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1. Introduction

Let V be a vector space of dimension & + 1 over a finite field [, of order q. It is well
known that given a set © of N points spanning PG(V') (a projective system of PG(V)) it
is possible to construct a projective code %' (€2) of length N and dimension k+1 by taking
as generator matrix for € (€2) a matrix G whose columns are vector representatives of the
points of ; see [21]. This approach, pioneered by MacWilliams in her Ph.D. Thesis [16,
Lemma 1.5], establishes a nice interplay between the properties of the code and the
geometry of the projective system itself; for instance, the minimum distance of the code,
its higher Hamming weights, its minimality as well as its automorphism group can all
be studied by looking at the geometric properties of €.

In a series of papers, we have been interested in studying codes arising from embed-
dings of point-line geometries; see [8—12].

In particular, in [11] we considered the linear code arising from a special subvariety
A4 of the Segre variety A of PG(V ® V*), where V* is the dual space of V, consisting of
all pure tensors z ® £ € V ® V* such that &(x) = 0.

The Segre variety is an important algebraic variety arising from the Segre embedding
¢ of the Segre geometry I' of PG(V ® V*). Accordingly, A = ¢(I"). The variety A has
been extensively studied, as it corresponds to the determinantal variety consisting of all
matrices of rank 1. The code arising from the projective system of the [F,-rational points
of A has been investigated by Beleen, Ghorpade and Hasan in 2015 [4].

In [11] we introduced and studied a family of codes associated to the projective system
A1 defined by the image under the Segre embedding of the point-hyperplane geometry
of PG(V). Keeping the same notation as in [11], we denote by I' the point-hyperplane
geometry of PG(V). Then T is a geometric hyperplane of T and the Segre embedding &
of I maps any point ([z], [¢]) of I into the point [z ® ¢] € PG(MY, ,(q)), where M2, (q)
is a hyperplane of V ® V*. According to this notation, we have A; := &(T).

This paper can be considered as the natural continuation of [11]: now we investigate
the linear code arising from another relevant subvariety A, of the Segre variety defined
again as the image of the point-hyperplane geometry I' but under the so-called twisted
embedding of T', which turns out to be a projective embedding not isomorphic to the
Segre embedding (if o # 1).

The existence of the twisted embedding assumes the existence of non-trivial automor-
phisms of F, (see Section 2.2) and its definition is a slight modification of the definition of
the Segre embedding. Indeed, suppose o € Aut (Fy), o # 1. Then the twisted embedding
&, of T maps any point ([z], [¢]) of T into the point [z° ®¢] € PG(V @ V*). When o = 1,
€1 is just the Segre embedding. Accordingly,

Ao = (1) = {[2” @ ¢]: [a] € PG(V), [e] € PG(V*) and [2] € [¢])

In the present paper we study the code €(A,) arising from A, for o # 1.
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We briefly recall that the twisted embedding &, of T is a homogeneous embedding for
any o € Aut (F,), which means that the group Aut (T') can be lifted to act on A, by
&,. More in detail, there exists a monomorphism 7 : Aut (I') — PGL(V ® V*) such that
E,(29) = (,(x))™9), Vg € Aut (T).

When o # o/, the embeddings &, and &, are not isomorphic (see [18, Corollary
1.13]). One striking difference between Ay and A, for o # 1 is that A, spans the whole
of PG(V ® V*) while Ay spans a hyperplane of PG(V ® V*).

1.1. Main results

In this paper, after introducing the family of codes € (A,) arising from the projective
system A, defined in the Introduction, we will determine their parameters and their
automorphism group. We will also prove that (A, ) is a minimal code and characterize
its minimum and second lowest weight codewords. More in detail, the main results are
the following.

Theorem 1.1. Suppose V' is a (n + 1)-dimensional vector space over Fy and 1 # o €
Aut (F,). Let A, be the projective system of PG(V ® V*) whose points are represented
by pure tensors ©° & & such that £(x) = 0. The [Ny, ks, dy]-linear code € (Ay) associated
to Ay has parameters

_ (@ -1 -1
(-1 7

d _{q3—\/§3 ifo?=1andn=2,

ke =n%+2n+1,

v ifo?#1orn>2.

Suppose a € F, and o € Aut (F;). Denote by K = F, the fixed field of 0. When ¢ # 1
and 02 = 1 we put s = /g and we define the norm of a as N(a) := a**'.

In the next theorem we characterize the minimum, the second lowest and some of the
maximum weight codewords in terms of geometrical hyperplanes of the geometry T.

We refer to Section 2.2 for the concept of geometrical hyperplane of T arising from an
embedding and to Section 2.5 for the definition and description of the hyperplanes of T
mentioned in the following theorem.

Theorem 1.2. Let (A, ) be the code as defined in Theorem 1.1. The following hold.

1. The code €(N\y) is minimal.
2. Ifn =2 and 0> = 1, 0 # 1 then the minimum weight codewords of € (A,) have
weight ¢> — \/63 and correspond to the hyperplanes of T associated to matrices M for

which there exist three linearly independent vectors &1,€2,&3 € V* and o, 8,7 € Iy
with N(«) = N(B) = N(v) such that
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£1M = Oéé-i', €2M = ﬁfg» £3M = ’Yfg

3. If n > 2 or 0* # 1 then the minimum weight codewords of € (A,) have weight
"1 — ¢" ! and correspond to quasi-singular, non-singular hyperplanes of T'. The
second lowest weight codewords of € (A,) have weight ¢*"~1 and correspond to singular
hyperplanes of T.

4. If both q and n are odd, then the mazimum weight codewords of € (A,) have weight
" (qg"t' =1)/(q—1). Every semi-standard spread type hyperplane of T is associated

to a mazimum weight codeword of € (Ay).

We point out that semi-standard spread type hyperplanes may exist only in the case
in which 02 = 1 (i.e. ¢ is involutory) and n is odd.

It is interesting to point out that the minimum and the second lowest weight codewords
of €(A,) are associated to the same families of hyperplanes of T' as the minimum and the
second lowest weight codewords of the code ' (A;) studied in [11]; likewise the argument
leading to the minimality of ¥ (A,) depends only on I'. This suggests that the properties
of the geometry I play a crucial role in giving information on the structure of the codes
associated to it, regardless the way T is embedded.

We refer to the beginning of Section 3 for a description of the codewords ¢y of €' (A, ).

Theorem 1.3. The group GL(n+1,q) acts as an automorphism group of the code € (A,)
via the action

0(9) e — Cg-1prgo-

The kernel of this action is the subgroup of all scalar matrices of the form K, := {al :
a e}

1.2. Organization of the paper

Since we are considering codes arising from different embeddings of the same geometry
T, this work can be regarded as a continuation of [11]. Consequently, some of the set-up
(as well as the notation) of the present paper overlaps with those of [11], even if the
specific arguments and results about the code turn out to be quite different. In Section 2
we shall limit the presentation of the topics otherwise introduced in [11, Section 2],
without providing proofs or extensive discussion (for which we refer the reader to the
previous paper).

