WEIGHTED DISPERSIVE ESTIMATES FOR TWO-DIMENSIONAL
SCHRODINGER OPERATORS WITH AHARONOV-BOHM MAGNETIC FIELD

GABRIELE GRILLO AND HYNEK KOVARIK

ABSTRACT. We consider two-dimensional Schrodinger operators H with an Aharonov-Bohm mag-
netic field and an additional electric potential. We obtain an explicit leading term of the asymptotic

expansion of the unitary group e~ for t — oo in weighted L2 —spaces. In particular, we show that

the magnetic field improves the decay of e~ “*H with respect to the unitary group of non-magnetic

Schrodinger operators, and that the decay rate in time is determined by the magnetic flux.

1. Introduction

Long time behavior of propagators of Schrodinger operators is known to be closely related to the
spectral properties of their generator near the threshold of the continuous spectrum. For example, if
zero is a regular point of a Schrédinger operator —A + V in L?(R™) in the sense of [JK], then in a
suitable operator topology

eTMATVIP L =01t t— o0, (1.1)

provided the electric potential V' : R™ — R decays fast enough. Here P,. denotes the projection onto
the absolutely continuous spectral subspace of —A + V. For n = 3 such dispersive estimates were
established in [Ra, Je, JK] in weighted L?—spaces. For corresponding L' — L> bounds we refer to
[JSS, GS, Wed1] in the case n = 1,3, and to [Schl] in the case n = 2. Situations in which zero is not a
regular point of —A + V are studied in great generality in [JK], see also [ES1, ES2, RS]. For a recent
survey on the existing dispersive estimates for Schrodinger operators and a thorough bibliography,
see [Sch2].

On the other hand, very little is known about estimates of type (1.1) for magnetic Schréodinger
operators, where —A + V is replaced by (iV + A)? + V with a vector potential A. Recently it was
shown in [KK] that for n = 3 equation (1.1) can be extended to magnetic Schrédinger operators, in
suitable weighted L2—spaces, under certain decay and regularity conditions on A and V. As for the
case n = 2, it was proved, see [FFFP], that (1.1) holds true when V' = 0 and A = Ag is the vector
potential generating the so-called Aharonov-Bohm magnetic field, see equation (2.1) below.

The aim of this paper is to point out the diamagnetic effect on the dispersive estimates (1.1) in
the case n = 2. More precisely, we want to show that the magnetic field improves the decay rate of
the propagator in dimension two. This is partially motivated by the following fact [Mu, Sch2, Go,
EG, Wed2]: if a Schrédinger operator —A + V' in L?(R") with n = 1,2 does not have a resonance

#(=A+V) " considered in suitable topology, is faster than

at zero energy, then the time decay of e~
the one predicted by (1.1). Since a magnetic field in R? generically removes the resonance at zero
energy, see [LW, W], it is natural to expect a faster time decay for propagators generated by magnetic

Schrodinger operators with respect to the non-magnetic ones.
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We will prove this conjecture in the case of the Aharonov-Bohm magnetic field, that is for operators
of the type (iV + Ag)? + V. In particular, we will show, under suitable assumptions on V, that in
certain weighted L?—spaces the associated propagator decays as

tflfmink.ez [k—cl , t— 00, (12)

where « is the total flux of the Aharonov-Bohm field, see Theorem 3.6 for details. This is to be
compared with the t~1 decay rate of non-magnetic Schrodinger propagators, see (1.1). In the special
case V = 0 we obtain a stronger result which provides a point wise upper bound on the integral

kernel of e~ #(V+A4a)?

, see Theorem 3.1 and Corollary 3.3.

Note that the decay rate of the unitary group generated by (iV + Ag)% + V is proportional to
the distance between the magnetic flux and the set of integers, see (1.2). This is expected since
an Aharonov-Bohm field with an integer flux can be gauged away and therefore does not affect the
spectral properties of the corresponding generator. Our main results, Theorem 3.1 and Theorem 3.6
are presented in section 3. The proofs of the main results are given in section 6.

Although our paper deals only with the case of the Aharonov-Bohm field, we believe that a similar
improved time decay should occur for a much wider class of magnetic fields, see Remark 3.9 for
further discussion.

2. Preliminaries

The vector potential

Aap(x) = (A1(2), As(x)) = % (=2, 1) on R\ {0}, (2.1)

generates the Aharonov-Bohm magnetic field which is fully characterized by its constant flux a. It
is well-known, see e.g. [AT], that the operator

(iV + Aw)?>  on CP(R?*\ {0}) (2.2)

is not essentially self-adjoint and has deficiency indices (2,2). Consequently, it admits infinitely many
self-adjoint extensions. In this paper we will work with the Friedrichs extension of (2.2) which we
denote by H,. In order to define the latter we introduce a function space W21?(R?) given by the
closure of C§°(R?\ {0}) with respect to the norm

||u||L2(R2) + ||(zV + Aab) u||L2(R2)~

The quadratic form

Qalu] = iV + Aap) u 72 @2) (2.3)
with the form domain W12(R?) is then closed and generates a unique non-negative self-adjoint
operator H, in L?(R?). Next we introduce an additional electric potential V : R? — R and consider
the Schrédinger operator

H=H,+V in L*R?), (2.4)
see section 3.2 for a precise definition of H.

