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We analyze from both the physical and the analytical viewpoints the equation
1
wu" — (’y +/ [u’(x)]zdw>u” =g,
0
the solutions represent the equilibria of a thin extensible beam subject to external load.
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1. Introduction

We consider a boundary value problem, written in dimensionless form, describing the
steady state solutions of the vertical deflection w : [0,1] — R, with respect to the
reference configuration, of a thin extensible beam of natural length ¢ > 0 hinged at
the endpoints of the space interval:

1
wou™ — <,y_|_/0 [u/(x)]zdx) u! = q, (1.1)
u(O) _ u(l) _ u”(O) _ u”(l) = 0.
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Here, g € L?(0,1) is the lateral static load distribution, while the positive parameter
w is of the order }zl_:’ where h < £ is the thickness of the beam. Finally, v € R rep-
resents the longitudinal displacement of the ends, proportional to the axial load
acting in the reference configuration. Precisely, v is positive when the beam is
stretched, negative when compressed.

As customary in the structural mechanics literature, the investigation of the
solutions to (1.1), in dependence on 7, is named nonlinear buckling problem. The
notion of buckling, introduced by Euler more than two centuries ago, describes a
static instability of structures due to inplane loading. In this respect, the main
concern is to find the critical buckling loads, at which a bifurcation of solutions
occurs, and their associated mode shapes, called postbuckling configurations. In the
past, nonlinear buckling problems were mainly considered in the field of structural
and engineering mechanics (cf. Ref. 13 and references therein). Nowadays, the study
of the prebuckling, transition and postbuckling states under prescribed compressive
stresses has become of particular relevance in the analysis of the static deformation of
micromachined beams and microbridges (cf. Ref. 8). Indeed, the thin film material
composing a micromechanical structure is normally under residual stresses, as a
result of fabrication processes. Unlike microelectronics devices, a micromechanical
structure is no longer constrained by its underlying silicon substrate with the
exception of its ends. Therefore, residual stresses may cause bending and buckling of
its configuration, and this behavior can be exploited to fabricate useful micro-
mechanical structures.

A lot of papers on postbuckling analysis of beams axially loaded at the ends
beyond the critical value are present in the literature. However, most of them deal
with approximations and numerical simulations. For a detailed overview, we refer the
reader to Nayfeh and Pai (see Ref. 14). To the best of our knowledge, exact solutions
to (1.1), with g =0 and hinged ends, have been first found in Ref. 5 and, more
formally, in Ref. 15, whereas exact stationary solutions to the ended-loaded
Timoshenko beam equation have been obtained in Ref. 11. Around the same period,
several authors have also investigated the stability properties of the unbuckled
(trivial) and the buckled stationary states (e.g. Refs. 2, 6, 11 and 15), but only in the
homogeneous case g = 0.

On the contrary, our aim is to understand how the steady state solutions are
affected by the presence of an external load. Therefore, we assume g € L%(0,1), and
we look for solutions to (1.1) in the following sense.

Definition 1.1. A (weak) solution to (1.1) is a function u € H2(0,1) N H{(0,1)
such that

of (@) (2)de + (o+ 1 wora) [ (@) () = / ' glaulz)de,

for every test function w € H2(0,1) N H{(0,1).
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It is worth noting that (1.1) represents the static counterpart of quite many
different evolution equations, arising both from elastic and viscoelastic theories (see
Ref. 9 and references therein). An example is the following quasilinear equation
describing the small transversal deflection of the Euler—Bernoulli beam, proposed by
Woinowsky—Krieger (see Ref. 16) in the ’50s:

Dutu(, 1) + Wyl ) (w / [@u(@t)?ds)amu(x,t) C ). (12)

This is the case of a beam with fixed ends where the geometric nonlinearity,
accounting for the axial tension due to the elongation, is taken into consideration (see
Ref. 13). Obviously, the steady state solutions remain the same in the presence of
rotational inertia (as in the Kirchhoff theory), or of any kind of damping, due to
structural and/or external mechanical dissipation. The global dynamics of (1.2) with
linear damping and hinged ends has been addressed in Refs. 7 and 10, where the
existence of the global attractor is obtained, for a general longitudinal displacement
~. The result has recently been improved in Ref. 9, which provides the optimal
regularity of the attractor for the motion of both damped-elastic and viscoelastic
nonlinear extensible beam models related to (1.1).