The organization of the paper is as follows. In Section 2.1 we set the notation to be used
throughout the paper and recall the notion of saturation form for the space M,11(q).
In Section 2.2 we recall the basics about point-line geometries and their embeddings;
in Section 2.3 we recall the basics about codes from projective systems and minimal
codes; we refer to [6,11] for more details. Sections 2.4 and 2.5 are dedicated to the point-
hyperplane geometry and its hyperplanes; we also discuss here its natural and its twisted
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embedding. In Section 3 we will prove our main theorems. Theorem 1.1 will be proved
in Subsection 3.4, Theorem 1.2 will be proved in Subsection 3.5 and Theorem 1.3 will
be proved in Subsection 3.6.

2. Notation and basics
2.1. Notation

Let V=V(n+1,F;) be a (n + 1)-dimensional vector space over F, and V* its dual.

Henceforth we always assume that F = (ei);’:ﬂl is a given fixed basis of V and will

always be regarded as expressed by their components with respect to E* = ('l1i)?:"'11 is its
dual basis in V* so that n;(e;) = J;;. Vectors these bases. We also adopt the convention
that the elements of V' are denoted by roman letters and are column vectors, while the
elements of V* are row vectors denoted by greek letters.

Given an automorphism o of Fy and . = Y1 ez, € V, =31 m:& € V*, we put
x? =30 e and €7 = 30 miEf

It is well known that the space V ® V* can be canonically identified with the space
My+1(q) of all (n+1) x (n+ 1) matrices with entries in [F,. More in detail, the elements
EQFE* ={e; ®n;}1<i j<n+t1 form a basis of V ® V*. If we map e; ®9; to the elementary
matrix e;; whose only non-zero entry is 1 in position (i, j), we see that this gives the
isomorphism ¢: V @ V* — M,,11(q) described by

Iy
@EEVRVI | 1 (& o &nt1) € Muga(q).

Tn+1

Thus, the tensor t®¢& € V® V™ can be regarded as the usual matrix product & between
a column and a row vector and for a matrix M € M,,11(q), the product Mz is the scalar
obtained as the product of the row & times M times the column z. Recall that a matrix
M can be written as 2§ (namely, it is a pure tensor of the form z ® &) if and only if it
has rank 1.

If M .= Z?j:ll m;;j(e; ®n;) is any element of V' @ V*, then the trace of M is defined
as Tr(M) := Z?;r:ll migmi(e;) = S ;. Tt can be seen that the trace is independent
from the choice of the bases E and E*; indeed, for pure tensors x ® £ the trace of the
corresponding matrix corresponds to the value of £(x).

For any two matrices X,Y € M,411(¢) we can consider the saturation form
[+ Mya(q) X Mpya(q) = Fq of My, 41 given by

fXY) =Tr(XY), VXY € Myyi(q), (1)

where XY is the usual row-times-column product. It is immediate to see that this form
is bilinear, symmetric and non-degenerate; furthermore it does not depend on the choice
of the basis of V; for more detail see [19].
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Let L be the orthogonality relation associated to f. Since f is non-degenerate, the
hyperplanes of M,,1(q) are the orthogonal spaces

M+ ={X € Myi1(q): Te(XM) = 0},

for M € M, 11(q)\{O} and, for two matrices M, N € M,,1(q)\{O}, we have M+ = N+
if and only if M and N are proportional.

The pure tensors in the orthogonal space of a matrix M with respect to the saturation
form admit a simple description, as illustrated by the following proposition; see [11] for
the proof.

Proposition 2.1. Let x € V' \ {0}, £ € V*\ {0} and M € M,,11(q). Then x @ £ € M+ if
and only if EMx = 0.

Henceforth, we shall adopt either the matrix notation or the tensor product notation,
silently switching between them, according to convenience.

Turning to projective spaces, let PG(n,q) = PG(V) be the n-dimensional projective
space defined by V. When we need to distinguish between a non-zero vector = of V
and the point of PG(V) represented by it, we denote the latter by [z]. We extend this
convention to subsets of V. If X C V\{0} then [X] := {[z]|z € X }. The same conventions
will be adopted for vectors and subsets of V* and V @ V*. In particular, if £ € V*\ {0}
then [€] is the point of PG(V*) which corresponds to the hyperplane [ker(£)] of PG(V).
In the sequel we shall freely take [¢] as a name for [ker(£)]. Accordingly, if 0 € V* then
[0] :=PG(V).

Observe that in terms of projective spaces, Proposition 2.1 states that the point
[z®¢] € PG(V®V*) is contained in the space [M1] if and only if the point [z] € PG(V)
is contained in [{M] € PG(V™).

2.2. Embeddings and hyperplanes of point-line geometries

Let I' = (£,.%) and I" = (£',.Z') be two point-line geometries with pointsets &
respectively &2’ and linesets £ respectively ¢’ and incidence given by inclusion. An
embedding of T in TV is an injective function ¢ : &2 — 22’ which maps lines of % onto
lines of .Z’.

When I'" = PG(V) is a projective geometry, we say that € : ' — PG(V) is a projective
embedding of T if € is an embedding in the sense mentioned above and the image of ¢
spans PG(V). In this case we call dimension of € the vector dimension of V.

A subspace of T' is a nonempty subset 2~ of & such that every line ¢ € £ meeting
Z in at least 2 points is fully contained in 2. A subspace of I' is mazimal if it is not
properly contained in any other proper subspace of I'. A proper subspace 2 of I is a
geometric hyperplane if it meets every line in at least 1 point.
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Given a projective embedding ¢: ' — PG(V) of T, for any projective hyperplane W of
PG(V), the point set # :=¢~1(W) is a geometric hyperplane of I' called the geometric
hyperplane arising from W wia €. Clearly, e(e 2 (W)) = W Ne(2).

2.3. Projective and minimal codes

We recall that given a projective system  consisting of N points in PG(k — 1, ¢), the
projective code € () defined by Q is a [V, k, d]-linear code whose generator matrix G
has columns consisting of vector representatives of the points of A.

The minimum distance of () is related to the maximum possible intersection of
the projective system 2 with any hyperplane of PG(k — 1, ¢). In particular,

d=N — max |H N Q.
HePG(k—1,q)
Another important property of codes which has a nice geometrical counterpart is that
of minimality. We briefly recall the definition of minimal codes.
Let € be a projective [N, k,d]-code. For any ¢ = (c1,...,cn) € € the support of ¢ is
the set supp(c) = {i : ¢; # 0}.
The notion of minimal codewords has been introduced by Massey in [17].

Definition 2.2. A codeword ¢ € € is minimal if
V' € € :supp(d’) Csupp(c) = INEF, : ¢ = Ae.
A code € is minimal if all its codewords are minimal.

Obviously, all codewords with minimum weight are minimal, however, to determine
if all codewords satisfy Definition 2.2 might be a difficult problem in general.

Minimal codes have been extensively investigated by Ashikhmin and Barg [3] who
also provided a necessary condition on the weights of the codewords for the code to be
minimal.

For projective codes arising from a projective system (), being minimal is equivalent
to ask that the projective system € is a so-called cutting blocking set with respect to
hyperplanes, i.e. for any hyperplane H of PG({(Q)), (H N Q) = H; see [1,2,5,13,20].