Remark 2.1. The operators H, +V and H,,,;, + V are unitarily equivalent for any m € Z. Indeed,
in view of equation (4.1) we have

Hyio+V =U, (H, +V)U,  meZ,

where U, : L?*(R?) — L?(R?) is the unitary operator acting as U, u = ¢"™%u. We may therefore
assume without loss of generality that

1
0< ol <=, which implies min |k — a| = |al.
2 kEZ
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2.1. Notation. Given s € R we denote

L2(R?,w®) = {u : [lw*ul| p2mey < 00}, |lul

0,s = ||wsu||L2(Rz),
where w(z) = (14 |z[*)"/2. For 2 = (21,25) € R? and y = (y1,y2) € R? we will often use the polar
coordinates representation

Ty +izo = e,y 4 iy, = e, r,r’ >0, 0,0 €[0,2n). (2.5)

Given R > 0 and a point x € R? we denote by B(z, R) C R? the open ball with radius R centered in .
Let A(s, s') be the space of bounded linear operators from L2(R2, w*) to L%(R2, w*"). By 1 K || (s,s7)
we denote the norm of a bounded linear operator K in (s, s’). The scalar product in a Hilbert
space S will be denoted by (-, ). Finally, we denote Ry = (0,00) and C; = {z € C : Imz > 0}.

3. Main results

3.1. Time decay for e~ ®#He, We say that e« (x,9), z,y € R?is an integral kernel of the operator

e—z’tHa if

(M) @) = [ o)t dy (31)
holds for any u € L?(R?) with compact support.

Theorem 3.1. Let || < 1/2. There exists a kernel e~ e (x,5) of e="*He such that for all z,y € R?
it holds

lim (i) +el e=itHo (g ) = 1 (rj)\al if o <1/2 (3.2)
Jimy W A ja]) (2 ’ |
) 1 rr'N\ 3 ; /
i (i6)2 e—itHa — = ()P o eFie-0) ; =41/2. .
tirgo (Zt)2 e (x’y) 47TF(3/2) ( 1 ) ( +e ) Zf (07 / (3 3)

Moreover, there is a constant C such that for all t > 0 and all z,y € R?

e ay)| < Cmin {7, ()l 710, (3.9

Remark 3.2. In [FFFP, Thm.1.3 & Cor.1.7] it was shown that

sup |e "He(z,y)| < const t7 1.

z,y€R2

This obviously yields the first part of (3.4). Moreover, the decay rate ¢t~! in the above estimate is

sharp. However, the second term on the right hand side of (3.4) shows that for fixed x and y the

kernel e~ *Ha (g, ) decays faster than ¢~

Inequality (3.4) implies
Corollary 3.3. There exists C > 0 such that for all t > 0 we have
e~ tHoylo_s < C g1l lullo,s Vue LA(R*w®), s>1+|al

e oyl < CtTVlN wiulprgey Y u e LYR% W), s> al,

[w

where L*(R?,w®) = {u : |w® ul| 1 (r2) < 0o}

Remark 3.4. Improved time decay of semi-groups generated by two-dimensional magnetic Schrédinger
operators was recently studied in [Ko, Kr].
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3.2. Time decay for e *(HatV)

to the weight function p : R? — R given by p(z) = p(|z|) = elzl®. Let

. In this case we will introduce another operator norm associated

1/2 UHL2(R2)-

L*(R?, p) = {u: |p"?ull 22y <00}, lull, :==1lp

We denote by %(p, p~1) the space of bounded linear operators from L?(R?, p) to L?(R?, p~!). Con-

sequently, we will denote by [ K||g(, -1y the norm of K € %(p,p~'). Recall that we are assuming
0 < |a] <1/2 and let G be the integral operator with the kernel

1 eim(Gf(?’) rop la+m|

ol = 1 3 T (T .

o(z,v) g mzezz ot min ., - (3.5)

Note that the series on the right hand side of (3.5) converges for all x # y. Moreover, from equation

(5.8) below it easily follows that Gy € %(p,p~1). As for the potential V', we suppose that it satisfies

the following

Assumption 3.5. The function V : R? — R is bounded and compactly supported. Moreover, for
any u € L?(R?, p~1) it holds
u+GVu=0 = wu=0. (3.6)

Condition (3.6) is crucial as it excludes the possibility that 0 is a resonance of H.

The motivation for the assumption that V' has compact support is twofold. On one hand, it guarantees
that V € B(p~1, p) which is needed in (3.6). On the other hand, the compactness of the support of
V will play an important role in the proof of absence of positive eigenvalues of the operator H, + V,
see Proposition 5.12.

Note that since we don’t have at our disposal a class of slowly decaying potentials for which
H, + V has no eigenvalues, contrary to the non-magnetic situation, we cannot a priori follow the
general procedure invented in [RS] in order to include potentials with power-like decay at infinity.

To proceed we note that since V' is bounded, the operator H = H, + V is self-adjoint on the domain
of H,, by Rellich’s theorem. Let P, = P.(H) denote the projection onto the continuous spectral
subspace of H. We have

Theorem 3.6. Let 0 < |a| < 1/2 and let V satisfy assumption 3.5. Denote by G; € B(p,p~ 1), j =
1,2, the operators with integral kernels

1 rr/y ol
G:(:9) = mri v7an (1)
OV (1 + |al) 71’ le—signal
_ ,i(0'=0)signa —
g2($7y) e 47TF2(1 + |Oz — signaD ( 4 ) ’
Then, as t — oo
e~ H P. = (it)ilila‘ (1 + Gov)fl Gy (1 + VGO)fl +0( tilila‘) if |a| < 1/27 (37)
e P = (it) 72 (14 GoV) ™ (G1 + G2) (1 + VGo) ™! +0(t7?) i lol=1/2  (3.8)

in B(p,p~t). In particular, there exists a constant C such that for all t > 0 and all u € L*(R?, p)
we have
e Poafl,er < © 471710 u,. (3.9)

Remark 3.7. The reason why we work with the weighted spaces L*(R?, p) and not with LZ(R?) is
technical. Our goal is to keep track of the diamagnetic effect on e=**#
caused by the magnetic field, observed in the case V' = 0. Therefore we employ the perturbation
approach with H, as the free operator. This requires a precise knowledge of the behavior of the

resolvent of H, near the threshold of the spectrum. Since we don’t have a simple formula for its

,1.e. of the improved time decay
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integral kernel, contrary to the situation without a magnetic field, we work with the power-series
(5.5) below. To make sure that this series converges absolutely in %(p,p~!) we have to require a
very fast growth of the weight function p. Note that super-polynomially growing weight functions
were used to study decay estimates of non-magnetic Schrodinger operators already in [Ra].

