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Keywords: This work proposes an Eulerian finite-deformation formulation for phenomenological higher-
Small-scale metal plasticity order distortion gradient plasticity (DGP) as a basis to model the size-dependent behavior of
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metals when geometrically necessary dislocations (GNDs) play a role. Here, the adjective phe-
nomenological refers to disregarding the crystal lattice and DGP recalls that the theory consti-
tutively prescribes the plastic spin. The developed DGP extends to finite deformations the piv-
otal theory of Gurtin (2004, “A gradient theory of small-deformation isotropic plasticity that
accounts for the Burgers vector and for dissipation due to plastic spin” J. Mech. Phys. Solids 52,
2545-2568), which relies on the Nye-Kroner dislocation density tensor. In this work, the extension
of such a tensor to finite deformations is denoted as the Nye-Kroner-like tensor, «, to emphasize
the alternatives discussed in the literature for its definition. The main pillars of the proposed
Eulerian theory are two evolution equations: one for a and one for the elastic distortional de-
formation tensor. The source term in the evolution equation for « is the curl, operating in the
current configuration, of the plastic rate tensor, which, for isochoric plastic flow, is a deviatoric
non-symmetric tensor. Also, this evolution equation extends that based on the Jaumann rate by
linearly combining the total spin rate and the plastic spin rate; such a combination is governed by
a model parameter whose effect is assessed by resorting to numerical results. The evolution equa-
tion for the elastic distortional deformation tensor is discussed on the basis of different choices
for the second-order tensor governing the contribution due to the rate of plasticity. This choice
is important because it has an impact both on the mechanical response and on the complexity of
the numerical time-integration. Additionally, the results of the theory are discussed in the light of
two different constitutive choices for the nonlinear measure of the deviatoric elastic strain, one of
them being Hencky’s logarithmic strain. The higher-order contribution in the free-energy density
is simply assumed to be quadratic in «, which is adequate for the purposes of this investigation,
aiming to present the essential features of the proposed finite-deformation framework; in future
studies, more sophisticated models will be combined with the theory here developed to predict
actual size effects caused by GNDs. The exclusive use of « as a higher-order primal field requires
an H(curl) finite element (FE) formulation, which is consistent with the weakest continuity re-
quirements on the plastic rate tensor. A fully implicit FE algorithm is provided for plane strain.
Its performance and results are evaluated on the basis of two large-deformation benchmark prob-
lems: the shearing of a strip under monotonic and cyclic loadings, allowing verification against
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$P$


$\delta \bL _p$


$\bS $


$\bL _p$


$\bL _p'$


$\mathrm {tr} (\bS ) = 0$


$\lambda $


$\mathrm {tr}(\bL _p)=0$


$u_1$


$u_2$


$L_{p33}$


$\lambda $


$\bL _{p1}$


$\bL _{p2}$


$u_1$


$u_2$


$u_3$


$\lambda $


$H(\mathrm {curl})$


$\bL _{p1}^T = [L_{p11}\,\, L_{p12}\,\, L_{p13}]$


$\bL _{p2}^T = [L_{p21}\,\, L_{p22}\,\, L_{p23}]$


$\bL _{p3}^T = [L_{p31}\,\, L_{p32}\,\, L_{p33}]$


$x_3$


$\bL _{p1}$


$\bL _{p2}$


$\bL _{p3}$


$L_{p33}$


$\bL _p$


$H(\mathrm {curl})$


$2\times 2$


\begin {equation*}\bx _R= \bN _R (r,s)\, \hat {\bx }_R \,,\end {equation*}


\begin {equation*}\bN _R (r,s) = \begin {bmatrix} N^{(1)}_R(r,s) & 0 & N^{(2)}_R(r,s) & 0 & N^{(3)}_R(r,s) & 0 & N^{(4)}_R(r,s) & 0\\ 0 & N^{(1)}_R(r,s) & 0 & N^{(2)}_R(r,s) & 0 & N^{(3)}_R(r,s) & 0 & N^{(4)}_R(r,s)\\ \end {bmatrix}\,,\end {equation*}


\begin {align*}N^{(1)}_R(r,s)=\frac {1}{4}\left (1-r\right )\left (1-s\right )\,,\qquad N^{(2)}_R(r,s)=\frac {1}{4}\left (1+r\right )\left (1-s\right )\,,\\ N^{(3)}_R(r,s)=\frac {1}{4}\left (1+r\right )\left (1+s\right )\,,\qquad N^{(4)}_R(r,s)=\frac {1}{4}\left (1-r\right )\left (1+s\right )\,,\end {align*}


\begin {equation*}\hat {\bx }_R= \begin {bmatrix} \hat {x}^{(1)}_{R,1} & \hat {x}^{(1)}_{R,2} & \hat {x}^{(2)}_{R,1} & \hat {x}^{(2)}_{R,2} & \hat {x}^{(3)}_{R,1} & \hat {x}^{(3)}_{R,2} & \hat {x}^{(4)}_{R,1} & \hat {x}^{(4)}_{R,2} \end {bmatrix}^T\,,\end {equation*}


$(\hat x_{R,1}^{(k)}, \hat x^{(k)}_{R,2})$


$k$


$r\in [-1,1]$


$s\in [-1,1]$


$\bx _R= \begin {bmatrix} x_{R,1} & x_{R,2}\end {bmatrix}^T$


\begin {equation*}\bH _R = \begin {bmatrix} \derp {N^{(1)}}{x_{R,1}} & \derp {N^{(2)}}{x_{R,1}} &\derp {N^{(3)}}{x_{R,1}} &\derp {N^{(4)}}{x_{R,1}} \\ \derp {N^{(1)}}{x_{R,2}} & \derp {N^{(2)}}{x_{R,2}} &\derp {N^{(3)}}{x_{R,2}} & \derp {N^{(4)}}{x_{R,2}} \\ \end {bmatrix} = \bJ _R^{-1} \bH _{p}\,,\end {equation*}


$\bH _p$


$r$


$s$


\begin {equation*}\bH _p = \begin {bmatrix} \derp {N^{(1)}}{r} & \derp {N^{(2)}}{r} &\derp {N^{(3)}}{r} &\derp {N^{(4)}}{r} \\ \derp {N^{(1)}}{s} & \derp {N^{(2)}}{s} &\derp {N^{(3)}}{s} & \derp {N^{(4)}}{s} \\ \end {bmatrix} =\frac {1}{4} \begin {bmatrix} s-1 & 1-s & 1+s & -1-s\\ r-1 & -1-r & 1+r & 1-r \end {bmatrix}\,,\end {equation*}


\begin {equation*}\bJ _R = \bH _p \hat {\bX }_R\,,\end {equation*}


\begin {equation*}\hat {\bX }_R = \begin {bmatrix} \hat {x}^{(1)}_{R,1} & \hat {x}^{(1)}_{R,2} \\ \hat {x}^{(2)}_{R,1} & \hat {x}^{(2)}_{R,2} \\ \hat {x}^{(3)}_{R,1} & \hat {x}^{(3)}_{R,2} \\ \hat {x}^{(4)}_{R,1} & \hat {x}^{(4)}_{R,2} \\ \end {bmatrix}\,.\end {equation*}


$\bu $


$L_{p33}$


$\lambda $


\begin {equation*}\bu (r,s) = \bN _R (r,s) \,\hat {\bu }\,, \quad L_{p33} (r,s) = \bN _{Rs}^T (r,s) \, {\hat {\bL }_{p33}}\,, \quad \lambda (r,s) = \bN _{Rs}^T (r,s) \, {\hat {\blambda }}\,,\end {equation*}


\begin {align*}& \hat {\bu } = \begin {bmatrix} \hat {u}^{(1)}_1 & \hat {u}^{(1)}_2 & \hat {u}^{(2)}_1 & \hat {u}^{(2)}_2 & \hat {u}^{(3)}_1 & \hat {u}^{(3)}_2 & \hat {u}^{(4)}_1 & \hat {u}^{(4)}_2 \end {bmatrix}^T\,,\\ & \bN _{Rs} (r,s) = \begin {bmatrix} N_R^{(1)} (r,s)& N_R^{(2)} (r,s)& N_R^{(3)} (r,s)& N_R^{(4)} (r,s), \end {bmatrix}^T\,, \\ & \hat {\bL }_{p33} = \left [\hat L_{p33}^{(1)} \;\; \hat L_{p33}^{(2)} \;\;\hat L_{p33}^{(3)} \;\;\hat L_{p33}^{(4)} \right ]^T\,, \\ & \hat {\blambda } = \left [\hat \lambda ^{(1)} \;\; \hat \lambda ^{(2)} \;\;\hat \lambda ^{(3)} \;\;\hat \lambda ^{(4)} \right ]^T\,,\end {align*}


$\hat {\bu }$


$\hat {\bL }_{p33}$


$\hat {\blambda }$


$\bF (t_{n+1})= \bF _{n+1}=\bF $


$t_{n+1}$


$[\bF ] = \begin {bmatrix} F_{11} & F_{12} & 0\\ F_{21} & F_{22} & 0\\ 0 & 0 & F_{33} \end {bmatrix}\rightarrow \bF =\begin {bmatrix} F_{11}\\ F_{22}\\ F_{33}\\ F_{12}\\ F_{21} \end {bmatrix}\,, \quad \quad \bI =\begin {bmatrix} 1\\ 1\\ 1\\ 0\\ 0 \end {bmatrix}\,.$


\begin {equation*}\bF =\bI +\mathrm {Grad}\, \bu = \bI + \mathcal {A} (\bH _R) \, \hat {\bu } \,,\end {equation*}


$\bI $


$\mathcal {A} (\bH _R)$


$\bH _R$


\begin {equation*}\mathcal {A} (\bH _R)= \left [ \begin {matrix} (\bH _R)_{11} & 0 &(\bH _R)_{12} & 0 &(\bH _R)_{13}& 0 &(\bH _R)_{14} & 0 \\ 0 & (\bH _R)_{21}& 0 & (\bH _R)_{22} & 0 &(\bH _R)_{23}& 0 &(\bH _R)_{24} \\ 0 &0 & 0 &0 &0 & 0 &0 & 0 \\ (\bH _R)_{21} &0&(\bH _R)_{22} &0 &(\bH _R)_{23} &0 & (\bH _R)_{24} &0 \\ 0 &(\bH _R)_{11} & 0 &(\bH _R)_{12} & 0 &(\bH _R)_{13} & 0 &(\bH _R)_{14} \end {matrix} \right ] \,.\end {equation*}


$\emph {current}$


\begin {equation*}\bH = \begin {bmatrix} \derp {N^{(1)}}{x_1} & \derp {N^{(2)}}{x_1} &\derp {N^{(3)}}{x_1} &\derp {N^{(4)}}{x_1} \\ \derp {N^{(1)}}{x_2} & \derp {N^{(2)}}{x_2} &\derp {N^{(3)}}{x_2} & \derp {N^{(4)}}{x_2} \\ \end {bmatrix} = \bJ ^{-1} \bH _p\,,\end {equation*}


\begin {equation*}\bJ = \bJ _R \bF ^{T}\,,\;\;\; \bJ ^{-1}= \bF ^{-T} \bJ ^{-1}_R\,.\end {equation*}


$\bD $


\begin {equation*}\bD = \mathcal {B}(\bH )\, \dot {\hat {\bu }}\,,\end {equation*}


$\mathcal {B}(\bH )$


$\bH $


\begin {equation*}\mathcal {B}(\bH ) = \begin {bmatrix} H_{11} & 0 & H_{12} & 0 & H_{13} & 0 & H_{14} & 0\\ 0 & H_{21} & 0 & H_{22} & 0 & H_{23} & 0 & H_{24}\\ 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0\\ \frac {1}{2}H_{21} & \frac {1}{2}H_{11} & \frac {1}{2}H_{22} & \frac {1}{2}H_{12} & \frac {1}{2}H_{23} & \frac {1}{2}H_{13} & \frac {1}{2}H_{24} & \frac {1}{2}H_{14}\\[4pt] \frac {1}{2}H_{21} & \frac {1}{2}H_{11} & \frac {1}{2}H_{22} & \frac {1}{2}H_{12} & \frac {1}{2}H_{23} & \frac {1}{2}H_{13} & \frac {1}{2}H_{24} & \frac {1}{2}H_{14} \end {bmatrix}\,.\end {equation*}


$\bL _p$


$\bV ^{(i)}$


$i=1,2,3,4$


$\mathrm {curl}$


$\bL _p$


\begin {equation*}\bL _{p1} = \sum _{i=1}^4 \bV ^{(i)} \hat {L}_{p1t}^{(i)}\,,\quad \bL _{p2} = \sum _{i=1}^4 \bV ^{(i)} \hat {L}_{p2t}^{(i)}\,,\end {equation*}


$i$


$\bV ^{(i)}$


$i-$


$\hat {L}_{p1t}^{(i)}$


$\hat {L}_{p2t}^{(i)}$


$\bL _{p1}$


$\bL _{p2}$


$i-$


$\bV ^{(i)}$


$i=1,2,3,4$


$h_e^{(i)}$


$\bF $


$\bJ $


$i$


\begin {equation*}\bV ^{(i)}(\bJ , h_e^{(i)}) = h_e^{(i)} \bv ^{(i)} (\bJ ) \,,\end {equation*}


\begin {equation*}\bJ ^{-1}\equiv \begin {bmatrix} \mathrm {grad}\, r & \mathrm {grad}\, s \end {bmatrix}\,,\end {equation*}


$\mathrm {grad}$


\begin {align}\label {basis_vi} \left [\bv ^{(1)} (\bJ ) \right ]_i &= \frac {1}{4}\left (1-s \right )\left (\mathrm {grad}\, r \right )_i =\frac {1}{4}\left (1-s \right ) \left (\bJ ^{-1} \right )_{i1}\,,\nonumber \\ \left [\bv ^{(2)} (\bJ ) \right ]_i &= \frac {1}{4}\left (1+r \right )\left (\mathrm {grad}\, s \right )_i =\frac {1}{4}\left (1+r \right ) \left (\bJ ^{-1} \right )_{i2}\,,\nonumber \\ \left [\bv ^{(3)} (\bJ ) \right ]_i &= \frac {1}{4}\left (1+s \right )\left (\mathrm {grad}\, r \right )_i =\frac {1}{4}\left (1+s \right ) \left (\bJ ^{-1} \right )_{i1}\,,\nonumber \\ \left [\bv ^{(4)} (\bJ ) \right ]_i &= \frac {1}{4}\left (1-r \right )\left (\mathrm {grad}\, s \right )_i =\frac {1}{4}\left (1-r \right ) \left (\bJ ^{-1} \right )_{i2}\,,\end {align}


$(\bJ ^{-1} )_{ij}$


$i,j$


$\times $


$\bJ ^{-1}$


\begin {equation*}\bD _p= \begin {bmatrix} L_{p11}\\ L_{p22}\\ L_{p33}\\ \frac {1}{2}\left (L_{p12}+L_{p21}\right )\\ \frac {1}{2}\left (L_{p12}+L_{p21}\right )\\ \end {bmatrix} =\mathcal {E}_t (h_e^{(i)}, \bv ^{(i)}) \,\hat {\bL _p}_t+\boldsymbol {E}_z \hat {\bL }_{p33}\,,\end {equation*}


