denotes the commutator between 9 and the multiplication by N. This

commutator can be written as a sum of the form

[0°: N]=03"N +

>

1=|Bl<]el =1

where * denotes some harmless numerical coefficient. Let us assume for the time being
that we can construct A* on [0, T’] x T that satisfy

At Bt
+
A* B3

so that [v/ — AB’] = 0, where we have set v’ :=
sition of the commutator reduces H3; (t) to

Ha = > > /a 03’V f. (a Py 23" p )d

I<la|=3 1=[B|<|a|-1

— A7 By =[uil,
— A" By =

[va],

@7

(v1, v2) and so on. Then the decompo-

where we have set V' := (91, d2) (here the indices & do not play any role so we feel
free to omit them). We now recall the following classical product estimate.

Lemma 5. The product mapping H>(T?) x H'3(T?) — H%3(T?), (f,g) —> f g

is continuous.

We can now estimate each term in the above decomposition of H31(#). In the case
la| — |B] = 1, we get (use Lemma 5 for the product estimate and the fact that H ' (T2)

is an algebra)

‘/ﬁaQﬁ’sv/f- (5“"3v/—x§“‘ﬁ3/) dx’
r
<CH5“QH HﬁVf @y 25" B
- H—O.S(r)
B “a—B / Y~
<CIIVOlgisr Ha \% f’HO.S(TZ) — A0

< FED) (1+ 3 W s
+

-
™

HO 5(1'*)

HI.S(I‘)

2120

1
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Incompressible Current-Vortex Sheets

In the case |«| — |B| > 2, which only happens for || = 3 and |8| = 1, we have

/ 03’V f. (5“‘%’ - AE“"SB’) dx’
r

<c|

Hgﬂv/f X @a—ﬂv/ _ Ag“—ﬁB/)

7ol
Q H-05 IT)

B8
= CIVQIwsy |7V

HO.5 IT)
EAT Yy

HI.S('I[‘Z) ‘
= FEO) (1+ X 15
£

HOAS(F)

Summing all the estimates, we have obtained

Vil T, M@l = FED) (14 X 13 1msr)) (28)
+

provided that we can construct A ™ that satisfy (27). Let us therefore turn to the construc-
tion of these functions.
We first observe that the boundary conditions (10) give

By =Bfoif+By o2f, [vsl=[vldif+[v2]df, onT,
so (27) is equivalent to the relation
[v]=A*BT"—A" B~ on I.

Using the lower bound (18a) on the time interval [0, 7’], we know that (27) is a Cramer
system (otherwise, B* and B~ would be colinear). Hence A* are uniquely determined
on [0, T'] x T and have the same regularity as vE, BT on the boundary I'. Moreover,
the latter relations give

BT )
21—,

AEE A, 0)) = o
W O = s <

where we have used (18b). Asin [14,15], we extend A% to the domains Q7 as functions
that do not depend on the normal variable x3. Using time or tangential differentiation
on the system (27), we can easily obtain the estimates

Vee[0.T'], 13F sy + 1A oo iqe) + 1825 | Loy SFE®)).

8o (29)
2=l @) <1 = -
The latter estimates on A simplify (22), (23) and (28), and give
Vi el[0, T, [Hi0]+Ha()] + | H31(1)| < FEQ)). (30)

We emphasize that in the estimate (30), the nondecreasing function F depends on Jg
because the estimates on A* depend on 8y, but F does not depend on the particular
solution that we are considering.

* Dispatch: 15/9/2011 | Journal: Commun. Math. Phys.
h 2 2 O 1 3 4 0 B Total pages: 29 Not Used [ ]

Disk Received [] Corrupted L]
O | jour. No Ms. No. Disk Used [] Mismatch []
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410 Let us now consider the term H32(¢) in (26). We decompose H32(t) as H3zo(t) =
a1 H321(t) + H32(2), with
412 H3o1(2) := Z Z / gaQi (ajAji) (g‘xvlﬂ: _ )»i 501Bi:|:) dx
+ 1<jaj<3’ %
413 Han(t) = Z Z / ?in Aji 3]'(50[1)?: —xiﬁaBl?—L) dx.
+ 1<lal<3’ %

414 The first term H32; (¢) is easily estimated by applying the Cauchy-Schwarz inequality
45 and by using the L*° estimate of 2E, see (29):

416 Vi e[0,T'], |Ha@)| < FE®)). (€29

a7 As for H32 (1), since we have the divergence constraint A j; 9, vii = Aj; 9; BijE =0, we
48 may write

