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Polarization Dependence of Modal Attraction in High
Birefringence Bimodal Optical Fibers

Massimiliano Guasoni and Stefan Wabnitz, Member, IEEE

Abstract—We study nonlinear mode coupling among two intense
and copropagating beams of different wavelength in bimodal and
high birefringence optical fibers. With the proper design of the
bimodal fiber, we show that this process may lead to modal attrac-
tion, where the modal distribution of light at a pump wavelength
is replicated at the signal wavelength, independently of the input
mode excitation conditions of the signal. We analyse the depen-
dence of the efficiency of the modal attraction process upon the
input state of polarization of both the signal and the pump beams.

Index Terms—Fiber nonlinear optics, multiwave mixing, stokes
parameters.

I. INTRODUCTION

PROPAGATION in few-mode optical fibers [1] may give
rise to a rich variety of nonlinear mode coupling effects [2]–

[3]. In particular, all-optical mode switching was theoretically
studied and experimentally demonstrated by Pitois et al. [4].
In recent years, few mode optical fibers have experienced a
resurgency of interest as a transmission medium in coherent
high-bit-rate transmission systems via the spatial multiplexing
technique [5]–[8].

It is therefore very interesting to further explore the poten-
tial of few-mode optical fibers for ultrafast all-optical signal
processing devices as well. To this end, we consider here the
co-propagation of two beams of arbitrary polarizations and dif-
ferent wavelengths in a bimodal optical fiber. By supposing that
at one wavelength the input, say, pump beam is coupled to a mix
of the two fiber modes, we show that nonlinear mode coupling
may lead to the capability of light to self-organise its modal
distribution at the, say, signal wavelength. Namely, a specific
point along the fiber exists, where the signal modal distribution
is attracted, irrespectively of its input arrangement, to the given
input modal distribution of the pump. Because of the analogy
with the polarization attraction effect, which occurs in the propa-
gation of two different beams with arbitrary state of polarization
(SOP) in a single-mode fiber [9], [10], we may name the present
effect as modal attraction.
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Modal attraction involving two linearly polarized CW beams
which remain aligned with the orthogonal principal axes of a
bimodal, high birefringence fiber with elliptical core was re-
cently described in [11]. In this paper, we substantially extend
those results by studying the input polarization dependence of
the modal attraction process, when considering the most general
case where the two input beams have an arbitrary input SOP.
As we shall see, for a properly designed double core bimodal
optical fiber, involving a depressed index inner core and an el-
liptical outer core, the effect of modal attraction is still present
and highly effective for various input pump and signal SOP
configurations.

We first derive in Section II the basic equations ruling non-
linear mode coupling among a pump and a signal of different
wavelength and arbitrary SOP in a bimodal, elliptical core fiber.
In Section III we discuss the concept of modal attraction and its
relationship with the SOP of the interacting modes. In particular,
we will point out the special relationship which exists between
the property of modal attraction and the choice of the input SOP
of the pump and the signal. The strength of modal attraction for
some different choices of input polarization configurations is
next numerically studied and compared in Section IV. Finally,
in Section V we draw our conclusions.

II. BASIC EQUATIONS

Let us consider an elliptical core fiber which is bimodal in a
certain range of wavelengths as determined by its geometrical
and physical properties (for details see Section IV). We shall
assume that, in the frequency band of bimodality, both x- and y-
polarized LP01 and LP 11,even modes are supported. Therefore a
total of four modes, namely the LP01−x , LP01−y , LP11,even−x

and LP 11,even−y modes, can propagate. For notational simplic-
ity, we shall denote such modes as the 0x, 0y, 1x and 1y mode,
respectively. To the contrary, in the considered range of wave-
lengths the modes LP 11,odd−x and LP 11,odd−y remain below
the cut-off frequency, and thus they cannot propagate, so that
the fiber is truly bimodal [2]. This special situation permits to
study the polarization dependence of modal attraction in a mini-
mal model for a bimodal fiber, and to avoid any possible random
coupling among the otherwise nearly degenerate even and odd
LP11 modes of a circular fiber.

We denote with Unx(z) and Uny (z) the x and y polarized
complex amplitudes of modes nx and ny (n = {0, 1}) at the
pump frequency ωp . Similarly, Vnx(z) and Vny (z) denote the
mode amplitudes at the signal frequency ωs . Starting from
Maxwell’s equations with a polarization which takes into ac-
count the nonlinear cubic response of silica, and neglecting
all nonlinear terms whose corresponding phase matching (PM)
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condition cannot be practically fulfilled, one obtains, by extend-
ing equations (8) of [3] to the case of arbitrary polarizations of
the coupled waves, the following equations for the evolution of
the pump amplitudes with distance z:

i
dUna

dz
=

2
3
CnnUnbVnaV ∗

nbexp(iΔβ
(u)
1,naz)

+
2
3
C01(3UmaVnaV ∗

maexp(iΔβ
(u)
2,naz)

+ UmbVnaV ∗
mbexp(iΔβ

(u)
3,naz)+UnbVmaV ∗

mbexp(iΔβ
(u)
4,naz)

+ UnbUmaU ∗
mbexp(iΔβ

(u)
5,naz)+UmaVnbV

∗
mbexp(iΔβ

(u)
6,naz))

+ Cnn (|Una |2 + 2|Vna |2 +
2
3
(|Unb |2 + |Vnb |2))Una

+ C01(2|Uma |2 + 2|Vma |2 +
2
3
(|Umb |2 + |Vmb |2))Una (1)

where (n,m) = {0, 1}, m �= n, and (a, b) = {x, y}, a �= b. The
presence of random linear mode coupling [13] as well as of
polarization coupling [8] are both neglected in (1), because
of the intrinsic large birefringence induced by the strong core
ellipticity, which makes these perturbations to be negligible over
a few kilometres (which are the typical fiber lengths involved
in our analysis). Equations similar to (1) are obtained for the
signal amplitudes Vna , by exchanging the labels U and V , and
substituting the phase terms Δβ

(u)
h,na with Δβ

(v )
h,na (1 ≤ h ≤ 6).