In any case, the set of solutions to (1.1) has a dramatic effect on the long-term
dynamics of the corresponding evolution system, especially when its structure is
nontrivial. Indeed, very different asymptotic behaviors occur, depending on whether
the associated static problem has one, a finite number or infinitely many solutions,
respectively (cf. Refs. 9 and 10). Nonetheless, in spite of its wide range of applications,
a stringent variational derivation of (1.1) seems not to be available in the literature
(see Ref. 1 for a survey on nonlinear corrections to classical beam models). Besides, it
is not clear at all if and how this model could be extended to account for shear
deformations in plates.

The goal of this paper is twofold. On one hand, we provide a detailed variational
derivation of the model equation; this is done in Sec. 2. On the other hand, we
solve (1.1), obtaining a closed-form solution for the postbuckling configurations. To
this end, in Sec. 3, we actually consider an abstract generalization of the original
Eq. (1.1). The analysis of the homogeneous case is carried out in Sec. 4, where we
provide an explicit formula for the solutions, for all values of v and w. Finally, in
Sec. 5, we tackle the more complicated nonhomogeneous case. Here, besides v and w,
the multiplicity of solutions depends on the shape of the distributed lateral load g.

2. A Variational Derivation of the Model

In this section, we derive the physical model (1.1), following the classical variational
approach of the minimum energy principle.

Let us consider a thin cylindrical beam of natural length ¢ > 0, uniform cross
section and thickness A > 0. Assuming the beam homogeneous, with unitary mass
density and symmetric (along with all external loads) with respect to the vertical
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xy-plane, we can restrict our attention on its section lying in the plane z = 0. In the
sequel, we identify the beam with the section and we assume that its middle line at
rest occupies the interval [0, £] of the z-axis. The beam is subject to a distributed body
force

- h h

9(33,3/)7 (x7y)€[07£]x T a5 ol

2 2
in the transversal y-direction only, and to a uniform boundary tension
7(z), =« € 0[0,¢ =1{0,¢},

in the axial z-direction only. On each cross z-section, their resultants amount to

o(z) = / * @y)dy, e (0,4

and
‘)_;
T(x) = / T(z)dy = h7(x), x€{0,¢}.
h
2
Introducing the displacement vector at a generic point (z,y) of the beam
U(z,y) = W(z,y),U(z,y)),

where W is the stretching component and U is the bending component, we consider
the symmetric strain tensor of finite elasticity

€ € 1 1
e = < H 12) = Z VU + VUT] + = VLTV (2.1)
€21 €22 2 2

Assuming the beam to be isotropic, according to the Hooke law, the stress—tensor is

given by
oy o E
az( H 12>= [E—F - tr(e)l|,
091 099 1+v 1—-2v

where E > 0 is the Young modulus and v € (0,%) is the Poisson ratio.
Besides the thinness of the beam, which amounts to require h < ¢, we make the
following further assumptions:

(i) The z-component of the gradient of the stretching W(z,y) is small compared to
the other gradients.

(ii) The Kirchhoff assumption is fulfilled: any cross section remains perpendicular to
the deformed longitudinal axis of the beam during the bending.

Within this approximation scheme (cf. Ref. 12), the only nonzero component of the
stress tensor is

E v
» [511 19, (11 + 522)]

C711:1_|_
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On the other hand, the equality

14
0:022:1_’_1/[522“‘1_2”(511"'522)}

yields the relation

Ea9 = €11
v—1

and we finally obtain
E

011 =57 5
1 -2

€11-
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At this point, we assume for the components of the displacement vector i the

approximated forms

W(z,y) = w(z) —yu'(x), Ulz,y) =u(z),

where we put

w(z) =W(z,0), wu(z)=U(z,0).

(2.2)

In fact, (2.2) is rigorously justified in large deflection theory by means of an

asymptotic expansion, as explained in Refs. 3 and 4. Therefore, from (2.1),

u = w'(x) — g (@) + 3 [ (@))%,

and, in turn,

1— 12 2

oy =2 [w'm (@) + L (@)

The strain energy P within the beam is defined as

1 [l
732—// o : edydz,
2 0 _)2_1

g€ = E o-ijgij = 011€11-
1,j

having set

Hence, after an integration in y, we get

Eh Eh3

P= 2007 /Oé (% [/ ()] + w'(:c)) 2dx +m /OZ [u" (z)]*da.

