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Thesis summary

Sommario

Questa tesi sviluppa modelli ad ordine ridotto per fenomeni di trasporto in flussi a
film sottile, con particolare attenzione al trasferimento di calore e alla dinamica non
lineare multifase, dal comportamento reologico in domini porosi all'insorgenza di
instabilita all’interfaccia. La ricerca si articola in quattro contributi complementari,
che insieme delineano un quadro multiscala coerente volto ad far progredire la
comprensione, sia teorica che applicata, del trasporto multifase. La logica di fondo
risiede nell'individuazione di una gerarchia di scale caratteristiche di lunghezza o
di tempo e nel mediare sistematicamente le variabili descrittive della microscala al
fine di ottenere modelli monodimensionali. Tale strategia consente, in ultima analisi,
di caratterizzare i sistemi attraverso proprieta effettive, preservando al contempo la
fisica essenziale del problema originario.

Il primo ed il secondo contributo estendono lo schema perturbativo associato alla
dispersione di Taylor-Aris in ambito termico a configurazioni bifase, nella fattispecie
a flussi anulari e a film liquidi che si sviluppano attorno a bolle allungate, gener-
alizzando cosi il classico problema di Graetz in condizioni di flusso termico uniforme.
I meccanismi di interazione tra le fasi e la loro disposizione spaziale vengono descritti
attraverso coefficienti effettivi, rendendo possibile la derivazione di espressioni an-
alitiche in forma chiusa per il numero di Nusselt. Questi risultati offrono nuove
prospettive sui meccanismi di scambio termico, con potenziali applicazioni nella
gestione termica di dispositivi elettronici, nella progettazione di reattori biochimici e
nell’'ottimizzazione di scambiatori di calore.

Il terzo contributo indaga la reologia effettiva di flussi intermittenti, costituiti da
una sequenza di bolle circondate da film liquidi a contatto con le pareti del canale.
Lo studio mette in luce il carattere non lineare della curva pressione—portata ed
estende I'analisi a mezzi porosi attraverso un modello costituito da un fascio di tubi
capillari di raggio variabile. Questo modello semplificato di mezzo poroso identifica
le cause delle deviazioni dalla legge di Darcy e propone un approccio analitico per la
comprensione del complesso comportamento reologico multifase in domini porosi,
con rilevanza sia per flussi nel sottosuolo sia per sistemi biologici.
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Infine, il quarto contributo riesamina la discesa di un film liquido soggetto
all’azione della gravita nel caso di densita variabile, evidenziando come il carattere
comprimibile del flusso promuova I'insorgenza di instabilita all'interfaccia nel limite
di grande lunghezza d’onda. Attraverso un’approssimazione shallow-water (di acque
basse), tale analisi arricchisce la consueta descrizione dell’instabilita di Kapitza ed
amplia le basi teoriche per lo studio della stabilita di flussi stratificati.

Abstract

This thesis develops reduced-order models for transport phenomena in thin-film
flows, with particular emphasis on heat transfer and nonlinear multiphase dynamics,
from rheological behaviour in porous domains to the onset of interfacial instabilities.
The research is articulated into four complementary contributions, which together
establish a coherent multiscale framework for advancing both the theoretical and
practical understanding of multiphase transport. The underlying rationale lies in
identifying a hierarchy of characteristic length or time scales, and in systematically
averaging out small-scale variables to obtain low-dimensional descriptions. This
strategy ultimately enables system characterisation through effective properties,
while retaining the essential physics of the original problem.

The first and second contributions extend the perturbation scheme associated with
Taylor-Aris thermal dispersion to two-phase configurations, focusing on core—annular
flows and liquid films around elongated bubbles, thereby generalising the classical
Graetz problem under uniform heat flux conditions. The interplay between phases and
the impact of flow topology are captured through effective coefficients, enabling the
derivation of closed-form scaling laws for the Nusselt number. These results provide
new insights into the heat transfer mechanisms at play, with potential applications in
areas such as thermal management of electronic devices, the design of biochemical
reactors, and the optimisation of heat exchangers.

The third contribution investigates the effective rheology of intermittent flows,
composed of a chain of bubbles coated by wetting liquid films. The study highlights
the nonlinear character of the pressure—flow relationship and extends the analysis
to porous media by employing a capillary-bundle model with varying radii. This
simplified analogue elucidates deviations from the Darcy law and offers an analytically
tractable approach for understanding complex multiphase rheological behaviour in
porous domains, with relevance for both subsurface and biological systems.

Finally, the fourth contribution revisits gravity-driven liquid films with variable
density, showing how compressibility destabilises long-wave interfacial modes. By
using a shallow-water approximation, this analysis enriches the classical picture
of Kapitza instability and broadens the theoretical foundation for the stability of
stratified flows.
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Chapter 1

Introduction

Both in natural and technological processes, modelling of thin film flows is of great import-
ance, with applications ranging from coating and lubrication to biological and geophysical
systems [1]. Their behaviour arises from the complex interplay of multiple physical mech-
anisms acting over disparate length and time scales [2], with capillary pressure gradients —
generated by curvature variations along the interface — providing an additional contribution
to the flow. Although the system is driven out of equilibrium, its behaviour can still be cap-
tured by assuming that sufficiently small portions of the film remain in local thermodynamic
equilibrium [3], allowing the standard formalism of transport phenomena to be used to
describe mass, momentum, and heat transfer.

1.1 Reduced-order modelling

Accurately characterising transport phenomena in thin-film flows poses significant challenges.
In fact, their full dynamics are governed by the combined action of capillary, viscous, inertial,
gravitational, and intermolecular forces, along with time- and space-dependent interfacial
stresses. Dimensionless numbers, which quantify the relative importance of these effects
and delineate the associated flow regimes, often span several orders of magnitude. As a
result, the multiscale nature of the problem and the high dimensionality of the parameter
space render direct numerical modelling computationally demanding [1]. In this context,
model order reduction is emerging as a powerful strategy for the analysis of film flows. It
provides a framework for capturing the essential physics of complex systems while maintaining
computational feasibility. The basic idea is to approximate the original problem by deriving
a simpler description of the system that retains its dominant modes of behaviour. Such
reduced models not only enable efficient simulation but also facilitate controller design and
optimisation, possibly allowing the induction of desired characteristics [4].

The conceptual foundation underlying many reduction procedures can be traced to the
slaving principle [5], whose importance in nonlinear dynamics was emphasized by Haken in
laser self-organization [6], and later extended within synergetics [7]. This principle states
that rapidly damped (i.e., enslaved) variables can be expressed in terms of a few slowly
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varying order parameters. Eliminating fast processes reduces the system’s degrees of freedom,
yielding evolution equations for the macroscopic variables alone [8]. Since the number of
order parameters is typically much smaller than that of microscopic variables, the slaving
principle provides a formal mechanism for information compression and coarse-graining [9].

1.1.1 Multiscale analysis

Capturing the essential dynamics of liquid films in low-dimensional models is far from trivial.
The strong nonlinearities inherent to thin film dynamics — arising from nonlinear convective
terms and geometric variability — cannot usually be treated through simple linearisation.
Additional complications emerge when unsteady flows are considered, particularly when
long-term evolution or coupled multiphysics effects (e.g., heat and mass transfer, surface
deformation, or phase change) play a role [4].

In the case of thin-film flows, reduced models often take the form of depth-averaged
or lubrication-type equations. Their derivation can rely on perturbation theory, a set of
mathematical methods used to obtain approximate descriptions of systems for which exact
analytical solutions are not available [10]. This framework provides a systematic way to
analyse the global behaviour of solutions to differential equations by expanding them in terms
of a small parameter, typically denoted by €. When ¢ = 0, the problem becomes solvable,
and the full solution can be expressed as a power-series expansion around this limit [11].
Regular perturbation problems are characterised by smooth variations of the solution as
¢ — 0, whereas singular perturbation problems exhibit abrupt transitions or degeneracies,
requiring more advanced analytical techniques such as coordinate transformations or matched
asymptotics [ 12]. While often guided by heuristic considerations [ 13], the proper identification
of the expansion parameter plays a crucial role in uncovering the hierarchy of scales and lies
at the core of any reduced description.

Multi-scale analysis is a perturbation-based approach in which governing equations are
expressed as asymptotic expansions with respect to a small parameter that represents the
ratio of two characteristic time or length scales [14]. In this framework, the goal is to
describe the slow (macroscale) dynamics while averaging out the effects of fast (microscale)
variations. This is achieved by introducing two distinct characteristic lengths, £ and £, such
that ¢ = £/L£ < 1. Alternatively, ¢ may represent the ratio between a microscopic and a
macroscopic characteristic time, i.e., ¢ = 7/7 < 1. The small parameter ¢ then serves as the
basis for the subsequent perturbation analysis.

Upscaling techniques

In general, any mathematical procedure that aims to replace a fine-scale description with
a coarser-scale one that yields equivalent behaviour may be referred to as upscaling [15].
To “upscale” differential equations and obtain macroscopic representations from microscale
descriptions, two main mathematical strategies are commonly used: the representative ele-
mentary volume approach and homogenisation. The volume averaging technique smoothens
a rapidly varying physical property by taking local averages over small neighborhoods corres-
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ponding to representative volumes, thus capturing the macroscopic behaviour of the system
from its microscale features [16]. In contrast, homogenisation considers a whole family of
functions parameterised by the scale parameter and derives the macroscopic limit as the
microscale tends to zero [17]. From a broader perspective, homogenisation may be viewed
as the study of partial differential equations with rapidly oscillating coefficients [18, 19]
and constitutes a natural application of the multiple-scale method to obtain coarse-grained,
effective equations [20]. The goal is not to resolve the detailed microscale fields, but to
describe the macroscopic behaviour through effective-medium equations and constitutive
relations involving effective parameters, such as heat or mass diffusivities, which depend on
the underlying microscale configuration [21, 22]. In general, the homogenisation procedure
involves the following eight stages:

(i) representing the physical quantities as locally random functions depending simultan-
eously on macroscopic and microscopic coordinates;
(i) identifying the scale separation, which yields the definition of the small parameter &;
(iii) making the problem dimensionless;
(iv) expanding all variables as regular power series in the perturbation parameter;
(v) deriving a cascade of boundary-value problems by collecting terms of equal order;
(vi) solving each order sequentially while checking the compatibility condition [23];
(vii) identifying the effective coefficients by closing the problem through an appropriate
gauge-fixing condition [24];
(viii) checking the consistency of the obtained results via a suitable error estimate [25].

1.1.2 Multiphase transport

Thin liquid films often arise from the coalescence of bubbles or droplets, thereby contributing
to the formation of multiphase systems [1]. Notably, the use of multiple phases in internal
forced convection within mini- and micro-channels has recently attracted growing attention as
a promising strategy to enhance heat transfer [26], offering significant advantages by improv-
ing cooling performance while preserving system compactness. However, unlike single-phase
flows — whose behaviour can be reliably predicted using well-established correlations [27]
and computational models — the dynamics of two-phase flows in such confined geometries
remain highly complex and difficult to characterise. This complexity is the result of several
contributing factors, including elevated pressure drops [28], compressibility effects, and the
emergence of flow instabilities [29].

Examples of two-phase heat transfer problems within confined geometries are numer-
ous [31], including flow condensation and flow boiling. During in-tube film condensation,
several flow regimes can emerge, depending on factors such as tube orientation and length,
fluid properties, and the axial profile of the imposed wall heat flux. For example, in a long ho-
rizontal tube subjected to a circumferentially uniform heat flux, the flow typically transitions
through the regimes shown in figure 1.1 (a). Consequently, the local heat transfer coefficient
h varies significantly with the axial coordinate z, reflecting the evolving liquid-vapor distri-
bution along the tube length [32]. Initially, an annular flow regime with a very thin liquid
film in contact with the channel wall develops in the upstream section. Here, heat transfer
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Figure 1.1: Schematics of flow regimes and axial evolution of the heat transfer
coefficient in a circular mini-/micro-channel under iso-flux conditions, illustrating
representative multiphase heat transfer scenarios: (a) condensation, (b) nucleate
boiling, and (c¢) convective boiling; from [30].
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is dominated by a very small conduction resistance, resulting in a heat transfer coefficient
that increases along the channel, reaching a maximum slightly downstream of the point
where the thermodynamic equilibrium quality x equals unity. As condensation proceeds, the
liquid film gradually thickens, and the flow passes through the slug, bubbly, and fully liquid
regimes, exhibiting a decreasing heat transfer coefficient. Flow boiling provides an additional
example of heat transfer in internal multiphase flows [31, 33]. Panels (b) and (c) of figure 1.1
represent two distinct transport regimes associated with this process, and distinguished by the
dominant mechanism upstream of the dryout location. Similarly to condensation in tubes, the
local heat transfer strongly depends on the evolving distribution of liquid and vapor phases
along the channel. Panel (b) illustrates the nucleate boiling dominant heat transfer regime, in
which heat is primarily transferred through the formation and detachment of bubbles from
the heated surface. In this regime, the bubbly and slug flow patterns occupy a significant
portion of the channel length, while the heat transfer coefficient gradually decreases along
the channel due to the progressive suppression of nucleate boiling. Panel (c) illustrates the
convective boiling dominant heat transfer regime, in which heat transfer is primarily driven
by the bulk motion of the fluid, with the liquid transporting thermal energy away from the
heated surface. In this regime, annular flow prevails in a significant portion of the channel
length, and the heat transfer coefficient increases along the channel due to the progressive
thinning of the annular liquid film. For both heat transfer regimes, the heat transfer coefficient
starts to decrease noticeably at the onset of dry patch formation, known as dryout incipience.
Ultimately, dryout completion, associated to critical heat flux conditions, takes place further
downstream, where the liquid film is entirely depleted.

Most studies on two-phase heat transfer in mini- and micro-channels rely on experimental
or numerical approaches [34], which often result in semi-empirical correlations. For instance,
numerous predictive models exist for the annular flow regime typical of in-tube condensa-
tion [32], which generally express the local Nusselt number as the product of the single-phase
forced convection Nusselt number for the liquid and a two-phase multiplier —i.e., a corrective
function dependent on the local vapor quality and other flow parameters. Although these
correlations can yield reasonable approximations, they offer limited insight into the physical
mechanisms of heat transfer. In this thesis, a reduced-order modelling framework is proposed
as a rigorous strategy to capture the essential transport phenomena occurring in thin films,
including heat transfer in core-annular flow and around elongated bubbles, thereby bridging
the gap between simplified predictive models and a physics-based description of the system.

1.2 Outline of the thesis

This thesis is based on articles published or submitted for publication in peer-reviewed journals
over the last three years. Each contribution addresses a specific aspect of thin-film transport
phenomena approached through reduced-order modelling, ranging from heat transfer to
rheological behaviour and flow instabilities. While each paper is, in principle, self-contained
and can be read independently, brief comments are provided between them to offer the reader
a coherent perspective on the overall research path and to highlight the logical progression
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and connections among the different studies. The content of this thesis is organized around
the articles listed below.

I. Forced convection in two-phase core-annular flows [P1]

II. Convective heat transfer around an elongated bubble in the absence of phase change [P2]
III. Origin of pressure-flow non-linearity in two-phase intermittent flow in porous media [P3]
IV. Compressibility-induced destabilisation of falling liquid films: an integral approach [P4]

Together, these works illustrate how a disparate class of transport phenomena can be inter-
preted within a unified multiscale framework, thereby advancing both the understanding
and the practical applicability of reduced-order approaches to thin-film systems.



Paper I

P Botticini, D. Picchi and P Poesio, ‘Forced convection in two-phase core-annular
flows’, Journal of Fluid Mechanics, vol. 1011, A41, May 2025, ISSN: 1469-7645.
DOI: 10.1017/jfm.2025.360

Reduced-order modelling offers a powerful strategy to gain insight into multiphase heat
transfer, particularly in capturing the mechanisms of interaction between distinct phases. This
first study focuses on the effect of a uniform heat flux in a core-annular configuration, where
two films flow in parallel. Interestingly, our analysis reveals that coupled advection appears
as apparent diffusion terms, and clarifies how a reduced conductive resistance (i.e., small
film thickness) enhances heat transfer in the annulus even in the absence of flow motion.
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Predicting the temperature distribution in laminar two-phase flows is essential in a
wide range of engineering applications, like heat dissipation of electronic equipment
and thermal design of biological reactors. Motivated by this, we extend the classical
Graetz problem, studying the heat transfer between two flowing phases in a core-annular
flow configuration. Using a rigorous two-scale asymptotic analysis, we derived two
coupled one-dimensional advection—diffusion heat-transfer equations (one for each phase)
embedding the effects of advection, diffusion (both axial and transverse) and viscous
dissipation. Specifically, the heat-transfer mechanisms are described through effective
velocity and effective diffusion coefficients, while the interaction between the phases is
accounted for via ad hoc coupling and source terms, respectively. The dynamics of the
problem is controlled by seven dimensionless groups: the Péclet and Brinkman numbers,
the heat flux, the viscosity, thermal diffusivity and thermal conductivity ratios, and the
volume fraction. Our analysis reveals the existence of two main regimes, depending on the
disparity in thermal conductivity between the phases. When the conductivity ratio is of
order one, the problem is strongly coupled; otherwise, the phases are thermally decoupled.
Interestingly, we investigate the evolution of the heat-transfer coefficient in the thin-film
limit, shedding light on the most common assumptions underlying extensively used models
in the context of film flows. Finally, we derived closed-form scaling laws for the Nusselt
number clarifying the impact of the phases topology on heat-transfer dynamics. Since our
model has been derived by first principles, we hope that it will improve the understanding
of two-phase forced convection.

Key words: core-annular flow, multiphase flow
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1. Introduction

Predicting heat transfer in laminar two-phase flows is of practical relevance, with
applications ranging from heat sinks for electronic cooling (Mudawar 2011; Kottke et al.
2015), biomedical engineering (Wang & Fan 2010), building refrigeration (Armatis &
Fronk 2017), thermal design of chemical reactors and heat exchangers (Neveu et al. 2013)
to geophysical sciences (Hasan & Kabir 2010).

Among those challenges, the growing demand for high-performance computing and
miniaturisation makes the effective heat flux removal the major ambition in the design
and thermal management of electronic devices (Abdollahi, Sharma & Vatani 2017).
Unfortunately, the penetration of well-established technologies, such as wire coil inserts,
twisted tapes or helical ribs, is limited by fouling and high pressure losses (Ghajar &
Tang 2010). A promising solution consists in promoting two-phase flow conditions to
improve the heat transfer. This can be achieved either via the injection of gas bubbles
into a pipe filled with refrigerant (e.g. the heat transfer coefficient can increase up to ten
times as proposed by Celata et al. 1999), using mixtures of immiscible liquids (e.g. an
aqueous and an organic phases (Brauner 2002)), or promoting evaporation/condensation
(Kim et al. 2015; Adera et al. 2021). In these contexts, the design of heat exchangers is
more complex than in the case of a single phase. The complexity arises from the fact
that the heat transfer depends not only on the flow parameters (i.e. flow rate, pressure
drop, slip ratio, etc.) and the pipe geometry, but also on the phase topology (i.e. the flow
regime: core-annular, stratified, intermittent and dispersed). In addition, while gas—liquid
systems are characterised by a low density and viscosity ratio, in liquid—liquid systems,
the viscosity ratio can span several orders of magnitude. Thus, understanding how heat
transfer is enhanced or retarded due to the presence of more than one phase becomes
necessary for the design of modern heat exchangers.

So far, a wide range of investigations has focused primarily on forced convection of
single-phase flow, starting from Graetz’s and Nusselt’s pioneering works (Graetz 1882;
Nusselt 1910), where the thermal entrance length inside a circular pipe has been solved
neglecting the effect of axial heat conduction and viscous dissipation. Thereafter, the
Graetz problem has been studied extensively, see Shah & London (1978). For example,
when the flow Péclet number is sufficiently small, streamwise conduction becomes
important (see Pahor & Strnad (1956); Reynolds (1963)) as is the case of compact heat
exchangers employing liquid metals as working fluids or in micro-channels (Nonino
et al. 2009). The effect of viscous dissipation on forced convection leads to the so-
called Graetz—Brinkman problem (Brinkman 1951; Ou & Cheng 1973), indicating that the
internal friction becomes relevant only for highly viscous fluids in capillaries (Morini &
Spiga 2006) even at moderate flow rates. Other generalisations include the case of
hydrodynamically developing flows (Boussinesq 1890), non-circular arbitrary geometries
(Barrera et al. 2016), non-Newtonian fluids (Cotta & Ozisik 1986; Ali & Khan 2018;
Asghar et al. 2023), specified-flux (Sellars, Tribus & Klein 1956) and mixed-type (Hsu
1968) boundary conditions or a combination of those (Colle 1988; Hirbodi, Yaghoubi &
Warsinger 2022).

Extensions of the Graetz’s problem to the case of two-phase flow are rather limited
and, unfortunately, a generalised understanding of the effect of the presence of more
that one phase on heat transfer dynamics is still missing. Most existing studies focus on
core-annular flow and are restricted to steady-state conditions. Specifically, Leib, Fink &
Hasson (1977) and Stockman & Epstein (2001) studied the steady-state and fully developed
thermal problem of a vertical core-annular flow when a uniform heat flux is imposed at
the pipe wall, while Bentwich & Sideman (1964a,b) proposed a simplified description

1011 A41-2
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of stratified and core-annular liquid-liquid flows when the wall temperature is imposed.
Nogueira & Cotta (1990) and Su (2006) solved the heat-transfer Sturm—Liouville-type
problem for core-annular flows subjected to fixed temperature and mixed boundary
conditions neglecting both axial conduction and viscous dissipation. Later on, Lindemer,
Advani & Prasad (2015) studied the impact of convection-type boundary condition
combining analytical and numerical solutions (using the method of quasi-orthogonal
functions), while Chalhub, Corréa & Teixeira (2022) proposed a solution of the steady-
state Graetz’s problem (neglecting axial diffusion) based on integral transform. In those
solutions, the fluid temperature is obtained in the form of an infinite series and, therefore,
macro-scale thermal parameters, such as the heat transfer coefficient (or the Nusselt
number), cannot be obtained in a closed form, keeping the underlying physical scaling
difficult to unravel. In fact, such macro-scale parameters are usually estimated using
experiments and semi-empirical correlations (Dungan & Shapiro 1990). To sum up, a
general theoretical framework that embeds both transient and steady-state effects, and all
the relevant physical mechanisms (e.g. both axial and transverse diffusion), is still missing
in the context of two-phase flows.

To fill this gap, the goal of this paper is to study the impact of the flow topology
on heat transfer clarifying the competition between the main heat transfer mechanisms
(diffusion, advection, an imposed heat flux at the channel walls and viscous dissipation)
and flow parameters, like the volume fraction and the viscosity ratio. To do so, we extend
the Graetz—Brinkman problem to core-annular flows (see figure 1, § 2) that represent the
basic flow pattern in microchannel and it is often used as an idealisation of more complex
flow regimes such as elongated bubbles (see Collier & Thome (1994); Thome, Dupont &
Jacobi (2004); Picchi & Battiato (2018); Picchi, Ullmann & Brauner (2018)). Our goal is
to derive an effective description of the heat-transfer problem addressing both transient
and steady-state conditions.

With this aim, we generalise the Aris—Taylor dispersion theory to heat-transfer in
the context of two-phase flows. In fact, this theory has the great advantage to be a
satisfactory compromise between accuracy, compactness and physical interpretation of
the final solution. Specifically, the long-standing theory of Taylor dispersion (Taylor 1953;
Aris 1956) is a rigorous perturbation scheme that has been first applied to elementary
geometries and later generalised to a disparate class of physical systems (Brenner 1980),
including periodic obstructions (Farah et al. 2020), a non-premixed flame established in a
narrow duct (Lifidn ef al. 2020), radiant pipes (Batycky, Edwards & Brenner 1994), soils
(Auriault & Lewandowska 1996), capillary-tissue exchange kinetics (Levitt 1972; Fallon &
Chauhan 2005), suspensions and porous media (Brenner & Stewartson 1980; Rubinstein &
Mauri 1986; Battiato & Tartakovsky 2011; Parmigiani et al. 2011; Griffiths, Howell &
Shipley 2013; Dejam, Hassanzadeh & Chen 2014; Bourbatache, Millet & Moyne 2020;
Scholz & Bringedal 2022), and thin films (Picchi & Poesio 2022). Conveniently, it provides
a reduced-order mathematical description where the competitive influence of advection,
diffusion and boundary phenomena is taken into account via a set of effective coefficients
(Frankel & Brenner 1989). So far, to the best of our knowledge, an attempt to adapt this
approach to the case of core-annular flows has not been proposed yet.

Starting from transport equations (§ 2.1), we derive a set of coupled evolution equations
for the average temperatures as functions of space and time by means of two-scale
asymptotic expansions (§ 3). Our analysis (the full derivation is presented in Appendix C)
is complemented by a rigorous specification of the theoretical bounds of validity of the
model (§ 3.1). In the case of large thermal conductivity contrast between the phases, the
system reduces to a single equation (§ 3.2), which admits an analytical solution (§4.1),
including transient effects. Instead, when the thermal conductivities are of the same
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Figure 1. Schematic diagram of the extended Graetz—Brinkman problem for a laminar two-phase
core-annular flow in a plane slender channel (H <« L) with a semi-infinite heating section.

order of magnitude, the problem is described by two coupled advection—heat-transfer
equations and an analytical solution only exists at the steady-state (§4.5). Finally, we
derive analytical scaling laws for the asymptotic Nusselt number (§§ 4.2, 4.7) and discuss
the thermal coupling between the phases (Brenner 1982; Chu, Sposito & Jury 1983;
Auriault & Lewandowska 1994; Moyne & Murad 2006; Shelukhin, Yeltsov & Paranichev
2011). These results shed light on heat transfer phenomena in the context of multi-phase
flows and may serve as a starting step to generalise the heat transfer model to other flow
regimes.

2. Problem formulation
We consider an infinitely long and horizontal planar channel with a uniform cross-section

of height 2H, as sketched in figure 1; the hat operator will be used to denote dimensional
quantities. Two immiscible Newtonian fluids flow from left to right as a core-annular flow
regime driven by a constant pressure gradient: the inner fluid, which is not in contact
with the channel wall, will be denoted by subscript ‘1’, while the outer fluid that is in
contact with the channel wall will be denoted by subscript 2’. The fluid—fluid interface
is supposed to be flat, and both velocity profiles are assumed to be fully developed and
laminar. The channel is heated by a constant and uniform wall heat flux g, imposed at

both plates (y = + H) over the entire semi-infinite domain (£ > 0). We primarily consider
liquid-liquid systems or gas—liquid systems with sufficiently small temperature differences
so that the thermal expansion of the gaseous phase can be neglected. The dimensional
velocity profile in each fluid domain is derived from the incompressible Navier—Stokes
equation for co-current core-annular flows in a planar geometry:

R 1 dp |, H?*[pu2—BQ2-— — 5
”l(y)zz,“ﬁ!yz‘ (12 — B( Mﬂ)(uz m)]}’ S ei-p1. Qi
i (§)=Ld—{3 {ﬁz—ﬁz}, iAe[l—,B; 11, (2.1b)
2pn dx H

where dp/dx < 0 is the axial pressure gradient, j ; is the dynamical viscosity of the two
fluids, j = {1, 2}, and B is the volume fraction of the outer phase (0 < 8 < 1); the detailed

1011 A41-4



https://doi.org/10.1017/jfm.2025.360 Published online by Cambridge University Press

Journal of Fluid Mechanics

derivation of the velocity profiles is given in Appendlx A. Spemﬁcally, half the thickness

of the inner and the outer phase is equal to (1 — ﬂ)H and ﬂH respectively.
We obtain the averaged speed of the inner and outer phase by integrating the velocity
profiles (2.1),

(I=B)H ~ (ax\ 10% 72
N Ui (y )dy H dp
U, =% . = —[2u2 — B2 —B) Qua —3u], (22a)
: (1-B)H 6 o d P p :
T ()G A ap
P e L ek =——Pga-p), (2.2b)
BH 6y dx

yielding an overall expression for the averaged speed over the entire channel,

A A A A? dp >
U:(l_ﬁ)Ul+ﬂU2:_3mmE[M—ﬂ(ﬂ =3+ (2 —up)l.  (2.3)

2.1. Governing equations for heat transfer

The internal energy balance for each phase written in terms of temperature f"j (X, 9, 1) is

given by
afjJrA T, azfj+a2fj Y 04
Y i A I / ) .
Picr i\ T T8 55 | T\ 552 T 52

with p;, ¢, j, kj being the density, the isobaric mass heat capacity and the thermal

conductivity of each phase, respectively. The term Wj represents the rate of viscous
dissipation of mechanical energy per unit mass and, for laminar unidirectional and fully

At the channel wall, y = H , we assume that a uniform heat flux (UWF) is imposed (Shah
& London 1978), leading to

N (W ‘n ) _ (2.6)
qy 2 2N 5= 5| .

$=

where the unit vector is given by ny = (0; 1). From the practical point of view, an
imposed uniform wall heat flux (for x > 0) can be seen as an approximation of many
experimental facilities where the channel is wrapped with a heat tape or wire resistance
heater — see, for instance, Murphy, Alimohammadi & O’Shaughnessy (2024). In (2.6),
we adopt as convention that the imposed heat flux is positive, g;, > 0, when it exits

the fluid. At the fluid—fluid interface, y = (1 — ,B)ﬁ , the normal vectors are given by

= (0; 1) = —ny, and the continuity of temperature and heat flux across the flat interface
gives
8f1 87/:2
K173 = K2/ , (2.7a)
ay |. . ay |. .
y=(-pH y=(1-p)H
T|. =Tl .. (2.7b)
y=(1-p)H y=(1-p)H
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In the duct cross-section at y = 0, the symmetry of the thermal problem results in
o7,

=0. 2.8
55 (2.8)

y=0

The problem is closed imposing the initial condition at the channel entry as a uniform
temperature distribution at # = 0 and x = 0 for both phases:

T; (0, 3, 0) =Ty, ;. (2.9)

As it will be discussed in § 2.2, we are not focused on describing the early-time evolution
of the system and, therefore, the initial condition (2.9) is unimportant for the purposes of
our analysis.

Then, we recast the energy balance (2.4), written with respect to an absolute reference
frame (X, ¥), introducing a new axial coordinate = £ — V 7 that advects in the direction

of the flow with an arbitrary speed V (with  =7) yielding

T, (.~ AT} 2T, 9T\ .«

In general, the choice of the reference frame speed Vs arbitrary (Brady 1975), but it
affects the definition of the integral variables (e.g. the effective diffusion coefficients).

Specifically, V=0 corresponds to a description given in the absolute coordinate system;
this reference frame will be adopted to compute the bulk temperature and the Nusselt

number. Choosing V =U identifies the volume-fixed reference frame, i.e. a relative
coordinate system moving a speed equal to the mean flow velocity, see (2.3). This reference
frame will be used when the focus is on revealing the impact of advection on multiphase
heat transfer (i.e. the equivalent of hydrodynamic dispersion in mass transfer problems
(Taylor 1953)). In cases where the two phases are thermally decoupled, it is convenient

to choose a reference frame attached to the annulus with V = U,. A rigorous justification
of this argument is provided both in the framework of statistical moments (Aris 1956)
or perturbation analysis enforcing the Fredholm-type solvability condition (Mauri 1991,
1995, 2015; Mikelié, Devigne & van Duijn 2006). Note that other choices of the reference
frame can be made (e.g. molar or mass mean velocity), but their use is limited to
multicomponent systems (Hooyman 1956; Brady 1975; Pifia 1979; Taylor & Krishna 1993;
Kozlova et al. 2019).

2.2. Dimensionless formulation
The governing equations introduced in § 2.1 are made dimensionless to facilitate the
derivation of an effective description of two-phase flow heat transfer. The relevant scale
along the y-direction is chosen as the half-distance between the parallel plates H, while
we denote by L a characteristic macroscopic/observation length scale along the Xx-axis.

We look at systems that can be treated as a shallow geometry, L>> H, and, therefore,
a small scale parameter indicating the separation between transverse and axial variables
arises naturally,

=« (2.11)
L
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The scale separation assumption, ¢ < 1, is a key requirement to simplify the momentum
equations and ensures that the lubrication approximation for the flow holds (see
Appendix A).

The determination of the relevant time scale is not unique (Mauri 1991; Auriault &
Adler 1995; Mikeli€ et al. 2006; Battiato & Tartakovsky 2011; Bourbatache et al. 2020;
Picchi & Poesio 2022). In fact, advection introduces three advective time scales depending
on whether the focus is on a specific phase or the overall system. Assuming that the

characteristic scale for the velocity is the overall flow speed U given in (2.3), we can
define the axial advective time as 7, = L/U, while using the phase speed, U;, we

can introduce two additional time scales as 7,, j = =L / U Thermal diffusion introduces
two additional t1me scales for each phase the axial, 7; Pi= =17 /o, and the transverse,

rH = - ,3)2H /at, rH )= = B2 H /o, diffusion times, with o; =«;/p; cp, ; being
the thermal diffusivity of the jth phase. Since we are primarily interested in transport
dynamics in a time frame much larger than the transverse diffusion time and close to
the advection time, we choose 7, as the reference scale for the time variable (Mauri
1991; Griffiths et al. 2013; Mauri 2015; Ling et al. 2016; Linan et al. 2020). This
choice allows the investigation of heat-transfer regimes characterised by the competition
between advection and axial diffusion. In fact, as elucidated by Taylor’s analysis of
solute dispersion (Taylor 1953), the advective time scale corresponds to a time window
that is intermediate between the times characterising transverse and axial diffusion, i.e.
TH,j K Tq K 7L, defining a hierarchy of time scales that can be uniquely determined
in terms of the scale parameter ¢ and the Péclet number of the problem (see §4.3).
This choice of the relevant time window also implies that the model is not capable of
describing the early-time relaxation of the system’s initial configuration due to transverse
diffusion (known as pre-asymptotic regime) and, therefore, the initial condition given
in (2.9) will not be considered. Note that the description of the pre-asymtotic regime (see
e.g. Taghizadeh, Valdés-Parada & Wood (2020)) is out of the scope of this work.

We can recast the energy balance (2.10) introducing the following dimensionless
variables:

Z:é, y:lA, T=—>, {uj; V}:%’ ﬁj:w’ (2.12a-¢)
L H Ta U ATyer

where f}e r and A]A“re r are arbitrary reference values for the temperature and its
variation, respectively. For example, the reference temperature fref can be chosen as
the initial temperature at a given location (x = 0), f", n, While the reference temperature
difference Af}e r can be defined based on the condition of uniform heat flux at the wall, as

q! L /K> (Shah & London 1978) or g/ L [(p2cp,2 U H) (Chen et al. 2022). This procedure
ylelds

[0 00 | 2 32191 32191 du1 2
APe | — Vy — | = B , yel0; 1—24],
¢ e_a + = V) 0z | ( 922 +8y +IC : dy vel Al
(2.13a)
P [ 01, o V) 0 | 22 82192 n 9219, 4B dusy 2 e[l — B 1]
ePe| —+(uy—V)— — r{—1, —B; 17,
| dt ? 0z 0922 0y? dy Y
(2.13b)
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where dimensionless absolute velocity profiles u ;(y) are given in Appendix A.1. In the
following, V =0 corresponds to a description given in the absolute coordinate system,
V =1 identifies the relative coordinate system moving at the mean flow speed, while
V = U, identifies the reference frame attached to the annulus. The normalisation
introduces the viscosity ratio m, the thermal conductivity ratio K and the thermal

diffusivity ratio A:
moM e e L

, = . (2.14a-c)
2 K2 ar K p2cp2

The viscosity ratio accounts for the different viscosity of the flowing phases: when
m — 0, the outer fluid is much more viscous compared with the inner one as typical
of the majority of gas-liquid systems (see table 1); we will refer to this limit as the
free-surface limit. When m — oo, the inner fluid is much more viscous than the outer
one and it behaves like a rigid body, see figure 3(a); we will refer to this limit as the
rigid-core limit. The product K A can be seen as the thermal capacity ratio: gas—liquid
systems are characterised by lower values of K A with respect to liquid—liquid systems
(see table 1). Note that, although in our model, the physical properties of the two phases
appear in the three property ratios given in (2.14), other sets of dimensionless parameters
can provide an equivalent description. For example, in Appendix B, we show how the
property ratios (2.14) can be recast in terms of the heat-capacity flow rate ratio, commonly
used to describe heat-exchanger problems.