Nonetheless, we expect that the claim of Theorem 3.6 remains true also if L?(R?, p) and L?(R?, p~1)
are replaced throughout by L?(R?,w?®) and L?(R?,w~*) with s large enough.

Remark 3.8. Assumption 3.5 ensures that the operators 1 + GoV and 1 + VG are invertible in
B(p~t, p~1) and B(p, p) respectively, see the proof of Lemma 5.3 and Remark 5.4 for details. Hence
(14 GoV)™1G; (1 4+ VGp)~! are well defined and belong to %(p, p~*). Note also that in the case
V =0 equations (3.7) and (3.8) agree with the asymptotics (3.2) and (3.3).

Remark 3.9. Our method does not enable us to extend the above results to a more general class
of magnetic fields. On the other hand, decay estimates on the magnetic heat semi-group obtained
recently in [Ko, Kr] suggest that for a sufficiently smooth magnetic field B = rot A with a finite total
flux « one should be able to observe, in a suitable operator topology, that as ¢ — co

e—it(iv-‘y—A)z _ O(t—l—minkez |k—a\)) if « ¢ Z,
e~ HIVHA) (’)(t_1 log ™2 t) if a€Z.

This question remains open.

4. Partial wave decomposition

The quadratic form associated to H,, in polar coordinates (r,6) reads as follows:
oo p2m
Qalu] = / / (|0ul? +r2]i Opu + aul?) rdrdf, ue Wa2(R?). (4.1)
o Jo

By expanding a given function v € L?(R, x (0,27)) into a Fourier series with respect to the basis
{eim9}, 7 of L?((0,27)), we obtain a direct sum decomposition

H, = @ (hup ®id)1L,, (4.2)
MmeZ

where h,, are operators generated by the closures, in L?(R,rdr), of the quadratic forms

oo + 2
Qulfl= [ (0P + ) v (4.3)
0
defined initially on C§°(R, ), and II,, is the projector acting as

1 [ ,
(Hm u) (7"7 9) = Gy / eim(0=0) U,(TH 9/) do’.
™ Jo

5. Resolvent estimates

In order to prove Theorem 3.6 we will follow the strategy developed in [JK]. This requires precise
estimates on the resolvent of (H — 2)~! and its derivatives with respect to z. Such estimates are
the main objects of our interest in this section.Let us denote by Ro(c,2) = (H, — 2)71, 2 € C the
resolvent of the free operator H,. From now on, in order to keep in mind that we work with the
continuation of the resolvent form the upper-half plane, for any A € (0, c0) we will adopt the following
notation:

Ro(a, \) := lim Ro(a, A+ ig), (5.1)

e—0+

where according to [IT, Prop. 7.3] the limit is attained locally uniformly in A on (0, co) with respect
to the norm of #(s, —s) for any s > 1/2.
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5.1. Low energy behavior. Recall that we keep on assuming 0 < |a| < 1/2. In order to study
the behavior of Ro(a, A) for A — 0, A € (0,00), we first consider the resolvent kernels of the one-
dimensional operators h,, associated with quadratic form (4.3). We follow [Ko, Sect.5] and consider
the operators

Hp =Wh, W' in L*(Ry,dr), (5.2)
where W : L2(R,,rdr) — L?(R.,dr) is a unitary mapping acting as (Wf)(r) = r'/2 f(r). Note that
H ., is subject to Dirichlet boundary condition at zero. To find an expression for the resolvent of H,,
we have to solve the generalized eigenvalue equation

1
(m+a)? — 1

Hmu=—u"(r) + 5 u=Au,

,
and in particular we have to find two solutions (A, r) and ¢(A,r) which satisfy the conditions
¥(X,0) = 0 and ¢(A +ig,-) € L?(1,00) for € > 0. By a straightforward calculation, taking into
account the asymptotic properties of Bessel functions, namely [AS, Eqgs.9.1.3, 9.2.3], we find that

1/)()\77°) = \/; J\erocl(T\/X)
OT) = VE (Tt (VA) + i Vi) (VX))

where J, and Y, are the Bessel functions of the first and second kind respectively. Since the Wronskian
of ¢ and ¢ is equal to —2i/m, see [AS, Eq.9.1.16], the Sturm-Liouville theory shows that for r < 7’
we have

lim (Hp, — A —ie) " (r,7') = % VI Jimga) (M) (J|m+a‘(r’ﬁ) +iY|m+a‘(r’ﬁ)) .

e—0+
Hence in view of (5.2) it follows that for A € (0,00) and r < 1’
(A — A) " (r,7") = fim (i — A — ie) Y (r, ) = %Z Jimtal TVA) (Jimtal (VX)) 48 Yo (' VX)).
e—

When 7’ < r, then we switch 7" and r in the above formula. In the sequel we will assume for
definiteness that r < /. By (4.2) and (2.5) we get