The evolution equations for the pump and signal amplitudes
permit to extend the study of modal attraction, from the scalar
case which was treated in [11], to the general situation where
the pump and the signal possess an arbitrary input SOP. In (1)
we have set the wave-vector mismatches

Δβ
(u)
1,na = βnb(ωp) + βna(ωs) − βnb(ωs) − βna(ωp)

Δβ
(u)
2,na = βma(ωp) + βna(ωs) − βma(ωs) − βna(ωp)

Δβ
(u)
3,na = βmb(ωp) + βna(ωs) − βmb(ωs) − βna(ωp)

Δβ
(u)
4,na = βnb(ωp) + βma(ωs) − βmb(ωs) − βna(ωp)

Δβ
(u)
5,na = βnb(ωp) + βma(ωp) − βmb(ωp) − βna(ωp)

Δβ
(u)
6,na = βma(ωp) + βnb(ωs) − βmb(ωs) − βna(ωp).

The mismatches Δβ
(v )
h,na are computed by Δβ

(u)
h,na by mu-

tual exchanging ωp and ωs . Moreover, βna(ωf ) is the prop-
agation constant of mode na at frequency ωf (f = {p, s}),
Cnn = n2ω/(cAnn ) and C01 = n2ω/(cA01) are the fiber non-
linear coefficients, where n2 = 3.2 · 10−16cm2/W is the sil-
ica nonlinear index and c is the speed of light in vac-
uum. In addition, Ann = (

∫
xy |Mn |2dxdy)2/(

∫
xy |Mn |4dxdy)

is the intramodal effective area of modes na, and A01 =
(
∫

xy |M0 |2dxdy)(
∫

xy |M1 |2dxdy)/(
∫

xy |M0 |2 |M1 |2dxdy) is
the intermodal effective area involving the LP01 and LP11
modes, whose modal transverse profiles M0(x, y) and M1(x, y)
are virtually polarization independent. Under the realistic as-

sumption that ωs ≈ ωp , we may set ω = (ωp + ωs)/2 in the
nonlinear coefficients and also consider constant modal profiles
as the frequency varies from ωp to ωs .

The PM conditions of the oscillating terms read as
|Δβ

(u)
h,na |LNL � 1 and |Δβ

(v )
h,na |LNL � 1, where LNL =

1/(C00T ) is the nonlinear length and T = (P + S)/2, P and
S being the total powers of the pump and signal wave, respec-
tively. Note that each of the previous PM conditions can be
reached in the bimodality band for a proper design of the HiBi
fiber. Typically, for a given pump and signal wavelength only
a PM condition is fullfilled at a time. Here we restrict our at-
tention to the case where the PM condition |Δβ

(u)
6,na |LNL � 1

is satisfied. This choice allows for a direct comparison with
the case that was previously considered in [11], where thanks
to the orthogonality between pump and signal, all terms con-
taining exp(iΔβ

(u)
h,naz) with h ≤ 5 vanish in (1). Moreover, we

performed extensive finite element simulations showing that the
PM condition |Δβ

(u)
6,na |LNL � 1 may indeed be achieved in a

relatively large sub-band of the bimodality band while keep-
ing the detuning ωp − ωs nearly unchanged. Whereas for the
other PM conditions the corresponding pump-signal detuning is
strictly dependent on the choice of the pump wavelength.

From the previously given definition of the wave vec-
tors mismatches, it is straightforward to obtain the rela-
tions Δβ

(u)
6,0x = Δβ

(v )
6,1y = −Δβ

(u)
6,1x = −Δβ

(v )
6,0y and Δβ

(u)
6,0y =

Δβ
(v )
6,1x = −Δβ

(u)
6,1y = −Δβ

(v )
6,0x . Therefore there are only

two independent wave vectors, which we denote as
PM′ = {Δβ

(u)
6,0x ,−Δβ

(u)
6,1x ,−Δβ

(v )
6,0y ,Δβ

(v )
6,1y} and PM′′ =

{Δβ
(u)
6,0y ,−Δβ

(u)
6,1y ,−Δβ

(v )
6,0x ,Δβ

(v )
6,1x}. Alternatively, the two

independent wave vectors in (1) may be simply represented by
Δβ

(u)
6,0x and Δβ

(u)
6,0y , respectively.

In practice, the two PM conditions |Δβ
(u)
6,0x |LNL � 1 and

|Δβ
(u)
6,0y |LNL � 1 cannot be achieved at the same time. More-

over, in the presence of phase mismatch among the interacting
modes, i.e., |Δβ

(u)
6,0x |LNL � 1 and |Δβ

(u)
6,0y |LNL � 1, there are

no modal energy exchanges and all modal amplitudes are con-
served, i.e., d|Vna |2/dz = d|Una |2/dz = 0.

Hereafter we shall focus our attention to the case
|Δβ

(u)
6,0x |LNL � 1 and |Δβ

(u)
6,0y |LNL � 1. These conditions,

which can be achieved in practice by means of a proper de-
sign of the bimodal fiber (see Section IV), do enable the transfer
of energy among the fiber modes.

In a manner similar to what it was done in [11], we intro-
duce here the modal Stokes vectors Px ,Py ,Sx ,Sy , in anal-
ogy with the polarization Stokes vectors that are used for
describing the light SOP. The vector Pa = [Pa1 , Pa2 , Pa3 ]T

(a = {x, y}) has components Pa1 = U0aU ∗
1a + U1aU ∗

0a , Pa2 =
−iU0aU ∗

1a + iU1aU ∗
0a , Pa3 = |U0a |2 − |U1a |2 , respectively.