Han(t) == Z / 5"‘Qi{[5"‘;Aﬁaj]vf+Aji(ain)5“Bii
419 + 1<|e|<3 Q=

—2E (0" A 0187} dx,

420 where [-; -] still denotes the commutator. The latter terms are now estimated in a some-
21 how brutal way by applying the Cauchy-Schwarz inequality. We recall that the H* norm
w22 of Y is controlled by the H33 norm of f thanks to Lemma 1, and that commutators in
w25 L? are controlled by standard estimates which may be found for instance in [3, p. 295].
«4  Eventually we obtain

425 Vie[0,T], [Han@)| < FEQ).
426 Combining with (31), and (30), we end up with
427 Viel[0,T'], [Hi®]+|Ha()]+|H3(0)| < F(E®)). (32)

s Going on with the estimate of the terms in the decomposition (21) of H'(¢), we finally
429 consider

o+
430 Ha(t) ::_ZZ/Qi(—;i ? )

+ ja|<3
[0%; o% . Vjut — [3%; BT . v]B¥\ (3%v*
431 X T~ + AN L) \52 dx,
[0 ;0= -V]BT—][0 ; B=-V] Jd B
432 and
s Hs(t) == Z/ [W;ATV] Qi.{ﬁ"‘vi—xiﬁ"‘Bi} dx.
+ fal<3’ @

4 Indeed the reader can check that the relation (21) holds with the above definitions of
a5 Hip, ..., Hs. Applying again the classical commutator estimates and using once again
wes the L™ estimates of A*, we have

437 Vi el[0,T'], [Ha(t)|+|Hs()| < F(E(®)). (33)
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Incompressible Current-Vortex Sheets

Combining (32) and (33), we have therefore derived the inequality
Viel0, T, |H'()] < FE®),

for a given nonnegative nondecreasing function F that is independent of the solution.
Integrating from O to ¢ € [0, 7'] and using the L* bounds on A*, we have already
proved our main a priori estimate for tangential derivatives:

Vielo. T, D |8 vE@. 3 B0 < Mo+1 F(max (). (34)
0<s<t

Jer] <3

where My is a numerical constant that only depends on §p and R (here we have used
(29) to derive a lower bound for the positive definite matrix appearing in the definition
of the energy functional H).

3. Divergence and Curl Estimates for v and B

3.1. Estimates for the divergence. In this section we derive suitable estimates for the
divergence of v*, B* in Q*. Expanding the divergence constraint for v*, we find that
for each ¢t € [0, T'], there holds

a ) 1
81vli - 14 83”1jE +82U§t - 2_1// 331)2i +— 33U§E =0 in QF,
J J J
from which the identity
Vi - d3v™
divot = % in ©F

readily follows. Since H2(Q%F) is an algebra, we get Vi € [0, T'],

830 () l2,= < CILf Ol g2ser2 0= O3,

. v
Idivv=(1)ll2,« < C H —f (t)
2

The analogue estimate for the divergence of B is obtained by following the same lines,
and we have thus proved the a priori estimate

Vie[0, 7], |diveE@),div B0l < Coll f (Ol g2s2 IvE@), BE@)|3 £
(35)

3.2. Estimates for the curl. In order to estimate the curl of vE, BT we proceed as fol-
lows. Let us introduce the curl of the Eulerian velocity and magnetic fields u, H

Z =curlu, § =curl H,
and set

= (curlu) oW = (ATV) x (uo W) = (ATV) x v,
= (curl H) o W = (ATV) x (H o W) = (ATV) x B.

Eo\l—’
EoWw (36)

&
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Using the definition of the matrix A in (7), the relations (36) can be easily inverted to

find

curlv =¢ +

J

Vi x dzv

)

curl B=§& +

J

Vy x $3B

(37

Applying the curl operator to the original equations (2) satisfied by (u, H), we easily
find that the Eulerian curls (¢, &) solve the system

HEE + (uF - V)EE — (HE - V)¢ + [curl; u® - VIHE — [curl; HE - VIu® =0,

{B,E* + (- V)IE — (HE - V)EE — CF . Vut + . V)HE =0,

in Ute[O,T] {t} x Q% (¢). Making use of (36) and recalling the definitions in (9), it follows
that (¢, &) solve

dCE+ (B V)eE — (BT - V)EF — (At Vv +(AE* . V)BE =0,
der+ @ . vyt — (BT . v et +[ATVx; AvE VBT
—[ATVx; AB* . Vvt =0,

(38)

in [0, T] x QF. Thus, in order to estimate the curl of v, BE, we are reduced, after
(37), to proving suitable bounds for the H>—norm of the solution (¢, £) to (38). Let
us observe that with our regularity assumptions on the original solution, there holds
(¢, &) € CY(H?) NC(H?) so all integration by parts below are legitimate.

