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Hyy = (o-(P—A) +V. (1.1)

2
loc

Here P = —iV denotes the momentum operator, A € L2 (R3, R?) is a magnetic vector
potential, 0 = (01, 02, 03) is the set of Pauli matrices, see equation (2.1) below, and V' is a
potential function which associates to each x € R? a two by two Hermitian matrix V (z).
We refer to equations (4.4) and (4.5) for a more precise definition of H 4 v . The free Pauli
operator H 4 o represents a quantum Hamiltonian of a particle with spin % interacting
with a magnetic field B = curl 4, see e.g. [23] for further reading and references.

Our aim is to find sharp conditions on B and V under which the operator H 4 y has
no eigenvalues above a certain critical energy.

The absence of discrete eigenvalues of H4 v, also in dimensions higher than three,
can be deduced from the results of [10], where the authors show, via the method of
multipliers, that if B and V satisfy certain smallness assumptions, then H 4y has no
eigenvalues at all.

The absence of eigenvalues at the threshold of the essential spectrum, typically zero,
is also well understood, at least in the case V' = 0. A sharp criterion for zero to be
an eigenvalue of H4 o was recently established in [12,13], see also [6,7]. In particular,
it is proved in [13] that H4 o can have a zero energy eigenfunction only if ||Allz3(r3)
exceeds certain explicit value. Examples of magnetic fields which produce zero energy
eigenfunctions of H 4 ¢, and which show that the criterion of [13] is sharp, can be found
in [1,11,19,21]. We will give more comments on this question in Remark 6.6.

What is not well understood so far is the question of absence of eigenvalues embedded
in the essential spectrum, which is of fundamental importance e.g. for the validity of a
limiting absorption principle, for the scattering theory, as well as for dispersive estimates.
One could of course apply the result of [10], since the conditions stated there guarantee
not only the absence of discrete eigenvalues, but also the absence of all eigenvalues, [10,
Thm. 3.5]. However, this automatically implies that such conditions are way too strong
if one is interested only in embedded eigenvalues, since creating discrete eigenvalues is
usually much “easier” than creating eigenvalues embedded in the essential spectrum.
Indeed, consider the generic case in which oeg(Ha,0) = [0,00). Then any negative and
sufficiently strong potential V' will create negative eigenvalues, but it should typically not
create positive eigenvalues, at least when B and V decay fast enough at infinity. Hence
in order to exclude all eigenvalues, one has to impose global smallness assumptions on
B and V, see [10, Thm. 3.5]. On the other hand, embedded eigenvalues belong to the
essential spectrum and therefore their absence or existence should depend only on the
behavior of B and V' at infinity.

In this paper we prove that the operator H, 1 cannot have eigenvalues above an
energy level A > 0 allowing, at the same time, H4 v to have discrete and/or threshold
eigenvalues, see Theorem 6.5. We provide an explicit expression for A which shows, in
agreement with the above heuristics, that A depends only on the behavior of B and V
at infinity. In particular, no global bounds on B and V are needed.
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Let us describe the main result of this paper more in detail. In Theorem 6.5 it is
proved, under rather mild regularity and decay conditions on B and V, that H4 v has
no eigenvalues larger than

1 2
A=A(B,V) ::Z(ﬁ+w1—|—«/(ﬁ+w1)2+2w2) , (1.2)

where [,w; and wo are non-negative constants which depend, in a weak sense, on the
spacial asymptotics of B and V. We refer to Assumption 3.9 and equation (3.10) for a
full definition of 8 and w;. If B and V" are regular enough at infinity, then the values of
and w; are determined from their pointwise asymptotics. Indeed, splitting the potential
into a sum of its short-range and long-range component; V = V* + V¢, we find

B < limsup |B(z)|, wi < limsup|zV®(z)|c2, and ws < limsup |(z- VVi(z)){|c2

see Lemma A.1.

Remark 1.1. It is illustrative to compare Theorem 6.5 with classical results on the absence
of positive eigenvalues of non-magnetic Schrodinger operators [2,17,22]. If B = 0, then
by choosing V* = V and V¢ = 0 we obtain A = w? which generalizes the result of
Kato [17]. On the other hand, by choosing V* such that V*(x) = o(]z| '), and setting
V=V —V* we get A = wy/2, and recover thus the results of Agmon [2] and Simon
[22].

To prove Theorem 6.5 we adapt a version of the quadratic form method of [4], which
in turn is inspired by the approach invented by Froese and Herbst for non-magnetic
Schrodinger operators in [14,15]. However, due to the spinor structure of the opera-
tor Hy4 v and of its wave-functions, the technique of [4,14,15] cannot be applied directly.
The problem is that the operator-valued matrix H4 v is, contrary to the two-dimensional
case, non-diagonal. Consequently, a direct application of the above mentioned technique,
developed for scalar magnetic operators, is not feasible. It is therefore necessary to im-
plement the fundamental ingredients of [4] in such a way that the spinor structure of
H 4 v be taken into account. To do so we make use of multiplication and commutation
relations for the Pauli matrices and of their convenient interplay with the Poincaré gauge
for the vector potential A. This is yet another example of the importance of choosing a
gauge which suits best the problem in question. In our case the choice of the Poincaré
gauge, together with the properties of the Pauli matrices, allows us to prove a matrix-
valued versions of the virial-type identities for the weighted commutator between H 4 v
and the generator of dilations, see equations (5.10) and (5.15). With the help of these
identities we then show that any eigenfunction of H 4y with eigenvalue larger than A
must identically vanish. We would like to point out that although the identities (5.10)
and (5.15) are identical to their scalar counterparts obtained in [4], due to the spinor
structure of the problem under consideration their derivation is essentially different.
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The paper is organized in the following way. In the first two sections we collect
necessary prerequisites and state our hypotheses. In Sections 4 and 5 we prove some
preliminary results concerning dilations and commutator properties of H4 . The main
result is stated and proved in Section 6. In Section 7 we construct an example which
shows that the critical energy A(B, V') given by (1.2) is sharp. As a consequence of The-
orem 6.5 we also establish sufficient conditions for the absence of embedded eigenvalues
of the magnetic Dirac operator, see Theorem 8.1 and Corollary 8.2. In Appendix A we
show that all the hypothesis stated in Section 3 are satisfied under some mild pointwise
conditions on B and V.

2. Prerequisites
2.1. Basic setup

We identify the magnetic field with the vector-field B : R? — R3 with components
(B, By, B3). A vector potential is a vector field A : R® — R?® which generates the

magnetic field via B = curlA, in the distributional sense. We recall the well-known Pauli
matrices o : C? > C?%

0 1 0 —i 1 0
0’1=<1 0), (72:<Z_ 0>7 O’3=<0 _1>. (21)

In what follows we use the shorthand
z~0:szJj z€C3. (2.2)

The Pauli matrices satisfy the following multiplication and commutation relations,

3
oo, =0kl +1 Z €jkm Om (2.3)
m=1
3
[0j,0%] = 21 Z Ejkm Tm, - (2.4)
m=1

Here 1 is the unit 2 X 2 matrix, and €, denotes the Levi-Civita permutation symbol.
In particular, 0]2 =1 for j=1,2,3.

Given a magnetic field B and a point w € R3 let B, (z) := B(z+w)[xz]. More precisely,
B, is a vector-field on R3 defined by

By(z)=Bz+w)Azx. (2.5)

Making use of translations, we will often assume w = 0, in which case we will simply
write B.
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2.2. Notation

If A e L% (R3R3) is a magnetic vector potential, the magnetic Sobolev space is

defined by
H(R?,C?) = 9(P — A) = {¢ € L2(R3,C%) : (P—A)pe L2(R3,(C2)}, (2.6)

equipped with the graph norm

1/2
lulle = (0P = AyullFge,cz) + lulfaas c2) - (2.7)
The corresponding scalar Sobolev space will be denoted by
H'(R®) = {ue L*(R®?) : (P—A)ue L*(R%)}.

