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ARTICLE INFO ABSTRACT
Keywords: Nowadays, e-commerce is associated with many returns due to emotional consumption, information asymme-
Sustainable logistics try, factory defects, or, more generally, customer dissatisfaction. However, little attention has been paid to
Hub-and-spoke return management reverse logistics in the e-commerce industry, although it has been proven crucial to improving the perceived

Vehicle routing problem with deliveries and

ek quality of service and profit revenue. Depending on the nature of the goods, one successful option is to
pickups

. . . design combined forward-and-reverse logistics systems, where the collection of returns is ensured along with
Stochastic optional pickup demand . B A i i i . N
Stochastic programming with recourse the traditional distribution of products, together with hub-and-spoke networks in which both distribution and
Detour operations collection demand from many spokes are aggregated into a few hubs. In this context, we study a variant
Spot-market services of the vehicle routing problem with divisible deliveries and pickups, in which each hub may be associated

with a mandatory delivery demand and a mandatory return pickup demand, and it may be visited more
than once within the same or different routes. To address realistic scenarios, and given the large fluctuation of
demand within the aggregating hubs, we also assume that an uncertain optional pickup quantity may arise and
formulate the problem through two-stage Stochastic Programming, proposing and modeling ad-hoc recourse
actions. Moreover, an integer L-shaped method enhanced with ad-hoc valid inequalities is developed for solving
the resulting problem. Managerial insights on the underlying tactical and operational policies are inferred from
extensive computational experiments on a case study and on realistic artificial instances.

1. Introduction or to appropriate sites (lockers, hubs, etc.). In this last-mile context,
many independent players operate with poor vehicle utilization for low-
In the last two decades, the fast development of information and profit margins in a customer-oriented delivery business, thus generating

communication technologies, online services, and mobile applications
has resulted in significant growth of the e-commerce segment and the
proliferation of virtual stores (e-retailers). A further acceleration was
pushed by the COVID-19 pandemic, during which e-commerce played
an essential role in the economy and society by ensuring continued
access to producers and services to consumers. A recent European E-

several nuisances such as air polluting emissions, congestion, noise, and
infrastructural damages [2,3]. Unsurprisingly, many scientific articles
have addressed the management and optimization of such last-mile dis-
tribution operations, also focusing on sustainability issues [4]. Instead,
little attention has been paid to the so-called reverse logistics in the e-

commerce Report [1] exhibits surprisingly high numbers of internet commerce industry, although it has been proven crucial to improving
purchases in recent years. For instance, the 86% of citizens in Northern the perceived quality of service and profit revenue. In fact, nowadays,
Europe bought goods or services online (these citizens can be defined a considerable number of products are returned by e-shoppers due to
as e-shoppers). The same report also discloses projections that expect many reasons, e.g., information asymmetry (there always exists a gap
online sales to make up an average of 30% of retail turnover by 2030. between real products and virtual pictures), factory defects, emotional

Despite being a virtual activity, e-commerce strongly influences
freight flows, especially in urban areas, since its fundamental charac-
teristic is the physical distribution of goods to the consumers’ home

consumption pushed by many ubiquitous promotions [5], or in general
by the customer dissatisfaction. For example, only in 2023 in the U.S.A.,
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e-shoppers generated a total amount of retail returns of 17.6%, for a
total value of about 250 billion dollars [6].

We focus on returns management solutions that can be incorporated
into the existing last-mile distribution business. A successful option
for e-retailers is to design a combined distribution-collection logistics
system in which the collection of unsatisfactory items is ensured along
with the traditional distribution of products to e-shoppers. Many studies
(e.g., [7]1) show that vehicle routing used in freight flow optimization
becomes more effective and balanced in a combined forward-and-reverse
logistics network. This practice is also suggested by company man-
agers and business consultants. For example, Jenkins [8] confirms
that combining returns with deliveries is a practice implemented by
many e-commerce companies that makes returns management a low-
cost transaction. Concurrently, logistics companies are increasingly
adopting hub-and-spoke last-mile solutions, where goods are temporar-
ily stored in intermediate hubs before reaching the final customers
[9]. This approach optimizes vehicle usage and inventory management,
reduces the environmental impact of deliveries, and effectively handles
unforeseen issues such as the unavailability of the final customer
[10]. If a hub-and-spoke scheme is combined with the aforementioned
forward-and-reverse logistics vision, hubs aggregate not only the de-
livery but also the return demand from many private customers. This
allows e-commerce companies to speed up the process of collection,
inspection, refurbishment, and resale of returned goods [11].

From a practical perspective, decision-makers must solve a specific
Vehicle Routing Problem (VRP) known in the scientific literature as
the VRP with Deliveries and Pickups (VRPDP). In the VRPDP, some
locations receive goods (delivery locations) and some others return goods
(pickup locations), and a fleet of vehicles is available to perform both
the delivery and pickup service at these locations with the aim of
reducing logistics costs. Another important feature that could improve
the process efficiency is the possibility that a location requiring both
pickup and delivery service is fulfilled, if beneficial, in two separate
visits (one for each service). With this vision, Nagy et al. [12] proposed
a VRPDP version called Vehicle Routing Problem with Divisible Deliveries
and Pickups (VRPDDP). In their problem, all delivery goods come from
one depot and all return goods are brought to the same depot, excluding
the possibility of goods traveling directly from one location to another.
A vehicle starts from the depot carrying only goods to deliver and goes
back to the depot carrying only returns; at an intermediate stage, it
may carry delivery goods, return goods, or a mixture of them. At each
location, the total load on the vehicle may increase or decrease.

In this work, we extend the just-described VRPDDP by assuming
that only a part of the pickup demand is deterministic and mandatory,
i.e., that there exists a portion of the pickup demand not determin-
istically known in advance and optional. In addition, we impose a
minimum threshold on the optional pickup demand to be collected
during the current day. These extensions allow us to address a more
realistic problem for several reasons. First, return requests can be
considered uncertain since, upon the quantity already declared by a
location at the cut-off time, additional demand may appear while the
vehicle is doing its route. Differently from delivery requests, which
can be fulfilled only if the vehicle has loaded the relative goods at
the depot, unexpected return requests could be satisfied provided that
there is enough residual capacity on the visiting vehicle. Clearly, since
such additional pickup demand has been received after the cut-off
time, its collection is optional for the current day. Second, the deadline
for retrieving merchandise is typically set in a broad time window,
making most of the pickup services non-mandatory for many days.
Hence, the definition of a minimum threshold on the optional demand
helps the company not to accumulate too many collection services that
will become mandatory soon. Anticipating workload in an uncertain
environment has indeed, in many industrial contexts, a positive impact
on the capacity of the system under study to satisfy future needs [13].
According to McCue [14], returns should be handled even immediately.
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In fact, another reason to avoid accumulation is the will to put returned
goods on the market as soon as possible to recover their value.

We name the resulting problem the Stochastic VRPDDP with op-
tional pickup demand (SVRPDDP,,) and we model it through a two-
stage Stochastic Programming (SP) formulation [15]. In particular, our
second-stage problem involves the possibility of redirecting vehicles to
the depot (i.e., performing a detour) to unload already picked-up items
(and then continue to fulfill the remaining requests) as well as the
possibility of activating spot-market pickup services, thus outsourcing
some operations.! The obtained stochastic model is eventually ap-
proximated through a deterministic Mixed-Integer Linear Programming
(MILP) formulation considering a finite number of scenarios. To solve
the problem, we develop an exact algorithm, namely, an Integer L-
shaped method enhanced with ad-hoc valid inequalities, and we run
a large set of experiments (both on case-study inspired instances and
on artificial ones) to obtain statistically solid economic and managerial
insights on the optimization setting.

Our contribution is threefold. First, to the best of our knowledge,
our work represents the first study concerning the SVRPDDP,, i.e., a
more sophisticated extension of the classical VRPDDP that includes
both deterministic mandatory and stochastic optional pickup demands,
together with deterministic mandatory delivery demands. This enriches
the literature concerning e-commerce returns management, which is
still poor with respect to routing activities under uncertainty, with
mathematical modeling and properties of the basic operational setting,
as well as of the recourse actions available to hedge against the un-
certainty. Second, we develop and validate a two-stage SP formulation
and an exact algorithm able to solve to optimality SVRPDDP,, instances
with up to 20 hubs, by leveraging specific properties of the model (such
as valid inequalities and decomposability). Third, the results obtained
by our economic analysis yield a considerable list of managerial insights
for route planners in the e-commerce industry. In particular, they will
be able to compare and assess different strategies to produce more
robust day-ahead plans and to lead their actual operations into a more
flexible state, thus facilitating adaptation if necessary. Note that, to
provide tailored insights on the reverse logistics side of the network,
we decided to deal solely with uncertain pickups. However, it is not
complicated to extend our study to scenarios in which uncertainty also
affects deliveries.

The rest of this article is organized as follows. The related scien-
tific literature is discussed in Section 2. The formal description and
mathematical formulation of the problem are given in Section 3, while
Section 4 illustrates the exact solution methodology developed. After
presenting in Section 5 the experimental setting used to validate our
approach, Section 6 discusses the results of an extensive computational
phase and derives useful managerial insights, both on artificial but
realistic instances and on a specific case study. Conclusions are drawn
in Section 7.

2. Literature review

In this section, we first review some studies concerning the VRPDPs,
also presenting their classification (Section 2.1). Then, we illustrate
some fundamental concepts of two-stage SP and present some problems
tackled via this paradigm, with a focus on transportation with delivery
and pickup services (Section 2.2).

2.1. Vehicle routing problems with deliveries and pickups

The VRPDP is an extension of the classical VRP in which goods
are not only delivered to customers (linehauls) but also picked up

1 On the spot market, freight and released trucks are offered daily. Through
digital freight exchange platforms, a company indicates which goods need to
be transported and various transportation service providers submit their offers.
The transaction carried out by the highest bidder is then completed within a
very short time.
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from them (backhauls). The scientific literature divides the VRPDPs
associated with reverse logistics applications into four classes [16]:
besides the VRPDDP, the others are the VRP with Backhauls (VRPB),
the VRP with Mixed Linehauls and Backhauls (VRPMLB), and the VRP
with Simultaneous Pickups and Deliveries (VRPSPD). These problems are
referred to as “one-to-many-to-one” since they consider transportation
requests for loads that originate at one depot and must be delivered to
locations and loads that originate at locations and must be delivered to
the depot. Other problems involving pickup and delivery services exist
in the literature. For instance, Jargalsaikhan et al. [17] focus on the
“one-to-one” pickup and delivery problem with divisible pickups and
deliveries in which transportation requests between pairs of locations
are considered, while the vehicle performing the service starts and
ends empty at the depot. Instead, Li et al. [18] address a “many-
to-many” pickup and delivery problem in which multiple wholesale
markets for agricultural products collaborate horizontally to distribute
food materials to surrounding customers.