Relying on the notion of cutting sets and on the properties of the geometric hyper-
planes of a point-line geometry I', we have obtained in [6] a sufficient condition for a
code to be minimal in terms of the maximality of the geometrical hyperplanes of I'. We
shall make use of the following characterization from [6].

Proposition 2.3. Suppose thatT = (22, .%) is a point-line geometry where every geometric
hyperplane is a mazimal subspace. Then the projective code € (e(T')) is minimal, for any
projective embedding € of .
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A monomial transformation of IF;V is an invertible linear transformation Fév — Fév
which is described with respect to the canonical basis by the product of a permutation
matrix P by a diagonal matrix D. By the MacWilliams extension theorem [16, Theorem
1.10], the group of monomial transformations of IF(}N is the same as the group of isometries
of IF&N with respect to Hamming distance.

An automorphism of the code €' () (thus regarded as a subspace of F¥) is an isometry
of Fé\' which maps codewords into codewords; see [15]. It can be shown that if v is an
automorphism of the geometry I' which lifts into a linear transformation of PG((¢(I")))
via an embedding ¢, then - induces an automorphism of € (¢(I")).

2.4. The point-hyperplane geometry T of PG(V) and its embeddings

Following the notation of [11], denote by I' the Segre geometry PG(V) ® PG(V*)
whose points are all the ordered pairs ([p], [£]), where [p] and [£] are respectively a point
and a hyperplane of PG(V) and e: T' — PG(V ® V*) denote the Segre embedding of T,
mapping (z,&) to [z ® &].

As mentioned in Section 2.1, we shall always silently identify V @ V* with M, 1(q)
by the isomorphism induced by (e; ® ;) = en; =: €;;.

The point-hyperplane geometry of PG(V) is the geometry T' = (£, %) whose points
are all the pairs (p, H) € PG(V)®@PG(V*) such that p € H and whose lines are either of
the form 4, g = {(p,H) € & : p € r}, where H is a given hyperplane of PG(V) and r
is a given line contained in H, or ¢, g := {(p, H) € & : S C H} where p is a given point
of PG(V) and S is a given subspace of PG(V') of codimension 2 (i.e. a line of PG(V*))
with p € S. Its linear automorphism group is PGL(n + 1, ¢) and it acts transitively on
the points of T.

The geometry I is also known as the long root geometry for the special linear group
SL(n+ 1,F,); see e.g. [7,14].

It follows from the definition of I’ that the identity map ¢ : T — T sending the point
(z,€) €T to the same point (z,&) € T, is an embedding of geometries.

Consequently, the map & := € o ¢ is a projective embedding of T, called the Segre or
natural embedding of T'. Note that the image of & spans PG(M?,,(g)) where M2, | (q) is
the hyperplane of the traceless matrices of M,,11(q). In [11] we studied the code € (A1)
where A; := &(T).

The geometry T' turns out to be a geometric hyperplane of the Segre geometry T’
which is called in [22] of black type. It is shown in [22] that any geometric hyperplane of
I of black type corresponds to an embedding of T in I and that these hyperplanes might
not lie in the same orbit with respect to the collineation group of the Segre geometry.
Actually, T' = (') C T is one of these hyperplanes.

Let o be a non-trivial automorphism of F,. Consider the twisted map of I defined as
follows

to : I =T, (2,6) = (27,8).
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Then, see [22], 1,(I') 2 T is again a hyperplane of I and different automorphisms of F,
correspond to different orbits of geometric hyperplanes of I' under the automorphism
group of T'. Define the twisted embedding of T' as

€g =EOLgy.
More explicitly, we have

Er: T = PG(Mn41(9)), & (([2],[€]) = [27 @ ],

where 27 := (2;,7)71'. The dimension of &; := & is (n + 1)? — 1, while the dimension of

£, is (n + 1)2, since the image of T' by means of &, spans PG(V ® V*). We put
Ay =& (D) = {[z7 ®€]: 2] € PG(V), [¢] € PG(V™) and [z] € [¢]} (2)

For more information on the embeddings of T', we refer the reader to [18]. In particular
it is shown that embeddings related to different automorphisms of I, are inequivalent.
This being said, most of the properties of the code € (A,) which will be studied in the
present paper depend only on whether o = 1 (in which case we have the Segre embedding
and we refer the reader to [11]) or o # 1.

The group GL(n + 1,¢) acts on the geometry ' as an automorphism group by the
following action: given ([z],[¢]) € T and g € GL(n + 1, ¢), then

([«], [€]) = (2], [€D? := (lg2], [€g™"D-

The kernel of the action consists exactly of the scalar matrices; so PGL(n+1, ¢) = GL(n+
1,q)/{al : a € F,} acts faithfully as a permutation group on I'. As PGL(n+1, q) is flag-
transitive on PG(V), its action on I is transitive. As the embedding &, is homogeneous,
the action of GL(n+1, q) lifts through &, to an automorphism subgroup of PG(M,,11(q))
as follows

Eo(([2], [E)?) = &5 (([92], [€g™'])) = [972" ® €g7'] =
[97(27€)g™ "] = 97, ([, [EDg ™" (3)
In particular, extending the action to all of M,,11(q) we put
MY :=g¢° Mg, VM € My,+1(q).

Write A, = {[X1],...,[Xn]}. By definition (3) of the action, AY = A, for all g €
GL(n + 1,q); so there is a group homomorphism 7 : GL(n + 1,q) — Sy (where Sy is
the symmetric group on {1,..., N}) such that

[Xi]? = [X]] = [0 Xig7'] = [Xn(g)a))- (4)
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Observe that the action of GL(n+1, ¢) on M, +1(q) described above is matrix conjugation
if and only if o = 1.

2.5. Hyperplanes of T

In this section we will briefly recall from [18] and [19] the most significant results
related to the hyperplanes of T' arising from the embeddings ¢ and &,. For the case of
the embedding £ see also Section 2.7 of [11].

We begin with a general theorem about geometric hyperplanes.

Theorem 2.4 (Theorem 1.5, [19]). All hyperplanes of T are mazimal subspaces.
Take now M € M, 41(q) \ (I) and let & be the Segre embedding of T'. Then
Hig = =N ([MH)) = e ({[X] € PG(MY, ,()): Te(X M) = 0})
is a geometric hyperplane of T' called a hyperplane of plain type, as defined in [19].

Proposition 2.5. [19, Corollary 1.7] The hyperplanes of T which arise from the Segre
embedding € are precisely those of plain type.

If o € Aut (Fy) then
Hire =&, (IM* NE,(D)]) = &5 ({[X] € PG(Mo41(q)): Te(XM) = 0})

is again a hyperplane of T', but it is in general different from .#;; see Proposition 2.7
for more details.

Take p € PG(V), A € PG(V*). Put &), :={(p,H):p€ H} and M4 = {(z,A) : z €
A}. Then,

oy 4 = {(xz,H): (z, H) collinear with a point of .#, U .#4} (5)

is a geometric hyperplane of T, called the quasi-singular hyperplane defined by (p, A). If
p € A, then J, 4 is called singular hyperplane of deepest point (p, A) and consists of all
points of T’ not at maximal distance from (p, A) in the collinearity graph of T.