Let us introduce an associated energy functional X defined by

Ko=33 /Q {17 e +19%6=0) 2] ax. (39)

= [Bl=2

Differentiating with respect to ¢t and making use of (7), (9), (38) gives

Fo=33

+ |pl=2

=K1(t) +Ka(t) + K3(t) ,

where

Ki@) =

Ka(t) =

Ks() =

-2 2

= [Bl=2

/ {0P0,0% - 0Pc* + 9P 9,6% - 9PE*) dx
Q:t

+ {(ai - V)aPEE = (BE. V)aﬂci} L 9PEE dx

-2 2

+ |pl=2

+ {[aﬁ; 7. VIEE — 08 BE. V]gi} CoPet dx

-2 2

= |pl=2

(40)

/ {(ﬁi VyafeE — (B*. V)aﬂgi} e
Qj:
/Qi [10f: 5 vie* — 19 B+ vie*] P

/ L7 (AEF V)BT — (Ac™ - Vo) - o
Q

+9b ([ATVX; Avt . v] B* — [ATVX; AB*. v] ui) 9PEE dx.

i
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Incompressible Current-Vortex Sheets

Let us estimate separately each of the above /;, for i = 1, 2, 3. We start with ;. To
estimate this term, we use Leibniz’ rule and integrate by parts. The boundary conditions
(10) give

IC]O):—-ZZ/ |aﬁg ?+0Pe* |) 21§i.v(aﬂsi.aﬂgi)} dx
+ |pl<2
ZZZ/ [ div D |aﬂg 1> +|0Pet |)—div1§iaﬁgi.aﬂgildx
+ |pI=2

Applying Cauchy-Schwarz inequality, we obtain
Vielo, T'T, K@) < FE®). (41)

Let us now deal with the term K. We focus on the first integral involved in the
definition of /C>, namely

Z/ [8P; 7% . VIgE - 9P cF dx.
1Bl=2

In the sequel 8! and 32 stand for any derivative of order one and order two respectively.
The commutator is zero if B = 0. If |8]| = 1, the integral is of the form

/ alet oo alc* dx.
Q:t

Using an L bound for 3'9F

have

and Cauchy-Schwarz for the two remaining terms, we

= F(E®).

/ 31§i315i81§id)€
Q*

It remains to examine the terms in the commutator with |8| = 2. We can easily check
that such a commutator can be rewritten as a sum of the form (we omit the harmless
numerical constants)

/ 8lﬁi82§i32§i+825i81§i32§idx.
Q*

The first term is estimated as in the case || = 1 by using an L bound for 3'5*. The
second of these two terms requires more attention. We combine Holder’s inequality and
the Sobolev Imbedding Theorem (recall that in three space dimensions H' is imbedded
in L%):

/giazﬁialciazcidx S ER g o T [

< ClE 3,2 113 4 < FE®).

In a completely similar way, we can handle the other commutators in C(¢) to finally
get the estimate

Vi el0, T, K] < F(E®). (42)
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We now turn to the last term 3, that we write in the form C3(¢) = KC31(¢) + K32 (¢) with

K31(t) = — Z Z

+ |pl=2

Ka2(1) 1=—Z Z

= [Bl=2

/ 3P ((Ag* . V)BT — (A¢E - V)vF) - 9P F dx,
Q:t

/ aﬁ{[ATVx;Avi-V]Bi—[ATVX;ABi-V]vi}-aﬂgidx.
Qj:

The first integral in K31 (7) is estimated by the Cauchy-Schwarz inequality and by using
the fact that H2(Q%) is an algebra:

‘/ P ((Ag*-V)B*) - 9P c* dx
Qi

< 1¢F 2+ I(AEE - V)BE | 4

< 15,2 IAI2 NEE 2, « 1BEll3 4 < F(E@)).

The second integral in /C31(¢) is estimated in the same way and we get

viel0, T,

IIC31()| < F(E()).

