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Abstract—In this paper, we investigate a mathematical model for viscoelastic beams, based on the
Mindlin-Timoshenko assumptions. The resulting constitutive equations are derived in the framework
of well-established theory of linear viscoelasticity, and according to the approximation procedure due
to Lagnese for the Kirchhoff viscoelastic beams and plates. Assuming a nonlinear body force acting
on the beam, we show that this model generates a strongly continuous semigroup which acts on the
appropriate phase space. Uniform energy estimates are then given. The existence of an absorbing
set for the solution of the problem is also studied. Furthermore, we remark the necessary conditions
to extend this approach to the study of the longtime behavior of the Mindlin-Timoshenko plates.
© 2004 Elsevier Ltd. All rights reserved.
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1. THE MODEL

We consider the motion of a beam of uniform thickness d in the vertical plane. When the beam
is in equilibrium, we assume it occupies a fixed bounded domain D C R? placed in a reference
frame x = (23, z3). The middle line of the beam (called elastic line) lies midway between its upper
and lower faces in a region (0,L) C R of the axis 3 = 0. We assume that it is rigidly clamped
in 0 and in L. Henceforth, we denote by w;(z1), ¢ = 1,3, the components of the displacement
vector of the points of the elastic line which have coordinates (z1,0) at equilibrium. Since d is
the uniform thickness of the beam, let @~ = (0, L) x {—d/2} and Q* = (0, L) x {d/2} denote its

faces.
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As is well known, in standard three-dimensional linear elasticity the stress-strain relation is
given by
S(x,t) = Lo(E(x,t)),

Where the elastic strain E and the stress S are second-order tensors, and Lg is a fourth-order
tensor. In small displacement theory, E is given by

E(x,) = % (VU(x,8) + (VU (x,8)) 1.1

U being the displacement vector.
In the isotropic case, Ly involves two independent Lame’s constants A and u, namely

Lo=2AIQI+2ul, for r > 0.

According to this constitutive equation, a mathematical model for isotropic elastic plates and
beams can be derived by assuming the Mindlin-Timoshenko hypothesis (see, for instance [1]).
Namely, the linear filaments of the plate (or beam) initially perpendicular to the middle surface
(or line) are required to remain straight and undergo no strain in deformation, but the Kirchhoff
assumption that they remain perpendicular to the deformed middle surface (or line) is removed.

In a linearized theory for the beam, this assumption implies that transverse shear effects may
be no longer neglected, and the small displacement U is related to the displacement of the elastic
line u(z, t) = (u(z,t), w(z,t)), v = u;, w = ug, and = = z,, by the approximate relations

Uh=u—z3¢, Us=w, —gs:cssg, (1.2)

where 1) is the angle of deflection of the filament with respect to the normal direction.
In virtue of (1.1), this assumption leads to the strain-displacement relations of the Mindlin-

Timoshenko model, namely
By = uy — z3 95,

1
E13 == 5 (wm - 'lp), (13)
E13 = Eyy = Eg3 = E33 =0,

where we denote with the pedex z the partial derivative with respect to z;.
Here, in order to generalize the model, we assume that the plate is composed of an isotropic
linear viscoelastic material. As a consequence, the stress-strain law is given by

S(x,t) = DL * (E)(x, t), (1.4)

where * denotes convolution,
DL+ E(x,t) = / D, L(m)E(x,t — 1)dr
—00

and D, is the distributional derivative with respect to 7. Moreover, we observe that L(7) is an
isotropic fourth-order tensor-valued function which vanishes for 7 < 0 and involves two indepen-
dent relazation functions A and p, namely

L(m) = M) I®I+2u(r), V7 >0.

Because of the relation D, L = L(0)§ + L;, where L; = % and § represents the Dirac delta
distribution, we have

DL x E(x,t) = L(0) E(x,t) + /oo L:(r)E(x,t — 7) dr.
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In order to apply a variational principle and attain the motion equation, we shall transform
the original stress-strain constitutive equation by means of the Laplace transform. Let ¢(t) be a
function taking values in a Hilbert space, and let denote by ¢ its Laplace transform, namely

o6) = [ e pttyan
0
In particular, we have (DL)"(s) = sLL(s) where
L(s) = Ms)I@I+2(s) L.
Formally applying the Laplace transform in (1.4), we get
S’ij = 35\5,']' Ekk +23ﬂEij. (15)

