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Abstract Starting from a classical thermodynamic
approach, we derive rate-type equations to describe the
behavior of heat flow in deformable media. Constitu-
tive equations are defined in the material (Lagrangian)
description where the standard time derivative satisfies
the principle of objectivity. The statement of the
Second Law is formulated in the classical form and the
thermodynamic restrictions are then developed fol-
lowing a variant of the Coleman-Noll procedure where
the entropy production too is given by a non-negative
constitutive equation. Both the free energy and the
entropy production are assumed to depend on a
common set of independent variables involving, in
addition to temperature, both temperature gradient and
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heat-flux vector together with their time derivatives.
This approach results in rate-type constitutive function
for the heat flux that are intrinsically consistent with the
Second Law and easily amenable to analysis. In
addition to providing already known models (e.g.,
Maxwell-Cattaneo-Vernotte’s and Jeffreys-like heat
conductors), this scheme allows the formulation of new
models of heat transport that are likely to apply also in
nanosystems. This is consistent with the fact that
higher-order time derivatives of the heat flux are in
order when high-rate regimes occur.

Keywords Heat conduction - Rate-type equations -
Thermodynamics - Higher-order temperature
equations

Mathematics Subject Classification 80A17 -
80A05 - 74A15 - 7T4A20 - 35Q79

1 Introduction

A huge class of heat conduction models beyond Fourier
have been recently developed to account for relaxational
and nonlocal effects, fast phenomena or wave propaga-
tion, such as being typical for biological systems,
nanomaterials or nanosystems. Non-Fourier models
mainly differ for their various thermodynamic back-
grounds (thermodynamics of irreversible processes,
extended irreversible thermodynamics, etc., see for
instance [1-3]). In connection with wave propagation
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properties many models of heat conduction are pre-
sented and discussed in [4]. Properties concerning their
possible practical applications in light of experiments
are debated in a recent review [5]. Despite the various
approaches and procedures developed in the literature
(see, e.g., [6-9] and references therein), the topic
deserves further attention. A challenging question is
their possible compatibility with the Second Law. This
article aims to discuss their deduction in the context of
classical Continuum Thermodynamics and possible
compatibility with the Second Law stated therein. The
question is of applicative interest, as constitutive
equations must not only be consistent with the exper-
imental data but must also be in agreement with the
fundamental laws of thermodynamics.

According to [10], we develop a new approach to
heat conduction theories that is inherently thermody-
namic, as it originates directly from the Clausius-
Duhem inequality. The specific production of entropy 7
enters as a non-negative constitutive function with the
requirement that the second law be automatically
satisfied. The set of independent variables involve
only macroscopically observable fields and their space
and time derivatives; differential equations character-
izing the material are used as constitutive equations
with the heat flux q usually being one of the variables.
Although other approaches treat both the heat flux and
the temperature gradient as independent variables (see,
e.g., [11, 12] and references therein) our scheme has
several advantages: the rigidity assumption is not
necessary, a material description is adopted in order to
avoid the problem of the objectivity of time derivatives
[13] and consistency with thermodynamics is much
easier to prove than in theories where heat conduction
involves histories [14] or summed histories [15].

The analysis of thermodynamic consistency is
based on the Clausius-Duhem inequality as in the
Coleman-Noll procedure [16] though with some
conceptual variants. First, possible rates such as time
derivatives of q are assumed to be given by constitu-
tive equations as it happens for materials with internal
variables [17-19]. Accordingly, the time derivatives
are not allowed to be free but merely related through a
constitutive equation in the form of a differential
equation. Secondly, the entropy production is viewed
as given by a constitutive function as was suggested in
[20] and developed e.g. in [21-23]. This allows a
wider set of admissible thermodynamic processes. The
flexibility of this approach is emphasized by the non-
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uniqueness of the pair of free energy and entropy
production associated with rate-type models.

In addition to providing already known models
(e.g., Maxwell-Cattaneo-Vernotte’s and Jeffreys-like
heat conductors), this strategy, initially proposed in
[10], allows us to build new and more complex non-
Fourier models of heat transport that have applications
in describing the thermal behavior of materials where
many different relaxation times occur. In particular in
Sect. 4 a class of rate-type linear constitutive equations
of the second order for the heat flux is discussed in
detail. The thermodynamic consistency of the model
(originally presented in [24] and here referred to as
Linear Second Order model) is proved here for the first
time. In addition, some features of the corresponding
temperature equation are highlighted.

As a comment on the physical motivation of higher-
order rate-type equations we observe that often they arise
from the superposition of different elementary models of
heat conduction, as are those by Fourier and Maxwell-
Cattaneo-Vernotte. In addition, the interest in constitutive
equations of higher-order rate-type is due to the feature
that, while Fourier theory fails to describe phenomena in
which temperature oscillates at high frequencies, for such
regimes higher-order time derivatives of the heat flux and
temperature gradient become important [25].

2 Balance laws and the thermodynamic principles

We consider a body occupying a three-dimensional
time-dependent region . We let R be a chosen
reference configuration, X the vector position in R of a
material point and (X, 7) its motion where r € R is the
time. Formally, Q = y(R,t). The velocity v is given
by the time derivative 0,x(X,#). A superposed dot
denotes the material time derivative, V is the gradient
operator and then, for any f(x,f), we have
f=0f+v-Vf. Instead, V, is the gradient in the
reference configuration.

Let F be the deformation gradient, F(X,7) =
Vi x(X, ) (in suffix notation Fi, = Oy, y,), satisfying
the constraint J := detF > 0, while L := Vv is the
velocity gradient, L; = 6Xivi, which is related to F as
follows

L=FF"' (1)

Also, sym denotes the symmetric part of a tensor.
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Further, Sym denotes the set of symmetric second-
order tensors and 1 is the identity (or unit) tensor. For
any A € Sym, A >0 or A>0 indicate that A is
positive definite or positive semi-definite, while Sym™
denotes the set of symmetric positive-definite tensors.

Let ¢ be the internal energy density (per unit mass),
T the Cauchy stress, q the heat-flux vector, p the mass
density, r the (external) heat supply and b the
mechanical body force per unit mass. The conserva-
tion of mass is expressed in local form by the
continuity equation

p+pV-v=0. (2)

The local form of the linear momentum and internal
energy balance equations can be written as

pv =V T+ pb, (3)

pié=T-D—-V . -q+pr, (4)

where D = symL is the stretching. Let 1 be the

specific entropy function, h the entropy-flux vector
and s the specific supply of entropy. All processes
which are compatible with Egs. (2)-(4) must satisfy the
following entropy balance equation,

p1+V-h=ps.