\begin {equation*}\hat {\bL }_{pt} = \left [\hat L_{p1t}^{(1)} \;\;\hat L_{p2t}^{(1)} \;\;\hat L_{p1t}^{(2)} \;\;\hat L_{p2t}^{(2)} \;\; \hat L_{p1t}^{(3)} \;\;\hat L_{p2t}^{(3)} \;\;\hat L_{p1t}^{(4)} \;\;\hat L_{p2t}^{(4)} \;\;\right ]^T \,,\end {equation*}


\begin {equation*}\boldsymbol {E}_z = \left [ \begin {matrix} 0 & 0 & 0 & 0 \\ 0 & 0 & 0 & 0 \\ N_R^{(1)} & N_R^{(2)} & N_R^{(3)} & N_R^{(4)} \\ 0 & 0 & 0 & 0 \\ 0 & 0 & 0 & 0 \end {matrix} \right ] \,,\end {equation*}


$\mathcal {E}_t (h_e^{(i)}, \bv ^{(i)})$


$h_e^{(i)}$


$\bv ^{(i)}$


\begin {equation*}\mathcal {E}_t (h_e^{(i)}, \bv ^{(i)}) = \begin {bmatrix} h_e^{(1)}v_1^{(1)} & 0 & h_e^{(2)}v_1^{(2)} & 0 & h_e^{(3)} v_1^{(3)}& 0 & h_e^{(4)}v_1^{(4)} & 0 \\ 0 &h_e^{(1)} v_2^{(1)}& 0 &h_e^{(2)}v_2^{(2)}& 0 &h_e^{(3)}v_2^{(3)}& 0 &h_e^{(4)}v_2^{(4)} \\ 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \\ \frac {1}{2}h_e^{(1)} v_2^{(1)}&\frac {1}{2} h_e^{(1)}v_1^{(1)}& \frac {1}{2} h_e^{(2)}v_2^{(2)}&\frac {1}{2} h_e^{(2)}v_1^{(2)} & \frac {1}{2} h_e^{(3)}v_2^{(3)}&\frac {1}{2} h_e^{(3)}v_1^{(3)}&\frac {1}{2} h_e^{(4)}v_2^{(4)}&\frac {1}{2} h_e^{(4)}v_1^{(4)}\\[4pt] \frac {1}{2}h_e^{(1)} v_2^{(1)}&\frac {1}{2} h_e^{(1)}v_1^{(1)}& \frac {1}{2} h_e^{(2)}v_2^{(2)}&\frac {1}{2} h_e^{(2)}v_1^{(2)} & \frac {1}{2} h_e^{(3)}v_2^{(3)}&\frac {1}{2} h_e^{(3)}v_1^{(3)}&\frac {1}{2} h_e^{(4)}v_2^{(4)}&\frac {1}{2} h_e^{(4)}v_1^{(4)} \end {bmatrix} \,.\end {equation*}


$W_{p12}$


\begin {equation*}W_{p12} = \mathcal {E_{SK}} (h_e^{(i)}, \bv ^{(i)}) ^T \hat {\bL }_{pt}\,,\end {equation*}


$\mathcal {E_{SK}} (h_e^{(i)}, \bv ^{(i)})$


$h_e^{(i)}$


$\bv ^{(i)}$


\begin {equation*}\mathcal {E_{SK}} (h_e^{(i)}, \bv ^{(i)}) = \frac {1}{2} \begin {bmatrix} h_e^{(1)} v_2^{(1)} & - h_e^{(1)} v_1^{(1)} & h_e^{(2)} v_2^{(2)}& - h_e^{(2)} v_1^{(2)} & h_e^{(3)} v_2^{(3)} & - h_e^{(3)} v_1^{(3)}& h_e^{(4)} v_2^{(4)}&-h_e^{(4)} v_1^{(4)} \end {bmatrix}^T\,.\end {equation*}


$\mathrm {curl}\, \bL _p$


\begin {equation}[\mathrm {curl}\, \bL _p] = \begin {bmatrix} 0 & 0 & ( \mathrm {curl}\, \bL _p)_{13}\\ 0 & 0 & ( \mathrm {curl}\, \bL _p)_{23}\\ ( \mathrm {curl}\, \bL _p)_{31} & ( \mathrm {curl}\, \bL _p)_{32} & 0 \end {bmatrix} \rightarrow \mathrm {curl}\, \bL _p = \begin {bmatrix} (\mathrm {curl}\,\bL _p)_{13}\\ (\mathrm {curl}\,\bL _p)_{23}\\ (\mathrm {curl}\,\bL _p)_{31}\\ (\mathrm {curl}\,\bL _p)_{32} \end {bmatrix}= \begin {bmatrix} \left (\mathrm {curl}\, \bL _{p1} \right )^T \mathbf {e}_3\\ \left (\mathrm {curl}\, \bL _{p2} \right )^T \mathbf {e}_3\\ \partial L_{p33}/\partial x_2\\ -\partial L_{p33}/\partial x_1 \end {bmatrix}\,, \label {eq:arraycurl}\end {equation}


$\mathbf {e}_3$


$\mathrm {curl}$


$\bL _{p1}$


$\bL _{p2}$


$H(\mathrm {curl})$


$\bL _p$


$\bL _{p1}$


$\bL _{p2}$


$H(\mathrm {curl})$


\begin {align*}\mathrm {curl}\, \bL _{p1} = \sum _{i=1}^4 \hat {L}_{p1t}^{(i)} \left ( \mathrm {curl}\, \bV ^{(i)}\right ) = \sum _{i=1}^4 h_e^{(i)} \hat {L}_{p1t}^{(i)} \left (\mathrm {curl}\, \bv ^{(i)}\right )\,,\\ \mathrm {curl}\, \bL _{p2} = \sum _{i=1}^4 \hat {L}_{p2t}^{(i)} \left ( \mathrm {curl}\, \bV ^{(i)}\right )= \sum _{i=1}^4 h_e^{(i)} \hat {L}_{p2t}^{(i)} \left (\mathrm {curl}\, \bv ^{(i)}\right )\,.\end {align*}


$\mathrm {curl}$


$\mathrm {grad}$


\begin {equation}\mathrm {curl}\, \bv ^{(1)} = \mathrm {curl}\, \bv ^{(2)} = \frac {1}{4} (\mathrm {grad}\, r) \times (\mathrm {grad}\, s) = \frac {1}{4(\det \bJ )} \mathbf {e}_3\,, \label {eq:curlv1}\end {equation}


\begin {equation}\mathrm {curl}\, \bv ^{(3)} = \mathrm {curl}\, \bv ^{(4)} = \frac {1}{4} (\mathrm {grad}\, s) \times (\mathrm {grad}\, r) = -\frac {1}{4(\det \bJ )} \mathbf {e}_3\,. \label {eq:curlv2}\end {equation}


\begin {equation}\mathrm {curl}\, \bL _p = \mathcal {C}_t (h_e^{(i)}, J)\hat {\bL }_{pt} +\mathcal {C}_z (\bH ) \hat {\bL }_{p33}\,, \label {eq:curldiscr}\end {equation}


$\mathcal {C}_t (h_e^{(i)}, J)$


$J=\det \bF $


$h_e^{(i)}$


\begin {equation*}\mathcal {C}_t (h_e^{(i)}, J) = \frac {1}{4 J \det \bJ _R } \left [ \begin {matrix} h_e^{(1)} & 0 & h_e^{(2 )} & 0 & -h_e^{(3)} & 0 & -h_e^{(4)} & 0 \\ 0 & h_e^{(1)} & 0 & h_e^{(2)} & 0 & -h_e^{(3)} & 0 & -h_e^{(4)} \\ 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \\ 0 & 0 & 0 & 0 & 0 & 0 & 0 & 0 \end {matrix} \right ]\end {equation*}


$\mathcal {C}_z (\bH )$


\begin {equation*}\mathcal {C}_z (\bH )= \left [ \begin {matrix} 0 & 0 & 0 & 0 \\ 0 & 0 & 0 & 0 \\ H_{21} & H_{22} & H_{23} & H_{24} \\ -H_{11} & -H_{12} & -H_{13} & -H_{14} \\ \end {matrix} \right ]\,.\end {equation*}


\begin {align}\delta W_i = \int _{P_0} \delta \hat {\bu }^T \left ( \mathcal {B}(\bH )^T \bT \right ) J {\mathrm {d}} V+ \int _{P_0} \delta \hat {\bL }_{pt}^T \left [\mathcal {E}_t (h_e^{(i)}, \bv ^{(i)})^T \left ( \bSd - \bM + \lambda \bI \right )+2\, \mathcal {E_{SK}} (h_e^{(i)}, \bv ^{(i)})\, S_{{\mathrm {W}}\, 12} +\mathcal {C}_t (h_e^{(i)}, J)^T \tzeta \right ] J {\mathrm {d}} V\nonumber \\ + \int _{P_0} \delta \hat {\bL }_{p33} ^T \left [\boldsymbol {E}_z^T \left ( \bSd - \bM + \lambda \bI \right )+\mathcal {C}_z (\bH )^T \tzeta \right ] J {\mathrm {d}} V + \int _{P_0} \delta \hat {\blambda }^T \bN _{Rs} \mathrm {tr} (\bL _p ) J {\mathrm {d}} V\,. \label {eq:InternalWorkVect_disc}\end {align}


$\delta \hat {\bu }$


$\delta \hat {\bL }_{pt}$


$\delta \hat {\bL }_{p33}$


$\delta \hat {\blambda }$


\begin {align*}&\bF ^{int}_u =\int _{P_0} \left ( \mathcal {B}(\bH )^T \bT \right ) J {\mathrm {d}} V\,,\\ &\bF ^{int}_{Lpt} = \int _{P_0} \left [\mathcal {E}_t (h_e^{(i)}, \bv ^{(i)})^T \left ( \bSd - \bM + \lambda \bI \right )+2\, \mathcal {E_{SK}} (h_e^{(i)}, \bv ^{(i)}) \, S_{{\mathrm {W}}\, 12} +\mathcal {C}_t (h_e^{(i)}, J)^T \tzeta \right ] J {\mathrm {d}} V\,,\\ &\bF ^{int}_{Lp33} = \int _{P_0} \left [\boldsymbol {E}_z^T \left (\bSd - \bM + \lambda \bI \right )+\mathcal {C}_z (\bH )^T \tzeta \right ] J {\mathrm {d}} V\,,\\ &\bF ^{int}_{\lambda }= \int _{P_0} \bN _{Rs} \mathrm {tr} (\bL _p) J {\mathrm {d}} V\,.\end {align*}


$\bF = \bF _{n+1}$


$t_{n+1}$


$\bF _{n}$


$t_n$


$\bFr $


\begin {equation*}\bF =\bFr \bF _{n} \,,\end {equation*}


\begin {equation*}\bFr =\bF \,\bF _{n}^{-1} \,.\end {equation*}


\begin {equation*}J_e = J = J_\Delta J_n\end {equation*}


$J_\Delta =\det \bFr $


$J_n$


$t_n$


$\dot {\bF }=\bL \,\bF $


\begin {equation*}\dot {\bF }_\Delta = \dot {\bF }\,\bF _n^{-1} = \bL \,\bF \,\bF _n^{-1} = \bL \,\bFr \,, \quad \bFr (t_n)=\bI \,.\end {equation*}


$\bFr $


\begin {equation*}\bar {\bF }_\Delta = (J_\Delta )^{-1/3}\bFr \,, \qquad \det \bar {\bF }_\Delta = 1 \,.\end {equation*}


$\bL '=\bL '(t)$


$\bL '(t)$


$\tilde {\bL }'$


\begin {equation}\dot {\bar {\bF }}_\Delta = \tilde {\bL }^\prm \,\bar {\bF }_\Delta \,, \qquad \bar {\bF }_\Delta (t_n)=\bI \, . \label {eq:Frbar_evol}\end {equation}


\begin {equation}\bar {\bF }_\Delta (t_{n+1}) = \exp (\tilde {\bL }^\prm \,\Delta t)\,. \label {Xeqn43-47}\end {equation}


\begin {equation}\tilde {\bL }^\prm := \frac {1}{\Delta t}\log (\bar {\bF }_\Delta ) \label {eq:Lbar_def}\end {equation}


$\Delta t$


$\bar {\bB }_e$


$\bL ^\prm (t)$


$\tilde {\bL }^\prm $


$\bL _p'$


$\Delta \hat {\bL }_{pt}=\hat {\bL }_{pt} \Delta t$


$\Delta \hat {\bL }_{p33} = \hat {\bL }_{p33} \Delta t$


\begin {equation*}\bL _p^\prm \Delta t = \mathcal {I}_d\left \{\mathcal {E}_t (h_e^{(i)}, \bv ^{(i)})\Delta \hat {\bL }_{pt} +\left [ \mathcal {E}^T_{\mathcal {SK}} (h_e^{(i)}, \bv ^{(i)})\Delta \hat {\bL }_{pt}\right ] \bI _{skw}+\boldsymbol {E}_z \ \Delta \hat {\bL }_{p33} \right \}\,,\end {equation*}


$\bI _{skw}=\left [0\;\;0\;\;0\;\;1\;-1 \right ]^T$


\begin {equation*}\mathcal {I}_d=\begin {bmatrix} \frac {2}{3} & - \frac {1}{3} & -\frac {1}{3} & 0 & 0\\[4pt] - \frac {1}{3} & \frac {2}{3} & - \frac {1}{3} & 0 & 0\\[4pt] - \frac {1}{3} & - \frac {1}{3}& \frac {2}{3} & 0 & 0\\[4pt] 0 & 0 &0 & 1 & 0\\ 0 & 0 &0 & 0 & 1\\ \end {bmatrix}\end {equation*}


\begin {equation*}\bL _e^\prm := \tilde {\bL }' - \bL _p' \,,\end {equation*}


\begin {equation*}\bar {\bB }_{e,n+1} = \exp (\bL _e^\prm \Delta t)\, \bar {\bB }_{e,n}\,\exp (\bL _e^\prm \Delta t)^T\,.\end {equation*}


$\tilde {\bL }'\Delta t = \log (\bar {\bF }_\Delta )$


\begin {equation*}\exp (\bL _e^\prm \Delta t) = \exp \left ( \log (\bar {\bF }_\Delta ) - \bL _p'\Delta t \right ) =: \bar \bF _{\Delta e} \,,\end {equation*}


$\bar {\bB }_e$


\begin {equation*}\bar {\bB }_{e,n+1} = \bar \bF _{\Delta e}\,\bar {\bB }_{e,n}\,\bar \bF _{\Delta e}^T\,.\end {equation*}


$\balpha $


$\balpha $


$\bzeta $


$\bR $


\begin {equation}\left \{ \begin {array}{@{}l@{}} \dot \bR (t) = \bOmega (t) \bR (t)\\ \bR (0)= \bI \end {array} \right . \label {eq:inval}\end {equation}


$\balpha _R$


\begin {equation}\label {alphaR} \balpha _R = \bR ^T \balpha \bR \,.\end {equation}


\begin {equation*}\dot {\balpha }_R = \bR ^T \left (\mathrm {curl} \, \bL _p \right )\bR \,.\end {equation*}


\begin {equation*}\balpha _R=\balpha _{R,n}+\Delta t\,\bR ^T_{n+1} \left (\mathrm {curl} \, \bL _p \right ) _{n+1}\bR _{n+1} \,.\end {equation*}


$\bR _{n+1}$


\begin {equation}\label {alph_R} \balpha = \bR \balpha _R \bR ^T = \bR \bR ^T_n \balpha _{n} \bR _n \bR ^T + \Delta t \, \bR \bR ^T_{n+1} \left (\mathrm {curl} \, \bL _p \right ) _{n+1}\bR _{n+1} \bR ^T= \bR _\Delta \balpha _{n} \bR _\Delta ^T + \Delta t \, \left (\mathrm {curl} \, \bL _p \right ) _{n+1} \,,\end {equation}
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analytical estimates, and the necking of a plate, highlighting the role of the internal length in
controlling strain localization and in governing size-dependent response. Overall, it is established
that the proposed evolution equation for « yields results that are free from spurious oscillations.
When rotations are important in the boundary value problem at hand, the obtained results suggest
that the spin rate governing the evolution equation for a should be the elastic spin rate. For small
elastic deformations, which is typical of metals, the predicted mechanical response is essentially
insensitive to the adopted nonlinear elastic strain measure, so that computational efficiency may
guide this choice. The necking problem shows that the notion of size dependence should com-
pare the material length # to the size of the region in which strain gradients are distributed (e.g.
localized regions) and not to structural dimensions.