The following theorem further describes the quasi-singular hyperplanes of T.

Proposition 2.6 (§1.3, [19]). Take [x] € PG(V) and [(] € PG(V*). Then the quasi-
singular hyperplane ;) ¢ is the hyperplane of plain type H#y; where M = x§.

In particular, all quasi-singular hyperplanes are hyperplanes of plain type arising
from matrices M of rank 1 and, conversely, for each matrix M € M,,11(q) of rank 1 the
hyperplane of plain type 4¢3, is quasi-singular.
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Proposition 2.7 (Theorem 1.6, [18]). Let 7 be a geometric hyperplane of I.

1. If A is quasi-singular, then I arises from &, for all o € Aut (F,).
2. If A is not quasi-singular, then J€ arises from &, for at most one o € Aut (F,).

By Proposition 2.6, there is a one-to-one correspondence between quasi-singular hy-
perplanes of T and proportionality classes of matrices of rank 1; Proposition 2.7 shows
that these hyperplanes are the only ones which arise from both the Segre embedding &
and also from all the twisted embeddings &,; as we will see in Subsection 3.1, they induce
words with the same weight on the code € (A,) and on the code € (A1) studied in [11].

We now consider a further family of hyperplanes. Suppose ¢ is a non-linear, fixed-
point-free collineation of PG(V'). The set Sy := {(p, #(p)): p € PG(V)} is a line-spread
of PG(V) if and only if ¢ is an involution; see [19, Lemma 2.9]. Such an involution may
exist only if n is odd, since otherwise PG(V') does not admit line-spreads at all. We shall
call a spread Sy obtained in this way a semi-standard line-spread of PG(V'). Under our
assumptions ¢ is an involution, hence the semi-linear mapping f: V — V associated to
¢ is defined as f(x) = Mz for M € M,,41(q) such that M° = M~ and 02 = 1.

We say that a line-spread S admits a dual if there exists a line spread S* of PG(V*)
such that for every line ¢* € §* (i.e. for every 2-codimensional subspace of PG(V)), the
members of S contained in £*, form a line spread of ¢£*; see [19].

If a dual spread exists, then it is unique.

Given a spread S admitting a dual S* it is possible to construct a geometric hyperplane
s of T; see [19, Theorem 1.11]. In particular, if S, is a semi-standard line-spread of
PG(V), then by [19, Proposition 2.10], Sy admits a dual spread and the corresponding
geometric hyperplane of T is defined as

Ay = {([2],[€]) € T: [€] D La} = {([z]. [€) € T: [2] [6(2)] € [¢]} =
{([=],[]): §x =0,6M 2 = 0},
where ¢, := (x,$(x)) is the unique element of S containing [x] and M is the matrix
appearing in the definition of ¢; see [19, Theorem 1.11]. We call %, a hyperplane of r
of semi-standard spread type.
Let now &, be the twisted embedding of T' obtained using the same automorphism

o as above. The hyperplane J7; of semi-standard spread type arises from the twisted
embedding £,. Indeed,

o(Hy) = {e:(([2], [€])): € = 0,§M=z” = 0} =
{[z° ®€]: €x=0,EMz° =0} = &,(0) N {[2° @ &]: EM2a® =0} =
(D) N{[z®¢&: EMz =0} = &,(T) N [M™].
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Since ., is not a (semi-)singular hyperplane, it arises only from &,; see [18, Theorem
1.12]. We summarize the above arguments in the following proposition.

Proposition 2.8. If a semi-standard spread type hyperplane ¢, of [ arises from the
twisted embedding &, then 0® = 1, n is odd and ¢: PG(V) — PG(V) is an involutory
fized-point free semilinear collineation of the form ¢([x]) = [Mx°] with M° = M~1!.
Furthermore #j = ;1 (M™).

By the definition of collinearity in I' and a direct counting argument in the case of
semi-standard spread type hyperplanes, we have the following.

Proposition 2.9 (Proposition 2.11, [11]). The following hold.

1. The cardinality of the singular hyperplanes of T is

(=D t=1) -1,
(q—1)? Tt

2. The cardinality of the quasi-singular but not singular hyperplanes of T is

("' =D -1
(q—1)?

q" —1
q—1

+( +1)g" (7)

3. The cardinality of a semi-standard spread type hyperplane of T is

("t =1)(¢" ' =1)
g—1 g—1

3. The code € (A, ) from the twisted embedding

In this section we focus on the code €(A,). We first recall the construction of the
codewords of €'(A,). Then, we compute the cardinality of [M+]NA, where M € M, 1(q)
(Lemma 3.2), which is crucial to determine the weight spectrum of €' (A, ), since Ve, €
C(Ay), Wt (cm) = Ny — [[M*] N Ay|. As we will see, |[[M1] N A,| is a function of the
number 6,4, to be computed as M varies in M,,1+1(¢q). To obtain the minimum distance
0 needs to be maximized (Section 3.2) while to get the maximum distance 0p; needs
to be minimized (Section 3.3).

Suppose A, = {[X1],[X2],...,[Xn]} € PG(Mp11(q)) and denote by M ,(q) the
dual of the vector space M;,11(q). For any functional m € M}, (¢), there exists a unique
matrix M € M,1(q) such that

m: Mpt1(q) = Fp, m(X) =Tr(XM)

for all X € M,,+1(q). Define now ¢y, as the N-uple
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Cm = (M(X1),...,m(Xn)) 9)
with
m(X;) =Tr(X;M), 1 <i <N, (10)
where M € M,,11(q) is associated to m as before. In this setting,
C(Ao) = {em :m e Mpi(q)}-

It is clear that the codeword ¢ € %(A,) is associated to the matrix M € M,4+1(q)
defining the functional m, so we shall denote it also by cyy.

Lemma 3.1. Let X1,..., XN be representatives of the points [X1],...,[Xn] of Ay. Then
the map

v Mni1(q) = €(As)
M = ey = (Te(X1 M), Te(Xo M), ..., Te(Xn M))

s a vector space isomorphism.

Proof. By the properties of the trace, ev is well defined, linear and surjective. Suppose
now M € ker(ev). Then Tr(X;M) =0 for all ¢ = 1,..., N. On the other hand (A,) =
PG(Mp+1(q)), so we have that the representatives of the points of A, contain a basis
(Bi,- -, Bni1)2) for My 41(q). Since Tr(B;M) =0 for all i = 1,..., (n + 1), it follows
that it must be Tr(X M) = 0 identically for all X € M,,41(q), whence M =0. O

3.1. The weights of €(Ay)

To determine the weight of the codewords of (A, ) we need to compute the cardinality
of A, N [W] where [IW] is a hyperplane of [(A,)] = PG(V ® V*). Recall from Section 2
that any hyperplane of PG(V ® V*) can be regarded as the orthogonal subspace [M]
of a (n+ 1) x (n 4+ 1)-matrix M with respect to the saturation form f. The following
lemma, an extension of [11, Lemma 3.2], is essential.