The components of the vector Sa = [Sa1 , Sa2 , Sa3 ]T are simi-
larly defined, after exchanging the labels U and V . Both Pa and
Sa conserve their magnitude Pa0 = (P 2

a1 + P 2
a2 + P 2

a3)
1/2 =

|U0a |2 + |U1a |2 and Sa0 = (S2
a1 + S2

a2 + S2
a3)

1/2 = |V0a |2 +
|V1a |2 . The normalized vectors P̄a = Pa/Pa0 and S̄a =
Sa/Sa0 are referred to as the unitary modal Stokes vectors.
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Under the conditions |Δβ
(u)
6,0x |LNL � 1 and |Δβ

(u)
6,0y |

LNL � 1, and using the previous definitions of modal Stokes
vectors, Equation (1) may be recast as follows

dPx

dz
= CAPx × I1Px + 2CB Px × I1Sx +

2
3
CB Px

× I1Py +
2
3
CB Px × I1Sy + Cpx,1Px × I1U

+ Cpx,2Px × I2Sy (2)

dSy

dz
= CASy × I1Sy + 2CB Sy × I1Py +

2
3
CB Sy

× I1Sx +
2
3
CB Sy × I1Px + Csy,1Sy × I1U

+ Csy,2Sy × I2Px (3)

where CA = 2C01 − (C00 + C11)/2; CB = C01 − (C00 +
C11)/2; Cpx,1 = (1/2)(C11 − C00)(Px0 +2Sx0 +(2/3)Py0 +
(2/3)Sy0); Csy,1 = (1/2)(C11 − C00)(Sy0 +2Py0 +(2/3)Sx0
+ (2/3)Px0); Cpx,2 = Csy,2 = −(2/3)C01 ; I1 = diag
(0, 0, 1); I2 = diag(1, 1, 0); U = [0, 0, 1]T . Similar equations
are obtained for Py and Sx after interchanging x and y labels in
(2), (3), and by setting Cpy,2 = Csx,2 = 0. Therefore (2), (3),
along with their associated equations for Py and Sx , provide
a closed system of four coupled nonlinear evolution equations
for the modal Stokes vectors.

As it was discussed in [11], the components P̄a3(z) and
S̄a3(z) describe the relative modal power distribution (MPD)
among the two a− polarized modes at the pump and sig-
nal wavelengths, respectively. Under the assumption that
|Δβ

(u)
6,0x |LNL � 1 and |Δβ

(u)
6,0y |LNL � 1, the mode amplitudes

|U0y |2 , |U1y |2 , |V0x |2 and |V1x |2 are conserved upon propaga-
tion, altogether with the y-pump MPD P̄y3 and the x-signal
MPD S̄x3 . On the other hand, the pump x-MPD P̄x3 and the
signal y-MPD S̄y3 are allowed to vary along the fiber. It turns
out that, with a proper choice of the fiber nonlinear coupling
coefficients, the input pump x-MPD P̄x3(0) may be replicated
by the signal y-MPD S̄y3(L) at a peculiar position, say, z = L
along the fiber. This occurs virtually irrespectively of the specific
input value of the y-MPD S̄y3(0). Such effect was introduced
in [11] for the particular case where pump and signal remain
orthogonally polarized along the principal axes of the fiber, and
it was named modal attraction. In Section III we shall provide
a detailed discussion of modal attraction, for the general case
where the pump and signal beams may have an arbitrary SOP.

We would like to point out here that all results for the case
with |Δβ

(u)
6,0x |LNL � 1 and |Δβ

(u)
6,0y |LNL � 1 also apply to the

situations where |Δβ
(u)
6,0x |LNL � 1 and |Δβ

(u)
6,0y |LNL � 1, pro-

viding that Px is exchanged with Py , and Sx with Sy . Therefore
it is sufficient to limit our discussion to the former case.

III. MODAL ATTRACTION

As previously outlined, the concept of modal attraction
means that, at a certain distance L along the fiber, one ob-
tains that S̄y3(L) → P̄x3(0), irrespectively of the input sig-
nal MPD S̄y3(0). Attention should be paid to the fact that

the input vectors S̄x(0) and S̄y(0) are not independent, as the
equality S̄x(0) = S̄y(0) holds true (see Appendix). Similarly,
P̄x(0) = P̄y(0). Moreover, the system of (2), (3) (and the as-
sociated equations for Py and Sx ) turns out to be invariant with
respect to rotations of the input modal Stokes vectors about the
third (i.e. Pa3 and Sa3) modal axis. That is, any rotation of the
input values P̄x(0) ≡ P̄y(0) and S̄x(0) ≡ S̄y(0) about the re-
spective third modal axis simply leads to the same rotation of the
output modal Stokes vectors, namely of P̄x(z), P̄y (z), S̄x(z)
and S̄y(z). Without any loss of generality, this permits us to
fix P̄x2(0) ≡ P̄y2(0) = 0 and P̄x1(0) ≡ P̄y1(0) ≥ 0, so that the
vectors P̄x(0) and P̄y(0) lie over the semicircle S2 = 0, S1 > 0
of the modal Poincaré sphere (see Fig. 2, where S1,2,3 identify
the three axes of the sphere), and are fully specified by the value
of P̄x3(0) ≡ P̄y3(0).