1. Introduction

This work proposes an Eulerian finite-deformation formulation for phenomenological higher-order strain gradient plasticity (SGP),
which is intended to be a possible basis for the modeling of the size-dependent behavior of metals when geometrically necessary
dislocations (GNDs, Ashby (1970)) play a role. Here, the adjective phenomenological refers to disregarding the crystal lattice.

The main feature of the adopted Eulerian framework is the mandatory use in the constitutive equations of quantities that are
defined in the current configuration (Rubin, 2021). The developed SGP extends to finite deformations the pivotal theory of Gurtin
(2004), which relies on the dislocation density tensor developed by Nye (1953) and Kroner (1962) in the framework of small strains
and rotations. The extension to finite deformations of the Nye-Kroner tensor includes different possibilities, which have been long
discussed in the literature (see, e.g., Cermelli and Gurtin (2001), and Arora et al. (2020), among several contributions). For this
reason, in this paper, the terminology “Nye-Kroner-like tensor” is introduced to indicate any possible finite-deformation extension of
the classical dislocation density tensor.

The small-deformation SGP of Gurtin (2004) is actually denoted as a distortion gradient plasticity (DGP, Bardella and Panteghini
(2015)) to emphasize that it constitutively prescribes the plastic spin. Specifically, it defines a higher-order stress dependent on
gradients of the plastic spin and a dissipative stress dependent on the plastic spin rate.

Because of the phenomenological nature of the theory considered, the definition of Nye-Kroner-like tensor developed here can
more precisely be associated with the concept of incompatibility of inelastic deformation rates (see, e.g., Fosdick and Royer-Carfagni
(2020), and references therein), rather than with the measure of a net Burgers vector. Rubin and Bardella (2024) discuss Eulerian
rates of elastic incompatibilities relying on

—curlL,, 1)

where the curl operates in the current configuration and L, is the plastic rate tensor, which is assumed to be traceless in this investi-
gation and, in theories relying on the multiplicative decomposition of the deformation gradient F (Bilby et al., 1957; Kroner, 1959;
Lee, 1969), corresponds to F,F,F;'F,!, with F, and F, denoting the elastic and plastic parts of F = F,F, and () denoting material time
differentiation. The second-order tensor in Eq. (1) measures the evolution of elastic incompatibility. In Rubin and Bardella (2024), this
incompatibility is studied in phenomenological Eulerian finite-deformation elastoplasticity. One of the results in Rubin and Bardella
(2024) concerns the importance of the plastic spin rate tensor, defined as

W, = 3L, - LD,
in determining the incompatibility. Additionally, the Eulerian rates of elastic incompatibilities developed on the basis of (1) have
been used in Rubin and Bardella (2024) to propose a size-dependent hardening characterizing a lower-order DGP theory.

A more effective way to develop a SGP theory is to resort to a higher-order framework, which allows the specification of higher-
order boundary conditions, for instance imposing that densities of dislocations either can exit the body or pile-up at the boundary,
thus triggering gradients of plastic flow. To achieve this within an Eulerian formulation of the constitutive equations, one has to
define an evolution equation to time-integrate curlL,, with the purpose of obtaining a total Nye-Kroner-like tensor, here denoted
with the symbol a. This tensor, then, is the higher-order primal field entering the contribution to the Helmholtz free-energy density
referred to as the defect energy by Gurtin (2004). Differentiating the defect energy with respect to a gives the defect stress entering
the higher-order balance.

Hence, in Gurtin’s formulation the plastic spin is a primal kinematic variable. Although its importance in predicting size effects is
well-established for small strains (see, e.g., Bardella (2009), Bardella and Panteghini (2015), Poh and Peerlings (2016), and references
therein), here it is emphasized that its introduction as a primal field becomes even more crucial at finite deformations. In particular,
within an Eulerian setting, where the evolution of elastic distortion depends on the difference between the velocity gradient L and
the plastic rate tensor L, this theoretical framework ensures a fully consistent specification of L.

An evolution equation for a has been proposed in Rubin and Bardella (2023) within the context of a higher-order DGP encompass-
ing two distinct plasticity fields, a higher-order one and a conventional one, which has been shown to be able to accurately predict
the yield stress scaling (Panteghini et al., 2025a). The present work limits attention to an Eulerian finite-deformation extension of the
pioneering DGP proposed by Gurtin (2004), such that it involves only one (higher-order) plasticity field. Here, the evolution equation
for the Eulerian Nye-Kroner-like tensor is proposed in the form

a=9a+aQT+curle, 2
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where the second-order skew-symmetric tensor Q is defined as

Q=W-koW,, 3)
in which
1 T
W=—-L-L
2( )

is the spin rate and kg, is a material parameter that controls the objective rate of a. Eq. (2) is actually more general than that proposed
in Rubin and Bardella (2023) if restricted to a single plasticity field, this one being recovered for kg = 0, that is the Jaumann
rate. Since the former contribution of Steinmann (1996), other formulations of the Nye-Kroner-like tensor rely, to the best of the
authors’ knowledge, on the multiplicative decomposition of the deformation gradient into elastic and plastic parts, F = F,F,, which
is not admissible in the Eulerian formulation of the constitutive equations followed here because of the presence of the intermediate
configuration (Rubin, 2012). Most of these formulations are discussed by Cermelli and Gurtin (2001). Among them, Willis (1967)
proposed to determine the Nye-Kroner-like tensor by applying the curl in the current configuration to F!, which has been later
followed to develop the mesoscale field dislocation mechanics (MFDM) theory (Acharya and Zhang, 2015). It is worth mentioning a
few differences concerned with different definitions of the Nye-Kréner-like tensor. For instance, curlF;! is a two-point tensor, while &
in Eq. (2) is a second-order tensor in the current configuration, as required by the adopted Eulerian framework. Additionally, in the
F = F,F, framework, even if a physical equivalence between some definitions of the Nye-Kroner-like tensor can be established by the
relations between different configurations in which Stokes’ theorem is applied to evaluate the net Burgers vector, if one then adopts
the same mathematical form of the defect energy (e.g., quadratic) for Nye-Kroner-like tensors defined in different configurations,
different material responses are obtained, not only quantitatively, but also qualitatively (as shown by Abatour et al. (2023), for a
finite-deformation SGP in which the higher-order stress is a vector dependent on the gradient of a scalar micromorphic field related
to the cumulative plastic strain).

Although the present investigation deals with phenomenological plasticity, here the literature on crystal plasticity is briefly dis-
cussed because of its importance in small-scale metal plasticity with particular reference to the Nye-Kroner-like dislocation density
tensor. Actually, the present finite-deformation theory could be combined with crystal plasticity through the micromorphic approach
of Forest and co-workers (Cordero et al., 2010), so that the present phenomenological model can be used for finite-deformation strain
gradient crystal plasticity without facing the complexity of imposing higher-order boundary conditions in crystal plasticity relying
on the Nye-Kroner-like tensor (Gurtin and Needleman, 2005). In the context of crystal plasticity, Gurtin (2006) has shown that the
Nye-Kroner-like tensor proposed by Cermelli and Gurtin (2001) has a plastically convected rate that depends only on pure densities
of geometrically necessary dislocations (GNDs, Ashby (1970)), as in its original small-strain version (Fleck and Hutchinson, 1997;
Arsenlis and Parks, 1999). To the best of the authors’ knowledge, this is a common feature of all F,F,-based formulations for the
Nye-Kroner-like tensor in the literature, where the crystallographic directions are held constant as defined in the intermediate or
initial configurations. In contrast, Bardella et al. (2025) have shown that the Eulerian form curlL, naturally accounts also for the
incompatibility due to the elastic distortion of the crystal lattice, because the curl is applied not only to the plastic slip rates, but
also to the crystallographic directions, which are vector fields dependent on the lattice distortion, as formerly discussed by Asaro
and Rice (1977) for conventional (i.e. size-independent) crystal plasticity. Noticeably, Bardella et al. (2025) have also shown that the
contribution to incompatibility due to the lattice distortion may be as important as that due to densities of GNDs.

The formulation of the proposed theory is developed, in Section 2, such that the Eulerian constitutive equation for the Cauchy
stress can have different forms, depending on the adopted distortional nonlinear elastic strain measure, in general denoted with the
symbol 8;. This investigation focuses on two possibilities for 8;, namely, half of either the deviatoric part or the logarithm of the
unimodular elastic left Cauchy-Green tensor. The first choice has the computational advantage of avoiding the spectral decomposition
of the elastic strain tensor, thus making the implementation easier and more efficient in finite-deformation elastoplasticity (Panteghini,
2024; Panteghini et al., 2025b). However, discussing the possibility of different choices for £/ is interesting, both to better understand
the theoretical framework and to establish whether the known properties of the logarithmic strain (see, e.g., Latorre and Monténs
(2014)) are needed in small-scale metal plasticity.

A more general evolution equation for the distortional elastic left-Cauchy-Green tensor than that used in Rubin and Bardella (2023)
was proposed in Rubin (1994) and is used here. The merits of this evolution equation are twofold. First, it ensures consistency between
the elastic rate tensor and the difference between the velocity gradient and the plastic rate tensor. Second, the recoverable second-
order stress tensor entering the higher-order balance equation, and coupling it with the conventional linear momentum balance,
results to be always coincident with the deviatoric part of the Cauchy stress tensor, independent of the adopted 8;.

Given that this work aims to demonstrate the essential features of the proposed Eulerian finite-deformation framework, the defect
energy is simply assumed to be quadratic in a. Since this form of the defect energy is known to be inadequate to describe actual size
effects exhibited by metals that are caused by GND densities (Groma et al., 2003, 2007; Forest and Guéninchault, 2013; Mesarovic
et al., 2015; Bardella and Panteghini, 2015; Panteghini et al., 2019), in future studies, more sophisticated models will be combined
with the finite-deformation theory here presented to predict the actual size effects, as detailed among the open issues of the Concluding
Remarks (Section 5).

The finite element (FE) formulation developed in this work extends that presented in Panteghini and Bardella (2018), thus im-
plementing, for the first time to the best of the authors’ knowledge, H(curl) FEs for finite deformations. These FEs are needed to
ensure the correct continuity requirements for L,,, and then to correctly apply the higher-order boundary conditions, resulting from
the use of the Nye-Kroner-like tensor as exclusive primal higher-order kinematic field. Details of a fully implicit FE algorithm for

3
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plane-strain problems are illustrated in Section 3 and the related user element subroutine (uel) for the FE code Abaqus/Simulia
(Dassault Systemes, 2024) is provided in the supplementary material.

In briefly discussing the literature on higher-order finite-deformation theories using Nye-Kroner-like tensors, here only inves-
tigations that do not disregard the plastic spin rate are considered, i.e. only DGP theories. Kaiser and Menzel (2019) propose a
finite-deformation DGP, relying on the multiplicative decomposition of the deformation gradient, where the Nye-Kroner-like tensor
is defined as Curl F,, where the Curl operates in the reference configuration, and the defect energy is, as here, quadratic in the Nye-
Kroner-like tensor. Kaiser and Menzel (2019) show that their theory can regularize certain deformation modes even in the presence
of softening. However, this is aided by the FE adopted in Kaiser and Menzel (2019), in which all the components of the higher-order
fields are nodal degrees of freedom, thus overconstraining them with respect to the precise requirement of the Curl operator (Wieners
and Wohlmuth, 2011). In fact, even within small strains and rotations and for perfect plasticity, allowing L, to jump as permitted by
the curl operator leads to non-uniqueness of the solution for the plastic field in several benchmarks (Bittencourt et al., 2003; Bardella
and Giacomini, 2008; Poh and Peerlings, 2016; Panteghini and Bardella, 2018). It is inferred that the predictions of the correct H (curl)
FE implementation and of the FE implementation in which all components of L, are nodal degrees of freedom will exhibit even larger
discrepancies in the finite-deformation regime.

Still within the F,F, framework, in Aslan et al. (2011) Forest and co-workers present a micromorphic DGP theory where the
higher-order kinematic field is the Curl of a second-order “microdeformation” tensor, that requires the same continuity conditions as
L, in this work and is related to a plastic rate tensor obtained from crystal plasticity through a penalty addition to the free-energy
density. Moreover, in the framework of crystal plasticity, both the IMDEA-Madrid group of Llorca and Segurado and the Los Alamos
National Laboratory group of Capolungo and Lebensohn propose implementations based on the fast Fourier transform to obtain
solutions of DGP problems relying on Nye-Kroner-like tensors. Specifically, for such a tensor, Haouala et al. (2020) adopt Curl F, as
in Kaiser and Menzel (2019), while Zecevic et al. (2023) use the formulation of Cermelli and Gurtin (2001), that is F,CurlF,. Finally,
Arora et al. (2020) present a FE implementation of Acharya’s finite-deformation MFDM theory, which, even if it is outside the realm
of higher-order SGP, relies on curlF;! for the Nye-Kréner-like tensor, it noticeably disregards F,, and it describes GND-based plasticity
in much greater detail than the phenomenological theory concerned with in this investigation; the MFDM, in fact, includes also a
conservation law for the evolution of the net Burgers vector and a dislocation velocity field, which make the solution of boundary
value problems much more challenging and the FE formulation very different from that developed here.

The theory proposed here is discussed, in Section 4, on the basis of numerical results obtained for the cyclic shearing of an
unbounded strip and for the necking of a bar under tension. Cyclic shearing allows unveiling specific features of the proposed theory
and verifying the FE implementation by comparison with analytical estimates, thanks to the adopted quadratic defect energy. The
necking problem is characterized by softening in the force-displacement response and allows assessment of the influence of the
material length on strain localization and structural size effects. Additionally, the necking problem modeled by the proposed DGP is
interesting because it features higher-order effects even for very large bar size, due to the coupling between large deformations and
localization of plastic flow gradients.