In the VRPB and VRPMLB, referred to as single-demands problems
by Wassan and Nagy [19], customers require either deliveries or pick-
ups. In the VRPB, deliveries must be performed before pickups. This
implies that the vehicles first deliver all goods to linehauls, then pickup
goods from backhauls. The VRPB is typical of those settings where
pickup loads cannot be accommodated in the vehicle together with
the delivery loads, e.g., when there is a risk of cross-contamination.
Mingozzi et al. [20] propose an exact approach to the VRPB, while a
heuristic algorithm for the problem is described by Ropke and Pisinger
[21]. Instead, in the VRPMLB, the vehicles can perform the services
in any sequence, implying that linehauls and backhauls can be fully
mixed within a route. The VRPMLB has not received as much attention
in the literature and some studies are discussed in the review of Kog
and Laporte [22]. It may be useful to produce a practical compromise
between the VRPB and the classical version of the VRPMLB in which
the mixture is totally free. In other words, allowing mixed linehauls
and backhauls may be appropriate while satisfying some restrictions.
For instance, it could be possible to visit backhauls before all linehauls
have been served while adding a restriction for which a certain number
of linehauls are served before the first backhaul customer can be
considered [23]. Finally, the VRPSPD is referred to as a combined-
demand problem in Wassan and Nagy [19] and involves customers that
are both linehauls and backhauls. In this case, a single visit is allowed
to each customer, i.e., both delivery and pickup services must occur
simultaneously. The literature on VRPSPD is rich and active. To solve
the problem, Tasan and Gen [24] describe a genetic algorithm-based
approach, while Subramanian et al. [25] propose a branch-cut-and-
price (also capable of solving the VRPMLB). More recently, Kog et al.
[26] have discussed the progress made on the traditional version of the
VRPSPD and its variants/extensions studied over time.

When customers with combined demand are not committed to being
satisfied in a single visit, better vehicle routes can be designed. The
term “divisible” is used to refer to this relaxed version of the VRPSPD.
In the VRPDDP (the problem studied in this paper), the pickup and
the delivery quantities may be served, if beneficial, in two separate
visits at the same customer location by the same vehicle or even by
two different ones. A customer with two visits is denoted as a split
customer. Gribkovskaia et al. [27] propose a MILP model for the single-
vehicle case and several heuristics. Instead, Nagy et al. [12] deal with
the multi-vehicle case and formally analyze the significant savings
that can be achieved by allowing the pickup and delivery quantities
to be served separately with respect to the simultaneous service. An
important aspect generally studied in the VRPDDP is the shape of
the obtained vehicle routes. In the case of breweries, e.g., bottles are
first delivered until the vehicle is partly unloaded, then both pickup
and delivery are performed at the remaining customers, and empty
bottles are eventually picked up from the first visited customers. These
customers are revisited in reverse order, thus giving rise to lasso-
shaped solutions [28]. More recently, Polat [29] has proposed a parallel
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variable neighborhood search approach to the VRPDDP, in which asyn-
chronous cooperation with a centralized information exchange strategy
is used to efficiently explore different regions of the solution space and
reduce computational times.

Finally, several VRPDPs with optional pickup demands have been
presented in the scientific literature. For example, Bruck and Iori [30]
eliminate the mandatory collection of pickup demands in the single-
vehicle case and propose non-elementary formulations to address the
benchmark instances proposed by Gribkovskaia et al. [27]. Moreover,
concerning the multi-vehicle case, in the studies of Gribkovskaia et al.
[31], Gutiérrez-Jarpa et al. [32], and Bruck and dos Santos [33], each
customer has only an optional pickup demand, and no demand needs
to be necessarily satisfied. The only work that simultaneously studies
mandatory and optional pickups is by Santos et al. [34], where the
aim is to minimize the fuel cost minus the revenue obtained by visiting
the customers. However, as far as we know, no stochastic VRPDP with
both mandatory and optional pickup demands has been analyzed yet.
From this perspective, our study enriches the literature with a practical
variant in which stochastic optional pickup is incorporated into the
service. This option allows e-retailers (and eventually other companies
managing returned products) to anticipate workload and obtain the
corresponding advantages.

2.2. Two-stage SP models

SP represents a common way to deal with uncertain data in a
decision-making process. It is particularly used when the decision-
maker is interested in building solutions that are good on average, and
when the problem’s decisions can be made over time and decomposed
in stages, according to the realizations of some random variables. When
all the realizations of the random variables take place at a single
point in time, we have a two-stage SP. In practice, the first stage
consists of here-and-now decisions before uncertainty is revealed, while
the second stage consists of wait-and-see decisions after realization
of uncertainty. Generally, the aim is to minimize or maximize the
total expected costs or revenues by considering here-and-now decisions
and possible future recourse [35]. Here, we restrict the attention on
routing problems or integrated problems in which routing represents a
fundamental part. The reader is referred to the surveys of Oyola et al.
[36], Oyola et al. [37], and De Maio et al. [38] for a broader discussion
about the topic.

Laporte et al. [39] study a waste collection routing problem in
which stochastic demands are associated with the arcs of the graph
representing the street network. In this problem, modeled through two-
stage SP with recourse, a route failure occurs whenever the realized
demand exceeds the vehicle capacity. The vehicle then drives to a dump
site to unload and returns to the point of failure to resume its route.
Zhao et al. [40] address a heterogeneous VRP with time windows and
stochastic demand, formulating it as a two-stage SP model. A no-split
detour to depot policy is used as recourse action. In a real-world case
study, the solutions obtained through an approach based on this model
achieve an average cost reduction of 2.35% compared to an alternative
approach. Beraldi et al. [41] analyze a one-to-one pickup and delivery
problem in which each transportation request is associated with a
Bernoulli random variable taking value 1 if the pair “pickup-delivery”
associated with that request requires service, and 0 otherwise. To solve
the problem, the authors propose a two-stage SP framework where a set
of feasible routes is determined at the first stage, while in the second
stage the customers requiring no service are simply skipped while
performing the planned routes. Zhang et al. [42] deal with a production
inventory routing problem with simultaneous pickups and deliveries. In
the system under study, a set of manufacturing and re-manufacturing
facilities are taken into account to reduce the environmental effects
through the re-manufacturing of worn-out products. The authors in-
troduce a two-stage SP formulation to consider the uncertain nature
of customers’ demand and a real-world variant of the problem that
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Table 1
Overview of main notation.
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Sets and parameters

H Set of hubs
Np={l,....|H|} Set of pickup requests (or pickup points)
Np={lH|+1,....2|H|} Set of delivery requests (or delivery points)
N=N,UN, Set of service requests (or service points)
V =Nu{0} Set of nodes, where O represents the depot
A Set of arcs
S Set of scenarios
¢ Travel cost for (i, j) € A
Vehicle capacity
q; Mandatory demand for j € N
0; Nominal optional pickup demand for j € N
o; Stochastic non-negative variation of optional pickup demand for j € N over o;
a Minimum percentage of optional demand to be fulfilled (0 <a <1)
K; Cost of a spot-market service for j € N
0} Non-negative variation of optional pickup demand for j € Np in s € S over o,

H\,

Probability associated with the occurrence of s € S

Decision variables

X;j 1 if a vehicle is expected to travel on (i, j) € A, 0 otherwise
Y 1 if a vehicle visits j € Np, 0 otherwise
D, Delivery quantity carried on (i, j) € A

Expected pickup quantity carried on (i, j) € A

X 1 if a vehicle keeps traveling on (i, j) € A as planned by x;;, 0 if a detour is performed
between i and j

Variation of the pickup quantity carried on (i, j) € A with respect to P;

1 if a vehicle fulfills the optional demand of j € N, O otherwise

1 if j € N, is served through a spot-market service, 0 otherwise

s
J
A Total optional demand which is not satisfied
FJ
%

1 if a vehicle keeps traveling on (i, j) € A in s € S as planned by x,

;j» 0 if a detour is

performed between i and j

13,‘, Variation of the pickup quantity carried on (i, ) € A with respect to P; in s € S
z 1 if a vehicle fulfills the optional demand of j € N, in s € S, 0 otherwise

7 Total optional demand which is not satisfied in s € S

7 1 if j € N, is served through a spot-market service in s € S, 0 otherwise

accounts for carbon emission regulations, assuming a carbon cap-and-
trade policy. A stochastic reverse logistics production routing problem
with re-manufacturing and simultaneous pickups and deliveries is also
studied by Shuang et al. [43]. Their problem, formulated as a two-
stage SP model, considers different carbon emission control policies
with heterogeneous transportation fleets and allows for lost sales.

Wollenberg [44] proposes a two-stage SP approach to the single-
vehicle VRPSPD, in which the quantities to be picked up follow a
finite discrete probability distribution. Zhu and Sheu [45] generate
a priori routes for a fleet of vehicles that pick up and deliver items
with uncertain demands through SP. Under uncertainty, a vehicle may
reach a customer location without enough capacity to pick up returned
items or enough inventory to deliver new products (or both), causing
a route failure that requires a recourse action. The authors propose a
failure-specific cooperative recourse strategy to explore a risk pooling
mechanism for routing in the context of simultaneous pickups and
deliveries, i.e., when a route failure is encountered, the lead vehicle
is asked to satisfy the unmet demand after returning to the depot
or to leave the unmet demand to a partner vehicle. More realistic
assumptions are made by Zhang et al. [46] that also propose a failure-
specific cooperative recourse strategy, labeled as dynamic multi-stage,
for the VRPSPD. Our study extends these works on the stochastic
VRPSPD in terms of flexibility and efficiency. Indeed significant savings
can be achieved by allowing the pickup and delivery quantities to be
served separately with respect to the simultaneous service.

3. Problem description and mathematical formulation

In this section, we first formally define the stochastic problem under
study (Section 3.1). Then, we propose a two-stage SP model (Sec-
tion 3.2) and the corresponding deterministic scenario-based problem
(Section 3.3). An overview of all notation is given in Table 1.

3.1. Problem definition

In the following, we describe in detail the optimization problem
addressed, highlighting the information known and the possible actions
available at each decisional level.

