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Variational Principles for Electromagnetic Systems with Memory (*).

Eiena Vuk

Abstract. — «Saddle point» or «mini-max» principles are set up for first order integrodifferential systems
arising in the bereditary electromagnetic theory. Variational formulations are obtained directly in
terms of electric and magnetic field vectors. In particular, these principles are shown to bold as a con-
sequence of thermodynamic restrictions, when the quasi-static case and the linear evolution problem
are considered.

1. — Introduction.

Variational formulations in the electromagnetic theory has been investigated in many pa-
pers (see [1, 3, 10, 18, 19]). Concerning evolution problems, these methods often use time-
convolution bilinear forms and lead to a stationary principle, not necessarily to a minimum
one. They become extremum principles for the Laplace transform of the functionals and are
still valid in the transform, but not in the original domain.

A new technique to obtain stationary and minimum principles for linear evolution equa-
tions was earlier introduced by Reiss [13] and a specific application to electromagnetism has
been developed by Reiss & Haug [14]. This method rests upon the introduction of bilinear
forms of convolution type with a suitable weight function involving Laplace transformation
with respect to time, in such a way that the functionals could be transformed back to the
time domain, while preserving their extremum characteristic.

This result has been extended in [11] to electromagnetic materials whose dissipativity is
due to the memory in the constitutive relations. There, minimum principles are obtained by
transforming Maxwell’s equations system into a second order integrodifferential equation in
terms of the electric field.

We notice that Reiss’ approach, unfortunately, can be applied to initial boundary value
problems, only. Neverthless, as observed in [7], this method can be modified for the treate-
ment of quasi-static problems. Actually, the appropriate class of convolution type function-

(*) Entrata in Redazione il 19 febbraio 1999.
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als is taken in terms of bilinear forms with a weight function involving the Fourier
transform.

Recently, using a different technique, extremum principles are formulated for time-hat-
monic and quasi-static problems for lossy systems (subject to impedance-like boundary con-
ditions) in terms of both electric and magnetic field [8]. Actually, if dissipation is involved,
variational expressions achieve the extremum property. Moreover, extremum principles
(minimum or «mini-max»), if avalaible allow numerical approximations to be applied and
may be regarded as a contribution to optimization theory [16].

In this work we formulate some «mini-max» principles for materials subject to conserva-
tive and hereditary impedance-like dissipative boundaty conditions, which describe the be-
haviour of a well (but not perfectly) conducting surface. In this framework, we exhibit varia-
tional expressions concerning the quasi-static and evolution problems in terms of E and H,
such that the stationary property yields both Maxwell equations and mixed boundary
conditions.

After introducing proper bilinear forms and making use of an appropriate decomposi-
tion of the electromagnetic field, we show that every (unique) solution of first order Maxwell
equations can be characterized as a «saddle point» of the corresponding functional.

2. — Setting of the problem.

Let 2¢ R? be an open bounded domain with smooth boundary 2 and let #€ R be the
time. In absence of free charge density, the evolution of the electromagnetic field in the
space-time domain Q =2 X R* is ruled by the well-known Maxwell equations

r

V x E(x, t) + -‘%B(x, 1) =1I(x, #)

V-B(x,t) =0
(2.1) 1 3
V x H(x, t) — ED(x, t)=Jx, ) +](x, t)
| V-D(x, ) =0.

Vectors fields B, E, H, D and | represent the magnetic flux density, the electric field, the
magnetic intensity, the electric displacement and the induced electric current density, re-
spectively. I; and J; denote the forced magnetic and electric current densities and are known
vector functions on Q.

Assuming the free charge density to be zero we have as a consequence

V-(x, 1) + Ji(x, ) =0.

In spite of this, later on we take into account this constraint by introducing suitable spaces
for the field E and for the forced current densities.
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For later convenience, for any function fe L'(R) N L?(R), we denote by
flw) = I fir)exp(—iwt)dr, weR

its Fourier transform. If fis a causal function, i.e. f(s) =0, s <0, then

f(@) =f(@) =), Flo)=L,w)+io)

where £,, f. are the half-range cosine and sine Fourier transforms of f and « » stands for the
complex conjugation. Similarly, for any ze C* = {z=s+iweC, s =0}, we denote by