(43)

As for K3y(1), it is rather easy to see that the quantity [AT Vx; Av* . V]BT —
[ATVx; AB* . V]v® can be expanded as a sum of terms of the form

A AT BT+ A ABEI v +AA WY BT,

where we have disregarded the indices for the sake of simplicity. Hence the H> norm of
this quantity can be estimated by a quantity of the form F (€ (¢)). Using Cauchy-Schwarz
inequality in K32(¢), we end up with

Vtel0o, T,

IK32(0)| = F(E()).

Combining the latter estimate with (41), (42) and (43), we have obtained

vt elo,T],

IK' ()] < FE®)).

We can now integrate this inequality from O to ¢ and use (37). The “error” terms Vi x
03 v3jE /J, Vi x 03 B3jE /J are estimated as in the paragraph on the divergence estimate,

see (35), so eventually we get

Viel[0, T, |lcurlvE(), curl BE()|5 L < Mo +1 F(max £(s))
’ <s<t

+Co If D325 g2, 00, BEDI3 .-

-
™

(44)
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Incompressible Current-Vortex Sheets

3.3. Final estimate for the velocity and magnetic field. With the above divergence and
curl estimates, we are ready to obtain the main a priori estimate for the velocity and
magnetic field in each domain Q*. The only point is to observe, through elementary
algebraic manipulations, that the H> norm of a vector field is controlled by the L norms
of tangential derivatives of order < 3 and by the H? norms of its divergence and of its
curl. We thus add the estimates (34), (35) and (44) to obtain

Viel0.T'], [vE@), BE®)I3 L < Mo+t F(max £(s))
0<s<t

+Co llf D357, 1050, BE@I 1 -

where, of course, the numerical constants My, Cy are independent of the solution. Con-
sequently, up to choosing &y small enough so that Co g9 < 1/2 and adapting the time
interval [0, T'] so that (17a) is valid with the new definition of &g, we obtain

Viel0,T'], |vE@), BE@)I3 L < Mo +tF(Omax E(s)). (45)
’ <s=<t

4. Estimate of the Front

From the linear system of the boundary conditions on T,

[Bffa]f+B;82f=B_+, “6)

B;31f+32732f=37,

we have already seen that the determinant B]” B, —B; B, doesnotvanishon [0, T']xT".
More precisely, we have

|IB* x B—(t, x',0)2 . 8

Bf By — B By (1,x',0)> = ,
IBY By — By By ( ) T+|V/f(x)> ~4(1+Ced)

where we have used (18a), (17a) and the imbedding H'- (T?) < L% (T?). We also note
that thanks to (17b), the L® norm of B¥ is uniformly controlled on [0, T']. Therefore,
using the latter uniform bound for the determinant and inverting the linear system (46),
we have

Viel[0. T, IV fOlly2sa2 < CollBE@)]3.+ 7

with Cp depending only on §y and R.
From the other boundary conditions on I':

o f=vi—viof—vfar,
(47) and the fact that H%3(T?) is an algebra, we infer the second main estimate for f:
Viel0,T'], Nof @l 252 < Co (||vi(r> I3+ + V@), Bia)n%,i) . (48)
In particular, we can integrate from O to # and get

Vi 0T IF Ol = L follesr +1 F(max £(s). (49)
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We simplify (47), (48) and (49) by using (45) (we feel free to use 2 < r which always
holds by assuming, without loss of generality 7’ < 1):

2
Vt € [0’ T/] ) ||alf(t)||H25(’ﬂ‘2) E MO +1 F(OI;IAa;(I g(s)) )
2
If O lgss 2y = Mo +1 F(Olgggtf(S)), (50)

t , < . +1t F(max £(s)).
lf( )||H25(’[[‘2) = ||f0||1-125(’[r2) (Ossst ()

The last estimate in (50) says that f(¢) remains small in H>- provided that we start
from small initial data and the first and second estimates in (50) give a control of d; f ()
in 2> and f in H3. We observe that f(r) is expected to remain small in H>> but
has no reason to be small in H>> (in particular because no smallness condition has been
made on the norm of fy in H3~).