Given a set M and two functions f1, fo: M — R, we write f1(z) < fa(z) if there exists a
numerical constant ¢ such that fi(z) < ¢ fa(x) for all z € M. The symbol fi(x) 2 fa(x)
is defined analogously. Moreover, we use the notation

fi@) ~ fo(z) & fi(2) S fol2) A fal2) S fa(2),
and

limsup f(x) =L < lim esssup f(z) = L, (2.8)

|z] =00 TOO g >y

and similarly for liminf ;. f(z). We will use 9; = % for the usual partial derivatives
in the weak sense, i.e., as distributions. ’

The scalar product on a Hilbert space 5# will be denoted by <-7 ->%,. If 57 =
L?(R3,C?), we omit the subscript and write

(0, ) ppmscry =0 %), @ ¥ € L*(R%,C?).
Accordingly, for any ¢ € L"(R3,C?) with 1 < r < co we will use the shorthand
lellr = llell- s .c2)
for the L™-norm of ¢. By the symbol
Ur(z) ={y € R’ : |z —y| < R}

we denote the ball of radius R centered at a point z € R3. If = 0, we abbreviate
Ur = Ur(0).
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Given a Hermitian matrix valued function R? 3 z +— M (z) : C* — C2, we denote by
A(z) and p(x) its eigenvalues. The norm of M is then equal to

|M(2)|c2 = max { |M)], [u(z)] }-
Accordingly we define

M(z) 4l = max { A(x) . p(x)s }. (2.9)

Convention: In the sequel we will use Latin letters for functions with values in C, and
Greek letters for functions with values in C2. In particular, we will often identify a spinor

@ = (;‘) . (2.10)

Throughout the paper we will often make use of the polarization identity which, for the

o with two scalar fields as follows;

reader’s convenience, we now briefly recall; given a sesquilinear form s on a Hilbert space
F, and any @, € F, we have

s(p, 1) = [S(Wrw,30+¢)—S(w—ww—iﬁ)+i8(<p—iw7<p—iw)—iS(<p+iw,<p+w)]

(2.11)

N

2.3. The Poincaré gauge

For a given magnetic field B and a point w € R? we define the vector field B, by
equation (2.5), and put

1
Ay (z) = /Ew(t(x —w))dt, (2.12)
0

which is the vector potential in the Poincaré gauge. Using translations, it is no loss of
generality to assume w = 0, in which case we will simply write A for the vector potential
given by (2.12). Note that when w = 0, then A given by (2.12) satisfies

z-Alz)=0 VaxecR3 (2.13)

It is easy to see that for A given by (2.12) one has A € L2 (R?,R?) for bounded magnetic

loc
fields B and this extends to a large class of singular magnetic fields, see [4, Lem. 2.9].

Except otherwise stated, we will always use the Poincaré gauge.
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3. Hypotheses

In this section we formulate general sufficient conditions on B and V under which
our main result, Theorem 6.5, holds true. In Appendix A we will show that all these
conditions are satisfied under rather mild assumptions on B and V, see in particular
Lemma A.1, Proposition A.2 and Proposition A.4.

Assumption 3.1. The matrix valued function V : R® — M (2, C) is Hermitian. i.e.

(V(2),, = (V(),, Vze R3 Vi k=12 (3.1)
If the potential is split as V = V* + V¥ then V* and V* also satisfy (3.1).

Remark 3.2. Similarly as in the scalar non-magnetic case, see in particular [15, Thm. 2.1],
our results could be extended to all matrix valued V', possibly non-Hermitian, for which
the associated Pauli operator H 4 has real spectrum. For the sake of brevity, we will
stick to Assumption 3.1 throughout the paper.

Assumption 3.3. The magnetic field B is such that for some w € R3
R ~ .
R332 > |z —w|/ ! log? (m) 1By (2)]? € LL (R3) (3.2)

for all R > 0.

We have already pointed out that without loss of generality we may assume w = 0. In
view of [4, Lem. 2.9] condition (3.2) assures that the corresponding vector potential in
the Poincaré gauge is locally square integrable. The latter property is essential in order
to define the Pauli operator through the associated quadratic form.

3.1. Global relative bounds

Assumption 3.4. The scalar fields |B|? and |B|? are relatively form bounded w.r.t. (P —
A)?, where A is the Poincaré gauge vector potential corresponding to B. That is,

I1Blelz +11Blells < I(P=A)¢ls +llellz Vo€ 2(P-A). (3:3)

Here we abuse the notation and use the same symbol P — A for the operator in L?(R?)
as well as for the operator in L?(R3, C2) acting as 1(P — A).

Assumption 3.5. The potential V is relatively form small w.r.t. (P — A)?, that is, there
exist constants ag < 1 and C such that

(o, Vo)l S oo (P = A)pll3 + Cllell; Vo € 2(P - A). (3.4)
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In order to control the virial = - VV, we decompose the potential as V = V* + V¥
The splitting V = V* 4 V¢ is arbitrary, as long as the conditions below are satisfied.

3.2. Behavior at infinity

Below we quantify the notions of boundedness and vanishing at infinity w.r.t. (P—A)2.

Definition 3.6 (Boundedness at infinity). A potential W is bounded from above at infinity
with respect to (P — A)? if for some Ry > 0 its quadratic form domain contains all
¢ € P(P — A) with supp(p) € U, and for R > Ry there exist positive ag, vz with
limg yoo g = 0 and limp_, o, Yr < 00 such that

(0, Wo) < agl|(P - A)pl3 +rllell; for all ¢ € 2(P — A) with supp(p) C Ug
(3.5)

By monotonicity we may assume, without loss of generality, that agp and ygr are decreas-
ing in R > Ry.

Assumption 3.7. The positive part of the potential V vanishes at infinity w.r.t. (P — A)?
in the following sense: there exist positive ar, yg with ag,yg — 0 as R — oo such that

(0, Vo) < arll(P— A)gll5 +vrllells forall o € Z(P — A) with supp(p) C U,
(3.6)

Moreover, if we split V = V* + V¥, then also the positive parts of V* and V¢ vanish
at infinity in the sense defined above. By monotonicity we may assume, without loss of
generality, that ar and g are decreasing in R > Ry.

Assumption 3.8. The potential V' is bounded at infinity w.r.t. (P — A)? in the sense of
Definition 3.6. Moreover, if we split V = V* + V¥ then also V* is bounded at infinity
w.r.t. (P — A)? in the sense of Definition 3.6.

Assumption 3.9. There exist positive sequences (¢;);, (6;); and (R;); with e; — 0 and
Rj — oo as j — oo, such that for all p € Z(P — A) with supp(p) C U = {z € R? :
7| = R}

IBlels < & 1(P = A)ell3 + 57 lell3 (3.7)

For the decomposition V = V* + V¢ of the potential, we also assume that there exist
positive sequences (w1,;); and (w2 ;); such that for all p € Z(P — A) with supp(¢) C Uf

lzVoel3
{0,z VVip)

IN

ei (P = Ael3 +wi; 3 (3.8)
ei (P = A)pl3 +wa lloll3 (3.9)

IN
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By monotonicity we may assume, without loss of generality, that the sequences 3;,
w15, and wo ; in Assumption 3.9 are decreasing. We define

f = lim B;, wg = lim wgj, k=1,2. (3.10)
j—o0

Jj—o00
3.8. Unique continuation at infinity

For a unique continuation type argument at infinity, we also need a quantitative
version of relative form boundedness.

Assumption 3.10. If V = V* + V¢, then we assume that for all p € 2(P — A)

2

IBlel3 + l2Voell3 < % 1P — A)pll3 + Cligll, (3.11)
(p2-VV i) < as|(P—A)el3 +Cllel3, (3.12)
(o, Vo)l < asll(P—A)pl3 +Cliel (3.13)
for some C' > 0 and «; such that
a1 +ag +3az < 1. (3.14)

Remark 3.11. By the diamagnetic inequality
‘P|<p|‘ < ’(P —A) g@’ a.e. for all p € 2(P — A), (3.15)

see e.g. [18], it suffices to verify the conditions of Assumptions 3.4-3.10 with (P — A)
replaced by P.