Once that the pump and signal powers Pa0 and Sa0 (with
a = {x, y}) as well as the input pump MPD P̄x3(0) ≡ P̄y3(0)
are fixed, we may quantify the attraction strength by solving
the system of (2), (3) (and the associated equations for Py

and Sx ) for a set of N different input unitary modal Stokes
vectors S̄(k)

x (0) ≡ S̄(k)
y (0) (1 ≤ k ≤ N ) which are uniformly

distributed over the modal Poincaré sphere. Next we may
evaluate the average of the signal y-MPD μ(z) = 〈S̄(k)

y3 (z)〉
over the ensemble of all modal input Stokes vectors, along
with its standard deviation σ(z) = (〈S̄(k)

y3 (z)2 − μ(z)2〉)1/2 . Fi-
nally, the degree of modal attraction (DOMA) is computed
as DOMA(z) = 1 −

√
3σ(z). The upper bound DOMA=1 is

reached whenever full modal attraction is achieved, whereas the
lower bound DOMA=1 −

√
3 corresponds to the case where the

instances S̄
(k)
y3 take the values ±1 with an equal probability. A

DOMA=0 corresponds instead to the case where the instances
S̄

(k)
y3 are uniformly distributed between -1 and 1, i.e. when modal

attraction is absent [11].
The evolution of the third component of the unitary modal

Stokes vector, S̄
(k)
y3 (z), turns out to be periodic along the fiber.

As it was discussed in [11], the modal attraction process is based
on the possibility of obtaining, provided that a proper choice of
the nonlinear coupling coefficients is made, that the period of
evolution of any trajectory S̄

(k)
y3 (z) remains nearly independent

of its input value S̄
(k)
y3 (0). Under such condition, it is possible to

find a particular point z = L along the fiber such that all istances
S̄

(k)
y3 (L) coalesce to one and the same value [11]. Note that

such attraction property does not hold for the other components
S̄y1(z) and S̄y2(z). Hence this justifies our definition of DOMA
which only involves the third component of the modal Stokes
vectors.

Numerical simulations, such as those described in the next
Section IV, reveal that the efficiency of the modal attraction
grows larger whenever the phase difference φs between the
input signal modal amplitudes V0a(0) and V1a(0) is equal to
the phase difference φp between the input pump modal am-
plitudes U0a(0) and U1a(0). We shall refer to this situation as
the condition of in-phase input modal excitation. By supposing
that P̄x2(0) ≡ P̄y2(0) = 0 and P̄x1(0) ≡ P̄y1(0) ≥ 0, the con-
dition of in-phase input modal excitation means that S̄x2(0) ≡
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S̄y2(0) = 0 and S̄x1(0) ≡ S̄y1(0) ≥ 0. Otherwise we shall say
that the input modal excitation is not in-phase, a situation which
may considerably reduce the strength of the attraction process.

The main objective of this paper is to show that there
is an additional factor which strongly affects the modal at-
traction process, namely the choice of the input signal and
pump SOPs. We will denote the polarization Stokes vec-
tors with lower case in order to distinguish them from the
modal Stokes vectors that we indicate with capital letters. The
pump SOP coupled to the mode LPn1 (n = {0, 1}) is de-
scribed by the dimensionless polarization Stokes vector pn =
[pn1 , pn2 , pn3 ], whose components are pn1 = (UnxU ∗

ny +
U ∗

nxUny )/pn0 , pn2 = (−iUnxU ∗
ny + iU ∗

nxUny )/pn0 , pn3 =
(|Unx |2 − |Uny |2)/pn0 and where pn0 = |Unx |2 + |Uny |2 ;
the signal SOP is described by the Stokes vector sn =
[sn1 , sn2 , sn3 ] which is obtained with the same definitions that
we used for the pump, after exchanging the U and V labels.
Similarly to the case of the input unitary modal Stokes vectors,
the input SOPs of the pump and the signal are linked by the
constraints p0(0) = p1(0) and s0(0) = s1(0) (see Appendix).

We highlight that both the modal and the polarization Stokes
vectors that we use in this study are either components or linear
combination of components of the generalized Stokes vector
which was introduced in [12] in the frame of the modal disper-
sion analysis of multimode fibers.

Note that the input modal Stokes vectors may be univocally
determined once that the modal powers pn0 and sn0 and
the relative phase Δφ = φp − φs , as well as the input SOPs
of pump and signal are known. More precisely, the input
modal Stokes vectors turn out to depend only on the third
components vp = pn3(0) and vs = sn3(0) of the input SOPs.
As a consequence, the output values of the DOMA are inde-
pendent of the particular choice of pn1(0), pn2(0), sn1(0) and
sn2(0). The following relations hold (see Appendix): Px(0) =
(P/2)(1 + vp)P̄(0), Py(0) = (P/2)(1 − vp)P̄(0), Sx(0) =
(S/2)(1 + vs)S̄(0) and Sy(0) = (S/2)(1 − vs)S̄(0), where
P̄(0) = P̄x(0) = P̄y(0) = [αp, 0, νp ] and S̄(0) = S̄x(0) =
S̄y(0) = [αs cos(Δφ), αs sin(Δφ), νs ], with αp = 2(p00(0)
p10(0))1/2/P , νp = (p00(0) − p10(0))/P , and P = p00(0) +
p10(0) is the conserved total pump power. Moreover, αs , νs are
obtained as αp , νp after exchanging {P, p} and {S, s} labels.

Whenever the modal powers and Δφ are fixed, different
values of vp and vs generally lead to a different strengths of
modal attraction. Here, to put in evidence the polarization de-
pendence of the modal attraction, we shall focus on three partic-
ular polarization arrangements. In the first configuration, both
pump and signal exhibit an input elliptical SOP of the type
p0(0) ≡ p1(0) = [p, q, 0] and s0(0) ≡ s1(0) = [s, t, 0] (so that
vp = vs = 0). In the second case, the input signal SOP is ellip-
tical (s0(0) ≡ s1(0) = [s, t, 0]), while the input pump SOP is
linear and its orientation is aligned with a principal axis of
the birefringent fiber, namely, p0(0) ≡ p1(0) = [0, 0,±1] (so
that vs = 0, and vp = ±1). Finally, the third input polarization
arrangement is obtained in the same way as the second arrange-
ment, after interchanging the pump and signal SOPs (i.e., with
s0(0) ≡ s1(0) = [0, 0,±1] and p0(0) ≡ p1(0) = [p, q, 0]), so
that vs = ±1, and vp = 0).