5. The Elliptic Problem for the Total Pressure

We first deduce from (8) the elliptic system of equations solved by the total pressure.
Applying ATV to the equation for v* in (8) gives

_ATV . (ATV %) = ATV. {a,ui +FEevt — (BE. V)Bi}.
Using the divergence relations A7 V.v* = AT V. B% = 0, we then deduce the equations
— ATV . (ATV 0%) = F*, Q)
where we have set
FE = —8 A v + A 0F - VUIE = 5% - VA, v — Ay 9B - VB
+B* . VA & BF. (52)
Recalling that a = J A we get from (51) the equivalent equations
—ad"v. (AT vt = J FE (53)

Now we look for the boundary conditions satisfied by Q. Since ﬁ;t = I§§IE = 0 and
U= v3i = B3jE =0on [0, T] x 'y, from the third equation for v* in (8) evaluated on
I'* we obtain the homogeneous Neumann condition

30T =0 on[0,T]x I's. (54)
On I" we take the scalar product of the equation for v* in (8) with the vector N. We get
—(ATVQ*). N = {Blvi+(ﬁi-V)vi —(Ei-V)Bi} “N. (55)

Let us compute the jump of each quantity in (55) across I'. Since [Q] = 0 gives
[0:0] =1[0,0] =0o0n [0, T] x I', we obtain (recall that / = 1 on I")

[(ATVQ) N]=1Ay N; 3,01 =1+ |V fH) 301 (56)
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Incompressible Current-Vortex Sheets
Using the boundary conditions d; f = vE.N, BE.N =0, on [0, T] x I', we also
deduce
[{8,1) +(-Vvo—(B-V)B)- N]
=20 -V f+0 V)V [V —(B-V)Vf-B]. (57)
Thus from (55), (56) and (57), we find the boundary condition
[A¢j N;9,Q]l=G on[0,T]xTI, (58)
where we have set
G:=—[2v-Vof+@ -V)Vf-v—(B -V)V[f B (59)
Collecting Eqgs. (51), (54), (58) gives the elliptic problem

—ATV . (ATVQH) =F*, on[0,T]x QF,

[Q0]1=0, on [0, T] xTI',
[A¢; N; 9,Q1=G, on[0, T xTI, (60)
30t =0 on[0, 7] x 'y,

(x1,x2) = OF(t, x1, x2, x3) is 1 — periodic,
with 7+ and G defined in (52), (59), respectively.

Remark 1. When one tries to solve the elliptic system for the pressure, it may be easier
to work with the formulation (53) instead of (51) because of the necessary compatibility
condition on the data 7+, G. More precisely, trying to solve problem (8) by a fixed point
argument, one possible step could be the resolution of system (60). (We have in mind
the approach used in [12], for the resolution of the incompressible MHD equations in
a fixed domain under slip boundary conditions.) Thus the compatibilty condition needs
to be satisfied by the data.

In order to formulate the compatibility condition we compute by an integration by
parts

—Z/ a’v - (AT vQ*)dx = —/ az; Axi akQ+dx’+/a3,- Agi [0 Q1dx’
T Ja* T, r

+/ asi Aki Q™ dx,+2/ Okari Ani 95 Q™ dx,

where the last integral vanishes because of the so-called Piola’s identity dxax; = 0. The
boundary conditions for Q yield

S [ aTVATVOR ax = [y Au 1 01ax = [ A 10,010
— Jox r r

This shows that the data F, G of problem (60) need to satisfy the condition

Z/ indx=/gdx’.
= JoE r
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This condition is satisfied with our definitions since

+
;/Qi“: dx

Z/ alv . (9T + @3F - V)t — (BT - V)BT dx
T Jot

—/[N.{alu+(5-V)u—(§.V)B}] dx’=/gc1x’,
r r

from (57), (59), and by computations as above. Thus the compatibility condition is

satisfied.

Our approach here is different because we have already assumed that the solution
exists and we only wish to prove an a priori estimate on a time interval that is inde-
pendent of the solution. Consequently, we shall deal with the slightly more symmetric

formulation (51) to derive energy estimates.

In the rest of this section we study the elliptic problem (60) for generic data F*, G.
Only at the end of the section we will go back to the specific definition of 7%, G given in
(52), (59). As (60) is time-independent, in the sense that time appears only as a param-
eter, for simplicity of notation from now on in this section the explicit dependence on ¢
will be neglected.

5.1. The functional framework. Thanks to the continuity of the total pressure across I',
we can define the pressure Q € H'(Q) by Q := OF on Q. The function Q belongs
to the Hilbert space

V::IRGH’(Q),/Rdx:O].
Q

The space V equipped with the norm ||[VR||;2 ) is indeed a Hilbert space, because of

the Poincaré inequality, and the norm ||V R|[ ;2 (g is equivalent to the standard H "norm.
In what follows, the function Q will be estimated in the space V), and we shall repeatedly
use the fact that the L2 norm of V.Q is equivalent to || o 14-