To compute the total energy, we need to consider the work done by the forces applied

to the beam, given by

h
2
_h

2

¢
Wz/o/% g(z,y) U(x,y)dydm+/ [7(6) W(¢,y) — 7(0) W(0,)]dy,
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which, exploiting (2.2) and integrating in y, reduces to

¢
W= /0 g(z)u(z)dz + T(£)w(f) — 7(0)w(0).

In order to force the last two terms on the right-hand side to vanish, we might assume
either homogeneous boundary conditions for w or the vanishing of the axial tension 7.
Unfortunately, none of the two possibilities can be considered here. Indeed, an
accurate analysis of the buckling problem requires the assumption that one end of the
beam is fixed and the other moves as a thrust bearing on the z-axis under the action
of an axial load, the so-called Fuler critical load. In essence, either the external
tension in the z-direction or the axial displacements of both ends of the beam must be
given and nonzero. Since we are interested in equilibrium rather than dynamics, we
are allowed to consider the latter occurrence. In particular, one end is assumed to be
nailed in its reference configuration at = = 0, the other to displace in a position
x =/ + C. Of course, it is understood that C represents the displacement ideally
produced by (and proportional to) the external tension in the z-direction. In other
words, we take into account the possible elongation of the beam by setting

w(0) =0, w(t)=C. (2.3)

From the physical viewpoint, when C' > 0 the beam behaves as it were compressed,
whereas for C' < 0 as it were subject to traction. This choice leads to

¢
W= / g(z)u(z)dz + C7(¢),
0
and we are left to assign boundary conditions only for the bending component u, for
which we take the so-called hinged boundary conditions
u(0) = u(f) =u"(0) = u"(£) = 0. (2.4)

We are now in a position to derive the equation describing the motions of v and w. To
this end, we have to minimize the Lagrangian functional

L=P-W

over the class of functions satisfying (2.3) and (2.4). Hence, for any 4 and @ satisfying
the boundary conditions

(0) = a(l) = 4"(0) = 4" (£) = w(0) = Ww(¢) = 0,
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where we set

a(u, w; @) = /0 e {u(lE}iQ)u””(x) - % Kw’(x) + % v/ (z)] 2) u’(x)} /}ﬂ(az)dx

and

b ) =~ oy [ (we) + W) e

The resulting Euler—Lagrange equations follow from the condition
‘
a(u, w; 4) + b(u, w; W) — / g(x)u(x)de =0, Vi,
0

Due to the arbitrariness of & and w, we end up with the system of two coupled

equations
Eh ;19!
2 (e gr) =0

En? nm Eh p L //_
na—mY 1o |\W Tl Y| =

The first equation tells that the quantity

w'(z) + 5 W' (2))?

is constant. Hence, from (2.3),
1 1/ 1 c 1 [
w'(z) +§[u’(x)]2 =7 /0 (w’(m) —1—5 [u'(x)P)dx S 7+2_€ i [u'(z)]?dz.
Substituting this expression into the second equation of the system, we are led to

Eh? m Eh C 1 ¢ , ) .
12(1—y2)u 1.2 €+2£/0 [u'(z)]?dz |u" = g.

Defining the dimensionless quantities

2C B h? % _%(1—1/2) N
=602 g*(x )—Thg(fﬂc ),

1
x*:%, u*(m*)zzu(&c*), y=—, w

we obtain the final form of the equation of motion for the bending component, which

reads (deleting the *)
1
wu — (’y—i—/ [u’(a:)]zdx)u” =g
0
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Accordingly, the boundary conditions (2.4) become

u(0) = u(1l) =u"(0) =u"(1) = 0.

3. An Abstract Problem

We now analyze an abstract problem, of which (1.1) is just a particular instance.
Let (H,(-,-),]| - ||) be a separable real Hilbert space, and let A be a strictly positive
self-adjoint linear operator on H with domain D(A). For r € R, we define the Hilbert
spaces
H" =D(A%), |ull, = [[Afull.
Let M € C([0,00)), with M (0) = 0, be a strictly increasing (hence positive) function.
Given 8 € R and f € H™!, we consider the equation

Au+ (B+ M(|[ul))u = f. (3.1)

Definition 3.1. A vector u € H'! is a (weak) solution to (3.1) if
(Atu, A7) + (8 + M(Jull) (u,w) = (A5, Atw),
for every w € H'.

Remark 3.1. Due to the structure of the equation, if f € H and u is a solution to
(3.1), then u € H?, and so it is a solution in the strong sense.