In (2.13), the Péclet number Pe and the Brinkman number Br for the outer phase are
given by

HU U?
Pey=Pe=——. pBr=-27__ (2.15a-b)
o2 k2 ATyef

The Péclet number expresses the ratio between advection and axial diffusion. When
Pe < 1, diffusion dominates over advection, while for Pe > 1, advection plays a major
role with respect to diffusion. The Péclet number Pe; of the inner phase is given by the
product Pe; = A Pe. The Brinkman number can be seen as the competition between the
thermal power per unit mass produced by viscous dissipation and the one transferred due
to conduction by the outer phase through the channel walls; Br = 0 only in non-dissipative
flows.

The dimensionless boundary conditions at the wall (2.6), at the interface (2.7) and at the
channel axis (2.8) read

39 G/ H

SoC] I U ——— (2.164)

0y ly=1 k2 ATpey

90 90

2 — 21 , (2.16b)

0 ly=1-p 0 ly=1-p

D2ly=1-p= V1ly=1-p - (2.16¢)

90
=1 =o. (2.16d)
Ay |y=0

Note that (2.16a) introduces the dimensionless wall heat flux g,, as a further governing
dimensionless group.
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3. Two-scale asymptotic analysis

The

present work aims at obtaining a one-dimensional approximation of the energy

equations (2.13) coupled with boundary conditions (2.16). Specifically, we look for
one-dimensional advection—diffusion heat-transfer (ADHT) equations accounting for
advection, diffusion and heat exchange between the two phases. To do so, we adopt a
two-scale asymptotic expansion procedure (Hornung 1997; Boutin, Auriault & Geindreau
2010; Bensoussan, Lions & Papanicolaou 2011).

@)

The starting point is the local description of the dimensionless heat-transfer problem,
see (2.13), (2.16), together with the definition of the scale parameter € given in (2.11).

(i1)) We focus on an asymptotic regime where the temperature profile can be considered

(iii)

(iv)

v)

almost uniform in the transverse direction (transverse diffusion has smeared out
the initial profile) and axial diffusion is part of the game in the spirit of classical
Taylor-dispersion theory (Taylor 1953). To this end, we look at axial variations in
temperature in between the duct half-height, H, and the duct length, H /€, of the order
1/4/¢. Therefore, the longitudinal coordinate z is re-scaled introducing a stretched
spacial variable & (similarly to Griffiths et al. (2013); Ling et al. (2016); Linan et al.
(2020)):

Z
NG
The dimensionless groups (2.15), (2.16a) and the property ratios are evaluated in
asymptotic terms expressing their magnitude as integer or half-integer power of the
scale parameter ¢:

£ = (3.1

1
K=Ke with K=O(1) and ke EZ, (3.2q)
1

A=¢ and Pe=¢ P with a, pe EZ’ (3.2b)
1

Br=Be” with B=0O(1) and be EZ, (3.2¢)
1

qu=0¢/ with Q=0(1) and fe€ 2. (3.2d)

The temperature field ©; in the energy equations (2.13), (2.16) is written as a half-
integer power-series expansion in the scale parameter:

D&,y &) =00 €y, D+ VeD]) ¢y, D) +ed P &y, 1)+ 0<sfe()3, ,

where z?J(.”) is the nth-order term in the asymptotic expansion of the temperature field
¥;, with j ={1, 2}. We follow the classical multiscale approach where the main
variables are expanded with respect to space and the axial coordinate is stretched
according to (3.1) to properly describe the asymptotic regime (as explained in item
(i1)) (Mauri 1991; Griffiths et al. 2013; Mauri 2015; Ling et al. 2016; Linan et al.
2020). An equivalent approach would be to fully expand the independent variables
in both time and space (Mauri 1995; Mazzino 1997; Mauri 2003; Mei & Vernescu
2010).

Then, we collect the terms of the same order obtaining a cascade of boundary-
value problems. These are sequentially solved to obtain the effective description
of the original problem in terms of the depth-averaged temperatures, (;)(§, 1),
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plus higher-order corrections. To do so, we introduce the cross-sectional averaging
operator over each fluid domain

1 r o
m A *de lf]:1,
1 1
- w; dy if =2,

| B /1—,3 !

consistent with the classical two-scale asymptotic expansion procedure (Hornung
1997; Boutin et al. 2010; Bensoussan et al. 2011). Other types of mean relevant for
heat-transfer problems, such as the mixing-cup (or bulk) temperature, require an a
priori knowledge of the temperature field, and, therefore, they will be defined once
the model’s solution is determined, see § 3.3.
It will be shown, see Appendix C.2 and (C3a), that the leading-order term in (3.3) is

independent on y and, therefore, 1‘}](.0) & o= (z?J(.O))(S, 7). In this type of approach,
the goal is to describe the macroscopic behaviour of the system in terms of the zeroth-

(%) = | (3.4)

order terms 19](.0) while interpreting higher-order terms in (3.3) as small fluctuations

around the zeroth-order values. Thus, without any lack of generality (Mauri 1995),
we impose a gauge condition of the type

<19](.”) .y, r)>zo for n>1, (3.5)

WV

implying that the higher orders do not impact on the averaged temperature
M)\ _ 40 ¢n
(2") =0 5. (3.6)

where §; is the Kronecker delta indicator introduced to make the problem
derivation more concise

i _
i2

{0 if i1 #£ia,
— (3.7)

1 if i =1ip.

The effective model is obtained imposing the compatibility condition, (also known as
solvability condition or Fredholm alternative) which is the sufficient and necessary
condition for the existence of solutions to the successive boundary-value problems.
Satisfying the compatibility condition results in setting to zero the average of the
expanded governing equation over its domain (Rubinstein & Mauri 1986; Auriault
2002; Mikeli€ et al. 2006).

The full derivation following the aforementioned procedure is provided in Appendix C,
while the final results are given in upcoming sections, distinguishing between two different
scenarios based of the order of magnitude of the thermal conductivity ratio /X, see (3.2a).

3.1. One-dimensional ADHT equations — coupled regime

The system of ADHT equations, describing the spatial and temporal evolution of the
averaged temperatures, is given in (C36), with the coefficients defined in (C37). The
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corresponding equation in the core is

aj
1—pgY\ 9() v 0(01) . 0(02)
A Pe (1+ X5 ) - + APe (U —V + o)) . +Peaj, —=—
1-8 252 o] 9% (D) 5 . 92(02)
)
1 * * 1 *
+ — (87 qu +wi Br) — — €7 (1) — (92)), (3.8)
while for the annulus, we get
a3,
K B\ 9(t) T\ 0(h) . ()
Pe (1+ : _ﬂ) o e (U =V + b)) . + A Pe a3, ;
KB 2 o] 9% (02) 5 3%(91)
dy,
1 * * 1 *
+ — (83 qw + w3 Br) + — &5 ((91) = (92), (3.9)

with a;j(Uj, V, B, m, K) and a’]*.j(V, B, m, K, Pe) being the effective coefficients
for advection and diffusion of the inner (j =1) and the outer phase (j =2). Those
coefficients are a function of the speed of the reference frame, V, the phase speeds U,
the volume fraction B, the viscosity ratio m, and the conductivity ratio K — their full
expressions are given in Appendix C.6. The ADHT equations (3.8), (3.9) are coupled
through diverse physical mechanisms, namely advection and diffusion of the other
phase via the coefficients a}, (8, m, K) and a3, (B, m, K), and d},(V, B, m, K) and
d;,(V, B, m, K), respectively; heat exchange between the phases through storage terms
(x £({(¥1) — (¥2))) and source terms proportional to g,. All these mechanisms will be
discussed in detail in § 4.5.

The ADHT equations (3.8), (3.9) hold only in a specific range of the dimensionless
groups (2.14), (2.15), (2.16a) to guarantee that the two scales can be decoupled. Such
requirements are known as the applicability region and are sufficient (but not necessary)
conditions for the effective model to be representative of the spatially averaged processes
within the error bounds prescribed by the asymptotics. In our case, the upscaled equations
hold only when:

i) ek 1;

(i) Pe << 1//e;
(i) A Pe < 1/./6;
(1v) lguwl <15

(v) Br«1.

Condition (a) ensures that the spatial scale separation exists. Conditions (b) and (c) provide
the upper bounds to the Péclet number of each phase, ensuring that advection does not
prevail over diffusion. Condition (d) restricts the rate at which heat is transferred by the
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A E ]C o
: I:I Coupled scales
1/e 1/¢
’7 Applicability region
e e Decoupled regime
Coupled regime
| Beyond the scope

e Ve 1 1//e Pe L g,

Figure 2. Parameter space of transport regimes in the (Pe, A) (left) and in the (g, ) (right) planes.
Coloured areas of the maps correspond to regimes where the effective heat-transfer equation for the averaged
temperatures can be formally written by means of two-scale expansion.

external energy source to/from the channel. Finally, condition (e) concerns the Brinkman
number, guaranteeing that the impact of viscous shear heating is low enough not to conflict
with the other transport phenomena.

The applicability region given by conditions (a)—(e) has been determined from the
asymptotic solution developed in Appendix C selecting the order of the dimensionless
parameters in such a way that they enter the problem at the highest order compatible
with the separation of scales. In other words, the set of exponents p, a, k, b and f has
been selected accordingly so that a given term enters into the corresponding order of
magnitude depending on the transport regime. Those constraints are sufficient conditions
which ensure a rigorous thermal decoupling between the transverse and the axial scales. If
such constraints are not met, the idea of cross-sectional averaging (3.4) lacks significance
and the accuracy of the upscaled model cannot be guaranteed (Boso & Battiato 2013).
Note that there exists strategies to relax the applicability conditions, for example, using
iterative hybrid numerical methods (see Battiato ef al. (2011)).

Figure 2 shows the graphical representation of the conditions (b)—(d). Specifically, we
can identify three main regimes based of the order of magnitude of the conductivity ratio
K. When K = O(1), the thermal conductivities are of the same order of magnitude and the
problem is described by two coupled ADHT equations (3.8), (3.9); this will be referred to
as the coupled regime and it is typical of liquid—liquid systems (see table 1). Instead, when
the thermal conductivity of the inner phase is small with respect to that of the outer one
(K < O(4/¢)), the thermal interaction between the phases is negligible and the problem is
described by a single ADHT equation for the outer phase, see § 3.2; this will be referred
to as the decoupled regime, typical of gas—liquid systems and a few liquid-liquid systems,
see table 1. There exists a third regime for I > O(1/4/¢) that leads to a single equation
for the core averaged temperature. In this work, the latest regime will not be considered,
since we are mainly interested in two-phase forced-convection configurations where the
inner phase is less conductive with respect to the outer phase.

3.2. Decoupled regime

When the thermal conductivity of the outer phase is greater than that of the inner phase,
K < O(4/¢), the thermal interaction is negligible and the fluid—fluid interface can be
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Authors Core (1) Annulus (2) m o1/ K A
Liquid-liquid

Kruyer et al. (1967) Transformer oil Water 17 0.853 0.18 1.84
Hasson (1978) Water Kerosene 0.625 1.245 5.18 0.51
Arney et al. (1993) No. 6 fuel oil Water  2.70x103> 0989 020 231
Bannwart ef al. (2004) Heavy crude oil Water 415%10* 0.975 0.20 2.09
Gas-liquid

Cioncolini (2023) Air Water  2.08x107% 1.19x1073 0.04 6.73x1073
Guevara & Gotham (1983) Steam Water  1.44x1072 6.00x10~* 0.04 6.77x1073
Vuong et al. (2018) Nitrogen Isopar L 1.39x1072 2.19x1072 0.20 5.38x 1072
Poesio et al. (2009) Air Turbine oil 1.54x 1073 1.34x1073 0.19 3.44x10~3

Table 1. Physical properties of liquid—liquid and gas—liquid core-annular systems taken from the literature. The
property ratios m, /C, A denote the viscosity, thermal conductivity and thermal diffusivity ratios, respectively,
as defined in (2.14).

considered adiabatic (see the derivation in Appendix C.5.1). Thus, in the moving reference
frame (z, ), (3.8), (3.9) reduce to a single ADHT for the averaged temperature of the
outer phase (,):

0 (%) d (¥2) 3% (92)
U,—-V =D —— + 57, 3.10
0T + 2 ) 07 2 922 T2 ( )
where Br W
€ quw + Br 2*
D*:—(l P2D>, =z 3.11a-b
27 pe ety 2 e Pep ( a-b)

are the effective diffusion coefficient and the effective source term, respectively, whose
analytical expressions are given in Appendix C.6. The effective coefficients in (3.10)
incorporate the impact of the non-uniformity of the velocity profile (2.10) and thermal
boundary conditions at the channel axis (2.8) and at the wall (2.6). Specifically, the shear
flow spreads the temperature inhomogeneity along the axial direction, affecting axial heat
diffusion at sufficiently large Péclet numbers via the coefficient D; (V, B, m, Pe). The
effective sink/source term S} consists of two distinct contributions: g, is the heat flux
imposed at the wall, while W} embeds the effect of viscous dissipation. The trends of the
effective coefficients and the analytical solution of the thermal problem in the decoupled
regime will be discussed in § 4.1.

3.3. Determination of the convective heat-transfer coefficient

The local convective heat-transfer coefficient 4 is defined via Newton’s law of cooling as
the ratio between the thermal power per unit area entering the system and the difference

in temperature between the solid surface and a representative temperature for the fluid Tp
(Incropera 2007):

~1

W f)=—"Tw (3.12)

where 7}, is the bulk temperature; the estimation of % is provided in the absolute
reference frame (V =0). The bulk (or mixing-cup or flow average) temperature is the
temperature reached when a certain amount of fluid reaches the equilibrium without heat
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loss to the surroundings (Tamir & Taitel 1972). It is defined as an enthalpy-weighted
average of the phase temperature and for the core-annular flow configuration in figure 1,
reads (Su 2006; Chalhub et al. 2022)

A

(- ) A A
/ P1Cp, 11U T1d§’+f p2cp 2 Trdy
0

N (-p) A
Ty (%, 1) = Y = : (3.13)
/ P1Cp, 1 U1 d5’+/ _p2cCp 2y dy
0 (1-B)H

Equation (3.12) is made dimensionless using the same scales defined in § 2.2, which gives

kg
K2 E . |
h(x,t)= (3.14)
(ﬁzly =)

where the dimensionless bulk temperature ¥ is given combining (3.13) with (2.12),
(3.4),

KAM=B) (ur(y) 1)+ B (u2(y) 192()’))
KAQ-=B)U +BU;

Interestingly, the dimensionless group K A in (3.15) is the volumetric heat capacity ratio:
when C A « 1, the bulk temperature simplifies significantly and does not depend anymore
on the core properties (this is true for the decoupled regime in § 4.2). Since the averaged
temperature () is independent of y, the temperature (and its derivative) at the wall is
calculated considering the power-series truncated to the first order as

Dly_y = (B2) + /& 03" ’yzl + O, (3.164)

(3.15)

Up (x, 1) =

| _ oo
9y |y—1 dy

+ O(e) = qu + O(e). (3.16b)
y=1

In problems of internal forced convection, the heat transfer coefficient is made
dimensionless defining the local Nusselt number computed at the wall (Incropera 2007)
h L
Nu(x, t)y=—, (3.17)
K2
where £ is a characteristic length, typically the hydraulic diameter deq. For the planar
configuration depicted in figure 1, the hydrauhc diameter can be computed by cons1der1ng
a rectangular slit of width w and height 2H, and taking the limit for w > 2H (see, for
instance, Merritt 1991),
: 8 Hw A
deg = lim ——~—=4H. (3.18)
=02 (042 A)

Ultimately, the Nusselt number (3.17) can be expressed as

90
$ o
Nut(x, 1) = ——2 =1 (3.19)
Daly=1 — U
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in view of (3.18) and (3.14). In the following, when the flow is thermally fully developed,
we will refer to as the asymptotic (or limiting) Nusselt number Nu™ (Shah & London
1978).

Finally, for the sake of comparison with the literature, we recast the Brinkman number
defined in (2.15b) (Brinkman 1951; Bird, Stewart & Lightfoot 1960; Boucher & Alves
1963; Shah & London 1978) into

o U?
(=du) £
In this work, the Brinkman numbers Br and Br’ are linked to each other by the following
relation:

Br = (3.20)

Br=4gq, Br'. (3.21)

4. Results and discussion

In this section, we will discuss the heat-transfer model illustrating the main physical
mechanisms and deriving a closed-form expression for the Nusselt number for laminar
core-annular flows, distinguishing between the decoupled and the coupled regime.

4.1. Heat-transfer mechanisms and temperature field in the decoupled regime

As described in § 3.2, the decoupled model (3.10) applies to cases where the thermal
conductivity of the outer phase is much bigger compared with that of the inner phase,
K < O(4/¢). This implies that the inner and the outer phases are thermally decoupled and
the model reduces to a ‘one-side’ approach. Such a scenario is typical of the majority of
applications, including gas—liquid and liquid—liquid systems (see table 1).

By inspection of (3.10), we see that the temperature evolves in time and space due to
three different mechanisms: advection equal to the average speed of the outer phase U»,
effective thermal diffusion through the coefficient D3, and a constant source term S5 due
to the imposed heat flux at the channel wall and viscous dissipation. Specifically, D} has
the typical structure of the Aris—Taylor dispersion coefficient (it scales with the square of
the Péclet number), being the sum of heat diffusivity, equal to the unity, and axial shear-
induced diffusion, D,(V, B, m) whose expression is given in (C40b). The latter is an
apparent diffusion mechanism for the averaged temperature and has its physical origin in
the non-uniformity of the velocity in the outer phase: from the physical point of view, local
advection enhances/reduces the axial diffusion in terms of the leading-order variables.

Figure 3(a) shows the evolution of D, in a coordinate system moving at the mean
speed of the outer phase, V = U,, according to Aris (Aris 1959). In fact, in the decoupled
model, thermal dispersion is exclusively driven by the annulus. The presence of the other
phase, which acts as a thermal insulator, reduces the effective heat-diffusion compared
with the single-phase scenario where D, =2/105; such a limit is reached only when
the core vanishes, i.e. for § — 1. The maximal shear-induced diffusion is obtained in
the rigid core limit (m — oo), where the velocity profile of the annulus is almost linear
(see figure 3a), maximising the spread of temperature in the axial direction. In the free
surface limit (m — 0), instead, the flow in the outer phase is so slow that the shear-induced
diffusion becomes negligible.

Due to the many applications that involve confined thin-films (e.g. Craster & Matar
(2009); Lavalle et al. (2021)), we highlight the thin-film region (TFR) in figure 3(a),
defined arbitrarily as B < /¢ < 1. In the TFR, the outer phase is ‘thin’ enough that D,
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Figure 3. Effect of the viscosity ratio m on (a) D (in the relative reference frame moving at the mean speed
of the annulus, V =U>) and (b) the source term related to viscous dissipation W}/B, as functions of the
volume fraction of the outer phase 8. The thin film region (TFR) is highlighted by the grey area. For both the
inner (j = 1) and the outer (j = 2) phase: (c) dimensionless velocity profiles u ;(y) for different values of the
viscosity ratio m and a fixed volume fraction 8 = 0.3; (d) average speed U; as a function of 8 and for different
values of m.

can be expanded as

3 2
% B+ OBS) if m finite,
Dy(V=U, p—0, m)= 4.1)
1
Eoﬂ2+0(’33) it m — oo,
showing that the shear-induced diffusion becomes negligibly small in thin films. This
can be explained by looking at figure 3(d): when g — 0, the speed of the liquid becomes
so small that the system is dominated by diffusion.
In general, advection and diffusion compete in the transient dynamics described
by (3.10). To quantify this, similarly to Dejam et al. (2014) and Ling et al. (2016), we
introduce the ratio between the effective diffusivity (3.11a) and its single phase limit
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Figure 4. Normalised coefficient of shear-induced thermal diffusivity IT, for a decoupled system (I — 0)
— see definition in (4.2) — against the flow Péclet number Pe, for different values of volume fraction 8 and
viscosity ratio m.

(which corresponds to the analogous of the classical Aris—Taylor dispersion coefficient
for the thermal problem), Dar =1+ % Pe? (Horne & Rodriguez 1983; Berkowitz &
Zhou 1996; Wang et al. 2012):

e 'PeD; 1+Pe* Dy

Hz: =

4.2
Dar (4.2)

|+ = pe?

105
This normalisation facilitates the identification of different regimes, based on the
competition between diffusion and advection, as shown in figure 4, where the evolution of
IT, with respect to the Péclet number and the viscosity ratio at two fixed volume fractions,
B =1{0.2, 0.8}, is presented. Interestingly, for small Péclet numbers (Pe < 1), I1; — 1 and
it is independent of m and B, meaning that advective mixing of thermal energy in the outer
phase is negligible compared with heat diffusion. When the Péclet number is sufficiently
large, the advection dominates and 7, assumes always values lower than unity. This means
that the core-annular flow pattern does not enhance heat diffusion compared with single-
phase flow, in particular, when the volume fraction is small. Also, the mechanism of
shear-induced diffusion becomes negligible in the free-surface limit (m — 0) since the
velocity in the outer layer is so small that, regardless of the film thickness 8, I1> approaches
zero without reaching a plateau as Pe — oo. The regime map in figure 4 can be used
in transient multiphase heat-transfer applications to identify a specific set of operational
conditions based on fluid and/or flow properties to enhance or reduce heat diffusion.

The source term S5 (3.11b) is affected by the dimensionless flux g,, and the Brinkman
number Br. In particular, it scales with the inverse of the thickness of the outer phase
83 ~ qu/B, meaning that heating a thin film is very effective since thermal energy is
delivered to a small volume of fluid. The viscous dissipation W) = W} (B8, m) defined
in (C28b, ¢), see (C46c¢), contributes to the source term, accounting not only for the viscous
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heating produced in the annulus, but also for the production into the core that is exchanged
across the interface. As shown in figure 3(b), in the free-surface limit (m — 0), the velocity
in the annulus is so slow that viscous dissipation is negligible, while for iso-viscous fluids
(m=1), W) /B =3 as for single-phase flow. However, in the rigid-core limit (m — 00),
only the outer phase is dissipative and the heat generated due to friction becomes
unbounded as the film gets thinner. Due to this singularity around g =0, the scaling in
the thin-film region can be obtained using Laurent series for f — 0 as

W3 3m+ O(B) if m finite,
—=(B—>0, m)= (4.3)
B B l+1+0B) if m— oo.

The ADHT equation (3.10) for the decoupled regime admits an analytical solution, setting
the initial temperature of the outer phase to a uniform value over the entire channel
half-length x > 0 and imposing the same temperature at the inlet x =0 for # > 0, i.e.
() (x, 0)=(92) (0, 1) =0Vx, t >0, we get — see Carslaw & Jaeger (1959) and Van
Genuchten & Alves (1982) —

— Uyt — Uyt
uerfc x—21 +

() (x,t) = 8
20z 2(D51)?
2

Uyt U Uyt
_ G+t exp( 2x)erfc X+t (4.4)

202 ) 2o

2
At long times, the diffusion smears out the temperature profile and the steady-state
temperature <z92°°> becomes a linear function of x (like in classical internal forced-
convection problems, see Incropera (2007)) with slope equal to S5/ U>, i.e.

S*
<ﬁ§ﬂ(x):nggm(ﬁﬂ(x,t):raix. (4.5)

This solution will be used in § 4.2 to derived a closed-form model for the heat-transfer
coefficient. Note that, given the solution for the mean temperature (i.e. its leading order),
higher order corrections can be easily calculated plugging (4.4) into (C15), (C23).

4.2. Nusselt number in the decoupled regime

In the decoupled regime, since X — 0 and IC A < ¢, the bulk temperature (3.15) simplifies
to

Dy (x, 1) = (92) + Ve Uy <u2<y> 192(”<y>> +0(). (4.6)
Upon substitution of (4.6) in (3.14), the local Nusselt number (3.14) yields

4 quw/\E

. 4.7)
05°| U {01 937 )

Equation (4.7) shows how the Nusselt number evolves in space and time and is calculated
by plugging the analytical solution (4.4) into the first-order correction (C15) and using the
velocity profile for u,(y), given in (AS5a). Here, the Nusselt number is studied with respect
to the fixed reference frame, in accordance with the literature, where the bulk temperature
is always defined in systems with V =0.
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The Nusselt number in laminar decoupled core-annular flows with uniform wall
heat flux is a function of space, time, the volume fraction, the viscosity ratio,
the dimensionless heat-flux, the Brinkman and the Péclet numbers only, i.e. Nu=
Nu(x, t, B, m, qu, Br’, Pe). The Nusselt number and, as a consequence, the heat-
transfer coefficient 4 depend on the Péclet number only in the transient regime, while at the
steady-state, Nu®™ = Nu® (B, m, Br'). Note that, as typical in the heat transfer community
(Shah & London 1978), the Péclet number can be seen as the product of the Prandtl
and Reynolds numbers, i.e. Pe = Pr Re, where Pr = uy/(p2 a2) and Re = p; U ﬁ/,uz,
respectively.

When the thermal response reaches the steady state, we get the following expression for
the asymptotic Nusselt number Nu®°, obtained by combining (4.5), (C15) and (4.7),

280(3 — B)?
Nu® (B, m, Br')= =P , (4.8)
B (x Br'+45 B2 —245 g+ 336)
where x accounts for the contribution of viscous dissipation as
18m [3m B (1—3B)>—(58%2—358+56) (1 —B)°
X = [ ( ) ] 4.9)

[1+B(B2—3B+3)m— DI

Equation (4.8) shows that, in the absence of viscous dissipation (Br’ = 0) or — equivalently
— in the inviscid limit (m — 0), the asymptotic Nusselt number is uniquely a function of
the volume fraction of the outer phase 8. Such an expression embeds the effects of viscous
flow in both phases and heat-transfer (advection and diffusion) in the outer phase and it
has been obtained starting from first principles. In figure 5(a), the Nusselt number in the
non-dissipative regime is represented by the solid black line, which converges to the single
phase limit of 140/17 as B — 1. Instead, in the dissipative regime, the single-phase limit
of Nu® approaches 140/108 Br’ + 17) according to (278) of Shah & London (1978).
The viscosity ratio impacts Nu®® only in the dissipative regime, as shown in figure 5(a)
for Br’ = 1. Interestingly, when the viscosity ratio m is sufficiently large (but finite), there
exists conditions where viscous heating (Br’ > 0) prevails over the wall heat flux (g, > 0),
and the bulk temperature becomes greater than the wall temperature, ¥2|,—; — ) <0,
reversing the direction of the heat exchange. When this happens, the heat-transfer
coefficient & becomes negative, see (3.14), and the singularity of the Nusselt number
represents the limiting situation where 9,[,_; = 9. The critical value of volume fraction

B = B(m, Br’) which determines the position of the vertical asymptote can be calculated
by finding the zeros of the denominator in (4.8) numerically. To ensure that the Nusselt
number remains positive in the entire film thickness range (0 < 8 < 1), the viscosity ratio
and the Brinkman number have to satisfy the inequality x Br’ > —91/36.

Finally, it is interesting to observe that the asymptotic Nusselt number in the TFR scales
as follows:

15
T3 B B~'+0O1) +... if mfinite,
Nu™®(B — 0, m, Br' #0)= (1—-3m Br') (4.10)
+OB) if m — oo,

7 Br'

while for non-dissipative flows (Br’ =0), we get that Nu® ~ 15/2 B). In the finite-
viscosity regimes, the asymptotic Nusselt number Nu® shows a singularity. Specifically,
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Figure 5. (a) Dependence of the asymptotic Nusselt number Nu® (absolute value) on the volume fraction 8,
for fixed viscosity ratios m and Br’ = 1. Evolution of the normalised Nusselt number Nu/Nu®: over space at
fixed times and Péclet numbers — (b) Pe =1, (c) Pe =0.1, (d) Pe =0.01 — over time and across the transport
regimes at fixed axial locations — (e) x = 20, (f) x =40, with ¢ =0.01, Br' =0, ¢, =8 =0.1,m = 1.

increasing m shifts the position of the vertical asymptote towards lower values of 8, and
a larger number of terms in the expansion (4.10) is required to ensure the convergence of
the series to (4.8).
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The time and spatial evolution of the local Nusselt number, normalised with respect to its
asymptotic value for ¢t — 00, i.e. Nu/Nu™, is shown in figure 5(b—d) for different Péclet
numbers. The resulting plots have the form of S-shaped breakthrough curves and they
are bounded between two horizontal asymptotes: the upper one denotes the asymptotic
Nusselt number, while the lower one corresponds to the Nusselt number predicted by (4.7)
at the initial time instant, t = 0. At sufficiently high Péclet numbers, the S-shaped curves
are almost rigidly transported by the flow over time, indicating an advective-dominated
behaviour; a reduction of the Péclet number leads to a diffusion-dominated regime
(see figure 4).

To determine how the advective and diffusive mechanisms compete in the transient
dynamics, we plot the normalised Nusselt number for the different transport regimes
considered in figure 5(b—d) over an extended time interval at two fixed positions along
the channel: x =20 (half-length of the channel) and x =40 (end of the channel). At
high Péclet numbers (Pe = 1), the heat is primarily advected downstream and the system
quickly reaches the fully developed condition. This means that the heat transfer is quite
efficient due to the strong influence of advection. Conversely, decreasing the Péclet number
(Pe ={0.1, 0.01}) results in a slower increase of the Nusselt number due to the effect of
diffusion. An interesting feature in both figures 5(e) and 5(f) is the existence of a common
intersection point between all the curves at t =, that is independent of the value of the
Péclet number. For ¢ > ¢,, the Nusselt number increases with the Péclet number, whereas
for ¢t < t,, the behaviour of the system is reversed. At a fixed axial position, the curves
appear to pivot around this point.

4.3. Hierarchy of time scales in thermal dispersion

The trends illustrated in figure 5 also reflect the development of the forced-convective
thermal boundary layer, similarly to the single-phase scenario (Siegel & Sparrow 1959;
Siegel & Perlmutter 1963; Fakoor-Pakdaman er al. 2014). As time elapses, the thermal
boundary layer progressively penetrates and fills up the thickness B occupied by the
annulus. As a result, increasingly larger distances after x =0 become thermally fully
developed. In fact, since a finite amount of time, t* = x*/ Uy, is required for the entrance
fluid to be advected downstream and reach the axial position x*, beyond this coordinate,
x > x*, there has not been any penetration of the fluid which was originally outside the
channel before the start of the transient (at # = 0). For x < x™*, the thermal problem reaches
its long-time thermal behaviour (linear temperature profile and constant Nusselt number).
Similarly to mass transfer (Allaire, Mikeli¢ & Piatnitski 2010; Feder, Flekkgy & Hansen
2022), the thermal mixing is enhanced in regimes where diffusion has had time to even out
the transverse variations of temperature (across the layer) while there are still longitudinal
variations at the large scale (along it). Referring to the time scales introduced in § 2.2 and
choosing the advective characteristic time scale 7, as the reference time, we obtain the
following time scale hierarchy valid for the decoupled model (with j =2 and K — 0):

Pe
T2 LT, 2 KT}, = ePef? KUy« — (4.11)

By inspection of (4.11), we can conclude that if the channel is sufficiently shallow
(¢ = 0), these three times scales are sharply separated over a wide range of Péclet
numbers, as shown in figure 6. In particular, since the mean velocity of the annulus is
bounded between 0 and 1, i.e. 0 < Us < 1 (see figure 3d), thermal dispersion is observed
for times of the order of 7, whenever Pe = ¢. For smaller Péclet numbers, the problem
approaches its purely diffusive limit, where mixing is not influenced by shear-induced
mechanisms. Interestingly, in the inviscid limit (2 — 0), the outer phase is almost at rest
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Figure 6. Time scale hierarchy and corresponding dominant heat-transfer mechanisms for the decoupled model
(I — 0) as a function of the volume fraction 8 at different viscosity ratio m and Péclet number Pe. 1, =
{t A2 Uy, T ,} are the characteristic times of transverse diffusion, advection (average speed of the annulus)
and longitudinal diffusion, see (4.11), respectively. The dispersion regime is characterised by the dynamical
competition between longitudinal advection and diffusion. ¢ = 0.01.

(U — 0) and does not experience any shear-induced mixing, while in the TFR limit, the
outer phase is so thin that transverse diffusion is almost instantaneous (t A2~ Oas 8 — 0)
at any Pe.

Finally, it is worth recalling that our analysis cannot describe the early-time dynamics of
the system — which may be referred to as pre-asymptotic dispersion regime (Young & Jones
1991; Taghizadeh et al. 2020) — and the upscaled model (3.10) holds only at times that are
much greater than TH 2 i.e. > & Pe B2, holding no memory from the initial conditions
(Ananthakrishnan, Gill & Barduhn 1965; Sankarasubramanian, Gill & Benjamin 1973;
Fallon & Chauhan 2005).

4.4. Ramifications for the modelling of thin films and Taylor bubbles

In some circumstances, the modelling of flow patterns, such as intermittent slug flow,
relies on an idealisation of the liquid film region, borrowing closure relations from core-
annular flows (see for example, Balestra, Zhu & Gallaire (2018); Picchi et al. (2018)).
Taylor bubble flow, in fact, consists of a sequence of liquid slugs and elongated bubbles,
and — if the bubble is sufficiently long — a region of uniform film thickness forms, which
can be considered, as a first approximation, a (local) region of fully developed core-annular
flow. This approach neglects the evolution of the thin-film typical of Bretherton’s problem
(Bretherton 1961), while preserving model simplicity. In the context of heat transfer, the
widely used three-zone model developed by Thome et al. (2004) and Dupont, Thome &
Jacobi (2004) assumes that the film region of an evaporating/condensing Taylor bubble
can be treated in this way.