() = [£(x) exp (~ax) dr
0
the Laplace transform of f and

fw) = Jf(r) exp (—st) coswrdr, f,(w)= ff(r) exp ( —s7) sinwt dr
¢

0

represent its cosine and sine Laplace transforms. In particular, we denote by

o

fis) = If(t) exp(—st)dr, seR*

0

the real Laplace transform of f.
Now, we consider a conducting material modelled by the following constitutive
equations

D(x, t) = e(x) E(x, ¢t)
(2.2) B(x, t) = u(x) H(x, )
J(x, ) = o(x) E(x, t)
where €, u, o are symmetric, positive definite second-order tensors called permittivity, per-
meability and conductivity, respectively.
Regarding to (2.1) we will scrutinize different boundary conditions. So, the boundary

38 is taken to consist of two disjoint subsets, namely 9Q2 =92, U 39Q,, with 92, N 3R, =
=@; 98, consists of a perfect conductor, namely

(2.3) n(x) X E(x, ) =0, Vxed,,

where 7 is the unit outnormal, whereas 32, is a good {non perfect) conductor ruled by the
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hereditary impedance-like constitutive relation proposed by Fabrizio and Morro [5]
(2.4) E.(x,t) =Bolx) H(x, t) X n(x) + jﬂ(x, sYH (x, sy X n(x)ds, xed,
0

where E, is the tangential component of E, 8, and 8 are symmetric second-order tensors act-
ing at the tangent bundle 7, of 32, in x, with ()

Bolx) >0, PBlx,)eL' (RT)NL3*R"), Vxef.
In (2.4) H' represents the history of the magnetic field up to time #, namely
Hi(x,s)=H(x,t—s), xe8, seR"*.

The last equation (2.4) turns out to be an appropriate generalization to time-dependent
fields of the relation proposed by Graffi and Schelkunoff [9, 15] for time-harmonic
fields '

(2.5) E.(x, w) =Alx, w) H(x, w) X n(x).
Here the surface impedance A is given by
AMx, w)=A"(x, ) + A" (x, w)

where A’ and A" are called surface resistance and reactance, respectively. Actually, if time-
harmonic fields are considered, namely

E(x, ) = E(x, w) e®, H(x, t)=H(x, ) e™
then (2.4) reduces to (2.5) and
AMx, w) =By(x) +3(x, w).

The local dissipativity of the boundary medium 392, follows from the inequality
d
(2.6) jE,(x, D)X Hix, 1)n(x) dt>0, xedf,
0

which must hold for any non trivial cycle of duration 4. This condition implies the following
thermodynamic restriction:

.7 Bolx) +B.x,w) >0, VxedR,, VoeR".

In the sequel, whenever no ambiguity arises, the dependence on x is understood and not
written.

It is worth noting that if there exist two real functions 4, & such that 8,= [ 4 5 b],
-b a4

(1) For any tensor A, the notation A >0 (A 2 0) means that A is positive definite (semi-definite)
on the space of the symmetric tensors Sym.
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then B, commutes with the operator «# X», namely
nX (Bov)=Bonxv), Vver,.

Of course, if the tensor B satisfies a similar assumption, then condition (2.4) can also be ex-
pressed in the form

(2.8) n X E(¢) = —ﬂoanxH(t)—J',B(:)nx;sz’(s) ds .
0

With the same arguments presented in [2] it is possible to invert the boundary condition
(2.8). This problem is connected to a Wiener-Hopf integral equation [17], whose solution is
achieved by the crucial thermodynamic request 8, + f(w) #0, Vo eR.

Lemma 2.1, — If B satisfies (2.7) and Bo > 0, then it is possible to invert the boundary rela-
tion (2.8), ie. there exists a symmetric, causal, tensor valued function a such that

o

(2.9) nXH(t)=a0ﬂ><n><E(t)+Ja(:)anXE’(s) ds
0
where
(2.10) dy= . aw)=——P®  LeRr.
Bo BolBo+Bw)]

As a consequence of previous thermodynamic restrictions on 8 and B, it holds
(2.11) ay>0, oay+alw)>0, VweR".

Besides, in force of condition (2.7), we prove the following

Lemma 2.2, — If B> 0 and B+ B (@) >0 for any o #0, then

2.12) Bo+pB(s)>0, s>0.
Proor. — By definition of real Laplace transform and Plancherel’s theorem we
have:

~ 2 0
Bo+ B0 =Bo+ = [(e7(0) flw) do
0

2 7 s
=B+ ;Oj mﬁc(w) do .
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Taking into account the identities

flo) = 2

T

[£tw) coswrdw,  f0) = Effc(w)dw
0 JTO

and choosing f(t) = exp ( —st7), we obtain

so that

A}

s+ w?