Lemma 3.2. Let [M*] be a hyperplane of PG(V ® V*) with M € M, 11(q), and suppose
o € Aut (Fy). Then

("t =1)(¢" ' =1)
(g—1)2

where Oy is the number of hyperplanes [£] of PG(V') such that [£]7 C [EM].

MY N A, = +0p - q" (12)
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Proof. First observe that A, = {£,(([x],[£])): [z] € [£]} as a disjoint union

A= || {"@¢:]ele)

[(]ePG(V™)

So,

MAnA = || ({27 ®¢: 2] € [} n[MH).

[(]lePG(V™)

By Proposition 2.1, [#° ® £] € [M*] if and only if [z]° € [¢M]. Hence, [2° ® £] €
A, N [M1] if and only if [2]7 € [¢7] = [€]° and [z]° € [M], i.e.

ANt = || (" ®¢: ] € (€7 NEM]}).

[(]lePG(V™)

Turning to cardinalities,

Ao n[MHI= D 7N EM]). (13)

[(]lePG(V™)

Note that [£]7 is always a hyperplane of PG(V) and [£M] is a hyperplane of PG(V)
if £M is not the null vector of V*. The following cases may happen:

Case 1. ‘f & ker(M) and [EM] # [€]°. ‘ In this case [£]7 N [§M] is a subspace of codimen-
sion 2 of PG(V), so [[¢]° N [EM]] = £ L.

Case 2. |& € ker(M) and [EM] = [5]‘7.‘ In this case |[(]7 N [EM]| = qq”:11.

Case 3. |€ € ker(M).| In this case €M is the null functional, hence [EM] = PG(V). So,

[€]7 N [€M] = [€]7 is a hyperplane of PG(V) and again [[€]° N [M]] = L=

qg—1

Clearly, Cases 2 and 3 correspond to [£]” C [ M] while Case 1 corresponds to [£]7 € [£M].
By plugging the values of the corresponding cardinalities in (13) we get

n_ 1 n+1_1 n—l_l
e =y T (T ) T
q-— 1 q—1

("' =1)(" ' -1
(q—1)?

Remark 1. If o = 1, then the condition of Lemma 3.2 becomes [¢] C [£M], that is £ must
be a left eigenvector of M.

4 OM . qnfl.

O

The following is straightforward, considering that for any codeword ¢y € €(A,), the
weight of ¢y is wt(cm) = Ny — |[[M+1] N Ay|, where M is the matrix associated to the
codeword ¢y, as defined at the beginning of Section 3.
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Corollary 3.3. Suppose o € Aut (IF,). The spectrum of the weights of € (As) is

n—1 (qn+1 B 1)

TEO R ¢""'0r: M € Mai1(a)}

{q
where Oy is defined as in Lemma 3.2.

Definition 3.4. Assume o € Aut (F,) with o # 1. Let Fix(c) = F, be the subfield of F,,
fixed by 0. So, ¢ = s' for some ¢ > 1 and there exists an index j such that for all z € F,
we have 27 = 2%’ . The o-fized subgeometry of PG(n, q) is the point-line geometry having
as points, the points of PG(n, q) fixed by o, and as lines, the lines of PG(n, ¢) stabilized
by o; incidence is given by inclusion.

The o-fixed subgeometry of PG(n, q) is isomorphic to PG(n, s).
8.2. Minimum weight codewords

Recall that

6 = I{[€] € PG(V™): [67] € [eMI}]. (14)

By Corollary 3.3, in order to determine the minimum weight of € (A,) we need to
compute

max{0y : M € M,1+1(q)}.

We distinguish two cases.

* Case A: M is an invertible matrix. Hence, [€M] is a hyperplane of PG(V) for all
[€] € PG(V*). According to (14), we need to count the number of points [£] € PG(V*)
such that

[€7] = [€M]. (15)

This is equivalent to consider the set of fixed points of the semilinear collineation ¥y »
of PG(V™*), induced by ¢ and M, defined as

] (16)

{PG(V*) — PG(V¥)
19M70' : —
[(] = [¢7 M].

Indeed, put ¢ := ¢° . Then, [¢] is fixed by Uar0, ie. [¢] = [¢7  M], if and only if
[€7] = [€M]. So, restricting to a subspace W of V*| the following is straightforward.
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Lemma 3.5. Let W C V* and W° := {£°: { € W}. Then the number of points of
PG(W?) fized by Uar,o is the same as the number of points of PG(W) satisfying (15),

i.e.

{[g] e PGW): [¢7] = [EM]} = [{[€7] € PG(W?): Dar o ([€7]) = [€71}-

st

Lemma 3.6. If M = I, then 0r = [{[{] € PG(V™): [£7] = [{]}] = "5

Proof. By Lemma 3.5 we need to compute the number of fixed points of the semilinear
collineation 97 ,. A point [{] € PG(V*) is fixed by 91, if and only if it is a point of the
o-fixed subgeometry Fix(c) = PG(n, s). This completes the proof. O

Lemma 3.7. Suppose that M € M,,1+1(q) is invertible. The following hold.

1. If W is a vector subspace of V* such that [£7] = [EM] VE € W then dim W < 1.
2. IfU is a subspace of V* with dim(U) = 2 then PG(U) contains at most s+1 = |Fs|+1
points [£] such that [£7] = [EM].

Proof. Part 1. Suppose by way of contradiction that dimW > 2 and let &;,&s be two
linearly independent vectors of W such that [£7] = [¢;M] for ¢ = 1,2. Consider the line
€= [(£1,&2)] spanned by [¢1] and [€]. Then,

£ = M&iM, §5 = A& M (17)
for some A1, A2 € Fy \ {0}.

We want to determine the number of points in £ satisfying (15) and different from [¢;]
and [&2], i.e. the number of elements v € F, \ {0} for which there exists A, # 0 such that

(61 +782)7 = Ay (61 +762) M. (18)
Observe that, by (18) and (17),
Ay (& + €)M = (&1 +762)7 = &7 +9765 = (A& + 77 A22) M.

As &M and &M are linearly independent, it follows that A, = Ay and 7 = Ar7y.
Hence

Y= A0

Since the kernel of the group homomorphism F; — F7 given by x — 27t is FX, it is
not difficult to see that the above equation (in the unknown 7) admits either 0 or s — 1
solutions. As [&;] and [&2] also satisfy (15), we have that the overall number of points in
¢ satisfying (15) is at most s —1+2 = s+ 1. Since s < ¢, this contradicts the hypothesis
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that all [(] € W are fixed. Part 1. is proved.

Part 2. Note that s +1 > 3. If the number of points in U satisfying (15) is either 0 or
1 then the thesis immediately follows. If the number of points in U satisfying (15) is at
least 2 then we can repeat the same proof as in Part 1 to have the thesis. O

Theorem 3.8. Let W be a subspace of V* with dim(W) = r and suppose M is invertible.
Then the number of [§] € PG(W) such that [£7] = [EM] is at most ssl—_ll

Proof. Note that if M = I, then the thesis follows from Lemma 3.6.