Specifically, the heat transfer coefficient between the thin film surrounding a Taylor
bubble and the channel wall is modelled as & =«2/§ (where § is the film thickness)
considering only the heat conduction in the transverse direction (across the film) at the
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Figure 7. (a) Transient evolution of the first-order correction of the temperature profile of the annulus 1?2(1)
in the decoupled regime at x =40, for 8=0.1, m=0.01, ¢ =0.01, Pe=1, g, =0.1 and Br = Br' =0.
(b) Right ordinate: time evolution of the wall temperature (192(1) ly=1, black solid lines with circles) and the
bulk temperature (U, ! (up 192(1)), black solid line). Left ordinate: Nusselt number (4.7). The lower asymptote

(dotted line) identifies the starting Nusselt number, Nu|, .o = 16(3 — B)~' (8 — 3 )~!; the upper asymptote
(dashed line) denotes the fully developed Nusselt number Nu® (4.8).

steady-state and neglecting the impact of advection (see Dupont et al. (2004); Thome
et al. (2004); Dai et al. (2015); Magnini & Thome (2017); Zhang & Nikolayev (2023)).
In this way, the heat-transfer coefficient is obtained by assuming a linear temperature
profile in the film. The results presented in § 4.2 can be used to check the validity of this
hypothesis. Combining (4.10) with (3.14) and (3.19), we obtain the following scaling law
for the steady-state heat-transfer coefficient of core-annular flows in a planar geometry:

15 ko
h=——7— (4.12)

8 BH
At the steady-state, 4 is a function of the fluid conductivity and the film thickness
only, i.e. h = h(k», ,Bﬁ ). Our analysis confirms that the heat-transfer is primarily driven
by conduction in the film, and the temperature profile remains almost linear along the
transverse direction: when the film is thin enough, the dynamic effects due to the flow are
negligible, see figure 3(d), U — 0 as B — 0. This can be easily shown combining (C15)
with the steady-state axial derivative of the averaged temperature (4.4) for Br =0,

:q_w[5(3+y)(1—y)3—ﬁ3(5—ﬂ) B }

oV (4.13)

——1
R NS Ty

208233~ B) 2

as plotted in figure 7(a). The temperature profile is almost linear in proximity of the
wall, while it flattens out at the interface where the heat-flux is zero; this behaviour is
embedded in the numerical factor 15/8 in (4.12).

However, in regimes where the film thickness is not small compared with the channel
size (Aussillous & Quéré 2000), the flow in the film is not negligible, and the Nusselt
number should be estimated using (4.8) instead of (4.12). In addition, accounting for
transient effects would introduce the dependence of the Péclet number into the problem —
see figure 7(b).
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Figure 8. Effective coefficients of advection as functions of the volume fraction 8, for different viscosity ratios
m, when IC =1 in the absolute reference frame (V = 0). (a) Advective coefficients normalised with the mean
flow speed, i.e. a;j /Uj: j =1 (left) and j =2 (right). (b) Coefficients of coupled advection aj,/U; (left) and
a3,/ Us (right). Those coefficients are independent of the speed of the reference frame.

4.5. Heat-transfer mechanisms and temperature field in the coupled regime

When the thermal conductivities of the two phases are of the same order, K = O(1),
the heat transfer problem is described by two coupled ADHT equations (3.8), (3.9).
Differently from the decoupled regime, the phases can exchange energy through the fluid—
fluid interface. By inspection of (3.8), (3.9), we see that the temperatures evolve in time and
space due to three different mechanisms: advection, diffusion and storage/source terms.
Specifically, each ADHT equation shows (i) a canonical and a coupled effective advection
term; (i1) a canonical and a cross-coupling effective diffusion term; (iii) storage and
source terms. In the following, we elucidate the physical interpretation of those effective
coefficients to describe the main heat-transfer mechanisms of the coupled regime.

The evolution of the advection coefficient a;j =U; + a); 5 1s shown in figure 8(a) in
the fixed reference frame (V = 0). For each phase, the advection can be written as the
sum of the mean phase velocity and an extra contribution due to phase coupling. When g
1s small, the lubrication effect of the thin annulus enhances the effective advection of
the core that scales as B~! and it is not affected by the viscosity ratio. The coupling
advective coefficients alfj appear in each ADHT due to the continuity of temperature
at the fluid—fluid interface (see § C.5.2) and link one phase with the advection of the
other one. Those coupling coefficients are plotted in figure 8(b): when B is small (in the
TFR), the coupled advection in the core becomes negligible, afz — 0, and, therefore, axial
temperature gradients of the annulus do not directly affect the core. Instead, regardless of
the value of 8, a3, — 0 in the rigid-core limit (for m — o0), where the velocity profile
in the core is almost flat, see figure 3(c), and does not trigger any coupled advection
mechanism.

To investigate the diffusive mechanisms, we can think of heat transfer in the flowing
phases via an electrical circuit analogy, as shown in figure 9(a). Specifically, the core-
annular flow is represented by a parallel connection of resistors with a specific thermal
conductance equal to G and G3; the equivalent conductance is then Geq = G| + G2. In
this framework, we can recast the diffusive coefficients in analogy with the Aris—Taylor
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Figure 9. (a) Conductance ratios G /G, as functions of the volume fraction g, for K =1. (b) Effective
coefficients of diffusion as functions of 8, for different values of the viscosity ratio m, when KC =1, in the
reference frame moving at the mean flow speed (V = 1).

formalism to highlight the contribution of heat- and shear-induced diffusion as

G G
s = 142 (D1 n 3;].), Ay = G—2 +AZPR (Dy+8%,).  (414a-b)
eq N ) €q —
~— — (ii)

() i ()

The first contribution, (i), is a volume-weighted average of the thermal conductivities of
the individual phases and recalls the typical effective description proposed by Maxwell for
the heat diffusion coefficient of composites (Maxwell 1873); its evolution with the volume
fraction is shown figure 9(a), where we set KC = 1. Note that the ratio G j / G¢q also appears
in front of each time term in (3.8), (3.9), representing the thermal inertia of the phases,
i.e. their capacity to store heat and delay its transmission. In the limit of I — 0, the ratio
G2/ Geq equals unity and the coefficient reduces to one discussed for the decoupled model.
The second contribution in the effective diffusive coefficients, (i1), accounts for the shear-
induced diffusion, D1 and D,, and the coupling between the phases via the terms 8;. i Both
the effective diffusion coefficients scale with the square of the Péclet number, while the
extra contribution due to the interaction is specific of this class of coupled-layers problems
since it enter the ADHT equations by imposing the continuity of temperatures at the fluid—
fluid interface (see the derivation in § C.5.2). Those terms are quadratic expressions in the
speed of the moving reference frame, V, see (C41), consistent with previous works in the
context of mass diffusion, e.g. see Aris (1959).

The evolution of D, with f and m has been discussed in §4.1, figure 3(a), while
the shear-induced diffusion for the core, Di, is plotted in figure 9(b) setting V =1.
Specifically, in the rigid-core limit, m — oo, the shear-induced diffusion becomes
negligible since the inner phase has a flat velocity profile, see figure 3(c), preventing any
extra spreading across the axial direction rather than heat diffusion. Conversely, in the free-
surface limit, m — 0, the outer phase is almost at rest and behaves like a static coating: D
increases linearly with the thickness g as

2 B
Di(V=1,m—0=—+_—, (4.15)

105 15
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Figure 10. Normalised coefficient of shear-induced thermal conductivity I1, for the outer phase of core-
annular flows (JC = 1) against the flow Péclet number Pe, for different values of volume fraction 8 and viscosity
ratio m.

showing that a thinner core will result in higher transverse variations in its velocity
profile, promoting the shear-induced axial diffusion mechanism. As expected, the single-
phase limit of 2/105 is recovered when g — 0.

To explore the influence of the flow parameters (m, B, Pe, K, A) on the heat-
transfer mechanisms in the coupled regime, we set V =1 and study the ratio between
the coefficient of shear-induced thermal diffusivity in (4.14) and its single-phase limit,
I1; = d}j/DAT, j» similarly to what done in § 4.1:

I - K
1+ 1P epe (D1 +6Y)) 1+ 5P | p (D2 + 83%,)
KB 1-8
I = 5 : I = 5
14+ —— A2 Pe? 14 —— Pe?
105 105

(4.16a-b)
The evolution of I1, against the Péclet number is shown in figure 10, varying the viscosity
ratio m for three different volume fractions g8 = {0.05, 0.2, 0.8}; the conductivity ratio
IC has been set to unity. The normalised diffusion coefficient of the outer phase has the
form of an S-shaped curve and allows the identification of a diffusion-dominated and an
advection-dominated regime. Differently from the decoupled model, the purely diffusive
regime is characterised by a limiting value that exceeds unity, i.e. [T, - 1+ K /(1 — B)
for Pe — 0, and equal to the conductance ratio G3/Geq, see the expression of ¢} given
in (C38). The advective limit is strongly affected by the viscosity ratio and the volume
fractions. Specifically, when the thickness f is small, the combined effect of advection and
the coupling between phases reduces the diffusion coefficients compared with the case of
single-phase flow. This effect is more pronounced in the free-surface than in the rigid-core
limit. When the annulus is thick enough, instead, IT> can overcome the purely diffusive
limit for sufficiently small values of the viscosity ratio m. The shear-induced diffusion ratio
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Figure 11. Normalised coefficient of shear-induced thermal diffusivity /1; for the inner phase of core-annular
flows (IC = 1) against the flow Péclet number A Pe, for different values of viscosity ratio m, setting the volume
fraction to (@) 8 =0.05 and (b) B =0.4.

for the inner phase I1; shows a similar behaviour, as presented in figure 11: at low Péclet
numbers, IT] — G1/Geq =1+ (1 — B)/(K B), see the expression of 7} given in (C38).
However, in the advective regime, the shear-induced diffusion in the core is minimal in
the rigid-core limit, where transverse variations of velocity are negligible.

A similar analysis can be done for the cross-coupling diffusive terms Pe? dy, and

A2 Pe? d}, in (3.8), (3.9), introducing the following ratios:

Pe? df, A% Pe* dj,
I = — S I = 5 (4.17a-b)
1+ — Pe? 1+ —— A2 Pe?
tl05°°¢ s e

The physical origin of these coupling terms is due to advection only, as can be seen in
figure 12. Both coefficients, in fact, tend to zero in the purely diffusive regime (Pe — 0)
and play a role only when advection is important, i.e. at high Péclet numbers. Note that the
coupling terms enter the model when the temperature continuity is enforced, see Appendix
C.5.2, suggesting that, at high Péclet numbers, heat diffusion in one phase is influenced
by diffusion in the other one and vice versa. This mechanism can either play as negative
diffusion (with respect to a reference frame that moves with the mean flow V =1, and,
therefore, the core is always faster than the annulus), as in the case of the annulus, see
figure 12(a), or either enhance or reduce diffusion depending on m and B in the case of
the core, see figure 12(b).

Finally, we study the source terms in (3.8), (3.9) to interpret how the external source of
energy ¢q,, affects the model. To do so, observing that the source terms are identical up to
a factor equal to K2, i.e. K2 el = e3, see (C45), and are opposite-signed, we consider the

linear combination, K2 (3.8) +(3.9), so that the exchange terms cancel out to obtain

A A

A A
qw (Kzgf 4 g;) =T G +6y=12"g,, (4.18)
& EK) EK
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Figure 12. Normalised coefficients of cross-coupling diffusivity, (@) 112 and (b) Iy, for a core-annular
system (JC = 1) against the corresponding flow Péclet number, for different values of viscosity ratio m and
volume fraction §.

The resulting source term is the imposed heat flux at the channel wall multiplied by the
sum of the two thermal conductances, see figure 9(a), confirming the consistency of our
model. In other words, in the equation for the annulus, the source term is positive and
greater with respect to the decoupled model by a factor 3 K /2(1 — B) > 0 — see (C44) —
while in the core, the source term is negative, —K /2(1 — ) <0, so as to preserve the
continuity of the temperature and the thermal flux across the interface. Overall, the
energy entering both layers is equal to (4.18) and consistent with the imposed boundary
conditions (2.16).

4.6. Transient and steady-state temperature field in the coupled regime

In the coupled regime, the system of coupled ADHT equations (3.8), (3.9) can be solved
numerically and admits an analytical solution only at the steady state.

At the steady state, in fact, diffusion smears out any sharp differences of temperature,
and the solution (z?;?o) (x), j ={1, 2}, can be derived by setting to zero the time derivatives
and diffusive terms in (3.8), (3.9), yielding an inhomogeneous system of linear first-order
ordinary differential equations (ODEs), which can be recast via a linear combination as

d{v°
B} o (059) - o0l + .
1959 (4.19a,b)
d(9
2= (979 (95 + 72,
where
*  _x x % ax, er +al, ex ar e* +a*, e*
/1:8(011“22—0‘12“21)’ m=- 22/11136/112 2, p=-2 1P€/l” 2 (4.20a)

1011 A41-28



https://doi.org/10.1017/jfm.2025.360 Published online by Cambridge University Press

Journal of Fluid Mechanics

a*, w* —a*, w*) Br + (a*, ¢* —a*, o*
y = ( 22 Wy 12 2) ( 22 81 12 gz) ‘lw’ (4.20D)
APe A

_a* w*+a* w* Br_|_ _a* *_'_a* *
o = ( 21 Wy 11 2) . /1( 21 81 11 gz) ‘Iw_ (4.200)
(4

A particular solution to system (4.19) (see Kamke (1977); Polyanin & Zaitsev (2017)) is
represented by two parallel lines of slope M and intercepts Q ;:

(99) () = Mx + Q). with M= Mr=—mn ., _ N (v1 — )/i)’ @21)
nm—n (m —n2)
meaning that, at the steady state, the temperature of both phases increases linearly in the
axial direction with slope equal to M (q,,/Pe, B, m, K A, Br’) given by

= 24w (1—=B)°+m[B(B*—3B+3)+12Br]

ePe |mp23 - +KALRA-P’+3mpA-p2-P]]

where the dimensionless group K A represents the volumetric heat capacity ratio.
Remarkably, in the free-surface limit, m — 0, M is independent of B and equals
qw/ (e Pe K A), whereas the single-phase limits are
1+ 12m Br’
1+ 1om Br if B— 0,

KA (4.23)

1+ 12 Br’ if B—>1,

(4.22)

gePeM .
dw

recovering, in the absence of viscous dissipation (Br’ = 0), the expected steady-state
thermal behaviour, i.e. M o {1/(K A); 1}, see figure 13(a). The difference between the
intercepts Q> — Q1 corresponds to the steady-state thermal lag between the outer and the
inner phase. Interestingly, in the free-surface limit, m — 0, the normalised thermal lag
increases linearly with 8 as [4(1 — 8) +5 K B]/(10 K).

The transient formulation of (3.8), (3.9) can be solved numerically, as shown in
figure 14(a, b), choosing a liquid-liquid system from table 1; the numerical solution has
been obtained using the pdepe solver of MATLAB, setting an initial temperature equal
to zero in both phases and imposing the steady-state heat flux M, given in (4.22), at
the right boundary of the domain (x = 20). A second-order accurate spatial discretisation
scheme is employed to convert the original problem into a set of ODEs, which are then
integrated to obtain approximate solutions at the specified times (Skeel & Berzins 1990).
Time discretisation is performed using a multistep variable-step variable-order (VSVO)
solver based on numerical differentiation formulae (NDFs) of orders 1-5 (Shampine &
Reichelt 1997; Shampine, Reichelt & Kierzenka 1999). We use equally spaced meshes in
the intervals 0 < x < 20 and 0 < ¢ < 18, with 1001 and 501 points, respectively. To ensure
highly accurate results, the relative and absolute errors at each integration step have been
set to 10~12, with norm control enabled to manage the overall error in the solution vector.
As time elapses, the solution evolves and an increasing region of the channel reaches the
steady state.

Interestingly, we can use the numerical solution to check the model consistency and
verify that the continuity of temperature at the fluid—fluid interface has been properly
enforced. This issue represents a key aspect of the model, since such a boundary condition
has been imposed in asymptotic terms, see § C.5.2. From figure 14(c), we can see that the
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Figure 13. Normalised (a) slope and (b) difference in intercepts for the steady-state solutions (4.21) to the
coupled model, as a function of the volume fraction of the outer phase B and for fixed values of the viscosity
ratio m, corresponding to a liquid-liquid scenario with .4 =0.51 and K = 5.18, see table 1.

temperature difference, 9 — 9 = ((91) + /¢ 191(1) + & 291(2)) — () + /¢ 292(1) + & 292(2))
evaluated at the interface and keeping the first three terms of the expansions is within the
O(e4/¢) error, consistent with the two-scale asymptotic expansion in (3.3). Our model is
in fact accurate up to the order O(e).

4.7. Nusselt number in the coupled regime
In the coupled regime, the bulk temperature 9, see (3.15), simplifies to

AU =B U (190) +VEDD) + B Us (192) +E 03
KAAQA-B) U +BU

Up (x, 1) = + O(e),

(4.24)

and the Nusselt number can be computed though the definition (3.19), using the

numerical solution of (3.8), (3.9) for the averaged temperatures (29]) to estimate the

first-order terms in (4.24) via (Cl12) and (C15). The Nusselt number in laminar

coupled core-annular flows with uniform wall heat-flux is a function only of Nu =

Nu(x, t, B, m, A, K, qu, Br', Pe) and, based on the definition of the heat-transfer
coefficient, see (3.12), it allows for obtaining the two-phase heat-transfer coefficient.

An example of the time and spatial evolution of Nu(x, 7) is given in figure 14(d):
the Nusselt number evolves according to an S-shaped trend and is bounded between a
lower and an upper horizontal asymptote, corresponding respectively to its limiting values
for t — 0o and ¢t — 0. The impact of the Péclet number (i.e. the competition between
advection and diffusion) is qualitatively similar to what is described in figure 5(b—f) for
the decoupled regime and it is not shown here only for the sake of brevity.

At the steady state, the axial gradients of temperature d(2};)/0x can be replaced by the
slope M given in (4.21) and the Nusselt number Nu® = Nu®° (B, m, A, K, Br’) can be
written in a closed form (its full expression looks quite cumbersome and it is not reported
here only for the sake of brevity). Figure 15 shows the evolution of Nu® with respect to
the volume fraction and the viscosity ratio for a liquid-liquid case, see table 1, keeping
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Figure 14. Transient evolution of the averaged temperature (i;)(x, f) in the coupled regime, (a) j =1,
(b) j =2. (c) Absolute value of the difference between the temperatures of the two phases at the interface
#;]y=1-p, including corrections up to the second order. Dashed horizontal lines represent the O(e!/2, ¢, £3/2)
tolerances choosing ¢ = 0.01. (d) Time evolution of the Nusselt number Nu(x, t) against the axial coordinate
x. For this liquid-liquid scenario (see table 1), the simulation parameters are: Pe=1, A=0.51, K =5.18,
m =0.625, g, =0.1, 8 =0.5, B =0. Mesh resolution: Ax = 0.02.

the conductivity ratio as K = 1; the panels (a)—(c) show the effect of the diffusivity ratio
A. First, the single-phase limits of the steady-state Nusselt number for a vanishing core
(i.e. the channel section is entirely occupied by the outer phase) yields to

4+0(1—B) if m— 0,

Nu® (,3 -1, m, A K, BI’/) = 140 - (4.25)
m 4+ O(1 — B) otherwise,

confirming that the result obtained as m /4 0 is consistent with the single-phase
benchmark expression given by (278) of Shah & London (1978) (Nu®™ = 140/17) for a
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Figure 15. Limiting two-phase Nusselt number for a core-annular flow of unitary conductivity ratio, X =1,
as a function of the volume fraction B, for fixed values of the viscosity ratio m. Panels (a) to (c) refer to
a non-dissipative core-annular flow (Br’ =0) with increasing diffusivity ratios as increasing powers of the
small-scale parameter, ¢ = 0.01: (a) A=¢, (b)) A=./¢,(c) A=1.In(d), A=Br' =1.

uniform heat flux boundary condition imposed in a planar channel. Note that in the free-
surface limit, m — 0, the outer phase moves so slowly (see figure 3d) that the heat flux
cannot be convected downstream and the Nusselt number converges to the value of 4,
in agreement with the case of two different temperatures specified at each boundary, see
(268) of Shah & London (1978).

Interestingly, when m — 0, the convective heat-transfer is less efficient compared with
the single-phase flow and Nu® < 140/17 in the whole range of volume fractions, see
figure 15(a—c). In the free-surface limit, in fact, the annulus moves so slowly (see figure 3¢)
that the asymptotic Nusselt number is unaffected by the thermal diffusivity ratio A:

140 K
Nu® (8, m — 0, K) =

. (4.26)
35K B+ 17(1— B)
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Notice that, in the coupled regime (k = 0), the use of K or K = K &* is equivalent
in (4.26). In the rigid core limit, instead, convective heat-transfer is favoured and is always
enhanced compared with the single-phase flow, namely Nu®> > 140/17, in the whole range
of B. This can be explained by the shape of the velocity profile (linear in the annulus and
flat in the core, see figure 3c), that maximises heat transfer ensuring the most efficient
replacement of fluid over the heated surface. This effect is amplified by lowering the
diffusivity ratio 4. Specifically, the thermal diffusivity represents the promptness of
a material in dissipating a temperature inhomogeneity relative to its tendency to store
thermal energy, and, therefore, when A is less than one, the diffusivity of the core is
greater than that of the annulus. In our case, a lower value of A results in a greater
tendancy of the outer phase to accumulate the heat received from the surroundings rather
than diffusing it, enhancing the heat-transfer coefficient. This behaviour is favoured at low
volume fractions, i.e. when the fluid in contact with the channel wall is sufficiently thin.
In contrast, increasing B leads to a larger thermal resistance in the annulus and gives a
greater difference between the wall and the bulk temperature defined in (4.24), reducing
the heat-transfer coefficient 4 and the Nusselt number.

In other words, two-phase flows enhance convective heat transfer only under certain
conditions. Specifically, only if the viscosity ratio is finite and the diffusivity ratio is small
enough, we observe an enhanced heat-transfer coefficient, in particular at low volume
fractions.

Finally, the effect of viscous dissipation on the Nusselt number is shown in figure 15(d),
setting Br’ = 1 while keeping .A = 1. When the two fluids have the same viscosity, i.e.
m = 1, the Nusselt number does not depend on the volume fraction and viscous dissipation
lowers the value of 140/(108 Br’ + 17). The curves obtained for values of m larger than
1 are located below this threshold, while those where 0 <m < 1 lie above it. In any
case, viscous heating (Br’ > 0) reduces the efficiency of convective heat-transfer and the
dependence on the viscosity ratio is flipped compared with the non-dissipative scenario.
This can be attributed to the combination of two factors (Shah & London 1978): (i) a
reduction in the wall temperature gradient near the wall region due to viscous heating; and
(i1) a slower rise of the bulk temperature along the channel axis, due to a reduced amount
of heat transferred through the wall.

5. Conclusions

Forced convection in two-phase channel flows arises in a large variety of applications. In
this paper, we derived an asymptotic one-dimensional model to describe the heat transfer
in laminar core-annular flows in a planar geometry heated by a uniform heat-flux (extended
Graetz-type problem).

The main heat-transfer mechanisms (advection and diffusion) occurring along the
transversal and the longitudinal direction has been modelled via effective coefficients,
which depend on the Péclet and Brinkman numbers, the dimensionless heat flux, the
viscosity, thermal diffusivity and thermal conductivity ratios, and the volume fraction
only. Specifically, the resulting diffusion coefficients provide a generalisation of the
classical Aris—Taylor dispersion theory to two-phase flows. The model reveals the
existence of two main regimes, depending on the thermal capacity of the two phases.

When the thermal conductivities of the two fluids are of the same order of magnitude,
as in liquid-liquid systems, the system is described by two-coupled advection—diffusion
heat-transfer equations. The coupling between the phases results in a canonical and a
coupled effective advection term, a canonical and a cross-coupling effective diffusion
term, and storage and source terms for each phase. We derived an analytical model for the
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Nusselt number revealing that the heat transfer is enhanced with respect to the single-phase
scenario only if the viscosity ratio is finite and the diffusivity ratio is small enough. In
addition to that, we identified the dominant regime controlling thermal mixing depending
on the magnitude of the Péclet number. In particular, at small Pe, the transport of thermal
energy is dominated by diffusion. For intermediate values of the Péclet number, advection
and diffusion compete, leading to a strong influence of both the flow condition (i.e.
Péclet number) and the properties of the system (i.e. volume fraction, viscosity, thermal
conductivity and thermal diffusivity ratios) on the dispersion coefficient. At high Pe, heat
transport is fully dominated by advection.

When the annulus is more conductive than the core, as in most liquid—gas systems, the
phases are thermally decoupled and the averaged temperature of the core evolves according
to a single one-dimensional advection—diffusion heat-transfer equation. In this case, the
limiting Nusselt number scales as the inverse of the annulus thickness and it is independent
of the viscosity ratio. If the annulus is thin, our model confirms that, within the film, the
heat-transfer is primarily driven by conduction and the temperature profile remains almost
linear along the transverse direction. Interestingly, in the advection-dominated regime, the
core-annular flow pattern does not enhance thermal mixing compared with single-phase
flow, in particular when the volume fraction is small. Our analysis is complemented by
the identification of a hierarchy between the characteristic time scales of advection and
diffusion, helping in understanding the proper time window where thermal dispersion can
be observed.

Our work clarifies the impact of the phases topology on forced convection and we hope
that it may be extended with the aim of offering a more rigorous interpretation of the
heat-transfer phenomena taking place in more complex two-phase flow patterns.

Funding. This study has received funding from the European Union ‘NextGenerationEU’, Ministero
dell’ Universita e della Ricerca (MUR) ‘Italiadomani’ Piano Nazionale di Ripresa e Resilienza (PNRR), Mission
4, Research Project PRIN 2022 ‘Predictive forecasting and risk assessment for CO» transport in pipelines’,
MUR code: 20229JPN53; CUP Master code: J53D23002000006; CUP code: D53D23003250006.

Declaration of interests. The authors report no conflict of interest.

Appendix A. Velocity profiles

Consider a core-annular flow as shown in figure 1 at laminar and steady-state conditions:
the system is composed by two immiscible and incompressible fluids with no interfacial
instabilities or entrainment of one phase into the other (Joseph, Nguyen & Beavers 1984)
and in the absence of any body forces (such as buoyancy). The channel is assumed
to be shallow enough (H /I: & 1) so that the momentum equations of each phase are
simplified using the lubrication approximation and the flow is treated as one-dimensional
(the velocity components in the transverse and normal directions are neglected). The
momentum equation for each jth-Newtonian fluid, then, reduces to

dp d%i; ,
0=—E+de2—§]2 J=A{l, 2}, (A1)
subjected to the following boundary conditions:
diy
= =0, (A2a)
dy )3:0
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dﬁl dﬁz
LR BT = M2 — E (A2b)
dy ly=a-pa 43 ls—a-pa
Wls_q-pyh = 2l5-q-pyi - (A2¢)
i2]5_p =0, (A2d)

namely, the symmetry of the inner velocity profile with respect to the channel
axis (A2a), the continuity of tangential stresses (A2b) and velocities (A2c) at the interface,
and, the no-slip condition at the channel wall. The set of equations (Al) admits the
following analytical solution

PR 1 dp . A . A .
i) =55 +A;5+B;  j={1, 2}, (A3)

where A I3 B j are constants to be determined imposing the boundary conditions given
in (A2):

A =0, A, =0, (Ada)
. 1dp H?[ur — B2 — _ . 1 dp H?
B—_Ldp (2 — B2 = B) (12 M1)]’ B —_Ldp HY (Adb)
2 dx Hi 2 2 dx pp

leading to the dimensional velocity fields expressed in (2.1). Effects related to thermo-
capillary Marangoni convection have not been considered in this work.

A.1 Dimensionless velocity profiles

The dimensionless velocity profiles u j(y) normalised using (2.12b,d) are given by

ur(y) =3 A[l+ B2 — B)(m — 1) — y?1, ur(y) =3 Am(l—y*,  (ASa)
Uy = A2+ B2 — B)(3m —2)], Uy=AmB3 - B), (A5b)

with
AT =2[14 B(B* =38 +3)(m — 1)]. (A6)

Figure 3(c) shows the velocity profiles (AS5a) as a function of the viscosity ratio m.
When m — oo, the inner fluid approaches the constant plug-like profile and we will refer
to it as the rigid-core limit; conversely, the outer velocity profile becomes linear in the
free-surface limit when m — 0 (Balestra et al. 2018).

The evolution of the average speed U;, see (A5h), against the volume fraction of the
outer phase for different values of the viscosity ratio is presented in figure 3(d).

Appendix B. Heat capacity flow rate ratio

In Graetz-type heat exchange problems, the heat capacity flow rate ratio (or capacitance
ratio) Cr is widely used. This dimensionless number is the ratio between the heat capacity
rates (the product of mass flow rate 72 ; and specific heat capacity at constant pressure ¢, ;)
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Figure 16. Evolution of the heat capacity flow rate ratio Cr as a function of the dimensionless thickness of the
outer layer g for different values of the viscosity ratio m in (a) liquid-liquid and (b) gas-liquid systems. The
two set of curves differ for the thermal capacity ratio IC .A. The TFR is highlighted by the grey area.

of the two phases flowing in a heat exchanger (Bai et al. 2018). For the core-annular
configuration depicted in figure 1, Cr is computed combining (2.14¢, ASb, A6) as

ey _pr B Urcpa 1 B> m(3 — p)

Cr= = = .
eyt p1-BU cpr KAU-B20-p +3mp2—p)]
(BI)

From the physical point of view, the heat capacity ratio governs the distribution of heat
between the two phases and plays a crucial role in determining the overall effectiveness of
heat transfer. Specifically, Cr describes how efficiently the energy is transferred from one
phase to the other: the optimal performance is obtained when Cr =~ 1, while for Cr — 0 or
Cr — o0, its effectiveness is limited due to one phase dominating the heat transfer process.
The Cr is typically related to the design and the optimisation of heat exchangers, e.g. the
NTU (number of transfer units) method (Langerova & Matuska 2023).

In figure 16, we plot the capacitance ratio against the volume fraction of the outer
phase for different values of the viscosity ratio for liquid-liquid and gas—liquid systems,
identified by the order of magnitude of the thermal capacity ratio (i.e. the product IC A).
Referring to table 1, we can assume that K A~ 1 in liquid-liquid and K A~ 10~3 for
gas—liquid systems. Interestingly, Cr increases with m while keeping g fixed for both
liquid-liquid and gas—liquid systems, and the optimal condition of Cr =1 shifts to lower
B, see figure 16.

Appendix C. Derivation of the heat-transfer model using two-scale asymptotic
expansion

In the following sections, the derivation of the effective equations is carried out following
the procedure discussed in § 3.
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C.1 Expanded governing equations

After making the axial-coordinate stretching (3.1) and using (3.2), the governing
equations (2.13) become

. 2 2
asia[ 30 | 00,7 [ 9% a%vy
8p 1“|:8¥+\/E(MJ—V)¥ = 88—%_24'8—))2

, 2
4 B gb+ 81 [loge (m/K)—k] (dﬂ) ’ (C1)
dy
where u;(y) is the velocity profile of the j-phase given in (A5), V is the velocity of

the moving reference frame, and (S{ =1- (Sg is the Kronecker delta defined in (3.7) and
introduced to make the model derivation more compact. Plugging the expansion (3.3)
into (C1) leads to

Y [8 319_](.0) e 819](,1) Ve (- V) 819](-0) v (uj—V) 819](-1)
T ot / & ! 0
o9 929" 829D
+ev/e (uj—V) 8é }"'8 ang teve 8%‘]2
2 4 (0) 2o (1) 2.4(2)
(C2)

Since the employed asymptotic expansion (3.3) was truncated to its first three terms,
a cascade of equations for the unknown functions 19](.”), with n ={0, 1, 2}, originates
from (C2). Specifically, we obtain

3290
O): 52 =0, (C3a)
CROAR ; o0 oy du; ¥
O : ] _—gmptdia(,. vy S _peb—a+8 e (R)-K (2L} (C3p
(Ve) 57 =¢ (uj =) P e o ) ©D
89 ; [avl? DA I R
O . 7 — -pt+dal|l_J R 4 J _ J ’ C3
(&) I [ Py +(uj=V) 5E 92 (C3c)
O(e/E): 0= g—P 3] a 9} v Gl I C3d
U= 1 _— . _
(e4/e):0=¢ P (uj—V) T 5E2 (C3d)

where the order of magnitude of the governing parameters is within the applicability
region discussed in § 3.1 and has been chosen in a way that ensures the least degeneracy
of the closure problem (Van Dyke 1964). In other words, we keep the maximum possible
number of non-vanishing small terms (Feuillebois & Lasek 1977) when equal powers of
¢ are gathered from the expanded governing equation (C2). Doing so, all the relevant
physical effects enter the problem as soon as practicable and not beyond (Richard et al.
2016).
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C.1.1 Boundary conditions
The boundary conditions (2.16) have to be expanded so that at each order in (C3), we
obtain a boundary-value problem in the form of a second-order linear partial differential
equation (PDE) that can be solved integrating twice in y.

The continuity of thermal fluxes across the interface (2.16b) reads

(0) (1) (2) 0) (1) 2)
v v v av v v
2 + \/E 2 +¢ 2 =K 1 + \/E 1 + ¢ 1
dy dy 0y J|oip dy dy dy

9

y=1-8
(C4)

suggesting the identification of several regimes based on the order of magnitude of the
thermal conductivity ratio K. In this work, we will focus on regimes where the inner phase
exhibits a comparable (k = 0) or lower (k > 0) thermal conductivity with respect to that of
the outer phase only. Therefore, depending on the order of magnitude of the conductivity
ratio, the terms on the right-hand side of (C4) shift between orders.

The continuity of temperatures across the interface (2.16¢) is not imposed order-
by-order, viz. 191(") ly=1-p = 192(") ly=1—p, because it is not compatible with the chosen
gauge (3.6) (namely, that the leading-order temperature coincides with the averaged
temperature). Instead, similarly to Ling et al. (2016), we interpret the temperature
continuity as an asymptotic equivalence of the type

=0 (ev/e).

R R
(C5)

The adiabatic condition (2.16d) at y =0 is straightforward and consistent with the
symmetry of the problem, giving

y=1— y=1-p y=1-p

99"

=0, n=1{0, 1, 2}. (C6)
dy

y=0

Lastly, to satisfy the gauge condition (3.6), the dimensionless external heat flux imposed
at y =1 needs necessarily to appear as an O(y/e) quantity, which is equivalent to
writing (2.16a) as

3192(”) 0 fn=0vn=2,

3y (C7)

1 |oef 7 itn=1.

C.2 Order O(1): 19](.0) solutions

The leading-order equation (C3a) and the boundary conditions (C6), (C7) for n =0 are
homogeneous. This ensures that the boundary-value problem

820"
J =0
9y?2 ’
3 C8a,b
81‘}](.0) (C8a,b)
9 =0
L Y y=3§

admits a trivial solution (i.e. that 191(.0) is independent of y), and, therefore, 19](-0) &, 1)
corresponds to the average dimensionless temperature (©%;)(§, t) defined by (3.4). This is
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true as long as p < 1/2, p—a <1/2 and f > 0, namely Pe < 1//¢, APe < 1/4/¢ and
qw < 1 — viscous dissipation also has to enter the problem as an O(4/¢) contribution or
lower.

C.3 Order O(/¢): 19](.1) solutions

At the order O(4/¢), the derivation will be carried out without choosing a specific value
for the velocity of the reference frame V, which will remain arbitrary. This issue will be
discussed in § 4.