5.2. The general procedure for the pressure estimate.

Step 1. We start from (60), multiply each equation in Q% by O, integrate over Q% and

use integration by parts. This yields

S ok 0 Ay 0% ax
T JQF

-
™

/ Ajzj Q+A(j 3gQ+dx/—/ A3; Q7 Agj0e 0™ dx’
Iy

—/A3j Q+Agj 34Q+dx/+/A3j 0™ Ay 9,0 dx’
r r

+ 0* F*dx.
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Incompressible Current-Vortex Sheets

We recall that from the boundary conditions, v and 33 Q% vanish on '+ so the integrals
on 'y vanish. So we get

Z/i Akj 0k QF Agj 0,0F dx = —z/i(akAm 0F Ayj 0,0F dx
+ /@ + /€@

_/FQ|ngX/+§/Qi ot FEdx,

where Q|r denotes the common trace of Q% on I'. The integral on the left-hand
side gives the coercive term in V Q= (see the definition (7) and recall the condition
IVl Lo, 71x2) < 1/2). Then we apply the Cauchy-Schwarz and Poincaré inequali-
ties to derive

cIQFIR 4 < IFFIL +1G 17052, + Z/i |0k Arj| Q5 18, 0F | dx
:t Q

for a suitable numerical constant ¢ > 0. Then we use the Holder and Sobolev inequalities
to derive

Z/Qi 1Ak 101100 0% dx < CIVQF |1+ [V Al Q%42
+

< CHAIIIQEIT L < C IOl g2ser) 10T .-

Up to choosing ¢p small enough, we have thus derived the first estimate
Viel0. 7], 10* 14 = Co (IF13 + 1913 0sepo)) - ©1)

Step 2. We are now going to estimate QF in H>(Q%). Let us first apply a tangential
derivative 9 to (60), with @ = 91 or @ = 5. Defining ai := 0%, we obtain the elliptic
system

ATV . (ATVOT) =F, onl[0, T] x Q*,
[0]1=0, on [0, T] x T,
[A¢j Nj 3 Q] =G, on[0,7]xT (62)
H0 =0 on[0,T] x T,
(x1, x2) @i(t, X1, x2,x3) is 1 — periodic,
where the new source terms ]_-'i, 6 are defined by
_i p— p— —
F = 0FF + Ak k(Agj 3.0F) + A i ((0A¢) 8. 0%) (63)
G :=3G — (A N [8:01= 3G — a(IV' f1*) [9: Q1. (64)

We apply the same procedure of integration by parts as above, obtaining first

—t —t —+ —+
Z/iAkjakQ Aij %0 dx=—2/i(3kAkj)Q Agj Q" dx
+ /8 + /e

—/Falradx%;/gi@ifidx,
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— —+ . .
where Q|r denotes the common trace of Q™ on I'. The integrals on the left-hand side
give the coercive terms and, as above, we can absorb the first integrals occuring in the
right-hand side by choosing g small enough. We thus have

Qe = —Aalradx/+2/gzi 0 T ax,
+

We now estimate the integrals on Q*, recalling the definition (63) for 7‘i. Let us first
observe that the term with 9. * can be integrated by parts and we can then apply the
Cauchy-Schwarz and Young inequalities. The other terms are estimated as follows:

;/ﬁ 071194k 1 1441 100 0¥ dx < C 10 .2 [VAls [ Al [0
= CIAIZI QI
< ClIfOlpse, 10715+
;/ﬂ 071134110 Agj  8:0* | dx < C 107144 IVAR IV Q¥ s 0
= CIAIRI QI3 +

< CIf @352y 10715«

and applying similar sequences of inequalities, the reader can get quickly convinced that
all other terms in the product Qi ?i are estimated by the same quantity. We thus have

_:l: — —
Q™I+ < IFFIL + / Ol Gdx'| + CILf 2o, 10713 1
r
Let us now turn to the boundary term. Of course, we have
- = — —+
/ Olr 3G dx'| < Gl gosr2y 1 QIr I gosry < CIIGI goser2) 10 11,
r

The remaining term occurring in G is easily estimated as follows:

‘ /r Olr [33013(1V' f1?) dx’

= [@lcly s 0115 [0V,
= CIIOIr sy 1133 osery 11V £ Pl s
< CIOFI3 L 1F D752 »

where we have used H%3(I') = L*(I') (which holds in two space dimensions), and
the fact that H'-(I") is an algebra. Applying Young’s inequality again, we thus obtain

—+
107117+ < Co (nfini + G305 (72 + I1f D125 72, ||Qi||%,i) . (65)