The classical local form, usually named after Clausius-
Duhem, is obtained by letting

q r
h = 67 § = 6 +7,
where 6 denotes the (positive) absolute temperature
and the quantity 7y is referred to as specific entropy
production [16, 26, 27];

pﬁ+V-(%)*%:pv- (5)

In continuum thermodynamics the local form of the
Second Law is established by assuming

7(x,1) 0. (6)

along any process compatible with all balance equa-
tions. Furthermore, henceforth we assume that the
entropy production vy is given as a constitutive function
of the common set of physical variables, as are the
internal energy and entropy. Conceptually our contri-
bution follows the same scheme proposed in [28], but

imposing the fundamental prescription (6) on all
admissible processes (see also [29, § 2.6]).

Upon substitution of V - q — pr from the energy
Eq. (4) into (5) and multiplication by 6 we obtain the
basic thermodynamic relation

. . 1
*p(lﬁ+n9)+T~D*5q~V0:p0v, (7)

where y = ¢ — 05 denotes the specific Helmholtz free
energy. Due to (6), Eq. (7) becomes an inequality that
must be satisfied along whatever process (see also [16,
eqn.(4.5)]). Finally, multiplying (7) by J and using the
identity p, = Jp, we obtain the basic thermodynamic
inequality in the material description

o 1
_pk(lp+n0) + The -E_éqk Vi = pkeyz()?

(8)
where V, := F'V and

Ty :=JF 'TF 7, q, :=JF q.

3 A new approach to rate-type constitutive
equations

The procedure for the exploitation of the second law is
based on the following three elements;

— the set E; of admissible variables,
— the free energy density function y = y(E;),
— the entropy production function y = y(ZE;).

The strategy can be illustrated first in the case of
elastic materials with heat conduction and viscosity.
We consider the set of admissible variables,

E; = (0,E,V, 0,E)

and assume that both iy and v are (sufficiently smooth)

functions of these variables. Upon evaluation of lﬁ and
substitution in (8) we obtain

pk(a()lp + '7)9 + (pRaElﬁ - TRR) : E + pRaVROw : VRé

.. 1
+ Y - E+od, Vil = —py.

Neither Y nor y depend on 9, Vi 9, E, and therefore the
linearity and arbitrariness of these variables imply
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lﬁ = ‘//(HvE)a n= _69‘//- (9)

As a consequence, X, = (,E) can be viewed as the
set of state variables. If y is independent of E, that is, if
the material is not viscous, then the linearity and
arbitrariness of E also implies

T = PRaEl//- (10)

Otherwise, the Clausius-Duhem relation for materials
with heat conduction and viscosity reads

|
(PRaElP - TRR) -E + éqk . VR 0= —pRO“/.

Now, we have to specify the functions (6, E) and
7(0,E, V, 0, E) to satisfy this equation and the funda-
mental requirement y > 0. For any choice of s, the
simple quadratic function

7y =T1(0,E)E-E +T2(0,E)V, 0V, 0,

where I'y, I'; are positive semi-definite tensor-valued
functions, satisfies y > 0 and implies

. . 1
(0,06 + T E—Te) -E+ (Eqﬁrzvke) V,0=0.

This equation holds identically if
Ty = PRaEl// + F]E, q; = _HFZVR 65

which represent constitutive equations for a Kelvin-
Voigt viscoelastic material with Fourier heat conduc-
tion. The choice of (6, E) uniquely determines the
elastic component of the stress.

To describe this new approach in the case of
materials of the rate type, we expand the basic set of
Euclidean invariant variables by adding some quan-
tities that are usually considered as constitutive
functions; mainly, q, and its time derivatives. First,
we let

ER = (07E7qR7VR 07E) (11)

be the set of admissible variables and assume that y, 7,
y are scalar-valued functions of Z;. In view of the
introduction of rate-type constitutive equations, we
look for a scheme where q, and V, 0 are regarded as
mutually dependent variables.

3.1 Rate-type models of heat conduction

By mimicking the procedure adopted in [10], we
assume that ¥ is continuously differentiable and # is
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continuous with respect to their arguments (11). Upon
evaluation of ¥ and substitution in (8) we obtain

@ + )0+ (pBY — Tux) - E + pdq ¥ - 4,

+ pRaVR 9‘// Ve 0+ pRaElp ‘E+ EqR Vel = _pkgy'

The linearity and arbitrariness of 9, E, Vi 9, imply that

= W(H»E»qk)7 n=—0py. (12)

The functional dependence of i suggests that we
define the set of state variables as

Xy = (07 E, qR)'
Accordingly, the thermodynamic inequality reduces to

(0,06 = Tus) - B+ pfy -y + - Vi = —p, 07 <0.
(13)

Since ¥ is independent of q,, V, 0, then letting q, =
Vi 0 = 0 we can write (13) in the form

(pRaElp - TRR) ' E = _pRHVET S 07 (14)

where y*" is the entropy production density y when
q, = V. 0 = 0. Likewise,

PrOqe¥V - G + 4 - Vi (In0) = —p, 077 <0, (15)

where 77 is the entropy production density when
E=0. Furthermore, we let

P ="+

The entropy productions y*" and y7, as well as 7, are
nonnegative constitutive functions to be determined
according to the constitutive model.

To establish rate-type models of heat conduction
we limit our attention to (15). A given rate-type model
of heat conduction involving a set of variables Z; is
said to be conmsistent with thermodynamics if there
exists at least a pair of functions Y/(Z;),77(Z) that
satisfy the inequality (15). For instance, the Maxwell-

Cattaneo-Vernotte (MCV) model (see [30, 31])
1q, + q, = —kV; 0, K € Sym, (16)

is proved to be consistent with thermodynamics by
letting (see [10, § 4.2])
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T _ , 1 _
pkw:prO(O)J’_Z_HqR.K lqm pRVIZFqR'K lqm

where k¥ must be positive-definite in order to have
y? > 0. The sign of 7 is not prescribed by thermody-
namic arguments. However, the common assumption
7 > 0 implies that y has a minimum at q, = 0; 7 is
called relaxation time and the Fourier law is recovered
ast— 0.

3.2 First order rate-type models

Following the scheme devised in [10], hereafter we
neglect all variables involving stress and strain, but we
expand the previously considered set of admissible
variables by adding first-order time derivatives of q,
and V, 0. Hence we let

ER = (07 E7 E7 qR7 qm vR 07 vR 0)

Moreover, let i/, , y be dependent on ;. Assuming s

continuously differentiable, evaluation of xp and
substitution in (8) we obtain

pe@ot +m)0 + (e — Ter) - E + p, 0y - E
+ pRaqu : qR
+ pRa‘iklp : qR + pRaVR("p Vi 0 + pRaVRf}‘p : VRH

1
+5qk : vR 0= _pRBV'

The linearity and arbitrariness of 0, E and V. 0 imply
¥ =y(0,E,q 4, Vi 0),  n=—0,

so that the set of state variables turns out to be

Zp = (0,E, q4, Q, Vi 0)

By carrying out the same splitting that led to the
inequalities (14) and (15), we obtain (14) again,
whereas (15) modifies as follow
pRaqu// : qR + pRaqurb ’ qR + pRaVR Hlﬂ : VRG

+%-VR0:—pR0y§o,

where 7 stands for 7, the entropy production density

(17)

occurring when E = 0. In view of the rate-type models
considered below, for any value assigned to the state
variables in X, the derivatives ¢, and VRQ must be
regarded as mutually dependent. This in turn implies

that q, and V; 0 are implicitly dependent, just as it
happens in anholonomic systems described by a set of
parameters subject to differential constraints that
make their rates mutually dependent.