Starting from the inner phase, (C35) and (C6) with n =1 and j =1 give the following
boundary-value problem:

2.4(D) (0)
01, _epta gy _ 01, m B bk du1
dy? & K dy
) (C9a,b)
a5
5 =0.
y y=0
Integrating (C9a) with respect to y gives
(1) 0) b—k %y \2
A e“ . v mB ¢ dui(y*) (1)
— —V)dy* | — - dy* + A},
= ([ on-vier) Jo -T2 S (50 o el
(C10)

where the integration constant Agl) =0 is determined by using the thermal symmetry
condition (C9b) along with the corresponding velocity profiles (AS5).
Then, we proceed by integrating (C10), obtaining

©0) b—k *

(1) & / " 2.4\ 00 mBe // dul(y) 25 p)
1% =— —-V)d — d B,
U 8p</(u1(y) ) y) 7% X i y* + B

(C11)
where the integration constant Bl(l) 1s determined enforcing the gauge-fixing condition

of the type of (3.5), i.e. <191(1)>:O (see Mikeli¢ et al. (2006)). Doing so, we get an
expression for the first-order correction of the temperature of the inner phase

"  mB bk}

(1) . _ .—p+ta | w
9 (€, y, T &) =e P My(y) v = 2 MY (y), (C12)
where the functions
[ =p)r=3y? A 4 27 2
M1(y)—[ - }V+%{—5y +3O[ﬁm(2—ﬁ)+(1—ﬁ) ]y +
~(1=p2[10pme-p+90-p72]}. (C13a)

3AZ[5y* =1 -7
5 9
are traditionally named B-fields after the seminal works of H. Brenner (Brenner

& Stewartson 1980; Brenner & Edwards 1993) on Taylor dispersion. These functions
represent the mean axial displacement at long times of a fluid particle located at y within
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the channel cross-section, under the assumption that its initial positions are all equally
probable (Mauri 2015).
For the outer phase, j =2, (C3b) and (C7) forn =1 give

8219(1) 819(0) d 2
2 —e P (uy— V) —2 _Bsh—2 st ,
dy? & dy
; Cl4
ao D 0o~ (Cl4)
=Q¢
dy
y=1

Following the same mathematical procedure illustrated earlier yields a solution for 192(1) in
a similar form:

0)
OV &y, T o) =P Ma(y) =2 — Beb Tz MY (y) + 0l m 2 Mi(y),

0§
(C15)
where
2 1 — 2 A
Mz(y)=[/8 d-y) }V+—m<5y4+30y240y+545;33+15),
6 20
(C16a)
w 3A*m? 4 4 3 2
MY () === (—Sy 120y 4+ B 583+ 108 —15), (C16b)
Mi(y) = b_, C16
2 y=y+ > . ( C)

C.4 Order O(e): 191(-2) solutions

At the order O(¢), the procedure to find 19](.2) can be simultaneously applied to both phases

using the Kronecker delta defined in (3.7). First, since the previous-order solutions 19](.1),

see (C12), (C15), depend on the axial coordinate £ only via the leading-order temperatures
©

19]. ), we have

9oV j 9290
_J _—p+da . —J C17
T M (y) 522 (C17)

Then, we can replace (C17) into (C3c¢) and use the boundary conditions (C6), (C7) to
obtain

3217(2) _ ©0) _ 8219(0)
J . —p—|—81a J |:2(—p—|—5]a) . _ . _ ] J
= & 1 —+ £ 1 V M 1 9
2
R
aJ =0.
y y:(Sé
(Cl18a,b)
1011 A41-40



https://doi.org/10.1017/jfm.2025.360 Published online by Cambridge University Press

Journal of Fluid Mechanics

Integrating (C18a) between 85 and y and making use of (C18b) lead to

) 0) 2.4(0)
3% : 99 : 329"
J _ g—p+dla . J [2<—p+6{a) (V) — 0 ] J C19
3y (y) =¢ 0j) = ¢ vi(y) —ei(y) e (C19)
with

y y
‘Pj(y):/j dy*, wj(y)=/8j ZiyHdy*, i) =(uj(y) — V) M;().

82 2
(C20)
Integrating (C19) indefinitely gives
() 2.4(0)
; 0 ; 0°1;
2) _ —p+8a F. J 2(—p+8la) g . = J )
97 () = e P (y) o +[e proe !If](y)—cb](y)] 52 + B,
(C21)
where
®;(y)= f 0, OOdy*, Ty = / ¥ (%) dy*, (C22)

and BJ(.Z) is an integration constant, which can be found via the gauge-fixing condition

(1‘}](.2)) = 0. Finally, we obtain the full expression for the second-order correction of the
temperature for both phases:

- 89" ~ 829"
0 @ v e = e L 4 [P w000 |
(C23)
with
;N =0;—(;), W)=Y —(¥) (C24)

By inspection of (C23), we can notice that the O(¢) temperature profile describes the
temporary thermal fluctuations occurring within the system through a time-derivative and
a diffusive term. We do not report here the full analytic expression for the y-dependent
functions that define the O(¢) solution, since we will follow the approach presented by
Ling et al. (2016) for closing the problem (see § C.5), where we will make use only of the
value that (C19), (C23) assume at the interface. To lighten notation, the inverted circumflex
accent will be employed to denote the evaluation of a given function at the interface,

namely /\>lj = /\/lj(y)|y=1_ﬁ.

C.5 Closure of the upscaled model

To derive the upscaled model, the cross-sectional average operator (3.4) is applied to (C2)
while accounting for the boundary conditions. This is a necessary and sufficient condition
for the cascade of linear equations (C3) to be solvable, thereby enforcing the solvability
condition.
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Thus, applying the gauge condition (3.6) to the expanded energy equation for the outer
phase (C2), j =2, we obtain
[~ ) (i)

3 () 3 () 0" 99
P + e (up —V) T +—8<(u2—-V) T +e/e{ (ua — V) T

e Ple

82 (1) Vel 2 el ooV ar 99,
“ag2 g T sl s
3 B | Ve Yolig] P U
(iii) (iv)
B b 1 d 3\ \ 2
28 ( u2(y )) dy*, (C25)
B Jip\ dy*

where we used the wall boundary conditions (C7) at O(\/¢, ¢). Four terms in (C25)
need to be closed: two non-local advective terms (i, i1), and two interfacial boundary terms
(iii, 1v). By means of (C17) and (C20), the term labelled by (i) can be expressed in terms
of macro-scale quantities as e 7 (7 ) 9% (D7) /& 2 while the term (ii) is found to be zero
by averaging (C3d) with j =2.

Based on the disparity in the thermal conductivities of the two phases, the continuity
condition of thermal fluxes at the interface, see (C4), has different expressions depending
on the order of magnitude of thermal conductivity ratio and, therefore, different closure
relations are valid for terms (ii1) and (iv). This leads to the identification of two different
thermal models which may incorporate one or two equations (similarly to Quintard
& Whitaker (1993); Lewandowska & Auriault (2004); Lewandowska, Szymkiewicz &
Auriault (2005)): the cases where k > 0 (decoupled model) and the case where k =0
(coupled model).

C.5.1 Decoupled model
When k > 1, term (iii) is obtained by replacing (C12) into (C4)

m B g’ d./\>l11/v
Ve o dy o
while term (iv) is zero. Thus, the upscaled energy equation describing how temperature

evolves in the outer phase does not directly contain any information related to the inner
flow temperature, and the resulting model is termed decoupled:

3(9) &P 3(92) (W) O ;4 B 4.,
e T2 Vg g2 Tt T M
(C27)

where the integral contributions to effective diffusivity and viscous dissipation have
been denoted for brevity as follows:

(ii1) : (C26)

e P _ [1 42 Dz]

dMY 1 dur () \?
Dy==(T).  Wi=Wasm S b W= | (ﬂ> ay"
dy 1-g \ dy
(C28a—c)
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The full expressions of the above effective coefficients are give later on in Appendix C.6,
see (C40b) and (C46c¢). After multiplying both sides of (C27) by &”, reintroducing
dimensionless groups according to (3.2) and scaling back the spatial variable & — z
via (3.1), we obtain a one-dimensional ADHT equation for the averaged temperature of
the outer phase whose full expression is given in (3.10).

A special scenario is represented for the case where k = 1/2: the O(4/¢) solution for the
inner phase (C12) yields the following closure:

(iv): KePta_—

(C29)

while term (iii) is the same as for the case where k = 0. Using (C29) leads to a single-
equation model of the form of (C25) but requires an a priori knowledge of the axial
gradient of the temperature of the inner phase 9 (¢}1)/0&, reducing to the ADHT equation
valid for k > 1 only if the inner phase has a uniform temperature. Thus, this case will not
be addressed in this work.

C.5.2 Coupled model

When k = 0, the thermal conductivities of the two phases are comparable and the upscaled
model consists of two coupled equations in the unknowns (19 j). Specifically, the boundary
terms (iii), (iv) in (C25) are closed using (C4), obtaining

v

(D v W
o0 3 (¥ dM
Gii): K = _ g rte MLOOD e WM (€300
2 dy 0 y
2) )
a0 9 (¥ 5 92 (9
iv): K 1 —K | g pta é1 ﬁ + (82(—p+a) Wy — ¢1) () ’
dy -8 ko 352
y=1—
(Ciii)
(C30b)

where we used (C12) and (C19) with j = 1. Using (C305b) in (C25) introduces a coupled-
derivative term, i.e. oce~PT¢ 9 (1) /97, giving an upscaled equation including the time
derivative of (/1) and (1) simultaneously. To avoid this issue, we can derive the O(e)

solution of (C23) for the inner phase, 191(2) , and, evaluating it at the interface, we get an
expression for replacing the time derivative in (C30b):

—pta 0 (D1) 1
(2)
gTrre 2= 1 ‘

- v

aT N

2
—[82<—P+“> Jq—qil] "W | (C31)

y=1-p €2

(cii)

The last step is to enforce the continuity of temperature at the interface (C5) asymptotically,
replacing the interfacial temperature in (C31) as the following power series:
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e
y=1-p

1
= — ((ﬁz) - (l?l)) + \/g (192(1) o 191(1)))
e | —
(a)

+ 6 W\y:l_ﬂ +0 (e4/)

(b) (ci)

y=1-8

(C32)

This procedure shows that three different mechanisms are needed to adequately capture the
thermal interplay between the phases, namely a storage-type term (a), coupled advective
contributions due to axial gradients, term (b), and time-dependent/diffusive contributions,
term (c). Specifically, term (b) is obtained as the difference between the O(/¢) solutions,
see (C12), (C15), evaluated at the interface, whereas term (c) can be detailed as
follows: term (c;) follows from (C23) (with j =2), thus containing a time-derivative
(x d (1) /0t) and a direct-diffusive term (cx 92 (9,) / d£2), while terms(ci;) and (ci;;)
results in cross-diffusion (ox 32 () /& 2). Note that existing transport models between
coupled layers have postulated the coupling only in the form of a storage term (Reichert &
Wanner 1991; Kazezyilmaz-Alhan 2008) or, additionally, an advective contribution due
to axial gradients (Ling et al. 2016, 2021, 2024), but our analysis highlights that also
cross-diffusive terms emerge naturally from the derivation of the model via asymptotic
expansions and should be accounted for to preserve the model consistency.

The upscaled energy equation for the inner phase can be obtained following the same
procedure shown in § C.5 with j =1 and using the symmetry condition (C6) at the
channel centre line (the detailed derivation is not shown here for the sake of brevity); this
gives

[ @ (i)

(1) 2
8(191)_h/g(ul_V)aw])—|—8<(u1—V)aﬂ1 >+e\/5<(u1—V)aﬁ—l>

g~ pta

&

ot 0& 0& 0

_ o0, E (DA N 90, .
T 9 B 1— B B
§ 2 O N Bl oy |,
(iii) @iv)
B b—k 1— d 3\ 2
K (1-8) Jo dy*

where, in analogy with (C28), we can define the following effective coefficients for
diffusion and viscous dissipation — the full expressions are given in Appendix C.6,
see (C40a) and (C46¢):

1-B d £\ 2
Di=—(T), lef ( k) )) dy*. (C34a-b)
0 dy
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The closure of two advective terms (i), (i1) and two boundary terms (ii1), i(v) in (C33)
is obtained as before: regardless of the value of k, by means of (C17) and (C20), we find
that term (i) is equal to e~ P74 (I, ) 9% (D) /& 2 while term (ii) is zero by averaging
equation (C3d) with j = 1. Again, the closure of terms (iii) and (iv) is accomplished via
the boundary conditions at the interface: for term (iii), it is sufficient to enforce at O(,/¢)
the continuity of thermal fluxes, see (C4), while for term (iv), this condition at O(¢) has to
be combined with the continuity of temperatures written in asymptotic terms, in analogy
with (C32):

@
;7|
2 ly=1-p

1
=~ {«zm —oa)+ Ve (00 —0f)| | wew?| 40 (sﬁ)}.

(C35)

y=I1-g

Finally, we obtain that heat-transfer between two flowing phases is described by the
following two coupled ADHT equations:

97T \/E 11 8& \/E 12 85

32(291> | 32<792> L, f |- p 1o,
gez Tl g T8I0 H ol Bl - S el ((01) — (2),

0 1 o) 1 _ (1)
P l‘* . p . * o pta x
2 "o +\/58 2 e +\/§8 D
L 0FW) e W) L, L
dy g2 g2p MU g2 T8 Qe +gw238 toa ((91) = (92)),
(C36a,b)

*
dll

where the effective coefficients are defined as follows and their explicit expressions are
given in Appendix C.6:

5y D K¢ @
p=1o— 271 g A2 (C37a)
K(l _,3) qu ,3@1
aj =1 —V)+owj, ah={u—V)+w, (C37b)
5 M K ¢ M
a)ﬁ = _(pz—lv, 0)52 = #, (C37c¢)
K (1—-p8) P, B ®

1 My AN K (dN 5N
(mMz— M2>, a;1=§<M1—¢lfwl>, (C37d)

apy = >
K1A-8\ o, dy dy @,
2a 1
* * € * * * *
di=1+ "3, (Dr+381)). dyp=1+ 2 (D2+83,) . (C37e)
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R @ ¥ . K ¢ ¥,
1= . v > 522:_ < s (C37f)
K (1-p8)®; B @i
1 . ¥ K (¢p1¥9
dfy=————— |y — = , dy=— ——Y1], (C37g)
? K(l—ﬁ)< &, ) 1B ( &, ) ¢
1 dm? g, MY 1 K ¢ MI
ot = 2 8270 g (12822 (o
K({1-p8)\ dy @, B @
- 1 |: gbz./\/l)]/v dM)Z/V ¢2M12/vi|
— 1— ~ — v 9
T K(1-p) K &, dy &,
1 damMW . .
@z—PTMz 1+@(KM¥—mMW”, (C37i)
B dy D
. pay
N L - (C37))
K(1-p8)P; B @i

Reintroducing dimensionless groups and scaling back the spatial variable, we obtain the
coupled model in its final form, see (3.8), (3.9).

Note that the ADHT equations of the coupled model (C37) reduce to the decoupled
model in the limit of K — 0. This requires that in wg, we artificially remove the

contribution originated by the dissipative function within the inner stream MY, which
is not part of the decoupled formulation.

C.6 Model coefficients

The full expressions of the effective coefficients (C37) are reported below, while their
physical interpretation will be given in § 4.
In particular, transient effects are taken into account via the following coefficients:

-8 KB
<5 et (C38)

1-p
Advective coefficients appearing in (3.8), (3.9) read
L _3A0-Pp[SmpR-p+40-p°] 1-8

=1+

o, e w5V (C39a)
2 —
ot = SKAMBAS—4p) K |, (C39)
20 (1—B) I=p
) B a3
L _AmpAS-8f) L 2AK(1-p)] (C390)

T "ok a—p 0 AT 58
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while effective diffusion is described by the following set of coefficients:

2A (1-p)* 2A2(1=P)* [TmBQ2—B)+6(1—p)?]
B 15 v 35

1= ,  (C40a)

_ Am (15— 8p) V_A2m254(8ﬁ2—495+63)_

D : C40b
2 60 140 (C400)

W= 15k8 5KP

a3 a3 _B) —
5* (1-p5) V2+2A(1 B’ [(1—m)p2—p) 1]V—|—

A2(1 =B [105m? B2 2 —B)* +210m B (2 — B) (1 — B)* + 104 (1 — p)*]

9

175K B
(C4la)

3 4 2,2 a5 2 _
- K B V2 KAm§B V_KAm,B (3287 —1058 270)’ (CA15)

15(1 = p) 8(1—p) 5600 (1 — B)

g B> V2+A m B*(45—16 B) v A% m? B3(288 B% — 1855 B + 2790)
27 15Kk1-p) 120 K (1—B) 5600 K (1 — B) ’
(C42a)

—B)3 — B3 _ 2\2

dglz—K(l B) V2+2KA(1 B [3mBR—-p+2(1 ﬂ)]v+

158 158

KA A-B)’[105m* B2 2~ B)° +140m B 2~ B) (1 = B)* +44 (1 = B)*]
175 B '

(C42b)

Among the effective coefficients, see (C37), the speed of the reference frame V only
impacts effective diffusion and direct-coupling advection a;j. Specifically, shifting from

moving to the fixed reference frame via the inverse transformation x =z + V t has no
net impact on diffusion, i.e. 92 (1‘} j) /9z% = 9> <z? j>/ dx2, but offers significant advantages
in terms of the physical interpretation of the advective coefficients. In fact, each of these
could be recast as the phase-averaged velocity augmented by a specific factor, namely
U;:a;j + Vt;j =U; - V—I—a);j + Vt]*.j =U; —I—AU;, where

3A0-B)[SmB2—p)+4(1-p)7?] AU*_3KAm,82(15—4,8)
5KB ’ 2 20 (1—p) '
(C43)

Interestingly, the final expressions for AU; defined in (C43) are independent of V,
implying that effective extra-advection is invariant with respect to the choice of the

AU} =

reference frame, i.e. w; ! = AU}.
The effective coefficients in front of the source terms in (C36) read
T : ] + oK (C44)
=" A &=t 7
2Kk (1-8) T 20—
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whereas those concerning storage are

3 . 3K
TKBU-P) 2 )

*
€]

BU—p)

Finally, the analytical expressions for the effective coefficients related to viscous
dissipation are

3A2m{4(1-B)°[SKB+3(1—p)]1—Kmp(15-8p)}

= SK2p(1—B) I
. 3A7m{m[3B% K (4B7—158+20)+208 (1-B) (B*—3B+3)] +8 (1-p)"}
e 58(1-P) |
(C46b)
Wi=12 A2 (1= 8)3, W2:12A2m2,6(ﬁ2—3,3—|—3), Wi =6Am.
(C460)

Appendix D. Model validation

To check the accuracy of the ADHT equations (3.8), (3.9), we present the validation
against the steady-state solution of the problem. At the steady-state, in fact, the temperature
gradients along the channel length are uniform and diffusion becomes negligible so that
(in the absolute reference frame, V = 0)

do; d»
A (D1)
dx dx
Consequently, the energy balances (2.13) reduce to
dzﬁl m du 2
SAPertl:d—yz_FEBr(E)’ yG[O,l—,B], (D2a)
d?v, duy 2
ePeJuy=———+Br|{—|, yell-g; 1], (D2b)
dy? dy
subjected to boundary conditions (2.16). Integrating (D2) gives
do dur (%) \*
1(y):sAPeJ/ul(y*)dy*—ﬂBr/ dnOIN 45 4y, (D3a)
dy I dy*
do duz (y*)\?
20) —=¢ Pe J/uz(y*) dy* — Br /( u2(y )) dy* + Cy, (D3b)
dy dy*

where C; and C; are integration constants. The value of C; is determined via the
symmetry boundary condition (2.16d), whereas the boundary condition at the wall (2.16a)
allows to express the other constant of integration as a function of the steady-state
axial gradient J and the external heat flux g, i.e. implicitly C>» = C2(qy, J, ...). The
expression for J can be found using the thermal flux continuity condition at the interface
(2.16b) and solving for J = J(qy, - . .). These calculations have been carried out using a
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symbolic tool and are not reported here for the sake of brevity. It can be easily checked
that J is equivalent to the slope of the steady-state solution, M, of the leading-order model
given in (4.21), obtaining that M|y —o = /¢ J.

Finally, aiming at validating the steady-state Nusselt number with the analytical solution
of (D2), we can first integrate (D3) to obtain the steady-state temperature profile. Then,
the continuity of temperatures at the interface (2.16¢) i1s used to eliminate one of the
two additional integration constants. It is convenient to leave the constant for the outer
phase temperature undetermined since it does not affect the definition of the Nusselt
number (3.19): at the denominator of the local heat-transfer coefficient, only the difference
between the wall and the bulk temperature appears. Doing so, the expressions of the
steady-state Nusselt number obtained using the steady-state analytical solution and the
upscaled model match exactly, confirming the consistency of our model.
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P Botticini, D. Picchi and P. Poesio, Convective heat transfer around an elongated
bubble in the absence of phase change, submitted to Physical Review Fluids, Jan.
2026

While the previous work focused on flat films and examined the competition between advec-
tion and diffusion without accounting for interfacial instabilities, this second study explores
the non-trivial influence of interfacial geometry in shaping the thermal behaviour of the
system. Specifically, heat transfer is investigated in the liquid film region surrounding an
elongated inviscid bubble, under the assumption that the gas phase is non-conductive, which
represents a particular instance of the decoupled regime identified earlier. Our analysis
confirms that film thickness is the key factor governing convective efficiency, with the Nus-
selt number decreasing as the film becomes thicker. This outcome reaffirms the dominant
influence of conductive resistance on heat transfer in thin films, extending the theoretical
framework of two-scale asymptotics to curved geometries.
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Convective heat transfer around an elongated
bubble in the absence of phase change
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The injection of an elongated bubble into a micro-channel is a well-established strategy for en-
hancing convective heat transfer, with applications ranging from electronics cooling to miniaturized
heat exchangers. So far, a rigorous characterization of the heat removal capabilities of elongated
bubbles (also known as Bretherton’s or Taylor’s bubbles) is still lacking. To address this gap, we
investigate the forced convection problem around an elongated bubble under uniform wall heat flux,
examining the competition between advection, diffusion, viscous dissipation, and an imposed heat
flux at the channel walls. By means of two-scale asymptotic analysis, we derive a one-dimensional
advection-diffusion—heat-transfer equation with shape-dependent effective coefficients. This model
generalizes the classical Graetz problem to capillary-driven flows and extends the Aris-Taylor dis-
persion to the case of an elongated bubble, clarifying the interplay between the imposed heat flux
and the recirculating flow patterns at both front and rear menisci. Interestingly, the model recovers
the Péclet-squared scaling of the effective diffusion coefficient and can be used to determine the
heat transfer coefficient in the film region. In fact, we derive a closed-form scaling law for the
Nusselt number, revealing the influence of the problem parameters (i.e., the bubble profile and the
axial temperature gradient) and the dimensionless groups (Péclet, Brinkman, and capillary num-
bers) on forced convection. Comparison with numerical simulations from the literature shows good
agreement and supports the model’s predictive capability beyond its formal domain of applicability.
Grounded in first principles, our analysis contributes to a deeper understanding of capillary-driven
forced convection in confined environments.
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I. INTRODUCTION

Understanding the dynamics of two-phase gas-liquid flows in micro-channels is relevant to many engineering appli-
cation, ranging from heat-exchangers to small-scale reactors. In these contexts, the topology of the flowing phases
determines the existence of several flow patterns (i.e., stratified, core-annular, intermittent or slug, and dispersed
flows) that profoundly affect the heat transfer rate. In particular, due to the dominant effect of surface tension, the
most common flow pattern is characterized by the presence of elongated bubbles surrounded by a thin liquid film
and separated by liquid plugs [see for example, 1]. When a long bubble flows in a capillary tube, in fact, it assumes
the typical bullet shape and is often referred to as a Bretherton or Taylor bubble after their seminal works in the
early 1960s [2, 3]. Historically, the name “Taylor bubble” was proposed for the first time by Griffith and Wallis [4]
and Brown [5], referring to large gas volumes rising in a large-diameter tube after the work of Davies and Taylor [6],
but, later on, it has also been used to denote trains of elongated bubbles in small-diameter tubes [see Taylor flow in
7, 8.

So far, most of the studies have focused on heat transfer enhancement closed to an elongated bubble in the context
of boiling and cooling applications such as in the context of heat-pipes [9, 10]. These results are summarized in recent
review papers [just to mention a few 11-13] where the evaporating/condensing elongated bubble is often investigated
experimentally [14, 15], or in terms of mechanistic models, such as the widely used three-zone model developed
by Thome et al. [16], Dupont et al. [17], Szczukiewicz et al. [18], or by means of numerical simulations [19, 20]. Also,
there is a growing interest in the dynamics of evaporation in very thin-films, known as microlayer [21-25].

However, the heat transfer problem in the absence of phase change, where the elongated bubbles are obtained by
injection of an immiscible dispersed phase, has received limited attention. Although this class of two-phase flows
finds application in compact heat exchangers embedded in printed circuit boards [26, 27] and micro-reactors [1],
most of the existing works is primarily experimental or numerical [see the recent reviews in 27-30]. A theoretical
framework, able to provide a better understanding of the relevant physical mechanisms playing in forced convection
around a non evaporating/condensing elongated bubble, is still lacking. Specifically, experimental evidences point
out that the presence of elongated bubbles enhances heat transfer compared to single-phase flow but the impact of
flow characteristics (e.g., the velocity field, the slug length, the liquid fraction, fluid thermal properties, and thermal
boundary conditions) on thermal performance [31] is still not fully understood.

In fact, it is common practice is to model the heat transfer coefficient using semi-empirical correlations [e.g., 32-37]
formulating the Nusselt number in analogy with the single-phase scenario [38, 39]. Unfortunately, the predictions
of these correlations presents a large variability [27]. Only recently, Che et al. [40] proposed a model for a train of
elongated bubbles, but, since the bubbles are treated as a sequence of rectangular wall-wetting plugs, the effect of the
the thin-film surrounding the bubble on forced convection is not accounted for.

One way to deal with this thermal problem is to take inspiration from hydrodynamic dispersion, which has been
extensively investigated from a theoretical perspective, starting from the pioneering works of Taylor [41] and Aris [42],
later extended to various contexts [e.g., 43-46] including Taylor bubbles [47]. In fact, heat and mass transfer share
similar governing equations, while the boundary conditions reflect different physical constraints across interfaces (i.e.,
a solid wall or other phases). So far, extensions of dispersion theory to heat transfer remain limited, mostly restricted
to single-phase flows in insulated or radiant pipes [48, 49] and combustion processes [50]. In the context of two-phase
flows, an effective model for two-phase forced convection valid for both gas-liquid and liquid-liquid core-annular flows
was developed in Botticini et al. [51]. Although the core-annular pattern has proven to be a useful idealization of
more complex flow regimes such as elongated bubbles [see 16, 52-54], a rigorous analytical description of heat transfer
in the thin-film around a single elongated bubble is still lacking.

To address these limitations, the goal of this paper is to investigate the forced convection around a single elongated
bubble in a horizontal capillary tube under uniform wall heat flux. We will focus on regimes where phase change is
absent and inertial and gravitational effects are negligible. Starting from first principles, we generalize the perturbation
scheme that characterizes the classical Taylor dispersion to the temperature field in the thin-film flow surrounding an
elongated inviscid bubble. Specifically, the flow field and the shape of the bubble are the ones proposed by Bretherton
[3] (i-e., the low capillary number regime), as typical of a broader class of coating problems [55, 56]. We aim to
obtain a reduced-order effective description that explains the physical mechanisms behind the enhancement on the
heat transfer coefficient.

The manuscript is structured as follows. We first review the thin-film flow around the elongated bubble (Sec.IT A),
present its energy balance (Sec.IIB) and make the problem dimensionless (Sec.IIC). By means of two-scale asymp-
totic expansion (Sec.IIIA), we derive a one-dimensional upscaled equation for the depth-averaged film temperature
as function of space and time (Sec.IIIB), and specify its applicability conditions (Sec.IIIC). The resulting effec-
tive model is then solved numerically (Sec.IIID) to study the evolution of the effective heat-transfer coefficients
and the temperature field (Sec.IV A). Subsequently, we derive a closed-form expression for the local Nusselt num-
ber (Sec.IV B), quantifying the competition between convection and conduction in the liquid film. Our predictions
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Figure 1. Sketch of the elongated bubble moving in a uniformly heated channel. The hat operator denotes the dimensional
variables.

are compared with numerical results available in the literature (Sec.IV C), suggesting that our model may also hold
beyond its rigorous applicability conditions. Finally, we analyze the heat transfer dynamics thorough the film in terms
of the averaged Nusselt number (Sec.IVD). A summary discussion is presented in the concluding section (Sec. V).

II. PROBLEM FORMULATION
A. Flow in the thin-film of the elongated bubble

We consider a single inviscid elongated bubble that flows at speed U, in an infinitely long channel of half-size R,
see figure 1, in regimes where inertia and gravity can be neglected, namely the Reynolds and the Bond number are
both small (i.e., Re = ps Uy R/uy < 1 and Bo = py g R? /o < 1 where pg, puy, and o are the fluid density, viscosity
and surface tension, respectively). The motion is driven by a steady flow far behind the bubble with average speed
U and the bubble is assumed to be sufficiently long so that there exists a region of uniform film thickness hoo < R
at the bubble center.

At the front and the rear of the bubble the meniscus is spherical, while, in the transition region in between, it follows
the similarity profile typical of the Landau-Levich-Derjaguin-Bretherton problem [3, 56]. Specifically, in a reference
frame attached to the bubble, the film thickness 7(¢, t) = 7(& — Uyt, £) is described by the following similarity
equation [3]

3 _
o _n-1 (1)
des 3

with
3

_ wr Up
" heo(3Ca)—1/3’

n:hl’ and Ca= <1, (2)

where £ is is the dimensionless stretched axial coordinate, 7 is the dimensionless film thickness, and Ca is the capillary
number. The Bretherton’s similarity equation results from the lubrication theory and holds in the transition region
of length L depicted in figure 1, whose order of magnitude is obtained balancing the pressure drop along the axial
direction with the pressure jump generated by the curved meniscus as L = hoo (3 Ca)~1/3, see [3, 56, 57).

The bubble meniscus is obtained by integration of (1) starting from the uniform film where &~ 1. Specifically,
integrating (1) in the positive direction gives the front profile, which, for n > 1, joins a parabolic profile of constant
curvature. There, the meniscus is matched to a spherical cap of radius R, giving the asymptotic relation for the film
thickness

%” = 0.643 (3 Ca)?/3. (3)

Note that, although Bretherton theory [3] builds on a planar geometry, in the small capillary number limit (Ca < 1)
the circular and planar geometries are asymptotically equivalent, as shown in appendix A. Integration of (1) towards
the negative direction yields the rear profile, which exhibits the typical undulations, see figure 9. The integration in
both the front and the rear is carried out numerically following the methodology outlined in Bretherton [3], Picchi
et al. [57].



Interestingly, the elongated bubble always flows faster compared to the flow ahead, and mass conservation yields

U, - U,

- % _ (14m) hﬁ’ where m — {0 for planar channel,
b

(4)

R 1 for circular tube.

B. Energy balance in the film

We study the forced convection in the thin liquid film around the elongated bubble subjected to a constant wall
heat flux ¢!/ in the absence of phase change, as shown in figure 1. The internal energy balance in a reference frame
attached to the bubble is given by

or or T 02T 02T .
= U — = 0 == = @
pfcp<8t+(u Up) 6§+U33§> fif<8§2+aﬁ2>+ , (5)

where T(é L0, 1), ¢p, ky are the fluid temperature, the isobaric mass heat capacity and the thermal conductivity of

the liquid, respectively, and ﬂ(é, 9) and f[)(f , §) are the velocity profiles in the axial and traverse direction obtained
via the lubrication approximation as in [3]; the thermal diffusivity is defined as ay = K¢/ (pfcp). All the physical

properties are assumed uniform and constant. The term d is the rate of viscous dissipation of mechanical energy per

unit mass and reads:
5 oa\* oo\>  [oa 0\
Mf[ (85) <8y) (ay 8§> } ©

At the channel wall, § = 0, we assume that a uniform heat flux is imposed [58], leading to

" oT
"=y (VT )‘ - , 7
Qy K ( Ny 4=0 Kf 8@ A ( )
7=0
where the unit vector is given by n,, = (0; —1). At the film-bubble interface, § = 7, we impose continuity of

temperature and heat flux, while the entire domain is initialized with a temperature equal to T}er.

C. Dimensionless formulation

In order to make the problem dimensionless, we identify its characteristic scales. Specifically, the relevant scale in
the transverse direction is the uniform film thickness h, while in the axial direction we use the length of the transition
region L. This allow us to define a small scale parameter as

hoo
e=7 =0 Ca)l/? <« 1. (8)

Among the different time scales of the thermal problem, namely the transversal, Ty 5, = h2 /oy, and longitudinal,
Ta o= LQ/ozf7 heat diffusion time scales, and the advective time scale, 7, = L/Uy, the time in the energy balance is
made dimensionless according to the advective one by analogy with the Aris-Taylor dispersion [41, 42]. This means
that we are interested in modeling a time window where traverse diffusion can be considered instantaneous, but
longitudinal diffusion competes with advection.

Thus, we make the energy balance and its boundary conditions dimensionless by introducing the following dimen-
sionless quantities:

s p (T = Tret) Up hoo i i o )
19: s = —, = —, = —, (b = — 9
g | L oy ‘T YT e py UZ /2, )

The dimensionless temperature ¥ quantifies the energy convected within the film relative to that supplied through the
wall, with the temperature deviation 7' — Tyt serving as the main variable [59]. The axial and transverse coordinates



are made dimensionless based on L and h.,, respectively, according to the Bretherton theory, i.e. £ = é /L and
Yy = §/hoo, see (2). This leads to

oY oY a9 5 0?0 029

2

¢ Pe a+(u—1)a£+ =¢? 8§2+7+5 PeBr @, (10)
where y € [0; 7 (£)] and the absolute components (u, v) of the velocity field and the viscous dissipation function ® (7, y)

are given in appendix B. The Péclet number can be seen as the ratio between advection and thermal diffusion and is
defined as

LU,
af '

Pe — (11)

When Pe « 1, diffusion dominates over advection, while for Pe > 1, advection plays a major role with respect to
diffusion. The Brinkman number accounts for the competition between the thermal power per unit mass produced
by viscous dissipation and the one transferred from the solid walls, and is defined as

U2
Br= 12 12
laii| hoo 12)
The uniform flux boundary condition imposed at the wall, y = 0, leads to
99 = ve? Pe, with v =sgn(q), (13)
27—
where v = +1 denotes heat flux leaving or entering the tube, respectively. Typically, v = —1 in experimental setups
where the tube is heated via external resistive elements [e.g., 60]. At the gas-liquid interface, y = 7, the outward
normal unit vector is
—edn/d¢ 1
nl,_, = (ng; n,) = ‘ - : (14)
VI+e2(dn/de)? /1 + 2 (dn/dé)?
and the continuity of thermal fluxes, k¢ (VTy-n)| _, = kp (Vs - 1)l _,, yields
oY OVgas on [0V Ogas
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where the dimensionless bubble temperature is defined as ¥gas = py ¢p (Tgas — Tret) Up hoo/ (|4t | L), and
Kb
K=22 16
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is the conductivity ratio. In this work, we are primarily interested in gas-liquid systems, where such ratio is typically
of the order of O(K) = 1072, see table 1 in Botticini et al. [51]. We will show in the following that, when K — 0,
the phases are thermally decoupled, reducing the boundary condition (15) to a one-sided model, and making the
temperature continuity condition at the interface, namely ¥| vy = 19gas|y:n, unimportant for the purpose of our
analysis. The problem is closed imposing the initial condition as a uniform temperature distribution for both phases
in the absolute reference frame (z, y, t):

’19(0, Y, O) = ﬁgas (O, Y, 0) =0, (17)

and its reformulation in the moving reference frame (&, y, t) will be discussed in Sec. IIID.