Delving into some details of the obtained results, changing the value of kg, in the evolution equation (2)-(3) for a has negligible
effect on the necking problem, while it affects some aspects of the solution for the cyclic shearing, where rotations are more important.
The obtained results show that kg = 1, making Q coincident with the elastic spin rate, leads to finite-deformation results closer to the
predictions under the assumption of small strains and rotations. For all the considered values of k,, however, the proposed evolution
equation for « yields results that are free from spurious oscillations.

Regarding the constitutive choice for £/, it is shown that, for material parameters typical of metals, implying small elastic de-
formation, it has a negligible influence on the mechanical response, possibly because of the adopted pressure-independent plasticity
(Panteghini et al., 2025b). This suggests that 8; should be chosen on the basis of computational efficiency.

2. Eulerian finite-deformation distortion gradient plasticity relying on the Nye-Kroner dislocation density tensor

The theory presented in this section extends to finite deformations that of Gurtin (2004) by modifying the theory proposed in
Rubin and Bardella (2023), and by specializing it to the case of a single plasticity field. Moreover, the theory is developed in such a
way as to leave the freedom of selecting different measures for the deviatoric nonlinear elastic strain 8;. For this constitutive choice,
two possibilities are considered in detail in this investigation: first, the one in Rubin and Bardella (2023), where £; is half of the
deviatoric part of the elastic distortional left Cauchy-Green tensor B,, where the overline denotes a unimodular tensor (i.e. det B, = 1);
second, 82 is assumed to be (InB,)/2, i.e. the deviatoric logarithmic strain (Hencky, 1933).

2.1. Kinematics

In the theory developed in Rubin and Bardella (2023), which builds on the formulation of Rubin and Attia (1996), the evolution
equation for the elastic distortional deformation tensor B, is proposed in the form
B,=L'B,+B,L7 - A, 4

where ()’ denotes the deviatoric part of a second-order tensor, A is a second-order tensor accounting for the rate of plasticity, and the
velocity gradient is defined as

L =gradx,
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where x is the current position of a material point and grad operates in the current configuration.

For the reasons introduced in Section 1 and explained in the following, this investigation uses a form of A different from that
proposed in Rubin and Bardella (2023) for their size-dependent plastic rate field. Specifically, by following the Eulerian formulation
of constitutive equations for the evolution equations of microstructural vectors in Rubin (1994), A is defined as

1B BT ; _
A=LB, +BL], with (L, =0, 5)
such that Eq. (4) becomes
B,=(L -L,B, +B,L -L,)" =L/B, +B,L" 6)

where L] = L’ — L, can be interpreted as the deviatoric part of the elastic rate tensor. The unimodularity of B, is ensured in Eq. (6) by
verifying that ﬁe -B;! = 0. Here and henceforth, B - C = tr(BCT) denotes the inner product of two second-order tensors B and C. An
evolution equation alternative to Eq. (6), which uses for A the proposal in Rubin and Bardella (2023) for the size-dependent plastic
rate field, is discussed in Appendix A.

From Eq. (6), it follows that the deviatoric part 1_3; of B, satisfies the evolution equation

2

= _ _ _ _ _ 2 _
B, =L'B,+B,L" - 5(D’ ‘B)I-A’, A'=L,B, +B,L] - 3D, B, 7)

where
D= %(L +L7)

is the total deformation rate, I is the second-order identity tensor, and

1 T
D, =@, +L)
is the plastic deformation rate.

Given B/, B, is determined by imposing the unimodular condition for B,, i.e.

det (%I+B;) =1 with g, =u(B,), (8)
which gives the third-order scalar equation
9 -, = _
ﬂf—E(B;~B;)ﬂ1+27(detB;—l):0 9

to be solved for g,. Following Lagioia et al. (2014), the correct solution of Eq. (9) is always the largest solution for ,, which is equal
to

3 if B/-B/ =0
6(B, - B) cos [% arccos <—3\/€M>] if (B;~Eé)3 > 54(det B] - 1)2

b = (B, B,)* 10

6(B, - B,) cosh [garccosh<_3\/aw ] if (B, B!)° <54(det B, —1)°

V (BL-BL)’
It is assumed that the volumetric response is purely elastic, so the elastic dilatation J, coincides with the total dilatation J, that is
J,=J =detF, 11)
where
F = Gradx,

with Grad operating in the reference configuration. Hence, the volume ratio satisfies the evolution equation
J
— =tr(D). 12
7 D) (12)

Of course, the set of kinematic equations includes the fundamental relations introduced in Section 1.
2.2. Balance laws and higher-order boundary conditions

The conventional linear momentum balance, in the absence of body forces and inertia, reads
divT =0, (13)

where T is the Cauchy stress and the divergence operates in the current configuration. Of course, the balance law (13) is subject to
the usual conventional boundary conditions.
The higher-order balance correlates three second-order stress tensors in the law (Gurtin, 2004; Rubin and Bardella, 2023)

(curl¢) +S-M =0, (14)
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where ¢ is the recoverable higher-order stress dependent on the Nye-Kroner-like tensor «, usually referred to as the defect stress
(Gurtin, 2004), S is a dissipative stress dependent on the plastic rate tensor L,, and M is a recoverable stress that depends on
elasticity and couples the balance Eqs. (13) and (14). Because of the form of A in Eq. (5) adopted in this investigation, M coincides
with the deviatoric part of the Cauchy stress, as shown in the following. This may not be the case for forms of A different from that in
Eq. (5), as with the proposal for the size-dependent plasticity field in Rubin and Bardella (2023), which is discussed in Appendix A.
Note, however, that any acceptable form of A must yield an M stress that specializes to T’ under small strains and rotations to recover
the theory of Gurtin (2004).

The balance law in Eq. (14) requires higher-order boundary conditions. By splitting the boundary 0P into the two complementary
subsets 0P, and dP,, the so-called “microhard” condition is specified as Gurtin (2004)

L,xn=0 on 0P, (15)

which ensures that (densities of) dislocations do not penetrate the boundary dP,, thus implying that dislocations pile up on P, and
contribute to GNDs (Ashby, 1970; Fleck and Hutchinson, 1997; Gurtin, 2004). The dual “microfree” condition requires

{xn=0 on 0JP,, (16)
which states that dislocations are free to exit the body P through the boundary o0P,. Obviously, it would be possible to specify

non-homogeneous higher-order boundary conditions, but they are not considered in this investigation.

Notation. Consider a fixed orthonormal Cartesian triad e;, a second-order tensor G, and a vector n. Then, in this investigation, curl G
and G x n are defined such that (curlG) - (¢; ® €;) = €;;,0G;;/dx; and (G X n) - (¢; ® ;) = €, G;;ny, respectively, where ® indicates
the tensor product, €jx = (= NG —k)(k—i)/2 is the Levi-Civita (alternating) tensor, G;=G-(e;®€;),x;=X-€,n,=n-¢, and the
summation convention is adopted over repeated indices.

2.3. The constitutive equations
The definition of the stresses is guided by the rate of material dissipation, which, in the isothermal case, reads (Rubin and Bardella,
2023)
p0g = —ptrM) +T -D' —py+S-L,-M-D, +¢-curlL, >0 with T =T+ pl, a7

where p is the current mass density, 0 is the constant absolute temperature, & is the specific internal rate of production of entropy
due to material dissipation,

p= -%um 18)

is the pressure (positive under compression), and y is the Helmholtz free-energy density.
It is assumed that the free energy admits the additive decomposition

Py = W)+ Y () + Yy(a), 19

where p, = Jp denotes the material zero-stress density, ‘I‘fc’l(J ) is the contribution to p,y due to the elastic dilatation, ‘P; ,(r1) accounts
for the elastic distortion, thus being a function of the invariant y, of the deviatoric elastic strain £/, with both y; and &/ still to be
selected, and ¥4(e) is the so-called defect energy (Gurtin, 2004).

By substituting the general form of the free energy in Eq. (19) into Eq. (17) and using Eq. (12), one obtains

p9§’=—(p+dWZ])tr(D)+T’.D’+S-L -M-D —id%y +(C—£%)~(curlL)>0 (20)
dJ ? P, dpy ! p; da reT

By selecting
PN =k(1-J+JInJ), ¥y(a)= %;uf’za ‘a,

where k and u are the bulk and shear moduli, respectively, and # is a constant material length scale, Eq. (20) implies

p=—klnJ, C:%uﬁza, (21)
thus reducing Eq. (20) to
p 0¥,
p0 =T -D'+S-L,-M-D, - ——=j, > 0. (22)
Pz ayl

Note that this investigation considers the simplest possible form of ¥;(a), but other forms are possible, for instance encompassing
three invariants of a and less-than-quadratic dependence on a. Although these extensions are important in order to model the size-
dependent response of actual metals (see, e.g., Conti and Ortiz (2005), Ohno and Okumura (2007), Bardella (2010), Forest and
Guéninchault (2013), Wulfinghoff et al. (2015), Bardella and Panteghini (2015), Panteghini et al. (2019), Panteghini and Bardella
(2020), and references therein), this kind of study is beyond the scope of this investigation and left for future studies.

6
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By following Gurtin (2004), the dissipative stress S dependent on L, is prescribed as

2 W,
Sp :—SV(dp) , Sy = ;(SV(dp)—

=\V3 |D,,| +2IW, 12 20, SV =4/5 ISDI2 —|Sw|2>0 (23)

where d, is an effective plastic distortion rate, |A| = V/A - A denotes the modulus of the tensor A, S is separated into its symmetric,
b = (S+S7)/2, and skew-symmetric, Sy, = (S — S7)/2, parts, y > 0 is a parameter governing the dissipation associated with the
plasticity spin rate,! and the product SV (d,) accounts for isotropic hardening and viscoplasticity as follows.
The effective stress S is constitutively prescribed as a function of the loading history through the isotropic hardening law

t
S=5E,), & =/ d,dt, (24)
0

where £, denotes the accumulated effective plastic strain.
The viscoplastic function Vd,) is chosen as in Bardella and Panteghini (2015), Panteghini and Bardella (2016) in the form

b if
Vdy=4> |, y (25)
4 _l& if &
1 24, 1f£_0>1

with ¢, denoting a rate-sensitivity material parameter. For small values of ¢, the response is rate-independent except for the small
region near the elastic-plastic transition. Note that the assumed isochoric plastic flow implies tr(L,) = tr(D,) = tr(S) = 0
Then, Eq. (22) is reduced to

!’

’_ ’ l’a\Pel
po& =T -D +SV(dp)dp—M-Dp——
P

z 071

71> 0. (26)

Now, a slightly more general form of the free energy y than that in Eq. (19) is considered to derive a result for the stress M. For
general elastically isotropic response, y can be expressed as

v =y, V:{J,l_ie,a}.

Since y must be uninfluenced by superposed rigid body motions, v may depend on the tensors in ¥ only through their invariants. In
particular, this means that

aw
¢ 0B,

d_u/B _B

e
e

Consequently, by using Eq. (6),

oy aw '
— B, =2 D' -D,).
B, ° (aB ) ( 2

Then, the rate of material dissipation in Eq. (26) can be rewritten as

oy
08 =T -D +5V(d,)d,-M-D,—22(ZLB,). D -D,),
poE (d)d, , pz(aBe .) @ -D,)
which, noticeably, indicates that
2/ 0w o\
T =M= 7(T‘"Be) , @7)

0B,

regardless of the specific dependence of y on B,. Specifically, this holds also in the special case here of interest with dependence of
v on a single invariant of B, as specified in Eq. (19). Once the constitutive choice for ‘I’é , and y, is made, the expression for T =M
can be derived and, from Eq. (26), the dissipation inequality is satisfied, as it results

p6¢' = SV(d,)d, >0 VL, #0.

Back to the case in which the free-energy density depends on a single invariant of B,, this investigation considers two possible
constitutive choices for ‘P; (), as specified in the next two subsections.

! Note that y = 0 yields Sy, = 0 and W, free to develop, while irrotational plastic flow is obtained in the limit y — co.

7
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2.3.1. The B, model
In this formulation, which is the one followed in Rubin and Bardella (2023),
n=pi W= -3, € =3B, 28)
such that, from Egs. (6) and (8), one obtains
p1=2B,-(D'-D,),
which, by using Eq. (26), leads to

U=
T-M=£5,. (29)

2.3.2. The LN model

In this formulation,
E,=E, =3B, 1= E, ¥, =u, (30)

with E/ denoting the distortional part of the logarithmic strain (Hencky, 1933), which is also a traceless tensor.
By using the formula obtained by Jog (2008), after some algebra, one has

. 3 3 3 =

_ = _ - b, - - _ -

b = %(lnBe) InB, = %<Zln bg,.P,.> . (2 I_JLP,.BEP,) - % Y = inf, = w(®B;'B,) = (B 'EB,). (31)
£ . :

i=1 “ei

i=1 “ei

in which b,;, with i = 1,2,3, are the eigenvalues of B, and the last equality is due to the fact that E/ and B;! have the same prin-
cipal directions N;, with i = 1,2,3 and P; = N; ® N; (no sum on i). Note that the second equality in Eq. (31) is possible because the

contributions due to the rotations of the eigenvectors entering InB, cancel out in the inner product of InB, with InB,.
By substituting Eq. (6) into Eq. (31), one obtains

j1=2E,-(D'-D,),
such that Eq. (26) implies

T’=M=2—”E’

J e (32)

2.4. Particularization to conventional finite-deformation elastoplasticity

In general, the particularization to size-independent finite-deformation elastoplasticity is obtained by setting # = 0, thus imposing
that the defect stress vanishes (see, e.g., Eq. (21)). Within the present DGP theory, the skew-symmetric part of the higher-order
balance law (14) then yields Sy = 0, thus implying W, = 0 through Eq. (23), and the symmetric part of the higher-order balance law
(14) specializes to

2 D,
Sy = =SVd,)— =M,
D \/; “»ip,|

where use has been made of the constitutive Eq. (23). This relation gives D, as a function of B, which is dependent on the form of
M. In turn, this expression for D,, along with W, = 0, has then to be substituted into the equation for A (see, e.g., Eq. (5)) in order
to obtain the evolution equation for B, for size-independent elastoplasticity.

2.5. Higher-order equations governing plane-strain boundary value problems

This work discusses the results of the proposed theory by focusing on plane-strain boundary value problems, thus allowing a much
less demanding FE implementation, provided in next Section 3, than that required for general three-dimensional problems. In the
kinematic approach followed here, the key issue is the capability to correctly satisfy the minimum continuity requirements of L,
consistently with the structure of the higher-order boundary conditions (15). This issue is addressed by the use of H(curl) FEs.