4. Preliminary results

In this section we collect several technical results which will be needed later.

Lemma 4.1. Let A € L% _(R?) and let B = curl A. Suppose moreover that B satisfy

loc

Assumption 3./. Then
(0-(P=A)p, 0 (P—A)p) =(P— Al +(p. 0 By) VpeH (R C?.
Proof. The claim follows by a direct calculation from (2.3) and (2.4). O
Lemma 4.2. Let B satisfy Assumption 3.4. For any n > 0 there exists C,, € R such that
1P = A)gllz < A +n)llo- (P = A)pl3 + Cyllelz (4.1)

holds for all o € D(P — A).
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Proof. Let ¢ € (P — A). A short calculation shows that
lo-welz=[[lwlell2  YweC. (4.2)

Hence by (3.3), Lemma 4.1 and Cauchy-Schwarz inequality,

(P = A)pll3 = llo - (P = A)pll3 = (¢, - B) < |lo- (P~ A)pl3 + [l|Bl ¢llzlle]l2
<llo- (P = A)pl3 + el (P = A) @l3 + Celoll3

for any 0 < ¢ < 1 and some C., independent of ¢. Inequality (4.1) now follows upon
setting i =1+n 0O

An immediate consequence of Lemma 4.2 is the following

Corollary 4.3. Let B and V' satisfy Assumptions 3./, 3.8 and 3.10. Then for all p €
2(P — A),

(e, Vo)l < ao (P — A)ell + Collel3
1Bl3 + llzVoell3

(g2 VVip) < aal|(P—A)glls + Caligl3,
(o, Vig)l < as (P — Al + Csliel3

IN

2
«
7 1P = A)ell3 + Crligllz,

IN

IN

where oy < 1, and «j, j = 1,2,3 satisfy (3.14).
Another consequence of Lemma 4.2 is the identity
PP —A)=9(c-(P—-A), (4.3)

which holds whenever Assumption 3.4 is satisfied. This allows us to define the sesquilinear
form

QA,O(SDaql}) = <0 : (p - A)(pv g (P - A)’l/}>7 %1/’ € Q(P - A) (44)

By standard arguments one verifies that the quadratic form @ 4,0(¢, ¢) is closed. In view
of Lemma 4.2 and Assumption 3.5 the quadratic form associated to

QA,V(‘Paw) = QA,O(¢a¢) + <<107 V’(/)>7 4107'(/) € @(P - A) (45)

is then closed as well. Now we can define the Hamiltonians H4 o and H 4 v as the unique
self-adjoint operators associated to () 4,0 and @ 4,1 respectively.

For the next result we need to introduce some additional notation. Given a vector
field v : R3 — R? we define the operator
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Dy=2(v-P+P-v), D:=D, if v=u. (4.6)

N =

Lemma 4.4. Let B satisfy Assumption 5.3. Let g, F € C*(R3) g, F € C1(R3;R) be radial
functions such that VF = xg, and such that x - Vg and |z|g are bounded. Put v = VF.
Then

9(P - A) € 9(D,) = 9(gD) (4.7)
Proof. In the sense of distributions,
2D, =gx-P+P-(gx)=gx-P+gP -2 —ix-Vg=29D —iz-Vg.

So if ¢ € 2(gD) and z - Vg is bounded, then
Dyp =gDyp — %x -Vgp € L*(R3,C?).

Hence ¢ € 2(D,). Conversely, if ¢ € 2(D,) and z - Vg is bounded, then ¢ € 2(gD).
This proves the equality Z(D,) = Z(gD). Moreover, since x - A(z) =0,

So if ¢ € Z(P — A), and |z|g is bounded, then gDy € L?(R3,C?). Hence 2(P — A) C
2(gD) = 9(D,). O

Lemma 4.5. Under the assumptions of Lemma /.4,
Re((o-v) ¢, 0 (P—A)p) = {p, D,1y) VoeP(P—A). (4.8)

Remark 4.6. We note that thanks to Lemma 4.4, the right hand side of (4.8) is well
defined for all ¢ € 2(P — A). Lemma 4.4 is also used implicitly in Lemma 5.1 and in
Proposition 5.3.

Proof of Lemma 4.5. Let ¢ € C§°(R3,C?). Then
Re((0-v) ¢, 0- (P —A)p) =Re(p, (0-v)o-(P—A)p)
=Re(p, (c-v)o-Py)—Re(p, (c-v)o-Ap).
In view of (2.3),
3

3 3
(0-v)(o-A)= Z vjAgojop = (v-A)1 41 Z ( Z Emijk vjAk>am
k=1

j,k=1 m=1
=w-A)1+i(vhA)- 0.
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Hence
Re(p, (0-0)o - Ap) = 5(o, [(0-0)(- A) + (- A)(o ) ) = (i, (v A) p),

because v A A+ AAv=0. But v(z) = g(|z|)x by assumption, and A is in the Poincaré
gauge. So v- A =0, see (2.13). We thus have

Re ((0-v) ¢, 0-(P—A) ) = Re (¢, (0-v)(0-P) p) = %@, [(o-v)(0-P)+(a-P)(0v) ).
(4.9)
Now, using (2.3) we get

3

(0-v)(0-P)+(0-P)o-v) =Y (v;P+ Pjug) ojo
=
3

3

= ("Ujpk +Pj’t}k) (5]k]l+l Z Ejkm Um)
j,k=1 m=1

3
=w-P+P-v)l+i Z (vj Px + Pjvk) €jkm Om
J,k,m=1

3
) (

=@w-P+P-v)l+i E v; P, — Piv;) €km Om
7,k,m=1

3
=w-P+P-v)l+ Z (OkV5) €jlem Tm
1

Jik,m

=w-P+P-v)l =2D,

=

)

where we have used the identity

3
Z (Okvj) €jkm Om = (curlv) - o = (curl VF) -0 = 0.

Jik,m=1

Summing up, we have

Re((o-v) ¢, 0 (P—A)p) = (p, D,1y) Y p € C3°(R3,C?). (4.10)
Since v = VF is bounded, this identity extends by density to all p € (P — A). O
5. Dilations and the commutator

In this section we will define the commutator [H 4y, D] in the sense of quadratic form
and derive a matrix-valued version of the weighted virial identities. The latter are our



D. Hundertmark, H. Kovarik / Journal of Functional Analysis 286 (2024) 110288 13

main technical tools in the proof of absence of positive eigenvalues. In some places we
make use of technical results obtained in [4].

5.1. Dilations
For t € R define the unitary dilation operator U; : L?(R3,C?) — L?(R3,C?) by
(Uf)(x) =e? f(e'x) x€R3. (5.1)
Then U; = P on L?(R3,C?). Let

iGy = Ut;itU*t teR. (5.2)

It is easily seen that Gy is bounded and symmetric on L%(R?, C?2). We will use it to
approximate the operator D in the limit ¢ — 0.
As in [4] we define the commutator of H and D by

<90,7’. [HA,Vv D] 90> = }g%((ﬁ, [HA,Va ZGt] 90> =2 tlg% Re QA,V((P, iGy SD) s (53)

provided the limit on the right hand side exists. Recall that 2(Q.v) is invariant under
dilations, see [4, Prop. 3.3], hence Q4 v (p,iG¢ ¢) is well defined for any ¢ # 0.