III. THEORETICAL DERIVATION

In this section we derive the one-dimensional Advection-Diffusion-Heat-Transfer equation that describes the forced
convection in the film region of an elongated bubble. First, we outline the mathematical procedure, and then, we
apply it to the energy equation in the thin film.



A. Two-scale asymptotics of the energy equation

The main idea is to obtain a reduced-order model for the forced convection in the thin-film in terms of its averaged
temperature. To do so, we use two-scale asymptotic expansions of the energy equation building on the work of [61]:

1. We start from the energy balance in dimensionless formulation, (10,13, 15), where a small scale parameter ¢ < 1
has been identified to decouple axial and transverse heat transfer.

2. Each dimensionless group in the governing equations (11,12,16) is expressed in terms of integer powers of the
scale parameter (or the capillary number, see (2)):

Pe=c?, Br=¢’, K=¢" (18)

where the exponents p, b, k define the system behavior and can be selected independently. This is typical of
perturbation methods (see e.g., 62, 63) and allows the different terms of the expanded energy balance to jump
from one order to the other controlled by the order of magnitude of the dimensionless numbers.

3. The temperature 9(&, y, t) is, then, expanded in (10,13, 15) into a power series as
9 (& y, 1) =00 (& y, ) + 2PN (& y, 1) + 2P I (G y, )+ (19)

where the perturbation parameter is the ratio of the competing characteristic time scales of thermal dispersion,
i.e., Ta.n/To = €27P. This choice helps in identifying the desired time window where the transverse diffusion
can be considered instantaneous if compared to axial diffusion and advection.

4. Substituting the power-series expansion (19) into the governing equations and collecting terms by order yields
a cascade of boundary-value problems for 9{™ that are solved sequentially. The goal is to find an equation for
the averaged temperature in the film defined as

() = %/(:19(57 y, t) dy. (20)

We will show in the next section that the zero-th order temperature 9(?) is the averaged temperature in the film
while the higher order terms, ¥(™) with n > 1, can be seen as fluctuations around the mean with zero mean [64].

5. The last step is to check that, at each order, the existence and uniqueness of the solution is guaranteed. This
requirement — also known as Fredholm alternative [65] and compatibility or solvability condition — states that
the boundary-value problem at each order has zero average over [0; ]. So far, several strategies have been
proposed to ensure the compatibility condition [66]: adopting a moving reference frame with stretched length
scales [41, 42, 51, 67]; expanding variables over multiple time coordinates [64, 68]; or adding and subtracting
tailored advective terms [45, 47, 61, 69]. In this work, we follow the latter approach.

6. As aresult of steps (i) - (iv), we obtain that, for certain combinations of the dimensionless parameters (Pe, Br, K),
it is possible to decouple the heat transfer between the axial and the transverse directions, and, therefore, an
effective model can be formulated in terms of the averaged temperature. These conditions can be summarized
in an applicability map (in terms of the exponents defined in (18)), which rigorously define conditions where
the one dimensional description of forced convection in the film holds or not.

B. Derivation of the effective model

Following the procedure described in Sec.III A, we expand the variables in a power-series in £27P as in (19) into
the energy balance (10)

2P 9,90 4 2@-p) g,9(1) 4 2-p (u—1) 8619(0) 4 £22-p) (u—1) 6619(1)"‘
+e2Pp 3,00 + 2277 4 9,90 = 2 90 + 8,9 + 277 5,9 + (21a)
+227P) 9,93 £ 2P

and its boundary conditions (13,15) at the channel wall

9,90 427 9,90

0 R A I (21b)
ye

y=0



and at the fluid-gas interface
ayw] e 8y19(1)’ 4 2C 99| _kael 4
y=n y=n y=n (21c)
_ g2 <o>‘ _ A-p (1)‘ k+2 _
€ 8577 (9519 v 3 857] 8519 Yy +e 8577 85@|y:n +...=0,

where the order of magnitude of the governing parameters (i.e., the exponents p, b, k) has been chosen to keep the
maximum number of terms at each order [70-72]. Note that in this section we use a compact notation for time and
spatial derivatives for the sake of brevity.

1. Leading order

At the leading order, the boundary value problem for (9 is homogeneous

By =0, (22a)
9,9 =0 at y=0, (22b)
(9y19(0) =0 at y=m, (22¢)

ensuring that it admits a solution independent of y, namely 99 (¢, t) = (89) (&, t). This means that the zero-th order
temperature is the averaged temperature in the film, see (20). This is true as long as 0 < p < 2 (or 1 < Pe < £72)
and b > 0 (or Br < 1), meaning that thermal transport has to take place within the dispersive time window, and
viscous dissipation has to enter the problem as an O(g?~P) contribution or lower.

By inspection of the expanded boundary condition (21c), we impose an additional constraint as k > 2(2 — p), or
K< (52Pe)2, that reduces the model to a one-sided formulation. In other words, the gas-liquid interface is assumed
to be adiabatic and the bubble temperature field 94,5 enters the problem only beyond the order O (52(2’1’)).

2. The next order

Since the leading-order problem is homogeneous, i.e., 9(°) = (9) (¢, t), the term 9,9(®) in (21a) vanishes, and, at
the next order O(27P), we find the following equation for ¥

0O + (u—1) o9V = 8,9V 4", (23a)
9,9 = at y=0, (23b)
9,90 = &P 9en 9 at y=1. (23c)

According to the solvability condition (see Sec.IIIA), a solution exists if and only if the partial differential equa-
tion (23a) has zero average over [0; n]. To satisfy this requirement, we follow the strategy from Rubinstein and Mauri
[45], Mikelié¢ et al. [69], decomposing the axial velocity as follows

u—1=u—(u)+(u) —1, (24)
(@) (b)

to isolate its deviation around the mean, (a), which has zero average, from the remaining part, (b), which is uniform in
y. After making such decomposition, by averaging (23a) over the film and applying the boundary conditions (23b, 23c),
we obtain

89 + ((u) — 1) e ® — 5! (ap e D9 — 1/) — b (@) = 0. (25)

Unfortunately, the solvability condition via the identity (25) is not satisfied because the boundary and initial data are
incompatible [61]. Therefore, the strategy proposed by Rubinstein and Mauri [45] is to relax (25) by assuming that
such equation is satisfied only up to O(¢2~P)), namely

000 + ((u) = 1) 0 ®) = 5 (e 0en 900 — v) + €* (@) +O(c7), (26)

Rins

Rrhs
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or, in other words, that the residual is small, R = Rips — Rihs = (9(5(2_”)), and jumps at the next order. Specifi-
cally, we make use of the solvability condition, first, isolating the second-order term in (23a) and using the velocity
decomposition (24) as

Dy = 9,90 + ((u) — 1) 99 + (u — (u)) 9 — b @, (27)

Rins

and, then, replacing Rips with R,ps in (27) using (26), leading to a regularized boundary boundary value problem
09D = (1~ (u)) D ® — (@ — (@) 41" (2 Den 90 — 1) + O ), (25)

where the residual of the order of O(¢(2~?)) jumps at the next order.

The solution is finally obtained by integrating (28) twice and the two integration constants are found using ei-
ther (23b) or (23c), together with the zero-average gauge condition, i.e., <19(1)> = 0. This gives the solution for the
order one term of the asymptotic expansion as

IV (€, y, 1) = (Mg + P den Mr) 89O + & Mg + v M,, (29)

where the following B-fields [named after 73]

(n—1) (8n* — 607> y* +60ny* — 15y*) 3y? —n?
Ma = 120 773 , Ml" = T, (30&)
— 1% (8n* —60n2y2 +60ny3 — 154 21n% — 6 32
My = 1= 1) (87 7y ny vt) M, = 2160y 4397 (30)

20 78 6n

describe the effective contributions of advection (M,,), film shape (Mr), viscous dissipation (Mg ), and wall heat flux

(My).

8. The next next order

At the next next order O (52(2’17)), the boundary value problem for ¥(?) from (21a), plus the the residual R defined
in (26) and resulting from the solvability condition of the previous order, is given by

M + (u—1) 99V + 09,9 + P2 R = 9, 9D + 272 9ee) ), (31a)
9,9 =0 at y=0, (31b)
9,9 = P Jen 99V at y=mn. (31c)

Since we are interested only in deriving an effective equation for the averaged temperature, it not necessary to solve
for 9(2), but it is sufficient to enforce the solvability condition on (31). Specifically, we replace ¥(1) using the solution
at the previous order (29), and, then, depth-average the equation (31a) using its boundary conditions (31b) and (31c).
By doing so, the terms that are independent of y remain unchanged, while the average of the time derivative is zero
since the film profile is a function of the axial coordinate only yielding (9,9")) = 9, (¥(V) = 0.

The result of the average is an advection-diffusion-heat-transfer equation for the zero-th order temperature (or the
averaged temperature)

o190) . 919 L 020900 . .
5 T —1) o8 =ePD e + et — v, (32)

where the effective coefficients for advection, diffusion, viscous heating, and the imposed flux are defined as

8 3 3 3
w=ug+ ey uitug, DY=1+Y Di, =g+’ O ¢*=qo+e2Y q; (33)
=1 =0 =1 =1

with the full expressions reported in table I.
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u* | Mechanism Shape Type u*| Mechanism Shape Type

U (u) ”771 1 us| {u 8, Mr) 4172_077:’ 92n

w| el Graan) T e

ur| (u 9y M,) —HEE | 9o Pe us| =0~ O M|, TG %n

uz | (v' 9y Ma) W 9:n Pe Uy —n_lanMﬂn = OgnPe !

us| (u Mr) o L) Deen us| —n~! Mr|, —% en Deen Pe

D*|Mechanism Shape |®*| Mechanism Shape q*| Mechanism Shape|| Type

Do| — (u' M,) 20=D% Pe’
Do) (D) 2D g, * 1 1

Di| = (u/ Mr) —TG 1@y | — (w0, Ma) %*M q| (u'9,Mq) TEEE||OenPe

Ds| 7" Mal, —TD |0y |~ (v 9y M) 2OTECIZI 0, (5T g M) 2T || 0ep Pe

Ds| n"'Mrl, g |®s|n 0 Mal,  —HEL |as| -0 l0nMl, gy || 90

Table I. Effective coefficients, according to (33). Each contribution u; (top tables), D;, ®;,¢; (bottom table) is expressed as the
product of a ‘Shape’ and a ‘Type’ term. Specifically, ‘Shape’ is a function of the local film thickness only; ‘Type’ is the driving
term that captures the effect of the Péclet number, the interface concavity (Oeen) and slope (9¢n). To isolate the impact of
the latter, the transverse velocity is written as v = o' Oem, see (B1); the film-relative velocity is indicated by prime notation,
i.e., ' = u— 1. The column ‘Mechanism’ identifies the physical origin of each term; mechanisms denoted with a single () or
double (xx) asterisk correspond to the regularizing boundary conditions (23b) and (23c), respectively.

(b)

(a) Upscaling
1.5 . - r [ yes
— (&) no
[ ] Bubble
] Film 3
|
4 J |
Q |
PER : :
2 I / -/
|| 24 1 / | //
/ I
e ! /
| / 4
14 7 _-
| / -
I/ -~
0 [
3
«@\\ 1 2
~
X By
@'@ 0 0 \O%g
p@ 1 B b =

Figure 2. (a) Schematic of the upscaling technique, representing the temperature in the film domain y € [0; ()] as the sum of
a uniform leading-order variable () = () corrected by zero-mean higher-order fluctuations 9. The first-order corrections
(n = 1), the wall (‘w’) and the bulk temperature (‘0’) are plotted. (b) Applicability map showing the region of the parameter
space (p, b, k) where the effective model (34) is valid, see (35) and (18): 0 < p < 2,b> 0, and k > 2(2 — p).

C. The 1D Advection-Diffusion-Heat-transfer equation and the applicability conditions

To sum up, the procedure, outlined schematically in figure 2 (a), yields a one-dimensional advection-diffusion-heat-
transfer equation for the averaged temperature in the film:

oWy ., oW Do)
o P58 = B ae

+Brd* —vg*, (34)
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where u*, D*, ®* and ¢* denote the effective advection, diffusivity, viscous dissipation, and heat flux coefficients,
respectively. Their full expressions are provided in table I and (33).
As outlined in the derivation, (34) holds only for a specific range of the dimensionless groups, namely

() e<1, (b) 1<Pe<e?  (c) Br<1, (d) K< (2Pe)’. (35)

Such criteria provide sufficient conditions for the effective model to describe the averaged temperature field asymp-
totically, and the corresponding applicability map is shown in figure 2 (b). Specifically, (a) ensures the use of the
lubrication approximation in the thin film; (b) bounds the Péclet number based on the dispersive time scale hierarchy,
ie., Ta,n < To < Ta,r; (c) limits the shear heating; (d) ensures that the temperature field in the film is decoupled
with respect to the one inside the bubble (i.e., the one-sided formulation) enforcing that the bubble temperature
contributes only at higher orders (beyond n = 2, up to which model consistency is guaranteed).

D. Numerical solution and boundary conditions of the effective model

The numerical solution of (34) requires the evolution of the film profile, since it shapes its effective coefficients.
Specifically, n(§) is obtained solving (1) separately for the rear and front menisci, using MATLAB’s Ordinary Differ-
ential Equation (ODE) solver ode45 as outlined in [47, 57]. Setting the lengths of the transition regions at the front
and rear to Algont = Alrear = 15, we get the entire film meniscus as shown in figure 1. This choice ensures that the
second derivative of the interface profile converges to its asymptotic value, d?n/d¢? — 0.643 when & ~ Al, allowing
the computed meniscus to match the fore and aft spherical caps. An additional region of uniform thickness (where
n = 1) of length [ can be artificially introduced between the front and the rear extending the studied domain of /2
on either side of £ = 0 to analyze the impact of the bubble length on the averaged Nusselt number as in §IVB. An
example of the film profile obtained in this way is shown in figure 9.

Given the bubble shape, the equation (34) is solved numerically using MATLAB’s built-in one-dimensional Par-
tial Differential Equation (PDE) solver pdepe. Such solver employs a second-order accurate spatial discretization to
convert the original problem into a system of ordinary differential equations (ODEs), and integrates them by dynam-
ically adapting both the time step and the order of the scheme [74]. A uniform mesh with spacing A¢ =~ 0.089 is
used to resolve the film region, while the relative and absolute time-integration tolerances are set to 1078 to ensure
high accuracy. The boundary and initial conditions for the averaged temperature (¢) are determined via the energy
balance in the channel ahead and behind of the elongated bubble and is described in the next section. The error
estimate is presented in appendix C, where we compare the numerical solution of (34) with the solution of the full
two-dimensional problem (10).

1. Initial and boundary condition for the averaged temperature

To find the initial and the boundary conditions for the averaged temperature in the thin film, the idea is to match
the film averaged temperature with the averaged temperature in the channel ahead and behind. To do so, we write the
energy balance under thermally fully developed conditions in the liquid ahead of or behind the bubble [75] assuming
that the portion of the channel considered is much greater than the channel half width. Specifically, we consider an
infinitesimal slice of the channel in regimes where convection dominates over axial diffusion in the channel and viscous
dissipation is neglected. Thus, the net heat transferred over an small portion of the channel §% with respect to the
laboratory reference frame is given by

5q:mcp <Tb’ _Tb

). (36)
@403 @

where 77 is the mass flow rate and 7T} is the bulk temperature; the heat transferred from the wall to the fluid is given
by 6q = —¢il P 6% with P the wetted perimeter of the channel cross-sectional area A. Combining the definition of
the mass flow rate, m = py AU with that of the thermal diffusivity o, and taking the limit 02 — 0, the energy
balance (36) is recast in the differential form

d7, _q, Py
dz N UOo A Iif. (37)

Under uniform heating conditions, the right-hand side of (37) is independent of Z, highlighting that the bulk tem-
perature of the liquid varies linearly with the axial coordinate. The geometrical factor P/A equals 1/R or 2/R for



12

a planar channel and a cylindrical tube, respectively, yielding P/ A = (1 + m)/R. Since the bulk and the averaged
temperature differ by at most O(e2 Pe), we assume that () ~ ¥, see (41).

Then, introducing the dimensionless bulk temperature ¥, via (9) and the axial coordinate (in the laboratory
reference frame) « = /L, and using relations (3,4) the energy balance (37) reads

d(W) ddy, _ v(1+m)0.643¢> (38)
dz ~ dr ~ 1—(1+m)0.643¢2’

where we see that the slope of the bulk temperature is small and of the order of O(¢2).

The initial and boundary conditions of the effective model are obtained by integrating (38), and setting the integra-
tion constant to zero, consistent with the initial condition (17) at (¥)|,_, = 0. Specifically, we impose the following
Dirichlet boundary conditions at the the right and left boundaries of the film domain

~ v(1+m)0.643¢>
1—(14+m) 0.643¢2

()¢ = €+, (39)

where we shift from the laboratory to the moving reference frame via z = £ + ¢. Evaluating (39) at t = 0 yields the
initial condition.

IV. RESULTS AND DISCUSSION

In this section, we discuss the ramifications of the effective model to understand why the presence of an elongated
bubble enhances heat transfer under uniform heating conditions, identifying the key physical mechanisms and the
scaling of the Nusselt number for this problem.

A. Effective heat-transfer coefficients and averaged temperature field

Figure 3 shows the impact of the Péclet number on the effective coefficients appearing in (34), ranging from
Pe = O(1) (diffusion-dominated regime) to the limiting case Pe = O(¢~2) (advection-dominated). Those coefficients
strongly depend on the shape of the meniscus, suggesting that different regions of the film (i.e., the uniform film, the
front and the rear) may contribute differently to the overall heat transfer. Each of them originates from averaging
the velocity profile and the Brenner’s functions as summarized in table I: this means that it is possible to rigorously
track back the physical mechanism responsible of an enhancement or a reduction of the effective coefficients.

The effective advection coefficient u*, shown in figure 3 (a), is the sum of the pure advection in the axial direction
(up in table I), the imposed heat-flux at the channel wall (ug), advection in both axial and traverse directions via the
Brenner’s function (uj, us and us), the combined effect of axial and traverse advection and the Brenner’s function
due to the boundary conditions (us, w4, us, ur and ug). Interestingly, u* is negligible only in the uniform film
region, where the capillary driving force is negligible and the fluid is at rest, i.e., d3n/d¢® = 0 in (1) when n = 1.
Instead, the shape oscillations at the bubble rear induce changes in its sign since the advective contributions to u* (see
w1 and us in table I) are proportional to the derivative of the bubble shape, o« —n 9¢nPe. As a result, the effective
advection increases with the Péclet number at the bubble rear, while at the front it exhibits a non-monotonic behavior
— particularly in the advection-dominated regime — due to the competition between advection and the imposed heat
flux.

In the uniform film region the energy is transported purely by thermal diffusion, and the effective diffusion coefficient
D* equals unity, as shown in figure 3 (b). In the transition regions, instead, there is a net flow in the axial and transverse
direction (see the streamlines in figure 9) that enhances the effective diffusion coefficient at sufficiently large Péclet
numbers. The leading contribution to D* (denoted as Dy in table I) follows the scaling law typical of the Aris-
Taylor dispersion — a quadratic dependence on the film-scale Péclet number — with a numerical prefactor equal to the
theoretical limit for plane Poiseuille flow, 2/105. The evolution of the effective thermal diffusion coefficient is similar
to the one obtained for the transport of a passive scalar in a thin film in Picchi and Poesio [47].

The effective coefficient accounting for viscous dissipation ®*, shown in figure 3 (¢), is only weakly dependent on
Pe. Specifically, the leading contribution to ®* (denoted as ®( in table I) takes the form of a quadratic expression
x (n— 1)2 /n*, that can be seen as the product of the pressure gradient, (n — 1) /5%, and the averaged speed, (n — 1) /7,
in the thin film, obtained via the lubrication theory [3, 57]. This is the typical form of the viscous dissipation or
the entropy production (when divided by the temperature) of a fluid flow in a confined geometry [76]. The viscous
dissipation is maximal in the front (there is a region near the nose where the pressure gradient is maximal) and in
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Figure 3.
dissipation, and heat flux as functions of the axial coordinate &: (a) u*, (b) D*/Pe (c) @, (d) q%;
The small-scale parameter is set to ¢ = 0.1, corresponding to Ca ~ 3.33 x 10~%.

the rear corresponding to the meniscus undulations where local recirculation vortexes are present, see the streamlines
in figure 9.

Similarly, the leading contribution to the effective heat source term ¢* (denoted as g in table I) scales as the inverse
of the film thickness, go ~ n~!, suggesting that heat transfer is enhanced in regions where the fluid layer is smaller,
namely the uniform film region and the bubble’s rear, as shown in figure 3 (d). Higher Péclet numbers simultaneously
increase ¢* at the front and decrease it at the rear: when advection prevails, in fact, the velocity field tends to locally
accumulate heat in the front, while removing it from the bubble’s rear, see the streamlines in figure 8 (b).

Figure 4 shows the evolution of the averaged temperature field obtained solving numerically (34) as described
in Sec. III D for the case of a cylindrical tube heated uniformly from the wall. The chosen time interval corresponds
to the onset of thermally fully developed conditions in the reference frame attached to the bubble. At early times,
the temperature increases almost uniformly along the central portion of the bubble, while, as time elapses, the
temperature profile becomes almost linear in the thin film region. Under conditions of imposed uniform heat flux, a
steady-state solution for the averaged temperature field in the moving reference frame cannot be achieved since the
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Figure 4. Impact of the Péclet (Pe) and Brinkman (Br) numbers on the mean film temperature (J) in a cylindrical tube
(m = 1), under inward heat flux conditions (v = —1), as a function of the axial coordinate £, evaluated at fixed time instants ¢:
(a) Pe =1, (b) Pe = 10, and (c) Pe = 50, with Br = 0; in (d) Pe = 10 and Br = 1; right, meniscus profile 7(£¢). The small-scale
parameter is set to € = 0.1.

film is continuously heated from the solid boundary. However, a fully developed heat transfer coefficient is reached
once the difference between the bulk and the wall temperatures becomes independent of the axial coordinate [75], as
it will be discussed in detail in Sec.IV B.

As shown in panels (a) to (c) of figure 4, increasing the Péclet number leads to a sharper temperature gradient
at the rear of the bubble and amplifies the peak located at the point of minimum film thickness. This is consistent
with fluid recirculation in the bubble’s rear (see figure 9), which increases the residence time of a fluid particle being
continuously heated from the wall. A similar trend is observed in regimes where viscous dissipation plays a role:
comparing panels (b) and (d), which differ only in the Brinkman number, we see that viscus heating amplifies both
the height of the triangular profile and the magnitude and width of the peak, but, overall, the temperature profiles
look qualitatively similar.
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B. Local Nusselt number

The heat-transfer enhancement induced by an elongated bubble is quantified via the local convective heat transfer
coefficient, defined as the ratio between the specific heat flux entering the fluid, ¢!/, and the difference between the
wall temperature and the bulk temperature [51, 58, 75, 77], that, in terms of the dimensionless variables defined
in Sec. II C, yields

Kbehoo
h=—-v—2~1"2"° 4
VOsz(’&wf’@b)7 (0)

where ¥, = 9| _, is the dimensionless wall temperature and ¥ is the dimensionless bulk temperature. The latter
is defined as an enthalpy-weighted average relative to the laboratory reference frame and differs from the mean film
temperature (¢) due to higher-order corrections:

fo uddy fo ud® dy
fo udy fo udy

Such average is taken over the liquid film thickness, given its dominant heat capacity relative to the one of the gas [78].
Expanding the wall temperature, 9, = () + 2P 9 + 0(62(27;0)), and combining (40, 41) we obtain a closed-form
solution for the local Nusselt number based on the uniform film thickness
hhe v

Kf - 7191(3) _ 191()1) ’

9 = @)+ +0(ECP), with 9 = (41)

Nulte = (42)

This formulation of the local Nusselt number is based on the uniform film thickness as the relevant length scale for
the forced convection around an elongated bubble. However, the local Nusselt number for Taylor flows is conventionally
formulated using the hydraulic diameter, namely 2 (2 — m) R, instead of the uniform film thickness [see, e.g., 29, 30, 34].
Thus, rescaling (42) with 2(2 — m) R/hs via (3), we get the local Nusselt number based on the hydraulic diameter
as

Nu, = —— 22 m)2/3 T (43)
0.643 (3Ca)™"" ¥y’ — U,

Using (29, 30) and the velocity profile (B1), the first-order corrections to the wall and bulk temperature are given by

-1 1 dn)\ 0(¥)  2Br -1 L0
9D (e )y =p(1—=_ =S el B 44
w & =05~ Gpeas ) o T 5 \n 3 (44a)
2(n—1) 7 dn) o{Y) 4Br L
19(1) t) = _ = — 44b
b (&) =m 105 ' 120Pede ) 02 15’ (44b)
and these are, then, substituted into (43), yielding
Nug _ 5(2 —m)
Nu, = ———, with Nuyy=——""-"+, (45)
n(1-vT) 7 0.643(3Ca)?/?

where Nug is the Nusselt number in the uniform film region and I' accounts for the contribution of advection and
viscous dissipation as

3(n—1 9 dn\ W)  9Br(n—1)°
T (€, t; Pe, Br):< (7714 )—16Pedz> 8<€>+7r7("n3). (46)

To sum up, the local Nusselt number in the thin-film region surrounding an elongated, inviscid Bretherton’s bubble
(i-e., negligible inertial and gravitational effects) under uniform heat flux conditions depends on space and time through
the film thickness, its slope, and the temperature gradient. This dependence is governed by a set of dimensionless
groups — namely the Péclet, Brinkman and capillary numbers — as well as the cross-sectional geometry and the
orientation of the thermal flux, namely Nu, = Nu, (1, dn/d&, 9(9)/0¢; Pe, Br, Ca; v, m). Formulated as in (45), we
see that the dependence on the capillary number enters only via Nug, while the Nusselt number scales as the inverse
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Figure 5. Impact of the Péclet (Pe) and Brinkman (Br) numbers on the local Nusselt number Nu, for the cases shown in
figure 4; right, meniscus profile 7n(&).

of the film thickness, Nu, ~ 7!, similarly to what observed for core-annular flows in Botticini et al. [51]. The Péclet
and the Brinkman numbers only affect the term (1 — v I") and have a small effect on the Nusselt number.

In the uniform film region, where n = 1, dn/d§ = 0, and I = 0, Nu,, depends only on the capillary number and the
geometry of the cross-section, i.e., Nu, = Nug (Ca, m), simplifying to Nu, = Nuy =~ 3.7383 Ca~%/3 for a cylindrical
tube (m = 1). Therefore, viscous dissipation and temperature gradient do not affect the heat transfer coefficient
in the uniform film region of the elongated bubble. There, in fact, the fluid is at rest and the thermal problem is
dominated by thermal diffusion.

Outside the flat-film region, the evolution of the local Nusselt number is highly sensitive to both the shape of the
interface and time, as shown in figure 5. In general, the local Nusselt number decreases over time in the rear of the
bubble and increases in the front. Specifically, at low Péclet numbers — panel (a) — diffusion dominates over advection
and the decay of the local Nusselt number in the rear is smooth and monotonic, while no significant temporal variation
is observed in the front. As advection becomes more relevant — panel (b) — the increase of Nu, in the front becomes
more pronounced with time, suggesting the onset of convective enhancement in that region. In the strongly advection-



17

a b

180 — O — ; 6 200 . ; © : 6

: Simulations from : Simulations from
160 | = =Gupta et al. [78] 1801 : — =Asadolahi et al. [79]

: — =Gupta et al. [78] 15 6ol — =Asadolahi et al. [79] 45
140 =—— Our model : = Qur model

O O Bubble profile 140 | £ | I Bubble profile
120 P oe—0262] : : 0.234 |

e =0. ok e=0.
8 100 B 8
- 13 = = 100t 13 =
Z ol 2
80
60 12 12
60 [
40 40F e
{1 {1
201 - L N =F1.L.1€Bt 20F \\ = JFixed
o | | | | . TransAT . o = =/ | | Moving
9 9.5 10 10.5 11 11.5 12 12.5 1 2 3 4 5 6 7
#/(2R) z/(2R)

Figure 6. Comparison between the spatial evolution of the local Nusselt number Nu, predicted by the upscaled model (with
m = 1) in the limit I' — 0 (continuous black line) — see (45,46) — and available results from numerical simulations of an
elongated bubble in a horizontal capillary under iso-flux boundary conditions: (a) Gupta et al. [78], (b) Asadolahi et al. [79]
(blue and red dashed lines); right, meniscus profile n(§) (dotted grey line). Here, & denotes the dimensional axial coordinate
relative to the laboratory reference frame, consistent with the cited works.

dominated regime — panel (¢) — the Nu, profile in the rear shows a local minimum that progressively shifts towards
the tip of the bubble with time, accompanied by a steepening near the point of minimum film thickness (at £ ~ —10).
Interestingly, in the front, the local Nusselt number increases significantly with time far from the uniform film due to
the predominant advection (the effect of the transverse velocity is significant there). However, it is worth mentioning
that, when 1 > 1, the profile matches the spherical cap and the thin-film approximation does not hold anymore.

Viscous heating reduces the peak in the local Nusselt number in the bubble’s rear compared to the case with Br = 0,
see figure 5 (d). This indicates a lower heat-transfer efficiency since part of the thermal energy is internally generated
and is not exchanged with the solid wall.

C. Validation with existing literature

In figure 6, we assess the validity of the effective model (34) by comparing the local Nusselt number predicted by
the scaling law (45) with two numerical studies from the literature, detailed in table II. Unfortunately, we were not
able to find experiments or numerical data within the applicability region of the model expressed by (35). In both
cases, the governing dimensionless parameters lies just beyond the applicability conditions: in both cases, Ca < 1
but the Reynolds number Re is finite, meaning a weak effect of inertia (that is neglected by Bretherton’s theory).
Also the Péclet numbers slightly exceed the theoretical bound expressed by (35), implying that, since the inequalities
given by (35) are not met, the rigorous thermal decoupling between the transverse and the axial scales cannot be
guaranteed [80]. Nevertheless, it is worth recalling that those constraints provide only sufficient but not necessary
conditions, and are, in some, cases even too restrictive [63, 81, 82]. Therefore, we compare the numerical data
of Gupta et al. [78] and Asadolahi et al. [79] with the local Nusselt number obtained with our model neglecting (i) the
viscous dissipation, since the Brinkman number is of order < 1073, see table II; and (ii) the contribution of the axial
temperature gradient, that is not given in those two works. This corresponds to the limit limp_,o Nu, (with m = 1),
see (45, 46).

Figure 6 (a) shows the comparison with Gupta et al. [78] where the elongated bubble is investigated using both the
level-set and volume-of-fluid implemented through the TransAT (dashed red line) and ANSYS Fluent (dashed blue
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Parameter [unit of measurement] Symbol Gupta et al. [78]| Asadolahi et al. [79]
Reference frame fixed fixed & co-moving
Tube radius [m] R 2.5-1074 1-1073
Specific wall heat flux [W m™?] lgi] 3.20 - 10* 3.20 - 10*
Gas/liquid air/water nitrogen/water
Liquid dynamic viscosity [Pas] wr 8.90-1074 8.90-1074
Liquid thermal conductivity [W m™? K_l} Ky 0.6 0.6
Liquid density [kgm™> pf 997 997
Surface tension [N m™? o 0.072 0.072
Gas-to-liquid viscosity ratio 2.06 - 1072 2.36- 1072
Gas-to-liquid thermal conductivity ratio K 4.03-1072 4.03-1072
Uniform film thickness [m] hoo 1.10-107° 4.10-107°
Scale parameter € 0.262 0.234
Bubble mean velocity [m s_l] Uy 0.483 0.348
Interfacial length [m] L 4.21-107° 1.75-107*
Capillary number Ca=psUs/o 5.97-107% 4.30-107°
Reynolds number Re=ps Uy R/uys 135 390
Weber number We = CaRe 0.80 1.67
Bond number Bo=p;gR*/o 8.50 - 1073 1.36- 107!
Péclet number Pe=LUs/ay 141 422
2
Brinkman number r= |;Hf| ib 5.89-107* 8.19-107°
—log, Pe pw 3.69 4.17
+log, Br b 5.55 6.49
+log K k 2.39 2.21
Table II. Summary of simulation parameters adopted in two numerical studies on heat transfer in non-boiling gas-liquid Taylor
flow within horizontal circular (m = 1) micro-channels subject to iso-flux heating (v = —1) boundary condition at the wall, see
figure 6.

line) codes, respectively. Note that the discrepancies between these two numerical models are caused by differences
in the description of the curvature of the meniscus, which is reconstructed in one case and explicitly tracked in the
other. Since the gas-liquid interface is not reported in figure 7 of Gupta et al. [78], we reproduce the bubble profile
(right ordinate) using the Bretherton equation (1), adjusting its length, and translating it along the axial coordinate
to fit with the simulated bubble. Overall, our model exhibits good qualitative and quantitative agreement with both
the numerical simulations, except for the undulating evolution of the Nusselt number in the bubble’s rear. Those
inertia-driven undulations are typical of high-Reynolds-number regimes [83], and are not captured by Bretherton
similarity equation.

Panel (b) shows the local Nusselt number data from Asadolahi et al. [79] obtained using ANSYS Fluent for a unit
cell moving with the bubble speed (dashed red line) and with respect to the laboratory reference frame (dashed blue
line). Since figure 12 of Asadolahi et al. [79] reports the computed bubble profile (right ordinate), we use that profile
to compute Nu, instead of that derived from Bretherton equation (1). Also in this case, the agreement between the
scaling law (45) and the simulations is quite satisfactory, considering also that the model is used slightly outside its
range of applicability. Our analysis seems to confirm that the main parameter that affects the evolution of the local
Nusselt number is the film thickness, similarly to observations reported in earlier works on core-annular flows Botticini
et al. [51].

Thanks to its capability of accounting for the bubble shape, we believe that the scaling law (45) has the potential
of being integrated in widely used mechanistic models for trains of elongated bubbles [9, 16, 17, 37, 84].

D. Averaged Nusselt number

A more complete characterization of forced convection in the film of an elongated bubble is given by the averaged
Nusselt number, computed via integration of the local Nusselt number over the axial direction [see, e.g., 27, 58].
Alternative averaging approaches are discussed in appendix D.