3.1.1. Day-ahead decisions

Let us consider a fleet of homogeneous vehicles, each with capacity
0, located at a single depot 0 and available for a joint delivery and
pickup service to a set H of hubs, aggregating the pickup and delivery
demands from many customers. Let N = {1,2,...,2|H|} be the set of
service requests, in which j and j + |H| represent the pickup and the
delivery request of the same hub j € H, respectively. Therefore, N
can be partitioned into two subsets, Np = {1,2,...,|H|} and N, =
{|H|+ 1,|H| +2,...,2|H|}, where the former includes all the pickup
requests and the latter includes all the delivery requests. Each request
j € N has a mandatory demand ¢; > 0. Clearly, when j € Np,
then g; represents the mandatory demand to pickup, while when j €
Np, then g; represents the mandatory demand to deliver. Moreover,
only pickup requests also show an optional demand, which may or
may not be collected. More precisely, each j € Np is also associated

with an optional demand o; + 6,, where o; > 0 is a deterministic

nominal value, while 5, > IO is :1 stochastijc variable representing a
non-negative variation over the nominal value. Finally, let a be the
minimum percentage of optional pickup demand that the company is
expected to collect.

In the above-described setting, the decision maker aims to plan
in advance, specifically a day ahead, a significant portion of their
operations, particularly those related to assigning hubs to vehicle routes
and sequencing their visits. This may be required due to other collateral
operations for the hubs (such as synchronization for last-mile deliv-
ery or palletizing returns) and for the vehicles (loading and packing
parcels), or because solving the entire problem at operational time
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could be impractical. Such decisions are subject to uncertainty, since
the actual optional pickup demand that will emerge the next day is not
deterministically known.

It is important to clarify that, in day-by-day processes like the
one under study, mandatory demands (both delivery and pickup) are
those services that must be performed by the end of the incoming
working day (e.g., because of the presence of strict deadlines on them),
while considering an optional demand means having the flexibility to
postpone some pickup services to the following days. In this regard, the
parameter « allows the company to control the minimum percentage
of optional pickup demand to be fulfilled with the aim of (i) avoiding
the accumulation of too many pickup requests for the upcoming days
and (ii) recovering in short time the value of the returned products
and put them back on the market. Finally, the definition of a partially
unknown optional pickup demand is coherent with the possibility of
accumulating some of it and, at the same time, with the dynamism of
the information coming. In fact, the deterministic part corresponds to
the demand that emerged in the previous days and is still not satisfied,
while the optional part corresponds to that appearing during the daily
process.

3.1.2. Operational setting and recourse policies

At the operational level, all the demands become known, and the
decision maker adjusts and completes their plan by implementing
recourse actions. Note that, even if the actual optional pickup demand
could be revealed at different times during the operations (e.g., when
the vehicle arrives at a hub), we assume a single moment at which it
is possible to make new decisions and implement the recourse action
against the full knowledge of the problem data. This allows the planned
decisions to be conservative enough with respect to the possible future
scenarios, despite the actual dynamism of the recourse actions.

The first basic recourse we want to implement in our model is the
chance to review the decisions on whether to collect or not an optional
demand from a hub, and to accordingly redistribute the pickup quanti-
ties carried by vehicles to face the unexpected appearance of optional
demand. However, despite the above flexibility, it is easy to see that the
day-ahead planning may turn out to be infeasible. In particular, some of
the planned routes may show insufficient capacity for pickup demands
when they are revealed, thus failing to satisfy the minimum percentage
of optional demand to collect. Hence, to always guarantee a feasible
solution against any day-ahead choice (i.e., to achieve the so-called
relatively complete recourse), two different practically used strategies are
applied concurrently:

+ detour policy: vehicles are provided with the possibility to take
a detour, i.e., of redirecting to the depot to unload the returns
already picked up and then fulfilling the remaining hubs’ re-
quests. Note that, since vehicles are not allowed to load additional
delivery goods at the depot during a detour, a solution including a
vehicle detouring during its expected route is definitely different
from a solution including two separate vehicles serving the two
sub-routes before and after the detour point. Moreover, a detour
may occur at any point within the planned route and not nec-
essarily from those hubs for which the residual vehicle capacity
is not enough to accommodate the pickups. A similar idea was
proposed by Yang et al. [47] for the identification of restocking
points in a pure delivery context.

spot-market policy: spot-market pickup services can be activated,
thus outsourcing part of the operations to an external transporta-
tion company. The spot-market cost reasonably depends on the
hub involved in the service, in particular on its distance and its
dimension in terms of demand, hence, we define a fixed cost
k; > 0 when a spot-market service is activated for any j € Np. A
hub for which a spot-market service is activated is called critical
since it is necessary to collect its optional pickup to satisfy the
minimum required percentage of optional demand.
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A graphical exemplification of the decisions’ dynamic of the prob-
lem is reported in Fig. 1. In particular, given the day-ahead planned
route of Fig. 1(a), Fig. 1(b) shows a detour implementation, while Fig.
1(c) shows the use of a spot-market service.

3.1.3. Overall problem and assumptions

We name the resulting optimization setting as the Stochastic Vehicle
Routing Problem with Divisible Deliveries and Pickups with optional pickup
demand (SVRPDDP,,). We define a directed graph G = (V, A), with
node set V = N U {0} and arc set A = {(i,j) : i,j € V,i # j}. A
travel cost ¢;; > 0 is associated with each arc (i,j) € A : |i - j| # |H|,
while ¢;; = 0 for any arc (i,j) € A : |i—j| = |H| (since i and i + |H|
represent the same hub). Then, the SVRPDDP,, seeks to find a set of
vehicle routes, i.e., directed cycles over G starting and ending at the
depot, able to fulfill the mandatory delivery and pickup demands of
the hubs and to satisfy the minimum percentage of the optional pickup
demand, while minimizing the expected total cost given by the routing
operations (comprises of the detours) and the spot-market costs.

In this problem, we stick with the following assumptions: (i) all
deliveries come from the depot, and all pickups need to be transported
to the same depot; (ii) each vehicle can transport both pickup and
delivery goods, as long as the total quantity carried does not exceed
the vehicle’s capacity; (iii) each request (pickup or delivery) must be
satisfied by a single visit. However, since we adopt a divisible service
perspective, hubs requiring both a pickup and delivery service can be
served by two different visits; (iv) to avoid unnecessary detours, we
make the triangle inequality hold for the arc costs, so that coming
back to the depot between two hubs is always more costly than moving
directly between them.

3.2. A two-stage SP formulation

In the following, we provide a two-stage SP formulation for the
SVRPDDP,,,, which is naturally tailored for modeling the day-ahead
decisions (at the first stage) and the recourse actions (at the second
stage).

Let us define the following first-stage variables: x;;, taking value 1
if a vehicle is expected to travel on arc (i, j) € A, and 0 otherwise; y s
taking value 1 if a vehicle visits node j € Np, and O otherwise; D;;
and P;;, measuring the amount of delivery quantities and the expected
amount of pickup quantities (mandatory or optional), respectively,
carried on arc (i,j) € A. Then, our SVRPDDP,, can be modeled as

follows?:
min Z ¢;;x;; +E[6(x,y.D, P, )] (1a)
x,y.D.P A
(ij)eA
s.t. Y ox, =1 JENlg;>0  (1b)
(i,))EA
X =; JENp (10
(i,))EA
z Xj; = 2 X;j JEN (1d)
(j,HEA (i,j))EA
D Xiwm S JENp (1e)
(i.j+|HeA
Y Dy-4;= ), Dy JE€Np an
(i,j))EA (.hHeA
z D; = Z D, jE€Np (1g)
(i,j))EA (J,HEA
Y Pitg= ) P, jENp (1h)
(i,j))EA (J,HeA

2 As commonly done, we will use bold font notation to indicate the entire
vectors of variables defined with the same letter (e.g., x is a vector including
all variables x;;,V(i, j) € A).

ij
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Fig. 1. Different recourse strategies in a route where a vehicle with Q = 100 visits three hubs. For each hub j, we indicate in round brackets the tuple
(441> 9;-0; + 0;)- Next to each arc (i, /), we report in square brackets the delivery and pickup freight transported. In Fig. 1(a), there is no uncertainty and
the vehicle can satisfy all the optional demands (hubs denoted by a black filled dot). In Fig. 1(b), due to uncertainty, the vehicle satisfies the demand of the
first hub and then decides to return to the depot to unload all collected items (dotted arcs). This way, it gains enough residual capacity to fulfill the optional
demand of both the remaining two hubs. In Fig. 1(c), given the same uncertainty, the vehicle decides not to fulfill the optional demand (5 units) of the third
hub. To complete the collecting service, however, a spot-market policy is activated (blue arcs). (For interpretation of the references to color in this figure legend,

the reader is referred to the web version of this article.)

Y Py= ) P, jeN, (1)

(i.j)EA (U.DHEeA
PO/ =0 ap

0.j)eA

Y D=0 (1K)
(.0eA
D;j + Pj < Ox;; (i,))eA @an
2 0;y; 2 a Z 0; (1m)
JENp JENp
x; €{0,1} (i,)eA (In)
v €(0,1) jeN,  (1o)
D;;,P; 20 @i,)) € A. (1p)

Egs. (1b) and (1c) establish that each visited node is served exactly
once, whereas Egs. (1d) are pairing constraints stating that if a vehicle
enters a node, it has to leave it. Constraints (1e) impose that the pickup
node corresponding to a hub visited for delivery has to be visited even
if its mandatory demand is null; since the traveling cost between nodes
associated with a single location is null, this requirement does not
impact on the objective function but allows the optional pickup to be
collected at the operational time even if the mandatory pickup was null.
Egs. (1f)-(11) represent flow conservation constraints, while constraints
(1j)-(1k) guarantee that vehicles start with zero pickup load and return
to the depot with zero delivery load, respectively. Constraints (11)
ensure that the vehicle capacity Q is never exceeded and link logically
the arc selection to the flow carried by the vehicles. Constraint (1m)
guarantees that the vehicles visit a subset of hubs in which it is possible
to collect at least « percent of the total deterministic optional pickup
demand. Finally, constraints (1n)-(1p) define variables’ nature.

Note that, in line with the described operational setting, first-stage
solutions fix at day-ahead time the sequence of hubs visited by a
vehicle and the amount of delivery quantity carried on each link of the
corresponding route. Instead, the optional pickup demand is considered
only to fulfill the relative minimum percentage required, whereas it is
ignored by flow conservation constraints (1h) and, in turn, does not
impact the vehicle capacity at this planning stage.