R (O[ )‘ T y Z J|a+m| rf)(‘ﬂa—‘—m\( \/>) +iY—|a+m\(7‘l\/X)) eim(&—@’) (53)

meZ

Using the identities

~ Ju(2) cos(vm) — J_,(2) B L — (—1)F 22k
Yu(z) = sin(vm) 7 Jolz) = (2/2) kz::() AT (v 4+ k+1)°

where v € Z, see [AS, Egs. 9.1.2, 9.1.10], and the well-known properties of the Gamma function,

namely
T

r 1)==2T I'(z)T(1—-2) = A4
(z4+1) = 2T(2), (2) (1 = 2) Sn(r2)’ (5.4)

we can further rewrite (5.3) in the power-series in A as follows:
Ro(a, A, ,y) = Go(x, ) + G1(2,5) NI + Ga(a, y) Alo—sienel (5.5)

s ( >|a+m| Z (i 7“/2)k (_i 7,2)71 2\etn
47r nlkl(n+]a+ml|) - la+m| - (Ja+m|—k)

k,n>0,k+n>0
( i T’Q)k (_% ,r2)n (7"7"')'0“ )\k+n+\a|
Tn+|a+1)T(k+ |a+1)

k,n>0,k+n>0

im(0—0") COt(7T|O{ + m|)
+ Z € Al+|a+m| Z
m##0 k,n>0,k4+n>0

(_i T’Q)k (_i 7“2)" (TT/)la'H”l )\k+n+|a+m\

IF'n+]a+m|+1)T(k+ |a+m|+1)

)
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where Go(x,y) is given by (3.5) and

i —cot(mlal) rrr'ylal
o) = o jay (4)

1 — cot(m|a — sign ) (rr’) lo—sign o
4T72(1 + | —signal) \ 4
Denote by Gj, j = 1,2 the respective integral operators generated by the kernels G;(z,y). The

Gg(x,y) _ ei(&’f()) sign «

following technical Lemma will be needed later for the asymptotic expansion of Rg(a, A).

Lemma 5.1. Leta > 1. Then

4
e s'sds <

I(a).

~1 e

0
Proof. With the substitution s* = ¢ we obtain

= —s* _4a 1 > —t yja—1 1 1 1 a
ds = — t*72dt=-T -)<-T 1)=-T
/0 e ® s*%sds 4/0 e 2 1 <a+2 <2 (a+1) 1 (a),
where we have used the first part of (5.4). O

Lemma 5.2. The series of integral operators (5.5) converges absolutely in B(p, p~ ') and uniformly
in A on compacts of [0,00). In particular, we have

Ro(a, \) = Go + Gy Mol 4 Gy Alemsisnal o p\la=sienaly 4 g5 p71), (5.6)

as A — 0. Moreover, the operator Ro(a, \) generated by the integral kernel (5.5) can be differentiated
in X on (0,1) any number of times in the norm of B(p,p~1) and it holds

Ri(o, \) = |o| Gy A= po\el=1) 0 R (o, A) = |af(Ja] — 1)Gy A¥=2 4 o(Ale1=2), (5.7)

where R{(a, X) and R{(a, ) denote first and second derivative of Ro(cv, \) with respect to A in the
norm of B(p,p~1).

Proof. From (5.3) we see that Ro(a, A, z,y) can be written in the form

Ro(a, N\ z,y) = Z Ry (a, A\, 1y 1") m(0=0")
meZ
where we can identify the RJ*(a, A, r,7’) with the terms on the right hand side of (5.5). The above
formula implies that

1R, M Zap,p-1) = sup llp™" B (0, A) o™ T2z, vy 222, rar)

€z
< / / |RI (e, \,r, 7Y 2 p(r) 2 p(r") "2 7o’ drdr, (5.8)
o Jo

where we have used the Hilbert-Schmidt norm on L?(R,rdr). It is now easily verified that the series
of operators on the right hand side of (5.5) converges absolutely in %(p, p~!). Indeed, the square of
the first double-series on the right hand side of (5.5) can be estimates by Cauchy-Schwarz inequality

as follows
2
(i T’Q)k (_% 742)11 /\k+n

Z <
1 k! —
knsodens0 Elin+la+m|) - |la+m| - (la+m| —k)

(5.9)

- Z (\/X T’)4k Z (\/X T‘)4n

= 12 nz -
k>0 (k) n>0 (n)

Hence using Lemma 5.1 we find that the Hilbert-Schmidt norm of the kernel on the left hand side

of (5.9) is bounded from above by a constant times A2 ¢**. The remaining terms in (5.5) are treated
in the same way. In view of (5.8) we thus conclude that (5.5) converges absolutely in %(p,p~!) for
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any A > 0 and that the convergence is uniform in A on any compact interval of [0,00). The same
argument applies to %}Ro(a, A) for any k& € N. This implies (5.7). |

The perturbed resolvent. Next we consider the full resolvent R(c, z) = (H —z)~! of the operator
H = H, +V in L?(R?). Since the contribution to the second term of the expansion for Rg(a, \)
is different when |a| < 1/2 and when |a] = 1/2, in order to simlify the notation in the following
Lemmas we introduce the symbol

0o =0 if |a] <1/2, oo =1 if |a|=1/2. (5.10)
Lemma 5.3. Under Assumption 3.5 we have
(14 Ro(a, V)L = (14+GoV) L= (14+GoV) (G + 04 Ga) V (14 GoV) "L Al po(alely (5.11)
as A — 0in B(p~L,p71).

Proof. The operators G, G1V and G2V are Hilbert-Schmidt, and therefore compact, from L?(R?, p~1)
to L?(R?, p=1). Hence by (3.6) the operator 1+GgV is invertible in Z(p~t, p~1). On the other hand,
in view of (5.6) we have

14 Ro(a,\)V =14 GoV + (G1 + 04 G2)V Aol 4 o(Alo]) (5.12)

in B(p~!,p~!). Here we have used the fact that V € Z(p~1,p). It follows that for A small enough
the operator 1+ Rg(a, A) V' can be inverted and with the help of the Neumann series we arrive at
(5.11). |

Remark 5.4. The operator VG is compact from L?(R?, p) to L?(R?, p). Hence by equation (3.6)
and duality 1 4+ V' Gy is invertible in %B(p, p).