Exploiting this procedure, in [10] the thermody-
namic consistency of some rate-type heat conduction
models was demonstrated. For completeness, the
results obtained therein are summarized below. Two
classes of models are distinguished; those in which the
derivative ¢ does not appear and those in which it does
appear. In the first case the free energy 1/ depends on ¢
but not on ¢, therefore the rate-type constitutive
equation describes the evolution of the state (or
internal) variable q. In the second, however, ¥
depends on both q and ¢, so the model governs the
time evolution of this pair and then must involve ¢. As
a simple physical motivation of higher-order rate-type
equations we observe that often they arise from the
superposition of different elementary models of heat
conduction, as are those by Fourier and MCV (see,
e.g., Sects. 3.2.1 and 3.2.2).

First, we derive a simple model where the depen-
dence of  on q, is neglected.

3.2.1 Heat conductors of the Jeffreys type

The constitutive equation of a heat conductor of the
Jeffreys type is given by

qu + q; = _KVR 0— TCVR 9, K,C S Sym

(18)

The Fourier law is recovered as T — 0. The Jeffreys
type conductor can be obtained as a combination of
two different models. Let q,ﬁl), q,(ez) be heat fluxes
governed by the Fourier law and the MCV law,
respectively,

qI(gl) = 7KIVR 07 Tq(z) + q<2) = 7K2VR 97

R R

where ©>0 and k;,k, are positive-semidefinite

second-order tensors. Hence q,ﬁ” = —Kk1V; 0. 1t fol-
lows that

o(q) +d%) +a) + a4 = (k1 + k) Ve 0 — Ty V5 0,

Consequently, the flux q, = qﬁ” + q,(f) satisfies (18)

with ¥k = k| + K, and { = k;.

@ Springer
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As proved in [10, § 5.1], different choices of i and
y allow the model to be consistent with thermody-
namics. For instance, either

Pt = Pio(0) + 5510, +E% 0] - (x4 0) ' [q, + Vi O,
1

7 Vo0 - Lk +8) kY, 0.

1 _
PrV1 :Eqk : (K+C) ]qR +

or
Pr¥a = P (0) + % [, + V0] (k= &) g, + LV 0],
pata = 25 (@ +0%0) - (k= 0 (@, +0%,0)

1
-l—?VRO{VRO,

In the former case, the thermodynamic consistency,
71 >0, 1is ensured if and only if k € Sym™ and { = Bk,
£ >0. In the latter, y, >0 is ensured if and only if
k>(>0.

Below, a higher-order model of heat conduction,
where y depends on (q,, is shown to be thermody-
namically consistent.

3.2.2 Heat conductors of the Burgers type

To our knowledge, Burgers-type heat conductors were
first proposed in [10]. They are characterized by the
rate-type equation

M, + 14, + q, = —kV, 0 — 1LV, 0. (19)

By analogy with the rheological model of the Burgers
fluid, this equation can be obtained by considering the
contribution of two components, each characterized
by a conduction mechanism described by the MCV

equation (16). Let q, = q,(el) + qff) and q,(gl), q,(ez) be
heat fluxes governed by

quz(zw + qf(el) = -k V0, TZq,(;z) + q,@ = -k, Vi 0,
(20)

where 1,7, > 0 and x;, k, are positive-semidefinite
second-order tensors. Consequently

104 +1q\) = —uK V.0, 116 +14q
=—11K, V; 0.

After doing the sum and obtaining its time derivative
we obtain
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rgqg) + qu,gz) + 2q, = —vV; 9,

where T =1 + 13, A=1.T0, Vv :%(rm(z) + rzx(l)).
Notice that

oql") + 14 =14, — (114)" + 2q").

Hence substituting rlqi” and 7:2('15(2> from (20) and
letting u = k! + k), we find the differential equa-
tion (19).

The Burgers-like model with 4,7 > 0 is thermody-
namically consistent if and only if one of the following
hypotheses occurs (see [10, § 5.4])

i) x=0,{cSym";
(i) € Sym", %> k.

Due to the linearity of the model equation (19), both
and y are quadratic functions of the state variables
Ay, Axs Vi 0 (see [10, eqns. (47) and (60)]). It can also
be shown that these functions are not unique.

As to the propagation of thermal waves, we
consider a rigid unidimensional body. If the specific
heat supply r vanishes, the resulting system

pRcVO + 0xqr =0, MG, + TG, + g = —KOx0 — 7£0,0.

leads to the Joseph-Preziosi temperature equation
[32],

20+ 10+ 0=

(Kaie + rcaﬁé) . (21)

®Cv
If the addendum 0 is ignored in the r.h.s. of eq. (21),
we obtain a linear version of the well-known Moore-
Gibson-Thompson equation [33].

4 Higher-order rate-type models of heat
conduction

From now on, for simplicity, we limit ourselves to
considering rigid conductors. To describe some new
heat-conduction models of the rate-type we include
the higher-order time derivatives of the heat-flux
vector and temperature gradient in the set of admis-
sible variables, namely

Ep = (07 4z, qm qR? Vi 07 Vi 97 Vi 9)

—

Letting ¥/, n, y be dependent on E,, upon evaluation of
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lﬁ and substitution in (8), we obtain

pe@o¥ + 10 + p g ¥ - G + POV - G
+ pkaqﬁlﬁ : qR
+ PV - Vi O+ D, ¥ - Vi O+ p, - Vi O

1
+ 5% Vel = —p,0y.

Hence, the linearity and arbitrariness of 0, v, 0 imply
that

U = (0, G Qs G Vi 0.V 0), = 0o,
and the entropy inequality reduces to
PeOqu¥ - e + PiOg ¥ - G + P20V - Qe
085l - W0+ pdg - Vil + - V0 = —p,0y 0.
(22)

Let X, = (0, q,, 4, Gx, Vi 0, Vi 0) be the set of state
variables. As previously remarked, for any value
assigned to the state variables, the derivatives q, and
V. 6 must be regarded as mutually dependent. This in
turn implies that ¢, and V; 0, as well as q, and V, 0, are
implicitly dependent. However, constitutive models in
which the free energy is independent of some variables
of 2 can also be considered.

In particular, we are interested here to some special
models where the dependence of ¥/ on ¢, is neglected.
If this is the case, inequality (22) becomes

pRaqu/j ' qR + pRaqup . q.R + pRaVR 9‘// . VRQ
" 23)
+ prOg, ¥ VRGJrF-VRH: —p0y <0.