By referring to a fixed rectangular Cartesian reference system (x;, x,,x3) for the current configuration, with out-of-plane axis
x3 = X5 (i.e. constant out-of-plane normal), the matrix form of curl L, reads

0 0 Ly —Lyiin
[curlL,] = 0 0 Ly =Ly | (33)
Lysn  —Lyss 0

which has to satisfy the condition tr(L,) = 0.
The microhard boundary conditions (15) are conveniently specified in terms of the in-plane vectors

LL =[Lpy Lyl L:z =Ly Lyl 34
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as Panteghini and Bardella (2018)
L, t=0, Ly-t=0, Ly;=0, (35)

where t is the 2D unit vector tangential to the boundary.
From inspection of Egs. (2) and (33), it is deduced that the sole non-vanishing components of a are a3, a,3, a3, and as,, as

0 0 Qppan; 0 0 Ly —Lpiin
[a] = 0 0 —912013 + 0 0 Lp22’l _Lp2l’2 . (36)
Qpazy  —Qpag 0 Lysn  —Lys 0

On the basis of Eq. (36), the sole non-vanishing components of the curl of the defect stress are

(F)e —(F)a 0
leurl gl = ut?| (B)y  =(F), 0 . (37)
0 0 (F)a=(F)2

Therefore, by using the constitutive Eqgs. (21) and (23), the sole non-vanishing PDE of the skew-symmetric part of the higher-order
balance law (14) is

Wi uf?1,ap a3
£SV) == = =[P+ (38)

while the non-vanishing PDEs of the symmetric part of the higher-order balance law (14) are

2 Dpiy ut?y « )3 a; a
My = 35V =+ =2t (P () +(F)2 .

2 D, 2 @ a o o
My, = §SV(dp)dL; + ”T —2(%),1 —(%3),2—(%),1 +(%),z] :

2 D, 21 a a a a
M3y = Z8V(d,) L. ”T[Z(%)l -2(=4), —($)a2 +($),1 ] ,

3 d, J
2 Dy Mfz[ a3 a; ]
M,==5Vd)— +—|(—=),,—(— .

1253 d,) d) + 5 (J ),2 ( T ),1 (39)

The foregoing equations will be useful to discuss the numerical results presented in Section 4.
3. The H(curl) finite element formulation for plane-strain boundary value problems

The FE implementation of higher-order DGP relying on the Nye-Kroner tensor requires the use of H (curl) FEs, whose development
started with the need to solve the Maxwell equations governing boundary value problems in electromagnetism (Nédélec, 1980; Jin,
2014).

The technique adopted to formulate an H (curl) field (Rognes et al., 2010; Wieners and Wohlmuth, 2011) for the plastic distortion
rate L, does not ensure that the resulting discretized field L, is isochoric. This issue is addressed by enforcing the condition tr(L,) = 0
in a weak form, through the Lagrange multiplier A, such that the internal virtual power, for general three-dimensional stress and
strain fields, assumes the form

5W,.=/ [T-6D+S-6L,—M-6D, + Atr(3L,) + ¢ - 6(curl L,) + tr(L,) 6A]dV’,
P

where P is an arbitrary subregion of the body in the current configuration.

With this approach, 6L, does not need to be traceless anymore and, importantly, S is computed by substituting in the constitutive
Egs. (23) the deviatoric part of the current L, i.e. L; , so that tr(S) = 0 always in the following. The constraint equation associated
with A enforces tr(L,) = 0 at convergence, thereby ensuring an isochoric plastic distortion rate.

The proposed 2D quadrilateral FE for plane deformations has 4 nodes, linear shape functions, and twenty-four DOFs overall. Each
node has four DOFs, consisting of the two displacement components #; and u,, the out-of-plane plastic rate L 3, and the Lagrange
multiplier 4, whereas each edge has two DOFs, consisting of the edge-averaged values of the tangential components of the vectors
L, and L, in Eq. (34) (Panteghini and Bardella, 2018). 2 Full integration, corresponding to a 2 x 2 Gauss quadrature rule, is always
adopted.

2 A fully three-dimensional hexahedral counterpart of the present FE would have 68 DOFs overall: four nodal DOFs at each of the eight nodes,
namely u,, u,, u;, and 4, plus three H(curl) edge DOFs on each of the twelve edges, corresponding to the edge-averaged tangential components
of the three vectors LZI =[Lyy Lyn Lysl, LZZ =[Ly Ly Lysl, and LL =[L,; Ly Lyl For a plane-strain restriction with out-of-plane edges
aligned with the x; direction, the in-plane edge DOFs are retained for L, and L,, (see Egs. (34) and (35)), whereas the edge DOFs associated with
the out-of-plane edges of L ; are represented in the reduced two-dimensional setting by the nodal values of L ;. For each vector of L,, the H(curl)
discretization provides a well-defined tangential trace on element faces and enforces the continuity of this tangential trace across interelement faces

(Jin, 2014). The normal component, instead, is not required to be continuous.

9
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Isoparametric FEs are employed, so that the shape functions also linearly interpolate the reference geometry and are specified by
Xg = Ng(r, ) Xg,
where

0Y)] ) 3) (©]
Ny (r,s) 0 Ny (r,s) 0 Ny (r,s) 0 Ny (r,s) 0

Ng(r,s) = :
&) [ 0 NQ @ s) 0 NG s) 0 N s) 0 NP s)

N, s) = le(l -n=-s), NPrs= %(1 +r(1-5),

NY(r.s) = 21;(1 +n+s), NP0 = %(1 -1l +s),

>

.
I PXO)) INC) ~(2) ~(2) NE)) ~(3) (4 ~(4)
R= [xR,l YRz *r1 X*r2 Y1 YRz YR1 xR,Z] J

(X(If)l,fc(;)z) are the reference (initial) coordinates of the node k, r € [-1,1] and s € [-1,1] are the intrinsic coordinates, and xz =

T
[XR,I xR,z] :
The derivatives of the shape functions with respect to the reference coordinate system are computed as

[oN(D IN® ING) ON@® T

— | 9xra1 OXR | Oxg | oxpy | _ -1
Hp =] ;N0 onv®  on®  ayd [=Jg Hps
L 9xr2 Oxpo 0XR2 OxR2 |

where H, is the matrix that contains the derivatives of the shape functions with respect to r and s, i.e.

[oN®D ON® IN® INW T

1{s—1 1-5 1+s —-1-35

= or or, or oar = =
Ho= o8 o8 oN® N [ T321 Zior 14r d-r ]|
L 0s ds das ds A
and
Je=HXg.
with
(1) ~(1)
le X

R 2@ 2@

— R,1 R2
Xp=| .5 .|
& F

*R1 *R2

Then, the displacement field u, the out-of-plane plastic rate L 3, and the Lagrange multiplier 4 are discretized with respect to the
reference configuration as

u(r,s) =Ng(r, ),  Ly(r,s) =Nk ()3, A(rs)=NkL (r.9)1,
where
T
a=fa A AP A P W a )
T
1 2 3 4
NRS(r,s)=[N;)(r,s) N;)(r,s) N;)(r,s) Nl(z)(r,s),] s

T
i — |7 7@ 76 7@
Lp33 - [Lp33 Lp33 Lp33 Lp33] >
=[]0 j@ 36 je’
with @, i,,33, and 1 denoting the vectors containing the FE DOFs.

Under these assumptions, the deformation gradient F(z,, ) = F,,; = F at the end of a generic step at the time 7, , stored in array
notation,® is computed in terms of the nodal displacement components as

F=1+Gradu=I+ AMHp)1,

3 At the implementation level, the components of each second-order 2D tensor (symmetric or non-symmetric) are stored in a 5-component vector.
For instance,

Fy 1
Fll F12 0 F22 1
[Fl=|Fy Fp 0|->F=[F;|, I=|1[.
0 0  Fy Fy 0
Fy 0

10
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where I is the second-order identity tensor and A(Hy) is a linear function that maps the components of Hy into the 5x8 matrix

(Hp)iy 0 Hp)i 0 (Hp)s 0 (Hp)iq 0
0 Hp) 0 Hp)x 0 Hp)os 0 (Hp)ns
AHRg) = 0 0 0 0 0 0 0 0
(Hg) 0 (Hg)x 0 (Hg)oz 0 (HR)24 0
0 MHpi 0 Hp)i 0 Hp)is 0 Hp)a
The derivatives of the shape functions with respect to the current coordinates can now be computed as
AN IN®D IN® IN@
H= a(;\);(]” a?\);&) 5‘13\;C 3 9%114) =1 71Hp ’
0x, 0x; 0x; 0xy

where
J=JF, J' = F—TJI—{I .

The total deformation rate D is computed in terms of the rates of the nodal displacement components as
D = BH)a,

where B(H) is a linear function that maps the components of the matrix H into the 5x8 matrix

Hy 0 Hyp 0 Hy3 0 Hyy 0
0 Hy, 0 H,, 0 Hy, 0 H,,
By =| 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 ’
3Hyn  3Hy  ;Hn sHp ;Hyp SH;3  3Hy  SHy

i 1 1 1 1 i 1 1
3Hy  3Hy  ;Hn 5Hp Hyp SH;3  3Hy  SHy

By following Panteghini and Bardella (2018), the plastic distortion rate L, is discretized by defining a vector basis VO, i=1,2,3,4,
that ensures curl conformity. Hence, this vector basis is constructed so that the edge degrees of freedom represent the tangential
components of L, along the FE edges in current configuration are constrained to be continuous, thereby enforcing the continuity of
the tangential trace across interelement boundaries. To this purpose, the required DOFs are related to the in-plane vectors defined in
Eq. (34), whose discretization is proposed in the form

4 4
_ i) 7 () _ @) 7 ()
Lpl - ZV Lplt’ LpZ - ZV Lpzr’
i=1 i=1

where, for a given i, V@ has vanishing tangential component along all the FE edges except for the i—th edge and the scalars DOFs
]:;'1) , and ]:2’2) , are the average value of the tangential components of L,; and L,,, respectively, along the i—th FE edge. Each vector

basis V@, i = 1,2,3,4, is a function of the current FE edges’ lengths, denoted as %, and of the deformation gradient F through the
jacobian in current configuration J. The i-th vector of the basis can be expressed as
VOJ, Ay = ’OVOJ)
where
J = [gradr grad s] s
with grad denoting the in-plane gradient operator with respect to the current configuration.

By following Panteghini and Bardella (2018), the vector basis is rewritten as

Y.

VW), = %(1 — s)(gradr); = %(1 -) 0

i
[V(Z)(J)]i = i(] + r)(grads); = i(l +r)(J_l i2°
i

[V(S)(J)]i = %(1 + s)(gradr); = %(1 +9)(J! i1’

)
)
)
[FOW), = 301 - nerads), = 20 =N, v

where (J7!);; denotes i, j component of the 2 x 2 matrix J~!.
Hence, the plastic deformation rate is computed as
Lpll
Ly
D = 1 Ly = &AM VL, + E.Ly;,
(L2 + Lyy)
1
3 (Lo + Lyn)

11
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where

i 7D M @ 7@ 70 7O 7@ 7@
LPY_ [Lplt LpZt Lplt LpZt Lplt LpZt Lplt LpZI ’

o 0 0 0
o 0 0 0
E.=[NQ N NO ND|
o 0 0 0
o 0 0 0

and 8,(h(ei), v) is a linear function that maps the current edge length hgi) and the vector basis v into the 5x8 matrix

WS 0 K@ 0 KOO 0 S o
R R S I R
gt(hg)’v(i)) - 0 0 0 0 0 0 0 0

1, (1) 1, (D 1,2 (2 1,2 .2 1,03 03) 1,3).03) 1,4 (%) L@ @
Ehe U2 Ehe l)] zhe U2 Ehe Ul Ehe U2 Ehe l)1 Ehe U2 Ehe U1
1, (1D LM (D) 1,2 (2 1,2 2 1,3 ,03) 1,3 .03 1,4 (4 1,4 4
she’vy”  ghetvt Shlvr ShlvT shetvyt o shev shevyt skt
The computation of the dissipative stresses requires also the plastic spin rate W), which is obtained as
DT
Woia = Ese(h® vTL,
where Eg,(h, v) is a linear function that maps the current edge length A% and the vector basis v() into the 8-component vector
i i L1 a @ @1 (1) 2 (2 2 (2 3), (3 3,3 (OB (OO T
55,C(hg’),v(’))= E[he v, —h, v he” vy —hv, hev3 —hs v he'vy —h,v,"| -

To compute the HO recoverable term of the internal power, it is convenient to define the following array form of curl L, in Eq. (33)

T
(curlL,)3 (curlel) e
0 0 (curlL,),; (curl L, ) (curl L )Te

[curlL,] = 0 0 (curlL,)p3 [ = curlL, = (curle); = p2) %31, 41)
(curlL,);;  (curlL,)s, 0 »)31 0Ly33/0x;
(curlLy)s; —0L,33/0x,

where e; denotes the unit vector along the out-of-plane direction and taking the curl of the 2-component vectors L, and L, requires
knowledge that their out-of-plane derivative and their out-of-plane component are zero.

Although the curl operator is defined in terms of the spatial derivatives reported in Eq. (33), in the present H(curl) discretization
the first two components of the array in Eq. (41) are not computed by differentiating a standard nodal interpolation of the components
of L,.. Instead, following Panteghini and Bardella (2018), the vector fields L,,; and L, are interpolated directly by means of edge-based
H (curl) basis functions, so that their discrete curls are obtained as

4 4
curlL; = Z iifl)t(cur] V) = 2 hgi)igl)t(curl ON

i=1 i=1
4 4 .

curl by = 21 i(p’Z)t(Curl V(i)) = 21, hg)iigt(curl v(i)) .
1= i=

By using Eq. (40) and the properties of the curl and grad operators, it can be shown that

curl vV = curl v® = %(grad r) X (grad s) = —4(di,t T e, 42)

curl v = curlv® = %(grad s) X (gradr) = —m% . (43)
Hence, by using Eqs. (42) and (43), Eq. (41) can be discretized as

curlL, = C,(h¥, DL, + C.(DL 33, (44)

where C,(h, J) is a linear function that maps J = det F and 2 into the 4x8 matrix

Ko h® 0 AP o0 W o
1= — ! o A" o A2 o P o -a®
e 4JdetJgl 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

12
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and C,(H) is a linear function that maps the derivatives of the shape function with respect to the current coordinate system into the
4x4 matrix

0 0 0 0
0 0 0 0
C,H) =
: Hy, Hy, Hy; Hy,
-H, -H, -Hj3z -Hy

The following operators are used to discretize the internal virtual power, in the reference configuration, as

w;= [ saT (BE)TT)JdV + / SLY [E,(D VT (Sp = M+ A1) +2 Ege(h, VD) Sy 15 + C, (WD, 1) ¢]Tdv
L) Py

+ /P 51;3 [ET(Sp — M+ AI) + C.(H)T | JdV + /P 8ATNg,tr(L,)JdV . (45)
0 0

Differentiation of Eq. (45) with respect to the variation of the DOFs 4, 5i,p,, 5f_,p33, and 61 gives the internal generalized forces
associated with the element DOFs, employed to check if equilibrium in achieved in the current step increment. They result

Firt = / (BE)TT)Jdv ,
P
P = /P [£,(hD VT (Sp = M + AT) + 2 Ege(hD,vD) Sy, 1, + (0D, DT ¢ TV,
0

FTLB = /Po [ET (Sp —M + A1) + C.(H)"¢] 7V,

Fi = / Ng,tr(L,)JdV .
P

3.1. Time-integration of the elastic left Cauchy-Green tensor
The deformation gradient F = F,; at the end of a generic step at the time ¢, is written in terms of the deformation gradient F,

at the time 7, and of the relative deformation gradient F, (Simo, 1992) as

F=F,F,,
so that

Fy,=FF'.
Given that the volumetric response is purely elastic (see Eq. (11)), one has

J,=J=J,J,

where J, = detF, and J,, is the total dilatation at the time 7,,.
Since F = LF, the relative deformation gradient satisfies the evolution equation

Fy,=FF'=LFF;'=LF,, F,¢,)=L
The unimodular (distortional) part of F, is computed as
Fo=) "PF,,  detF,=1.