As we shall see in the next Section IV, in spite of the fact
that with the previously described input polarization arrange-
ments the DOMA does not depend on the particular values
of p, q, s, t, yet each arrangement exhibits its own specific
modal attraction properties. Moreover, in Section IV we will
also compare the modal attraction properties of these three
input SOP configurations with a special fourth configuration
where pump and signal are orthogonally polarized along the two
principal axes of the fiber, i.e. p0(0) ≡ p1(0) = [0, 0,±1] and
s0(0) ≡ s1(0) = [0, 0,∓1] (vs = ∓, vp = ±1). This last case
was previously analyzed in [11], and it turns out to yield the
highest DOMA values.

IV. NUMERICAL RESULTS

The numerical simulations of (2), (3) (and the associated
equations for Py and Sx ) that we will present in this Section will
show that the efficiency of modal attraction not only depends
upon the input SOP and relative phase Δφ, but it is also strongly
affected by the ratio between pump and signal power, as well as
by the magnitude of the nonlinear coupling coefficients.

Indeed, a threshold value, say, C of the coefficient C01 exists,
such that efficient modal attraction requires that C01 ≥ C. Oth-
erwise, whenever C01 < C it turns out that the period and the
range of oscillations of the parameter S̄

(k)
y3 (z) vary with the input

Stokes modal parameter S̄
(k)
y3 (0), so that there is no unique co-

alescence point L for all of the corresponding individual modal
parameter evolutions [11].

As consequence, if C01 < C the DOMA remains at relatively
low levels. To the contrary, whenever C01 > C it turns out that
it is possible to find a single merging point z = L for all of
the modal parameter evolutions. Therefore at precisely z = L
the DOMA is close to the unit value. The critical coupling C
strictly depends on the third components pn3 and sn3 of the input
signal and pump SOP, therefore the actual values of C are quite
different in each of the four input polarization arrangements
that we presented in the previous Section III. In each case, the
critical coupling value C is defined as the minimum value of
the coefficient C01 that still allows for a peak DOMA which is
larger than 0.8 whenever the following conditions are verified:
1) P = S, 2) in-phase input modal excitation, and 3) P̄x3(0) ≡
P̄y3(0) = 0 (which is the input pump MPD that provides the
most efficient modal attraction).

Whenever the pump and the signal are orthogonally polar-
ized, and aligned with the two principal axes of the birefringent
bimodal fiber, one obtains that C ≈ 0.15 max(C00 , C11). Such
value of the critical coupling coefficient C is much lower than
the corresponding values which are obtained in the other three
input polarization arrangements that we discussed in Section III.
Indeed, in those configurations one obtains that it is necessary to
have C = C01 ≈ 0.7 max(C00 , C11) for obtaining an efficient
modal attraction. We performed numerical finite element sim-
ulations using the COMSOL software, and found that such an
high value of C01 is not achievable in bimodal elliptical step-
index fibers, where typically C01 < 0.5 max(C00 , C11). On the
other hand, the condition C = C01 ≈ 0.7 max(C00 , C11) may
be obtained by using a depressed index core fiber, such as the one
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Fig. 1. Panel (a) illustrates the cross-section of the depressed index core
bimodal high birefringence fiber. In light-gray we show the outer elliptical core
of refractive index ncout = 1.45 and radii Rxout = 5.60μm and Ry out =
2.80μm; in dark-gray we show the inner circular core of index nc in = 1.44
and radius Rin = 0.95μm. Panel (b) shows the profile of the fiber modes in
the slice y = 0: the bold dashed curve shows the LP01 (M0 (x, y = 0)) mode;
the thin dashed curve shows the LP01 mode obtained with a step-index fiber
without index depression (nc in = ncout = 1.45); the bold solid curve shows
the LP11 ,even (M1 (x, y = 0)) mode which remains virtually unchanged in
both the depressed index core geometry and in the step-index fiber. Note that
in the depressed index geometry the LP01 mode penetrates further in the high-
index outer core than in the step-index case.

Fig. 2. Input distribution of the vectors S̄(k )
y (0) over the modal Poincaré

sphere. In (a): the tips of the vectors are situated over the semicircle S2 =
0, S1 > 0 (in-phase input modal excitation); in (b): the tips of the input vectors
uniformly cover the whole sphere (the input modal excitation is not in-phase).
The black solid curve in (a) represents the meridian S2 = 0.

whose cross-section is depicted in Fig. 1(a). This fiber is com-
posed by a cladding of index nclad = 1.44, and a double core
which includes an inner circular core with index ncin = 1.44
and an outer elliptical core with index ncout = 1.45, respec-
tively. The two radii of the outer core are Rxout = 5.60μm
and Ryout = 2.80μm, whereas the inner core radius is Rin =
0.95μm.

Note that the lower ncin with respect to ncout , the higher is
the spreading of the LP01 modes out of the inner core into the
higher-index, outer elliptical core. On the other hand, the LP11
modes are substantially unaffected by changes of the difference
ncin − ncout [see Fig. 1(b)]. This fact allows for increasing
the overlap integral

∫
xy |M0 |2 |M1 |2∂x∂y, hence the coefficient

C01 , with respect to the step-index fiber case (i.e., the same fiber
as in Fig. 1(a), but with ncin = ncout = 1.45). The depressed in-
dex core fiber of Fig. 1(a) is bimodal over the telecom band from
1520 nm to 1580 nm, where the PM condition |Δβ

(u)
6,0x |LNL � 1

is verified for a pump-signal wavelength separation of about
10 nm. Moreover, the nonlinear coefficients satisfy the rela-
tions C01 ≈ 0.75C00 , C00 ≈ C11 . At the center of the C band
(e.g., for a pump at 1550 nm, and a signal at 1560 nm) one ob-
tains C01 = 1.41 km−1W−1 and C00 = C11 = 1.89 km−1W−1 ,
which represent typical values for the nonlinear coefficient of
standard silica fibers.