Lemma 5.5. Under Assumption 3.5 we have
R(a,\) = Ty + Ty Mol 4-o(Alo]) (5.13)
as A — 0 in B(p,p~ 1), where
To = (1 + GoV) ™! Gy, T = (1+GoV) MG +0,Ga) (1+VGo) ™. (5.14)
Proof. Since 1+ Ro(a,\)V is invertible in B(p~1, p~1) for A small enough, the resolvent equation
yields
R(a,\) = (1+ Ro(a, \) V)™ Ro(a, \), (5.15)
which in combination with (5.6) and (5.11) gives equation (5.13) with
Ty = (14 GoV)  (Gi40aG2) — (1+GoV) (G + 04 G2) V(14 GoV) ' Gy

in B(p,p~!). To simplify the above expression for T let us consider u € L?(R?, p) and denote f =
Gou € L?(R?, p~1). Since (1+GoV)™! f =gifand only if f = g+ GoVg, and (1+VGy) ' Vf=Vyg
if an only if Vf = Vg + VGoVg, we find out that V (1 + GoV) ™! Gou = (1 + VGy) ™! VGou. Hence
the identity

V(A4+GV) ' Go=(1+VGy) VG (5.16)
holds on L?(R?, p), which implies that

Ty =(1+GoV) (G +0,G2) (1+VGy)™h

Corollary 5.6. As A — 0,
R"(a,\) = |a|(Ja] = 1)(1 = ToV) Gy (1 — ToV) Nel=2 - o(N*1=2) in B(p, p~ ). (5.17)
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Proof. We use the identities
R'(a,\) = (1= R(a, \)V) R(a, A) (1 — VR(er, \)) (5.18)
R"(a,A) = (1 — R(a, \)V) Ry (e, ) (1 = VR(a, ) — 2R (e, \) V R{ (e, \) (1 — VR(er, ), (5.19)

which hold in B(p,p~!) in view of the resolvent equation R = Ry — Ry VR. The claim now follows
from Lemma 5.2 and Lemma 5.5. O

5.2. High energy behavior. Here we will use the operator norms in the weighted spaces L?(R?, w*).
When s = 0 we write ||ul|o instead of ||ullo,0. We denote by Z(s,s’) the set of bounded operators
from L2(R2,w*) to L2(R2,w* ). Obviously, for any K € (s, s') we have

p/ < S/ <s< p = HKH.@@J)/) < ||K||%(s7s’)~ (520)
Lemma 5.7. If s > 1/2, then Ro(a, \) is continuous in A on (0,00) in the norm of (s, —s).

Proof. First we show that for any s with s < 1 and any z € C with Im 2 # 0 we have Ry(«, 2) €
B(s,s). Given u € L?(R? w*), we have

|Ro(cx, 2) u

0.s < | Bola, 2) w®ullo + [[[Ro(a, 2), w] ulfo
= ||Ro(e, 2) w’ u|lo + || Ro(e, 2) [Ha, w®] Ro(c, z) uo- (5.21)

In the polar coordinates H, acts as

1 1
Ho = =0} — =0, + —(i0s + ).
T r
Hence when calculated on functions from C§°(R? \ {0}) the commutator [H,,w*] reads as
[Hy,w®] = —sw(r)* 2 (sr? +2) — 2srw(r)*~20,,

where r = |z|. Since s < 1, the first term on the right hand side is bounded. Moreover, from (4.1) it
follows that for for every f € L?(R?)

10 Ro(ev, 2) fllf2mey < [{f, Ro(e,2) f) 2oy + |2l [ Ro(r, 2) flIZ2m2y-
This in combination with (5.21) and the fact that

1
”RO(O%Z)H%’(O,O) < m (5.22)
gives
1 |2
IRo(a, 2) uljos < C <W + m) laflo.s. (5.23)

Now, let A, ) € R and let € > 0. Then by the resolvent equation
|(Ro(c, A +ig) — Ro(a, N + i) ullo.s = A = N|||Ro(cx, X + ie) Ro(a, N +ig) ul|o.s - (5.24)
Hence in view of (5.23), for ¢ small enough

[[(Ro(c, A) — Ro(a, X'))ullo,—s < [[Ro(a, ) — Ro(a, A+ i€)|| (s, —s) ||

0,s
+ [[Ro(a, A') = Ro(a, N +i€)[| s, —s) llo,s +Oe™) [ = N1+ (AN + [N]) [[ullo,s

Since the first two terms on the right hand side converge to zero as € — 0 locally uniformly in A
respectively X, see (5.1), this proves the continuity of Ro(a, A) in A € (0,00) for s € (1/2, 1]. By
(5.20) the claim holds for all s > 1/2. O

Lemma 5.8. For any & > 0 there exists C. such that for all s,s' > 1/2+ ¢ it holds
||R0(Oé, A)H%(s,—s’) < Cs A7%+€ VA>1 (525)
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Proof. Let s = 1/2 4 ¢ and let u € L2(R?). We define uy(x) = u(z/V/A). Since Ro(a, \,z,y) =
Ro(a, 1,V Xz, v/ Ay), see equation (5.3), a simple change of variables gives
[Ro(c, \) ul§ s < X727 | Ro(e, 1)[|Z5(s, - lunllf -
On the other hand, [|uxll§ , < A'** ||ullf ,. Hence
1Ro(er, M) ull o < X712 || Ro (e, 1)1, - l1ullf -
In view of (5.20) this completes the proof. O

In order to obtain suitable estimates on the derivatives of Ry(c, A), we need the following technical
result.