[Bo+B.w)]dw>0.

Bo+Bw =2 |
nO

Therefore, in view of (2.12), we achieve

(2.13) ag+al(s)>0, s>0.

In order to give an accurate formulation to the problem, we introduce suitable functional
spaces. Let

D) = {ueLZ(Q), Ju(x)-Vq&(x) dx=0 VYpe C0°°(9)}.
e

The space M () is a closed subspace of L?(£2) and can be defined also as the closure of the
set of the solenoidal vectors z e C;° (£2).

®,(2) = [HGLZ(.Q), Jy(x) H(x)-V¢(x) dx=0 Vg e CO”(Q)] ,
o

®.(2) = [EELZ(Q), Je(x) E(x)-V¢(x) dx =0 V¢eC0°°(Q)],

Q

M, () = [EELZ(.Q), fa(x) E(x)-V¢(x) dx=0 V¢EC0°°(.Q)] ,

]

@, ,(2)= {EELZ(Q), f[e(x) E(x)-Vo(x)+0(x) E(x)-Vy(x)] dx=0 V¢, ype CJ”(Q)],

Q

H(R)={(E,H e ®, ,(2)x ®,(2): VEeL*(Q), VHe L*(2)},
3(Q) = LE(R*, 90(2)) N Hgo(RT, @, 4(2) X B, (K2)),

J(Q) =L*(R*, () NH'(R*, B, ,(2) X @,(2)).
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3. — A saddle-point principle for a quasi-static problem.

In this section we give a mini-max principle for conducting materials subject to conser-
vative and dissipative boundary conditions. First we observe that Reiss’ technique, properly
modified, can be also applied to quasi-static problems by introducing fitting bilinear forms
in terms of full-range Fourier transforms.

Moving along the lines of [71, let Y be a real function belonging to L!(R™*) and Y, be its
even extension, i.e.:

Y(s), seR*
Y.(s) = seR™.
We define the function y on R as Y(=s),
(3.1 y(8) =Y.(e) = J Y.(s) exp (—ist) ds =2 jY(s) cosstds .
» ;

It is a real, even, absolutely continuous function which vanishes as ¢ tends to infinite. For any
pair (p, g) of vector- or tensor-valued functions on 2 X R or 32 X R we introduce the fol-
lowing bilinear forms

6.2) o ay= | [+ [plx, 0-glx, 7) dxdede,
—00 — o

6.3) p,al= [ [ 9e+D [px, 0-glx, 7) dadrdr.
- —o 30

Substituting (3.1) into (3.2) it follows that:

Y

@ o= j Y. (o) J:ﬁ(x, w)-q(x, o) dx dw
Q

— Q0

(.4) = j Y,(w) Re (3(w), (w))g dw

=2 [Y(0)l(p(0), ¢.(@))o =~ (p,(@), ¢.(0))g] do
0

where Re z denotes the real part of the complex number z and (-, -)o, (-, *)s0 represent the
inner products of L2. The bilinear form (3.4) is well-defined on L*(R, L%(2)) whenever
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YeL'(R*) as well as on L?(R, L?(R2)) whenever YeC;°(R*). Analogously, we
have:

(3.5) [p, q]y =2 J'Y(w)[(Pc(w)» qc(a)))ag - (P;(w), qx(w))ag] do .
0
It is easy to check that (-, -), and [+, -], are symmetric. Letting
prqlt) = f p(s) gl —5) ds

we observe that

—® — - 2

(p*gq,r)y= f J t+t( fp(r—a)q(o)do, r(t)) dr dt

= er( ) Re (p(0) 3(o), #w))g do

-0

and

[p*g, 7= [ Y.(@) Re (o) 7(w), Hw))sg do .

Now, we consider the quasi-static approximation of system (2.1), by assuming —D 0,

—BO

VX E =]
6.6 { X E(x, 1) =I(x, ¢)

V X H(x, t) =](x, t) + J:(x, #).

The solenoidal condition on the electric current, namely V-] = V-(gE) = 0 is inherent into
the quasi-static approximation. Actually, it follows taking the divergence of the second
equation of (3.6) and recalling J;e M(Q).