Now, we introduce the viscoelastic Poisson’s ratio v and viscoelastic Young’s modulus E so that
their Laplace transforms are, respectively, defined by

5 B (35\ + 2;1)
U= ———, F= ez (1.6)
2s (/\ + ﬁ) A+
Then, we have R R
E . K sv
(= A= - —— 7
28 1450’ 1+sp 1-—2s0° (1.7)
and (1.5) becomes )
A sk A sv N
- NRNTR. Ay > W I 8
%=1 (E“J”l-zsz;E’“" J) (18)
Taking into account (1.3), we get
5 sBE(1—sp) .
Si = Eis,
U= ats)ya—2s0) 1
812 = Sap = So3 = S33 =0, (1.9)
A sE .
S13 = 1+sp &

As is customary in the theory of Mindlin-Timoshenko beams and plates, consistency with the
presence of transverse shear requires the introduction of a suitable scalar factor K to correct its
expression. Namely, the last relation in (1.9) is replaced by

Sis=K Eys. _ (1.10)

14+ s
This procedure is contrived even if routinely done; in applications, it is customary to fix K to a
precise value strictly less than 1.

Let po the constant mass density. The motion equation, via a variational formulation, can be
obtained by introducing the viscoelastic (kinetic and internal) total energy P(¢). This procedure
(see [1,2]) is carried out in the frequency domain, regarding the viscoelastic material as an elastic
one with complex valued elastic constants. Accordingly, the transformed (visco) elastic total
energy is given by

. d/2 L o A
P(S) = 1 / / (p082Uquj -+ Sz'j Eij) d:l:l d.’II3. (111)
2 —-d/2 JO
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If an integration with respect to z3 is carried out, the stretching component 4; == 4 uncouples
from the bending component 3 = ' of the displacement and the deflection angle 1/3, so that the
strain energy and the kinetic energy split into two parts (see [1], for instance). -

Substituting (1.3) and (1.9),(1.10) into (1.11) and considering only the bendmg part Py(s)
of P(s), which contains the terms w and 1, we obtain

A =5 [ [ 52RO+ (3200 -506) |
#2001 s a0

where N and H are assumed to be regular causal functions such that their Laplace transforms
satisfy the relations

(1.12)

(5) = E(s) 2K sE(s)
T 1 - s202(s)’ 14 s0(s)’ v
In order to account for a nonlinear body force f(U), depending on the whole displacement

and distributed on the whole bar, the external work W has to be considered. In the frequency
domain, it is given by

H(s) = (1.13)

df2 L R
W / / fi(Ul,U;;)U,; d.’l,'l d.'L‘3.
d/2 Jo

For simplicity, we assume that the external force is independent of Uj, and normial to the
beam (f; = fo = 0). Then we write

A L ~
W= d/ [fs(w)w] dz;.
0
Thus, the total bending fuhctional is given by
Po(s) + .

Studying the associated variational problem and using assumption (1.15), it easily follows
that & and 9 solve the Dirichlet boundary value problem

po 252 — d2sN oy + 3H (¢ - wm) -0, in(0,L),
fs,  in(0,L), ' (1.14)
0 at £ =0, L,

12pp s w+3H( )m

A

w =

where the Dirichlet boundary conditions for the deflection angle 1 and the vertical displacement w
mode] a beam which is clamped at the ends. Problem (1.14) has been studied in [3].

In order to achieve a nonhereditary coupling term, we suppose that Jij (s) is a constant function
with positive value H. As a consequence, we obtain

H

Als) = 55 (1.15)

which is equivalent to assume that p is the constant H/2K. Finally, we set p1 = pod?, pa = 12p0,
do = d*N(0), and k = 3H, to get

1520 — doN(0) LN gy + K (¢ - wm) =0, in(0,L),
st +k(b—az) =fi, in(0,L), (1.16)
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It is worth mentioning that assumption (1.15) makes the model more difficult to study. In
particular, a balance on the constants is needed and condition (4.1) is required here; even if
artificial (the material does not show stress in shear), this request is consistent with the fact that
we study a limit case, when the dissipation due to coupling term vanishes. This assumption is
unnecessary when the coupling term is of hereditary type (in this case, of course, some hypothesis
on the corresponding memory kernel is also needed, see [3]).