In the following, we investigate the effect of the bubble length on the averaged Nusselt number distinguishing
between the three sub-regions, namely the rear, the uniform film, and the front. Thus, we introduce the average
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Nusselt numbers for the rear and the front as

— 1 — 1
Nufront — m /front Nux (5) dfa Nurear - m [ear Nux (5) df, (47)

while the Nusselt number in the uniform-film region is independent of its length [, i.e., Nug = Nug. Therefore, we can
define the averaged Nusselt number for the entire bubble as

ENa All'car mrcar +1 NuO + Alfront mfront

Nu (¢, Pe, Br, ¢) = Al 1+ Al (48)

In figure 7, we examine the impact of the Péclet and Brinkman numbers at a fixed capillary number (¢ = 0.1) on
the time evolution of Nu in the front and in the rear of the bubble. Typically, the averaged Nusselt number increases
with time and exhibits an S-shaped evolution at the front, whereas a reversed trend in the rear, see figure 7 (a). An
exception occurs for Pe = 1, where diffusion competes with advection, resulting in a monotonically decreasing profile
of the averaged Nusselt number at the front. When the problem is thermally fully developed, ¢ > 0, in the front,
the final Nufront, 00 increases with the Péclet number and saturates to a common asymptotic value for Pe = 50
and Pe = 90. At the rear, instead, mrear}tﬁoo follows a non-monotonic trend increasing in the following order
Pe = (1, 2, 90, 50, 10). Interestingly, at high Péclet numbers (Pe > 10), the average Nusselt number in the rear
exhibits an undershoot followed by damped oscillations, reflecting the emergence of transient thermal instabilities
before reaching thermally developed conditions. The effect of viscous dissipation (Br = 1) yields a similar overall
trend, as shown in figure 7 (b). The only difference is that the long-time value in the front increase according to the
sequence Pe = (1, 2, 10, 90, 50) rather than monotonically with the Péclet number due to the competing effects of
advection and viscous heating.

In panel (¢) we show the impact of a uniform film of 10 dimensionless units in length. The overall behavior is
similar to that described in (a) for the case [ = 0, except for the fact that increasing its length leads to more intense
and irregular fluctuations in the averaged Nusselt number in the bubble rear in regimes where advection is dominant.
The uniform film length has the strongest impact on the final Nu,_,o, taken over the entire bubble: as [ increases,
it converges toward the uniform-film value Nug due to its growing relative weight in the spatial average (48), see
figure 7 (d).

To better understand the time evolution of the average Nusselt number, we try to illustrate the underlying physical
mechanisms in figure 8 choosing Pe = 50, where the time oscillations in the bubble rear are present. Specifically,
in the front, the time required for the Nusselt number to reach its final value is of the order of the time required
for a fluid particle initially in contact with the wall to reach the channel centerline and return. This time interval
can be estimated as the time required for the bubble to travel a distance equal to the channel diameter, equal to
t* ~ (2R/Uy) (Uy/L) = 2(0.643) " in dimensionless terms, see figure 8 (a). In fact, in the front, clockwise vortices
entrain hot fluid into the computational domain, enhancing forced convection and increasing the averaged Nusselt
number over time (see the streamlines in a reference frame attached to the bubble in panel (b)). Conversely, at the
rear, the vortices advect hot fluid away from the film, leading to a reduction of heat transfer.

The oscillatory behavior of the averaged Nusselt number at the bubble rear — also identified in previous studies
(e.g., 34, 85, 86) — is linked to the coupling between the interface geometry and the development of flow recirculation in
the rear, resulting in intermittent heating and cooling flow patterns [40, 87]. To show this, we identify six characteristic
time instants (‘A’ to ‘F’) in figure 8 (a). Specifically, the temporal fluctuations originate from the flow constriction at
the point of minimum film thickness, where a heat pulse forms and remains trapped in the recirculation zone. At the
location of the bubble undulations in the rear the effective advection coefficient u* changes sign, see figure 3 (a), and
the hotspot is advected back and forth. This alters the temperature distribution, progressively reducing the maximum
of the local Nusselt number at £ ~ —9.5 and distorting its profile near £ ~ —11.5 (see figure 3 (¢)). The interplay
between peak suppression and hump formation modifies the area under the local Nusselt number, namely the average
Nusselt number. Over time, diffusion and the heat entering from the wall smooth out the hotspot, as illustrated in
the supplementary Movie.

V. CONCLUSIONS

In this paper, we developed an asymptotic one-dimensional model to describe forced convection in the liquid film
surrounding a single elongated bubble within a horizontal channel subjected to a uniform heat flux (extended Graetz-
type problem). In the visco-capillary regime — characterized by negligible gravitational and inertial effects — and in
the limit of an inviscid, non-conductive gas phase, the mathematical description of the system reduces to a single
advection—diffusion-heat-transfer equation, where the dominant thermal transport mechanisms, namely transverse
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Figure 7. Impact of the Péclet (Pe) and Brinkman (Br) numbers on the averaged Nusselt numbers for the front (Nugont),
rear (NUrear), and uniform-film (Nug) regions, see (47) and (45). Time-dependent evolution of the averaged Nusselt numbers
at different Péclet numbers for fixed values of flat-film length [ and Brinkman number: (a) ! = 0 and Br = 0, (b) { = 0 and
Br =1, (c) I = 10 and Br = 0. (d) Influence of I on the overall averaged Nusselt number Nu, given in (48), under thermally
fully developed conditions. Small-scale parameter: € = 0.1.

diffusion and axial advection, are modeled through effective coefficients that depend exclusively on the Péclet and
Brinkman numbers, as well as on the geometry of the gas-liquid interface. Interestingly, the resulting diffusion
coefficient generalizes the classical Taylor-Aris dispersion to thermal dispersion in a thin film.

We derived a closed-form expression for the Nusselt number, elucidating how film-driven flow confinement enhances
heat transfer compared to the single-phase regime. In the uniform-film region, the local Nusselt number remains
uniform and scales inversely with the capillary number following a 2/3 power-law, highlighting the impact of phase
topology on heat removal efficiency. Additionally, we clarified the role of recirculation patterns emerging at the front
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Figure 8. (a) Temporal evolution of the average Nusselt number at the front and rear of the bubble, highlighting six reference
points (labeled ‘A’ to ‘F’) illustrating the oscillatory dynamics. (b) Streamlines in the moving reference frame and contours of
the relative velocity magnitude U™, see (B1). For the selected time instants, spatial evolution along the rear interface of (c)
the local Nusselt number. Small-scale parameter: ¢ = 0.1.

and rear menisci in shaping the overall thermal response of the film under advection-dominated conditions. We
demonstrated that the formation of hotspots at the point of minimum film thickness — resulting from the interplay
between purely diffusive transport in the uniform-film region and the flow constriction in the bubble rear — gives rise to
an oscillatory thermal dynamics of the averaged Nusselt number. Our analysis is complemented by the identification
of the model’s applicability region, where upscaling remains a physically consistent approach. Comparison with
numerical simulations available in the literature reveals that the formal constraints on the Péclet number can be
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relaxed, extending the predictive capabilities of the model to a broader region of the parametric space.

Future work may explore the extension of this framework to regimes with larger capillary numbers and with fluid
evaporation/condensation. This would enable the investigation of thermal interactions between consecutive slugs in
bubble-train flows, shedding light on more complex flow patterns and their influence on the overall heat-transfer
performance in heat-transfer applications.
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Appendix A: Equivalence of the planar and radial coordinates in the low Ca limit

In this section we show that, in the Ca < 1 limit, the planar and the axisymmetric configurations are asymptotically
equivalent as in [3]. Specifically, recalling that the transverse and the radial coordinates are related via § = R — 7
(see figure 1) and using (3) we obtain

g 1-#/R
= (A1)
hoo  0.643 (3 Ca)?/?

that maps the thin layer onto an O(1) interval [88, 89]. Then, applying the chain rule we see that the the differential
operators in cylindrical coordinates reduce to their planar counterparts up to higher—order corrections (y = §/heo and
r=7/R)

1 Oy * Oy
—0r (r*) = — 33+ 23 2/3° (A2a)
r 0.643 (3 Ca) 1-0643(3C2)%% y  0.643(3Ca)
1 1 0.643 (3 Ca)*/? ok
= 0r (rOpw) = ———————2 | Oyy * — (3Ca) 5 Oy | = %. (A2b)
r 0.6432 (3 Ca) 1-0.643(3Ca)%3 y 0.6432 (3 Ca)

Appendix B: Velocity profile in the thin film

The velocity profile in the thin film is obtained following the classical Landau-Levich-Derjaguin-Bretherton theory,
by means of the lubrication approximation, as shown in [3]. Specifically, the axial velocity w follows from the in-
compressible Stokes equation for a Newtonian free-surface film, while the transverse component v is obtained via the
continuity equation [47], yielding the following dimensionless velocity components

win,y) = 4O =DCn=y) o Y [(3—277)23,77;377(2_77)} %Z-

2n3
These expressions fix a typo with respect to equations (A7) and (A8) in Picchi and Poesio [47], where a prefactor 3
(consistent with the axial stretching embedded in the definition of the small-scale parameter (2)) is missing. Figure 9
provides the streamline representation of the velocity field in the laboratory reference frame. Given the velocity
profiles, the viscous dissipation function is computed analytically as

@ (1, y) = 2¢> [(22)2 + <g;>2 - (‘35 + 52g§>2 = [W} 2 +0(e%). (B2)

Appendix C: Accuracy of the effective model

(B1)

The one-dimensional effective model (34) is validated with the depth-averaged temperature (through the opera-
tor (20)) of the two-dimensional solution 8 of the full energy balance equation (10). The latter is computed using
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Figure 10. (a) Time evolution of the average film temperature (J) along a cylindrical tube (m = 1) under uniform heating
(v = —1), obtained from the effective model (34) (solid lines) and the 2D full problem (10) (dashed grey lines: 62p) for Pe = 1
and Br = 0. (b) Absolute error |£ (&, t)| = [(f2p) — (9)| corresponding to each pair of temperature profiles. The dashed
horizontal blue line represents the theoretical error bound prescribed by homogenization with € = 0.1. Right, meniscus profile
n(€) with I = 0.

the Finite Element Method (FEM) discretization scheme, implemented via MATLAB’s built-in Partial Differential
Equation Toolbox, pdetool [90]. The computational domain is delimited by four sides: the Dirichlet-type condi-
tions (39) are imposed on the left and right boundaries; the Neumann condition (13) prescribing a uniform heat
flux is applied at the bottom wall; and the adiabatic condition — corresponding to (15) in the limit of X — 0 — is
enforced on each mesh element of the bubble fluid interface obtained solving (1) and discretizing it according to the
mesh elements. The initial temperature field (¢ — 0) is set to the linear profile (39), while the problem is solved in a
reference frame attached to the bubble. The liquid film is represented using an adaptive triangular mesh composed
of quadratic elements — with nodes at corners and edge centers — characterized by a maximum element height of
0.025 and a growth rate of 2, ensuring adequate resolution near the interface. A polygonal approximation is used to
reconstruct the front and rear film domains, based on 301 uniformly spaced points along the longitudinal direction.
To interpolate data from mesh nodes onto a rectangular Cartesian grid and perform transverse averaging, a uniform
spatial resolution of Ay ~ 2.5 x 10™* is used over the interval [0; maxg n]. Consistent with our analysis in Sec.IV,
the numerical simulations are performed at a fixed capillary number (i.e., ¢ = 0.1) and they are stopped when the
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Figure 11. (a) Time evolution of the domain-averaged first-order corrections to the wall (‘w’) and bulk (‘b’) temperatures, and
(b) averaged Nusselt number Nu - see (D1) - relative to the single-phase value Nus, = 48/11 in a cylindrical tube (m = 1)
under uniform flux heating (v = —1), for different values of the Péclet number Pe, neglecting the impact of viscous dissipation
(Br = 0). The domain-average is performed over a distance £ = Algont + Alrear = 30, with a negligible uniform film region
(I = 0). Small-scale parameter: ¢ = 0.1.

temperature field reaches fully thermal development conditions, corresponding to a dimensionless time ¢ ~ 100.

To evaluate the accuracy of the effective model, we introduce the absolute error £ (¢, t) = (fap) — (V) between the
averaged fully resolved solution and its approximation obtained via the asymptotics. This metric is widely adopted
to estimate the error introduced by the asymptotic expansions and unresolved high order terms [67, 91].

Figure 10 (a) compares the spatial evolution of the averaged fully resolved solution and its approximation obtained
via two-scale expansions at fixed time instants choosing the lowest admissible Péclet number, Pe = 1, which gives
the most stringent tolerance criteria. In fact, the upscaled solution is predictive of the small-scale behavior only
if the absolute error remains bounded by the expansion parameter, i.e., |€] < e2Pe. As shown in panel (a), the
averaged temperature profiles overlap at each time considered, indicating an excellent agreement between the full and
the approximated solution. In panel (b), we analyze the spatial distribution of the absolute error along the bubble
profile. The error remains bounded by €2 Pe over most of the domain except for a small region in the bubble’s rear
where, at sufficiently high times, it locally exceeds this theoretical threshold (—15 < ¢ < —10). This is attributed to
a localized steepening of the temperature profile that makes the first derivative of the averaged temperature greater
than the unity, i.e., [9(#)/0¢| Z O(1), amplifying the contribution of higher-order corrections in (29). We recall
that an underlying hypothesis of methods based on two-scale asymptotics is that, after normalization, the derivatives
remain of order one, but, as in this case, there may exist regions of the domain where this condition is not met.
Despite this, the absolute error remains small, confirming the robustness and reliability of the approach, as shown in
figure 10 (a).

Appendix D: Other definitions of the average Nusselt number

Since its definition is not unique, here, we discuss other definitions of the averaged Nusselt number that differ from
the one obtained by averaging the local Nusselt number given in (48). Although, according to Newton’s law of cooling,
the local convective heat transfer coefficient at a solid boundary is defined as the ratio between the heat flux per unit
area and a reference temperature difference, its spatial average varies from case to case.

For example, in the case of external flows (e.g., laminar and incompressible thermal boundary layer over a flat
plate), such temperature difference is typically taken between the wall and the free-stream temperature. Then, the
average heat transfer coefficient is defined as the mean flux normalized by the fixed temperature difference (in the
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case of isothermal wall), or as the flux normalized by the mean temperature difference (in the uniform-flux case). In
both cases, the averaged Nusselt number is not obtained by averaging the local Nusselt number [77, 92].

In contrast, in internal convection problems, the reference temperature difference is not uniquely defined and varies
across experimental and numerical studies [93]. This ambiguity leads to different definitions of the Nusselt number,
particularly in problems with non-isothermal boundaries [94]. The most common approach is to use the temperature
difference between the tube wall and a the enthalpy-weighted average temperature, commonly known as the bulk
or mixing-cup temperature [75, 95], see (41). Other definitions of temperature difference (e.g., wall-to-bulk, wall-
to-inlet, mean wall-to-inlet, etc.) are usually guided by the application and the imposed boundary condition [29].
For example, in single-phase channel flow under uniform flux conditions the local Nusselt number varies only in the
thermal entrance region, making the definition of the averaged Nusselt number as the integral of the local one not
relevant outside the entrance region. In this case, in fact, an alternative formulation of the mean Nusselt number
based on a domain-averaged temperature difference is usually adopted. In other words, instead of averaging the local
Nusselt number over the spatial domain as in (48), the strategy is to divide the flux by the difference between the
domain-averaged wall temperature and the domain-averaged bulk temperature.

This idea has been borrowed from many works in the context of slug and Taylor flows, where researchers have been
using averaged wall and bulk temperatures [96, 97], to define the averaged Nusselt number over a representative unit
cell (e.g., 40, 78, 79, 87). Specifically, the Nusselt number obtained from the averaged temperature difference reads
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where, in analogy with (47), the overline denotes a domain average performed over a longitudinal distance ¢ =
Alyear + | + Alfrons- The domain-averaged first-order corrections to the wall and bulk temperatures are shown in
figure 11 (a) and their final values vary non-monotonically with the Péclet number, increasing for the bulk and

decreasing for the wall in the sequence Pe = (10, 2, 1, 50, 90). Accordingly, the Nu normalized by the single-phase
reference value for a cylindrical tube Nug, = 48/11 ~ 4.36 is shown in figure 11 (b). The Nusselt number decreases
monotonically in the diffusion-dominated regimes, while for Pe > 50 it displays a non-monotonic trend with an
intermediate maximum before reaching thermally fully developed conditions. Specifically, the final value indicates a
heat-transfer enhancement ranging from 6 to 16 times with respect to single-phase flow.

An alternative formulation has been proposed by [98] as a time-averaged local Nusselt number based on wall and
bulk temperatures averaged over the recirculation period, motivated by the periodicity of Taylor flow in a reference
frame attached to the bubble. This definition has been reported to facilitate the comparison between numerical
simulations and experimental data since it is easier to measure averaged quantities along a channel segment than
knowing the local wall temperature field [99]. It is worth mentioning that the detailed analysis of these alternative
formulations of the Nusselt number falls outside the scope of our work.
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In the previous paper, the heat transfer analysis was built around the classical scaling law
that relates the characteristic film thickness to the capillary number with a two-thirds power
dependence. In the present study, we turn to a different nonlinearity governed by the same
exponent: the relationship between the tip-to-tip pressure drop across an elongated bubble
and the capillary number. Our investigation demonstrates how bubble-induced pressure losses
shape the effective rheological response of a segmented flow characterised by wetting liquid
films. Through coalescence, this configuration can evolve towards the core—annular limit
examined in the first work. When embedded in a heterogeneous porous domain, the resulting
ganglia dynamics extend the reduced-order modelling framework beyond thermal transport,
encompassing multiphase flow behaviour in porous media.
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This study presents a first-principles model to predict the two-phase pressure drop in gas—liquid
intermittent flow through round capillaries, which serve as the simplest analogous of a porous
medium. We derive a model for a train of elongated bubbles, and rigorously quantify its validity
in terms of the dimensionless parameters of the problem (capillary number, number of bubbles,
gas volume fraction, and channel length-to-diameter ratio). Our model is built upon the classical
theory by Bretherton, with the extensions of Aussillous and Quéré and Balestra et al., to account for
film-induced lubrication effects, the interplay between viscous and capillary forces in the thin-film,
and the jump in viscous normal stresses.

The total two-phase pressure drop is found to be non-linear with respect to the mean liquid slug
velocity, varying in discrete steps due to its explicit dependence on the number of bubbles, and
also influenced by the motion of both phases. Moreover, formulating the model in dimensionless
terms reveals key scaling laws that govern the two-phase flow rheology. Perturbation theory shows
that a single bubble induces an excess pressure drop in a liquid-filled slender channel, enabling the
introduction of a pressure-dependent effective viscosity to describe the system.

Finally, our analytical framework is extended from a single capillary to a bundle of cylindrical
tubes. In nearly homogeneous bundles, inviscid bubble trains exhibit a smooth transition from
a Bretherton-like regime with an apparent flow exponent of 2/3 at low pressure drops to weaker
sub-linear regimes (with exponents between 2/3 and 1) as the pressure drop increases. Introducing
the smallest pores disrupts the monotonic scaling of the flow exponent, reflecting a more complex
rheological response. Deviations in two-phase flow behavior from the Darcy law are examined across
the model parameter space and in relation to geometrical heterogeneity, offering new insights into
pore-scale multiphase transport.
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I. INTRODUCTION

Two-phase transport processes in porous materials are central to numerous areas of science [1, 2], including hydro-
geology and oil recovery, reservoir and biomechanical engineering, design of fuel cells and other industrial devices [3].
For example, suspensions of air bubbles in water have been used to enhance bioremediation by introducing oxygen
into groundwater [4], as well as to remove volatile organic compounds from contaminated soils [5]. In these systems,
the dispersed gas phase alters the flow within individual pores, thereby influencing macroscopic transport properties
such as hydraulic conductivity.

In capillaries, gas-liquid mixtures preferentially adopt a plug-train configuration, referred to as Taylor (or seg-
mented, intermittent) flow, where elongated bullet-shaped bubbles are separated by liquid slugs and surrounded by
a thin lubricating film [6, 7]. This flow pattern is largely controlled by the dominance of surface tension over viscous
effects (i.e., low capillary numbers), which inhibits alternative regimes typical of larger channels, such as bubbly or
stratified flows [8]. Under these conditions, commonly encountered in most microfluidic applications, the pressure
drop over a bubble is significant compared to the continuous phase [9], and well-established theoretical frameworks
for predicting the two-phase pressure drop — such as the Lockhart-Martinelli-Chisholm correlation [10-12] and the
homogeneous-type approach [13-15] — prove inadequate.

Such inaccuracy stems primarily from neglecting essential physical mechanisms, namely surface tension phenomena
and the complex hydrodynamic features of Taylor flow, such as phase and velocity distributions [16]. In fact, the
incomplete displacement of the wetting phase by the non-wetting discontinuous phase [17] results in a thin lubricating
film around the bubble which makes the pressure drop analysis more challenging.

Research into bubble formation in a continuous phases traces back to Rayleigh’s analysis of jet breakup [18]
and Taylor’s subsequent studies on the stability of fluid interfaces [19]. Taylor [20] later postulated that the key
hydrodynamic features of capillary slug flow was the emergence of internal recirculation within the slugs. In the
same years, Bretherton [21] investigated the motion of a long inviscid bubble displacing a viscous liquid in a capillary
tube in absence of inertial and gravitational forces, using lubrication theory to describe the flow near the menisci.
Specifically, between the hemispherical bubble caps, the thin film is governed by the interplay of viscous and capillary
forces, and, through asymptotic matching, Bretherton [21] obtained an estimate for the film thickness. He also
derived an expression for the pressure drop across the thin film and the additional jumps at the front and rear
menisci, ultimately yielding the total pressure drop across the bubble. Although Bretherton’s theory [21] agrees
satisfactorily with the experimental data of Taylor [20] only in the limit of low capillary numbers, its range of validity
has been extended up to capillary numbers of order unity by Aussillous and Quéré [22], who proposed an ad hoc
polynomial ratio with a fitting parameter to model the film thickness.

Later on, Bretherton’s framework [21] has been extended to describe bubble train in smooth capillaries and bead
packs [23, 24]. These models assume joint motion of the gas, the separating liquid slugs, and the wetting films
at a common velocity, enabling a pseudohomogeneous single-phase representation of the mixture — as a chain of
bubbles separated by liquid lamellae — treated as a Darcy flow driven by an applied pressure gradient [25]. A critical
limitation of this oversimplified picture is its lack of consideration for the velocity mismatch between the gas bubbles
and the surrounding liquid. In reality, bubbles advance slightly faster than the wetting phase, as revealed by a simple
mass balance, see Refs. [7, 26] for instance. As the film becomes thinner, the velocity difference between the phases
diminishes; however, in most practical cases, this speed discrepancy remains non-negligible. Given the significantly
higher viscosity of the liquid phase relative to the gas, even small differences in phase velocities can result in appreciable
changes in the apparent gas viscosity [25].

Despite its foundational value, Bretherton’s work [21] is rarely mentioned in studies of gas—liquid pressure drop
in small channels (see, for example, Sec.7 in Etminan et al. [27], for an exhaustive review). An exception is the
semi-empirical model by Kreutzer et al. [28], which decomposes the total pressure drop in Taylor flow into two main
contributions: (i) frictional losses in the liquid slugs, and (ii) the capillary pressure jumps near the bubble caps,
based on Bretherton’s result for an isolated gas bubble [21]. This model treats Taylor flow as a perturbation of fully
developed Hagen—Poiseuille flow within the slugs, where the presence of gas bubbles induces an excess pressure drop.
However, its dependence on Bretherton’s analysis [21] restricts its validity to very thin liquid films (or equivalently
vanishing capillary numbers).

To address these limitations, Warnier et al. [16] introduced three key improvements building on Kreutzer et al.’s
model [28]: (i) combining Bretherton’s asymptotic results [21] with the scaling analysis of Aussillous and Quéré [22],
(ii) basing the computations on the actual gas bubble velocity, and (iii) accounting for a more detailed description of
the bubble volume. However, the authors proposed an empirical adaptation of the capillary pressure drop correlation
— based on the film thickness saturation mechanism described by Aussillous and Quéré [22] — which is not supported
by theoretical justification. In addition, since their analysis is formulated in dimensional form, the identification of
relevant scaling laws remains an open question in the community, representing a limitation especially critical in the
context of porous media.



The motion of bubbles in straight tubes is frequently used as a proxy for understanding two-phase transport
processes at the pore-scale [29]. Although this idealized geometry is a clear oversimplification of real porous structures,
it still offers valuable insights into the fundamental hydrodynamic mechanisms at play [30]. Building on this idea, Stark
and Manga [31] numerically investigated the motion of discrete non-wetting bubbles through a network of parallel
straight tubes under an imposed flow rate, aiming to evaluate the effective permeability and the mean residence time
of the bubbles. Bretherton’s theory [21] was incorporated to account for both the capillary pressure drop and the
velocity difference between phases. However, their simulations suffer from several limitations. First, the analytical
treatment is restricted to low gas volume fractions and presumes a uniform bubble size distribution. Moreover, instead
of explicitly adopting a non-linear pressure—flow rate law, the authors retain the formalism of a linear relationship
by introducing a pressure-dependent conductivity matrix. As a result, the authors preserve the electrical analogy of
the network [32] by employing a modified Kirchhoff law, which requires iterative solution algorithms and introduces
numerical challenges, such as convergence issues and constraints on the network size.

The evolution of phase topology, governed by flow conditions, plays a central role in immiscible displacement
within porous media. Specifically, as the capillary number increases, a threefold transition in flow connectivity is
observed: from quasi-static disconnected pathways, to ganglion mobilization, and ultimately to viscous-dominated
connected pathways [33, 34]. To overcome the challenges of formal upscaling in systems with convoluted phase topol-
ogy [35], Picchi and Battiato [36] mapped the observed configurations onto idealized flow patterns: from capillary
bundles at low capillary numbers to core-annular structures at high capillary numbers. This conceptual framework
has been extended to scenarios typical of geothermal reservoirs [37], where it captures the scaling of relative perme-
abilities with flow conditions and is consistent with experimental observations. However, while the authors bridge the
intermediate regime between these two limiting cases with a heuristic model for relative permeability, a physically
grounded framework that robustly captures the transitional behavior of the flow has yet to be established [38]. In
porous media, the combined flow of two immiscible Newtonian fluids under steady-state conditions may be described
via a power-law relationship between the applied pressure drop (net of a possible threshold pressure) and the resulting
volumetric flow rate [39], i.e., Ap — Ap; x Q¢ where ¢ € (0; 1) is an exponent reflecting the gradual mobilization
of fluid interfaces at intermediate flow rates (see Sec.IVB). The value of ¢ quantifies the transition from standard
linear Darcy behavior (¢ = 1) [40], which corresponds to simultaneous percolation of both phases, to a non-linear
regime emerging at moderate capillary numbers due to evolving flow topology [41]. Although numerous studies have
addressed this issue, as outlined in Tab. I, a comprehensive quantification of ( is still lacking, and a clear physical
interpretation of its dependence on flow conditions remains elusive.

Authors Method | Wetting & nonwetting phase| Threshold| Power-law exponent
Tallakstad et al. [42, 43| E glycerin/water & air no 0.54 +0.08
Rassi et al. [44, 45] E water & air no 0.3-0.45
Sinha and Hansen [46] | T, N - yes 0.5
Yiotis et al. [47] N (1) water & NAPLs yes 0.5
Aursjo et al. [48] E glycerin/water & rapeseed oil no 0.67 +0.05, 0.74 + 0.05
Chevalier et al. [49] E water & n-heptane no 0.65+0.1
Sinha et al. [50] E, N water & air yes 0.46 £ 0.05 — 0.54 + 0.03
Roy et al. [51] T, N - yes 1/2 or 2/3
Yiotis et al. [52] N (1) water & oil yes 2/3
Gao et al. [41] E water & oil no 0.60 £ 0.01
Fyhn et al. [53] T, N - yes 1/2 or 2/3
Roy et al. [54] T, N - yes 1/2 or 2/3
Zhang et al. [55] E KI brine & n-decane yes 0.44 £0.02 — 0.74 £ 0.02
Zhang et al. [56] E KI brine & n-decane yes 0.50 £ 0.01 — 0.58 £ 0.01
Fyhn et al. [57] N - both 0.39-0.45
Anastasiou et al. [58] E water & n-heptane no 0.714-1

Table I. Summary of theoretical (T), numerical (N), and experimental (E) studies on the effective rheology of Newtonian
two-phase flow in porous media. The pairs of wetting and non-wetting fluids are reported, along with an indication of whether
a capillary threshold pressure Ap; is included in the model (yes/no/both), and the corresponding values of the non-linear
apparent flow exponent ¢, as described in §IVB — see Eq. (47). The symbol (}) indicates studies where flow is driven by a
constant body force, with the Bond number (representing the ratio of gravitational to capillary forces) used as the control
parameter instead of the capillary number (ratio of viscous to surface tension-related stresses).

Motivated by these shortcomings, in this study we investigate the steady-state effective rheology of a two-phase



gas—liquid Taylor flow consisting of immiscible Newtonian fluids in a smooth capillary tube and in a bundle of parallel
tubes with non-uniform radii. Building on the analysis of Roy et al. [54], our analytical model introduces several key
developments: the inclusion of film flow, velocity mismatch and jump in viscous normal stresses across the phases,
and a dimensionless formulation that enables the identification of universal scaling laws for the problem.

Accordingly, the rest of the manuscript is structured as follows. We begin by presenting the theoretical formulation
for the decomposition of pressure drop in a liquid-filled tube containing a single gas bubble, reviewing existing
correlations (Sec.ITA). We then reformulate the problem in dimensionless terms and extend the analysis to arbitrary
bubble trains (Sec.IIB), which allows us to identify the dominant parameters governing the total pressure drop at
the single-tube level (Sec.IIC). Next, we analyze how the pressure drop in intermittent gas-liquid Taylor flow evolves
across the parameter space (Sec.III A), and we complement this analysis with a rigorous assessment of the theoretical
bounds of model applicability (Sec.IIIB). In the slender-channel limit, we employ perturbation analysis to establish
how a single gas bubble perturbs the system dynamics (Sec.III C), leading to deviations from Darcian behavior and
enabling the derivation of a closed-form expression for the effective viscosity of the gas-liquid flow. We then extend this
framework to a capillary bundle by introducing a statistical distribution of pore sizes. A dimensionless formulation of
the problem allows us to derive an exact expression for the effective permeability of the bundle under single-phase flow
conditions (Sec.IV A). Finally, we review existing models that describe the non-linear effective rheology of two-phase
flow in porous media (Sec.IV B), and show how our model captures the observed power-law relationship between
flow rate and pressure drop (Sec.IV C), ultimately clarifying the combined influence of structural disorder and bubble
distribution in determining the bulk flow behavior of two-phase systems in porous media. A summary discussion is
provided in the concluding section (Sec. V).

II. SINGLE-TUBE MODEL
A. Pressure drop decomposition for an elongated bubble

We first examine the case of a single bubble moving in a capillary tube, focusing on regimes where surface tension
competes solely with viscous forces. In Sec. II B, this theoretical framework is extended to account for multiple bubbles
within the channel.

We consider the motion of a single elongated bubble of length Lp and negligible viscosity displacing a fluid with
dynamical viscosity p along a horizontal smooth capillary tube of radius r and length L. This is illustrated in Fig. 1.
The flow is driven by an imposed pressure drop Ap = pin — Pous > 0 between the inlet and the outlet of the tube. We
assume full wetting of the channel walls by the continuous phase, which allows us to neglect contact line dynamics.
Bubble coalescence and break-up are also not considered. The axial pressure drop over the channel length L is
decomposed as follows [16, 28, 59-69):

Ap = Ap, + App + Apy, (1)

where the first and third term indicate the viscous pressure drop of the liquid slugs respectively at the rear (‘r’) and
at the front (‘f’) of the bubble, and the second term is the pressure drop over the bubble (‘B’), as shown in Fig. 1.
Equation (1) should also account for the frictional losses in the thin liquid that separates the body of the bullet-shaped
bubble from the channel wall. However, when gravity and inertial effects are neglected, and the bubble is treated as
inviscid, the film is almost stagnant and does not contribute to the pressure calculation [16, 61, 70]. Specifically, in
the region of constant film thickness, the pressure at the wall is almost constant, whereas large pressure oscillations
can form at the rear of the bubble due to typical meniscus oscillations at the gas-liquid interface [28, 65]. The pressure
drop due to frictional losses in the gas bubble is not taken into account, due to the low viscosity of the gas phase
compared to that of the liquid [16, 28].

The flow established along the slug regions of length L, and Ly, located respectively at the rear and at the front
of the bubble, is assumed to be laminar and fully-developed. Under these approximations [65], whose validity is
discussed in Sec. III B, the Hagen-Poiseuille equation [71, 72] linearly relates the volumetric flow rate of the liquid @
to the local pressure drop due to friction:
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Thus, the local pressure drop can be expressed in terms of the average speed of the liquid slugs v, i.e. Q@ = wr2v, as:
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Figure 1. Two-dimensional sketch of the physical problem, and qualitative plot of the wall pressure distribution along the axial
direction.

The injection of a gas bubble into the continuous phase causes an excess pressure drop Apg, perturbing the liquid
flow and ultimately leading to a non-linear relation between the pressure differential and the velocity [16, 27]. The
key parameter governing the dynamics of a bubble advancing through a viscous fluid in a round capillary at constant
speed u is the capillary number:

Ca— MY
o

, (4)

which expresses the competition between viscous stresses and those associated with the surface tension o. Given that
in a circular tube the average velocity of the wetting fluid is lower than the bubble velocity, i.e., v < u, a capillary
number based on the average liquid velocity can be introduced as

_ kv
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which will be used later, see Sec.IITA and Sec.IV, in deriving an expression for the effective flow rate, while its
relationship with Eq. (4) is examined in Sec. IIC1. Bretherton’s foundational analysis [21] of bubble motion identifies
the scaling laws for: (i) the uniform film thickness normalized by the tube radius, (ii) the relative velocity of the
bubble with respect to the surrounding fluid, and (iii) the mean curvature of the front and rear static menisci. For
clarity of exposition, in the following, we review the main theoretical developments.

1. Characteristic film thickness and velocity ratio

In Fig. 2 (a) we review widely used correlations for estimating the uniform film thickness normalized by the tube
radius. Many of the these can be summarized in the following form [61, 73]:

he A (3Ca)*?
r 1+o¢A(BCa)2/3’

with A = 0.643. (6)

The pioneering lubrication approach developed by Bretherton [21] enabled the derivation of the theoretical expression
for the uniform film thickness in the limit of vanishing capillary numbers, Ca < 0.005, which corresponds to a
formulation where Ca — 0 in Eq. (6). To improve the agreement with Taylor’s experiments [20], Aussillous and Quéré
[22] introduced a saturation term in the denominator of Bretherton’s original law and fitted the empirical constant to
a = 2.5, extending the validity of Eq. (6) up to Ca < 2. The detailed numerical investigation by Balestra et al. [74]
extended the analysis to viscous drops, yielding o = 2.483 in the limit of inviscid bubbles. Still, the theoretical analysis



by Klaseboer et al. [75] demonstrates that the actual value of this fitting constant follows from a “tube fit” condition,
and is influenced by the (arbitrary) choice of the point where the bubble front meniscus is matched to a parabolic
profile, leading to a = 2.79 when the asymptotic argument originally employed by Bretherton is adopted. Further
extensions to expression Eq. (6) are available in the literature, accounting for inertial effects [76], buoyancy [77], and
extending the analysis to non-circular cross-sections [78, 79].

The bubble travels faster than the surrounding liquid due to the presence of the wetting film, yielding the relation

; (7)

where w is termed the relative drift (or excess) velocity, see Refs. [73, 80]. Assuming the liquid film remains perfectly
stagnant — a condition that holds exactly only within the region of constant film thickness for an inviscid bubble —
the expression for w can be derived from a mass balance in a reference frame attached to the bubble, see Refs. [26,

73, 74, 81], namely (v —u) 772 = —um [7‘2 —(r— hoo)Z}, which simplifies to:
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Thus, equation Eq. (8) relates the bubble excess velocity to the wetting fraction, which instead quantifies the cross-
sectional area occupied by the liquid film.