The objective function (1a) establishes the minimization of the
overall operating costs. More precisely, the first term represents the
cost of the planned routes while the second term represents the ex-
pectation of the costs deriving by applying recourse actions in the
future scenarios (namely, the routing cost related to route modifications
and spot-market costs). The latter are encapsulated in a function §(-)
representing the optimal solution value of another problem (the second-
stage problem), which depends on all the first-stage decisions (x,y, D, P)
and the random variable 6 and models all the recourse actions already

presented. To this aim, let us introduce the following second-stage
variables: %;;, taking value 1 if a vehicle travels on arc (i, j) € A after
the resolution of the uncertainty (i.e., if it keeps traveling on arc (i, j)
as planned by the corresponding decision x;; or if it performs a detour
from node i), and 0 otherwise; P;;, measuring the (possibly negative)
variation of pickup quantity carried on arc (i, j) € A with respect to the
corresponding first-stage decision P;; Z;, taking value 1 if a vehicle
fulfills the optional pickup demand of hub j € Np, and 0 otherwise; 4,
measuring the total optional pickup demand not satisfied; 7;, taking
value 1 if a node j € Np is served through a spot-market service,
and O otherwise. Then, the second-stage problem can be formulated

as follows:

5(x,y,D,P,8) := min K (e — ey = Xiy)
%Pz,1F el
JjENp (i.))EA]ij#0
(2a)
s.t. % < x5 (i,)) € Ali, j #0 (2b)
le:y/ jGNP (2(:)
(i,j)EA
%, =1 Jj€Nlg; >0 (2d)
(i,))EA
Xij — xji _] eN (26)
(i,j)EA (J,HEA
Zj < ¥; JjE Np (2f)
D By + P +g;+(0;+5)z =
(i.))EA
= Z (Pji+13j,.) JjE€Np (28)
(j.)eA
2 By+P)= Y Bt By J &Ny ()
(i,))EA (.HeA
2 (Po; + Pop) =0 2D
(0.))EA
> Dy+Py+Py<0 JEN @
(.DEA

D,+P;+P, <0 (i.J) € Alj #0 (2K)

Py + P < 0% (i.J) € Ali,j #0 (2D
Py < 0% (i,0) € A (2m)
Pj+P;20 (i,j)€ A (2n)
Z (0,-+5,-)5,-+12a Z (0j+5j) (20)
JENp JjENp

Y (0, +6)F; 2 A (2p)
JENp
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F<1-g j € Np (29
%;€{0,1} @i,j))€ A (2r)
P, €R i,j)) €A (2s)
zZ; €{0,1} JENp (20
1>0 (2u)
7, €{0,1} j € Np. (2v)

The objective function (2a) minimizes the total spot-market cost to
fulfill critical nodes plus the total routing cost depending on the detours
implemented. Constraints (2b) impose that it is not possible to travel
on an arc that was not planned to be traveled unless such an arc
links a node to the depot (i.e., it can be traveled for implementing a
detour). Egs. (2c)—(2e) guarantee that the new routes visit only the
hubs already visited in the planned routes. Constraints (2f) state that
it is possible to satisfy the optional demand of a hub only if it is
visited by a vehicle. Constraints (2g)—(2i) set the flow conservation of
goods to pick up in new routes, including the detour arcs. Constraints
(2j)—-(2m) impose the vehicle capacity restriction on the amount of
goods loaded by each vehicle and deny the flow to move along arcs
not traveled by any vehicle.> Constraints (2n) ensure that the pickup
flow does not become negative, while constraint (20) sets the value of
1 to the surplus between the total optional demand fulfilled and the
minimum percentage required by the company. Constraints (2p)—(2q)
ensure that a node j is considered critical only if its optional demand
is not fulfilled by the vehicles but is strictly necessary to reach the
minimum percentage of optional demand collected. Finally, constraints
(2r)-(2t) define the variables’ nature.

3.3. Deterministic scenario-based problem

To practically solve the SVRPDDP,,, we approximate the two-stage
SP formulation by a deterministic scenario-based problem (DSP) [48,
49]. Let us consider a finite (but sufficiently large) set S of scenarios.
Each scenario s € S is associated with a realization 45 of the non-
negative variation of optional pickup demand for node j € Np,
and occurs with known probability z*, such that the standard axiom
Y.es @ =1 is satisfied. Then, the DSP is the following MILP model*:

DIRTEIED I DIRTES

(i,))EA sES JEN,

(cio + Coj —
(i,))EAi,j#0

€)% = Xj;)
(3a)

s.t. constraints (1b)-(1p)

X < xy (i,j) € Ali,j #0,s €S (3b)
)?fj=yj jENp,s€S (3c)
(i.))EA
ic;.‘j=1 jE€N|g;>0,5€S (3d)
(i,j))EA
> o= % JEN.s€S (3¢
(i.))eA (.)EA
<y jENp,seS (3f)
D P+ B +q;+(0; +5)z =
(i.))EA
= Y (P, +P) jE€NpseS (3g)
(.HEA

3 Note that, given the first-stage requirement on the arc variables x, also
second-stage solutions cannot involve subtours among the nodes.

4 The expected value calculation resorts to a linear form in the case of a
discrete number of realizations of the uncertain demand.
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Y P+ By= Y (P + P j€ Ny seS (3h)

(i,j))EA (j.HEA
(P, +B)=0 ses (3i)
0j 0j
0,))eA
Y Dy +Py+P<0 jEN,seS (3)
(J,heA

D;+P;+P,<0 (i,j)) € Alj #0,5s € S (3Kk)

P+ P < 0%, (,)eAli,j#0,seS 3D
PIE)sQ)?: (i,0)€ A,s € S(3m)
P+ P20 (.)€ As€S (3n)
Z(oj+5‘j)2;+25 Zaz (oj+6j s€S (30)
JENp JENp

Y (o, +3)F > It s€S (3p)
JENp

7;51—2; JENp,s€S (39
Sc;?je{o,l} (i,j)e A,se S (3r)
P’ eR (i,))EAsES (39)
z5 e {0,1} JENp,seS (3t)
>0 seS (3u)
}7;6{0,1} JENp,seS, (3v)

where the variables ), Plj, 25 75, and 7 have the same decisional
meaning as the respective second-stage variables previously introduced,
now related to the occurrence of a specific scenario s € S. All the
constraints have already been explained; however, all the second-stage
constraints now explicitly appear for each scenario. The objective func-
tion now includes the calculation of the second-stage expected value as
the summation over all the scenarios of each single second-stage cost
weighted by the corresponding probability.

Note that the above DSP allows the creation of subtours on the
planned routes defined on variables x only among nodes having null
delivery and pickup demand. When all the deterministic demands of
a hub are null, the appearance of a non-null optional pickup demand
may force the visiting of some pickup nodes among which the planned
route may contain a subtour. This pathological case, however, does not
impact the correctness of the formulation, since, in any scenario, the
implemented routes based on variables % are surely cycle-free. Anyway,
we decided to fix this inconsistency by implementing ad-hoc valid
inequalities within the solution algorithm proposed (see Section 4.2).

4. Solution approach

In the following, we present the mathematical programming-based
exact approach developed to solve the SVRPDDP,,, namely, an Inte-
ger L-shaped method (Section 4.1) enhanced with the introduction of
several valid inequalities (Section 4.2). All such inequalities and the
Integer L-shaped cuts are separated in a branch-and-cut fashion.

4.1. Integer L-shaped approach

We developed an Integer L-shaped (IL) method, leveraging the block
diagonal structure of the DSP and its decomposability by scenario
once first-stage variables are fixed. The IL method by Laporte and
Louveaux [50] is a decomposition algorithm designed to solve mixed-
integer two-stage SP problems. It extends the classical L-shaped method
by Van Slyke and Wets [51], which was intended for linear programs, to
accommodate the non-convex nature of the second-stage value function
when integer variables are involved. In this work, we decided to
directly use IL and not other MIP frameworks based on the second-stage
LP relaxation and the classical L-shaped method since such a relaxation
returns very bad bounds. This is mainly due to the fact that relaxing the
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binarity of the recourse decisions basically disrupts the entire solution
structure.

The algorithm operates by iteratively solving a so-called master
problem (MP), which represents a relaxation of the DSP where the
second-stage cost function is estimated through the value of a bounded
variable 6 € R. At each iteration of the method, feasibility cuts and
optimality cuts are possibly generated. The former cuts exclude solutions
that are feasible for the MP but infeasible for the DSP, while the latter
cuts are needed to approximate the second-stage cost (i.e., to provide
a strict bound on the optimal value of ) through an evaluation of the
recourse costs given a specific solution of the MP. In our implementa-
tion, to exploit the powerful techniques included in the modern solvers
and to avoid the need to solve many integer MPs to optimality, we
embed the IL cuts separation within a branch-and-cut algorithm. More
specifically, we adopted the branch-and-bound framework available in
Gurobi through its callback capabilities.

Our MP is as follows

min Z Cipxij + [
(i,j)eA

s.t. constraints (1b)-(1p)
0>0,

i.e., a problem pursuing the minimization of an objective function that
preserves the first-stage cost but substitutes the second-stage cost with
a new variable 6 > 0, subject to all the first-stage constraints (1b)—(1p).
Note that the non-negative requirement for 6 is not restrictive since the
spot-market cost is, by definition, greater than or equal to zero, while
the overall cost of making detours is also always greater than or equal
to zero, given the assumption of working on a graph where the triangle
inequality holds (see Section 3.1.3).

First, we can observe that each feasible solution of the MP also
represents a feasible solution for the DSP, since the DSP implements
a relatively complete recourse. Therefore, it is never necessary to add
feasibility cuts. On the contrary, to ensure optimality for the DSP, we
must dynamically add optimality cuts to the MP during the exploration
of the search tree whenever a new feasible solution is found. Let
(x¥,y?,P", DY, 0Y) be the vth feasible solution of the MP found during
the branch-and-cut, and let £Y be the value of the expectation of the
second-stage cost given the first-stage solution (x’,y", P, DY), i.e., &Y =
E[s(x",y?,D?, PV, 0)]. If 0¥ < &Y, we add to the MP the following opti-
mality cut proposed by Laporte and Louveaux [50], which constraints
0 with respect to the first-stage binary variables:

020" D x;— D xy—lAY+ Y v - Z‘yj—IN;;|+1,(4)

(1)EAY (L)EA JENL  JgNY

where AY := {(i,j) € A | xf’j =1} and N} :={j € Np | y]”. =1}.