Lemma 5.9. Let T = (iV + Ag) - ©. Assume that s, s’ > 5/2. Then for any € > 0 we have
[iT, Ro(a, )] = O(N®) in HB(s,—s') as \— oo. (5.26)

Proof. Without loss of generality we may assume that 0 < ¢ < 1/2. We introduce the notation
D; =—-0;+14A;, j =1,2s0 that ¢T = Di21 + Doxs. Moroever, let

X;00) =% D Ro(ar, ), j=1,2
We observe that [D;,z;] = —1. Thus by Lemma 5.8 in order to prove (5.26) it suffices to show that
there exists a constant C' such that for all A large enough and any p > 1/2, and u € Lg(R2) we have

lw™% (21 Dy + w2 D2) Ro(o, Mullg < 2| X1V ull§ +2[| X2V ull§ < CN*Jlullf,.  (5:27)

</

Note that w% 1 [Dj,wl’%/] = —wz ! 8jw1*s7, is a bounded function for 5 = 1,2. Hence by the
Cauchy-Schwarz inequality and (5.25) we get

126 (0 ull} = ('™ Ro(a A, [D;, 0!~ 71D, Rl A) ) (529)
+ (', Dj] Ro(a, Ayu, '™ % D;Ro(ay A o gy
+ (W' Ro(o, \)u, w'™% Dy D, Ro(o, AJu) g
< 2C AT XG0 ullo lullop + (' F Ro(a, A, w'™F D} DjRo(0, A) ) pa oy

In the application of (5.25) we used the assumption s’ — 2 > 1/2. Now from the identity

2
> D;Dj Ro(a, \) = Hy Ro(r, A) = 1 + A Ro(a, \)

j=1
and equations (5.25) and (5.28) we obtain

2 2
YoIXs N ulls < CoxT=E DTN ullf + 26 A2 |Jullg , + C2 N [ulf5 -
j=1

j=1

Hence taking A large enough so that C. Azte < 1/2 and at the same time A > 1, we deduce from
the last equation that

2
SOIX N ullg < 201+ C2) [Jullg,.
j=1

This implies (5.27). To prove that |[Ro(a, ) T||z(s,—s) = O(X°), let u € C5°(R? \ {0}) and write
v; = xju. From (5.27) applied to v; with p = s — 2 we deduce that

2
™% (D1 Ro(a, A)en + Dz ol N wa)l[3 <23 [l Dy Rola, Nyl = 00) ulld, (5:29)

=1
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as A — oo. Since the operators D; commute with Ro(a, A) on C5°(R?\ {0}), inequality (5.29) implies
that

1Ro(r, A) Tul|2 o = OO*) [Jull§  as A — o0
for all u € C5°(R? \ {0}). By density we conclude that || Ro(c, A) T z(s,—s1) = O(X°). O

Lemma 5.10. Let s,s’ > 5/2. Let Rék)(a, A) denote the k—th derivative of Ro(a, A) with respect to
X in B(s,—s'). Then for any € > 0 there exists C. i, such that

IR (, N[l gor—ey < Copg A™5F WA>1 k=1,2. (5.30)

Proof. Let T be the operator introduced in Lemma 5.9. Then the commutator [T, H,] calculated
on C§°(R?\ {0}) gives
[T, H,) =2 H,.
This together with the first resolvent equation Ry(«, 2) — Ro(a, () = (2 — ¢)Ro(cv, 2) Ro(«, €), 2,C €
C,, implies the identity
[iT, Ro(cv, z)] = —Ro(a, 2) [iT, Hu] Ro(av, 2) = —2Ro (v, z) — 22 Rjy(«, 2). (5.31)
On the other hand, from Lemma 5.9 it follows that [¢T, Ro(a, \)] € #(s,—s') for A > 1. Equation
(5.31), considered in H(s,—s’), thus can be thus extended to z = A € R, A > 1. This shows that
Rj(a, ) is continuous in A on (1,00) with respect to the norm of #(s, —s') and in view of Lemma
5.9
Ry(a,\) = O(]A|7*F9) in B(s,—5'), \— o0 (5.32)
Hence equation (5.30) is proven for k = 1. To prove it for kK = 2 we consider the double commutator
2
[, [z, Ro(r, 2)]] = |2 Ro(er, 2) =2 Y _ @ Ro(r, 2) 2 + Ro(a, 2) [a]?
j=1
and use the identity
1
2Ry (o, z) = —3Ry(cv, 2) — 1 [Jc, [z, Ro(, z)}], (5.33)
which follows by a direct calculation in the same way as equation (5.31). By using the fact that
x € B(s,s—1) Vs eR, (5.34)

we extend equation (5.33), considered in #(s,—s'), to z = A € R, A > 1. From (5.30) for k = 1,
(5.32), and (5.25) we thus arrive at

Rl(o, ) = O(JA|72%9) in B(s,—s'), A— oo.
The claim now follows. O
Corollary 5.11. For any € > 0 and any k = 0, 1,2 there exist constants C. . such that
IR (Ml gspp1y < Coe A5 F5 WAL, (5.35)
Proof. Since for any s > 0 there exists C such that
[ Ro(c, Ml z(p,p-1) < Cs [[Rola, M)l (s,—s)
the claim follows from Lemmata 5.8, 5.10. O