2. Pressure drop over the bubble

An outline of the main correlations for the overall pressure drop across a bubble moving in an axisymmetric capillary,
in regimes where inertia and buoyancy are negligible, is given in Fig. 2 (b). In the limit of vanishing capillary number,
the pressure drop across each interface (front and rear) is governed by the mean curvature via Young-Laplace’s law,
resulting in a non-zero net pressure jump over the bubble — in principle, these two contributions would compensate
if the bubble were symmetric, but this symmetry is disrupted by the bubble motion [62]. Bretherton [21] derived the
following law

App = 5% (3Ca)%?, (9)

assuming that the asymptotic plane curvature of the bubble nose approaches the inverse of the channel radius.
Although frequently misquoted [73, 75], the constant coefficient 5 = Sy + f, in Eq. (9) accounts for both the pressure
jumps across the front and the rear menisci of the bubble. Specifically, Bretherton [21] estimated the overall dynamic
pressure drops as 8 &~ 2[1.79 — (—0.46)] = 4.52. Using rigorous matched asymptotics, Suresh and Grotberg [82] have
shown that in a plane channel the scaling behavior indicated by Eq. (9), i.e. Apg ~ Ca?/3, is preserved only when
the effects of gravity are small and surface tension prevails over viscous forces. Nevertheless, Cherukumudi et al. [83]
have argued that the validity of Eq. (9) could be expected to hold for much larger Ca. Besides, the authors corrected
the numerical factor to a value 8 &~ 2[1.286 — (—0.464)] =~ 3.50 to account for the actual difference in nose curvatures
at the front and the rear of the bubble in case of thicker films.

These classical models predict the capillary pressure drop solely based on the interface’s mean curvature, namely
App ~ App .. However, Balestra et al. [74] demonstrated that this assumption yields an incomplete description, as
the jump in the normal viscous stress, i.e., Apg ,, should not be neglected for Ca > 1073. An improved estimate for
the total pressure jump across the bubble is thus obtained by summing these two terms:

APB = ApB,c + ApB,n; (10&)
A 20 (1+T(3Ca)*® 14T, (3Ca)**
PB,c = —— 2/3 - 2/3 | (10b)
" \1+ Z;(3Ca) 1+ Z,.(3Ca)
Ay T (Mp(3Ca) +N; (3 Ca)"® M, (3Ca)+ N, (3Ca)"/* (100)
PB.n =75 1+ Oy (3Ca) 1+ 0, (3Ca) ’

each derived via numerical fitting. The values of the front (‘f’) and rear (‘r’) coefficients, in the limit of inviscid
bubble for an axisymmetric channel, are listed in Table II for ease of reference. Consistently, the asymptotic series of
the rational function model (10), namely

Apy ~ 27Ty~ 2p) — (T, — 2,)] (3C)*, (1)
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Figure 2. Comparison of the main available correlations for the dimensionless (a) uniform thin-film thickness and (b) tip-to-tip
bubble pressure drop in an axisymmetric capillary of radius r, neglecting inertia and buoyancy effects, in the limit of inviscid
bubble. For the correlation proposed by Balestra et al. [74], see Eq. (10), both the curvature-induced component alone (‘c’) and
the combined contribution including the jump in normal viscous stresses (‘c + n’) are displayed for comparison. The abscissa
represents the capillary number, given in Eq. (4), being o the surface tension at the interface between the bubble and the
surrounding fluid. The region of vanishing capillary numbers (Ca < 0.005), where Bretherton’s model is valid, is highlighted
by the grey area.

is in line with the scaling law proposed by Bretherton [21] in the low-Ca regime, i.e. Apg ~ Ca?/3.

Constant T VA M N O
front: ‘f’| 2.725 | 0.646 [—2.011| 1.669 |0.167
rear: ‘r’ |—0.473|—0.094| 2.381 |[—1.744|2.732

Table II. Front and rear coefficients in the inviscid-bubble limit in an axisymmetric channel, used in the pressure drop correlation
of Balestra et al. [74] given by Eq. (10).

B. Dimensionless formulation

To quantify the competition between viscous and capillary phenomena, we normalize Egs. (1,3,10) using the
capillary pressure scale, P = o/L, which includes exclusively parameters related to the system geometry and the
physical properties of the fluids at the interface. Instead, using the viscous scale — e.g., pv/r or pu/r, as commonly
adopted in other works [28, 60] — is not possible a priori at this stage of the analysis, as it depends on the velocity of
one of the phases. Additionally, choosing P as the reference scale for pressure is consistent with our focus on regimes
characterized by low-to-moderate capillary numbers, where surface tension is expected to prevail over viscous losses,
see Eq. (4). We denote the resulting dimensionless quantities by the asterisk, i.e., Ap* = ApP~!, and introduce the
reduced capillary number

2~ (305, (12)
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Figure 3. Schematic of Taylor flow with N = 3 gas bubbles separated by liquid slug domains in a capillary tube. The front and
rear menisci of each bubble are idealized as hemispherical caps, as highlighted by the black dashed rectangle enclosing the last
bubble. The blue dashed rectangle denotes a representative unit cell — shown separately in Fig. 1 — which forms the repeating
element (of varying length) of the two-phase flow [28, 65].
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to lighten notation. This procedure yields the following expressions for the dimensionless pressure jumps within the
liquid slug and over the bubble:

8 sv (LY L.+ Ly
Aps=Api+Aph=-22- 2] ==L 1
ps = Ap; + Apj 3zu(r> T (13a)
* * * L
Apg = Apg, . + Apg,, = ;B(ZL (13b)
where the following functions
B(z) = 2Bc(2) + Ba(2), (14a)
B _1+sz2 1+Tr22 3 _M.f23+NfZ4 MT23+NTZ4 (14b)
1+ Zp2 1427222 " 140523 140,23

describe how the bubble-related pressure drop evolves with the reduced capillary number z, building on the compre-
hensive analysis by Balestra et al. [74].

Assuming that both the phases are incompressible, we express the bubble length as the difference between the total
channel length and the sum of the lengths of the rear and front slugs, yielding the relation L, + Ly = L — Lg. We
extend this identity to a train of N bubbles of individual lengths I;, as shown in Fig. 3, by replacing Lg with the
total length occupied by the gas phase, Y.y li, and incorporating the resulting expression into Eq. (13a). Moreover,
since each bubble introduces a front and rear menisci and each pair of interfaces contributes a pressure drop that
is independent of the bubble length, we account for the total gas-related contribution by multiplying the term in
Eq. (13b) by the number of bubbles N. In view of Egs. (6,7, 8), this procedure leads to

Ap* = Ap§ + Apg, (15a)
8 A22 2 L 2 L_Z‘<Nl1',
Aptf =31 -~~~ -y &esiV 1
Ps 3Z < 1+aA22) (r) L ’ (15b)
L
App = N;B(z), (15c¢)

revealing that the bubble-induced pressure drop evolves in discrete steps with the number of bubble N, while within
the liquid phase the governing parameter is the total slug length relative to the channel length. Accordingly, we
introduce the bubble length fraction as
Zi<N li

= == 16

@ 7 (16)

Finally, we make the tube length in Egs. (15b, 15¢) dimensionless using the channel radius as the reference length
scale, i.e. L* = L/r, yielding the pressure drop model:

A 2

Ap* = 8 23 (1 i

1+ aAz?

. ) Wra-9 NI (17)

C. Analysis of the parameter space

To delineate the bounds of validity for the flow description given by Eq. (17) and elucidate the dominant scaling
laws governing the system, we introduce geometrical constraints and analyze an equivalent reparameterization of the
model that improves its physical understanding.
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1. Bubble length and capillary number

The assumption of an infinitely long bubble is practically addressed by enforcing a minimum bubble length require-
ment. Klaseboer et al. [75] proposed a criterion based on a transition region of approximately A ~ 10 dimensionless
units, ensuring that the front and rear interfaces do not overlap and can be treated independently. By accounting for
the presence of front and rear spherical caps, Cherukumudi et al. [83] refined this condition (Eq. 42 there) as:

l;

b
s 2
ror

o . hoo 13| _ Az
=b, b =214+ A== (3Ca) }_2<1+A1+Aa22 ; (18)

where the last equality follows from Eq. (6). As shown in Fig. 4 (a), the above expression highlights that the minimum
length of a Taylor bubble corresponds to the channel diameter and is achieved in the limit of vanishing capillary
numbers (z — 0). Ultimately, the minimum bubble length normalized by the tube radius is expressed by a rational
function in the reduced capillary number which exhibits a global maximum at z = 1/ Va A — corresponding to Ca ~
0.164 for a = 2.5 — where it reaches a value equal to 2+ X A/v/a A (approximately 7.071 choosing A = 10). Our analysis
reveals that this non-monotonic behavior stems from a competing interplay between two physical mechanisms: while
the numerator captures the elongation of the dynamic meniscus with increasing capillary number, the denominator
reflects a saturating effect associated with the thickening of the lubricating film.

To facilitate comparison between the two-phase flow behavior and the single-phase (all-liquid) limit, we examine
the relationship between the capillary numbers based on the average liquid slug and bubble velocities, as defined in
Egs. (4,5):

2
1 ~1A 2/3
Cal:&:—f:(}a + (a—1)A (3Ca)
ag

; (19)

gu 1+aA(3Ca)2/3
which follows directly from Eq. (7). The scaling behavior derived in the low Ca-limit remains valid under this new
parametrization, as a result of the asymptotic relationship Ca; ~ Ca — 2 - 3%/34 Ca®/3 + (’)(Ca7/3). In contrast, for
thicker films (typically Ca > 10~2), Ca; drops below Ca, indicating the bubble’s non-linear influence on the flow, as
shown in Fig. 4 (a).

2.  Bubble fraction

To improve the physical interpretation, we formulate our model in terms of the volumetric gas fraction (or satura-
tion), defined as

(20)

where V; is the volume of the i-th bubble and V is the total channel volume. This quantity can be related to the linear
gas fraction ¢ defined in Eq. (16) based solely on geometrical considerations. In this work, we adopt the approach
proposed by Warnier et al. [16], which offers a suitable compromise between accuracy and simplicity. Estimating each
bubble volume as the product of the cap-to-cap length I; and the cross-sectional area in the region of uniform film
thickness, namely 772, with r, = r — heo, tends to overestimate the actual gas volume. This is because bubbles in
confined channels are not perfectly cylindrical, but rather exhibit a bullet-shaped profile, with rounded fore-and-aft
menisci that contain liquid instead of gas. To account for this geometric discrepancy, a corrective length § can be
introduced, reducing the effective gas length accordingly. For hemispherical caps, it can be shown that § = 2/3 1.
This leads to a more accurate relationship between the gas saturation ® and the geometric parameters introduced

previously:
P 2 r hoo
= 4 IN—-[1-=). 21
1— ==
r
The effective range of variation of both linear and volumetric gas fractions lies within a sub-interval of [0; 1],

governed by the problem’s parameter space — namely the bubble number NV, the dimensionless channel length L* and
film thickness ho /7, the latter being ultimately controlled by the bubble capillary number Ca as described by Eq. (6).
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Figure 4. (a) Validity constraint imposed by (18) on the dimensionless mean bubble length b* (left ordinate axis) and relationship
between the capillary numbers based on the bubble and liquid slug velocities (right ordinate axis), as given by Eq. (19). (b)
Variation of the maximum bubble number N&.%" with the capillary number based on the bubble velocity, see Eq. (22): the
dashed line represents the continuous trend of the ratio L*/b*, for a channel of slenderness L™ = 100, while the superimposed
staircase-like profile visualizes the effect of the floor operator, highlighting discrete changes in the bubble number. (¢) Geometric
range of variation of the volumetric gas fraction ® with the capillary number based on the bubble velocity, showing both the
lower (®min) and upper (®%7) bounds — see Egs. (23,24) — for L* = 100 and a varying number N < NEX™ of bubbles
composing the train.

The lower bound for the admissible bubble number N under two-phase flow conditions corresponds to the single-
bubble case (N = 1); conversely, the upper bound (N = Npy.x) is not uniquely defined. From a simplified geometrical
perspective, the corresponding limiting configuration is associated with the foam-like regime, in which the channel is
entirely filled with densely packed least-elongated bubbles. The long-bubble requirement expressed by Eq. (18) leads
to the following geometrical constraint:

NE©™ — min \‘LJ = min {L*J = LL* J (22)
max = o | b Ca | b 24+ NA/Va Al

where the floor function ensures that the maximum bubble number remains an integer, and the minimization over the
range of capillary numbers based on the bubble speed selects the flow condition yielding the longest bubble consistent
with the channel-level constraint. This geometrical estimate, shown in Fig. 4 (b), assumes ideal packing and does not
account, for hydrodynamic limitations. Accordingly, the criterion used to constrain the maximum number of bubble
will be refined in Sec. III B, leading to a more restrictive condition, i.e., Npax = NIOW < Ngeom  Fig 4 (¢) shows the
evolution of the upper and lower geometrical limits of the saturation versus the capillary number based on bubble
speed, for different numbers of bubbles composing the train. The bubble volume fraction spans an interval whose
lower bound corresponds to the case of N bubbles with the smallest admissible length; this configuration yields a
linear gas fraction equal to ¢ = N b/L, for which equation (21) gives:

N 2 h h

2
@min = F |:b — g (1 - 70>:| <1 — r) 5 Wlth N S [0; Nmax]a (23)

recovering the single-phase (all-liquid) limit when N = 0. In contrast, the upper bound for the gas saturation
(® = Ppax) lacks a unique characterization. The previously established tube-fitting condition, i.e., ¢ = 1, describing
the packing of N bubbles along the entire channel length, leads to the following geometric constraint:

2 N hoo Roo 2
geom __ ey ~ Ttoo ~ Noo . .
(s {1 3 I (1 . )} (1 . > , with N € [1; Npax] - (24)

To preserve the validity of this description, we will further restrict the upper bound for the gas saturation in Sec. III B

based on the physics of intermittent two-phase flows, yielding a refined estimate, i.e., ®yax = @IV < Pgeom,
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Figure 5. Dimensionless pressure drops plotted against the capillary number based on the liquid velocity for a channel of
slenderness L* = 100. Panels (a) and (b) show the slug- and bubble-related contributions, respectively, for varying gas
saturation ® and bubble number N. Panels (¢) to (f) display the total pressure drop for fixed bubble numbers and varying
volumetric gas fractions; for reference, the single-phase limit is shown as a continuous grey line.

III. RESULTS AND DISCUSSION
A. Pressure-flow curves

The final expression for the overall dimensionless pressure drop in gas—liquid Taylor flow is given by Eq. (17), where
the gas linear fraction ¢ is expressed in terms of its volumetric counterpart ® using Eq. (21). To isolate the effects
of viscous and capillary pressure drops, we initially plot these contributions separately — panels (a) and (b) — and
subsequently sum them to obtain the total pressure jump — panels (¢) to (f) — in Fig. 5. To facilitate comparison
with the single-phase (all-liquid) limit (® — 0), governed by the Darcy law, we present these results in terms of
the capillary number based on the liquid velocity, rather than the bubble velocity, using the transformation given in
Eq. (19).

The liquid pressure drop contribution depends on both the bubble number and the saturation, whereas the gas
contribution depends solely on the bubble number. In panel (a), we observe four families of curves corresponding to
increasing saturations, each distinguished by a different color. On the other hand, the linestyle indicates the bubble
number, selected to ensure that the geometrical constraint expressed by Eq. (22) is satisfied for a fixed length-to-radius
ratio. This choice reflects the fact that, at the system level, the same saturation can be attained by using a larger
number of shorter bubbles. For reference, the single-phase limit is shown as a continuous grey line, exhibiting a linear
trend with the capillary number based on the mean liquid velocity, consistent with the Darcy-type behavior. At low
gas volume fractions, this linearity is only slightly perturbed. However, as saturation increases, the curves begin to
deviate at moderate to high capillary numbers, displaying a non-monotonic trend: the pressure drop initially increases,
reaches a maximum, then declines rapidly, and ultimately becomes negative — signaling an apparent flow reversal. The
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mathematical origin of this inconsistent behavior arises from the unbounded growth of the term ®/(1 — hoo/ ’I“)2, driven
by film thickening and embedded in the expression for the linear gas fraction ¢ given in Eq. (21), thereby revealing
a physical limitation of the model. In this regard, previous studies [62, 84] have suggested that the breakdown of
simplified bubble transport models for intermittent flow at high capillary numbers may stem from the neglect of
dissipation near the bubble end caps, where recirculation patterns dominate. Nevertheless, since the present work
considers bubble transfer dynamics primarily as a proxy for investigating the non-linear effective rheology of two-phase
flows in porous media — where the relevant capillary numbers are typically small — this limitation does not compromise
the validity of our description. Accordingly, we retain a broad range of capillary numbers in Fig. 5 — extending up to
O(1) values — in order to illustrate the model’s behavior beyond its expected range of validity, and present a rigorous
discussion of the model’s applicability in Sec.IIIB.

In Fig. 5, panel (b), we observe four curves corresponding to increasing bubble numbers, distinguished by different
linestyles. These curves share the same shape, as the bubble number N acts merely as a multiplicative factor in
the pressure drop expression. At low values of the liquid-phase capillary number Ca;, the slope corresponds to the
theoretical prediction of 2/3 from Bretherton’s analysis of curvature-induced pressure drops across long bubbles.
Minor deviations appearing at higher capillary numbers stem from the model’s inclusion of the additional pressure
jump component arising from the difference in normal stress across the interface, given by Eq. (10).

In Fig. 5, panels (¢) to (f) present the overall pressure drop for fixed bubble numbers across varying saturations.
This choice facilitates direct comparison and interpretation of the data; in fact, the gas-phase contribution to the
pressure drop — depending exclusively on the bubble number — remains constant, as it is unaffected by changes
in saturation. In the case of a single bubble (panel ¢), the pressure drop at the system level remains below the
single-phase benchmark across all saturations over the chosen range of capillary numbers. This outcome reflects the
interplay between two effects: the introduction of a bubble generates an interfacial pressure jump, but simultaneously
removes a liquid segment from the system, effectively reducing viscous resistance. As the bubble number increases,
the number of liquid—-gas interfaces — and corresponding interfacial jumps — increases. At low capillary numbers, this
leads to a total pressure drop that exceeds that of the single-phase liquid flow. However, the rate of increase of the
gas-related pressure drop with respect to the capillary number Ca; is lower than that of the liquid phase. In this
framework, the intersection between the overall pressure drop curves and the single-phase reference line indicates
a regime transition, characterized by a shift in the dominant pressure drop mechanism. At this point, for a given
dimensionless tube length (e.g., L* = 100), the reduction in viscous losses due to bubble addition is counterbalanced
by an equivalent increase in interface-related contributions, resulting in an unchanged total pressure drop. Notably,
this intersection shifts toward higher capillary numbers as the bubble number increases, and for larger values of N the
intersection points corresponding to varying saturations tend to converge. In fact, at high bubble numbers, the system
enters a surface tension-dominated regime where saturation-induced variations in viscous resistance play a diminished
role — yielding a reduced spread in transition points across different saturation conditions. At low to moderate gas
saturations, some of the curves exhibit discontinuities with respect to the capillary number. This behavior arises from
the non-monotonic nature of the minimum saturation threshold ®,,;, — see Fig. 4 (¢) — which is determined by the
long-bubble constraint given by Eq. (18). Specifically, in an intermediate range of capillary numbers where ® falls
below @iy, the flow configuration becomes inadmissible, and the corresponding pressure—flow rate relationship is
interrupted, see Sec. III B.

B. Applicability region of the model

As anticipated, the non-monotonic trend in the pressure—flow rate relationship within the liquid slugs may arise
from an underestimation of the local pressure drop, due to the simplified assumption that flow is strictly axial. At
higher capillary numbers, non-parallel flow effects — such as stagnation and loss of streamwise invariance — become
increasingly significant, particularly near the bubble caps [62, 74], even in the case of inviscid bubbles. To ensure
physical consistency, we require that the dimensionless pressure drop within the slug, Ap§, remains an increasing
function of the capillary number, imposing the constraint

0 Ap§
0z

> 0. (25)

Developing this condition analytically from Eq. (15b) yields an additional upper bound ®!°% on the admissible gas
saturation, which is found to be more restrictive than the previous geometrical limit, given by Eq. (24), over the entire
range of capillary numbers:
: reom flow flow
Drax = min {oseom, oiov L = L (26)

max ? max max*
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Figure 6. Applicability map of the pressure drop model given by (15) for intermittent gas-liquid flows in a channel with fixed
slenderness L* = 100, for different numbers of bubbles composing the train: (a) N = 1 (single-bubble case), (b) N =5, and (c)
N = 10. The regions (Ca;; ®) in the plane of capillary number (based on the mean velocity of the liquid slugs) and gas volume
fraction that are shaded in green indicate the parameter space where the model is valid. The dark green subregion corresponds
to the limit of vanishing capillary numbers (Ca < 0.005), where Bretherton’s theory also applies. The curves associated with
the maximum gas saturation ®%%% due to the monotonicity constraint — see Eq. (25) — and the minimum gas saturation ®min
—see Eq. (23) — are shown as dark green continuous lines. The global maximum of the latter is highlighted with a green circle.
The upper bound imposed by geometry ®&ol" — see Eq. (24) — is represented by a dashed light green line. In panel (b), the
two pairs of horizontal asymptotes — see Eqgs. (27,28) — are shown as black dotted lines and labeled for reference.

As a consequence, the maximum number of bubbles that can be effectively accommodated within the channel is
lower than the maximum value allowed by the purely geometrical condition given by Eq. (22), i.e., Nmax < NEO™.
The value of Npax must be determined numerically by ensuring that the inequality @, < @ < Py is satisfied
across a prescribed range of capillary numbers. Fig. 6 shows how the model’s applicability region, defined by the
admissible volumetric gas fractions, varies with the capillary number based on the slug-mean velocity, for a fixed
dimensionless channel length L* and varying numbers N of bubbles composing the train. Interestingly, the functions
D ax expressing the upper bounds for the gas saturation exhibit reverse S-shaped profiles, approaching the same pair
of horizontal asymptotes in the limits z — 0 and z > 1:

2N 2/a—1\ N 1)\
T L R N X PATCE o

« «

Similarly, the function expressing the lowest admissible gas saturation is asymptotically bounded between the following

limits:
4 N 2 /2a+1\ N [a—1\°
P70 = = P>l =2 — : 2
min 3 L*7 min 3 a L* o ( 8)

Unlike @0, Pmin exhibits a non-monotonic trend. The position of its maximum can be evaluated numerically:
specifically, its location depends only on the constants A, o and A (with Ca & 0.0385 for « = 2.5 and A = 10),
while its corresponding value is found to be approximately 4.70 N/L*. We note that the ratio N/L* represents the
linear bubble density within the channel, i.e., the number of bubbles per unit channel length (normalized using the
channel radius). Notably, in the limiting case of an infinitely slender channel, L* — oo, the volumetric correction term
associated with the sphericity of bubble menisci asymptotically approaches zero, reflecting a simplified geometrical
representation of bubbles as cylindrical segments.

C. Perturbation analysis

To investigate how the introduction of a bubble leads the flow to deviate from the Darcy-type response, we analyze
the system’s departure from the single-phase limit using asymptotics. Therefore, we consider the case of a slender
channel, whose geometry is characterized by the small-scale parameter

,
e= <1, (29)
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defined here, for notational convenience, as the reciprocal of the dimensionless channel length introduced earlier (¢ =
1/L*). We then examine the effect of inserting a single bubble into the channel. To determine the relative magnitude
of each term in the governing equations (1,3,10), we follow a dominant balance approach [85, 86]. Specifically,
introducing a tunable length to characterize the capillary pressure scale leads to the following reference quantity
used for normalization: P, = o/ (¢7 L), where 7 is an exponent tailored to reflect the dominant physical mechanism.
Introducing the reduced capillary number as per Eq. (12), and denoting the resulting dimensionless quantities by the
star decoration, i.e., Ap* = ApP7 L yields the bubble-induced pressure drop:

App =71 B(2), (30)

evolving with the capillary number according to Eq. (14). On the other hand, the dimensionless pressure drop
associated with the slug, namely

. . 8 v
AP§:APT+APf:§Z3;€7 *(1-v), (31)

is directly proportional to the liquid fraction of the channel, 1 — ¢, as defined in Eq. (16). Thus, the least perturbative
configuration corresponds to reducing the bubble linear fraction to its minimum value compatible with the theoretical
framework of long-bubble theory, expressed by Eq. (18):

b_25<1+>‘h°°)7 (32)
r zr

where A\ ~ 10, see Sec. IIC1. Using Egs. (6,7,8) leads to the final expression for the dimensionless pressure drop
associated with the slug:

14+ A(a—1)221? 1 A
Apé—[+ (o )Z] {82367_236,2367_1 (1+A : )} (33)

p =

SIE

b
L

1+ Aaz? 3 1+ Aaz?

By inspection of Egs. (30,33), we select v = 2 to ensure that the bubble-related contributions appear as O(e)
corrections to the slug-related pressure drop. The corresponding terms are shown in Fig. 7 (a)—(c).

We now focus on the surface-tension-dominated regime (z < 1), which is particularly relevant to porous media
applications. Neglecting all the contributions lower than the dominant term, i.e., smaller than € 23, the dimensionless
pressure jumps simplifies as

Ap* = Ap§ + Apg, (34a)
8 16
Apt ~ = 3 _ =Y 3 4
DS 32 3 €z°, (34b)
Apg ~2e((Ty — Zg) = (Tr — Z,)) 2% + e (Mg — M;) 2°, (34c)

reducing the system description to the following cubic equation in z, where the coefficients as and as capture geometric
and dynamic asymmetries between the front and rear menisci:

8
<3 +€a3> 234+ 2ecay 2% — Ap* =0, (35a)
16
agszfMT7§7 a2:(Tffo)f(TTer). (35b)

In the case of large scale separation (¢ — 0), the full solution to the cubic equation (35) — derived via Cardano’s
method but omitted here for brevity — can be accurately approximated by the initial terms A; (i = {1, 2}) of its
power-series expansion:

*

A
Ca~ g [1—eAi+e2 Ay + O(%)], (36a)

3as 32/3 as 9 a% 3L/3 a% 32/3 as as

n 7 = 2% : 36b
8 " 2(ap)' U6 2(ap) 16 (ap)P (360)

which already reflect the system’s non-linear behavior and highlight how the bubble-related coefficients as and ag
drive deviations from the Darcy-like single-phase description. However, as the scale separation diminishes, this
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Figure 7. Dimensionless pressure drops as functions of the capillary number for different values of the channel slenderness ¢, see
Egs. (30,33), with v = 2: (a) slug-related Ap§, (b) bubble-related Apg, and (¢) combined Ap* contributions. Panels (d)- (e)
compare the full-form solution with the solution of the cubic equation (35) describing the two-phase pressure evolution in the
low-capillary-number regime, along with its asymptotic expansion, Eq. (36), including terms up to O(g?) and O(e), for different
values of the perturbation parameter: (d) ¢ = 0.01 and (e) ¢ = 0.05. Panel (f) shows the dimensionless effective viscosity of
the two-phase system p*/p given by Eq. (38) as a function of the dimensionless pressure drop Ap* for different values of e.

approximation is no more accurate due to the unbounded growth of higher-order contributions in the expansion for
small values of the dimensionless pressure drop Ap*, and a larger number of terms is required to ensure the convergence
of the series to the full solution to the cubic equation, see Fig. 7 (d) and (e). An appealing feature of the two-phase
constitutive law (36) is that its lowest order approximation (¢ < 1) admits to be recast in a Darcy-like fashion, see
Eq. (2). Specifically, reverting to dimensional variables via Eq. (29) yields the relation

Tt Ap
~—_— 37
@~ 5L (37)
whose non-linear character — see panel (f) — is embedded in the pressure-dependent effective viscosity
N r
w(Ap) = p |1+ Al(Ap)} : (38)

IV. CAPILLARY BUNDLE MODEL

In this section, we adopt a capillary fiber bundle model [87-99], consisting of an array of parallel, disconnected
capillary tubes of equal length, each carrying independent trains of bubbles that flow under the action of a shared
external pressure drop. This model is widely used to analyze the non-linearity in the effective rheology of two-
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Figure 8. Schematic representation of a capillary bundle of length L, consisting of M = 6 tubes with radii varying from a
minimum value m R to a maximum value R. (a) Top view. (b) 3D view.

phase flow in porous media; it serves as a minimal yet insightful prototype for mimicking structural disorder through
variations in properties such as capillary threshold pressures [51], wetting angles [53] or pore sizes [54].

Here, we aim to capture the influence of film dynamics in disordered porous structures by incorporating the single-
capillary description of intermittent flow (as discussed in the previous sections) into the capillary bundle framework,
with a focus on the effects of pore-size variability. To this end, we consider a bundle of M tubes whose average radii
are sampled from a prescribed probability density function p(r). We assume the pore radii vary from a minimum
value m R to a maximum value R (with 0 < m < 1), as shown in Fig. 8. Under this assumption, the steady-state
effective flow rate per tube, @y, averaged over the bundle, is given by:

R
Qur = / 4(r) plr) dr, (39)

mR

where ¢(r) denotes the single-tube flow rate as a function of radius, computed as the average liquid-phase velocity

o
times the cross-sectional area, i.e., ¢(r) = wr2v(r), with v(r) = — Ca;(r). The integral thus represents the effective

contribution of a two-phase fluid mixture, averaged across the heterogeneous bundle. We consider a power-law
distribution where radii are chosen with different probabilities depending on a scaling exponent ~:

1—~
=" if mR<r<R,
plrs Rom, v A1) = R (T—miv) | 0 "=T= (40)

0 otherwise,

indicating that the probability associated with the random variable r exhibits a polynomial decay. Specifically, the
parameter m sets the lower cut-off of the distribution, avoiding the singularity at » = 0. The exponent ~ controls the
weight of the distribution tails, favoring smaller or larger radii for positive or negative values, respectively. As shown
in the insets of Figs. 10,11 and 12, the uniform distribution arises as a special case of (40) when v = 0. In contrast,
when the scaling exponent equals 1, Eq. (40) becomes degenerate; the case v = 1 corresponds to the so-defined
reciprocal (or log-uniform) distribution:

1

p(r; R,m, 1) =< Ilnm
0 otherwise.

71 . < <
r if mR<r<R, (41)
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Figure 9. Variation of (a) the constant ¢ defining the average pore radius relative to the largest pore — see Eq. (42) — and
(b) the single-phase dimensionless permeability 113, — see Eq. (46) — as functions of the lower cutoff m, for different values of
the scaling exponent -, based on the power-law pore-size distribution, given in Eq. (43), associated with the capillary bundle
model.

A. Dimensionless formulation

A critical aspect of gas-liquid intermittent flow, often neglected in conventional capillary bundle models, is the ability
of bubbles to move past the carrier fluid. To investigate the impact of film-induced dynamics on the effective rheology,
we develop a dimensionless formulation of the capillary bundle model building on our single-channel description. To
this end, starting from Egs. (40, 41), we compute the average radius of the distribution 7 by integrating the product
pr over the interval [m R; R], yielding

m—1 .
oo if y=1,
m Inm .
r=cR, where c(y, m)= — it y=2, (42)
1—~1—m2"
it m otherwise.

2—y1—ml=

Figure 9 (a) shows the dependence of the constant ¢ on the parameters v and m. The channel radius is then made
dimensionless as r* = r /7, while the dimensionless probability distribution is obtained as p* = 7 p. In view of Eq. (42),
its expression over the dimensionless range of bundle radii, * € [m/c; 1/¢], reads as follows:

1 _
o (r*) ! if y=1,
S TR (13)
e — (r*)”7  otherwise.
—-m

The effective flow rate given in Eq. (39) can therefore be expressed in dimensionless form as:

1/c
Qu="C B Qi with Qi = [ () Culr?) () (44)

H m/c
In dimensionless term, each tube in the bundle is subjected to a pressure drop Ap*, as defined in Sec. II B. Thus, the
capillary number of the liquid slugs flowing through an individual pore, Ca;, is computed by first solving Eq. (17)
numerically for the reduced capillary number z, and then applying the transformation given in Eq. (19). However, to
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adapt this framework to the capillary bundle model — where the channel radius r is no longer constant but instead
sampled from the probability distribution given by (43) — a fixed representative length scale must be introduced
to express the tube length L in dimensionless form. Selecting the maximum pore radius R as the reference length
scale enables the definition of the slenderness L** = L/R at the bundle level. This quantity is independent of the
distribution parameters m and -y, and reflects the most restrictive scenario in terms of model applicability. In fact,
smaller pores yield higher slenderness values, extending the region of the parametric space where the model remains
valid for a given number of bubbles (see Sec. III B), while using R provides a conservative estimate. Using the relation
L* = L**/ (cr*) — along with Eq. (14) and the joint substitution of Eq. (21) and Eq. (6) — allows recasting Eq. (17)
in terms of the dimensionless radius r*:

8 Az2 O\ (L)? Az \7?
Ap*=—-23(1- 1—-d(1- 22
P =37 ( 1+aAz2) (cr)? < 1+aAz2) +
* 2 k% 2 2
_chr - Az +NL 1+Tyz _1+T,«z
3 L** 1+aAz? cr* 14+ Zp22 1+ 2,22

(45)

Mfz3+Nfz4 M, 23 + N, z*
140y 23 140,23 '

We begin by analyzing the single-phase flow condition: the case where the flow consists entirely of liquid corresponds
to setting ® = 0 and N =0 in Eq. (45). In this limit, the dimensionless flow rate can be computed analytically from
Eq. (44), yielding a closed-form expression for the dimensionless permeability II3, of the bundle that depends solely
on the pore-scale statistical descriptors v and m:

4
m*—1
if =1
Q* L** %2 1 T{L 1 ,—y 7
m nm
s, = <M =0z if =5 46
M Ap* /L** 2 mt—1 LT ’ (46)
11—y1-mP" therwi
Foum— otherwise.