4.1 A linear second-order model (LSO)

A model of heat conductor is considered in the form
(see [24])

My + 14, + Q. = —uV 0 — vV, 0 — IV, 0. (24)

This model represents an extension of the Burgers-
type conductor to which it reduces when ¥ = 0. On the
other hand, when 1 =0 it reduces to the Jeffreys
model.

The LSO model can be obtained, by considering a
mixture of three different substances and assuming

that the resulting heat-flux vector is given by the sum

q, = qﬁl) + q,(f) + q£3). In the first component the heat

conduction follows the Fourier law, whereas the
second and third components are characterized by a
conduction mechanism described by the MCV equa-
tion (16), namely

q) = k%0, ©id +q7 = kD0,
5l +q) = —xOv, 0.

We recover (24) after some manipulations by letting

T=1Ty+ 13, A=TT3,

PR S C) B C S () (mm
(=

+ rzn<3)>, k=x.

In order to investigate the consistency of the LSO
constitutive equation (24) with inequality (23), we
restrict our attention to the isotropic case where
u=ul,v=vland ¥ = k1. Moreover, we assume

Ak #0

to exclude the Jeffreys and Burgers conductors.
Accordingly we can consider ¢, as a linear function

of 4z, qm VR 97 VR 0 and VR é, namely
1 . .
(iR = _%QR _qu _%VRH —T—/{)vke — KVRH.
(25)

Upon substitution for q, from (25) into (23), we have

Px (@qklﬁ - %@W) "G, — pR%@quP g,
(- )
+pu(050b S 04,9) Gl
+ e (05,0 = K04, 0) - Vel = —p 07 0.
Since  is independent of V; 0, assuming that y is also

independent, the linearity and arbitrariness of VR@}
imply

Og, g% = K0g, ¥ (26)

Otherwise, we can assume the constraint (26) and in
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turn obtain that vy is independent of V, 0. Anyway, (23)
reduces to

(Ot~ S04,0) -4 Py 0 -,
+(%—%W%JO'WH+P&&M¢ (27)

TV .
7aqup) V0= —p,0y<0.

As suggested by the linearity of the model, the free
energy Y is assumed to have the following quadratic
expression,

Pt = ptpo(0) + IqRI +2 \V U

IqRI +2
Ol4 ") .

+?|VR 0‘ +ﬁlqR - i

+ B2, Vi 0+ B3t - Vi 0+ Buq, - Vi 0

+ Bsd - Vi 0+ BV 0 -V, 0,

whence

PrOq ¥ = 01, + P10, + B2 Vi 0+ B4 Vi 0,
P04,V = Bia, + 026, + B3 Vi 0 + B5Vi 0,
POV 0¥ = Py + Byl + %3 Vi 0 + B Vi 0,
PRaVRg‘W = f4q, + P54, + P Vi 0 + 04V, 0.
Upon substitution into (26) we obtain

By = 1Py, Be = xPs,

ﬁS = Ko,

Likewise, from (27) and (29) it follows
A + Anlqy® + Ass| Vi 0 + Ay Vi 0
+ 2A12(]R . qR + 2A13qk . VR 0
+ 24144, - Vi 0+ 24534, - Vi 0 + 24244, - V, 0

42434V, 0 -V, 0 = p,0y >0,
(30)

where

@ Springer

-2
An—& s 7 ﬁl

VKL
A337% Ap= 7 =2 kP

A _a2+fﬁl—/bfxl A _ﬁ1ﬂ0+ﬁ36—;b
12— 2}] s 4113 — 2}[0 )
A _ Byvrtroy—2if,
14— 2/»{ )
A pon+thi =B, Agi— t(Kk+v)on — A(kfy + )
B 27 w= 27 ’
Ko +vifiy — Aos
Ayy=——"—""-"7"——.
24

So overall matrix A is characterized by 6 unknowns,
o, B i=1,2,3, 5 real material parameters,
A, 7, 1, v, i and 6. To ensure thermodynamic consis-
tency, we look for the conditions on these material
parameters so that the symmetric 4-by-4 matrix A is
positive semidefinite, i.e. all principal minors of A are
nonnegative (see, for instance [34, § 7.6]). Naturally,
there may be different values of the unknowns that are
compatible with these conditions. This is related to the
fact that there can exist different free energy functions
that are consistent with thermodynamics.

The discussion of the thermodynamic consistency
of the model is too cumbersome to be included in the
body of the paper. We therefore postpone it to the
Appendix.

4.2 LSO temperature equation

Let us look briefly at properties of the solutions of the
temperature equation corresponding to the LSO
model. For simplicity, let us consider a rigid body.
Without an external energy supply, the energy balance
gives

Pl = =V, - q,. (31)

After combining this equation with (24) and assuming
the body to be isotropic, we get

PrCy (AH + 10+ 0) = uV20 + V20 + Ik V20
(32)

Letting 0(x,t) = T(¢)Y(X), we obtain
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0

72

(\’4}\‘)2

y—K
2

K20y + 2KT

T(v—K)op
A

Kﬂ] +
kB

Akoy+t(v—rk)f;
2

2B, >0

Table 1 continued
u

9
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v.ﬂl‘i"[z

Kzf}f]

£0

€,

Ko(q

<0

10

11

%)

22

(\'—K)z

ﬂl + ‘E2
2 (=)

y—K
A

K20y + 2KT

£0

2 (1f) )
7

ot 4

A

2 _ 2 B +u o

%

T(v—K)o
A

Jo +1(v—k)p
Ak r/(\ k), Kﬁ] +

By >0

0

Bi+r

/12

V=K

s

2Kt

£0

‘c(v—vtc)ocz

A

Kp, +
kB
kB
i
i

The values of the other coefficients are as follows: f, = kf}},

<0

12

=)y

s

=B

V—K
s

K20y + 2T

4

el?

<0

13
14

ko +t(v—rk)f;
2

6

2Kt

<0

By

A

V=K

2KT

=0

+(p))*
72

482
T o =+ by

7208
A

oc%—Z

w(v—=k)p,

<0

15

B

2Kt

w(v—k)p,

<0

16

oy = KPs

ﬁﬁ = K[))37

ﬁS = K02,

PrCy (AT + 1T + T) Y = (uT + T + i;cf) VY
(33)

Equation (33) can be separated: the spatial variable Y
solves the Helmholtz equation

VY = —AY

where A is a constant. Once the domain and boundary
conditions have been fixed, the Helmholtz equation
possesses non-trivial solutions only if A assumes
specific values (the eigenvalues). It is well-known that
under the most common boundary conditions the
differential operator —V2 is strictly positive selfad-
joint with discrete spectrum. Hence, its eigenvalues
are non-negative, countably infinite and not bounded
by any constant value. So, let us denote their set with
{As},cn> ordered in an ascending sequence, i.e.
A, <A,11. Equation (33) for 7(¢) then reads