2. THE ANALYTIC SETTING

We transform (1.16) into the time domain and setting v = —1, we get the initial-boundary
value problem, which we study in the semilinear case of forcing terms f and g

P1Vs — doUsg — /000 b(0)zz(t — o) do + k(v + w,) = f(v), (2.1)
paws — k(v 4+ wy)z = g(w), (2.2)

in (0, L) x (0,00), where b(c) = d2N'(c) is a memory kernel. We have the following boundary
conditions:

v(0,t) =v(L,t) =0, t>0, (2.3)
w(0,t) = w(L,t) =0, t>0,

and initial conditions

v(-,0) = v, in (0,L), v(-,0) =v;, in (0,L),
w(-,0) =wp, in (0,L), we(+,0) = wy, in (0,L).

The past history of the rotation angle is to be given, and we set
v(—s) = va(s), in (0,L),

for every s > 0. We suppose that the beam has been clamped in its whole past, then vs(s,0) =
’U2(S, L) = 0.

REMARK 2.1. This model is an extension of the well-known viscoelastic Kirchhoff beam. Indeed,
if we eliminate the term k(v + w,) between the two equations and we introduce the Kirchhoff
assumption

V= —Wy,
we get

o0
PoWit — P1Weaitt + dO'wa::ra:z + / b(a)wzmmz (t - 0) do = g('LU)
0

The corresponding homogeneous problem has been studied in [4], where the exponential and
the polynomial decay of the solution is obtained by energy estimates, when the memory kernel
decay exponentially or polynomially, respectively, if a condition on the coefficients is satisfied.
It is worth mentioning the analysis of the homogeneous problem carried out in [5], where the
exponential stability of the solution is showed using a contraction argument.

Here, in order to show that this model represents a dynamical system, we introduce the new
variable

n'(s) = v(t) — v(t — s), (2.5)
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s > 0 (cf. [6-9], and references therein). Then, from (2.3), (2.5), and setting 7o(s) = vo — va(s),
71 undergoes the following boundary and initial conditions:

7*(0) = 0, Vt>0, (2.6)
77t(0, 5) = nt(La $)=0,. Vs,t20, (27)
1°(s) =mo(s), ~ VYs>0. (2.8)
Differentiation in ¢ of (2.5) gives
ni(s) = ve(t) ~ 75(s). (2.9)

When the kernel b is summable, we add and subtract to equation (2.1) the term v, f0°° b(c) do,
to get

o0
p1ve — dyvgs — / (o)t (o) dor + k(v +wy) = 0, (2.10)
1]

where we have set
dy = <d0+ / b(o) d&) and  p(o) = —b(o).
0

ProBLEM P. Find (v, w,n) solution to the systemv

prvts — dyvgs — / (oIt (0) do + k(v +w,) = F(), (2.11)
0

PWit — k('U + wm)x = g(w)’ (212)

™ + Ns = Uy, (213)

in (0, L), for any t > 0 and any s > 0, with the initial conditions

v(0) = vp and v;(0) = vy, in (0, L),
w(0) = wo and wy(0) = w1,  in (0, L), (2.14)
n° = no, in (0, L) x (0, o0),

and the boundary conditions

v(0,t) = v(L,t) =0, Vt>0, (2.15)
w(0,t) = w(L,t) =0, Vt>0, (2.16)
n'(0)=0, Vt>0, (2.17)

n%(0,s) =n*(L,s) =0, Vt,s>0. (2.18)

The plan of this note is as follows. We first sketch some analytic tools necessary to the
functional setting of the problem, and we formulate the hypothesis under which a variational
formulation is given. We prove existence and uniqueness of the solution to the problem, as well
as continuous dependence results, which allow to interpret the solution as a strongly continuous
semigroup acting on the appropriate phase space. Its dissipativity is, then, achieved via uniform
energy estimates. The last section remarks on Mindlin-Timoshenko plates, which can be dealt
with using the same technique showed herein, if an appropriate additional condition is satisfied.

2.1. Hypothesis and Technical Tools

With standard notation, we introduce the Hilbert spaces

H = IL*0,L)
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with its usual norm || - || and product (-, -), and

V =H;(0,L)
with the product (u,v)v = (us,vs), which induces the norm || - ||y equivalent to the standard
norm in V, thanks to Poincaré inequality

lull < Cpllusll,

where we choose Cp = 1. Let us denote by (-, -) the duality pairing between V* and V.