Lemma 5.1. Let B satisfy Assumption 3.3. Then
(¢,i[Hao, Dlg) =2limReQa0(p,iGt o)
=2|lo- (P~ A)pl3+2Re{oc-Byp,o-(P—A)p)  (5.4)
for all p € (P — A).
Proof. Let ¢ be given by (2.10) with u,v € H*(R3). A short calculation shows that
(P; — Aj))Uyu = €Uy (Pj — Aj)u+ X} u with X} =U(et Aj — Aj(e7t)

for any j = 1,2, 3. Hence for any w € L?(R3),

(w, (Pj=A)) (U =U_p)u) = (w, (e'Up—e "U_y)(Pj— Aj)u)+(w, (th—th)u> . (5.5)
Since

}in(l) t=! Xit u = iéj u in L*(R®),
e
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see [4, Prop. 3.6], we deduce from (5.2) that
2Re }E}(l) Re (w, (P; — A;)iGy u>L2(R3) =2Re(w, (P; — Aj)u) + 2Re (w, B, u>L2(R3).
After an elementary, but lengthy calculation we then obtain
(p,i[Hap, D]¢) = 2}51(1)Re (o-(P—A)p,o-(P—A)iG,p)
= 2|0 (P = A)¢ll3 + 2Re (- By, o- (P — A) p),
as claimed. O
Lemma 5.2. Let B satisfy Assumption 3.3 and let W : R3 — R be a potential with form
domain containing P(P — A), such that the distribution x - VW extends to a quadratic
form which is form bounded with respect to (P — A)%. Then
2}5% <u, WZGt U>L2(]R3) = —(u,x . VW’U>L2(R3) (56)
for all u,v € H'(R3).
Proof. By [4, Lemma 3.7, Eq. (3.32] we have
2 th_r)ré <u, W’LGt u>L2(R3) = —(u, z-VW U>L2(R3)
The claim thus follows again from the polarization identity (2.11). O
5.2. The commutator
The following result provides a matrix-operator version of a magnetic virial theorem.
Proposition 5.3. Let B and V satisfy Assumptions 3.3-3.5. Suppose moreover that x-VV
is form bounded with respect to (P — A)%. Then for all ¢ € P(o - (P — A)), the limit
lim;_,o Re (QA’V(()D,Z'GtQO)) in (5.3) exists. Moreover,
(¢,[Hav,iD]¢) = 2|o-(P—A)p|5+2Re (0B, 0-(P—A) p)—(p,a-VVe) . (5.7)

Proof. Let ¢ € (o - (P — A)) be given by (2.10). In view of Lemma 5.1 it suffices to
show that

{p,[V,iD]¢) = 2lim Re (p, ViGy @) = —(p,z-VV ). (5.8)
t—0

Let Vj;, denote the matrix elements of V. By hypothesis of the proposition we have
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’(u,x -VVip u>L2(R3) + <U,.’£ - VVao U>L2(]R{3) + (u,x - V'V U>L2(R3) + <U,5L‘ - V'V u>L2(R3){
S P - A)“H%?(RS) + (P - A)UH%?(]W) + Hu||2L2(R3) + HU”%Z‘(RS),
(5.9)

for all u,v € H'(R?). Applying the above inequality first with v = 0 and then with u = 0
shows that x - VV7; and z - VVay are relatively form bounded with respect to (P — A)2
in L?(R?). Hence if we return to (5.9) and put u = v, then using the triangle inequality
we deduce that also the quadratic form

(u,x . V‘/u U>L2(]R3) + (u,x . v‘/Ql U>L2(]R3) = 2Re<u,x . V‘/u u>L2(]R3)

is relatively bounded with respect to (P — A)? in L?(R?3). Equation (5.8), and hence the
claim, thus follows from Lemma 5.2 and (2.11). O

Remark 5.4. For rigorous results on virial identities, which have a long history in math-
ematics and physics, we refer e.g. to [24] and [3].

5.3. Exponentially weighted commutator

The crucial ingredient for the proof of our main result, see Theorem 6.5 below, is
finding two different expressions for the weighted commutator (eft, [Ha v, D]ef'),
when F' is a weight function and 1 is a weak eigenfunction of H 4 y. This is provided by
the following Lemma and by the subsequent equation (5.15).

Lemma 5.5. Let B and V satisfy Assumptions 3.5-3.5. Assume that x - VV is form
bounded with respect to (P — A)?. Let F € C?(R3;R) be a bounded radial function, such
that VF = xg, and assume that g > 0 and that the functions V(|[VF|?), (1 +|-]?)g,
x-Vg and (z-V)2g are bounded. Let 1 € Z(P — A) be a weak eigenfunction of Ha v,
i.e., E(p, ) = Qa,v(p, 1) for some E € R and all p € P(P — A). Then

(¢p,i[Hay, DI¢p) = —4|gDyels + (Y, (& V)?g—z-V|IVF]?)yp),  (5.10)
where Vg = e .
Proof. Note that in the sense of quadratic forms

" Hyve ' =Hay+i[(c-VF)o- (P—A)+(c-(P—A))o-VF|—|VF]*. (5.11)
Hence

(e, [Ha,v,iD]e"¢) = 2Re (Ha v e"1p,iDe"p) = 2Re (e" Hav e Fefy,iDefy)
—2Re(((c-VF)o- (P—A)+(c-(P—A)o-VF)Yr,Dyr)
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+2Re ([VF>¢p, iD¢F)
=2Re(((c-VF)o-(P—A)+ (0 (P—A))o-VF)p, Dr)
— Y,z V|VF|* ), (5.12)

where we have used the fact that
Re(e"Hay e Fefp,iDe" ) = E Re (¢p,iD¢p) = 0.
Now since F is radial and A is in the Poincaré gauge (2.13), it follows from (2.3) that
(0-VFE)(o-A)+(0c-A)(c-VF)=2(VF-A)1=0.
On the other hand, still using (2.3) we obtain

(0 -VF)o-P)+(o-P)(oc-V)F

3
=(VF-P+P-VF)1+i Y (9F Ps+ PjOxF)&jrmom
j,k,m=1
3
=(gz-P+P-xg)L+i Y (0F Pc— Py 0;F)&jrmom
7,k,m=1

3 3
— (gD —ix-Vg)1+ > ( 3 akastjkm)am.
jk=1

m=1

Since Z;k:l OO F €jpm = 0 for all m = 1,2, 3, the last equation in combination with

(5.12) gives

(Vp,[Hav,iD]¢Yp) = —Re (gD — iz - Vg) Yr, Dipp) — (¥p,x - VIVF[* ¢p)
= —4|vgDvrls + (Yr, (- V)9 —2-VIVF*)yYr). O

In view of the fact that Dy g is symmetric, equation (5.11) and Lemma 4.5 imply
Qav(p,9) =Qav(e "p,e"0) +(VF ¢, VF @) (5.13)

for all ¢ € P(P — A). By inserting ¢ = ¢p in the above equation, which is allowed
because Yp € Z(P — A), we get

QayWr,vr) = o (P = Arl3 + (Yr, Vir) = (Yr, (E+ [VF*)Yr).  (5.14)

A combination with (5.7) thus gives
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(Yp,i[Hay,Dvp) = (Yp,(E+ |[VF)r) + |lo - (P — A)vr|3
+2Re(o-Byp, o- (P —A)yp) (5.15)
— (Y, (V + 2 - VV)r).

Lemma 5.6. Let B and V satisfy Assumptions 3.3, 3.5, and 3.10. Assume that 1 and F
satisfy conditions of Lemma 5.5. Then there exist constants k > 0 and ¢, > 0 such that

(Y, [Hav,iD)Yp) > & (Yp, |[VEP ¥p) — cullvr]3 .- (5.16)

Proof. Below we denote by ¢ a generic constant whose value might change from line to
line. By Proposition 5.3, the Cauchy-Schwarz inequality and Corollary 4.3,

($F, [Hav,iD]¢p) > [lo- (P — Avr|3 —2lo - (P — Avplz(|Bvrlz + 2V 4r2)
— (a2 +3a3)||o- (P — A)pl3 —cllvrl3-

Now let x > 0 and split
lo- (P = A)prlls = (1= K)llo - (P — A)pp|3 + sl - (P — A)r|3.