We proceed by induction on 7. If » < 2 the result follows from Lemma 3.7. Suppose r >
2. By Lemma 3.5, we will count the number of fixed points of 957, in PG(W7). Assume
by induction that the number of fixed points of ¥, in any subspace of dimension ' < r

s =1
s—1

is at most . We distinguish three cases:

1. No hyperplane of PG(W?) is stabilized by 9 ». Hence, the set of fixed points by 9as,»
spans a subspace of PG(W?) of codimension at least 2. The thesis follows directly by
the inductive hypothesis.

2. There is a hyperplane [H] of PG(W?) stabilized by ¥, and all fixed points of ¥as o
are contained in [H]; then, by inductive hypothesis on [H] the number of fixed points
of W7 is at most Srgil_l < SST__ll.

3. There is a hyperplane [H] stabilized by ¥,, and at least one point [£7] € PG(W7)\
[H] fixed by ¥ If [€7] is the unique fixed point of PG(WW?) then the thesis follows.
Otherwise, suppose [(?] # [£7] is a point fixed by ¥s,,. Then the line £ := [((7,£7)]

is stabilized by ¥, and not contained in [H], so the point ¢ N [H] is fixed by Yasc-
. . s—1
exists at most 5;7;1 such lines through [£7]. By Lemma 3.7, every line of PG(W7)
through [£7] contains at most s fixed points distinct from [£7]. So, the number of fixed

By inductive hypothesis, the number of fixed points in [H] is at most

, SO there

points by ¥7 , is at most

14 s”lflisrfs+sflisrfl
o1 T s—1 T os—1"

O

* Case B: M is an arbitrary matrix.
Theorem 3.9. Let m : N — N be the function

anrlfr_]_ s —1
+ .
q—1 s—1

m(r) =

Then, for any matric M € M, 11(q) andr =1,...,n+ 1 we have

max{0y : rank (M) = r} <m(r).
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Proof. If £ € ker(M) then [M] = [0] = PG(V™), so the condition [£7] C [EM] is always
ntl—r_

satisfied. Since rank (M) = r, clearly |[ker(M)]| = T —
Consider the following subspace of V*:

U:=({eV": [§7]=[EM]) =
(€ € V' Xe&7 = M, for some 0 # A¢ € Fy).

We claim that Unker(M) = 0. Indeed, let B := (1, ..., &) be a basis of U consisting of
vectors such that [£7] = [§;M]. Then, B = (£7,...,&7) is a basis of U? and ;M = A&7
for all ¢ = 1,...,0 and A; € Fy \ {0}. Suppose ¢ € U Nker(M). Then (M = 0 and
¢ = 22:1 a;§; for some o, € Fy. It follows that

l l
0=CM= (Z a@-) M= (M) = o\
i=1 i=1 i

Since the vectors &7 are linearly independent, we have that a; A1 = - -+ = oy A\, = 0; as the
A;’s are non-zero, this implies oy = - -+ = o = 0, that is ( = 0 and so U Nker(M) = {0}.
This implies dim(U) < r. By Theorem 3.8 (clearly, M restricted to U is invertible) it
follows that PG(U) contains at most =L points satisfying [¢°] = [¢M]. The thesis now
follows. O

Theorem 3.10. The mazimum number of points [£] € PG(V*) such that [£7] C [EM] is

1. m@B)=s*+s+1ifo> =1andn=2; or

2. m(l):q;__11+1=q"71+---+2, ifo? #1 orn>2.

Proof. Recall that ¢ = s, ¢t > 1

o If n =2, then the only possibilities for the rank of a non-null matrix M € M3(q) are
r € {1,2,3}. So, by (19), the possible values for m(r) are

q2_1 82—
m(1) = 1 +1l=q+2=s"+2, m@2)=1+ T —5+2
3
-1
771(3):2_1 =s2+s5+1.

Ift=2theng=s%ieoc’?=1ands>+s+1>¢q+2=s>4+2>s+2. In this case
emaxzeI:m<3):82+S+1.
Ift >2 theng+2=s"4+2>35*+2>5%>+5+1> s+ 2 and the maximum is
m(1l) = g + 2. We can now check that if M = ey, then 0y = 0pax = m(1).
e Suppose now n > 2. We want to study the sequence

m(1),...,m(r),...,m(n+1) (20)
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of possible maxima as r = rank (M) ranges from 1 to n + 1; as such, we compare two
successive terms in (20) using (19), namely

qn+17r -1 T —1 S(n+177‘)t -1 T —1
+ = +
q—1 s—1 st—1 s—1

m(r) =

and

) qn+1—r—1 -1 sl 1 S(n—r)t -1 g1l _ 1
m(r+1) = qg—1 + s—1  st—1 + s—1

Subtracting the first equation from the second we get
m(r+1) —m(r) = s" — st

This is non-positive if and only if r < ¢(n — r), that is r < tt_%l This means that
as r grows the value of m(r) is first decreasing and then increasing; so, the sequence
m(r) with r = 1,...,n+ 1 is convex and its maximum must be attained by values
on the boundary of its domain, namely either for »r = 1 or r = n + 1. In particular
m(l) = S::__ll +1=s"D ... 4 2and m(n+1) = % = s"+4-.-41. Comparing
these two latter quantities, we see that st"~t > s™ if n > ﬁ However, ﬁ < 2. So,
if n > 2 the maximum of m(r) is attained for r = 1. We also have 6,, = m(1), so

this is actually the maximum for Oy,.x. O

Remark 2. As a consequence of Theorem 3.10 we see that for r = 1 (with n > 2 or
0% # 1) or r = 3 (with n = 2 and 02 = 1) we have the equality

max{0y : rank (M) = r} = m(r).
We conjecture that this holds for all r =1,...,n+ 1.

3.3. Mazimum weight codewords

By Corollary 3.3, in order to determine the maximum weight of € (A,) we need to
compute

min{fy; : M € My, 41(q)}.

In this section we provide sufficient conditions for min{fy; : M € M,,+1(q)} to be 0.
When this happens, maximum weight codewords have weight ¢~ qn;l; L

Observe that if rank (M) < n + 1, then 857 > 0. So we shall assume throughout the
section that M is an invertible matrix. As seen in Lemma 3.5 with V = W, we have
Or = |Fix(Yr,o)| where 9y, is the collineation defined in (16) ¥, ([(]) = [¢o” M.
So, to get 87 = 0 we want to construct a ¢!
free.

-semilinear collineation which is fixed-point
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Lemma 3.11. Let o and j be as in Definition 3.4. Suppose gcd(qn;;l ,89—1) > 1. Then,

there exists an invertible matric M € M, 1(q) such that 6 = 0.

!_semilinear collineation of

Proof. We need to show that there exists at least one o~
PG(V*) which is fixed-point-free. Observe that 1 is a o~ !-semilinear collineation which
is fixed-point-free if and only if ¢~! is a o-semilinear collineation which is also fixed-
point-free. We shall now construct such 1.