We write C(I; X) to denote the Banach space of the functions which are continuous on the-
possibly unbounded-interval I with values in the Hilbert space (X,(-,-)x). In general, we use
also the notation L?(I; X) and H'(I; X), with obvious meaning. Furthermore, if u is a positive
function on I, we can introduce the Hilbert space

M =L2(I; X)

endowed with the inner product

(6, 0) 00 = /I (o) (u(0), v(0)) x do.

We assume .
eV, weV, meM,

v € H , wy € H.
We consider the memory kernel p which satisfies the following assumptions:

(2.19)

(k1) pecCt (R+) nL! (R+) ,
(k2) w(@) >0, VoeRt,
(k3) p'(oc) <0, VoeR™

In order to obtain energy uniform estimates, we suppose also
/J/ € L2(0,0'0),
(k4) (o) +ou(0) S0, Vo eRY,
p o)+ Mu(e) >0, Vo>oo,
for some 0 < § < M and o9 > 0, where M is a constant depending on og and it increases
as oo decreases. This exponentially decaying condition on kernel is standardly considered (see,
e.g., [6,10]). On the other hand, it seems quite obvious that to have exponential decay of the

energy, the kernel must show the same rate of decay (see also [11,12]).
In view of (k1) and (k2), we set

o0
po = / p(o) do.
0
We assume that both forcing terms f and g are Lipschitz functions of their variable, i.e.,
[f(r1) = f(r2)l < Aglri =72, |g(r1) — g(r2)| < Aglra — 2], (2.20)

for every r1,72 € R, and where Ay and A, are positive constants. Some other assumptions on the
nonlinearity are in order. Introducing the functions

Py == [ foyds, o)== [ gte)ds,

we let
liminf - (,: ) >, (2.21)
Ir[—o0 T .
lim inf _C_v"_(?r_)_ >0, (2.22)
Ir|l—o0 T
limint — L0 —F) 5 (2.23)
Jr]—00 r

(see [13,14]).
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3. WELL-POSEDNESS RESULTS

We discuss now existence of the solution to Problem P. First, we observe that (2.21)-(2.23) and
Poincaré inequality imply that there exist two positive constants ¢ and c;, depending on € > 0,
such that for every v, w e V

(F),1) 2 —co—ellvell?,  (G(w),1) = —co ~ ellws|?, (3.1)
~(F(v),v) +ellva|® 2 —e1 + (F(v), 1), (3.2)

(see [14]).

THEOREM 3.1. Assume (k1)-(k3) and (2.19)—(2.23), then Problem P has a solution, i.e., there
exists a triplet (v,w,n), such that

vel (R"’; V) ,

v, €C (R"’;H) ,

wedl (R+; V),

w € C (R¥; H),

neC(RHM),

which solves the variational problem
prloe,) + da(oes ) + [ W0V na(o), 62) dor (33)
+h(v +ws,9) = (F3,4), VéeV, |

p2(wee, §) + k(v +ws, 65) = (g(w),¢), Vo€V, (34)
(M + 1, Om = W6, Om,  VEEM, (3.5)

almost everywhere in R*.
Furthermore, let {vo;, v1i, Woi, w1i, Moi}, ¢ = 1,2 be two sets of data, which satisfy (2.19), and
let {v;, wy, 1;} be the corresponding solutions to Problem P. Then, the following estimate holds:

llo1(8) — w2 + 18:v1(t) — Bpwa ()|} + llws (8) — w2(B) I3
+Bsw1 () — Bew2 ()1 + M () — m2(2)l|34
< e (llvor — vozll¥ + llv1s — viallkr

+ |lwor — woz||¥ + lwir — wizlly + llmo1 — mo2llZ) -

(3.6)

PRrROOF OF THEOREM 3.1. We make use of a Faedo-Galerkin approximating scheme. Let {¢;},
7 € N be an orthonormal basis in H, orthogonal in V, too, and let {¢;} be an orthonormal base
of M. We fix n € N and consider the projections

P":V — V" =Span{¢1,...,¢n},
Q™ : M — M™ =Span{(y,..., ()

We let ai5(t), i = 1,2,3 be some regular function such that

)= Y al(t)e;,

i=l,...,n
wh(t)= Y a3;(t)é;
i=l,..n

= Y, gt

i=l,...n
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satisfy
o0
P07 )+ 02, 82) + [ (o) (12(0), 6 do an
+k(vn+w:’¢)=(Pnf(Un)a¢)a V¢EV:
p2(wiz, @) + k(W + w3, ¢5) = (PTg(w™),4), Vo€V, (3.8)
almost everywhere in I, with initial data
v™(0) = P"vy,
vy (0) = P"vy,
w™(0) = P™wy,
wy(0) = P wy,
7"(0) = Q"no.
We choose ¢ = ¢y, and { = (s, &K = 1,...,n to have a Cauchy problem for a nonlinear

system with of ordinary differential equations in a;;(t), whose local C! solution exists on an
interval (0,t,), by classic theorems.