In our case, the value of £' can be calculated as the second-stage
value of the DSP solution in which the first-stage variables are fixed to
the value of (x’, y”, PY, D"). Note that this value is just an approximation
of the true value of £Y since the DSP considers a finite scenario set S.

4.2. Valid inequalities

Despite the decomposition applied, the MP is still a challenging
problem to solve. Hence, in the following, we propose several valid
inequalities to enhance its LP relaxation.

First, as suggested by Nagy et al. [12], it is possible to deny visiting
the pickup node of a hub before the delivery one by applying the
following variable-fixing:

X jrm =0 j € Np. 5)
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Second, it is possible to impose a lower bound on the number of
vehicles exiting the depot by using the following restrictions:

1 1
z X()jZmaX{’V— Z qj"‘ B ’V— z (q/'+a0j)“}- (6)
0.))eA Q JEND Q JENp

Third, the following generalized connectivity constraints (GCCs) can help
to improve the linear relaxation of the DSP:

2 X, 2 {Yk
(i.))€AliEN jEN' 1
@)

Given a subset N’ of nodes not containing the depot, and a single node
k inside the set N’, inequalities (7) impose that at least one arc must
exit from the set N’ if k € Nplg, > 0 or if k € Np and it is visited
(e, y,=1).

All the cuts (5) and (6), which are |[Np| + 1 in number, are simply
included in the MP formulation from the beginning, while inequalities
(7), which are exponentially many in the number of nodes, must be
dynamically separated throughout the branch-and-bound tree. Similar
to the case of basic connectivity constraints for the Capacitated VRP [52],
such a separation is based on max-flow/min-cut resolution on an ad-hoc
graph, but it also involves the variables related to the visit of pickup
nodes (see, e.g., [53,54]). More precisely, let us call x* and y* the
values of the vectors x and y, respectively, in the optimal solution of the
continuous relaxation of the MP or of any of its subproblems generated
within the branch-and-bound tree, and let us consider a weighted graph
G = (V,A) where V =V, A = A, and a capacity x}; is associated with
each arc (i,j) € A. Then, given a node k ¢ Np or a node k € Np
such that y; > 0, the most violated inequality (7) corresponds to the
partition (N’,V \ N’) associated with a minimum-capacity cut in G
separating node 0 from k, with k € N’. This is equivalent to computing
a maximum flow in G from node 0 to node k. The obtained inequality
(7) is effective (i.e., it excludes some fractional solutions) only if the
corresponding maximum flow is less than 1 when k € Np|g, > 0 and
than y; when k € Np. Note that, for each partition (N’,V \ N’) in
which (7) is separated for a delivery node k € Np|q, > 0, separations
for other delivery nodes in N’ make no sense since they would lead to
redundant cuts. The specific algorithm used to solve each min-cut/max-
flow problem is the one developed by Boykov and Kolmogorov [55],
which is suggested by the recent literature as the most efficient, and
has a polynomial worst-case complexity.

Note that the separation of inequalities (7) for any relaxed problem
within the branch-and-bound tree guarantees to eliminate subtours
even in the planned routes involving hubs with null deterministic
demand, thus fixing the issue mentioned previously.

if ke Np

N' CN,|N'|>2,keN'.
if ke Nplg, >0,

5. Experimental setting

As far as we know, a benchmark set of instances for the SVRPDDP,,
does not exist in the literature. Hence, starting from the observation of
a case study (presented in Section 5.1), we generate artificial data (Sec-
tion 5.2) to obtain a large set of realistic instances for the application
at hand (Section 5.3).

5.1. Case-study presentation

To obtain realistic data for the SVRPDDP,, in particular concerning
the operational characteristics of the hubs involved, we analyzed a real-
world case of a well-known e-commerce company operating in the city
center of Brescia, an Italian mid-size town.

The operator works on a logistics network composed of 16 hubs
and a warehouse located approximately 13 km outside the city center.
Fig. 2 shows a map of the city [56] in which the 16 hubs are indi-
cated through a location pin. Their precise geo-positions are extracted
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Fig. 2. Locations of hubs in the city center of Brescia.

from LockerMap [57]. At each hub, customers can either drop off a
package for return or pick up their own parcel. Instead, the company
uses a dedicated fleet of vehicles (standard diesel vans) serving the city
center for forward and backward operations between the hubs and the
base depot, where all the freight departs and, possibly, comes back. This
makes their operations easily comparable to our optimization setting.

We decided to consider fashion products such as clothes, bags, and
other foldable accessories (the most involved products in the return
logistics); thus, we can assume that each vehicle can carry up to 300
units. Considering the density, age, and habits of the population living
in the case-study area, we can also estimate a maximum daily delivery
demand per hub of 100 units and a maximum mandatory pickup
demand of 25 units.

5.2. Generation of artificial data

Starting from the information gathered in Section 5.1, we describe
in the following how we generated diversified but realistic instances.

Concerning the topology of the network, we either consider the
specific Brescia case-study network topology Ty (Fig. 2) or artificial
network topologies T,, each differing from the others for the geo-
location of the depot and the hubs. In the latter case, the locations
of interest are generated randomly in a square area of 20 x 20 km®
and the cost ¢; . of traversing each arc (i, j) € A is calculated as the
Euclidean distance between the coordinates of the hubs associated with
nodes i and j, truncated to be an integer. The cost matrix is eventually
triangularized in such a way that the triangle inequality holds.

Concerning the demands, each instance (of topology Tj or T,) is
equipped with detailed demand quantities based on the case-study
observation. More precisely:

- mandatory demand: each hub can equally likely have a positive
mandatory delivery demand only, a positive mandatory pickup
demand only, both of them positive, or none of them. When
a positive mandatory demand g¢; exists for node j € N, it is
randomly generated from a uniform distribution in [0, 100] for a
delivery node j € N, and in [0, 25] for a pickup node j € Np. As
observed in the case study, the mandatory delivery services are
likely to represent the largest part of the hubs’ requests.

+ optional pickup demand: each node j € N, in each scenario
s € S also has an optional pickup demand o; + 4. The determin-
istic part o; is randomly generated in [0,225], assuming that the
optional pickup demand is made up by daily quantities similar
to mandatory pickup demand, possibly accumulated for many
(9-10) days. The stochastic part &3, instead, is drawn from three
different Normal probability distributions, truncated to obtain
only non-negative values (since we assume that returns requests
are not redrawn). The three truncated Normal distributions, mod-
eling different volumes and volatilities given by the occurrence
of low, mid, and high seasons, have a mean u = {20,30,40} and
standard deviation ¢ = u/2, respectively. In the following, these
instances are identified by their degree of uncertainty, namely,
small (S), medium (M), and large (L), respectively.

Finally, the spot-market cost ; is set to double the back-and-forth

cost ¢, + ¢y between the depot and the hub j € H.

5.3. Benchmark sets

In conclusion, we generated two macro sets of benchmark instances.
In the first set, containing purely artificial instances, we randomly
generated 10 network topologies T, for each combination of number of
hubs |H| = {5,10, 15,20}, demands distributed according to {.S, M, L},
and minimum threshold percentage a = {0.5,0.6,0.7,0.8}, which means
480 instances in total. In the second set, always based on the case-
study topology Tz involving 16 hubs, we randomly generated 5 demand
occurrences for each distribution {S, M, L} and minimum threshold
percentage a = {0.5,0.6,0.7,0.8}, which means 60 instances in total.

In all our experiments, we use a random sample S of 50 scenarios
for each instance. This choice is supported by the stability analysis
performed and described in Appendix A.

6. Results and discussion

This section is devoted to analyzing, from an economic and man-
agerial perspective, the results obtained by solving the SVRPDDP,, both
on the artificial instances generated (Section 6.1) and on the case-study
data (Section 6.2). From now on, we will use the following definitions:
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Fig. 3. EV PI(%) box-plots for different distributions and values of a.

» Recourse Problem (RP) solution: the solution of the DSP, i.e., the
proposed SP model approximated through the use of scenario set
S. Let objigp be its value.

Expected Value (EV) solution: the solution obtained by solving the
DSP in which all the first-stage decisions are fixed to the values
that are optimal for the deterministic problem that uses expected
values as estimators of the random parameters. Let obj) be its
value.

Wait-and-See (WS) solution: the ideal solution that aggregates all
the optimal solutions obtained by solving the DSP when consid-
ering every single scenario separately. Let objy s be the expected
value of all these solutions.

All the algorithms are implemented in Java 9, while MILP models
are solved by invoking Gurobi v12.0 through its Java APIs. All the
computational tests have been run on a computer equipped with an
Intel Xeon (Skylake) processor at 2.29 GHz, 32 GB of RAM, and running
at 64-bit Windows 10 pro operating system. All the instances have been
solved within a threshold time of 4 h, however, the best solutions are
provided on average after 650 s and more than the 40% of this time
can be saved if we allow a 1% worsening of the optimal value. The IL
decomposition scheme contributes up to the 75% to the solution times
and the valid inequalities introduced (especially the GCCs) improve the
lower bounds by 50% on average. Further computational details can be
found in Appendix B.

6.1. Results on artificial instances

In Section 6.1.1, we show the quality of the solutions obtained by
our SP approach, in Section 6.1.2, we analyze the impact of the var-
ious recourse actions, while in Section 6.1.3, we derive some insights
concerning the fleet dimension and the service divisibility.

6.1.1. SP indicators

The box-plots in Figs. 3 and 4 present, for the three probability
distributions considered, respectively, the Expected Value of the Perfect
Information (EV PI) and the Value of the Stochastic Solution (V' S.S). The
EV PI measures the impact of the uncertainty on our problem and
is calculated as the percentage EV PI(%) = 100”1”’”’1;ﬂ while the
V' S'S measures the advantage of using our SP model 1nstead of simply
using expected values as estimators of the random variables and is
calculated as the percentage V.S.S(%) = 1OOM

The EV PI(%) naturally increases with the growth of the mean
and variance and value of a. In particular, this trend can be observed
for any value of «a, i.e., the upper whisker of the box increases from
0.42% to 3.65% for a = 0.5, from 1.80% to 5.14% for « = 0.6,
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from 4.32% to 16.44% for a« = 0.7, and from 15.44% to 30.79% for
0.8. Finally, we can notice that for low a values, the number
of outliers is significantly high, pushing the average almost beyond
the third quartile. For each distribution, as a increases, the number
of outliers decreases substantially, and the third quartile rises. This
means that, in instances where a low threshold for optional pickup is
required, uncertainty has a highly variable impact, often zero or very
low. Conversely, when the threshold rises, the impact of uncertainty
becomes consistently greater.

oa =

Also the V. §S(%) increases with the mean and variance of the
distribution as a varies, although the growth pattern is not strictly
monotonic, but exhibits an oscillatory behavior. The average value
starts at 1.07%, when « = 0.5, and reaches 4.87%, when « = 0.8 for
the S instances; starts at 1.96% and reaches 4.07% for the M ones;
starts at 2.66% and reaches 5.34% for the L ones.