AT + (14 Ad)T + (1 + Aytv)T + A,uT = 0,
(34)

where we set A, := A,/p,c,. If T(t) x e, then wis a
root of the cubic equation

w4+ (t+ /in/hc)wz + (14 /in‘cv)w + /i,lu =0.
(35)

To avoid solutions diverging at infinity, we consider
only decaying or oscillating solutions to equation (34).
Therefore, we look for necessary and sufficient
conditions under which all roots of (35) have negative
real parts. According to the Routh-Hurwitz criterion,
all the coefficients must have the same sign and the
product of the coefficients of w and w? minus the
product of the coefficients of w® and w® must be
positive. For simplicity, we assume the positivity of 1
and 7, a condition that could be deduced from the
physical assumptions we made to build the model. The
application of the Routh-Hurwitz criterion to (35)
yields

2,t>0, T4+ Ak >0, 1+ A,7v>0, u>0,
(1 + Api) (1 + Aptv) — Ayt > 0,
(36)

for any n € N. By exploiting the unboundedness of

A, the second and third inequalities give x >0 and
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v > 0, respectively. So all material parameters must be
non negative; in particular

AT, 1 >0, K,v>0.

The last inequality is quadratic with respect to A, and
reads

AetvA? + (22v 4 Ak — p))A, + 7> 0. (37)

If 1c, v > 0, then the coefficient of /ii is positive. Since
all the values of A, are non negative, the previous
relation is satisfied either if all the coefficients of the
corresponding quadratic equation are positive (in this
case any real roots are negative), or if the discriminant
of the corresponding quadratic equation is negative (in
this case (37) is satisfied for any real value of ﬂn). In
the first case ©2v + A(x — p) > 0 is required, i.e.

2

p<k 4+ (38)
A

In the second case we let

(22 + A(k — p))*—472vix <0, which implies
1 2 2
,uei(<\/R—\/rzv) ,(\/R—F\/rzv) ) (39)

From the combination of (38) and (39) follows that
(37) is satisfied when

(\/RJM/W)

2

< ; (40)
If « =0,v > 0, then
(%v — M)Ay +17>0 (41)
and the unboundedness of A, yields t2v > Apu.

If « > 0,v =0, then
Ak — A, +1>0. (42)

and the unboundedness of /i,, yields x > p.

Let us consider now the limit case = 0. If u =0,
we see that one of the roots of (35) is zero, the other
two being given by the equation

W+ (2 + Agic)w + (1 + Ayzv) =0, (43)

The roots of (43) must be negative, meaning that all
the coefficients in (43) must have the same sign. This
implies

>0, (14 Axk) >0, (14 A,v) > 0. (44)

As we have seen, the conditions on the coefficient of w
and on the coefficient of w® imply x > 0 and v > 0. So
we have that all the parameters A, 7, k, v must be
positive and u = 0.

Finally, we notice that a special behavior occurs
when (37) holds as an equality for some 77 € N, i.e.

/lm\//{,zl- + (v + Ak —p)As+1=0, (45)

and inequalities (36) still hold. In this case, equation
(35) has a negative real solution and a couple of purely
imaginary solutions,

Ail Agtv + 1
w1:—++f, wi:ﬁ:iw:ii\/%.

(40)

To fix ideas, we consider a rigid body in an environ-
ment with a given constant temperature 0y. Then
solutions of the Cauchy problem (32) can be written
as:

o) 3 )
0(x,1) = 0p+ > > che,(X), (47)
n=1 i=1

where the constants ¢! are fixed by the initial
conditions. Notice that the boundary conditions
Y,(X)|;o=0, where 0Q are the boundaries of the
body, fix the values of the eigenvalues A,,. In the limit
t — oo only the terms proportional to "' survive and
we get

rllglo 0(x,1) = 0y + (otzsin(wt) + f;cos(wr))Ya(X)
(48)

for two suitable constants a;; and f5,;. Notice that the
condition (45) is very peculiar, since it is equivalent to
say that it exists a value of Ay such that g can be
expressed as

. (\/E—;\/‘EZ_V)Z N (/in\/?ﬁ_ \/‘E>2 ' (49)
at
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5 Conclusion

This paper is devoted mainly to models of heat
transport and is developed by following a variant of
the Coleman-Noll procedure. The approach is based
on the selection of three properties: the set of
variables, the free energy, and the entropy production.
Indeed, the entropy production is given by a non-
negative constitutive function. Rate-type models of
heat conduction (Jeffreys and Burgers type) are shown
to be connected to free energy and entropy production
though this connection is possibly non-unique. Fur-
ther, higher-order rate equations prove to arise as a
combination of more elementary models (Fourier,
MCV).

Next we have examined the thermodynamic and
dynamic consistency of the LSO model. i.e. under
which conditions the LSO model has a nonnegative
entropy production (see Appendix A) and the evolu-
tion of the temperature equation is described by
bounded functions eventually approaching the equi-
librium steady state (see Sect. 4.2).

Now we ask for which values of material param-
eters the simultaneous validity of the two requirements
holds. First, let us consider the case p > 0. By
comparing the items in Table 1 with the results given
in Sect. 4.2, we see that items 10 and 12-16 can be
excluded, since in all these cases 4 <0, contrary to the
hypotheses (36). Also, items 4—7 must be excluded if,
according to (36), i > 0. Moreover, it is worth noting
that items 9 and 11 are very specific: the possible
values of the parameter u are described by the
intersection of three different intervals and this
intersection must satisfy also (40): if the intersection
of the three intervals is empty and/or the condition (40)
is not satisfied the model would be inconsistent.
Finally, we observe that items 1-3 and 8 are instead all
consistent with (36) and (40); hence we conclude that
these choices of the material parameters are consistent
both from a thermodynamic and dynamic point of
view.

Particular attention should be paid to the case
w=0. This is compatible only with items 4-7 in
Table 1. However, items 6 and 7 must be excluded
since 4 <0, contrary to the hypotheses (44). On the
contrary, the remaining cases 4 and 5 agree with
condition (44) and are therefore consistent both from a
thermodynamic and dynamic point of view.
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Appendix A: conditions for the thermodynamic
consistency of the LSO model

For further convenience, we adopt the following
notations. The 3-by-3 principal submatrices of A are
obtained by deleting just the A-th row and column of
the matrix. Their determinants, called 3-by-3 principal
minors, are referred to as dy,, h = 1,2, 3. Accordingly,
the 2-by-2 principal submatrices of A are obtained by
deleting the A-th and k-th rows and columns and their
determinants are denoted by dj, h # k. The 1-by-1
principal submatrices of A coincide with the elements
of its principal diagonal.
We start by looking at the 2-by-2 principal minor
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Ax A24> _ (B —xB)) + (= v)7o]?

d173::det< 4/L2

Aog Ass
(50)

If the numerator does not vanish, d; 3 takes a negative
value; therefore, we are forced to impose d; 3 =0. We
use this condition together with (50) to fix the value of
f3, namely

V—K
B3 = kP, T ——. (51)
Taking into account this value of f;, we consider the
3-by-3 principal minors d; and ds; where the element

Ay, can be factored out,

Ayp A A
dy :=det| A;p Ax»n A =
Ay Ay Ay (52)
(4B, — oy + (k — v)1p))°
—An 5
4)
Ay Ay Axn
dy :=det]| Az Azz Az =
Ay Az Ay
5 \2
(/12(13 —KkBy) + kA (1 — V)T — o (K — V) 12>
Az 4 '

(53)

Notice that A is itself a 1-by-1 minor, so it must be
non-negative. As a consequence, either Ay = 0, or
Ajy # 0 and the numerators of d3 and d; must vanish.