The following estimates ensure that, for every n we can take t, = 7. We introduce the
functional

1 n n n n ¥}
£ = 2 (P01 + pa > + ko + w2l + "3 + i 03]%) . (3.10)

Take equations (3.7) and (3.8), and test them with v} and by w?, respectively, then add. After
integration by parts, we obtain

1 d m k3 n V17 n n Y13
5T (91 w11 + p2 llewg | + & o™ + wi|* + da [z ]| + (F™ (v") , 1)
2 dt
0 (3.11)
+(@@).D) - [ ulo) (ule)op) do = 0.
We test (3.9) with ™ to get
1d |2 * n n * n o ,n
5 7 I e+ A (o) (N5z(0),mz (0)) do = | #(0) (Vg 7z (0)) do
after integration by parts, on account of (k3), we get
1d n 2 = n o_n ]
57 I < — | wlo) (v, m2:(0)) do (3.12)
2 dt o
Now, adding (3.11) to (3.12), we are led to
d
Zen < .
g Er L0, (3.13)

where
EP =&+ (F"(v"),1) +(G™ (v™),1).

Then, £T decreases and it is bounded, uniformly in time, by a constant C' which depends on £7:(0),
and then on the physical settings of Problem P, i.e., on p1, p2, k, d1, on initial data, and on the
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forcing terms f and g, and on L. In view of (3.1), we obtain the uniformly in n boundedness
of £*. Then, for every I C Rt, and

vz vy £ G,
W2 | oo (1;21y < Cs
™| oo (z3vy < Cs
lw? ll oo 121y < €
7™ | Lo 1,00y < C-

Exploiting a well-known compactness property (cf. Corollary 4, Section 8 in [15]), we have that,
up to some subsequence, there exist a triplet (v,w,n) such that

v"™ — v strongly in C(I; H),
w™ — w strongly in C(I; H),
n" — n weakly® in L*(I; M).

It is easy to see that (v,w,7) satisfy (3.3)~(3.5), since continuity of projections F™ and G™.

Consider, now, two solutions (v",w",n™) and (v™,w™,n™), respectively, corresponding to
initial data P"vo1, P"v11, P"wo1, P"w11, @101, and P™vo1, P™v11, P™wo1, P™w11, Q@™ 101
We observe that '

v w" o™ w™ e C(L; V),
v, wy, v, wit € C(1; H),
n,n™ e C(I; M).

The differehces

,Unm;__,vn__,um,
wnmzwn_wm’
nm __ ,n m
n =7 -1,

solve

" )+ (0" e) + [ o) (20, 2) do
k(™ +wg", @) = (f (V") - F (V). 4), VeV,
p2 (W™, @) + k(W™ + ™, ) = (g (w™) — g (w™),$), VeV,
(t +77;nnsC)M=(v?1naC)M, V{eM.
Repeating the steps bringing to (3.13), we obtain

1d

5 5 (L I0E™ 12 + o ™I+ ™™ w2+ da o™ + 7™ )

S(F@™) = F ™), 08™) + (g (w™) — g (w™), wi™)

and by (2.20) and Holder inequality, we get

1 d nm m n nm n
5 2 (P I0P™ 1 + o [f™ P 4+ E o™ -+ w2 4 2™ + ™™ )
< Ag o o™+ Ag o™ ™).
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Set

™™ = py 7™ ¥ + pa ™ |* + K o™ - wE™P o dy o) + ™
then, Young inequality yields
d T
— m < mn‘
g7 EMN < e
Thus, Gronwall lemma ensures that