We associate the mixed boundary conditions:

(3.7), w(x) X E(x, 1) =0, xe0Q,

6.7, { m(x) X E(x, t) = — [ (x)0(x) + Bx, )] % n(x) X n(x) x H(x, #) | xes@,

n(x) X H(x, t) = [ay(x)0(x) + alx, )] # nlx) X n(x) X E(x, )

where 0 is the Dirac distribution and * denotes the convolution.
Let «V X» denote the curl differential operator and «# X » the skew tensor I',, related to
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the unit outnormal #~, namely:

O _ﬂ3 ”2
r,,=71><= [3) O —mn
— "y 7, 0

so that I',v=nXv, '2v=nXnXvp. If we introduce the operators:

0 V x 0 n X 0 —n X
R: ; N: ; = 5
V x 0 n X 0 n X 0
A= 0 _(ﬁoé-’-ﬁ)*rnl
(agd+a)xT, 0

a straightforward calculation proves the following properties:
NT=-N; PT=P; NA=-4'N,

where the superscript T stands for the transposition. Then, letting
E .

; U= [ ; F= H,
H I

RU=DU+F in xR
(3.8) (g”l) NUz_PU on aQIXR
NU=NA+«U on 92,xR

g O
0 0

D=

system (3.6), (3.7) takes the form

DeriniTioN 3.1, — A function U= (E, H) is called a strong solution of the quasi-static
problem &; with source term F belonging to L?(R, @(2) x (X)) if U belongs to
L%(R, 3(8)) and satisfies almost everywhere (3.8).

As to the solvability of (3.8), we recall the existence and uniqueness results proved by
Nibbi [12] under more general conditions.

THeoREM 3.1. — Under thermodynamic restrictions (2.7), (2.11), for any positive function

YeCy*(R*Y), Uy is a strong solution of problem Py if and only if Uy is a saddle-point on
L3(R, () of the functional

1 1 1 1
£,(U) = (U, RU), = —(U, DU}, = (U, F), = LU, PU], ~ —[NU, AUJ,



104 Erena Vuk: Variational principles, etc.

Proor. — Let Use L2(R, () be a strong solution of &, with Fe L%(R, () X
X (X(82)). For all w € R, the Fourier transform Ux(w) € (L) satisfies almost everywhere the
problem

RU=DU+F in QxR
(3.9) NU=-PU on 8Q,xR.
NU=NAU on 892,xR

Because U = U, — iU,, the pair (U,, U,) must satisfy a.e. the coupled systems

RU,=DU.+F, RU,=DU,+F,
(a) { NU,=-PU, . (b)) {NU,=-PU,
NU,=NA,U,— NA,U, NU,=NA,U,+NA, U,

where
NA=NA,—iNA,
(ao+a)l? 0 ] '[asl"f, 0 ]
— .
0 _(ﬁ0+/3c)r2n 0 —ﬂxri

Using (3.4)-(3.5), we obtain:

610 £ = [Yw) [(Uc, RU,)g - (U,, RU,)g = (U,, DU,)g + (U,, DU,)g ~
[«

1 1
_Z(Uc, Fc).Q + 2(Ux, FJ)Q - E(Uc, PUE)B.Ql + '2—(Us: PUS)3Q1 +

1 1
+ E(UC, NAcUC_ NA:U:)QQZ - E(US, NASU£+ NACU:)GQZ dw

where the dependence on @ is understood and all quantities considered are real valued. Tak-
ing into account that for any pair of real vectors U, V, the following properties hold

(Q1) (U, NV)so= —(NU, V)sq
(Q2) (U, AV)30=(ATU, V)4q
(Q3) (NU, AV)0 = (AU, NV)sq

(Q4) (U,RV)g = (V, RU)g + (U, NV)30
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the first variation of £, can be expressed by
0L,(U) = JY(w)[Z((SUc, (R-D)U,—F,)g—2(8U,(R-D)U,—F,)g—
0

—(0U,,(N+P)U,)sq, + (6U,,(N+ P) U))s0, — (6U,, NU,— NA U, + NA,U,) s, +
+(8U,, NU, — NA,U, = NA,U,)30,1 dov
and it vanishes provided that, for any Ye Gy* (R"), Uf satisfies (3.9).
The second variation of £, at Uy is given by