Notation 3.1. We denote by \,, with n = {1,2, ...}, the strictly positive (possibly
finite) sequence of the distinct eigenvalues of A, and by &, the eigenspace
corresponding to A,, with (possibly infinite) orthogonal dimension dim(E,) = d,,.
For every n, let e, ;, with i € {1,...,d,}, be an orthonormal basis of £,. In particular,
the equality

Apen,i = )‘flenz
holds for every p € R. We call P, the projection of H ! onto &, . Finally, setting
M, = lim M(s) € (0, 00],

we introduce the subset of the natural numbers (depending on the given value of the
parameter [3)

S= {TL : _5_)‘71 € (OvMoo)}
Throughout this work, we will assume
S| < oo, (3.2)

namely, S has finite cardinality.
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Remark 3.2. Condition (3.2) is certainly satisfied (in fact, for every 8 € R) if A is an
elliptic operator. In which case, A, can be ordered in such a way to be strictly
increasing. Moreover, d, < oo for every n.

Our aim is to analyze the multiplicity of solutions to (3.1). In particular, we will
show that there is always at least one solution, and at most a finite number of
solutions, whenever the eigenvalues not exceeding —/ are simple.

Remark 3.3. The physical model (1.1) is recovered by setting M(s) =2, 3 =1,
H = L?0,1),

d? 1
A= -4 D(A) = H*(0,1)n H(0,1),

and taking f € H2(0,1) N H{(0,1). Then,
g= —%f” € L*0,1).

In this case, the (strong) solutions to (3.1) are weak solutions to (1.1), and the other
way around. The eigenvalues of A are all simple and equal to

A, =n’n? neN,
with corresponding eigenvectors

en(z) = V2sinnz.
Consequently,

S = {n:n’r’w < —}.

4. The Homogeneous Case

For the homogeneous case, we provide an accurate description of the solutions. To
this end, in light of (3.2), we introduce the (finite) number

ny = |S|. (4.1)
Then, we have

Theorem 4.1. Let f = 0. If there exists an eigenvalue A\, which is not simple and
n €S, then (3.1) has infinitely many solutions. Otherwise, it has exactly 2n, + 1
solutions: the trivial one and

+ +
Uy = Cn en,la
for everyn € S, where

Cj: _ :t Mﬁl(iﬁ B /\n)
" )\’ﬂ .
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Proof. If n € S and d,, > 1, then any u € &, satisfying
[ullf =M~ (=6—=X,)
is a solution to (3.1). Clearly, there are infinitely many such u, given by

u= Zuiezﬁ,m u; € R,
with
2 1 -1
dui=- M (=B,

Assume then that A, is simple whenever n € S. Obviously, © = 0 is a solution. Let
us look for a nontrivial solution u. Setting

=B+ M(ul?), (4.2)

such a solution solves the equation

Au+ pu = 0.
Hence,
B==A
and
u = C’eml7
for some C' # 0. In particular,
[ull] = C*A,.

The value C'is determined by (4.2), which yields the relation
M(C?\,) = —0—\,.

Therefore, we have nontrivial solutions if and only if n € S. Namely, there are exactly
2n, nontrivial solutions, explicitly computed. O

Remark 4.1. The nontrivial solutions to the homogeneous version of problem (1.1)
are given by (cf. Refs. 6 and 11)

2
ui(z) =+ _nQ_Zr2 — 2w sin nmx.

From the physical viewpoint, this means that when the beam compression exceeds

the first eigenvalue of the operator —-4%. then nontrivial symmetric solutions pop up

da2>
(the buckling states).
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5. The Nonhomogeneous Case

In the nonhomogeneous case, the picture is much more complicated, and the shape of
fplays a crucial role. Let us set

1, 4l
fn,i = <A 2f7Azen,i>'
The fact that f € H~! translates into the summability of the series

S s

Besides, f,,; # 0 for some n and some 4, otherwise f = 0. For every k € {1,2,...}, we
define

)‘nfgi
Q = R L
i n;ézkl ()‘n - )\k‘)Q

Along with n, given by (4.1), we also need to introduce the numbers

ke ={k:=B— A € (0, M), M(Qr) < —B8— A, P f = 0},

k'(v)( = |{k : _ﬁ - )‘k € (07M00)7M(Qk> = _ﬁ - )‘kvpkf = O}l
Observe that

ky + k9 < ny.
Denoting by
Ml _ M/
M"(s) = liminf (s+0) ()

o—0 g

the lower second derivative of M, the main result reads as follows.
Theorem 5.1. Let f # 0. In addition to the general assumptions on M, suppose that

o cither M is a convex function; or
e M e CYR™") fulfills the relation

2sM"(s) +3M'(s) € (0,00], Vs>0. (5.1)
Then, Eq. (3.1) has infinitely many solutions if and only if the conditions

(1) dk >1
(i) Bof = 0
(iii) M(Qx) <=0 = A

simultaneously hold for some k. Otherwise, there are m, solutions, with
1<m, <2n, +2k, + k% +1.