Emn(t) < 2e°TE™™(0) (3.14)

for every t € {0, T]. Now, let m,n — oo, we get

prl|Bev1(t) — Beva ()3 + pallBewn (8) — Brwa ()1

+hlv1(t) + Bowi (t) — va(t) — Bpwa ()|
+d1 (18501 () = ava (O Fr + Im () ~ m2() ]34
< ¢ ([lvor — vozllf + llvir — vizl|F + lfwor — woall¥,
+ [lwir — waalll + o1 — m02l1%4) »
which entails (3.6).
Consider again (3.14), and take
Vo1 = Vo1, W1 = Weg2, To1 = 702,
V11 = V12, Wyl = Wiz,

then, max;efo, 7 €™ (t) — 0 as m,n — oo and {(v™,w™,n™)} is a Cauchy sequence in a Banach
space, hence converging to (v, w, ) such that

w,v € C(0,T; V),

v, we € C(0,T; H),

ne C0,T; M).
It is also clear that no explosions arise, than the solution can be prolonged to R*, and the theorem
is proved. ]

4. THE DISSIPATIVE SEMIGROUP
ASSOCIATED TO THE SOLUTION

We set now
2(t) = (v(t), ve (1), w(t), we(t), 1) ,
Z=VxHxVxHxM,
20 = (UO,vl’w(Jywl?nO)’

and we agree to denote the solution z(¢) of Problem P with initial data 2z, € Z by S(t)zp. Then,
Theorem 3.1 ensures that the family of one parameter operators S(t) possesses the following
properties:

(i) 5(0) is the identity operator on Z,

(ii) S(t)z € C(0,00; Z), VzeZ,
(iii) S(t) is continuous from Z to Z, Yit>0,
(iv) S(t)S(s) = S(t + s), Vs, t>0.

Following [16,17], we say that a family of one parameter operators satisfying (i)—(iv) is a
strongly continuous nonlinear semigroup. The set By C Z is an absorbing set for S(t) if for any
bounded set B C Z there exists a time T = T(B) such that

S(t)BC By, Vt>T.

We can state the following main result.
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THEOREM 4.1. Assume that (k1)-(k4), (2.14)-(2.18), and (2.20) hold. Furthermore, we set
P d1 + po
p2 koo

Then, the semigroup S(t), which denotes the solution to Problem P, acting on Z, possesses an

absorbing set Bp.

(4.1)

COROLLARY 4.2. If, in addition to assumptions of Theorem 4.1, we assume f = g = 0, the
semigroup S(t) decays exponentially and its absorbing set By is {0}.
REMARK 4.3. Condition (4.1) may be rewritten as

ppo_d

P> (4.2)
and it expresses that are equal the propagation speeds of the two deformation waves, associated
to v and w (this condition is also necessary to the exponential stability of the solution, cf. [4]).
Note that (4.2) suggests the choice of the scalar factor K in (1.10). Indeed, using (1.15), from
(4.2) we get
2N(0)
. po
where p is constant, by assumption, and N(0) depends on the material function v through (1.13).

K =

PrROOF OF THEOREM 4.1. We remark that constants, appearing in the whole proof, do not
depend on initial data, but on the physical setting of the problem, only. We observe that, using
an integration by parts and Holder inequality, (k4) implies

- [ W) wnto)ds
_vzl(_a__)_ /ao M1/2(o-) “1"(0')| |(u,n(0))| do + ML:O w(o)(u, (o)) do
< e f, #HO W@ @)l do

(4.3)
+ M f W2 (0)aV (o) (o) v do
lul ( [ e da) 7 bl Mol la
17%(0) \ o
< ellull® + (e 7l13a,
for every n € M and u € H, where € > 0 (cf. also [12]).
We introduce the quantities
L=—p / (o) (1(), ve) do, (4.4)
0
p2di P2 *
L2 = palon,o -+ wn) + 22 (v + [ w0 na(0), ) (45)
Ly = —pa(we, w), (4.6)
Ly = p1(ve,v). : (4.7)

Using (2.11)-(2.13), we are led to
.

Ly dx

= /0°° (o) (n(0), vzz) do — /oL

i) | uemerdo
4 [ uo) (o), v+ wn)do = [ ulo)n(o), S0 dor

o1 / (o) (1s(), 02) dor — ppao]|ue]|?
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and integration by parts gives
dl o0
< gl + / 1(0) (0e(0), vs) do
oo
+h / (@) (n(@), v +we) do + polnll%e

- / ” o) (o), Fv)) do - 1 / " W(0)(n(o),vr) do
0 0

By means of Holder inequality, (2.20) and (4.3), we have

fl‘d% < —pipolfuell® + 1 ([vall® + el + v + wz %) + elea)linli + exllvl® +c.
Consider now,
dcft = p1(vee, v + wz) + p1(ve, (v + wz )
P2 P21 ) + P2kd1 (e, v)
+sz Ooo 1(0) (Mat(0), wr) dor + & T /0 14(0) (12(0), wet) dor.