Condition Ay; = 0 leads to

T

B = 7% (54)
From (51) and (54) it follows
Bs = K%-’-wz‘);x:%ﬁ%z,

and Ay = A4q = 0. So we consider the following 2-
by-2 minors

A A A A
d2,3 = det( " ]4> = _A%m d1,2 = dCt( B 34) = —A%4.
Ay Ay Az Ay ’

(55)
The elements A4 and Asz4 then must vanish, so
yielding

p vi2 4+ kA Arp+ T2v?
= ——— o3 = ———5——
2’ ’ 27

As a consequence of (54), Ay = A4 =0,i=1,...,4,
and the entropy production (30) reduces to a 3-by-3
matrix as in the Burger’s model.

Applying (54) and (51) and deleting the fourth row
and column of the matrix A, we obtain

.

T UTV
Ay = )70627 Ap =0, A3z 27052,
(A + 1)y — 2oy t0(p + v)o, — 22
Ap = 5 y A =——5—,
22 2270
—K
A23 = 'uzl .

(56)

If t=0 then dpy = —1/(20)*> <0 and A cannot be
positive semidefinite. Accordingly we let T # 0 and
consider

A A
d3‘4 = det( 1 12) = —A%z
12 Ax

which yields A, = 0 so that

I+
o = TOQ.
Then we consider
Apn A —x)?
d114 = det< 2 23) = —A%3 = — ('u 2K) O(%.
3 A3 47

Hence, either 1 — x = 0 or o = 0. Since

Ay Ap

d2,4 = det(
A Az

) = A1A33

0+ v)op — /12} :

— A2 = —
137 % { 2,20

we infer that d, 4 <0 when o, = 0, so we are forced to
assume oy #* 0 and
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U=K.
This gives
4 K2, [e0(k 4 v)oy — 22 2
= o _—
VIR 220

from which it follows that d, 4 > 0 if and only if

0> 207 (i — v)?02 — 22%00(k + Vo + 4% (57)

which is a quadratic inequality involving the unknown
0.

First we discuss the case v = u
reduces to

= K # 0 sothat (57)

KTOh > 12/40.

In this case, Aj; and As; are positive provided that
Kk > 0. Accordingly, thermodynamic consistency is
achieved if u =v=x > 0and t # 0.

Otherwise let v # k and

A = 2220 (k +v)* — (k= v)?] = dxvi* 1207

When A <0 the inequality (57) is false for any value of
oy. Accordingly, we assume xv>0. Recalling that
K # 0, we discuss two items: v = 0 and kv > 0.

o u=x#0,7#0andv =0:then A = 0and (57)is
satisfied provided that o = 72 /t0k. As a conse-
quence A;3 =0 and Aj; = 1/0k is the only non
null term of the matrix. Accordingly, thermody-
namic consistency is achieved if x > 0.

o u=x+#0,7#0,v+#kand kv > 0: then A > 0.
In particular either x,v > 0 or k,v<0.

— If k,v > 0 then (57) is satisfied provided that
a € (ay, 05 ) where

o pEEV
g IH(K —v)?

Hence, tay >0 and then A = %ocz >0,
Asz = %‘Edz > 0. In addition A, =Ap =
A23 =0 and d1,4 = d374 = d4 = O, d2_4 ZO SO
that A turns out to be positive semidefinite and
thermodynamic consistency is achieved.
— If x,v<0 (5§7) is satisfied provided that o, €
(o3, 05 ) where

@ Springer

PV E Vs
2 = 2
0(Kc — v)

Hence, 10y <0 and then thermodynamic
consistency cannot be achieved.

Summarizing this item, the LSO model is thermody-
namically consistent if

|,u:K>0, T #£0, v>0

Axp #0

In the following the combination v — x will appear
frequently, so for ease in writing we define

X=V—K

and we replace the parameter v with v = x + k. Since
A # 0, equalities d; = 0 and d; = 0 can be used to
determine the values of o3 and f3,, respectively. So we
set

X220y + 2xKAB T + K220

/ﬁ
52 ’ '

o3 = ﬁz—m1+

Taking into account these values, we now consider the
following 2-by-2 minor

Ay Ap
dr 4 := det =
Az Az

_ <§A> i Jr%( (k2B + xt02) + A7)

(0B + xtoy) = 22)°
4700

(58)

Let A; 4 denotes the discriminant of d, 4 with respect to
u. We find

2
Ary = )ﬁg(/hc,[)’l + xT0) (59)
Looking at (58), if ufi; =0 we are forced to set
dr4 = 0. Otherwise, if fiu# 0 the sign of the
quadratic polynomial in u depends on A4. So we
consider two main subcases: i) ufi; =0 and ii)

upy # 0.
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i) B, = 0. This case has three subitems: i1) u # 0 and
p1=0,i2) u=0and f; =0 and i3) u = 0 and
B, #0.

i.1)p # 0 and 8, = 0. In this case we are forced to set
22— xtp0 = 0, otherwise d, 4 is negative.
Accordingly, xt and o, must be different from zero
since A # 0. From f; = 0 it follows A;; = 0 which in
turn implies d34 = —A?, and d>3 = —A7,. So we are
forced to set Aj, = A4 = 0. These conditions give the
values of «; and o, in terms of the other parameters
and temperature as

yl 22
0 = —, oy =—.
x10’ xt0

At this point all the elements Ay;, i = 1, ..., 4, and all
the 3-by-3 minors are equal to zero. The diagonal
elements A;, i = 1,2,3, are non-negative provided
that

x4 >0, w>0.

The 2-by-2 minors different from zero are d;, and
di 4 = k*d; , so we require d 4 > 0, namely

dig = (/lz,uz — 20k + xt)u + (Jx fxrz)z) >0.

(60)

4 20?