Proposition 5.12. Suppose that Assumption 3.5 is satisfied. Then, for any k = 0,1,2 we have
R®)(a,\) € B(p,p~") and

k41
2

[R®) (a, M| (p,p-1) = ON "2 T0) A\ — oo. (5.36)
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Proof. Let us first show that the operator H = H, + V has no positive eigenvalues. To this end
assume that there exists A > 0 such that Hu = Au. Since V is compactly supported, there exists
R > 0 such that V = 0 outside the ball B(0, R). We can thus use decomposition (4.2) to obtain

hom fn(r) = A fm(r)  VYmeZ, Yr>R, (5.37)

where

1 im0
fm(r) = o (e, “(779)>L2(0,2w)

and h,, is the operator associated with quadratic form @, given by (4.3). A direct calculation now
shows that f,, is a linear combination of the Bessel functions J‘m+a|(r\f)\) and Y|m+a‘(r\ﬂ). Since
any non-trivial linear combination of these functions does not belong to L2((R, o), rdr), see [AS,
Eqs.9.2.1-2], we conclude that f,, = 0 on (R,00) and hence u = 0 outside B(0, R). By the unique
continuation principle we then have u = 0. Hence A is not an eigenvalue.

Next, since Ro(«, ) is Hilbert-Schmidt, and therefore compact, from L?(R?, p) to L*(R? p~1),
and V € B(p~*, p), we observe that V Ro(a, \) is compact from L?(R?,p) to L?(R?, p). Moreover
the fact that H has no positive eigenvalues implies that —1 is not an eigenvalue of V Rgy(a, A) in
PB(p, p) for any A € (0,00). Hence the operator 1 + V Ry(a, A) is invertible in Z(p, p) and its inverse
is continuous with respect to A in the norm of %(p,p). The latter follows from the continuity of
VRo(a,)\) in B(p,p). Now equation (5.15) implies that R(a,\) € ZB(p,p~1) and that R(a,)) is
continuous in A € (0, 00).

Finally, since ||V Ro(c, A)||z(p,,) — 0 as A — oo, by Corollary 5.11, we conclude that (1 +
VRo(a,\))~! is uniformly bounded for A — oo in the norm of %(p,p). In view of (5.15) and
Corollary 5.11 we thus get

||R(Oé7 A)H.@(p,pfl) = O(/\7%+0) A — o0.
This proves (5.36) for & = 0. The proof for £ = 1 and & = 2 now follows from (5.36) with k& = 0,
identities (5.18), (5.19) and Corollary 5.11. O

Remark 5.13. The absence of positive eigenvalues, as a consequence of the limiting absorption
principle, was studied in great generality in the seminal work [Ag] for non-magnetic Schrodinger
operators.

6. Time decay

6.1. Proof of Theorem 3.6. For the sake of brevity we will prove the statements of Theorem 3.6
only for |a| < 1/2. The proof in the case |a| = 1/2 is completely analogous. By the spectral theorem
and the Stone formula we have

e p — / e " Ba, \) d, (6.1)
0
where ) )
E(a,\) = — lim (R(a, A+ ie) — R(a, A —ig)) = —Im R(ay, A). (6.2)
211 e—0+ T

Here the imaginary part is meant in the sense of quadratic forms. Let x € C°°(0,00) be such
that x(xz) = 0 for all = large enough and x(z) = 1 in a neighborhood of 0. Since E"’(a,\) €
LY((8,00); B(p,p~ 1)) for any 6 > 0 in view of Proposition 5.12, we can apply [JK, Lemma 10.1], see
Lemma A.1 in Appendix A, to obtain

/00 e " (1 —x(\) E(a, \)dA = o(t™2) as t— oo (6.3)
0

in Z(p,p~!). On the other hand, for A — 0 we have by (6.2) and Lemma 5.5
E(a,\) = Bt N 4 By(a,N),  Ex(a,X) = oA,
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where

E; 14+ GoV) ™ G (1+VGy)™ .

T T(1+]al])
Moreover, by Corollary 5.6 we know that EY(a, A) = o(A®1=2) as A — 0. Hence from [JK, Lemma
10.2], see Lemma A.1 in Appendix A, applied to x(A) Ex(a, A) it follows that

/ e (\) By, A dh = ot 10l ¢ o .
0

Finally, since x(\) = 1 in a vicinity of zero, the Erdelyi’s lemma about asymptotic expansion of
Fourier integrals, see [Erd2] or [Z, p. 639], gives

/ e itA ylal Y(\) dX = (Z-t)*lf\al (1 +|af) + O(t717\a|) t — oo.
0

Summing up, we have
e” M p = (i)l + la]) By + o(t_l_lo“)

in #(p,p~t). This completes the proof of (3.7). Equation (3.8) follows in the same way with F;

replaced by
1

I(1+ |af)
Estimate (3.9) is now immediate since || e **# P, u||,-1 < ||ul|, for all ¢ > 0.

(1+GoV) ™ (G +G2) (1 +VGy)™ .

Remark 6.1. In principle it would be possible to extend the above analysis and obtain higher order
terms in the asymptotic expansion for e~ P, as t — oo.

6.2. Proof of Theorem 3.1. We first establish an explicit formula for e=**a (2, 4). This has been
done already in [FFFP]. For the sake of completeness we provide an alternative derivation. To start
with we consider the one-dimensional operators h,, in L?(R, rdr) associated with the closure of the
quadratic form @, given by equation (4.3).

Lemma 6.2. Let f € L?>(R,,rdr) be compactly supported. Then for all t > 0 we have

(e—it hmf) (r) 1 /O [‘m+a| (TT ) e~ T22;:/2 f(r’) r dr’. (6.4)

T 20t 2t
where I, 1| is the modified Bessel function of the first kind.