Using equation (5.15) together with Corollary 4.3 we find

(Vr, [Hayv,iD|Yp) > (2= k)|lo - (P = A)rll; + & (¢r, [VF[* ¥r)
— (042 + dos + IiOéo) HO’ (P — A)’Q[JFHg
— 2o - (P — A2 (| Berls + laVyrll) — clvr,

and
200 - (P — A)¢rll2(|Byrlz + laVvr|2)
< aillo - (P — Ar|2 +2C1|[(P — Al [vr]:
C
< (a1 +#) o (P = A)r|3 + = [urll3
Hence

<1/JF, [HA’V,Z'D] ¢F> 2 (1 — 2K — ROy — Qp — Qg — 3043) ||O' . (P — A)Q/JFHg
+ & (Wr, [VEPYr) = collvrls.

If we now set k = (2 + ag) 1 (1 — a; — as — 3a3), then k > 0, see (3.14), and the claim
follows. O
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5.4. The virial

Below we provide a matrix version of the Kato form of the virial.

Lemma 5.7. Let B and V satisfy Assumptions 5.3-5.5. Suppose that V and |x|*V? are
relatively form bounded with respect to (P — A)?. Then

(p,2-VVe)=2Im(aVe,(P— A)p) —3(p,Vy) (5.17)
for all p € 2(P — A).
Proof. Let Vj;, be the matrix elements of V and let W : R?® — R. By [4, Lemma 3.12],

(u,z - VW u) =2Im (u,z W (P — A)u>L2 3u, VVu>L2 (5.18)

L?(R3) ®R) ~ (R?)

holds for all u € H'(R3) provided W and |z|?W? are relatively form bounded with
respect to (P — A)? in L?(R3). To prove the statement of the lemma we have to verify
that equation (5.18) can be applied with W = Vi1, W = Vo and W = Vi, cf. (3.1).
Reasoning in the same way as in the proof of Proposition 5.3 we verify that Vi1, Voo and
Vi are relatively form bounded with respect to (P — A)? in L?(R?). In order to verify
the relative form boundedness of |22V, |22V and |x|?|Vi2|? we note that since

V2= VA + [Viz]? Via(Vi1 + Vag)
Vo1 (Vi1 + Vag) Vs + |Via|?

the assumptions of the lemma imply that

(u [ (VL + [Viz*) u) p2 sy + (v, [2]* (Vag + [Viz[?) v) 2 rs)
+(u, |2[*Viz (Vi1 + Va2) v) r2(rs) + (v, |2 Va1 (Vi1 + Vao) u) 2 (rs) (5.19)
S P = A)UH%?(]R@) + (P - A)UH%%R-?) + ||UH2L2(R3) + HU||%2(R3)7
for all u,v € H'(R?). As in the proof of Proposition 5.3 we apply (5.19) with v = 0 and
u = 0 respectively, and deduce that |z|?(V3 + |Vi2|?) and |2|?(VE + [Vi2|?) are relatively

form bounded with respect to (P — A4)? in L?(R?). Hence (5.18) holds for W = Vj;, with
any j,k = 1,2. In view of (2.11), this proves equation (5.17). O

Corollary 5.8. Let B and V satisfy Assumptions 3.3-3.5. Assume moreover, that the
potential V splits as V = V* + V* where V* and |z|>(V*)? are relatively form bounded
with respect to (P — A)? and the distribution z - VV'* extend to a quadratic form which
is form bounded with respect to (P — A)?. Then

(p,2-VV) =2Im{(zVp, (P — A)p) — 3(p,Vp) + (p,x - VV ) (5.20)

for all p € 2(P — A).
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Proof. The claim follows from Lemmas 5.2 and 5.7. O

6. The main result

Once we have established the virial identities (5.10) and (5.15), we can follow the
strategy of [14,15,4]. This is done in two steps. First we show that if eigenfunctions
corresponding to energies larger than A exist, then they decay faster than exponentially.
Second, we prove that such eigenfunctions have to vanish identically.

6.1. Super-exponential decay

Given z € R2, A > 0, we set

(X)x =/ A+ |x)? .

If A =1, we omit the subscript and write (z); = (z).
We have

Proposition 6.1. Assume that B and V' satisfy Assumptions 3.1-3.9 and that the magnetic
field A corresponding to B is in the Poincaré gauge. Furthermore, assume that v is a weak
eigenfunction of the magnetic Schrédinger operator Ha v corresponding to the energy

FE € R, and that there exist i > 0 and X > 0 such that x — e”{#)x(z) € L*(R®, C?).
If E+ 1% > A with A given by (1.2), then
z et y(z) € LA(R3,C%)  Yu>0, YA>O0. (6.1)

The proof of Proposition 6.1 requires some preliminaries. Obviously it suffices to prove
the statement for A = 1. First we consider the case & = 0 and choose

Foo(w) = g (1 - e—6<w>) , (6.2)
for some p > 0 and € > 0. We have F), .(x) — p(z) as € — 0. Moreover, the identity
VE, . = plz) te =@y (6.3)
implies
Gue (@) = pla) e, (6.4)

Let

[ = sup{u >0: ey e LQ(R?’,CZ)} :
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be the maximal exponential decay rate of 1. To prove (6.1) we have to show that u, = oco.
We will argue by contradiction.

Lemma 6.2. Suppose that 0 < p, < oo. Then there exist decreasing sequences (i, and €y,
such that p, — ps and e, — 0, as n — oo, and such that, writing F,, = F,, ., we have

an = |lef" |l — o0 as n— oo, (6.5)
Proof. For a fixed x and p we have
0.F, (z) = —5%(1 — (1 +e(a)) e =), (6.6)

On the other hand, a short calculation shows that the function ¢ — (14 ¢)e™* is strictly
decreasing on (0, 00). It follows that

0:-F,.(r) <0 Ve>0, p>0, zeR™
Thus F), () is strictly decreasing in ¢ for any p > 0 and
Fue(@) /uiz)  as e\0.
By setting p, = ps + %, we then have

lim [|efhne oy = || lly = 400 ¥V > 1, (6.7)
eN\0

by monotone convergence. Now we construct the sequence ¢,, as follows. Take ¢; such
that [|efk1:e1 9|y > 1, and for each n > 2 we choose &, < ,,_1 so that

lefrmen gl >
which is possible in view of (6.7). This proves the claim. O

Now let gn(x) = gu,.c,, and define

et P
n =T - 6.8
o el 65
Since p, — s, and since
Fo(z) < pn(z), (6.9)

for any compact set w C R3 it holds

<<pn;Xw Spn> —0 asn— oo, (610)
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where x denotes the characteristic functions. Hence if W is bounded and W (z) — 0 as
r — 00, then

<g0n, Wapn> —0 asn— oo. (6.11)
We will also need the following auxiliary Lemmas.
Lemma 6.3. Let F,, g,, ¥, and @, be given as above. If 0 < p, < oo, then
nli_)n;o(aniﬁ,e,L<I>eF"w> =0. (6.12)

Moreover, if 0 < p, < 0o, then

. _ 2
nhﬁrr;o (VE,on, VFypn) = 12 (6.13)
and
lim (o, ((z-V)2gn — - V|VE,[*)p,) =0 (6.14)

n—oo

Proof. Let 6 > 0. Since ||¢n]|2 = 1, it follows that

<<Pna 6n<x>90n> <0+ <<pn7 ]l{en(z>>6} €n<l‘>$0n>- (615)

1—e”!
t

Next we note that the mapping ¢ — is decreasing on (0, 00). Hence

_ 1—e?
¥ = sup

sup —— < 1. (6.16)

This shows that for any x such that €, (z) > ¢ we have

~>

Hn <-7j ) _
F, = 1—e % < nYs(x).

Let k be such that 75 < k < 1. If 0 < p, < oo then, by the definition of u., ¥ decays
exponentially with any rate p satisfying sp. < p < pw. Since ppys — Ystts < Kibs as
n — 00, this implies

lim sup <eF"z/1, e, (@)>6) (w)eF"w> < lim sup <e“”75<1>¢, <x>e““75<m>w>

n—oo n—oo

< <emu*<z>¢7 <z>enu*<z>¢> < 0.