Using (2.11)—(2.13), we get

dly

& (dwm + /Ooo wo)z0(0) do — k(v +we) + f(v), v+ w“)

+p1llvell® + p1(ve, war)

(o)) + % (o), ve) + 22 (20

-pk—2 ,u(a)((vt - ns)z(a)’ ’LUt) do

+.11; /Ooo 1(0) (12(0), k(v + wg)s + g(w)) do

Then, integration by parts leads to

dc
—7 = ko +we|* + pafeel)®

+(p1-f’lk‘ﬁ ”2“")( o)+ 22 [0 0(e) w do

HI@ )+ F 0w + 3 [ uo)0n(a) o) do

Here, we have exploited the cancellation of three terms: dj(vgz,w;) and di [|v,||?, which comes
from multiplying (2.11) by v + w, and (2.12) by d; /kv,, in H; and

| o test0), v ) do
which comes from multiplying (2.11) by v + w,, and (2.12) by (1/k) [;° p(o)nz(c)do in H.

Indeed, since (4.1) holds, we have

dl,y

o0
2 o+ s+ pufuel? + 2 / W (0)(n(0), we) do
dt k Jo

@)+ P o))+ [ s (), w) do
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Then, by Holder inequality, and exploiting (2.20),(4.3), we deduce
dc
d: < —kl[v +wz|[* + puf[ve[|? + eallwe[® + c(e2)||nli34
+eaflw|® + e(e2)l|va || + eallv + wa|* + elea) (1 + f1v]1?) -

Now, Poincaré inequality gives
ac
—7 < =k~ 2ea)Jv + wal]® + plloell® + ezl

+e(e2) (Il + llvalf?) +c
Using (2.12), and integrating by parts, exploiting Young and Poincaré inequalities and the
lipschitz growth of g, we have
dLs
dt

(4.8)

= —pal|we® + k(v + wz, ws) — (9(w), w)
k
< —pallwell® + 2kl + wo|® + i o)l - (g(w), w)
k
< —pa|wil|® + 1 ozl + ¢ (1 + flwz +9lf + flvz||?) -
Finally, exploiting Holder and Young inequalities and (3.2), we get

djﬁt‘i = —dylve||® — /°° (@) (1:(0), v5) do — k(v + wg, v) + (f(v),v) + p1lvel|?
o]
< —% lval® + cllmlldg + ellv + w12 + pallvel)® = (F(v),1) +c.

Now, and we have

—ﬁ + (prpo — 1) l[vell® < 2e1 ([|v=)l® + v + wmllz) +c[nll3g + ¢ (4.9)
d£2 — k= ~2¢e9)|lv+w,|* < plllvt||2+€2llwt||2+C(52 (Il +llvz)?) +e, (4.10)
dftz + palfwe|? < 2kflv + waf|? + £ ||Uas||2 +c (||'wz + )2+ floall?) +e  (411)

id%i ¥ % lvzll® + (F(v), 1) < e (llnllke + llv +wzli?) + pallvell + ¢ ‘ (4.12)

Recall (3.1), take &, € > 0, and define L5 = Ly + £L3 + EL4, we can choose £, £, and &2 small
enough that constants

(k — 23) — (2k + )¢ — ¢,

ép? — &g,
o _
2 4’
are positive. Again, take £ > 0 and define £Lg = £ + £Ls5; choose £; and & small enough to have
dc
d: + & (Jlvsll? + flwell® + [Joell® + Jlv + wa|? (4.13)

+ (F(v),1) + (G(w),1)) < clinllfg +e,
where we set € > 0, and we exploit the inequality eG(w) < &llw; + v||? + ¢|lvz||? + ¢, thanks to
the Lipschitz condition on g. Finally, we choose N > 0 big enough and set
L= Ngl + Lg.