Step 3. The remaining second order derivative 8_% Q7 is estimated directly from Eq. (60)
by using the explicit expression of the coefficients Ay ;. More precisely, (60) reads

Aji Ak ;0 0F = —F* — Aj; 0, A % O,

Disk Received [] Corrupted []
Jour. No Ms. No. Disk Used [] Mismatch []

v 2> (2[2]0/1[3]4]0[ B[R sy v
o




711

712

713

714

715

716

77

718

719

720
721
722

723

724

725

726

727

728

729

730

731

732

733

734

735
736
737

738

739

Incompressible Current-Vortex Sheets

that is,
1+ |V'y? NY 0130F Y 5 0F
| 1//|2832Qi+812Qi+822Qi—21w 10307 %Y 02830
(1+839) 1+ 039 1+ 03y
= —FF — A} 3jAn % 0F. (66)

‘We thus obtain
—+
3012 = ¢ (IO 14+ 17513 +140' A0 0*)2)
—+
<C (IIQ I+ + IFEIE + 1F Ol 5o, | Qillii) :

Combining with (61) and (65) and choosing the numerical constant (g sufficiently small,
we obtain

Vi el0, T, 105134 = Co (IF*IL+ 161505 ) - (67)

Step 4. We now apply the estimate (67) to the solution @i to the problem (62), which
has the same form as (60) but with different source terms (defined in (63) and (64)). We
thus have

—t —t —
viel0. 71, 10 B =C (IF 1 +1T130s5)) -

. —+ S .
The L>-estimate of 7 follows by applying similar arguments as above; for instance,
we have

< CIf Ol 10T 13,4

la'Ad'Ad' O |l. < 0" A0 Al 10 Ilw1(q+) < CIVAIZ Q7113+

All the other terms in ?i admit the same upper bound, that is

—+
17 = € (IFE R s+ C SO sy 10%15.2)
As far as the boundary source term is concerned, we apply Lemma 5 and obtain

18V’ £1%) 83 Q1 gosry < C 1AV £19)1 oscr2y 1103 Q1 15y
< ClIf OG5, 10715 4

We have thus derived the upper bound
—4
Veel0.71, 10 Ba=C (151 L + 1913 5o + 1 £ O a5 0n, 10%13.2)

The remaining third order derivative 83” Q™ can be estimated by applying 93 to Eq. (66).
The commutators are estimated exactly as above, and we now feel free to skip a few
details. Eventually, up to choosing a sufficiently small numerical constant &g > 0, and
provided that 7" is such that (17a) holds, we derive the estimate

Vi el0. T, 10%13.: = Co (IF513 L + 191205 m)) - (68)
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5.3. The final pressure estimate. It only remains to use the definition of the source terms
F*,Gin (68). Using first the fact that H 13 (Tz) is an algebra and recalling the definition
(59) of G, we have

IG O 1512)

= € (WOl 10 f Ol s, + WO, BEOI3 L1 F O llsser) )
and using (45), (50), we get

2
1G5z < Mo +1 F(max £(5).

The source terms F* can be estimated by applying the classical estimate
luruzllgr < C (Jurllze luzll g+ lluzllze fullg1)-

Analyzing each separate term in the definition (52) of F* by applying the latter product
estimate and by using (17), (45) or (50), we get

IFEOIF 4 < Mo +1 F(max £(s)).

Adding the previous two inequalities, we obtain our final estimate for the pressure:

Viel0. 7. Q%151 < Mo+t F(max £(s)). (69)

6. Proof of Theorem 4

If we summarize the analysis of the previous sections, we have shown that there exist
some numerical constants &9 > 0 and My > 0, there exists a nonnegative nondecreasing
function F on R*, all three depending only on §p and R such that, on any time interval
[0, T'] for which the inequalities (17) are valid,

Vi el0,T], E(t) < My+t F(Orgai(té'(s)). (70)

The function F and the constants &g, M are independent of the particular solution that
we are considering. Moreover, H>(Q2%) is an algebra, so applying direct estimates on
(8) we find

Viel0, T, 8,05, 3BT (1)]2x < FE®),
so integrating with respect to # we have

Viel0, 7], lvE@) — v, BE(t) — B lox <t F(max (). (71)
<s=<t

From now on, the nonnegative, nondecreasing function F is fixed, as well as the con-
stants g9, Mo. To complete the proof of Theorem 4, we define €1 := ¢(/2, and we choose
atime Tp > Osuchthat2 Ty F(2 My) < Mpand2 Ty F(2 Mp) < ¢1. We emphasize that
the definition of T only depends on 8y and R. Then we define T’ as the maximal time
on which (17) holds (T’ is positive because (17) holds at the initial time with a strict
inequality). We willsee that To < T'if Ty < T,and T' =T < Ty if T < Ty.
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Incompressible Current-Vortex Sheets