Equation (6.12) thus follows from (6.5) and (6.15).
To prove the remaining claims of the Lemma we need the identity

[VE[* = g (1= () %) e 2t (6.17)
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which follows by a direct calculation from equation (6.3). Hence

:LLEL - <VFn<Pn, VFnSDn> = .Ui <<<Pm (1 - 6726"<$>)90n> + <<Pna <$>72672E"<I>¢n>) )
(6.18)

where we used again the fact that ||¢,[|2 = 1. If g, = lim, 0 p, = 0, then (6.18) shows
2 2
|,un — <VFn<pn,Van0n>| <2u, -0 asn— o0,

and hence (6.13) with g, = 0. If p, > 0, then we insert the bound 0 < 1 — e~2n{®) <
2e,,(z) into (6.18) and get

|12 — (VEnpn, VEon)| < 112 (2{pn, en(@)on) + (@n, () 2pn)) =0 asn — occ.

In view of (6.12) and (6.11) this proves (6.13) in the case p, > 0.
It remains to prove (6.14). From the definitions of F;, and g,, we deduce, after a short
calculation, that

(@ V)2gn =2 VIVEP| S pn(pn + 1) [(2) 72 + (2) 7! + e (2) +en ()] e @
(6.19)
This and that boundedness of mapping ¢ — te~* on [0, +00) implies that if u, = 0, then

[{pn, (2 V)%gn — 2 - VIVF2)0n)| S pinlitn +1) = 0 as n— oo
If 0 < ps < 00, then we use (6.19) to estimate
[ pn, (- V)2g0 — 2 - VIVEP) o) S (o, (<x>_2 + <x>—1)%>
+ {pn enl)on) =0 asn — oo.

Here we have used again equations (6.12) and (6.11). This completes the proof of (6.14)
and hence of the Lemma. O

Lemma 6.4. Let 0 < p, < oo and F,, gn, and @, be given as above. If V satisfies
Assumptions 3.5 and 3.7, then

lim sup (@n, Vin) =1 v <0 (6.20)
n—o0
liminf(o - (P — A)gn,0- (P — A)pn) > E+p? —v. (6.21)

n—oo

Moreover, if the magnetic field B satisfies Assumptions 3./ and 3.9, then

limsup [(o- Bepp, 0+ (P — A)pn)| < BE+p2 —v)'/2. (6.22)

n—oo



D. Hundertmark, H. Kovarik / Journal of Functional Analysis 286 (2024) 110288 23

Finally, if one splits V.=V + V¢, with V* and V* satisfying Assumptions 3.9 and 3.10,
then

limsup (¢, - VVi,) < 2w (E 4 p2 — V)2 4 ws. (6.23)

n—oo

Proof. First we prove that

limsup [{n, V)| < co. (6.24)

n—oo

Indeed, by Lemma 4.2 and equation (3.4)

|<90n7V90n>| < aO(l + 77)“‘7 : (P - A)@n”% +C

for any n > 0 and some C' > 0 independent of n. Using (5.14) with F' = F,, we then
further get

[(on, Vion)| < ao(l + 77)<‘Pn7 (B + |VFn|2)90n> + ao(1 +n)[{pn, Viou)| + C,

and (6.24) follow by choosing 1 small enough so that ag(1+7) < 1 and letting n — oo,
see (6.13).

To prove (6.20) we let j,, : [0,00) = Ry, m = 1,2, be infinitely often differentiable
on (0,00) with ji(r) = 1for 0 < r <1, j1(r) > 0 for r < 3/2, j1(r) = 0 for r >
7/4, and jo(r) = 0 for r < 5/4, jao(r) > 0 for r > 3/2, jo(r) = 1 for r > 2. Then
inf,>0(j3(r) + j3(r)) > 0 and thus

ViR T VEAR

are infinitely often differentiable with bounded derivatives and £ +¢2 = 1. Given R > 1
we set

Er () =& (|2l/R),  &r,(2) = &(|2|/R).

Note that &g, ,Eg_ € C*°(R®) that the all partial derivatives of ¢r, and r_. Moreover,
£r_ has compact support, and supp(£r, ) C U5 = {z € R3 : |z| > R}. By construction,

<90na V(Pn>+ = <£]22_S0n7 V@n>+ + <£]22+90n7 V‘pn>+
From [4, Lemma 4.6] it follows that

sup sup ||[(P — A)&r, ¢nl < oo, and VR>1 :limsup|[(P— A)¢r_vn| =0.

R>1neN n—oo
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Hence a combination of Lemma 4.1, Assumption 3.4 and equation (6.11) applied with
W = &p_ gives

sup sup [0 - (P — A)¢r, ¢n|| <00, and VR>1 :limsupllo- (P — A)&r_¢nl =0.
R>1neN n—o0o

(6.25)

Let us now treat the terms containing V. Since V is form bounded with respect to
(P — A)?, it follows from Lemma 4.2 and equations (6.11), (6.25) that for a fixed R > 1
we have

<€?%, Pns V‘P>+ = <§R7 @n, VER_ Spn>+
Sllo-(P=A)ér_ enls+[€r_ wnl3 =0, asn — oo

Moreover, since V. vanishes at infinity w.r.t. (P — A)2, there exist sequences a g, vz with
ar,Yr — 0 as R — oo such that

(&%, ©n, Von), = (E€ry@n, VEr, ), < arllo- (P — A)ér, onll3 +VrlER, @nll3-

Equation (6.25) then shows that
lim sup (¢, ¢nsVeon), S ar+yr—0, as R — o0,
n—oQ
which proves (6.20). Next, from (5.14), (6.13) and (6.20) we obtain

liminf (o - (P — A)gn, 0 - (P = A)pn) = liminf (E + (VFupn, VEupn) = (¢, Vion))

n—oo

>E+pl -

Hence (6.21) follows. To treat the term with |B| we argue in the same way as for V and
conclude that for any fixed R,

lim sup <gom |§|2g0n> < lim sup <§%+ c,0n|§|27 gon> < erp+ B%{,
n— o0

n—oo
where we used Assumption 3.9 and equation (6.25). Since eg — 0 and Sr — £, as

R — oo, with the help of (4.2) we get

limsup ||lo - Bonll2 < 8.

n—00

Moreover, equations (6.13) and (5.14) imply

limsupl|jo- (P—A)opllz < VE+u2—v. (6.26)

n—oo
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Hence

(o Bn,o- (P=A)pa)l < llo-Benlallo- (P = A)pulla < BVE + 2 — v,

which proves (6.22). If the potential splits as V = V* + V¢ with V*, V* satisfying As-
sumptions 3.10 and 3.9, then one can argue exactly as above to conclude with

limsup [(2V ¢, 0+ (P — A)pn)| < wivVE+p2 —v and

n—roo

limsup [(pn, & - VVy)| < wp.

n— oo
Moreover, if V* and V¥ satisfying Assumptions 3.10 and 3.9, and ¢ € 2(P — A) with
supp(p) C {|z| > R}, then using Lemma 4.2 we get
(o, Vo)l = |z, 2[Vi)|
1/2

<zl ell2lllzVoella S B Mlglle (o - (P = A)ellz + llell3) " -
Thus lim,, <g0m 1% gon> =0, and Corollary 5.8 gives

limsup (¢, 2 - VV) < 2w (E + pf — Y2 +w,. O

n—oo

Proof of Proposition 6.1. Assume that 0 < p? < co. One easily verifies that F,, and g,
satisfy the assumptions of Lemma 5.5. The latter in combination with equation (6.14)
shows that

lim sup (¢n, [H,iD] ¢n) < 0. (6.27)

n—oo

On the other hand, equation (5.7) and Lemma 6.4 imply the lower bound

hmlnf <<pn7 [Hv ’LD} <pn> Z 2(E + llzi - V) - 2(,8 +LU1)(E + /,Lz — l/)l/2 — W2

n—oo

2 2
=2 <\/E+M§—V—ﬂzwl) —(ﬂzM) —%1
Hence if
1
VE+p:—v > §(ﬁ+w1+v(ﬁ+w1)2+2w2):\/&
then

lim inf (¢, [H, D] ¢n) > 0,

n—oo

which contradicts (6.27). Thus p,. = oo and (6.1) follows. O
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6.2. Absence of embedded eigenvalues

We are now in position to prove our main result.