The numerator of d; 4 is a second order polynomial in

1 whose discriminant is given by 16xxt24>. In order to
satisfy (60), this discriminant must be non-negative, a
condition which implies x > 0. The interval of admis-
sible values is given by p € [u, 1], with

i = (Ve ||\f,)

i.2)u = 0and f; = 0. In this case both A}; and As; are
equal to zero. Then

des = (o — Aoy )? o (xtonl — 22)?
MTO 4 T e
(xt2oy — kA20)?
dig=——"""7—"".
' 4

As before, we assume xt and o, different from zero
otherwise d, 4 <0. Moreover we must have ds 4 = 0,
dr4 =0, dy 4 = 0 from which it follows

xt? A 52
K=—, 0] =——, 0= .
xtb

Recalling that x = v — «, the first equality yields

k(A + 12 KA
kxR W

72 2’

By inserting these values in the matrix A, only four

elements do not vanish, namely

’E2 ’52 K’Ez

A =0 Ay =Agp =3 Ay =5

and the matrix A is positive semi-definite iff
Kk > 0.4.3)u = 0 and f5; # 0. In this case the element
Asz vanishes. Since dr4 = —A%, dig = —A§3,
di» = —A3, = —Kk?A%;, we must set A;3 = 0 and
Apz = 0. These two equations can be written explicitly
as

(kAP 4 x100)0 — 72 =0, xt%0p + B, (k — x)T2
— ko A2 =0.

We use these relations to fix the values of o and f3; in
terms of the other variables,

B (ol + 22k — x))
- k2120

The matrix elements different from zero are given by:

22 — xt000

o1

) ﬁl:

KA0

22— xton0 o XT
A = — :——_A 5 A == A 3
1 2y ArTo; o0 Au KA12
T(k + x)on0 — 22
Ap = %, Az = KAy, Au = KA.

The 1-by-1 minors must be non negative. The
remaining minors different from zero are d;4 and
drz = K2d3,4; ds 4 1s given by

(xr2(ic + x) + Ax2)’

s =~ 4454 %
t(¥?7?(x + x) + A (2K + 3x))
+ 32 )
22°k40
X212 + 42K

41c40?
a) First we analyze the possibility
x1t2(k + x) + Ak* # 0. In this case the discriminant
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of d3 4 with respect to o, must be non negative in order
to have a non negative value for d3 4. So we get

2 b
(K +x) — Ak
% >0.
K31°0
After replacing x = v — « this condition is equivalent
to

Az g =

‘Ezv

A< —.
K
Admissible values of o, are fixed by inequality
d3’4 >0,ie o € IQQ = [Otg, OCEL],

+ _
Oy =

2 <x21:3(l< +x) 4 At(2K + 3x) £ 262/ 1A (22 (K + x) — XK))

0(x72(xc + x) + AKk2)?

If o, belongs to the interval /,, then A;; and Ay, are
non negative provided x > 0. Indeed we have

2
72— xwto ()ch Fxty/k(t2 (i + x) — )Jc))

20 (x2(k + x) + 112) K0

)

(k4 x)oz0 — 22
A0

KA ((x + k)t £ /r(t?(k +x) — /lrc))z
(x12(k + x) + Ax2)*0

b) The analysis of the sub-case ii.3) is completed by
considering the possibility

x(k + x)7?
b=
K

Notice that x(x + x)t # 0 since A # 0. Now, the
relation d3 4 > 0 becomes

ay  xt? (4 + 3x) =0

 xt0 454 0?
— If xt > 0 then we have
x273 (4K + 3x)

61
- 4r*0 (D)

o2

The corresponding values of A|; and Ay, are positive
only if ¥ > 0. Indeed, according to (61), let us assume

@ Springer

_ xX*7 (4K + 3x)

= -N
% 440 ’

where N is a suitable non-negative quantity. Then we
have

(e 2 N

KN x*7?
! 40k(x + K)* kAP

2=t s

showing that A{; and A, are non-negative iff x > 0. —
If xt1 <0 one has

x273 (4K + 3x)
0>
40

and again A and Ay are non-negative provided that
ii) f; # 0 and p # 0. If the discriminant (59) is
negative, then the minor d, 4 is negative and the matrix
A cannot be positive semidefinite. Hence we have to
assume Ay 4 = 0or Ayy > 0.

ii.1) Ay 4 = 0. Since ; # 0 and A, k # 0, from (59) we
get

XT

Bi=- a“%

As a consequence A3; =0 and dj, = 7A§4, dis =
—A3; and d» 4 = —A3; so that all the elements A3, A3

and A4z must vanish. These conditions in turn imply
KA} = —xtpon0),
K2 020 = oy (P + k(x4 K)4).

Since kA # 0 and then xtpo, # 0, these equations fix
the values of o; and o, as follows

X212 4 kiu KA
oG =——" p=- .
xkutl xutl

At this point all the terms A3, i = 1, ..., 4 are equal to
zero. The remaining elements are given by

1 x(x + x)t? + KA1 — x)
Ay =—, Ap = ,
uo 2xkutl
Ay = KA,
X+ KA
Ap =— ( ) , Agy = KAz, Ay = KA.

xub

Notice that from A; >0, i =1, ...,4, we get
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u>0, x(x+x)A<0. (62)

The 3-by-3 minors are all zero and the non zero 2-by-2
minors are just d3 4 and dy3 = k2d374. Since

dy4 =
K222 + 22 (x(x + 1)12 — 12+ (x(x 4 ©)12 + K22)?
432220722 '

the necessary and sufficient condition in order to have
a positive semidefinite matrix is the following

K202 1% 4 20 (x(x + K) T — K20

5 (63)
+ (x(x + x)* + K*2)° <0.

By virtue of (62) its discriminant with respect to i, say
As 4, is always non-negative,

Az 4 = —16x(x + K)K‘Uﬁrz >0.

Therefore, the quadratic inequality (63) is satisfied iff
€ (1, 1], where

o (/=R TR £ AK) (64)

Hy = 2 :
KA

Notice that 15 > 0 provided that k > 0. Moreover,
the interval collapse to a point when either v = 0 or
v = K, so that it follows u = k. Summarizing, if Ay 4 =
0 thermodynamic consistency is ensured if
Av(v — k) <0, Kk >0, (v—r)tu#0 and
WE [y, 15], where pi are given by (64).ii.2)
Ay 4 > 0. Since Ay 4 > 0, ff; # 0 and the diagonal
terms of the matrix A (1-by-1 minors) must be non-
negative, the following inequalities hold:

APy >0, u>0, Axf; +xtoup >0, A(tona—Ap;)>0
(65)
Applying these inequalities, the 2-by-2 minor d; 4

given by (58) is non-negative if i belongs to the real
positive interval u€ i3, 13 |, where

N (\/ (k2B + xt02) = |/1|)

Hy = j‘ﬂl

We need to check the other minors. The 2-by-2 minors
different from zero are d174, d374 and dr3 = k2d374,
dip = k2d174; the 3-by-3 minors different from zero
are ds and dp = x*dy. For future convenience, we
introduce the parameter ¢ as

oo — ﬁl

¢ = A

Minors d; 4 and d4 are quadratic polynomials in g,
whereas d374 does not contain u. First, let us consider

d =
1,4 ;L

(Pkp + (1o — ABy) (KAB) + txom) ) pit (66)

+ (kA(zf; — Aoq) + xt(T0p — iﬁl))z).