The vector space V* is isomorphic to the field Fyn+1, regarded as a vector space over
F,. We identify the points [¢(] of PG(V*) with elements of Fyn+1/F,. Let w be a primitive
element of F n+1 and define 1! : PG(V*) — PG(V*) as the F,-semilinear collineation
[z] = [¢¥ w]. A point [¢] € Fyns1 is fixed by ¢~ if and only if 3\ € F, with A\ = ¢*’w.
This implies Cs'jflw € [y, that is (Cs'i’lw)q*1 = 1. In particular, the order of w9~! in

F .41 must be the same as the order of C(Sj_l)(q_l). Since w is a primitive element of

Fynt1, the order of wi=is (¢"+1 —1)/(g—1). On the other hand, the order of ¢(¢'~D(a=1)
divides

qn+1 _ 1 qn+1 _ 1

*_ _ n+1 _ . n+1,1 *
ged((s? —1)(¢ —1),¢" "t —=1)  (g—1)ged(si — 1,4 =1 )

It follows that if ged(s? — 1, qn;_ll_ 1
Since 1~ is a semilinear collineation, it can be written as ¥~1([¢]) = [(°M~!] for
some invertible matrix M. It follows that also ¥([¢]) = [¢°  M] is fixed-point free;

consequently 65, = 0. This completes the proof. O

) > 1, then ! does not have any fixed points.

Corollary 3.12. Suppose both q and n to be odd. Then there exists M € M,1+1(q) such
that 9M =0.

. n+1
Proof. Under these assumptions both s/ — 1 and ‘3’(17—;1 are even. The previous lemma
yields the result. O

As seen in Section 2.5, when n is odd and ¢ = 1 the geometry I' might admit semi-
standard spread type hyperplanes % arising from &, of the form e, '(M=1). As the
following lemma shows, these hyperplanes correspond to words of maximum weight.

Lemma 3.13. Suppose #, = ¢, (M™1) is a semi-standard spread type hyperplane of r
where ¢ is a fixed-point-free semilinear involutory collineation of PG(V*) defined by the
matrix M. Then cpr is a mazimum weight codeword of € (A,).

Proof. By Proposition 2.9, |75 = %
ciated with M+ is qn—l%_ It follows by Corollary 3.3 that 65 = 0. Hence cjy is a

maximum weight codeword of €(A,). O

. So, the weight of a codeword asso-

Since 65 > 0 by definition, in light of Corollary 3.3 the following is immediate.
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qn+
q

:fl,sj —1) > 1. Then the mazimum weight of the code-
ntl_q

- In particular, this happens for all o € Aut (F,)

Corollary 3.14. Suppose ged(
~-1g

words of €(Ay) iS Wmax = ¢
when both n and q are odd.

3.4. Proof of Theorem 1.1

The computation of the length and dimension of (A, ) is straightforward from Sec-
tion 2. Indeed, the length of €(A,) is the number of point-hyperplane pairs (p, H) of
PG(n,q) with p € H, that is

("t = 1)(¢" — )

No = (g—1)2

The dimension of €(A,) is the dimension of the embedding &,; so
ks = (n+1)%

To determine the minimum distance, by Lemma 3.2 and Corollary 3.3, we need to find
the maximum of 0y, as M varies in M,,+1(q). Hence, the minimum distance of € (A,)
follows from Theorem 3.10 and we have

L q3—\/§3 ifo2=1and n=2,
o @ t—g» b ife?#lorn>2. O

3.5. Proof of Theorem 1.2

Point 1 of Theorem 1.2 follows from Proposition 2.3 and Theorem 2.4. Point 4 of
Theorem 1.2 follows from Corollary 3.12, Corollary 3.14 and Corollary 3.13.

We remind that for 02 = 1 and o # 1, the o-norm function is defined as follows:
N:F, = Fs, N(z)=2°"!, where Fix(c) = Fy, q = s%

Theorem 3.15. Supposen =2, 0> =1 and o # 1 and let M € M,,+1(q)\{0}. The matriz
M defines a minimum weight codeword of € (A,) if and only if there exist three linearly
independent vectors £1,&2,&3 € V* and three non-null scalars o, B,y € Fq\ {0} such that

GM=aff, &M=p&, &M=+, N(a)=N(B)=N(y). (21)

Proof. Suppose [M~] defines a minimum weight codeword of ¢'(A,). By Theorem 3.10),
M is an invertible 3 x 3-matrix with 6y, = m(3) = s> +s+1. Define U := {£ € V*: [¢7] =
[€M]}. By the definition (14) of 0, we have 0y = |Z|_71 .

If dim((U)) < 2, then by Theorem 3.8 we have |Z|_711 < s+ 1, which contradicts the

maximality of ), by Theorem 3.10. Hence U spans V*, i.e. there exist at least three
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linearly independent vectors &1, &2, &3 € U and three scalars «, 8,7 € Fy \ {0} such that
S M =y, &aM = BES, &M = ~v€. We now prove that N(a) = N(B) = N(7).

If no vector of (U) different from elements of [§;], ¢ = 1,2,3, is contained in U then
lZ:l = |{[&1], [€2), [£3]}] = 3, which contradicts again the maximality of 6, by Theo-
rem 3.10. Hence there exists at least one vector ¢ € U which is not a multiple of any
&, 1 =1,2,3. So there is vector ¢ € U such that [(?] = [(M] and

¢ =a1&1 + aée + azés

for some scalars aq,as, a3, at least two of which are not null. This implies that there
exists A € F,; \ {0} such that

ay = da1«
ag = Aazf (22)
ag = Aasy.

Denote now by A := [(£1,&2)] U [(£1,&3)] U [(€2,&3)] the triangle of PG(V™*) whose sides
are the lines spanned by [&;] and [¢;], i # j, i,j € {1,2,3}.

Suppose by way of contradiction that all non-null vectors ( € U have the property that
the associated projective points [(] are contained in A. Then, by Lemma 3.7, we have
IqU‘%ll <3s < 52+ s+ 1=m(3), which contradicts again the maximality of 65 = ‘Z:l
by Theorem 3.10.

Hence there exists at least one non-null vector € U such that [(] € A, i.e. there

exist three not null scalars a1, az2,a3 and A € F, \ {0} satisfying (22). This implies that
ayasas # 0. We can assume without loss of generality a; = 1. Solving (22) in A, we get

at=a3 ' =al Iy (23)

Let S = {27! : 2 € F,} be the kernel of the norm function. If a8 & Sora='v ¢S
we immediately see that there are no possible solutions to (22) in the unknowns as, as
and this contradicts the existence of the scalars as, az such that ¢ € U. So, a™13 € S
and o~y €S, ie., N(a7!8) =1 and N(a~!y) = 1 whence N(a) = N(B8) = N(v).

Conversely, suppose there exist three linearly independent vectors &1,&2,&3 € V* and
three non-null scalars «, 8,y € Fy \ {0} such that (21) hold. Then M is invertible. We
will show that 57 = s? + s + 1, hence the thesis would follow from Theorem 3.10.