Similar to EV PI1(%), V .SS(%) appears unstable for low « values,
gradually stabilizing as the parameter increases. As a grows, the third
quartile value rises for any considered normal distribution, exceeding
5.8% when « equals 0.8. We also note that the maximum value of
VSS(%), disregarding the outliers, is always equal to or greater than
6.2% when « is not 0.5. When outliers are considered too, V .S.S(%)
sometimes reaches very high values, even greater than 25%. Finally,
we notice a gradual increase in the median and an elevation of the first
quartile value. In particular, when «a is 0.8, for the M instances the first
quartile is greater than 0. This confirms that the number of instances
with very low V.SS(%) values, including null values, progressively
decreases.

6.1.2. Impact of the recourse actions on costs and solutions

In Fig. 5 we present, as |H| increases, respectively for each distri-
bution, the percentage weights in RP solution of the three components
in the objective function of the model, i.e., the routing cost (routing),
the spot-market cost (spot), and the detour cost (detour). There appears
to be no strong correlation between the graph size and the percentage
of recourse actions, suggesting that is the network topology and the
quantities of demands that play a significant role on overall costs rather
than dimension of the network. For instances with only 5 hubs, spot
recourse emerges as the dominant recourse cost component, likely due
to the limited flexibility in smaller networks, where detour possibilities
are limited and often ineffective. Conversely, in instances with 10 or
more hubs, detour actions become the primary source of recourse cost.
This shift indicates that larger, more interconnected networks enable
more structured responses to uncertainty, such as planned detours. As
the degree of uncertainty increases, we observe that the total cost of
recourse actions also increases, although it never exceeds 10% of the
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total. This highlights the significant impact of the uncertainty on the
problem (as already shown in Fig. 3).

In Table 2, we present, as « increases, the percentage distribution
of recourse costs in the RP solutions and the corresponding variation in
the EV solutions, for each normal distribution. Regarding RP solutions,
as uncertainty increases, we observe a progressive decrease in routing
weight and a corresponding increase in derour weight. The former starts
with an average of 97.84% and decreases to 93.73%, while the latter
begins at 1.72% for .S instances and reaches 5.31% for L ones. The
spot weight, on the other hand, is significantly lower than the other
two components and exhibits an average increasing trend, reaching a
percentage just below 1% for the L instances. The increasing detour
weight indicates that as uncertainty grows, the model adjusts the route
by increasingly integrating detours, resulting in higher overall costs.
The very modest weight of the spotr component, with relatively in-
significant variations, suggests that the stochastic model almost always
resorts to detours rather than relying on the extreme option of spot-
market services. In EV solutions, we generally observe that routing costs
have a slightly lower impact compared to the RP solutions. On the
contrary, the percentage weight of the spot market cost increases by
up to +3.44% in L instances. The variations of the percentage weight
of detour costs, on the other hand, are fluctuating and not particularly
significant. This analysis indicates that when uncertainty is not taken
into account, there is a risk of relying on the most expensive recourse
action, which can lead to a significant increase in total costs.
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In the following, we provide additional insights by deepening the
analysis of the obtained results from the perspective of the solutions’
structure. In Figs. 6 and 7, the histograms show the percentage of
instances with spot-market costs greater than 0 and the percentage of
instances with detour costs greater than O, respectively, as a varies
and for the three distributions. We can notice that the percentage of
instances using the spot-market service in the RP solution is substan-
tially below 30%. On the contrary, in the EV solutions, this percentage
increases significantly. When « is 0.7 and 0.8, the value reaches 50%
and 70%, respectively. The percentage of RP solutions resorting to
detours grows as uncertainty increases, exceeding 90% for L instances
with « = 0.8. In the EV solutions, there is a slight increase in this
percentage but not so pronounced as for spot-market recourse. This
likely indicates that the EV solution must directly rely on spot-market
actions rather than detours because the latter alone would not make the
solution feasible in scenarios with large optional demand variations.

Figs. 8 and 9 display the average number of detours per scenario
performed by the RP and EV solutions, respectively, using the three
distributions. In Fig. 8, we observe that, for S instances in which the
degree of uncertainty is low, the majority of the instances have a
detour count well below 0.5. For each level of uncertainty, the average
number of detours exhibits a non-decreasing trend as the « parameter
increases. Additionally, the upper whisker of the box plots tends to
grow, indicating a wider spread of values depending on the topology
of instances. The only exception to this pattern is observed in the M
instances when « = 0.8. This probably suggests that, for particular
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Table 2
Percentage of the three cost components in the RP and EV solutions.
a S M L
routing spot detour routing spot detour routing spot detour
0.5 99.72 0.04 0.24 97.81 0.18 2.01 96.58 0.27 3.15
0.6 97.94 0.60 1.46 96.53 0.81 2.66 95.16 0.78 4.06
RP solutions 0.7 97.89 0.14 1.97 94.74 0.43 4.83 92.80 0.79 6.41
0.8 95.83 0.95 3.22 92.96 1.59 5.45 90.36 2.02 7.62
avg 97.84 0.43 1.72 95.51 0.75 3.74 93.73 0.96 5.31
0.5 -1.39 0.57 0.82 -1.98 1.11 0.87 -1.96 1.69 0.27
0.6 -2.36 2.67 -0.31 -3.50 2.67 0.83 -3.56 3.01 0.54
EV solutions 0.7 -3.79 2.80 0.99 —-1.50 2.56 -1.06 -3.23 3.08 0.15
0.8 -5.35 4.84 0.51 -3.35 4.28 -0.93 -5.30 5.99 —-0.68
avg -3.22 2.72 0.50 -2.58 2.65 —-0.07 -3.51 3.44 0.07
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Fig. 7. Number of instances (%) with solutions resorting to detour.

instances, it is possible to reach a saturation point in terms of detour
flexibility. In general, as « increases, the planned route in the first stage
becomes progressively more subject to modifications, allowing for a
greater number of detours to accommodate the required «. Notably,
in the L instances for « values of 0.7 and 0.8, the first quartile is
strictly greater than zero. This indicates that, in these settings, the
vast majority of instances require at least one detour, highlighting
the operational impact of high uncertainty combined with high values
of optional pickup. In Fig. 9, which illustrates the behavior of EV
solutions, we observe a similar trend to that seen in RP solutions, albeit
on a reduced scale. When « takes on higher values, particularly in the
M and L instances, the box plots become significantly more compact
compared to their counterparts in Fig. 8. This compactness reflects a
lower variability in the number of detours, suggesting that in many
cases, the EV solutions do not rely heavily on detours. Instead, the
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spot market is often preferred as a recourse action. In conclusion, we
can say that, when uncertainty is only roughly estimated, the planning
process may fail to fully exploit the potential of detours. This can occur
either because detours become too costly under such approximations,
or because they are ineffective in meeting the minimum « requirement.

Finally, we propose a further comparison between the RP and EV
solutions. Let us define M gp and Dyp as the sets of instances for which
RP solutions rely on the spot-market service and the detour service,
respectively. Similarly, we define My, and D, for EV solution. In
Tables 3, 4, and 5, we report the cardinalities (expressed as percentages
of the total instances) of certain sets derived from the relationship
between the four mentioned above. In columns |[Mpgp U Dgp| and
Mgy UDgy|, we respectively indicate the percentage of instances
for which RP and EV solutions involve the use of at least one of
the two recourse actions. As uncertainty increases, both percentages
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Table 3
Percentages of S instances showing specific recourse features in the RP and EV solutions.
a [Mpgp UDpgpl Mgy UDgy| Mgy \ Mgpl [Mgp \ Mgyl [Dgy \ Dgpl [Drp \ Dgy |
0.5 20.00 50.00 12.50 0.00 22.50 0.00
0.6 30.00 60.00 32.50 0.00 15.00 2.50
0.7 57.50 77.50 37.50 0.00 20.00 2.50
0.8 67.50 92.50 35.00 0.00 22.50 0.00
avg 43.75 70.00 29.38 0.00 20.00 1.25
Table 4
Percentages of M instances showing specific recourse features in the RP and EV solutions.
a [Mpgp UDpgpl Mgy UDgy| Mgy \ Mgpl [Mpp \ Mgyl Dy \ Dgpl |Drp \ Dy |
0.5 37.50 67.50 27.50 0.00 17.50 0.00
0.6 62.50 87.50 32.50 0.00 15.00 2.50
0.7 75.00 92.50 32.50 0.00 12.50 0.00
0.8 87.50 97.50 45.00 0.00 7.50 0.00
avg 65.63 86.25 34.38 0.00 13.13 0.63

grow, albeit to different extents. In fact, |[Mgzp UDyp| ranges from
20% when a« = 0.5 for S instances, to 95% when a« = 0.8 for L ones.
The minimum percentage of this range indicates that, with reduced
uncertainty and problem complexity, the vast majority of solutions do
not need to resort to any recourse action. The maximum percentage
of this range reflects the fact that, when the problem becomes more
complicated, almost all solutions should involve a recourse action. The
[ Mgy U Dgy | indicator, on the other hand, ranges between 50% and
100%. In particular, Table 3 shows that, even when uncertainty is
low, most solutions need to utilize recourse actions if the uncertainty
is ignored. This happens in almost all instances, including those with
a = 0.8. In Tables 4 and 5, we observe that Mg, UDg, | values over
65% are achieved even with « equal to 0.5, reaching 97.50% and 100%
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when «a is 0.8, respectively. These results align with what we have
seen in Figs. 6 and 7. In columns Mgy \ Mgp| and [Mgp \ Mgy |, we
report the number of instances for which only the EV solution resorts
to the spot-market and the number of instances for which only the RP
solution relies on the spot-market. Similarly, we calculate the values in
|Drp \ Dgy| and |Dgp \ Dgy |, concerning the detour action. A cross-
sectional analysis of column [M g, \ Mgp| shows that, especially for M
and L instances, in a significant number of cases, the stochastic model
tends to avoid spot-market recourse actions, thus limiting the costs.
Regarding column |Mgp \ Mgy |, we observe that there are no cases
where the spot-market services are used only in RP, indicating its lack
of advantage. Column |Dgy \ Dgpl, on the other hand, demonstrates
that as uncertainty increases, the number of instances for which only
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Table 5
Percentages of L instances showing specific recourse features in the RP and EV solutions.
o [Mpgp UDppl Mgy UDgy| Mgy \ Mgpl [Mgp \ Mpy| [Dgy \ Dgpl [Drp \ Dgy |
0.5 65.00 92.50 40.0 0.00 20.00 0.00
0.6 77.50 90.00 32.50 0.00 10.00 7.50
0.7 90.00 95.00 20.00 0.00 2.50 0.00
0.8 95.00 100.00 45.00 0.00 0.00 0.00
avg 81.88 94.38 34.38 0.00 8.13 1.88
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Fig. 10. Average number of vehicles in RP and EV solution for S, M, and L instances.

the EV solution resorts to the detour decreases. The growing complexity
of the problem contributes to situations where relying on the detour is
essential even when considering uncertainty. In this case, as seen in the
previous graphs, RP solutions do so more judiciously, containing costs
more effectively than EV. Finally, the last column shows that there exist
a few cases where the detour action is used solely by the RP solution:
in the vast majority of cases, recourse to the detour is applied in both
RP and EV solutions.