Fig. 3. Panel (a): DOMA versus dimensionless distance ξ when pump and
signal are linearly polarized and aligned with the x- and y-axes, respectively,
Px0 = Sy 0 , for in-phase input modal excitation. Results are shown for different
input pump MPDs: P̄x3 (0) = 0 (bold line); P̄x3 (0) = ±0.2(bold dashed-dot
line); P̄x3 (0) = ±0.6 (thin line); P̄x3 (0) = ±0.99(thin dashed-dot line). Panel

(b) depicts the tips of the output vectors S̄(k )
y (ξ = 3.5) for an input pump MPD

P̄x3 (0) = 0.2, showing their distribution along the parallel S3 = 0.2 (black
line).

Fig. 3 illustrates the spatial evolution of the DOMA along the
fiber, for the special case where pump and signal are orthogo-
nally polarized, and aligned with the x and y axes of the fiber,
respectively (Py0 = Sx0 = 0). Here the nonlinear coupling co-
efficients correspond to the depressed index core fiber shown
in Fig. 1(a), i.e., C01 ≈ 0.75C00 and C00 ≈ C11 . Hereafter
we shall consider the dimensionless distance ξ ≡ z/Ls , where
Ls = 1/(C00S) and S = Sx0 + Sy0 is the total signal power.
As previously noted, without loss of generality we may also
set P̄x2(0) = 0 and P̄x1(0) > 0. The results which are shown
in Fig. 3(a) involve in-phase modal excitation, and equal power
pumps and signals (Px0 = Sy0). The ensemble of the N = 100
input vectors S̄(k)

y (0) (1 ≤ k ≤ 100) was chosen so that their tips
are located on the semicircle of the modal Poincaré sphere which
is defined by the conditions S2 = 0, S1 > 0 [Fig. 2(a)]. As it can
be seen, nearly unitary DOMA values are reached for almost
all input pump MPDs, except for the case with P̄x3(0) → 1 (or
P̄x3(0) → −1), i.e., whenever nearly all of the pump is coupled
to the mode 0x (or the mode 1x).

Fig. 3 reveals a general property of modal attraction, namely
that the point ξpeak along the fiber where a peak value of DOMA
is reached is nearly the same for all input pump MPD values.
In Fig. 3 one has that ξpeak ≈ 3.5 for what we may call the
modal attraction point. In real units, for Sy0 = 1W and C00 =
1.89 km−1W−1 , ξpeak ≈ 3.5 corresponds to zpeak = 1.85 km.
The strength of modal attraction is well illustrated in Fig. 3(b),
where we show the distribution of the output vectors S̄(k)

y (ξpeak)
on the modal Poincaré sphere for P̄x3(0) = 0.2. In this case the
DOMA = 0.97: Fig. 3(b) shows that all vectors S̄(k)

y (ξpeak)
remain in the range 0.17 and 0.22, i.e., within a narrow ring
centered around the parallel S3 = P̄x3(0) = 0.2. The nearly
unitary value of DOMA means that S̄

(k)
y3 (ξpeak) → P̄x3(0).

Whenever out-of-phase input modal excitation is used, a
strong reduction of DOMA results, as it can be seen in Fig. 4(a):
here we show the DOMA evolutions which are obtained when-
ever the N=1000 input tips S̄(k)

y (0) uniformly cover the modal
Poincaré sphere [see Fig. 2(b)], so that the corresponding rel-
ative phases Δφ(k) are uniformly distributed between −π and
π. In this case, the maximum DOMA= 0.37. Therefore, in the
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Fig. 4. In (a): same as in Fig. 3(a), for out-of-phase input modal excitation.
Panel (b): DOMA versus ξ when pump and signal are linearly polarized and
aligned with the x- and y-axes, respectively, P̄x3 (0) = 0 and for in-phase input
modal excitation. Results are shown for different ratios r = P/S : r = 0.5 (thin
dashed-dot line); r = 0.8 (thin line); r = 1 (bold line); r = 3 (bold dashed-dot
line).

present case in-phase input modal excitation is a mandatory
condition for achieving DOMA values close to one.

Indeed our simulations indicate that, in the out-of-phase situ-
ation, the DOMA never approaches unity. Nevertheless, it turns
out that by changing the values of the nonlinear coefficients in
(2), (3), relatively large DOMA values may still be obtained
for some specific polarization arrangements of the pump and
signal. Compare for example Fig. 4(a) with the result presented
in Fig. 2(b) of [11], where C01 ≈ 0.2C00 , C11 ≈ 0.16C00 , and
a peak DOMA = 0.65 was reported. In general, in the out-of-
phase situation DOMA values up to 0.7 may still be achieved
whenever C01 � max(C00 , C11), but only provided that the
pump and signal are orthogonal and linearly polarized with the
linear birefringence axes. Moreover, such cases involve a sig-
nificant increase of the peak DOMA position ξpeak , i.e., of the
necessary fiber length. E.g., in Fig. 4(a) we have ξpeak = 4,
whereas ξpeak = 26 in Fig. 2(b) of [11].

Another parameter which deeply affects the strength of modal
attraction is the ratio r = P/S between the total pump and signal
power. In Fig. 4(b) we show the DOMA evolution with distance
ξ for different values of r, with P̄x3(0) = 0 and in-phase input
modal excitation. As it can be seen, the condition for the DOMA
to reach high values is that the pump power is nearly equal or
larger than the signal power (r > 0.8). Otherwise, when for
example r = 0.5, the peak DOMA is reduced down to 0.59.