Therefore, if there is an eigenvalue exceeding —/f, whose multiplicity is greater
than one, then infinite solutions may appear, unless the projection of the external
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load fon the relative eigenspace is not zero. In which case, the degrees of freedom are
somehow frozen.

Remark 5.1. The most interesting case M(s) =s is covered by the theorem.
Moreover, (5.1) is satisfied by a large class of strictly increasing concave functions,
such as M(s) = s” (0 <9 < 1) and M(s) = log(1 + s). Another example is

| _
M(s) =e vsie —e Ve,

sk

which fulfills (5.1) for all ¢ > 0, is concave for ¢ > § and has finite limit as s — oco.

Before proceeding, we state a straightforward corollary, which also subsumes the
analogous result for the homogeneous case.

Corollary 5.1. If 3 > —inf, \,, then (3.1) has only one solution.

The proof of Theorem 5.1 requires a couple of preliminary results. The first one is
more like a simple remark.

Lemma 5.1. Let I C R be an open interval, and let A € C*(I). If
A"(s) € (0,00], Vsel\J,
where J C I is a discrete set, then A is strictly convex on I.

Lemma 5.2. Assume (5.1). Let a, > 0 and b, € R be two sequences such that

> ab, =0 €R, 1=234,
n

with o3 # 0 (which implies 0o > 0 and o4 > 0). Then,
205 M"(05) + 30,M(0) > 0.

Proof. By (5.1),

2 " 39% /
205 M"(00) > _9—2M (02)-

Hence,

3
203 M"(05) + 304M'(02) > ZM/(QQ)(@QAL — 03).

It is a standard matter to check that

2
o= (Saat) (st ) > (Tat) -at

Since M’(py) > 0, the conclusion follows. O

Proof. (of Theorem 5.1) As in the previous case, we set

=B+ M(ul?), (5:2)
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which, since u = 0 is not a solution anymore, yields the constraint
Writing

u = § Up,iCnis
n,i
with u,; = <u, em->, we have

el T =" Al
n,i

Thus, (5.2) turns into

Nt

= 5+M(Z Anui7i>. (5.4)

Projecting (3.1) on the orthonormal basis, we obtain, for every n, 1,

)‘nun,i + /”’un,z‘ = fn,i' (55)
The solution u is known once we determined all the coefficients u, ; appearing
in (5.5).
We begin to look for solutions u for which
2 7é _)‘nu Vn.

In that case, once p is fixed, the coefficients u,, ; are uniquely determined by (5.5) as

U, ; = Jni (5.6)
An + 1
Setting
PP R
and

A(p) = 8 — p+ M(®(w)),

substituting (5.6) into (5.4), and recalling (5.3), we realize at once that the admissible
values of u are the solutions to the equation

A(p) =0 with pe€ D= (8,8+ M)\{-A.}.

The set D is the union (empty if n, = 0) of n, bounded open interval and of the open
interval

IO = (OZ,B-F Moo)a
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where

nes

inf — )\, if ny >0,
o =
1] if n, =0.

For every p € D, we have

_ 722 >‘nfn1

and
)\ILfVLZ
)=6
Z )\ +M

Thus, @ is strictly convex on each bounded connected component of D. We claim that
the same is true for A as well. Indeed, if M is convex, this is immediate: M o ® is the
composition of a strictly increasing convex function with a strictly convex function.
Conversely, if M fulfills (5.1), for every u € D such that ®'(u) # 0 we have

A"(p) = M(D)" (1) = M" (D (1) (@' (1))? + M'(D(1)) " (1),

where the right-hand side can be possibly infinite. By applying Lemma 5.2 with
1

an:)\nzi:fi,i and bn:m’

we learn that

A" () € (0, 00].