Proof. Recall the integral representation
zY ! 2 1
DI / (1—-s%)""2e*ds, zeC, (6.5)

L(z)=—"
( ) QVF(V+§)F(§ -1
see [AS, eq.9.6.18]. Consider now the operator
Ly =Uh, U™t in L*Ry,dr), (6.6)

where U : L?(Ry,rdr) — L?*(R,,dr) is the unitary mapping acting as (Uf)(r) = r'/2f(r). Note
that L,, is subject to Dirichlet boundary condition at zero and that it coincides with the Friedrichs
extension of the differential operator

d2 M2 _ i
a2 T2
defined on C§°(Ry). From [Ko, Sect. 5] we know that
Win L Wb 0(p) = po(p), ¢ € Win(D(Lin)), (6.7)

where the mappings W,,,, W, : L2(Ry) — L?(R.) given by

(W 0)(p) = /Omuv)mmmmwmdn (Wile)(r) = /Omso<p>w|m+a|<rmdp, (6.8)

N | =
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and defined initially on C§°(R,) extend to unitary operators on L?(R.). By [T, Thm.3.1]

it 9. g=Uf. (6.9)

(e+it) Lo,

e g= lim e~

e—=0+

In view of (6.7) we thus get

sl—i>%l+ (6—(e+it)Lm g) (r) = el—i>%l+ (Wyﬁl e—(e+it)p W, g) (r)

1 S
50+ 2 / \/W/ ¢ (6+Zt)p‘]|m+a\(r\/ﬁ)Jlera\(rl\/iB) dpg(r') dr’
T?“/ r24r?
— 1 Tonia ( ) “iErm o) dr'. (6.10
s—>0+2€+zt/ Vot Jimsol 20 +it)/) € g(r)dr'. (6.10)

where we have used [Erdl, Eq.4.14(39)] to evaluate the p—integral. Moreover, from (6.5) it follows
that

|
3
I

7“7“/ 2402 \m+a|

Im . (7> 4(5+Lt)
" +al 2(e +it) ¢

for some constant C' > 0. On the other hand, by assumptions on f we have ()2 +m+elg(p) =
(r")i+imtal f(4") € LY(R,). Hence using the Lebesgue dominated theorem and (6.11) we can inter-
change the limit with the integral in (6.10) and use (6.9) to get

) / 242
(e_lth g 2 n / \/77 I\m+a| ( : ) — g(rl) dr’.
1

Equation (6.4) now follows in view of (6.6) and the identity g(r') = v/r’ f(r"). O

<c’

(6.11)

Now let u € L?(R?) have compact support. Since the projector I, commutes with h,, ® id, see
section 4, from (4.2) and (6.4) we obtain

2m 2, .2
—itH, 2 : (0-0") —=tr AV AN WA,
(e u)(r, = 4mit / / fim+al (2115) " e” A u(r, @) r'dr'dd’.  (6.12)

Moreover, in view of the integral representation (6.5) the series ), I;iqf (%) em(@=6") con-
verges, for a fixed r, uniformly in 7’ on compacts of R,. We can thus interchange the sum and the

integral in (6.12) to conclude that (3.1) holds true with

—itH 22 E im(0—0")
a it I . 6.13
€ (SC,Z/) 4 [m+af <22t> ( )

4mt
MEZL

Assume now that |a] < 1/2. With the help of (6.5) it is easily seen that
2,72 /
im tlele= T gim(0-0") —
tgn; t'"™e 4 Z I\m+(x| (Zit € 0.
m#0
Equation (3.2) now follows from the identity
1
li 1, = y
m = 1L (2) = o)

see [AS, eq. 9.6.10]. The proof for |a| = 1/2 follows the same line. To prove (3.4) we recall that by
[FFFP, Corollary 1.7] there exists a constant Cj such that

, C
sup e e (g, y)| < 70 Vt>0. (6.14)
z,yER?

Let us define

T
Q= (o y) € R : ellyl <1}, Qo= {(ey) € R : [ellyl 20}, == YL
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Since || < 1/2, from (6.14), (6.13) and (6.5) we deduce that

t |ex] )
sup (o) e e ()
(ayezs Nl Tyl

NG N
:max{ sup ( ) le="Ho (2 y)|,  sup ( ) e tH“(x,y)\}

(z,y)e |£L’| |y| (z,y)EN2 \x||y\
JIme+al—lal

< ¢! maX{Cl sup

e } — Oyt
0<z<1 =7 2lm+al D(|lm + af + 1/2) ’ ?

where C7 and Cs are positive constants. This implies (3.4) and completes the proof of Theorem 3.1.

Remark 6.3. By using the relation I,(z) = e~z iz Ju(iz), see [AS, eq.9.6.3], it is easily seen that
equation (6.13) agrees with the expression for the Aharonov-Bohm propagator found in [FFFP, Thm.
1.3].

APPENDIX A

For reader’s convenience we recall below the results obtained in [JK, Lemma 10.1] and [JK, Lemma
10.2] regarding a function F': R, — B, where B is an arbitrary Banach space.

Lemma A.1 (Jensen-Kato). Suppose that F(A\) = 0 in a neighborhood of zero and that F" €
LY(Ry;B). Then

/ e MNE(\) d)\ = o(t™?) as t—oo in B.
0

Lemma A.2 (Jensen-Kato). Suppose that F(0) = 0, F(\) = 0 for A large enough and that F" €
LY((6,00); B) for any 6 > 0. Assume moreover that F”(\) = o(A°~2) as A — 0 for some 3 € (0,1) .
Then

(e.¢]
/ e FQA)dA=o(t™77)  as t—oo in B.
0

Remark A.3. [JK] provides more general versions of the above results. Here we limit ourselves to
particular situations which suit our purposes.
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