Let us turn our attention now to the first input polariza-
tion arrangement that we discussed in Section III, involv-
ing a pump and a signal with input elliptical SOP of the
type p0(0) ≡ p1(0) = [p, q, 0] and s0(0) ≡ s1(0) = [s, t, 0].
In such input configuration, one obtains the DOMA evolu-
tions which are reported in Fig. 5: here panel (a) corresponds
to in-phase input modal excitation and Px0 = Sy0 (note that
Px0 = Py0 and Sx0 = Sy0). As it can be seen, a peak value
of DOMA=0.89 is obtained at the distance ξ = 8.5 whenever
P̄x3(0) ≡ P̄y3(0) = 0. We may thus conclude that, with this in-
put polarization arrangement, the maximum value of the DOMA
is reduced, and it is obtained at a longer distance, with respect to
the previously considered case of linearly polarized and orthogo-
nal pump and signal. In any case, modal attraction remains quite
efficient whenever −0.4 < P̄x3(0) ≡ P̄y3(0) < 0.4. Moreover,
panel (b) of Fig. 5 also shows that the input polarization arrange-
ment with elliptically polarized input pump and signal remains

Fig. 5. Panel (a) shows the DOMA versus ξ when both pump and signal have
input elliptical polarization (p0 (0) ≡ p1 (0) = [p, q, 0] and s0 (0) ≡ s1 (0) =
[s, t, 0]), Px0 = Sy 0 , for in-phase input modal excitation. Results are shown
for different input pump MPDs: P̄x3 (0) = 0 (bold line); P̄x3 (0) = ±0.2 (bold
dashed-dot line); P̄x3 (0) = ±0.6 (thin line); P̄x3 (0) = ±0.99 (thin dashed-
dot line). Panel (b) shows the DOMA versus ξ when pump and signal have an
input elliptical polarization, P̄x3 (0) = 0, for in-phase input modal excitation.
Results are shown for different ratios r = P/S : r = 0.5(thin dashed-dot line);
r = 0.8 (thin line); r = 1 (bold line); r = 3 (bold dashed-dot line).

Fig. 6. Tips of the output vectors S̄(k )
y for in-phase input excitation, pump

and signal with input elliptical SOP, and P̄x3 (0) = 0.2. Panel (a): r = 1 and
ξ = 8.5; panel (b): r = 3 and ξ = 1.8. The black circle indicates the parallel
S3 = 0.2.

sensitive to the value of the power ratio r = P/S: indeed sub-
stantial modal attraction is only observed whenever r > 0.8.

From Fig. 5(b) it is also interesting to point out that, for
in-phase input modal excitation, the peak DOMA values grow
larger as r is increased, irrespective of the input pump MPD.
Therefore in this case one may always improve the efficiency
of modal attraction, albeit at the expense of higher pump pow-
ers. For example, with r = 3 the peak DOMA value is 0.93
at ξ = 1.8. The enhancement of the modal attraction strength
as the relative pump/signal power is increased may also be ob-
served in the plots of Fig. 6, where the output vector tips S̄(k)

y are
shown over the modal Poincaré sphere for an input pump MPD
P̄x3(0) ≡ P̄y3(0) = 0.2. In Fig. 6(a) the pump/signal power ra-
tio r = 1, whereas in Fig. 6(b) we set r = 3. Note that the output
vectors shown in Fig. 6 correspond to the positions of maximum
DOMA: hence ξpeak,r=1 = 8.5 in Fig. 6(a) and ξpeak,r=3 = 1.8
in Fig. 6(b), respectively. The panel (b) of Fig. 6 clearly shows
that with r = 3 the alignement along the parallel S3 = 0.2 is
more uniform than with r = 1 (see panel (a)). Such enhance-
ment of the modal attraction strength with larger pump/signal
relative power values is not observed for out-of-phase input
modal excitations: in this case, numerical simulations show that
the DOMA values remain low even for r � 1 (not shown here).

Finally, let us consider the second input polarization ar-
rangement presented in Section III, involving an input pump
which is linearly polarized and aligned with one of the bire-
fringence axes (p0(0) ≡ p1(0) = [0, 0,±1]), and input signal
with elliptical polarization (s0(0) ≡ s1(0) = [s, t, 0]). In this
case, one still may obtain efficient modal attraction whenever
−0.4 < P̄x3(0) < 0.4. In fact, Fig. 7(a) shows that, whenever
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Fig. 7. Panel (a): Same as in Fig. 5, with linearly polarized pump aligned with
one of the principal axes of the fiber. Panel (b): DOMAs of signal (bold line)
and pump (dotted line) with Px0 = Sy 0 , in-phase input modal excitation, and
P̄x3 (0) = 0.

Px0 = Sy0 and for in-phase input modal excitation, peak values
of DOMA � 0.9 are obtained at ξpeak = 2.8. Similarly with the
previously considered polarization configurations, the strength
of modal attraction may be increased by making the pump/signal
power ratio r = P/S larger. Again, the condition of in-phase
modal excitation is necessary for achieving high DOMA values.