Since the equation ®’(x) = 0 has at most one solution on each bounded connected
component of D, Lemma 5.1 yields the claim. Accordingly, A(x) =0 can have at
most two solutions on each bounded connected component of D. In the unbounded
interval I, the function A is strictly decreasing. Moreover, setting M (®(M,,)) = 0 if
M, = oo,

lim  A(p) =M, + M(®P(M,)) <0,

p—=(B+Me) ~
and
M, if n, >0,
lim A(p) =
p—act M(®(5)) if n, =0.

Noting that, if n, =0,
M(®(8)) = lim M(&(s)) > 0,

u-’ﬁ*
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we conclude that there is exactly one solution in I;. In summary, equation A(p) =0
has at least one solution and at most 2n, + 1 solutions in D. In turn, (3.1) possesses
the same number of solutions with the property that p # —\,. Indeed, for every
1 € D such that A(u) =0, the vector u with Fourier coefficients given by (5.6)
belongs to H!. This is guaranteed by the convergence of the series

Mofri
(A + )%’

N0
since p cannot be a cluster point for —\,,.
Next, we look for solutions u such that

H= _)‘ka

for some given k. We preliminarily observe that, due to (5.3), if =3 — X\, & (0, M),
no such solutions exist. In the other case, for n # k, the values u,, ; are fixed by (5.6)
with o = —\,. We are left to determine the values uy;. But (5.4) now reads

M(Ak > ubit Qk> =B\

Therefore, we have no solutions whenever
M(Qp) > =B — N

Assume then that M(Q;) < -0 — A;. From (5.5), we have no solutions unless
fr; = 0 for all 4, that is, unless P, f = 0. In which case, we have one solution if
M(Qy) = =B — A; (namely, u;; = 0 for all i). If M(Qy) < —8 — A, we have two
solutions provided that d; = 1, corresponding to

Uy = i\/M_l(—ﬁ/\—k)\k) _Qk7

and infinitely many solutions if d; > 1. O

References

1. A. Arosio, A geometrical nonlinear correction to the Timoshenko beam equation, Non-
linear Anal. 47 (2001) 729—740.

2. J. M. Ball, Stability theory of an extensible beam, J. Diff. Egns. 14 (1973) 399—418.

3. P. G. Ciarlet, A justification of the von Karman equations, Arch. Rational Mech. Anal. 73
(1980) 349—389.

4. P. G. Ciarlet and L. Gratie, From the classical to the generalized von Karmén and
Marguerre—von Karman equations, J. Comput. Appl. Math. 190 (2006) 470—486.

5. R. W. Dickey, Free vibrations and dynamic buckling of the extensible beam, J. Math.
Anal. Appl. 29 (1970) 443—454.

6. R.W. Dickey, Dynamic stability of equilibrium states of the extensible beam, Proc. Amer.
Math. Soc. 41 (1973) 94—102.

7. A. Eden and A. J. Milani, Exponential attractors for extensible beam equations, Non-
linearity 6 (1993) 457—479.



58

10.
11.

12.

13.

14.

15.

16.

M. Coti Zelati, C. Giorgi € V. Pata

W. Fang and J. A. Wickert, Postbuckling of micromachined beams, J. Micromach.
Microeng. 4 (1994) 116—122.

C. Giorgi, V. Pata and E. Vuk, On the extensible viscoelastic beam, Nonlinearity 21
(2008) 713—733.

J. K. Hale, Asymptotic Behavior of Dissipative Systems (Amer. Math. Soc., 1988).

M. Hirschhorn Sapir and E. L. Reiss, Dynamic buckling of a nonlinear Timoshenko beam,
SIAM J. Appl. Math. 37 (1979) 290—301.

J. E. Lagnese and J. L. Lions, Modelling Analysis and Control of Thin Plates (Masson,
1988).

E. Mettler, Dynamic buckling, in Handbook of Engineering Mechanics, ed. W. Fliigge
(McGraw-Hill, 1962).

A. H. Nayfeh and P. F. Pai, Linear and Nonlinear Structural Mechanics (Wiley-
Interscience, 2004).

E. L. Reiss and B. J. Matkowsky, Nonlinear dynamic buckling of a compressed elastic
column, Quart. Appl. Math. 29 (1971) 245—260.

S. Woinowsky-Krieger, The effect of axial force on the vibration of hinged bars, J. Appl.
Mech. 17 (1950) 35—36.



	STEADY STATES OF THE HINGED EXTENSIBLE BEAM WITH EXTERNAL LOAD
	1. Introduction
	2. A Variational Derivation of the Model
	3. An Abstract Problem
	4. The Homogeneous Case
	5. The Nonhomogeneous Case
	References