622,(T) = fY(w)[Z(éUr, (R — D) 6U,)g — 2(8U,,(R — D) 8U,)q —
0

—(6U,, P8U,)ag, + (8U,, POU,) g, + (8U,, NA 68U, )50, — (8U,, NA,6U,) 50, -
—2(8U,, NA,0U,)s0,] duo .
Letting W= L2(R, 3((£2)), we can represent the space W as
W=w,oWw,

so that, for any Ue W, its Fourier transform U e W and can be written as U = U, + U,
where U,e W,, U,e W, are as follows

E, U _[
—iH, ’ b

—1iE]

U,= .
H, |

As a consequence

OE] [0] 01 .[E,
dUﬂ=[ ]-—z[ , (3U;,=[ —z[ ]
0 oH, SH.|
Then, if 6E,=36H,=0, we obtain
B.11)  6%e,(U,) = - jY(w)[z(aE,, 00E,)g + (n X OE,, (ao+ a,) # X OE,) a0, +
0

+(nx 0H,,(Bo+ B.) n X 0H,)30,]l do <0,
while, if 0E,=0H, =0, we have

(3.12) 6%8,(U,) = jY(w)[szX, 00E,) o + (n X OE,, (a o+ a,) n X OE,)s0, +
0

+(nx 0H,,(Bo+ B.) n X 0H, )s0,] dw>0.

Finally, using the bijectivity of the Fourier transform from L? into itself, we deduce that
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Use W is a strong solution of &, if and only if Uy is a saddle-point of £, on W, for every posi-
tive Ye C;° (R*). The saddle-point exists and is unique in W under thermodynamic restric-
tions (2.7), (2.11) by virtue of [12].

Remark 3.1. — The previous theorem is still valid for dielectric materials (i.e. when the
conductivity o = 0), provided that the whole boundary 3Q satisfies the dissipative condi-
tions (3.7), only.

4. — Saddle-point principles for an initial-value problem.

In this section we are dealing with two variational formulations related to the evolution
of materials described by the constitutive equations (2.2), and subject to mixed boundary
conditions (3.7). The first is set up through the Laplace transform; other, by means of Reiss’
method, through a specific bilinear form with a weight function.

In the space-time domain Q, the Maxwell equations become

V X E(x, t) + u(x) %H(x, t) =IL(x, t)
4.1) 3
V x H(x, t) — &(x) 5E(x, t) = a(x) E(x, ) + Ji(x, £)

with initial data

E(x, 0) =E,(x), H(x,0)=Hyx) xef
4.2) {

E.(x,t)=0, H,(x,#)=0 t<0, xedQ,

Taking advantage of previous differential operators and setting

— 0
c=[0‘E ]; Ulx, 0) = Up(x); U.lx,?) =0, <0
U

system (4.1) becomes

RU(¢) + C% U(+) =DU(#) + F(¢) in  xR*
43) ?) NU(z) = = PU(z) on 3R, xR*
' @)\ NU) = NA@) = Us) on 892, xR*’
U(O) = Uo in Q
L U;(5 =0 on 92,xX R~

DerintTion 4.1. — A function U = (E, H) € ,(Q) is called a strong solution to the evolu-
tion problem &,, with initial data Uye @, (2) X @,(8) and source Fe L (R*, (L) x
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x D(R)) if U satisfies (4.3) almost everywhere and

lir;gllwx, £) = Up()|l2= 0
t—

As to the solvability of (4.3), we recall the existence and uniqueness results proved in [5, 6].
The application of the Laplace transform to problem &, leads

RU+MU=G in Q
(4.4) NU=-PU on 39,
NU=NAU  on 89,
where
M=zC—D=[_(z£+O) 0]’ G=F_CU,= ] +uH,
0 2 I.—¢E,

The solution f]/(z) of (4.4) is obviously a stationary point of the functional
1 1 ~
4.5) QZ(U ——(U RU)Q+ (U MU)o— (U, G)g—‘z(U, PU)ag,‘z(NU,AU)agz-

On the other hand, by setting ¥, (U) = G,(U(z)), the functional (4.5) may be considered as
parameterized by the complex number Z. Therefore the solution Use §,(Q) to problem &, is
a stationary point for ¥ (U), VzeC** = {zeC; Re 2> 0}.