Then, if N is big enough, we multiply (3.13) by N and add to (4.13), to get
%{':— +elL<e (4.14)

We recall a uniform Gronwall-type lemma (cf. Lemma 2.5 in [8]).
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LEMMA 4.4. Let &, be a nonnegative locally summable and absolutely continuous function on
the interval [T, 00), satisfying for some € > 0 and mg > 0 the differential inequality

% B2(t) + e®2(t) < mo

almost everywhere in t€ [r,c0). Then, for all t € [r,0),
2
D%() < 20%(r)e o) 4 220
An application of the Lemma 4.4 to equation (4.14) gives

L(t) < 2L(0)e=" + —265 (4.15)

for every t > 0.
We observe that an estimate on £ is an estimate on £ and vice versa. Indeed, by means of
Young and Poincaré inequality, we have

I " o) (1a(0), we) do < e (mlan + lwel)

(ol + Joll?) < e (el + s )
(el + s + o + lo]?)
(el + e + 0] + a]?)

|(wt1

[<ec
<c
<c

then, it is easy to get £ < |£] < €. Vice versa, the trivial inequality [|a]|? + ||b]|? < 3/2(||a]|? +
[15112) + (a, b) for every a,b € H leads to £ < cL.
Then, from (4.15), we can choose, e.g., Ry = 4C /e, and there exists a finite T', such that
- 15(t) (vo, v1, wo, w1,m0)[| 2 < Ro,
for every t > T. In particular, any ball in Z of radius strictly greater than 2¢c/e may be taken as
absorbing set for the semigroup S(¢) acting on Z. ]

5. REMARK ON THE MINDLIN-TIMOSHENKO PLATES

We consider now the Mindlin-Timoshenko plate defined on the regular domain  C R? (see,
e.g., [1,2]). In particular, we set

NS |

and introduce the operator

02 1-yp 92 1+v 82

3272 9 T2 52,00
1+v 82 1—v 82 +"<92 ’
2 8.7,‘181132 2 61‘1 (912

where v is a constant such that 0 < v < 1/2, and p is the memory kernel. The Mindlin-
Timoshenko model (with memory), describing the behavior of the rotation angles v and of ¢ and
the transverse displacement w of the plate with memory, is the following:

3 o0 .
P Uy — d1Av — /0 p(o)An(o) do + k(v + Vw) = f(v), (5.1)

12
phwis — kV - (v + Vw) = g(w), (5.2)
yn + Ns = Vg, (53)
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(we abuse notation, concerning the name of the constants). We have introduced the additional
vector variable 77, to deal this situation with the same technique we have used in the beam case.
We consider the Hilbert spaces

H =L*Q), H?=Hx H,
V=H}Q), V*=VxV,

and we use the equivalent norm, induced by the scalar product
(u,v)ye =/ (Vul - Vol + Vu? - Vo?) dQ,
Q .

for every v, u € V2, since we suppose the plate is clamped at its boundary with common notation.
We denote by the pedex ¢ = 1,2 the derivative along the direction :.

The operator —A can be viewed as an operator from V2 onto V2*. Indeed, for every v, z € V2,
we can set

(—Av, 2}y = /

{v%z% + v%zg +v (v%z% + vizg)
9]

. (5.4)
—v
+ 5= (vizd +vizg +viel + v%zf)} as.
We observe that the operator —A is coercive, by means of the Korn inequality, in the appropriate
phase space. We finally point out that condition (4.1) becomes

h?  dy+ po '

— = ) 5

12 k (55)
THE ADDITIONAL CONDITION. It is possible to extend every step of the study carried out in the
previous section to the two-dimensional case. In addition, we suppose that there exist a scalar

function u = u(x1,z3) such that

Av = Vu, (5.6)
namely,
1-v 14+v
vy = Y1+ 5 hag + 5 $12,
: 1-v 14+v
up = ¢ag + 5 P11 + 5 P12.

This assumption enables us to simplify the terms
(Av,v + Vw)
and
(V- (v+ Vw),u),

where © is an admissible test function in V2, which we use to deduce an inequality equivalent
to (4.8). Then, Schwartz rule requires

(¢2 - ¢1)11 = (¢1 - ¢2)22

with some boundary conditions. We remark that this condition is satisfied by the Kirchhoff
assumption

0w
= %oy
_ ow
__5;;,
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namely, v + Vw = 0. In this case, the variables v and w uncouple and (5.1) becomes

ph®

b o= didv = [ u(o)tn(o) do = 1(0),

Nt +Ns = Vg.

Following the same strategy for the variable 7, we need to introduce the scalar function @ =
a(z1,x2,s) such that:

An = Va, (5.7)

where the symbol V is intended to act on the two space variables only.

REMARK 5.1. Assumption (5.6) seems quite strict to describe viscoelastic plates. In a forthcom-
ing paper, we shall structure the problem by removing hypothesis (1.15).
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11.

12.

13.

14.

15.
16.

17.
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