Numerical solutions of (2), (3) (and the associated equations
for Py and Sx ) demonstrate an interesting property of the modal
attraction process. Namely, similarly to what happens with po-
larization attraction, attraction of the the signal MPD S̄y3 toward
the input pump MPD P̄x3(0) is accompanied by a spreading of
the pump MPD P̄x3(z) between −1 and 1, irrespectively of
the input SOP and the power ratio value r. If one computes
the DOMA for the pump beam P̄x , one obtains that this value
(which is initially equal to 1 at ξ = 0, since all occurences
P̄

(k)
x3 (0) are fixed to one and the same value) progressively de-

creases along the fiber until it reaches relatively low values. This
property is clearly illustrated in Fig. 7(b), where we show the sig-
nal and pump DOMAs for the case with r = 1 and P̄x3(0) = 0
when the input pump is linearly polarized along the x axis and
the input signal is elliptically polarized. As it can be seen, the
DOMA associated with the pump reaches a minimum value
of 0.22 at ξ = 4.5. Finally, we point out that results similar
to the case of Fig. 7 are obtained whenever the input signal
is linearly polarized along one of the principal birefringence
axes (s0(0) ≡ s1(0) = [0, 0,±1]), and the input pump has an
elliptical SOP (p0(0) ≡ p1(0) = [p, q, 0]).

V. CONCLUSION

In this paper, we analyzed the polarization dependence of
modal attraction, which is induced on a signal beam by a pump
beam which copropagates in a bimodal birefringent fiber. Modal
attraction means that the input power distribution of the x- (y-)
polarized pump modes is reproduced by the y- (x-) polarized
signal modes at a certain point along the fiber, nearly irrespec-
tively of the signal input modal distribution. We extended the
theoretical treatment that was developed in [11], where the two
beams were supposed to be linearly and orthogonally polarized
along the principal axes of the fiber, to the most general case
where the pump and signal beams may posses an arbitrary input
SOP. We have shown that the strength of modal attraction is
sensitive to the input polarizations of pump and signal: more
precisely, to the third component of the signal and pump SOPs.

In order to put in evidence the dependence of the modal
attraction on the input polarizations of the beams, we focused
on four different special configurations of the input SOPs, which
exhibit different properties in the modal attraction process. In
particular, each polarization arrangement requires a different
value for the critical nonlinear intermodal coefficient C = C01
which is necessary to achieve efficient modal attraction. We have
designed a depressed index, double core fiber which is bimodal
in the telecom band from 1520 to 1580 nm, and provides the
necessary coupling coefficient C01 for ensuring strong modal
attraction in each of the considered polarization arrangements.

We have also shown that the DOMA, as well as the point in
the fiber where attraction is observed, both vary with the input
polarization configuration. In any case, in-phase modal exci-
tation is a necessary condition for obtaining significant modal
attraction. Moreover, in this case the modal attraction strength
can be enhanced by increasing the relative power of the pump
beam with respect to the signal power. Finally, we observed that
the attraction of the signal MPD toward the input pump modal
distribution goes together with a spreading of the pump modal
distribution upon propagation. Although possible in principle,
extension of the analysis of modal attraction to the general case
of a multimode optical fiber (even beyond the weakly guiding
limit) appears to be challenging, since a careful design of the
inter-modal coupling coefficients and dispersion characteristics
is required for achieving a specific PM condition among the dif-
ferent propagating modes. We foresee that the effect of modal at-
traction has the potential for being exploited as a nonlinear mode
converter for the ultrafast all-optical control of the spatial multi-
plexing of beams in multimode fiber optics transmission systems
where signals are individually coupled over the modes, so that
the in-phase modal condition can be achieved [6], [8], [14].

APPENDIX

We write the a− polarized (a = {x, y}) CW incident field at
the input of the fiber (z = 0) and at the pump frequency ωp

as Etot,a(x, y, ωp) = EaG(x, y)exp(iωpt) + c.c. (c.c. means
complex conjugate), where G(x, y) is the transverse profile
of the incident field and Ex,Ey are two complex values in-
dicating its polarization. According to the usual decomposi-
tion of the input field over the spatial modes Mn (x, y) of the
fiber, the input amplitudes read as Una(0) = EaIn , where In =
(
∫

xy G(x, y)M ∗
n (x, y)dxdy)/(

∫
xy |Mn (x, y)|2dxdy). One thus

immediately finds that the input component pn1(0) =
(Unx(0)U ∗

ny (0) + c.c.)/(|Unx(0)|2 + |Uny (0)|2) of the pola-
rization Stokes vector pn(0) can be rewritten as
p01(0) = p11(0)=(ExE∗

y + E∗
xEy )/(|Ex |2 +|Ey |2). Whereas

p02(0) = p12(0) and p03(0) = p13(0), hence p0(0) = p1(0).
Similarly we find that s0(0) = s1(0).

Since |Unx(0)|2 = pn0(0)(1 + vp)/2 and |Uny (0)|2 =
pn0(0)(1 − vp)/2, where vp = pn3(0), and taking into
account that U0a(0)U1a(0)∗ = |U0a(0)U1a(0)|exp(iφp),
where φp is the relative phase between the amplitudes
U0a(0) and U1a(0), it follows from the definition of
the input unitary modal Stokes vectors that P̄x(0) =
P̄y(0) = P̄(0) = [αp cos(φp),−αp sin(φp), νp ], Px(0) =
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(P/2)(1 + vp)P̄(0) and Py(0) = (P/2)(1 − vp)P̄(0), where
αp = 2(p00(0)p10(0))1/2/P , νp = (p00(0) − p10(0))/P and
P = p00(0) + p10(0) is the total pump power. Similarly,
one finds that S̄x(0) = S̄y(0) = S̄(0) = [αs cos(φs),
−αs sin(φs), νs ], Sx(0) = (S/2)(1 + vs)S̄(0) and Sy(0) =
(S/2)(1 − vs)S̄(0): here vs , αs and νs are obtained from vp , αp

and νp by interchanging U and V as well as P with S. Thanks
to the invariance of the system of (2), (3) (and the associated
equations for Py and Sx ) to rotations of the input modal Stokes
vectors about the third modal axis, one may rotate both P̄(0)
and S̄(0) by the angle −φp , which leads to same input modal
Stokes vectors as they are reported in Section III.
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