TueoREM 4.1. — Let F= {Ue §(Q): Ue 3(RQ), V2eC* *}. Under the thermodynamic
restrictions (2.12), (2.13), Uye Fis a strong solution of problem P, if and only if Uy is a saddle-
point of the functional Y on &F, for any s> 0.

ProoF. — a) If Use Fis a solution of &,, then Uy(z) satisfies (4.4) and is a stationary point
for G, Vs>0.
Letting z be real, i.e. z=15>0, the second variation of G is given by

46  o8%G= f[éEVxéFI+6FI~VxdE—dE-(ye+a)6E" +0H-sud H) dx
Q

- j nx 0E-6H da

2,

+_ j[(nxaH) (Bo+B)nx0H) — (nx 6E)- (ag+&)nx 6E)) da.

asz 2
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If 6H =0, then

47) 0°G.r=-[oF se+o)ade——j (n X 0E)-(ag+ &) (n x 0F) da<0

Q ag 2

while, if 6E =0,

4.8) 028, p= faﬁcwaﬁ dx + % j (nx 0H)-(Bo+B)nx0H) da>0.
Q 02,

b) As a consequence of thermodynamic restrictions and definition of ¥,(U), Uy(s) is a
saddle-point for G, i.e. G, =0, Vs > 0 and conditions (4.7), (4.8) hold. Then, for any s > 0,
Ul(s) satisfies (4.4) almost everywhere and this is the unique solution in force of (2.12),
(2.13). In addition, by virtue of (2.12)-(2.13), the complex operator L, = R + M(z) is strongly
elliptic Vze C* * [5, 6] and system (4.4) has a unique solution V(z) € 3((£2) which is ana-
Iytic in z on C** and equals to Uy on the real positive half-line. Then, V and Uy must coin-
cide on the whole C** [4]. Uniqueness of the Laplace transform implies that Uy is the
unique solution of (4.3) in &

With regard to the second extremum principle, it is convenient to introduce further
functional spaces, namely

LERY, 9 ={ueli (R, V):uz)eV, zeC**}
with © a suitable Hilbert space contained in L?(£), and

H)RY,L3(Q)) = {ue HL(R™, L2(2)): #(z) e L*(R2), 2ze C* *},

S(Q) =L (R*, a(2)) N HA(RY, LA(2)}.
Consider a non negative function Y belonging to C(R*) such that

(4.9) y(2) = j Y(s) exp (—ist) ds
0

exists for any # € R* and define the bilinear forms (-, -), and ((-, -)), on L (R*, L*(8)) and
LZ(R*, L?(3R)), respectively, as

(p, q),= ijt+rjpx t)-q(x, 7) dxdtdr
= j Y(5)(B(s), 3(5))g ds

((p, 9)), f fy(t-lr 7) fp x, t)q(x, t) dadtdr

o

= jY(s)(ﬁ(s), 7(8))aq ds

0
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They are both positive definite if Y does not vanish identically, and well-defined on L7 when
YeCy(RY).

TuEOREM 4.2. — Under thermodynamic restrictions (2.12), (2.13), Uye $(Q) is a strong sol-
ution to problem P, with source Fe L (R, D(2) x D(R)) +f and only if, for every
YeC(RY), Uy is a saddle-point on S(Q) of the functional

1 1/2 1
@10)  #(U) = (U, RU), + E(EZU’ cu) - S U, DU),~ (U, F), -

y

1 1 1 ¢
- (U, PUY), = 2 ((NU, AV, + ony(t) jCU-[U(o) —2U,] dxdt .

Q

Proor. — It is easy to check that the first variation of &, vanishes if f]/ satisfies (4.4), for
every Ye Cy* (R*). The second variation of the functional (4.10) at Uy is given by

82F,(U) = jY(:)[(é U, ROD)o + (8T, M(5)8 D), —
0

- %(aﬁ, P6D)sg, + %(af], NA6D) 82,1 ds

so that if 6H =0 yields

82F, p= — jY(s)[ IéE'(se+0)6l~3dx+% [ (2 x8E)-(aq+@(nx 6B) da]ds<0
0 Q 9,

while, if 6E =0, it follows

8%, 5= ij[ [8F-susH dx + L [ (nx 8B (Bo+B)inx 8F) da] ds>0.
0 Q 250,
The viceversa parallels the procedure of Theorem 4.1.
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