In general, the deviatoric part of the velocity gradient L’ = L/(¢) varies within the time increment. It is assumed that L’(r) can be
approximated by the constant step-average L., so that the evolution Eq. (46) is written as

Fy,=UTF,, F,¢,)=1I. (46)
The exact solution of Eq. (46) is

Fat,y1) = expL’ Ap). 47)
This allows

- 1 _

L := = log(Fy) (48)

to be interpreted as the step-averaged deviatoric part of the velocity gradient, i.e. the unique constant second-order tensor whose
exact integration over Ar provides the unimodular relative deformation gradient over the time increment.

The unimodular elastic left Cauchy-Green tensor B, evolves according to Eq. (6). Over the increment, L’(¢) is substituted with its
step-average L’ defined in Eq. (48), and L is computed from the FE DOFs Aip, = iptAt and Aip33 = i“p33 At at the end of the time
increment as

L/Ar= zd{s,(hg”, V)AL, + eg,c(hgf),v<f>>ALp,]Iskw +E. AL, } ,

13
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whereI ., =[0 0 0 1 —1]" and

skw
2 1 1
5 73 73 000
1 2 1
-3 5 3 00
7, = 1 1 2
L e T T S
0 0 0 1 0
0 0 0 0 1

denotes the matrix operator corresponding to the fourth-order tensor extracting the deviatoric part of a second-order tensor.
By introducing

roe_§ ! ’
L :=U-1),
Eq. (6) reduces to a linear differential equation in matrix form with constant coefficients. Its exact incremental solution reads
B, .1 = exp(L/ADB,, exp(L AN .
Using LAt = log(F ), one obtains
exp(LL A1) = exp (log(FA) - L;Ar) =:F,,.
so that the unimodular tensor B, at the end of the time increment is computed as

1_se,n-H = FAe Be,n er .
3.2. Time-integration of the Nye-Kroner-like tensor

The Nye-Kroner-like tensor « is obtained by time-integrating Eqs. (2) and (3). Once a is known, the defect stress ¢ is computed
from Eq. (21).
With reference to Egs. (2) and (3), it is convenient to introduce the rotation tensor R that solves the initial value problem

{R(z) = Q(R()

RO) =1 (49)

By following the approach proposed by de Souza Neto et al. (2008) to compute the Jaumann rate of the Kirchhoff stress, a rotated
Nye’s tensor ay is introduced in the form

az =RTaR. (50)
By taking the time derivative of this equation and using Eq. (2), after straightforward algebra manipulation, one obtains

ag =R (curlL,)R.
Then, application of the backward Euler rule yields

ag = ag, + AR (curlL,) R, .

The rotation tensor R, is computed by numerically integrating the initial value problem (49), as discussed below.
The Nye-Kroner-like tensor at the end of the step is then determined by inverting (50), thus obtaining

a =RagR" =RR]«,R,R" + A/RR] (curlL,) . R, R =Ry, R} + A1 (curlL,) ., (51)
where R(7,,;) =R,,; =R and
R, =RRT. (52)

Following de Souza Neto et al. (2008), an approximate solution of Eq. (49) is obtained by applying the generalized exponential map
rule. Considering a generic time interval [t”, Lot 1], the algorithm approximates R as the exact solution that would be obtained at 7,
if Q were constant throughout the time interval. For backward Euler time-integration, this value is assumed to be equal to

Qn+1 = Q(tn+1) = W(tn+l) - kQ Wp(tn+l) .
By following de Souza Neto et al. (2008),

R =exp (At Q11 )R,, ,
so that, Eq. (52) yields

R, =exp (A1Q,,,). (53)

Note that the adopted time-integration algorithm is incrementally objective, which is a common feature of several numerical schemes
in finite-deformation elastoplasticity (de Souza Neto et al., 2008). Moreover, the convergence studies related to the numerical results
obtained in Section 4 show the robustness of the proposed algorithm. A strongly objective integration scheme within the present
framework is non-trivial and is left for a further specific computational investigation. Also, note that the midpoint rule proposed
in de Souza Neto et al. (2008), instead of the backward Euler scheme adopted here, has also been implemented, obtaining almost
identical results.

14
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3.3. Specialization to 2D boundary value problems

In the case of 2D boundary value problems, both the plastic and total spin rates can be represented as vectors parallel to the
out-of-plane axis. Hence, Q,,,; is the 2D skew-symmetric tensor

0 1
Qrl+1 = Q»1+1 [_1 O] > (54)

where, for brevity, the indices 12 have been dropped from the scalar Q,,; and
Qi1 = Win(thg1) = kg Wyin (th41) - (55)
In this case, the tensor exponent in Eq. (53) can be easily computed in the closed form

cos (Q,, A1) sin (Q,,,A1) 0
R, =exp (A1Q,, ) =|—sin (Q,, A1) cos(Q, A1) Of. (56)
0 0 1

Moreover, expressing in array notation the non-vanishing components of « in Eq. (36) as

0 0 ap o
=] 0 0 ay|-oa=[?* (57)
@31
¥ @3 0 a5
yields
a=Mpa@, + At (curlL,) (58)
where
cos (Q,4 A1) sin (A1) 0 0
_|-sin(Q,,,A1)  cos (Q,4,A1) 0 0
Mga = 0 0 cos (A1) sin (Q,,,Ar) (59
0 0 —sin (Q,,1A1)  cos (Q,, A1)
Both @, and (curl LP)n . must be computed as functions of the FE DOFs.
The total spin rate is computed as
1 N
Wig(tye) = EWT(H)Au, (60)
where W(H) is a linear function that maps components of H into the vector
1 T
WH) = 3 Hy -H;; H, -Hj, Hy -H; Hy -Hy (61)

Note that curl L, at the end of the increment is computed by using Eq. (44).
The whole user element (uel) subroutine for the FE code Abaqus/Simulia (Dassault Systémes, 2024) is provided in the Supple-
mentary Material.

4. Results and discussion

All the results presented in this section have been obtained with the FE code Abaqus/Simulia (Dassault Systemes, 2024), where
the FE algorithm provided in Section 3 has been implemented in a user element subroutine (uel).

4.1. Cyclic simple shear

The first benchmark problem is the classical simple shear of a constrained strip, as depicted in Fig. 1. The strip has initial height
H along the through-the-thickness reference coordinate X, and is unbounded along the reference coordinates X, and X;. Material
points at X, = 0 are fully clamped and those at X, = H are constrained along the X, direction. Plane-strain conditions are assumed,
with X5 = x; for the out-of-plane axis. At X, = H, the strip is subjected to a uniform displacement & in the X, direction, which, by
referring to Eq. (25), is applied at the rate

i/H =3/s, with rate-sensitivity £, =10"*1/s. (62)
The material parameters are selected by referring to copper. The basic conventional parameters
u=451128GPa, k=117.647GPa, S, =68MPa (63)

are common to all the analyses presented in the following, for which microhard boundary conditions (BCs) are always adopted, i.e.,
from Eq. (15),

L0 =L, (H)=0, Ly 0)=Ly(H) =0, Ly30)=L,z(H)=0. (64)
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P e

Fig. 1. Schematic of the simple shear problem (from Panteghini et al. (2025a)) with the in-plane reference system (X, X,).

The higher-order BCs on L, and L3, clearly, play a role in the finite-deformation context only, as L,j; and L,3; vanish in small-
strain simple shear. Under small strains and rotations, microhard BCs would imply that L, is a parabolic function of X, (Panteghini
and Bardella, 2018). Within this investigation, results have been obtained by varying the out-of-plane higher-order BC, to be either
microhard, or microfree (see Egs. (16) and (33) and the discussion below about Eq. (36)), i.e.

L33, (0) = L3,y (H) = L33, (0) = L33, (H) =0. (65)

If material parameters typical of metals are adopted as in Eq. (63), the force-displacement response of the strip is the same regardless
of whether conditions (64) on L33 or (65) are applied. However, numerical tests performed by setting a significantly larger ratio
between S, and x than that in Eq. (63), thus allowing much larger elastic deformations to develop, have shown that the gradient
experienced by L,3; may influence the force-displacement response. In this case, contrary to the results presented in the following,
the B, and the LN models give different responses. This is because the use of different nonlinear elastic strain measures 8:, yields
different out-of-plane responses even in conventional finite-deformation simple shear (Panteghini et al., 2025b). Since the present
study focuses on the typical behavior of metals, results for moderate to large elastic deformations are omitted for the sake of brevity.
However, on the basis of this discussion, in the following, the terminology “full microhard BCs” is adopted for the application of
Eq. (64).

The strip size H is varied to discuss the observed behavior in terms of the ratio
H
7 )
with r — o0 and r = 1 corresponding to size-independent plasticity and to the strongest sample considered, respectively. The responses
of both the B, and LN models are compared for ranges of r and values of the parameter y controlling the dissipation due to the plastic
spin rate. Initially, the isotropic hardening in Eq. (24) is ignored.

The FE mesh consists of a column of 381 FEs with a continuous bias, to have a finer discretization where plastic flow gradients
are larger, resulting in a ratio between the central and edge FEs equal to ~1998. A mesh-sensitivity study (unreported for brevity)
has confirmed that further mesh refinement leaves the results basically unaltered. Also, nodes having the same X, are relatively
constrained such that results are independent of X.

r=

(66)

4.1.1. Discussion of the higher-order governing equations
The results in Eq. (36) for the structure of the Nye-Kroner-like tensor under plane-strain conditions can be conveniently discussed
for the simple shear problem by neglecting, in Eq. (36), d()/0x; and the through-the-thickness velocity, thus obtaining

days
0 0 o 0 0 Qppan; 0 0 —Lyn
0 0 =Lz 0 0 —Qpap|+| 0 0 —Lyial (67)
"% a(;% 0 Qpazy  —Qpag, 0 Lyzzn O 0

Note that under small strains and rotations the sole non-vanishing evolution equation for « reads d,; = day3/dt = —L 5,5, such that
non-vanishing a3, a3;, and a3, are due to the finite-deformation formulation.
In the linear theory (Gurtin, 2004), the sole non-vanishing components of @ and M are a,; and M, = T},, and the sole non-
vanishing spatial derivative is that with respect to X, = x,, such that the higher-order balance Egs. (38) and (39) reduce to
Woa  ut?

ut?
XSVdy))—— = 730 = —— /(Wplz = Dp1a)p dt,
P t

Dy ur?

2 D,1»
dp + Ta23,2 = ESV(dp)

d,

2 ut?
(wa —2/{Dp12 dr) =Tjp = 3SV(d,) + 5= /t(wp12 ~ D) dr. (68)
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Fig. 2. Non-dimensional Cauchy shear stress (a) and current out-of-plane plastic strain, defined as in Eq. (70), at X, = H/2 (b) as a function of
the non-dimensional applied shear displacement for perfect plasticity under full microhard BCs, with y =2/3 and kg = 0. Continuous, dotted, and
dashed curves refer to the B,, LN, and small-strain models, respectively.

With reference to Eq. (37), the most important higher-order balance equations for finite-deformation simple shear are those involving
the components (curl ¢) - (e; ® e;) and (curl {) - (e, ® e;). These equations are obtained from specialization of the relations in Eq. (39)
as

2ut? ap; 2 D1 ut? gy p22 ue? gy p33

= (F)2=T], - 55V, )_,, S (5)a2= -SV(d )= T S (5 )= -SV(d )—— =T,

L3y ,=1, - ZSV(d) ”'2 L2 ),Z—ZSV(d) Woiz 69)
2H 3 a, = 2" d,

where the last two relations are the finite-deformation counterparts of those in Eq. (68). Note that the relevance of the first three
relations depends on the coupling between a,; and «,5 in Eq. (67), that is, from the value assumed by Q,, within the loading history.
Specifically, the third relation in Eq. (69) implies that, irrespective of the form of T 33, which is different in the B, and LN models,
an out-of-plane plastic strain rate arises due to a3 that, in turn, develops because of the presence of «,;. Hence, full microhard BCs
surely yields a non-vanishing L 33.5;.

4.1.2. Results and discussion

The results are presented by beginning with those obtained by setting kg = 0 in Eq. (3), which follows the proposal in (Rubin and
Bardella, 2023).

Fig. 2 studies the size-dependent cyclic response by varying the ratio r, as defined in Eq. (66). As a partial verification of the
FE code, the response under monotonic loading for the small-strain case has been compared with the analytical solution obtained in
Panteghini and Bardella (2018), which holds in the absence of hardening and is exact in the rate-independent case. Specifically, Fig. 2
focuses on very large deformations, as the applied shearing displacement cycles in the range [-3H,3H], and illustrates the results
in terms of the Cauchy shear stress normalized with respect to the initial yield shear stress .S,/ \/§ and in terms of the out-of-plane
plastic strain, defined as

t
£33 =/ Ls3(7)de, (70)
0

which, in Fig. 2(b), is evaluated in the middle of the strip, i.e. where it is maximum. It is important to note that, here and henceforth,
Ty, is actually the average value evaluated from the reaction forces related to the degrees of freedom used to apply the shearing
displacement i; of course, such an average is pointwise exact for small strains and rotations, while for finite deformations its closeness
to any local value depends on r. In the following figures, as indicated in the captions, other variables that are functions of x,, are
evaluated at x, = H /2 when plotted against i (note that if x, = H /2 one also has x, = X, because u,(x, = H/2) = 0).

The results can be interpreted by resorting to the analytical solution for small-strain perfect plasticity (i.e. S = S, and V(d,) = 1
are constants, Panteghini and Bardella (2018)). An outcome of this solution is that in simple shear the maximum possible value of
the equivalent effective Cauchy stress /3T’ - T/ /2 is Sy4/1 + 3y /2, such that the saturated value of the Cauchy shear stress is

S
(G Ry § 71)
V3 2

which depends only on the initial yield stress .S, and the parameter y governing the dissipation due to the plastic spin rate. Even
for finite deformations, this is the maximum shear stress value reached for all the strip sizes, as displayed in Fig. 2(a) for the case
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x = 2/3. This result also implies that the rate-sensitivity parameter ¢ as selected in Eq. (62) is small enough to obtain solutions that
share important features with the case of rate-independent plasticity.

In this work, the analytical solution for small-strain perfect plasticity is extended to predict the strip behavior when resuming
plasticity after loading inversion. By using the results in Panteghini and Bardella (2018) and assuming that the saturation stress in
Eq. (71) has been reached under monotonic loading, the higher-order balance Eq. (68) become

3
Woi2 )
XS0~ = W
3x
P 1+ b
3x
D - Y
Tp=2s 2y 25 72)
3 d[) 1+ 3_)( 3
2
where
_ . ]4 2
d, = §Dp12 +2W5, (73)
and one has

D,,=W,,, suchthat Ly, =0 and L, isspatially uniform,

corresponding to the impossibility for the defect stress to further increase.