Theorem 6.5. Let B and V satisfy Assumptions 3.1-3.10. Then the Pauli operator H 4 v
has no eigenvalues in the interval (A, 00), where A is given by (1.2).

Proof. Assume that E(p, 1) = Qa,v(p,%) holds for all ¢ € 2(Qa,v) = Z(P — A), and
that £ > A. From Proposition 6.1 we then deduce that

T e k(@) W(z) eLQ(R37<C2) Vu>0, VYA>D0,

where () = (A + |2]?)Y/2. Let u > 0,6 > 0,\ > 0, and define

F(z) = F, . \(z) = g (1 - e*€<m>x) .

Then

. ,ue—5<1‘>>\
VE,ex(z) =29y (2), with Gue(t) = —/——.
” ” ” A+ |z]?

Let 9, c» = efwer 4h. Lemma 5.6 and equation (5.10) give

K <1/)/L,E,)\? |VEL,E,A|2 ¢}L,E,>\> S <w,u,s,)\a ((:L‘ : V)qu,s,/\ — - V|VF/L,E,)\ 2)7/)#,5,)\>
+ C e alls (6.28)

for all u, e, A > 0 and some constant C' independent of u, A and €. Now a direct calculation
shows that

lim - VIVE, a(2)]? =202 ()1 (1 — (2)7°%) >0, (6.29)
and
li_r>r(1J (2 - V)2 guen(z) = =2 u(@)?z)? < 0. (6.30)
€
Since
lim Fyuen (@) = Fua(@) = pl@)a
in view of Proposition 6.1 we can pass to limit € — 0 in (6.28) to obtain

2
x
61 (s oz e S CLlE YA >0 (6:31)
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where
Yu(x) == et (@ Y(x) € LQ(RB, CQ) .

Using once again Proposition 6.1 together with the monotone convergence theorem we
arrive, by letting A — 0, at the inequality

pp?lYulld < Cllgulls V>0, (6.32)

where ¢, () = e*I#l y(x). This is of course impossible for ;1 large enough. Hence ¢, = 0
and the claim follows. O

Remark 6.6. The statement of Theorem 6.5 cannot be extend to the interval [A, o).
Indeed, the result of Loss and Yau [19] shows that if

12

B@) = T e

2.’131;1’,‘3 — 2I2, 21‘2.’173 + 21’1, 1-— x? — CIJ% + .’IJ?))), (633)
then zero is an eigenvalue of H 4 . More precisely, Loss and Yau proved that there exists
A :R3 — R3 with curlA = B such that

1+ic-x

o-(P-A)p=0, @sz

(6.34)
where g is an arbitrary normalized spinor. In this case we have A = 0, see equation
(6.33) and Lemma A.1. Hence Theorem 6.5 guarantees the absence of eigenvalues in the
interval (0,00). The fact that our technique cannot be applied to exclude zero eigen-
value is reflected also by the power-like decay of ¢ at infinity, see (6.34), which is in
stark contrast to the super-exponential decay of eigenfunctions with positive eigenval-
ues, cf. Proposition 6.1.

For more examples of magnetic fields supporting a zero eigenvalue we refer to [1,11,21].
It should be pointed out, however, that the existence of a zero eigenvalue of H 4 is an
exceptional event. Indeed, it was proven in [6] that those magnetic fields for which zero
is not an eigenvalue of H o form a dense set in L%/2(R3; R3).

As a simple consequence of Theorem 6.5 we obtain sufficient conditions for absence
of positive eigenvalues of Hy4 vy .

Corollary 6.7. Let B,V satisfy assumptions of Proposition A.2 and suppose moreover
that B(z) = o(|z|™') and |V (z)|| = o(Jz|~!) as |z| — oco. Then the operator Ha v has
no positive eigenvalues.

Proof. We use the splitting V* = V, V¢ = 0. From the assumptions of the corollary
and from Proposition A.2 we get 8 = w1 = ws = 0. The claim thus follows from
Theorem 6.5. 0O
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7. Example

In this section we construct an example which indicates the sharpness of the critical
energy A. Consider the radial magnetic field
bo

B(z) = (0,0,b(r)), b(r) = et r=1/z%+ 23 (7.1)

The vector potential associated to B in the Poincaré gauge is then given by

—X2,T1,

Ax) = ( 0) /b(s)sds =: (a1(z1,22), az(w1,22),0).
0

r

Let v : R — (—00,0] be a bounded compactly supported function such that fR v <0,
and let

Then

hy ® P§ 0
Hu.y = , 7.2
AV ( 0 h_ & (P2 + ev) (72)

where h are the operators in L?(R?) acting on their domains as
he = (P, —a1)?+ (Py —a3)?+b.

Obviously, the operators h4 are non-negative being the components of the associated
two-dimensional Pauli operator. In addition, since b(r) — 0 as r — oo, the structure
of the spectra of hy is the same as that of the two-dimensional magnetic Schrédinger
operator (P; — ay)? + (P2 — ag)?. In particular, from the well-known example of Miller-
Simon [20], with a numerical error corrected in [4, Sec. 6.1], it follows that the spectrum
of hy is dense pure point in [0,b2) and absolutely continuous in [b3, 00).

Hence if € > 0 is small enough such that the operator P? + v in L?(R) has exactly
one discrete negative eigenvalue —A(g), then by (7.2),

Oes (HA,EV) = [_)‘(5)7 00),

and the spectrum of Ha.y is dense pure point in [—\(¢),b3 — A(e)) and absolutely
continuous in [b3 — A(g),00).

On the other hand, it is easily verified that B and V satisfy assumptions of Theo-
rem 6.5, see Proposition A.2. Moreover, putting V* = 0 and V! = V gives w; = wo = 0.
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Therefore, for any € > 0 we have A(B,eV) = B2 = bZ. Since A(e) — 0 as € — 0, the
above example shows that the threshold energy A cannot be improved.

Remark 7.1. Examples of magnetic fields which produce embedded eigenvalues of H 4 v
above any fixed energy were found in [5, Thm. 5.1] and [9, Thm. 3.1].

8. The Dirac operator

The magnetic Dirac operator in L?(R3,C*) is given by

D= (0.(7;1_ A) U'(—];niA)> ) (8.1)

where m > 0 is a constant. From Assumption 3.4 and equation (4.3) it follows that
2(D) = (P — A). Recall also that

U(D) = Ues(D) = (—OO, _m} U [ma OO)
We have

Theorem 8.1. Let B satisfy the Assumptions 3.3, 3.4, 3.9 and 3.10 (with V' = 0). Suppose
that A € L% _(R3R3) is such that curl A = B. Then the Dirac operator D has no
etgenvalues in

(—o0,—V/B2+m? ) U (/B2 +m?, o),
where 8 is given by (3.10).

Proof. Since the spectrum of D is gauge invariant, we may suppose without loss of
generality that A is given by (2.12). Note that

2 HA,0+m2]l 0
D —< 0 HA70—|-m2]l , (8.2)

in the sense of quadratic forms on (P — A). This means that if D¢ = E for some
¥ € P(P — A), then 1 is a weak eigenfunction of H4 o relative to eigenvalue E? — m?.

Since A = 32, in view of Theorem 6.5 we must have E? —m2 < 2. O

Corollary 8.2. Let B be such that |§| € LP (R3) for some p > 3, and suppose that B(x) =
o(|z|™1) as |z| = oo. Then the operator D has no eigenvalues in (—oo, —m) U (m, oo).