There are now two possibilities. Let us first assume T > Tp, and let us define I as
the set of all times ¢ € [0, Tp] such that

max £(s) <2Mo, max [vE(s) — v, BE(s) — Bi 2.4 < €0,
Ofsft 0§S§t

max s 252y < €.
max |1/ )llg2sre) < e

Then I is non-empty since it contains 0 (use (70) for ¢t = 0), and [ is closed since all
functions involved in the definition of I are continuous. Let us show that I is open. Let
t € I. Using (70), we have

E() < My +£F(0max E(s)) < Mo+ Ty F(2My) <2 M,.
=s=t

In the same way, (50), (71) and the definition of & give
V=@ — vy, BE@®) — By lla.x <0, £ @Ol 25y < €0
Consequently, there exists a neighborhood of ¢ in [0, Tp] that is included in /. In other

words, I is open. Hence I = [0, Ty] and the result of Theorem 4 is proved. The proof
in the case T < Ty is similar.

7. Proof of Lemma 1
Given x € C°(R), x = 1 on[—1, 1], we define

FOC x3) = xsIDD f(&), ¥ x) =1 —x) fPE ), (72)
where x (x3|D]) is the pseudo-differential operator with |D| being the Fourier multi-

plier in the variables x’. From the definition it readily follows that ¥ (x’, 0) = f(x'),
¥ (x’, £1) = 0 for all x’ € T?. Moreover,

By (', x3) = —2x3 fAO, x3) + (1 —x3) x (3D D] f(x), (73)

which vanishes if x3 = 0. Given any function g defined on T2, let us denote by c(g)
the k™ Fourier coefficient

cr(g) =/ e 2Tk o (xydx', ke Z2.
TZ

Since ¢ (f (-, x3)) = x(x3 [k|) ek (f), we compute
W G x3) gy = (=22 17V C 2 g oy

2
=CU=a)? DA+ kP eV x3)
keZ?
< C(1—=x3)7 D A +kP" x> (s kD e (I
keZ?
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It follows that

1
IV IZ2 gy = € /1(1 =) DA+ KD X0 KD ex (I ds
’ N keZ?

1
<C Y A+ K" la(NHP /IXZ(X3 Ik[) dx3

keZ2 -

Ik|
< Cleo(HP+C D (A +kP)" |ck<f>|2|,1€—| /kx2<s)ds.

[k[>1

Denoting by X € C*®(R) the primitive function of x? vanishing at —oo, i.e. X'(s) =
xz(s), we notice that X is bounded over all R. Then

1152 (smeryy = CleoHP+C 0 A+ K" e ()P sup X 9
’ [k|=1 s€

< Clf o1y (74)

In a similar way, from (73), we obtain
VA [P ap—
I 3¢||L%3(H 1(T2y)

<C( x3|D o +x' 3 IDDID] FI22 oym )
= ”X( 3| Df”L%(H I(TZ)) ”X ( 3] |)| |f||L2m(H I(TZ))

1
<C S a+UR M aHP [ stk sy

keZ? P

1
+C D (L + P K Jer (A1 / X/ (3 [k DI doxs
keZ? -1
k]|
<Cf Igpnesiagey+C D A+ K" Mkl e ()1 / kl|x’<s>|2ds.

k#0 -

Denoting by ¥ € C*°(R) a primitive function of (x’ )2, we also notice that Y is bounded
over all R, so as in (74), we get

1939122 (a1 cr = € 1 Wygnosa ey
+C D A+ 2 e (O sup [Y )] < C I Wy,
k=1 seR

Iterating the same argument yields
72 2 -
”83 w”L%’j(Hm—j(’I[‘Z)) S C ”f”Hmfl/Z(’]I‘Z) ) J = 0, cee, M.

Adding over j = 0, ..., m finally gives ¥ € H™(S2) and the continuity of the map
f .

The proof of Lemma 2 follows from Lemma 1, with 7 as a parameter. Notice also
that the map f — f(), see (72), is linear and that the time regularity is conserved
because, with obvious notation, (8tj HO = 8,/ (fM). The conclusions of Lemma 2
follow directly.
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