(ﬂzocz,u —22

The discriminant of d; 4 with respect to p is given by

k(v — ABy) (kAP + xT00)
2 '
A; 4 must be non-negative, otherwise the minor d; 4

would be negative. By virtue of inequalities (65),
A 4> 0 implies

Arg =

K¢p > 0. (67)

We consider now two sub-cases: a) o, # 0 and b)
oy = 0. a) Let us assume o, # 0. In this case equation
(66) implies that 4 must belong to the interval [, 1] ]
(which can collapse into a single point if A; 4 = 0) where

2
) ( i + \/(mz — iﬂl)(jkﬁl +xroc2)>

'u =
4 O(%

Let us now consider the minor

d4: ﬁ1¢ 2+2Pﬂ Q7

where P and Q are polynomials of the parameters and
the temperature,

p= % (0B, 7 + xt0(ai2 — Jon) + A( + 21, 0))
A

Bi(toa = 2B1) — 3

* 8220 ’
By (o037 + By (k — x)ix — 72xcpy)’

4
N (o — APy) (7B + x102)0 — ).2)2

420
(AP +x100)6 — ) (o2 — Joy + o) (oaxe® + By (k — x) 2t — 72k py)
4770 ’

0=

(68)

@ Springer
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The discriminant of d4 with respect to u can be written
as

d3 4
4720*

where the minor d3 4 takes the following form,

Ay = B4 (mmﬁ¢9 wz—m¢mﬁ. (69)

(/10!1 — ’Cﬁl + 062)2
472 '

d3s = —

This expression excludes the possibility ¢ <0. The
equality ¢ = 0 must also be excluded. Indeed, the
vanishing of ¢ imply oo, — ﬁf = 0 (by its definition)

and gives

(of — wlﬁl Jrﬁ)
4%

dy4 = —

The numerator is forced to vanish and this yields

’““1 + 5
o By '

After replacing this expression for 7 and ¢ = 0, we
obtain d4y = —ﬁ?/4icx%02 and Ay = f§,/4; since
B # 0, the requirements d4 >0 and Aj; >0 are not
compatible. We then conclude that ¢ must be positive.
Consequently, because of (65)1, the coefficient of ,u2 in
the expression of dy is negative. Then the discriminant
A4 must be non-negative, otherwise the minor dy
would be negative. — If ds 4 > 0, the factor in round
brackets on the right side of (69) must be non-
negative, namely

(02 — XTﬁbO)z (70)
T 4AB0

Notice that the right hand side of this inequality is non
negative due to the constraints on the parameters (65),
(67) and ¢ > 0. Also, if (70) is verified, it is easy to
show that inequality (65); holds. Indeed we have

K

(0 +xr¢>0)2. (71)

AP + xtop > 100

Inequality (70) involves x = v — K, so it results in a

restriction of the admissible values either of v, if T # 0,
or of k, if T = 0. When t # 0 we get

@ Springer

+ 2/klB, 0
verr =, v, vi:;c—i——az K219 )
0
(72)

If t=0 we get x>03/4AB,¢0. The inequality
d;4 > 0 can be viewed as a relation determining a
range for the admissible values of ¢ (or, alternatively,
of oy, since we are now considering the case o, # 0).
Indeed, by making explicit the dependence on ¢, we
have

d34 = — 7() ¢’ +2(/31(W2—/1ﬁ1)+°‘2)¢

B (/31(1'0‘2 Py) — O‘2)
/2

The discriminant of d34 with respect to ¢ is non
negative, again due to the constraints (65). Indeed we
have

Bi(zoa — ABy) .

A34 =
, 2
5

From d3 4 > O then it follows that ¢ must be in the
interval (¢, ¢;) where

i_((lz:l:
.=

ez = 7))’ (73)

Notice that this range is compatible with ¢ > 0. In
terms of o, we get

h + o £

o € Ly, = o, o] “1i =

Bi(ton — 2f))
A
(74)
If (74) and (70) are satisfied, then dy > 0 implies
\/A4 P + VA4
B¢ 4 B¢

— It remains to consider the possibility d3 4 = 0. If this
is the case, the discriminant (69) vanishes and the

pel = Py

. 5 . .
interval [  collapses to a single point

u=4.(P—+/Ay)/B,p, where you must enter the
value of ¢ that solves d3 4 = 0, i.e.

=t (79)

By replacing ¢ in terms of the other variables, i.e.
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¢ = (00 — )/ 4, equation (75) can be written as a
quadratic equation to determine o,

42 2 _ 2
rﬁ1+fx2a n B1+(f2ﬂl %)

o - =0.

2
o] —2

Notice that this equation has always at least a real
solution, since its discriminant is non negative. In
particular, o; = 0 is a solution provided that

4;”/3% + (tfy — °‘2>2 =0.

Since the discriminant A4 given by (69) vanishes,
condition (70) on x does not apply and inequality (65)3
is no more automatically verified, but can be seen as a
relation identifying the possible values of x, i.e. of v.
All the other conditions remain unchanged as in the
previous case dz4 > 0. b) Finally, to complete the
analysis, we must go back to equation (66) for d; 4 and
consider the case o, = 0. From the 1-by-1 minors we
get the inequalities

<0, 2<0, k> 0. (76)

Also, p must be in the positive set 7. The minor dj 4
gives another interval for p, i.e. p € If = [ug,00),
where

(k(Aoy —1f)) + x’v’ﬁl)z
4K

He = —

The only minors to consider are now d4 and d3 4. The
minor dy is given by

— ﬂ? 2 ) o) (77)
dy =—p +2Pu—0Q

44

where P and Q are P and Q as given in (68) evaluated
at ap = 0. By (76); the coefficient of y? in (77) is
negative. Hence dj > 0 provided that its discriminant

Ay = — dsafy (Tszﬁle + 4K12). (78)
4740
is non negative. If ds 4 > 0, then (78) requires

2x2B,0 + 41J> >0,

so that v must belong to the interval [ 3 as given by (72)
and evaluated in o, =0 if t#0, whereas it is
automatically satisfied if © = 0. If o, = 0 from (73)
it follows ¢ = —/3% /7. Actually, after replacing this

expression for ¢ and a; = 0, d3 4 can be represented as
a polynomial in oy,

o N P (P +4DB

4 2/ 4)? (79)

dzg4 = —

If oy #0, d34 >0 yields an interval for o, i.e.
a €17 = (o, 0 ), where

o = (v £ 2y/12D) 1/

If oy =0, d34 > 0 gives A< — 72/4. In both cases,
the relation d4 >0 defines an interval for p, corre-
sponding to the interval I£ evaluated at o, = 0. If
d34 =0, (78) implies that A, vanishes and

= —43(P — /A;)/[, where we have to replace
op with a solution of (79). In particular, a; = 0 is a
solution provided that 2 = —1? /4. Otherwise equation
(79) has always at least one non trivial solution, since
its discriminant is non negative.

The following tables summarize the results of all
items.
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