After loading reversal, the contribution due to the defect stress at the right-hand sides of the two balance equations in (72) may
not change, as it depends on the accumulated plasticity only; these higher-order balance equations, however, may not be used until
plasticity resumes. When this happens, the first relation in Eq. (72) provides

2_4 3x 2
dp —§<1+7)I’Vp12,

which can be substituted in Eq. (73) to obtain

74)

[Dy12] = [Wal,

still holding at the instant when plasticity resumes. Specifically, because of the first relation in Eq. (72), W), at incipient plasticity
upon loading reversal is identical to W), when the saturation stress in Eq. (71) is reached under monotonic loading. Instead, D,
must change sign when plasticity resumes, so that one has

D,, =~-W,,, suchthat L,,=0 and plasticity due to L, is initially recovered, (75)

thus decreasing the defect stress.
Finally, by substituting the results in Eqs. (74) and (75) into the second higher-order balance equation in Eq. (72) one obtains
3

w_ 2! S
2= L NG ’
V 2
which is the analytical expression for the value of the Cauchy shear stress at the onset of plasticity after loading reversal, upon stress
saturation has been reached under monotonic loading (with T}, > 0). Eq. (76) establishes that y € [0,2/3) allows T5* to change sign
before plasticity resumes.* Specifically, for the case y = 2/3 in Fig. 2, T;5* = 0, which agrees well with the obtained numerical results,
as visible in the detail of Fig. 2(a), where note that T}5* # 0 for = 100 because in this case T}, has not reached T}3' in the first loading
ramp. More results that can be explained by resorting to the foregoing analytical solution will be discussed later when introducing

isotropic hardening.

Several other conclusions can be drawn on the basis of the results in Fig. 2. The first one is that the B, and LN models provide
almost identical results; this is because of the limited influence of elastic deformation in metals’ elastoplasticity. The response of these
two finite-deformation models is remarkably close to the small-strain response for what concerns the Cauchy shear stress (Fig. 2(a))
even in the transition between the initial yielding and 7}3'. The largest discrepancy is visible for the case r = 50, and it is due to a
finite-deformation effect. In fact, it is important to note that the difference between the finite-deformation and small-strain results
in terms of T}, is not due to the gradient experienced by L3, i.e. by a3, and ay,, which is absent in the small-strain case. This is
known because almost identical results have been obtained regardless of whether the out-of-plane BCs are microhard (as in Eq. (64))
or microfree (see Eq. (65)). Of course, the out-of-plane plastic strain in Fig. 2(b) characterizes the finite-deformation responses only,
being identically zero in the small-strain case. Again, these results for ¢ 33(x, = H /2) show perfect agreement between the B, and LN
models. With reference to Eq. (69) and the discussion following it, this agreement means that the presence of non-vanishing L ;3 has
to be ascribed to the same a,; profile predicted by the two models. Even more interestingly, Fig. 2(b) suggests a complex nonlinear

(76)

4 It is recalled that in the case y = 0 there is no dissipation associated to the plastic spin rate and Eq. (38) suggests that W,,, tends to assume a
profile minimizing the defect energy. Specifically, in the small-strain case W, is equal to D, so that L ,, vanishes and one recovers conventional
plasticity (Panteghini and Bardella, 2018).
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Fig. 3. Monotonic simple shear with y = 2/3, k,, = 0, and full microhard BCs. Non-dimensional components of the Nye-Kroner-like tensor at applied
shearing displacement i/ H = 3 for four sample sizes: r = 1 (a), r = 10 (b), r = 50 (c), r = 100 (d). Continuous, dotted, and star curves refer to the B,
LN, and small-strain models, respectively.

behavior, where the responses in terms of ¢ ;33 cannot be monotonically ordered with respect to r. This is due to the large deformations
and, more specifically, to the large spin rates that couple the evolution equations for the components of « (Eq. (67)). As illustrated
in the following, this holds also for other local fields.

In fact, this clearly emerges from inspection of Fig. 3, showing the non-dimensional profiles of the Nye-Kroner-like tensor com-
ponents at the end of a large-deformation monotonic loading ramp, with a/H = 3, for four different strip sizes. Again, it is observed
that the B, and LN models give almost coincident results. The contributions of a3, and «3,, which identically vanish for small strains
and rotations, are almost negligible. The maximum magnitude of a,; is proportional to #? and this holds for the whole profile of a,;
in the range r € [1, 10]. This suggests that the curl of the defect stress associated to a3 is independent of the size r for such a large
applied displacement, for which the shear stress has basically reached its saturation value. For the sizes corresponding to r = 1 and
r =10 (Fig. 3 (a) and (b), respectively), the finite-deformation prediction of a,; is almost coincident with the straight line obtained
from the small-strain theory. Instead, for r = 50 and r = 100 (Fig. 3 (c) and (d), respectively) the coupling between a5 and a,; in the
evolution equation for a (see Eq. (67)) yields a nonlinear profile for a,;. Additionally, for the case r = 10, illustrated in Fig. 3(b), it
is observed that the component a3 has about the same magnitude as a,;. This behavioral feature depends on the evolution equation
for a, as will be confirmed later when discussing the influence of kg on the results.

Fig. 4 shows the profiles, along the strip height, of the displacement components, u; and u,, the latter being zero in the small-strain
case. These profiles refer to the end of a monotonic loading ramp with i = 3H. For the two sizes corresponding to r = 10 and r = 50
the finite-deformation response in terms of u;, again basically the same for the B, and LN models, is significantly different from the
small-strain response, although the same stress 7}3' is reached in all cases, as clear from Fig. 2. The a;; profiles shown in Fig. 3
constitute one of the factors contributing to this difference. Additionally, Fig. 4(b) shows that the through-the-thickness displacement
component remains small, as expected, in the finite-deformation models, but it exhibits a non-monotonic behavior, with respect to r,
of the maximum value it attains along the strip height.
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Fig. 4. Monotonic simple shear with y =2/3, ko = 0, and full microhard BCs. Non-dimensional displacement components u,/H (a) and u,/H (b)
at applied shearing displacement i/ H = 3. Continuous, dashed, and star curves refer to the B,, LN, and small-strain models, respectively. Note that
in figure (b) small-strain results are not displayed as u, = 0 Vr in that case.
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Fig. 5. Simple shear with y = 2/3, kg, = 0, and full microhard BCs. Non-dimensional pressure, at X, = H /2, under cyclic loading (a); continuous and
dashed curves refer to the B, and the LN models, respectively. Non-dimensional Cauchy stress components after monotonic loading up to i/H =3
(b); B, model only (for the sake of graphical clarity).

Fig. 5 further highlights the effect of finite deformations on the simple shear response by showing the pressure evolution under
cyclic loading and the Cauchy stress components after the first loading ramp, with i/H = 3. Note that the pressure is defined, in
Eq. (18), as positive if compressive; hence, from the comparison between Figs. 5(a) and 2(b) one observes that the pressure does not
necessarily have a sign directly implied by that of the out-of-plane Cauchy stress, the latter having sign opposite to that of the out-
of-plane plastic strain. In fact, either of the in-plane direct stress components can be significantly larger than the out-of-plane stress.
Interestingly, Fig. 5(b) shows that the shear stress is not necessarily larger than the largest of the in-plane direct stress components.
Note that, for the sake of clarity, Fig. 5(b) exploits the Cauchy stress symmetry with respect to X, = H /2, thus plotting the results
only for x,/H € [0,0.5]. Fig. 5(a) confirms previous conclusions that certain results may not be ordered monotonically with r and that
the B, and LN models provide almost identical results for the adopted set of material parameters, leading to relatively small elastic
deformations.

Some details of the behavior discussed so far are due to the choice of kg, in the evolution equation for a (see Eq. (67)), as is clear
from Fig. 6, which shows differences in the predictions for k, = 0 and kg = 1 for the B, model only (given that the LN model provides
basically the same results, as illustrated so far). The main result is that the finite-deformation predictions for kg = 1 are significantly
closer to the small-strain predictions, and this is further illustrated in Fig. 7, showing the comparison in terms of the Nye-Kroner-like
tensor components.

The reason for this is that in the case kg = 1 the spin rate Q,, tends to vanish, because the plastic spin rate tends to the total
spin rate, such that there is no coupling between a,; and «;; in Eq. (67), the latter becoming negligible. This is documented in
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Fig. 6. Cyclic simple shear with y = 2/3 and full microhard BCs. Non-dimensional Cauchy shear stress (a) and non-dimensional displacement u, / H
at the end of the first loading ramp (i.e., for a/H = 3) (b). Continuous curves refer to the B, model with k, = 0; circles refer to the B, model with

kg = 1; dashed curves (a) or stars (b) refer to the small-strain model.
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Fig.7. Monotonic simple shear with y = 2/3 and full microhard BCs. Non-dimensional components of the Nye-Kroner-like tensor at applied shearing
displacement i/ H = 3, for four sample sizes: r = 1 (a), r = 10 (b), r = 50 (c), r = 100 (d). Continuous curves refer to the B, model with kg = 0; circles

refer to the B, model with k, = 1; stars refer to the small-strain model.
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Fig. 8. Influence of kg, in cyclic simple shear: non-dimensional W,;, at X, = H /2 for the B, model and y = either 2/3 or 1/3. r =1 (a), r = 10 (b),
r =50 (c), r =100 (d).

Figs. 8 and 9, showing the cyclic behavior of W,,,(X, = H/2) and Q,,(X, = H /2), respectively, for two values of y (2/3 and 1/3)
and the four sizes considered so far (r =1, 10, 50, 100). Note that Fig. 8 plots 2W,,(X, = H /2)H /ii, which is equal to 1 when W,
is equal to the average total spin rate. The tendency of Q,, to vanish is 1nversely proportional to r. So, for kg = 1, the stronger the
sample, the closer the behavior is to that under small strains and rotations.

The cyclic behavior of W), is further analyzed in Fig. 10. The response is essentially rate-independent except for the rate-dependent
elastic-plastic transition 1ntroduced with Egs. (23) and (25). In this analysis the strain-rate sensitivity parameter is set

£o=10"1/s,

i.e. much smaller than that adopted so far (see Eq. (62)). Importantly, despite the finite-deformation model, the behavior described in
Eg. (75) is almost fully followed here as well. In particular, the detail of Fig. 10 shows that when unloading D,;, = W}, = 0 and when
plasticity resumes, at the stress 7}7* predicted by Eq. (76), W), attains the same value as that reached before unloadlng, whereas
Dy, = —=W,,,; in fact, the saturatlon stress TSat in Eq. (71) is closely approached during loading. Note that the results in the insert
of Fig. 10 are slightly affected by the viscoplastic regularization, and this is the reason for adopting a very small value for ¢, in this
analysis.

With reference to Eq. (24), the results presented in the following for the simple shear benchmark problem involve the isotropic
hardening

S(ép) = SO + (Ssal - SO) tanh (ah gp) ’ @7)

where g, governs the rate at which the stress .S saturates at S,,. So, the material parameters are still those in Eq. (63), with the

addition of
S, =139MPa, a;,=9.5. (78)

These values have been taken from a DGP model, still relying on Gurtin (2004), which has been calibrated in Panteghini and Bardella
(2020) to predict the experimental results on the cyclic torsion of thin copper wires obtained by Liu et al. (2013) .
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Fig. 9. Influence of k, in cyclic simple shear: non-dimensional Q,, at X, = H /2 for the B, model and y = either 2/3 or 1/3. r =1 (a), r = 10 (b),
r =50 (c), r =100 (d).

Fig. 11 displays results for the B,, LN, and small-strain models with k, = 1 and y = 2/3. First of all, it is observed that the finite-
deformation models still provide basically coincident responses in terms of the Cauchy shear stress as a function of the applied
shearing displacement, even if the isotropic hardening allows for larger elastic deformations with respect to the previous analysis
restricted to perfect plasticity.

Interestingly, Eq. (71) for Tf;‘ and (76) for Tlrgs still provide excellent estimates for the saturation stress under monotonic loading
and even for the stress at the onset of plasticity after reverse loading, if in those equations .S, is simply substituted with S, . This
is interesting because the analytical solutions in Eqgs. (71) and (76) are obtained under the assumption of perfect plasticity (beside
small strains and rate-independence, all missing conditions in the present B, and LN models).

With the parameters in Egs. (63) and (78), S, /S, = 2.04 and, having set y =2/3, (S /Sp)V/1 + 3x/2 ~ 2.89, which corresponds
to the maximum shear stress in Fig. (63). For what concerns T|3°, Eq. (76) provides vanishing shear stress, which is confirmed by the
insert in Fig. 11 for the strips whose size has allowed saturation under monotonic loading, i.e. r = 1 and r = 10.

Fig. 12 refers to y = 1/3, aiming to further investigate the estimate in Eq. (76) for T|3*. In this case, Eq. (76) predicts non-vanishing
T,5%, such that it is interesting to consider both perfect plasticity (continuous lines) and saturating isotropic hardening (dashed lines)
to check whether it is true that 7;5* can be predicted by using Eq. (76) in which .S, is substituted with S, . Hence, for the sake of
graphical clarity, Fig. 12 focuses on the B, model and on r = 10 and r = 50 only.

The first check is, however, on T}%'. The agreement between Eq. (71) with S, instead of S, is remarkable, given that

(Ssa/So)V/1+3x/2 ~2.50. Then, the function of y multiplying .S,/ \/5 in Eq. (76) results equal to —1/ \/_ ~ —0.408, which finds
correspondence on the value of 775* in the detailed insert in Fig. 12 for the case of perfect plasticity. By multiplying this coefficient
by the factor S, /S, ~ 2.04 one obtains ~ —0.833, which agrees well with the insert in Fig. 12 for the case of isotropic hardening.

About the size effect under monotonic loading, it is emphasized that Gurtin’s DGP theory allows its tuning through the y parameter.
Specifically, the demonstrated validity of Eq. (71) allows one to infer that, by setting y = 0, Gurtin’s DGP predicts vanishing size effect
even in finite-deformation simple shear. This tuning of the size effect is useful for certain materials under specific boundary conditions.
For instance, the experimental results of Mu et al. (2016) show cases of limited strengthening in simple shear.

sat*
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Fig. 11. Cyclic simple shear with full microhard BCs: non-dimensional Cauchy shear stress as a function of the non-dimensional applied shear
displacement for the saturating isotropic hardening in Eq. (77), y = 2/3, and kg, = 1. Continuous, dotted, and dashed curves refer to the B,, LN, and
small-strain models, respectively.

Finally, it is remarked that the similarity of the macroscopic response (i.e., average Cauchy shear stress vs applied shearing
displacement) predicted by small-strain and finite-deformation theories is lost if larger elastic deformations are allowed, by selecting
materials with a smaller ratio between u and S, than that in Eq. (63). While this is omitted in this work for the sake of brevity, the
parameters in Eq. (63) here adopted, beside being typical of copper, allow verification of the developed FE code.

4.2. Necking of a plane-strain bar under tension

This benchmark problem is inspired by the classical one of Simo and Armero (1992), which has also been studied by de Souza Neto
et al. (2008) and, more recently, in Panteghini et al. (2025b). The main difference between the original problem and that discussed
below lies in the axial symmetry of the former, against the plane-strain conditions assumed here.

The geometry of the problem is reported in Fig. 13. The bar has initial length 2H = 53.34 mm and initial maximum width B’ =
6.413mm at the bar edge where the tensile displacement is applied. The initial width is linearly decreased toward the bar center
where it reaches the minimum value B = 6.35 mm.