6.1.3. Fleet dimension and divisibility

In this last section, we focus on some by-product aspects of the
problem optimization, namely, the number of vehicles to use for the
service and the possibility of splitting pickup and delivery services at
different moments (the divisibility property).

In Fig. 10, we show the average number of vehicles used as a varies.
As uncertainty and problem complexity increase, there is a natural
and progressive rise in the number of vehicles. Particularly in the RP
solutions, the growth is more moderate compared to the EV solutions.
This implies that, without considering uncertainty, there is a tendency
to use vehicles inefficiently, contributing to cost escalation.

We finally discuss the possibility of splitting the services for pickup
and delivery (divisibility) in contrast to imposing both services to
be performed by the same vehicle during the same visit to the hub
(simultaneity). In the deterministic setting, the convenience of divisible
services with respect to simultaneous ones seems to be strictly related
to specific features of the instance solved, as exploited in [12] and
other later works. More precisely, in their experiments, the service
split appears more frequently for hubs placed very near the depot or
aggregated in clusters, and for those having large pickup or delivery de-
mand in proportion to the capacity of the vehicles. In our experiments,
even if all the above-mentioned features are considered in the instances
generated and tested, we obtained instead a negligible number of
solutions that involve split hubs and that are strictly better than their
simultaneous counterparts. Note that, in our two-stage perspective, a
split must be planned in the first stage to appear also in the second-
stage solution. However, to show that in our SVRPDDP,, there exist
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strictly convenient split services, in Fig. 11, we compare the SVRPDDP,,,
solution in a specific scenario 5 and its simultaneous counterpart (that
we name SVRPSPD,,), respectively, on a sample instance taken from
our benchmark set. The figure shows the operations of the only vehicle
involved in the splitting in the SVRPDDP,,, solution, including 6 hubs
(the black dots) and a depot (the green dot). For each hub j, we indicate
in round brackets the values corresponding to the tuple (g, y,g;,0; +
o). The first-stage route is drawn in solid lines, the detour arcs are
drawn in dashed lines, while a red cross marks the arcs no longer
traveled in the scenario solution. Next to each arc (i,j) eventually
traveled in the scenario solution, we indicate in square brackets the
values corresponding to the tuple [D;;, P; + P ;1. We can see that, in
the SVRPDDP,,, the possibility of splitting the service on the node
with quantities (49, 4,41) yields a much shorter route for the considered
scenario compared to the case in which splitting is not allowed. In fact,
when the service must be simultaneous, the solution operates a detour
on the node with quantities (96,0, 62) (which is on average far from
the depot), thus increasing the total cost. More precisely, the cost of
the SVRPSPD,,, solution is approximately 1.55 times greater than the
cost of the SVRPDDP,, one (namely, 48667 vs 31334). We, therefore,
conclude that the specific data uncertainty generated and the recourse
actions proposed, together with the relative recourse costs, reduce the
convenience of splitting the two services in most cases, but the saving
of allowing divisibility can still be significant.

6.2. Results on case-study instances

In this section, we summarize and discuss similar indicators for
the solutions of instances directly inspired by the case study (see
Section 5.1).

5 A mathematical formulation for the SVRPSPD,, can be easily obtained by
adding to formulation (3a)-(3v) a constraint x; .+, ,; = 1 for each node
Jj € Np such that g;, ;) > 0.



A. Gobbi et al.
[148,62] 129) @ (65,0,98)
0o
(96,0,62) @ @ §
= (46,0,60) N
N 2,
v
Ry
@ (49,4,41)
(0,0,65) ?Ep\
= [ ] = @
©
S = N
= ¥
o
depot
o
)
v
([
(37,13,51)

(a) SVRPDDP,,,

Omega 141 (2026) 103510

65,0,98)
(96,0,62) X \&5\50\ o (
0628 7
(197,62} (46,0,60) <
3 2,
S
\,7@
(0,0,65) (0,226} @ (19441
% e
o o
B3 3
S
depot
/y%
2.
=
[ J
(37,13,51)

(b) SVRPSPD,,

Fig. 11. A sample instance showing a strictly convenient vehicle route in the SVRPDDP,, solution with respect to the corresponding one in the SVRPSPD,,
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In Fig. 12(a), we show the EV PI(%) index as a increases and for
each level of uncertainty. The trend is similar to that shown in Fig. 3,
although the increase is much more pronounced already when « is 0.6
and 0.7. The variability of the index also increases with the minimum
amount of optional pickup demand to be collected. The width of the
box ranges from 1%-2% when « is 0.5, to a maximum width of 33%
when « is 0.8 in the L instances. The median is generally positioned
very close to the first quartile of the boxes, indicating that there are
still several cases in which the impact of uncertainty is limited. This
once again highlights how the topology of the studied network has a
strong impact on the problem. Despite the presence of uncertainty, the
first-stage route often does not need to be modified unless there are
critical changes in demand at specific nodes. In Fig. 12(b), we show
the V' SS(%) indicator as « varies and for each level of uncertainty.
Unlike what was observed for the T, instances (see Fig. 4), there is
no clear trend in the index. In the S instances, we observe an increase
in the average value, while in the M and L instances, the trend is
generally oscillatory. Specifically, in the L instances, the average value
consistently hovers around 5%, and the width of the box, as well as
the third quartile, increases up to « equal to 0.6, then drops sharply
at a equal to 0.7, and rises again at a equal to 0.8. In this particular
topology, it is evident that the accuracy of the uncertainty estimation
through its mean value is not closely correlated with the value of «
rather with the degree of uncertainty.

Finally, in Table 6 we report the percentage weights of each cost
in the RP and EV solutions, similarly to what was done in Table 2 for
the T, instances. The values and their trends are generally similar to
those already shown for an average artificial instance, both in the RP
and EV solutions. However, if we consider only the RP, we observe
that the detour cost has a significantly greater weight for this topology,
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especially as uncertainty increases. More precisely, we observe an
increase in its average value of about 0.2, 4, and 3.5 percentage points
for S, M, and L instances, respectively. Instead, the average weight
of the spot-market cost is about 0.5 percentage points lower, becoming
null in all cases except two. This is probably due to the specific location
of the depot in the case-study topology, which is far from the cluster
of hubs located in the city center, resulting in higher necessary detour
costs and making the spot-market option almost always inconvenient.

7. Conclusions

Reverse logistics covers issues including the return, repair, recall,
defect, damage during transportation, newly introduced products, and
product replacement [58]. It is gaining more and more attention due to
the environmental and economic implications it imposes. E-commerce
returns management represents a specific and important activity within
reverse logistics. Many studies in the scientific literature concerning
this topic show that vehicle routing used in freight transportation
becomes more effective and balanced in a forward and reverse logistics
network. Consequently, a successful option for the e-retailers is to
design an integrated system where the collection of returns is ensured
along with the traditional distribution of goods to hubs. In practice, a
vehicle routing problem with deliveries and pickups must be solved.

In this article, we focused on a vehicle routing problem with di-
visible deliveries and pickups in uncertain settings. More specifically,
we analyzed a combinatorial optimization problem where a demand-
aggregating hub requiring both a delivery and a pickup service could
be serviced, if beneficial, in two separate visits. In order to carry out the
service, a fleet of homogeneous vehicles was used. Delivery demands
were assumed to be mandatory and deterministic as well as a part of
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Table 6
Case-study (7) instances: percentage of the three cost components in the RP and EV solutions.
a S M L
routing spot detour routing spot detour routing spot detour
0.5 100.00 0.00 0.00 95.01 0.00 4.99 99.84 0.00 0.16
0.6 94.52 0.00 5.48 99.83 0.00 0.17 87.91 0.00 12.09
RP solutions 0.7 100.00 0.00 0.00 87.46 0.00 12.54 90.09 0.00 9.91
0.8 97.76 0.00 2.24 86.21 0.44 13.35 84.91 2.13 12.96
avg 98.07 0.00 1.93 92.13 0.11 7.76 90.69 0.53 8.78
0.5 -1.59 0.98 0.61 —4.82 1.60 3.22 -5.17 0.85 4.32
0.6 -5.60 2.70 291 -13.39 5.45 7.94 -6.32 2.69 3.63
EV solutions 0.7 —-7.65 1.15 6.51 —6.74 5.62 1.12 -6.15 1.76 4.39
0.8 -12.38 5.90 6.49 -10.31 5.20 5.11 —4.47 0.29 4.18
avg -6.81 2.68 4.13 -8.81 4.47 4.35 -5.53 1.40 4.13

pickup demands. Additionally, we assumed the presence of optional
and stochastic pickup. To model this problem, we employed a two-stage
SP model with recourse. In particular, our recourse strategies involved
the possibility of redirecting vehicles to the depot to unload already
picked-up items (and then continue to fulfill the remaining requests)
as well as the possibility of activating spot-market pickup services. To
solve the problem, we developed an exact algorithm exploiting specific
structural properties, namely, an Integer L-shaped method enhanced
with valid inequalities. Extensive computational experiments showed
the effectiveness of the modeling paradigm adopted for e-commerce re-
turns management under uncertainty and provided several managerial
insights.