Take an arbitrary vector ( € V* as ( = a1&1 + a282 + az&s with aj,a2,a3 € Fy.
To compute 07, we need to count the number of points [(] such that ¢ € U. This
is equivalent to compute the number of solutions in the unknowns aq,as,as, A of the
system (22). Put A= U ;<5 (& [&])-

Suppose [¢] € A. Then ajasas # 0. Without loss of generality, put a; = 1, hence
A= a~! and the system (22) becomes
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o—1 _ _—1
{ g (24)

Since by hypothesis N(a=13) = N(a~!vy) = 1, the above system is solvable and each
of the equations of (24) has exactly s — 1 solutions. So, there exist precisely (s — 1)? =
5?2 —2s + 1 points [¢] € PG(V*)\ A with ¢ € U.

Suppose [¢] € A\ {[&1], [€2], [€3]}. Without loss of generality, assume [¢] € ([£2], [£3])-
i.e. a; = 0 and take az = 1. Then the system (22) becomes

ag”t=p"". (25)

Since N(B871v) = 1, the above equation is solvable and has exactly s — 1 solutions.
Thus, there exist precisely (s — 1) points [¢] & {[&2], [€3]} on the line [(&2,&3)] with
¢ € U. The same argument applies to the lines [(£1,&2)] and [(£1,&3)]. So,

Ul -1

=1 =0y =(s—1)2+35—-1)+3=5>+s5+1.

By Theorem 3.10, 8y = m(3). So, the theorem is proved. O

Part 2 of Theorem 1.2 is exactly Theorem 3.15 and Part 3 of Theorem 1.2 is the
following theorem.

Theorem 3.16. Suppose n > 2 or 0? # 1 and let M € M, 1(q) \ {O}. The matriz M
defines a minimum weight codeword of € (A, ) if and only if £, (M) is a quasi-singular
but not a singular hyperplane of T.

The hyperplane [M*] defines a second minimum weight codeword of € (A,) if and
only if &1 (M) is a singular hyperplane of T.

Proof. Suppose . is a quasi-singular hyperplane of I'. By Proposition 2.6, J# =

£;1 (ML), with M a non-null (n + 1)-matrix of rank 1 and |7#| = % +
ntl_q)

qqn_—_llq”*1 if A is a singular hyperplane or || = - (q_(lq;il_l) + (q;’_—ll +1)g"tif

S is a quasi-singular but not singular hyperplane of I' by Proposition 2.9. By the in-
jective property of the embedding &,, we have |[[ML] N A,| = |, 1(M™L)|. If we consider
the codeword cpr € € (A, ) defined by the matrix M, we know by Corollary 3.2 that the
weight of cys is wt(car) = Ny — [[ME] N A,| = N, — |72).

By Theorem 3.10 and Corollary 3.3, comparing the cardinalities of a singular hyper-
plane and a quasi-singular non-singular hyperplane of T', we immediately see that the
minimum weight codewords are associated to a quasi-singular non-singular hyperplane

e Y (ML) of T with 0y = q;__ll + 1. As the singular hyperplanes of T yield codewords

with 0y = %’ they correspond to codewords with the second lowest weight.
Conversely, let [M~] define a minimum weight codeword of €'(A,); then 6, = m(1) =

q;:f + 1 and, by Theorem 3.10, M is a rank 1 matrix. By Proposition 2.6, &, 1(M~)
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is a quasi-singular hyperplane of T'. By Lemma 3.2, the weight of the minimum weight
codewords corresponds to the maximal cardinality of the set [M*] N A,. Since |[M*]N
A, | = |&;1(M™*)|, the thesis now follows from Proposition 2.9.

Suppose now [M™] defines a second lowest weight codeword of % (A,). Then, by
Theorem 3.10 and Corollary 3.3, its weight corresponds to 0y = m(1) — 1 = q(:__ll. We
first show that M has rank 1.

By way of contradiction suppose rank (M) > 2. Then by Theorem 3.9, 8y, < m(2).
By Theorem 3.9, m(2) = q7;_11_ Ly 582__11 and m(l) — 1 = q;__ll, but this contradicts
(m(1)—1) = ) < m(2). Hence rank (M) = 1. The thesis now follows by Proposition 2.6

and Proposition 2.9. O

As a consequence of Theorem 3.16 we point out that the minimum weight codewords
and the second minimum weight codewords of €(A,) depend on the properties of the
hyperplanes of I' and not on the way it is embedded into a projective space.

3.6. Proof of Theorem 1.3

Relying on the representation of the codewords of € (A, ) given by (11) of Lemma 3.1,
we see that g(g) maps an element of €' (A,) to an element of € (A, ), by the rule

CM = (TI‘(Ale\f)7 A 7TI‘()(Nj\f)) —
Cg—1Mge = (Tr(XlgilMga% s 7Tr(XNgilMgU))'

Furthermore, o(g) is a linear transformation of € (A, ) since

o(g)(aca + Bep) = 0(9)(cantsp) =
= 0(9)(Tr(X1(aA + BB)), ..., Tr(Xn (A + BB))) =
= (Tr(X19~ (@A + BB)g%), ..., Te(Xng~ ' (@A + 5B)g”)) =
a(Tr(X1g7 Ag?), ..., Te(Xyg L Ag?))+
B(Tr(X197'Bg?), ..., Te(Xng ™' Bg?)) =
= aCy-14g0 + Beg-1p40 = a0(g)(ca) + Bo(g)(cr).

There remains to prove that o(g) is an isometry. To this purpose observe that by the
cyclic property of the trace,

Tr(X,9~ ' Mg”) = Tr(g” Xig ™' M),
forall i = 1,...,N and all M € M, 41(q). On the other hand, [¢? X;97 '] = [X;]}¢ =

[Xr(g)(0)] by (4); consequently, there is a function A : GL(n + 1,q) x {1,...,N} — Fy
depending on g and i such that ¢ X;g7 ! = A(g,7) X (g)(i)- Thus, we can write
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Tr(Xsg~ " Mg”) = Mg, i) Tr(Xr(g)y M),

for alli =1,..., N. In particular, the components of ¢4, are obtained by permuting and
multiplying by the scalars A(g, 7) the components of ¢ps. Since A(g,4) # 0, the number of
null components in ¢f,, i.e. the number of ¢ such that Tr(X;g *Mg°) = 0, is the same
as the number of null components in ¢ps. This proves that the weight of ¢, is the same
as that of ¢y, i.e. that o(g) is a isometry.

To conclude, observe that g~'Mg® = M for all M implies, as a special case when
M = I, that g7'¢° = 1, i.e. ¢° = ¢. This happens if and only if ¢ is a matrix with
entries over Fy. On the other hand, Mg = g~ 'M for all M implies that g must be a
scalar matrix. It follows that the kernel of the action is K,. O

Remark 3. The action of GL(n + 1,¢) on M,,+1(q) described in Theorem 1.3 is not the
action of GL(n + 1,¢) on A, which lifts through &, which is instead X9 := ¢g°Xg~ 1.
These two actions are adjoint with respect to the saturation form, in the sense that if f
is the saturation form, f(X9, M) = Tr(¢° Xg ' M) = Tr(Xg~'Mg°) = f(X, M9).
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