A total tensile displacement # = 10 mm is applied at the rate

i=1mm/s, with rate-sensitivity £, =10"*1/s,
governing the viscoplastic regularization in Eq. (25), whereas the higher-order boundary conditions are microfree.
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— r=10
Un — r=50

u/H

Fig. 12. Cyclic simple shear with full microhard BCs: non-dimensional Cauchy shear stress as a function of the non-dimensional applied shear
displacement for y = 1/3 and k, = 1. Continuous and dashed lines refer to perfect plasticity and to the saturating isotropic hardening in Eq. (77),

respectively.

BX: 6.413mm

26.67

H

Xy

BE=6.35y¢m

(a) (b) (©) (d

Fig. 13. Necking of a plane-strain bar: geometry (a) and three different FE meshes (b,c,d).

The values of the shear and bulk elastic moduli are
u=79.845GPa, k = 163.49GPa,

whereas, with reference to Eq. (24), the isotropic hardening law has been selected as

_by

S(E,) = So + SyE," .

Although this hardening law has a mathematical form different from that adopted in previous studies (see, e.g., de Souza Neto et al.
(2008)), the material parameters

Sy =450.MPa, S, =400.MPa, b, =0.267
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Fig. 14. Non-dimensional tensile force per unit depth vs non-dimensional applied displacement in the necking of a plane-strain bar: convergence
study for the B, model (a); response for the B, and LN models for different values of r (b). In (b), continuous and dotted curves refer to the B, and
the LN, respectively.
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Fig. 15. Deformed shape and modulus of Nye-Kroner-like tensor for the B, model at i/ H = 0.2625 at different bar sizes: r = 1000 (a), r = 100 (b),
r =50 (c). The unit of || is 1/mm.

allows the two hardening forms to provide similar results in the deformation range of interest. The material parameter governing the
dissipation due to the plastic spin rate is set as

¥ =2/3.

Here, the size of the sample is still provided by the ratio in Eq. (66), where, however, H now denotes half of the bar length (see
Fig. 13). The ratios

r=H/¢ =1, 10, 50, 100, 1000

have been considered in order to discuss the results, which have been obtained by using both the B, and the LN models.

The results are compared with those obtained by using conventional finite-deformation von Mises plasticity as available in the FE
code Abaqus/Simulia. In this case, 8-noded quadratic FEs with reduced integration have been employed (i.e. CPE8R in the Abaqus
library). Due to symmetry conditions, only the upper-right part of the domain is discretized.

The value of kg, in the evolution Eq. (2) for the Nye-Kroner-like tensor has been set equal to 0. Importantly, it has been checked
that, for the case r = 50, setting ko = 1 yields the same results not only in terms of the force-displacement curve, but also in terms of
the contour of the modulus of (curl ¢)'.
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Fig. 16. Deformed shape and modulus of Nye-Kroner-like tensor at the end of the analysis, i.e. i/ H = 0.375, at different bar sizes: r = 50 (a), r = 10
(b), r =1 (c). The unit of |a| is 1/mm. Note that the scales of the contours differ of orders of magnitude.
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Fig. 17. Deformed shape and modulus of (curl¢)’ for the B, model at i/ H = 0.2625 at different bar sizes: r = 1000 (a), r = 100 (b), r = 50 (c). The
unit of |(curl¢)’| is GPa.

Fig. 13(b—d) displays the three different FE meshes employed in this study, having, respectively, 800, 3200, and 12,800 FEs, with
finer meshes including all the nodes of coarser meshes. All meshes are characterized by a discretization bias, such that the density of
degrees of freedom increases towards the center of the bar, where localization is expected to occur.

Fig. 14 reports the force-displacement responses, where F denotes the tensile force per unit depth, which is computed by summing
up the reaction forces at the top edge of the FE model. As shown in Fig. 14(a), a very fine mesh, specifically that displayed in Fig. 13(d),
is required in order to approach mesh-converged response with the proposed H (curl) formulation. This is because higher-order strain
gradient plasticity introduces stresses associated with plastic flow gradients, here, specifically, through the Nye-Kroner-like tensor a.
During necking, the spatial variations of @ become highly localized, so that the FE discretization must be fine enough to properly
resolve these fields. Conventional plasticity is therefore much less sensitive to mesh refinement in this benchmark. Of course, the
main result that can be deduced from Fig. 14 is that smaller the bar, less pronounced the softening behavior.

Fig. 14(b) shows that, as for the simple shear benchmark problem of Section 4.1, the B, and LN models provide almost identical
results. More interestingly, it is observed that even for the largest bar considered, corresponding to r = 1000, the response predicted
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Fig. 18. Deformed shape and modulus of (curl¢)’ for the B, model at the end of the analysis, i.e. i/ H = 0.375, at different bar sizes: r = 50 (a), r = 10
(b), r =1 (¢). The unit of |(curl¢)’| is GPa.

by the H(curl) formulation remains noticeably different from that obtained with conventional plasticity. In fact, due to large defor-
mations, plastic flow localizes within a progressively shrinking region, where large gradients of the plastic distortion develop. As a
consequence, @ may attain large values inside the localization zone, maintaining a non-negligible contribution of the defect stress
even when H /¢ is very large. Therefore, increasing r over 1000 would require an even much finer mesh to correctly capture the
necking response.

Delving into more details, Figs. 15 and 16 show the contour of the modulus of the Nye-Kroner-like tensor, |a|, at two different
loading levels of the analysis, in Fig. 15 at 70% of the maximum applied displacement, in Fig. 16 at the end of the analysis. Note that
the larger r, the more difficult it is to apply a large displacement. Indeed, the results are provided for different bar sizes. These results
clearly show that, as expected, small bars develop small |a|. However, it is interesting to observe that the bar region experiencing
larger |a| strongly depends on the bar size. By decreasing the bar size, this region turns out to be located farther from the necking
zone. In fact, the significant values of the gradients of the displacement field and of « are in general attained in different regions of
the bar, especially at the onset of necking. Figs. 15(c) and 16(a), both referring to r = 50, illustrate a trend which is quite general:
the bar region with larger @ moves down toward the center of the bar as necking progresses. Since, for a given applied displacement,
localization is less pronounced for small values of r, the smaller the bar, the farther the region with large a from the bar center.

Additionally, Figs. 17 and 18 show the contour of the modulus of (curl¢)’, which is actually computed as |[M — S|, under the
assumed convergence for the higher-order balance Eq. (14). Note that the contour is cut at the value S,. From these figures, it is
very interesting to observe that the largest bar experiences the largest peak of |(curl¢)’|, which is related to the obvious fact that the
smaller the bar, the more hampered the plastic strain gradient.

The not-so-obvious result is that, in this benchmark, increasing r allows |a| to grow so rapidly inside the localization region that
this growth overcompensates the scaling factor r> = (H /¢)?, which is inversely proportional to the magnitude of the defect stress.
As a consequence, (curl¢)’ still affects the response even for the largest value of r considered. From a slightly different perspective,
increasing r leads to a much more pronounced necking zone, with a smaller “active region”, whose size, if possible, should be better
used instead of H to define a ratio with ¢ to evaluate the influence of « on the mechanical response. It is remarked that this is a
finite-deformation phenomenon that cannot be modeled within the small-strain regime.

5. Concluding remarks

This work proposes an Eulerian finite-deformation extension of the distortion gradient plasticity (DGP) of Gurtin (2004), in which
the Nye—Kroner tensor « is adopted as the sole primal higher-order field. On the one hand, this requires a constitutive equation for
the dissipation due to the plastic spin rate. On the other hand, an H (curl) finite element (FE) implementation is needed to ensure the
correct continuity requirements for the plastic rate tensor (Panteghini and Bardella, 2018).

This investigation discusses several possibilities, within the adopted Eulerian finite-deformation framework (Rubin, 2021; Rubin
and Bardella, 2023), to define the required evolution equations for & and for elastic distortional deformation tensor B,, and even
considers possible different choices for the nonlinear measure for the deviatoric elastic strain.
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A fully implicit H(curl) FE algorithm is developed and provided for plane-strain boundary value problems. To the best of the
authors’ knowledge, this constitutes the first H(curl) FE formulation of DGP for finite deformations.

The proposed DGP is here applied to two benchmark problems subjected to large deformations: the cyclic simple shear of a strip
and the necking of a bar under monotonic tensile loading (Simo and Armero, 1992; de Souza Neto et al., 2008).

The cyclic simple shear is studied in detail both to validate the code and to unveil features of the proposed DGP. The verification
is possible by comparison with analytical results that are obtained for small strains and rotations (Panteghini and Bardella, 2018)
but that, noticeably, demonstrate to hold to a large extent also for large deformations. This assessment has required the derivation
of novel analytical results for the simple shear problem.

From the results for the necking problem two main conclusions can be drawn. First, the smaller the bar, the less pronounced the
structural softening characterizing the force-displacement response, which is the expected size-effect in necking. Second, increasing
the bar size promotes the development of large values of a within a progressively shrinking localization region. It is inferred that this
behavior may be a general characteristic of boundary value problems governed by finite-deformation higher-order strain gradient
plasticity.

The proposed evolution equation for a yields numerical results that are free from spurious oscillations. This favorable behavior
may be related to the fact that, within the present DGP framework, the plastic spin is constitutively defined even in the small-strain
specialization of the theory. As a consequence, the plastic rate tensor L, is fully specified, and this is consistent with the adopted
evolution equation for the elastic distortional tensor B,, which relies on the difference between the total velocity gradient and L,,.
This appears to contribute to the robustness of the proposed formulation.

Moreover, the analysis of the results obtained by using different forms of the spin Q for the evolution equation of « suggests that,
when large rotations are dealt with, choosing Q to be equal to the elastic spin rate may provide a particularly effective description
of the evolution of the Nye-Kroner-like dislocation density tensor.

Although the choice of the nonlinear elastic strain measure is an important constitutive assumption that should ultimately be
guided by experimental evidence, the obtained results indicate that it has a negligible influence on the response for small elastic
deformations, which are typical of metals. Therefore, in this case, computational efficiency may reasonably guide this choice, offering
the opportunity to avoid the spectral decomposition of the distortional deformation tensor B,.

5.1. Open issues

This investigation provides several interesting open issues to address in the future.

It would be important to compare both the mechanical predictions and the computational efficiency of the proposed Eulerian
H (curl) FE model with those of a finite-deformation DGP in which the Nye-Kroner-like tensor is defined on the basis of the multi-
plicative decomposition of the deformation gradient, F = F,F,,. This study should also focus on the comparison with experimental
measurements of the dislocation density tensor (see, e.g., Gallet et al. (2023)).

A crucial open issue concerns the prediction of the actual size effects in small-scale metal plasticity. It is known that this may
require the use of more sophisticated constitutive equations than those adopted in the present study. In particular, a less-than-quadratic
defect energy, possibly dependent on more than a single invariant of a (Bardella and Panteghini, 2015), may be needed to capture the
experimentally observed increase in yield stress with diminishing size. Hence, in order to predict a reliable cyclic behavior, this may
in turn require the use of a mixed recoverable-dissipative potential (Panteghini et al., 2019; Panteghini and Bardella, 2020; Bardella,
2021).

Alternatively, or complementary, to the use of complex higher-order potentials in order to predict actual size effects in small
metal components, the Eulerian finite-deformation theory involving two plasticity fields, namely a higher-order field with associated
Nye-Kroner-like tensor and defect stress and a conventional plasticity field, as developed in Rubin and Bardella (2023), Panteghini
et al. (2025a), seems to be worthy of further development, and it would constitute an extension of the present theory. An interesting
application of the present Eulerian DGP framework would, for instance, consist of the simulation of the large-deformation bending
experiments of Stolken and Evans (1998).

Another interesting option to explore consists of combining the present H (curl) FE implementation with crystal plasticity through
the micromorphic approach of Forest and co-workers (see, e.g., Mukherjee et al. (2026), and references therein), so that the present
model, even if limited to phenomenological plasticity, can be used for finite-deformation strain gradient crystal plasticity while
avoiding the complexity of imposing higher-order boundary conditions in crystal plasticity relying on the Nye-Kroner-like tensor
(Gurtin and Needleman, 2005); such a model would constitute a strong basis to study the finite-deformation behavior of grain
boundaries. Another extension of the present theory consists of the development of three-dimensional H (curl) FEs, which represents
a challenging but promising research direction.
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Appendix A. Discussion on alternative evolution equation for B,

By following the proposal in Rubin and Bardella (2023), the evolution equation for B, can be written in the form

s C D, B!
B,=L'B,+BL" -A, A=2D,- ———1I|, A1)
tr(B;1)
which is an alternative to Eq. (6)
Moreover, the deviatoric part of Eq. (A.1) is given by

B, =L'B, +B,L7 - %(Be -DHI-2D,. (a.2)
which would substitute Eq. (7).

The B, model. In this formulation, which is the one followed in Rubin and Bardella (2023), Eq. (28) holds, such that, from Egs. (A.1)
and (8), one obtains

Rl
b =oB o4 e D (A.3)
¢ tr(B; 1)

which, by using Eq. (26), leads to Eq. (29) for T’ and

Y p——; (A4)
J (B
Note that the small-deformation theory can be recovered by setting
B! =1-2¢, (A-5)

with €/ denoting the linear elastic distortional strain, in this case equal to B/ /2. Then, linearizing M yields M = 2u¢’, which is equal
to the deviatoric part of the Cauchy stress, as expected (Gurtin, 2004).

The LN model. In this formulation, Eq. (30) holds.
By substituting Eq. (A.1) into Eq. (31), one obtains
/. R-l

BB o alip
—e " g-l_B'E/|.D,, (A.6)

y =28 D 42| -
=t B ¢

such that Eq. (26) reduces to

poE = (T’ —2£a\PQIE’) D - {2£Mél [E:"Be_l B! —B’lE’] +M} D, +SV(d,)d, >0 (A7)
pz Or ¢ p, O tr(Be_l) ¢ ¢ ’ e
which implies Eq. (32) for T/ and
2u R—1g/\/ E;'B;] n-1 /]
M=—|B 'E)-——@®8B)|. (A.8)
Je tr(B;l)( ¢

Note that, by using Eq. (A.5) with small &/, M specializes, as expected, to the deviatoric part of the Cauchy stress, i.e. M = 2ue, in
the kinematically linear case, where E, = ¢/.

More importantly, it is known that, in contrast with the strain in Eq. (28) and other deviatoric elastic strain measures, the logarith-
mic strain has the property that it does not yield out-of-plane direct plastic strain rate under planar isochoric total deformation rates
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in size-independent, elastically isotropic, finite-deformation elastoplasticity (see, e.g., Panteghini et al. (2025b)). However, inspection
of the expression (A.8) for M shows that this property of Hencky’s strain is ineffective in this DGP, where, even under planar isochoric
total deformation rates, the form of M in general requires out-of-plane direct plastic strain rate to satisfy the higher-order balance
law Eq. (14).

An advantage of Eq. (A.1), with respect to Egs. (4) and (5), is that the evolution equation for ]_3; seems to be somehow simple, as
it results

A =2D .
P

A disadvantage of Eq. (A.1) is that the forms of M for both the B, model, see Eq. (A.4), and the LN model, see Eq. (A.8), do not equal
T’. However, as already noticed, the values attained by M reduce to those of T’ for small elastic deformations, which is typical of
metals. Moreover, it is observed that the evolution Eq. (6) for B, depends explicitly on the plastic spin rate W, whereas the evolution
Eg. (A.1) depends on W, only indirectly.
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