Future developments may be carried out in several directions. In
particular, to address larger instances in terms of the number of hubs
of our stochastic problem, we plan to further enhance the Integer
L-shaped method with stronger cuts (e.g., logic-based Benders ones)
or to develop different procedures. Of particular interest are those
methods that somehow exploit the possibility of efficiently solving the
same problem in mono-scenario settings. A good candidate algorithm
is the well-known progressive hedging [59], which first decomposes the
problem per scenario and then tries iteratively to find aggregated first-
stage policies. In the context of non-convex problems, as in our case,
the progressive hedging can be efficiently used as a meta-heuristic
convergence framework (see, e.g., [60,61]).
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Appendix A. Stability analysis

To find a sample S of scenarios that approximates well enough
the involved stochastic variables, we performed several preliminary
analyses on a representative subset of the artificial benchmark set,
namely, on 40 instances spanning all the characteristics in terms of
hubs, stochastic demand distribution, and minimum threshold «a.

First, to evaluate the in-sample stability of our model, we solved, for
each one of the considered instances, the DSP formulation by randomly
drawing 10 different scenario sets (for the value of the optional pickup
demand variation) with cardinality 10, 20, 30, 40, and 50. Fig. A.13
reports box-plots over the instances of the percentage ratios between
the standard deviation and the mean of the objective values® over the
10 scenario sets for all the cardinalities of |S|. We can see that, at
|S| = 50, very small ratio values are achieved, while up to 40 scenarios,
the box reaches the 1%, the whisker exceeds the 2%, and many outliers
up to the 4.2% appear. Instead, for |S| = 50, the average ratio settles
around 0.5%, the median value settles around 0.3%, and the entire
box remains below 0.7%. Moreover, no cases exceed the 2%. For these
reasons, we decided to use a random sample S of 50 scenarios in all
experiments, so as to guarantee that the solution values analyzed do not
differ too much depending on the scenario set randomly generated.

Then, to understand whether our model with 50 scenarios is out-of-
sample stable, we solved, for each one of the considered instances, the
DSP formulation with 500 scenarios where the first-stage variables are
set to the value obtained considering S. Given the very large number
of scenarios considered, this evaluation is expected to return something
very close to the true optimal solution values. Fig. A.14 reports box-
plots over the instances of the percentage difference between the true
optimal solution values and those obtained by our model considering
10, 20, 30, 40, and 50 scenarios. We can see that our model with
50 scenarios achieves very good stability, meaning that our random
generator is not biased and that the analyzed solution values do not
differ much from the true ones. In particular, for |S| = 50, we observe
an average difference of 0.2%, a median value of 0.09%, and a whisker
slightly exceeding 0.6%. Looking at the results for fewer scenarios, it
can be said that a fairly good out-of-sample stability is also achievable
for |S| = 40; however, adding 10 scenarios more basically halves the
width of the box-plot.

Finally, we report in Fig. A.15 the box-plots of the average and
worst-case percentage optimality gaps obtained through the Sample Av-
erage Approximation (SAA) framework, which has strong relations to
the previous stability analyses as shown by Seljom and Tomasgard [62].
For each instance, the average and the worst-case percentage optimality

gap SAAGap,,, and SAAGap,,, are calculated as 100% and

IOO%, respectively, where LB,,, and LB, are the average

6 Standard deviations have been normalized by the mean values in order
to give percentage errors with respect to the real magnitude of the objective
function value.
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Fig. A.14. Out-of-sample stability: percentage difference between the true optimal solution values and those obtained by our model considering 10, 20, 30, 40,

and 50 scenarios.

and the minimum over 10 scenario samples (the same introduced for
the previous in-sample analysis) of the SP optimal solutions value,
while U B is the value obtained against 500 scenarios (the same intro-
duced for the previous out-of-sample analysis) by using the SP optimal
solution obtained considering the sample S. We can see that, apart from
a couple of outliers, all the SAAGap,,, values lie within the 1% and
the entire box lies within the 0.5%. Moreover, the average SAAGap,,,
settles around 0.29% while the median is around 0.13%. Regarding
SAAGap,,..> apart from a few outliers, all the values lie within the
2%, the average settles around 0.7% while the median is about 0.26%.
This further confirms the goodness of our DSP approximation using the
scenario sample S.

Appendix B. Computational assessment of the exact method

In the following, we deepen some computational aspects related to
the exact solution method proposed in Section 4.

In Table B.7, we report the average over all the instances with
a certain value of « and type of distribution (S, M, L) of the time-
to-best (ttb) in seconds obtained, which measures the time needed
to find the best solution. Moreover, we report a tailored indicator
(ttb,4) that measures the time-to-best percentage dedicated to finding
a solution 1% worse than the best one, and the number of optimality
cuts (#optCuts) introduced. First, we can see that the basic ttb tends to
increase when the value of « increases (apart from the M instances in
which there is no clear trend) and when the uncertainty increases. All
the values remain always below 1300 s and show an overall average

17

45

8 SAAGap_avg
B SAAGap_worst

35

0.5

Fig. A.15. SAA-based average and worst-case percentage optimality gap using
the sample S.
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Table B.7
Exact method details.
a S M L
tth ttbyq, #optCuts ttb tthq, #optCuts ttb ttbyq #optCuts
0.5 56.3 48.68% 196.8 264.7 17.14% 1094.4 307.5 69.75% 2154.7
0.6 111.8 40.02% 834.3 639.3 59.81% 2682.2 1284.6 54.44% 4989.6
0.7 343.6 68.98% 2351.8 1165.3 71.26% 5280.0 1213.0 56.95% 5860.2
0.8 933.1 72.29% 5082.3 369.3 76.95% 6151.2 1056.1 41.08% 7004.6
avg 361.2 57.49% 2116.3 609.6 56.29% 3801.9 965.3 55.56% 5002.3
Table B.8
Performance of the method without IL decomposition.
a N M L
ttb, As)16) A it As)1-0) A ttby, As)16) Ay
0.5 696.3 9.65% 80.62% 1693.5 7.81% 71.44% 2216.1 6.22% 65.88%
0.6 1180.6 7.39% 61.89% 2381.8 5.62% 54.97% 2598.7 4.15% 48.88%
0.7 1438.9 5.76% 46.73% 1988.0 4.10% 40.64% 3072.0 2.80% 35.67%
0.8 2028.5 4.23% 32.72% 2352.5 2.80% 27.56% 3549.8 1.79% 23.86%
avg 1336.1 6.76% 55.49% 2103.9 5.08% 48.65% 2859.2 3.74% 43.57%
of about 650 s. The ttb;, indicator is also interesting to analyze. In [3] Buldeo Rai H, Touami S, Dablanc L. Autonomous e-commerce delivery in
particular, on average, the ttb] % is about 56%, meaning that we could ordinary and exceptional circumstances. The French case. Res Transp Bus Manag
/o
save more than 40% of the time-to-best if we accept a worsening of 1%. 2022’45(1)?“ A)'100774' )
hi 1d b ful in the licht of ible h .. ¢ imil [4] Allen J, Piecyk M, Piotrowska M, McLeod F, Cherrett T, Ghali K, Nguyen T,
This cou y 'e useful in the light of a possible heuristic use.o a. similar Bektas T, Bates O, Friday A, Wise S, Austwick M. Understanding the impact of
decomposition method. As expected, the number of optimality cuts e-commerce on last-mile light goods vehicle activity in urban areas: The case of
needed grows when the value of « and the uncertainty grow, indicating London. Transp Res Part D: Transp Environ 2018;61:325-38.
that harder instances necessitate many more iterations. On average, the [5] Zhang M, Pratap S, Zhao Z, Prajapati D, Huang GQ. Forward and reverse logistics
vehicle routing problems with time horizons in B2C e-commerce logistics. Int J
numl?er of cuts needed settles l.JetV\{een 2 a1.1d 5 thousand. Prod Res 2021:59(20):6291-310.

Flnally’ to assess the contribution of different components of our [6] National Retail Federation. 2023 consumer returns in the retail industry.
method, namely, the IL decomposition scheme and the proposed valid 2023, https://cdn.nrf.com/sites/default/files/2024-01/Customer_Returns_Report_
inequalities, we study the behavior of the algorithm in the case that 2023 Final.pdf, Last access: 2024-12-31.
no decomposition is applied (i.e., if the complete DSP represents the [7] Bergmann FM, Wagner SM, Winkenbach M. Integrating first-mile pickup and
MP d. th f it is di 1 Ived vi b h d h d last-mile delivery on shared vehicle routes for efficient urban e-commerce

and, t.er.e ore, IF %S irectly S.O ved via a branch-and-cut .en ance distribution. Transp Res Part B: Methodol 2020;131:26-62.
by the valid inequalities). For this pure branch-and-cut version of the [8] Jenkins A. A guide to reverse logistics: How it works, types and strategies. 2021,
algorithm (bc), Table B.8 reports, averaged again over all the instances URL https://www.netsuite.com/portal/resource/articles/inventory-management/
with a certain value of « and type of distribution, the time-to-best reverse-logistics.shtml, Last access: 2024-12-31.

. [9] Gobbi A, Mansini R, Moreschini L, Ranza F. Optimal locker placement for budget-
(ttb,.) the percentage improvement of the problem lower bound at i L . .
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the root node of the decision tree when adding only valid inequalities 2025:59(10):3041-6.
(5) and (6) (4(5)_s)) and when GCCs (7) are also separated (4,,), [10] Wandelt S, Wang S, Sun X. A literature review on hub location-routing models
(5)-(6) all 8 8
respectively. Concerning ttb,,, growing trends similar to those of ttb and their solution techniques. Comput Oper Res 2025;173:106861.
for the complete method can be observed. However, the average times [11] Mukundan G. E-commerce returns management: Processes & best practices.
. . 2024, https://hiverhq.c blog/e-c ce-returns- t, Last access:
are considerably larger, with an average CPU effort of about 2100 s. 202 4_12_3115 //hiverhq.com/blog/e-commerce-returns-managemen
This means that the IL decomPOSition applied and the Corresponding [12] Nagy G, Wassan NA, Speranza MG, Archetti C. The vehicle routing problem with
optimality cut generation are worth implementing, with time-to-best divisible deliveries and pickups. Transp Sci 2015;49(2):271-94.
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0, 0
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deliveries. Transp Sci 2021;55(2):336-52.
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