Proof. This is a combination of Proposition A.2 and Theorem 8.1. O
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Remark 8.3. As in the case of Pauli operator we note that the claim of Corollary 8.2
cannot be extended to the set (—oo, —m| U [m, c0). Indeed, the magnetic field given by
(6.33) satisfies assumptions of Corollary 8.2, but the associated Dirac operator D has
eigenvalues m and —m. To see this, consider the spinor ¢ € L*(R3,C?) given by (6.34).
Then, with a slight abuse of notation,

D(?)=m(¥ and D 03 _ -m 0 .
0 0 %) %
One should mention that sufficient conditions for the absence of all eigenvalues of D

were established in [10]. Indeed, it was proved there that when A € VVl(ljf (R3), then the
operator D has no eigenvalues in (—oo, —m] U [m, co) if the functional inequality

[leBe i < & [1p-ayup (5.3
R3 R3

holds for all u € C§°(R?) and with a constant ¢ which satisfies

3/2

3
c (11 + 5o ) <1,
see [10, Thm. 3.6].

Remark 8.4. Non existence of eigenvalues of the perturbed Dirac operator D + 1¢ was
studied already by Kalf [16]. He proved that if

|x|(|q(x)| + |B(x)|) -0 as |z| — oo, (8.4)

then the operator D + 1¢ has no eigenvalues in R \ [—m, m]. Note that (8.4) implies
B = 0. The result of Kalf was later extended to matrix valued potentials in [8].
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Appendix A. Pointwise and local LP conditions

Here we formulate sufficient conditions which guarantee the validity of Assump-
tions 3.7, 3.8, 3.9.

A.1. Pointwise conditions

Lemma A.l. Given a magnetic field B and potential V. = V* + V¢ assume that
|B|,|V]|cz, |2V ¥|cz, and |z - VV¥|c2 are bounded outside of a compact set, and that

lim |V, (z)|c2 = 0.
|z|—o00
Then Assumptions 3.7, 3.8 and 3.9 are satisfied and

B < limsup |B(z)|, w < limsup|zV?®(@)|c2, and wy < limsup |(z-VV:(z))4|co.

(A1)
Proof. This is a straightforward consequence of the definitions of §,w; and wy. 0O
A.2. Local LP conditions

The conditions of Lemma A.1 can be relaxed by considering potentials which are not
necessarily bounded at infinity, but which belong to LY (R?) for a suitable p.

loc
Proposition A.2. Let B,V satisfy conditions of Lemma A.1, and let V satisfy Assump-
tion 3.1. Suppose moreover that |B| € LV (R®) and |V*¢(:)|c2 € LI (R3) for some

p > 3. Then all the hypotheses of Section 3 are satisfied with o; = 0 for j = 0,1,2,3,
and the constants [3,wy,ws satisfy (A.1).

Proof. If |B| € LY (R3) with p > 3, then it is easily seen that Assumption 3.3 holds.
In view of Lemma A.1 it thus remains to prove Assumptions 3.4, 3.5 and 3.10. Given a
matrix valued function M on R?® and a test function (2.10) with u,v € Z(P — A), we
have

A

IMel3 < 1M (2)llc: #li3 :/IIM(w)II?cz(IU(x)IQJrIv(ﬂﬁ)IQ)d:c, (A.2)
R3

(¢, M)]

IN

(%, 1M ()] <p>:/HM(I)Ilcz(IU(I)IQ+Iv(x)\2)dx- (A-3)
R3

So let u € Z(P — A), and let W € LF (R3), p > 3, be bounded outside a compact set
K C R3. The compactness of the Sobolev embedding H'(K) — L*(K), 2 < s < 6 and

the diamagnetic inequality imply that for any € > 0 there exists C. such that
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(ZIUISdz

Equation (A.4) and the Holder inequality give

© |

IN

5||V|UH|%2(]R3) + CsHU||2L2(R3)

IN

||Wu||2L2(R3) < HWH%OC(KC) ||U||2L2(R3) + ||W||2LP(K) /|U|p dx

<el[(P = A)ulZ2gs) + Ce [[ull72gs), (A.5)

where p’ € (2,6) satisfies % + 1% = 1. By the hypotheses of the proposition we can ap-
ply the above estimate with W replaced by |B|,|B| and ||zV*||c> respectively. This in
combination with (A.2) implies Assumption 3.4 and the upper bound (3.11) of Assump-

tion 3.10 with a; = 0. In the same way we get

/|W|IU|2dfC < NWllzoie) (2 1(P = A)ullf2ms) + Ce [ullZ> @s) )-
K

Inserting W = ||V||c2 in the above estimate and using (A.3) we obtain Assumption 3.5
with g = 0, and estimate (3.13) with az = 0.

To prove (3.12) consider W as above and take R large enough such that K C Ug.
Integration by parts yields

/x VW |u|*dz = R / Wlu|? dS — 2 / W (Jul® + Re (dz - Vu)) dz.  (A.6)
Un oltr Un

Now let € > 0. Since the trace embedding H'(Ur) — L*(0URg) is compact and W €
L*>°(0UR), there exists C, such that

R [ Wipds < e [19ulPdo+c. [P de < e|(P - Aulfags + Ceul s
OUR Ur Ur
(A7)
where we have used also the diamagnetic inequality. As for the second term in (A.6), we
note that « - Vu =z - (P — A)u, see (2.13), and hence

‘/WRe(amVu)d:c‘ :‘/Wlm(am(P—A)u)dac‘ < R/|W\|u||(P—A)u\dm
Ur Ur Ur

< R[[Wallz2 ) |(P — A)ull 2 r3)



D. Hundertmark, H. Kovarik / Journal of Functional Analysis 286 (2024) 110288 33

R2
< NG IWullZ2 00 + VE (P — A)ul|72gs)
<Ve (32 W20 i) + 1) I(P — A)ullF2gs) + Cellullizgs),

where we have used the estimate

/ W2 a2 de < W20 (£ (P — A)ullZago) + Ce [l gs)),
Ur

see (A.5). Putting the above estimates together and using W € L>°(K*¢) we find that
(w2 VW), | < P — Aulaqmo) + O [ullaqus) -
The polarization identity (2.11) now gives
|<U7$'VWU>L2(R3)| < e(|(P = A)ul|72gsy + (P = A)v[|72(rsy)
+Ce (lulZo@s) + [0ll72ms)) -

Applying the above estimate with W replaced by the matrix elements of V¢ yields
inequality (3.12) with ap =0. O

A.3. Uniformly local LP conditions

In order to include potentials with stronger singularities than those allowed by Propo-
sition A.2, we introduce the class

3
Lie,unit = {f : sup / [fW)IPdy < oo},  p> 5 (A.8)
IER3M (=)
1(T

equipped with the norm

1/p
191t = 50 ([ IR )" (A9)
’ z€R3
Ui ()
Definition A.3. Let f € L} . We say that g is equivalent to g at infinity, and write

g~ fif g€ L®(R?) and if
lim sup || Ty (f — g)HLP ~=0. (A.10)
R—o00 loc,unif
Given f € LY we define

loc,unif?

Y(f) =inf ([lgllec = g~ [)
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‘We then have

Proposition A.4. Let B,V satisfy conditions of Lemma A.1, and let V satisfy Assump-
tion 5.1. Suppose moreover that |B| € LY (R®) and |[V*!(-)|c2 € L (R3) for

loc,unif loc,unif

some p > 3/2. Then all the hypotheses of Section 3 are satisfied with a; = 0 for
7 =0,1,2,3, and the constants 3, w1,ws satisfy

< limsupy(IB(2)]), w1 <(aVi(@)le2)s  we < Az VV(2)lc2) (A1)

|z]—o00

Proposition A.4 is a matrix valued version of the results established in [4, Sec. A.1].
We therefore omit the proof and refer to [4].
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