85—~ 1—ml—7

For values of m — 1, the power-law probability density function of pore radii becomes increasingly narrow and tends
toward a Dirac delta function (unit impulse), collapsing the distribution to a single pore size. In this limit, the
bundle model becomes homogeneous, and — as highlighted in Fig. 9 (b) — its dimensionless permeability converges
to 1/8. This value reflects the permeability of a single circular tube (as given by Poiseuille flow) and defines the
geometric factor that links microscale flow to macroscale permeability in the Darcy law. Compared to the homogeneous
limit, any heterogeneous power-law distribution of pore sizes yields a lower permeability, and II3, is found to be a
strictly increasing function of m for any given +. Moreover, two distinct classes of distributions emerge as m — 0,
corresponding to the inclusion of infinitesimally small pores. For the reciprocal distribution (y = 1) or those heavy-
tailed toward small radii (7 > 1), the dimensionless permeability approaches zero, indicating a blockage of flow due to
the dominance of near-zero pore sizes. In contrast, for distributions strongly weighted toward larger pores (v < 1), the
11—7
85—7
interplay between local heterogeneity and bulk flow resistance, highlighting the non-trivial role of pore-size distribution
in determining the effective permeability of the bundle, even under single-phase flow conditions.

permeability remains finite for vanishing m and is given by II}, — . This analytical expression captures the

B. Modeling of non-Darcian two-phase flows

Immiscible two-phase flow of Newtonian fluids in porous media exhibits complex and non-linear dynamics. In
such systems, the Darcy law — which assumes a linear relationship between flow rate and pressure drop, valid for
a single-phase laminar flow — breaks down [39]. This deviation arises from the dependence of permeability on the
capillary number, which captures the evolving ganglion structure of the phases, ultimately affecting flow resistance.
Two distinct flow patterns are typically observed, governed by the visco-capillary balance: simultaneous percolation
of both phases and intermittent flow characterized by alternating phase invasion. As summarized in Table I, an
extensive body of research has been devoted to modeling the transition between these regimes — driven by an increase
in the capillary number — and leading to the development of generalized non-linear Darcy-type equations. These
empirical scaling laws often take the form of power-law relationships between the imposed pressure drop Ap and the
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total steady-state volumetric flow rate @, expressed as:
Ap x Q%J or Ap— Ap; x Q%m (47)

where Ap; denotes a threshold pressure governing the crossover between flow regimes — for example, a depinning
pressure marking the onset of flow [100] — and ¢ (with 0 < ¢ < 1) is a characteristic exponent reflecting the progressive
mobilization of interfaces as the flow rate increases. The variability of the flow exponent ¢ observed in the literature
motivates a comparison with predictions from our capillary bundle model, which incorporates the film dynamics
typical of intermittent gas—liquid flow. These results are presented and discussed in Sec.IV C.

Before addressing two-phase flow behavior, we summarize our key modeling assumptions. For computational
simplicity, uniform gas saturation and bubble number are assumed across all tubes. Although larger pores are more
readily invaded by the gas phase due to lower capillary entry thresholds — implying that & and N should increase
with pore radius — our simplification preserves the dominant bulk flow characteristics and is commonly used to retain
analytical tractability [51, 54]. Moreover, we focus on small capillary numbers, where interfacial tension and pore-
scale geometry govern the displacement dynamics. This choice is motivated by the typical capillary number range
encountered in porous media, 10=7 < Ca < 1074, In contrast, at higher capillary numbers (1073 < Ca < 1) — more
characteristic of micro-fluidic flows [101] — viscous forces become dominant, leading to stripping of trapped phases and
the subsequent formation of interconnected flow pathways [102, 103]. It is also worth noting that the evolution of the
effective dimensionless pressure drop is studied as a function of the capillary number based on the mean velocity of
the liquid slugs, Ca;. This approach facilitates a direct comparison between the physics of two-phase intermittent flow
and the single-phase (all-liquid) limit. Alternatively, the capillary number can be formulated at the bundle level using
the Darcy velocity, which corresponds to the effective volumetric flow rate normalized by the total cross-sectional area
of the porous medium, incorporating both the solid matrix and the pore spaces [104]. Still, this formulation requires
the porosity of the medium to be introduced as an additional parameter, reflecting the volumetric fraction of the
medium actually available for fluid flow.

C. Two-phase effective flow

We characterize the bulk behavior of the capillary bundle under varying pressure conditions and examine how
different pore-size distributions influence the system. The procedure required to generate the effective flow rate-
pressure curve @4, (Ap*) involves the following computational steps.

1. Initialization of statistical properties: select the distribution parameter m and -, and compute the corresponding
value of the constant ¢, which defines the average pore radius related to the largest, according to Eq. (42).

2. Channel configuration: select the slenderness L** of the largest capillary within the bundle, and choose an
appropriate number of bubbles N and gas saturation ®, ensuring compatibility with the applicability domain
of the single-tube model described in Sec. IIIB.

3. Capillary number mapping: for each value of dimensionless pressure drop Ap* within a prescribed interval,
iterate over the relevant range of dimensionless radii * € [m/c; 1/¢], numerically solve Eq. (45), and obtain the
corresponding solution z (r*)] ap~ expressing how the reduced capillary number varies with the dimensionless
radius under a fixed pressure drop.

4. Capillary number conversion: transform the resulting function z (1"*)|Aﬁ* into the corresponding capillary num-
ber based on the mean slug velocity Cay (r*)[,;-, via the analytical relation defined in Eq. (19).

5. Flow rate computation: evaluate numerically the integral expression for the dimensionless flow rate Q3,, as
defined in Eq. (44).

6. Iteration over pressure drops: repeat steps (3)-(5) for increasing values of the dimensionless pressure drop
Ap*, avoiding flow regimes with moderate to high capillary numbers (indicatively Ca > 1072) where model
breakdown is expected, see Sec. IIT B.

The obtained data are post-processed by computing the local logarithmic derivative of the pressure—flow rate curve

_ dlog Ap*

C(QR{) - Ma

(48)
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providing a point-wise characterization of the scaling behavior. A finite difference approximation is used to implement
Eq. (48), with central differences applied at interior points of the domain, and forward or backward differences at the
endpoints.

‘We now analyze the evolution of the volumetric flow rate and the apparent flow exponent as a function of increasing
pressure drop, for different pore-size probability distributions. In our simulations, the length of the bundle relative
to its largest pore is fixed at L* = 100. The results presented in Figs. 10, 11, and 12 differ in the lower cut-off of the
power-law pore-size distribution, set to m = 0.01, m = 0.5 and m = 0.9, respectively. Varying this parameter allows
us to investigate the impact of including smaller pores in the distribution, with values closer to unity indicating a
more homogeneous bundle in terms of pore size. Each figure consists of a 3 x 3 panel grid: rows correspond to the
scaling exponents v = —3, 0 and 3, representing distributions with tails favoring larger pores, uniform distributions,
and those favoring smaller pores, respectively, as illustrated in each inset plot and displayed in the first column.
Columns indicate increasing bubble number per tube: N = 1 (single-bubble case), N = 5, and N = 10. In each
plot, curves with different linestyles represent different values of gas saturation, selected within the admissible range
defined in Sec.III B, as specified in the central column of each figure. The results are presented in dimensionless
form as Ap*(Q3,) (left ordinate axis), accompanied by the corresponding logarithmic derivative ((Q7},), as defined in
Eq. (48) (right ordinate axis), with the benchmark value predicted by Bretherton’s theory (¢ = 2/3) highlighted by
a light red dashed line.

To facilitate the analysis, we begin by examining the effective rheology of intermittent flow in cases where the
pore-size distributions are moderately or highly narrow and centered around larger radii. A comparison between
Figs. 11 and 12 reveals similar trends and values for corresponding power-law exponents and bubble numbers. This
indicates the primary role of largest pores in governing the flow behavior — although, as will be shown later, smaller
pores also have a non-negligible influence. Furthermore, the similarity across rows suggests that when the pore radii
are confined to a sufficiently narrow range, the direction in which the distribution tails are weighted (i.e., toward
smaller or larger pores) has a limited influence on the overall flow characteristics. For these probability distributions,
the apparent flow exponent is a strictly increasing function of the dimensionless flow rate, starting from a baseline
value of ( = 2/3, characteristic of the Bretherton regime. Comparing the columns, we observe that increasing the
bubble number leads to families of curves that are more tightly clustered and progressively flatter, approaching the
limiting value of 2/3. Similarly, increasing the gas saturation reduces the extent of the transition toward regimes with
higher apparent flow exponents. This behavior can be attributed to the enhanced influence of bubbles on the flow:
as saturation increases, more viscous liquid segments are replaced by inviscid gas, diminishing the overall slug-related
contribution and thus dampening the rheological response of the system.

Finally, we turn our attention to porous systems that include the smallest radii, which display the richest and
most complex rheological behavior, see Fig. 10. Unlike earlier scenarios, in this case the scaling exponent 7 is a
key factor, as evident from the differences in the magnitude of the dimensionless flow rate: when the distribution
favors the smallest pores (third row of subplots), the flow rate is up to three orders of magnitude lower than in
the cases where the distribution is uniform (second row) or favors larger pores (first row), under the same range of
pressure drops. A distinctive feature of these systems is the emergence of a non-trivial rheological response, due to
the inclusion of very small pores. Specifically, in most regimes, the trend of the apparent flow exponent becomes
non-monotonic with increasing flow rate: it initially rises from values close to Bretherton’s limit, reaches a peak, and
then decreases — sometimes even falling below ¢ = 2/3. When only a single short bubble per tube is present, this
peak tends to be close to one, indicating that the bubble acts as a minor perturbation to the single-phase (all-liquid)
flow — a behavior confirmed at the single-tube level by the asymptotic analysis presented in Sec. III C. As saturation
increases, the peak diminishes and shifts toward lower flow rates. Increasing the number of bubbles causes the curves
to flatten progressively, until reaching a regime where the pressure drop becomes bubble-dominated. In this limit
— characterized by high gas saturation and a large number of bubbles — see subplots (¢) and (f) for & = 0.8 — the
rheological response exhibits a decreasing trend in the apparent flow exponent, with an extended initial regime where
the exponent remains constant at ( = 2/3. The observed behavior results from the competing impact of viscous and
interfacial resistance within narrow pores, giving rise to a broad range of non-linear rheological responses influenced
by both pore-scale structural disorder and bubble configuration.

In general, the values of the characteristic exponent predicted by our capillary bundle model fall within the range
0.5 < ¢ < 1, consistent with those reported in the literature (see Table I). However, direct comparisons with
experimental studies should be made cautiously, as those typically adopt fractional and total flow rate as control
parameters, rather than the imposed pressure gradient. Among theoretical and numerical works, our findings closely
align with those of Roy et al. [51], particularly in regimes characterized by sufficiently narrow pore-size distributions
and bubble-dominated pressure drops (e.g., at high gas saturation or bubble number). In these regimes, our model
reproduces their analytical prediction of an exponent equal to 3/2 — noting that they express flow non-linearity through
the inverse exponent, i.e., 1/{ — once the pressure drop is sufficient to activate the flow. Our results complement their
analysis by also capturing the transition toward alternative non-linear regimes driven by increasing flow rate and the
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Figure 10. Evolution of the dimensionless pressure drop, Ap* (left axis), and apparent flow exponent, ¢ (right axis), versus the
dimensionless flow rate, Q},. Each row corresponds to a pore-radii distribution exponent 7, each column to a bubble number N,
and linestyles denote the gas saturation ®. Each subplot includes an inset illustrating the corresponding pore-size probability
distribution. Results shown here are for a capillary bundle model with slenderness L* = 100 and lower cut-off m = 0.01.

inclusion of the smallest pores.

V. CONCLUSIONS

Understanding the flow of two immiscible phases in porous media has significant implications for both subsurface
and biological systems. In this work, we have explored the non-trivial rheological response of two-phase intermittent
flow in porous media under steady-state conditions, focusing on the impact of structural disorder on flow behavior.
Motivated by the rich and subtle physics underlying the effective rheology of bubbles in confined geometries [105],
we developed an analytical framework to predict the pressure drop, based on the superposition of viscous losses in
liquid slugs and interfacial contributions from gas bubbles. We extended this model to a porous medium idealized as
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Figure 11. Evolution of the dimensionless pressure drop, Ap* (left axis), and apparent flow exponent, ¢ (right axis), versus the
dimensionless flow rate, Q3;. Each row corresponds to a pore-radii distribution exponent v, each column to a bubble number N,
and linestyles denote the gas saturation ®. Each subplot includes an inset illustrating the corresponding pore-size probability
distribution. Results shown here are for a capillary bundle model with slenderness L* = 100 and lower cut-off m = 0.5.

a capillary bundle, thereby incorporating film-induced lubrication dynamics. By varying the shape and width of the
pore-size distribution through two control parameters, we characterized the non-linear flow regime as a function of
gas saturation, bubble number, and structural heterogeneity.

Numerical results reveal that largest pore dictate the magnitude of the total flow rate. Moderately and extremely
narrow distributions centered around the largest radii are largely insensitive to asymmetries in the distribution tails.
In such nearly homogeneous bundles, a train of inviscid bubbles displays a smooth crossover from a Bretherton-like
regime (with scaling exponent ¢ = 2/3) at low pressure drops to a regime with weaker sub-linearity (2/3 < ¢ < 1)
as the imposed pressure drop increases. Conversely, the inclusion of smaller pores often introduces a non-monotonic
rheological response, marked by a peak in the apparent flow exponent. At higher pressures, the activation of these
smaller pores dampens the system’s overall response — due to their higher hydraulic and interfacial resistance —
leading to flow regimes possibly characterized by exponents even below the canonical 2/3 threshold. This complex



24

(c) 1
" N =10
0.9
0.8
Ay
-rnﬁnrrrlrrﬂl‘l‘ﬂ"-‘-"-:_.-_u 0.7
0.6
05
10710 107 10
Q*
M
(f) 1
" N =10
0.9
0.8
- A
..... rnrrnrrﬂrl‘ﬂﬂ:xﬂn:_l-_u 0.7
) . 0.6
y=0 ———d = 0.5 =3 = 0.8
107 0.5 107 0.5 107 0.5
10710 107 10 10710 107 10 10710 107 10
k * *
M M M
()
1 10! 1
0 )N =10
0.9 0.9
08  «x 0.8
o 2‘ 1072 o
0.7 e 107
..... e R I TS TR
..... P=03==d=06 106 0.6
——— = (.5 —d =(.8
-5 -5
10 0.5 10 0.5
10710 107 10 10710 107 10
ES * *
M Qr M

Figure 12. Evolution of the dimensionless pressure drop, Ap* (left axis), and apparent flow exponent, ¢ (right axis), versus the
dimensionless flow rate, Q},. Each row corresponds to a pore-radii distribution exponent 7, each column to a bubble number N,
and linestyles denote the gas saturation ®. Each subplot includes an inset illustrating the corresponding pore-size probability
distribution. Results shown here are for a capillary bundle model with slenderness L* = 100 and lower cut-off m = 0.9.

behavior can be qualitatively interpreted by viewing the total flow rate as superposition of contributions from distinct
conductive pathways [106]: liquid slugs that follow linear scaling with velocity (¢ = 1), and gas bubbles obeying the
sub-linear Bretherton scaling (¢ = 2/3). As a result, the effective two-phase rheology emerges from the interplay
between pore-scale geometrical disorder and the spatial configuration of the gas phase within individual pores.

The proposed analytical approach, grounded in first principles, offers a promising route to predicting transport
properties directly from the geometrical characteristics of the medium and the spatial phase distribution. In the
present study, we simplified the analysis under the hypotheses of inviscid bubbles, no recirculation effects, and fixed
values of bubble number and saturation per tube. Future work should investigate how relaxing these assumptions may
affect the effective rheology of two-phase flow in disordered porous systems. While capillary bundle models without
lateral interconnections offer a simplified representation of multiphase imbibition dynamics, they fail to capture cross-
flow and mixing phenomena that arise in realistic porous structures. To improve predictive capabilities, interacting
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capillary bundle models — starting from those pioneered by Dong et al. [107] — have been proposed. However, these
frameworks introduce new challenges related to mixing and flow partitioning at the nodes, where phase redistribution
significantly affects the local effective rheology [108, 109].
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Beyond bubble-mediated nonlinear dynamics, reduced-order modelling proves equally effect-
ive in addressing instabilities in continuous gravity-driven liquid films. These films are widely
employed owing to their low thermal resistance and large contact area, with wavy dynamics
acting as an additional mechanism for transport enhancement. By incorporating compressibil-
ity effects, this study demonstrates how hydrostatic pressure distribution and depth-averaged
density are modulated by the local film thickness, yielding dispersive properties consistent
with the linear theory of compressible flow in the long-wave limit. This final contribution
further broadens the scope of the thesis, demonstrating how reduced-order approaches can
unify diverse thin-film phenomena within a coherent multiscale framework.
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ARTICLE INFO ABSTRACT

MSC: We revisit the classical 2D problem of a gravity-driven liquid layer down an inclined plate (Kapitza, 1948),
76E17 relaxing the usual assumption of homogeneous fluid. We set out to answer three major issues. When the
76E19 fluid density is allowed to vary, (i) how does this feature structurally affect the formulation of a low-
76M45 dimensional depth-averaged model? (ii) To what extent and (iii) by virtue of which physical mechanism does
Keywords: compressibility participate in the long-wave interfacial instability? To provide the relevant answers, (i) we
Falling liquid films first make use of a second-order asymptotic expansion in the shallowness parameter to develop a weakly-

Interfacial instability

. X compressible boundary-layer system: starting from a two-equation momentum-integrated model, an additional
Low-dimensional models

barotropic equation of state is required for closure purposes. In this respect, (ii) a temporal linear stability
analysis is performed: it is revealed that compressibility plays a destabilising role whose magnitude is enhanced
at intermediately tilted configurations, and the more the Reynolds number approaches the critical threshold
in the incompressible limit. (iii) We finally interpret the ensuing dispersion relation under the convenient
framework of two-wave hierarchy, initiated by Whitham (1974): the primary instability gets promoted by
the flow compressibility as it contributes to deceleration of dynamic waves most significantly in the low-
inertia regime. Indeed, compressibility locally acts as a further boost to the inertia-based mechanism of Kapitza
instability by amplifying flow-rate variations within the liquid film.

to the flat-film scenario. On the other hand, for some applications
such as coating operations, a uniform flow thickness is required and

1. Introduction

Liquid layers sliding down an incline are routinely encountered
in nature and represent a cross-disciplinary and highly topical ob-
ject of study. Starting with the pioneer studies of Kapitza father—
son team (Kapitza, 1948; Kapitza and Kapitza, 1949), visual observa-
tions have revealed the development of a wide variety of intriguing
patterns along the fluid interface, from simple sinusoidal perturba-
tions to strongly non-periodic three-dimensional solitons (Chang, 1994;
Alekseenko et al., 1994).

This issue is also of practical relevance in many biological and
industrial processes (Craster and Matar, 2009). Cooling towers, dis-
tillation units, multi-phase heat exchangers, fluid-phase separators,
jet-film devices, power station condenser tubes, absorption columns,
electrolytic cells, scrubbers for pollution abatement, injection systems
for enhanced oil recovery, etc. all benefit from the strong effect of
superficial waves on the underlying processes of heat and mass transfer.
For instance, according to data reported by Frisk and Davis (1972), the
heat transfer intensification by waves forming along a water film in
presence of a co-current air flow attains more than 100% with respect

* Corresponding author.
E-mail address: gianluca.lavalle@emse.fr (G. Lavalle).

https://doi.org/10.1016/j.ijmultiphaseflow.2023.104667

instabilities should be prevented (Weinstein and Ruschak, 2004).

So far, the majority of works on wavy falling films is performed
assuming flow incompressibility, i.e. the density of a fluid element
remains uniform and constant. However, in many fields of science and
engineering, this assumption may constitute an oversimplification of
the physical problem, possibly leading to inaccurate conclusions. One
example is the transport of carbon dioxide in pipelines from the energy
plants to the injection sites for CCUS applications. When supercritical
carbon dioxide is employed as solvent or carrier, in fact, density turns
out to be an essential parameter in determining the performance of such
a technological process. In this context, avoiding the unbounded growth
of superficial disturbances, which can result in the emergence of slugs
or even structural damages (Lu et al., 2020), is necessary for the safety
of the transport infrastructure.

Although the convective long-wave interfacial mode known as
Kapitza instability (Kapitza, 1948) constitutes a long-standing knowl-
edge in case of a tilted or vertical plate, a deep understanding of how
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density variations enter this paradigm is still lacking in the literature.
Thus, the link between the compressibility and the occurrence of the
Kapitza instability needs to be clarified and has prompted us to address
the following question: which are the main implications of density
inhomogeneities on the onset of Kapitza instability in inclined falling
liquid films?

Recently, the relevance of wavy film flows has led to a number of
attempts to achieve models for the evolution of the film thickness and
its mean velocity (or flow rate) and to find a compromise between the
accuracy and the computational effort. In most cases, the flow descrip-
tion is not too far from its wavy-less configuration, designed as Nusselt
state (Nusselt, 1916). This makes the long-wave asymptotic expansion
a feasible approach, which forms the cornerstone of many models
derived after the influential paper of Benney (1966), who developed an
evolution equation for the film height by introducing a small-scale pa-
rameter. However, Benney’s equation suffers of finite-time blow-up of
the time-dependent solution. This problem was addressed by Shkadov
(1967) assuming that streamwise variations are small as compared
with those developing in the crosswise direction, and through pressure
removal boundary layer equations (BLEs) ensue. These are then aver-
aged over the fluid depth to capture the main physical features of the
flow by means of integral variables. Nonetheless, Shkadov’s system of
equations fails in capturing the correct long-wave instability threshold.
This issues was addressed by Ruyer-Quil and Manneville (1998, 2000),
who introduced the weighted residual integral boundary-layer model
(WRIBL) and assured model consistency by formulating a closure law
for the wall shear stress.

In this paper, our purpose is to deal with a weakly inhomogeneous
medium to investigate whether and how the action of a low com-
pressibility enhances or mitigates the onset of long-wave interfacial
instability. We therefore start by applying Benney’s modelling strategy
to a barotropic flow in a weakly-compressible scenario. We globally
characterise it in terms of compressibility by means of the Mach number
and formulate a coupled system of two evolution equations by making
use of the depth-wise averaging method based on the classical long-
wave expansion as in Lavalle et al. (2015, 2017), ie. by integration
of the momentum balance (momentum integral method or MIM). The
resulting model is comprehensive of second-order viscous diffusion ef-
fects, which allow us to achieve good agreement in the incompressible
limit in terms of the cut-off wavenumber with the Orr—-Sommerfeld
solution (Kalliadasis et al., 2013).

Our study focuses on the influence of compressibility on the devel-
opment of linear surface waves on a liquid film falling down an inclined
wall under a shear-free atmosphere (Fig. 1). For this, we consider the
primary instability of the weakly-compressible uniform base flow and
solve the temporal stability problem based on the long-wave model
equations. By doing this, we answer two additional questions: (i) how
does compressibility affect the formulation of depth-integrated equa-
tions? (ii) Which physical mechanism does the compressibility trigger
in the long-wave interfacial instability?

Behind the usual incompressible way of modelling falling liquid
layers, it is assumed that the speed of sound, when compared to the
convective velocity scale, is sufficiently high to be considered infinite.
Therefore, (i) a unique velocity scale appears in the problem and (ii)
the fluid density is uniform and constant. On the contrary, when a
finite speed of sound is taken into account, the scenario significantly
changes. (i) Convective transport and pressure wave propagation occur
at disproportional rates, thereby requiring a proper incorporation of
an additional dimensionless group in the problem. In this regard, the
Sarrau-Mach number can be used to express the magnitude of the fluid
speed as compared to the sound speed within the same medium. In
addition, (ii) the fact that density field is allowed to vary in space and
time demands the introduction of an Equation of State (EoS) among the
governing equations.
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Unfortunately, very little attention, to the best of our knowledge,
has been up to now devoted to the assessment of the impact of com-
pressibility on the film long-wave instability. In fact, only a few works
tried to tackle this issue.

An extension of long-wave models to weakly-compressible
barotropic flows is first proposed by Richard (2021). Compressibility-
related effects are captured by means of a dedicated Mach number,
defined by means of the incompressible surface waves celerity, and,
in the limit where the sound speed goes to infinity, the incompressible
version of the model is correctly recovered. However, the system of four
Favre-averaged equations derived by Richard (2021) is intended for
simulation of coastal waves and the author frames his argumentation
around the ultimate goal of correctly predicting tsunamis’ arrival time.
Although the long-wave assumption still holds for a tidal wave in a deep
ocean, the relevant spatial scales involved widely differs from the ones
we are interested in. Moreover, in Richard (2021), the wave propaga-
tion is studied within an inviscid medium, neglecting viscous effects.

Such friction terms have also been neglected in the work of Bresch
et al. (2020), who developed an augmented skew-symmetric system of
depth-integral equations with capillarity. Their work aims at ensuring
the stability of numerical schemes in presence of large gradients of fluid
height or fluid density.

In the context of flows within a narrow interstice formed between
two surfaces, Almqvist et al. (2019) consider a class of iso-viscous
fluids obeying a constitutive power—law density-pressure relationship.
Lubrication theory, scaling and asymptotic analysis are extensively used
in that work to show that the degree of compressibility for a thin film
flow determines whether the terms governing inertia may or may not
be neglected. Notwithstanding the rigorousness of their procedure, the
study of a capillary flow is not at all comparable to a free-surface
gravity-driven liquid film.

We conclude by recalling the fundamental results regarding the
linear stability problem of a falling liquid film in a passive gas or
shear—free atmosphere, which is the configuration studied in this work.
Benjamin (1957) and Yih (1963) solved the temporal linear stability
problem formulated by Orr (1907) and Sommerfeld (1908) in the
context of a gravity-driven incompressible film flow. In particular,
they detected the long-wave instability threshold in terms of a critical
Reynolds number Re,. = 5/6cot f, where g identifies the inclination
angle, being the Reynolds number based on the mean film flow velocity.
Their analysis reveals that inertia destabilises long waves and the
related mechanism has been explained either through the shift between
the vorticity perturbation and the perturbed interface (Kelly et al.,
1989; Kalliadasis et al., 2013; Smith, 1990), or via the time lag at
which flow rate adapts to its inertialess target value (Dietze, 2016).
With the aim to investigate the role of compressibility on the long-wave
instability, we follow the latter approach by considering the effect of
compressibility on the inertialess flow rate, similarly to Lavalle et al.
(2019), who applied the same methodology to explain the confinement-
induced stabilisation of falling liquid films. Finally, we complement
this analysis by studying the role of compressibility via the two-wave
competition theory formulated by Whitham (1974), and employed
by Samanta et al. (2011) and Samanta (2014) for liquid films down
a slippery inclined plane or for shear-imposed falling films.

Accordingly, the structure of our paper is as follows. Section Sec-
tion 2 contains the basic governing equations, the boundary condi-
tions of the problem, and the definition of the principal dimensionless
groups, together with the long-wave scaling. Then, the low-dimensional
modelling is discussed in Section 3, from the specification of the EoS
to the derivation of the weakly-compressible integral model. This will
serve in the second part of the manuscript, devoted to the linear tem-
poral stability eigen-problem, whose compatibility yields the dispersion
relation outlined in Section 4. To follow, Section 5 presents our main
findings in terms of critical threshold and parametric study of celerity
branches. The mechanism governing the influence of compressibility on
the film stability is finally elucidated in Section 6. Concluding remarks
are summarised in Section 7, while some details of the analysis that
were not included in the main body of the text are given in the appendix
for completeness.
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Fig. 1. Schematic diagram of the 2D slightly compressible flow of a wavy gravity-driven liquid film with uniform and constant viscosity fi, and surface tension ¥,, exhibiting a
non-uniform and variable density (%, ,7). The coordinate system is defined by (%, 7). The fluid layer, of variable thickness &(%,7), flows under the action of gravity g along a plate
having an inclination angle § with respect to the horizontal direction. %, refers to Nusselt solution (Nusselt, 1916) and denotes the waveless film thickness. An interfacial constant

and uniform normal pressure p; is present.

2. Flow configuration and theoretical formulation

Herein we consider the two-dimensional compressible flow of a
gravity-driven iso-viscous liquid film, falling along a tilted wall within
a shear-free atmosphere, as sketched in Fig. 1. The liquid film is
Newtonian. g € ]0, %] refers to the angle of inclination formed between
the wall and the horizontal direction. The Cartesian coordinate axes X
and y are placed along the streamwise and crosswise flow directions,
respectively, being the origin of the spatial reference frame located at
the wall; 7 € IR{O+ specifies the time coordinate. Assume that, with the
exception of density j € R*, the physical properties of the liquid, such
as dynamic viscosity ji; € R* and surface tension 7, € R*, are uniform
within the physical fluid domain ¥, defined as

PO ={xnNeR|0<F<hED}, b}
where & is a dimensional function tracing the spatial and temporal
evolution of the wavy film free surface.

2.1. Governing equations

At the continuum level, the dimensional form of the governing
equations of motion enforcing the conservation of mass and momentum
for the compressible flow of the Newtonian falling film reads:

+9-(7) =0 (2a)
- L (e~ 1 &S <
( —Vp+pg+;40(V v+(§+t9)V(V'V)>, (2b)

<
<t
N
<
—
Il

where v = (i, §) and p denote, respectively, the film velocity vector and
the thermodynamic pressure, whereas g = (g sin 8, —g cos p) is the grav-
itational acceleration. The parameter labelled by 9 = &,//i, expresses
the ratio between the expansion viscosity §, € R and the dynamic
viscosity fi,. Although 9 is conventionally set to zero invoking Stokes’
hypothesis (4’0 = 0) (Batchelor, 2000), we will not assume any particu-
lar value in order to preserve the widest possible generality throughout
the paper. As will be demonstrated in Section 3.2, this choice has no
consequences in the ultimate formulation of the reduced model (25a).

The flow system is subject to the following boundary conditions. At
the rigid bottom y = 0, the no-slip and no-penetration conditions lead
to

Vo = 0. (3)

At the free surface j = h(%,7), the balance of normal and tangential
stress components for the shear—free film yields the dynamic coupling
conditions

[ﬁT . T(ﬁ)] =7 Vi (4a)
i T9) = o, (4b)

where 7, is the surface tension and T® is the fluid stress vector at the
interface, whose orientation is determined by

= {-o:h 1) /\/1 + (05h)’ (52)

i1 0371}T/\/1 T (0:h)? 5b)

as normal and tangential unit column vector, respectively. Square
brackets are used in (4a) to designate the jump in any quantity of
interest across the interface. Lastly, being the substantial derivative
symbolised by D(x)/Di = d:(x) + ¥ - (V%), an additional kinematic
condition for the gas-liquid interface is introduced as follows

2 (5-h(x1) =0. ®)

2.2. Scaling and dimensionless formulation

To make the problem dimensionless, we choose the value of the
density at the gas—fluid interface as the reference scale for density 3,
in line with Richard (2021). This scale is convenient since at j = &
the hydrostatic contribution on pressure and density fields is depth-
independent. The Nusselt film thickness 7 ~ (Nusselt, 1916) is chosen as
the relevant length scale (Fig. 1), while we adopt the longitudinal char-
acteristic speed as scale for the velocity Uy =gy /hy = pyg sin i3 /
3 fiy, where Gy is the flow rate per unit of channel length:

hy
an =/) in(dy, (@]

being i (7) the well-known Nusselt parabolic velocity profile (Nusselt,
1916). The average velocity Uy is indeed defined from the balance of
the viscous friction force, o fiyUy /73, and the streamwise gravity
force, « j, g sin f. The time and pressure scales are chosen as &y /Uy
and j, UI%,, respectively (Lavalle et al., 2015).

As a customary practice in the study of the wavy film dynamics,
we will adopt a shallow water approximation. Denoting by £ a typical
lengthwise distance characterising superficial corrugations, we define
the following film aspect ratio
£= h—iv <1, 8

L
as the scale parameter of the problem. Specifically, € ~ 9, , (*) accounts
for the slowly-varying downstream modulations of the free surface with
respect to space and time.

Thus, the governing Egs. (2a) are rewritten in dimensionless terms:

0,p+ 0y (pu) + 9, (pv) = 0 (9a)

pe (Qu+udu+uvou) = —£d,p+ FL sin § + (9b)
r

+ é [0yyu + €20, u + € (% + S) d, (0Xu + d},u)]

pe? (6,0 +uo,v+ vdyv) = —0,p— % cos f + (90)

£ 1
+ = [Fonv+o,0+ (3+9)0, (Gu+0,0)].

being Re = Uy hy /iy and Fr = U?% /g hy the Reynolds number and
the Froude number, respectively, with (x, y,t) € R X [0, ] X [0, +oo[.



P. Botticini et al.

The system (9a) is coupled with the following set of dimensionless
boundary conditions:

ulg=vlp=0 (10a)
Re (1+€20%h) (pl, —p;) +¢ (% - 19) (1+€%3%h) <6xu|h + 6yv|h> +
(10b)

)

=26 (00|, + 02 o), ) +2e0.h (0], + 0,0

Re €20..h

We i+

2620,h ((0,0], = ol ) + (1= £202) (0], + £20,0],) =0

0h+ ul 0ch = vl

(10c¢)

(10d)

where p; is the dimensionless atmospheric pressure exerted at the film
interface and We = p, hy U% /7 is the Weber number.

3. Low-dimensional modelling

Here, the free-surface flow problem is tackled adopting an asymp-
totic approximation of the continuity and the Navier-Stokes equations
based on the film aspect ratio ¢ < 1 introduced in Section 2.2. A
great simplification can be accomplished by means of a boundary
layer approach together with a depth-averaging technique. Such a
procedure leads to the determination of a reduced coupled system
of two equations, having the film thickness A (x,t) and the flow rate
per unit of channel width ¢ (x,7) as local dimensionless unknowns.
We propose a two-equation momentum-integral model (MIM) that is
accurate up to and including order O(¢?) both in inertial and in viscous
diffusion terms. Based on this approximation, the problem expressed by
((9a), (10a)) will be consistently simplified accounting for the higher
magnitude of surface tension, We = O(£2), compared to inertia-related
phenomena, Re ~ Fr = O(1).

Following the classical Polhausen—-von Kdrmén momentum-integral
analysis, the y-momentum equation (9c) and related boundary condi-
tion (10b) serve to eliminate the streamwise pressure gradient term
0.p in the x-momentum equation (9b). Being this term of O(e), it is
sufficient to retain (9c) and (10b) up to O(e). Differently from the
incompressible scenario, in this work, a supplementary constitutive
relation is required to describe completely the fluid system due to
the presence of a density term p = j/j, = O(1) as an additional
unknown (Richard, 2021).

3.1. Barotropic equation of state

Since it is difficult to encounter large variations in density in
gravity-driven falling films, we make use of the following linearised
Equation of State (EoS)

. o Y
5 (5. T,8) = ply + <£> (- Blp) + (ﬁ)
7.5 5.5 an

in the form of a first-order truncated Taylor series expansion as in Batch-
elor (2000), Colinet et al. (2001). The validity of (11) is intended to be
restricted to a neighbourhood of the reference state, ie. j— j|; < 1.
Specifically, besides pressure p, the parameters that characterise such
a functional dependence are the fluid temperature T and its entropy §
for a fixed vector of amounts of constituents.

At the present stage, density-affecting thermal effects — which would
have required an energy equation coupling — will be ignored, so as
to confine our current inquiry to a two-equation MIM pattern. More-
over, although the flow is not itself homentropic, the propagation
of small-amplitude long-wave perturbations is shown to be scarcely
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affected by acoustic attenuation and dispersion phenomena (Van Dael,
1968; Kinsler et al., 2000). We postpone a more rigorous proof of
this statement to Section 6.1, where we deal with the notion of wave
hierarchy.

Therefore, the EoS (11) is reduced to a barotropic formulation where
density variations with pressure support the propagation of sound
waves:

Lo 9p -

p(p)=po+<;> (- ply)- (12)
P/ s

Notably, one can refer to the thermodynamic definition of isentropic

speed of sound (Shapiro, 1953)

(2
ay = <aﬁ>§’ (13)

whose magnitude &, is supposed to be uniform and constant within ¥,
in order to achieve the dimensionless version of (11), which ultimately
reads

p(p)=1+Md*(p-pl,). (14)
In (14) an overall Sarrau-Mach number
U
Ma= ~—N S R+, (15)
ag

expressing the magnitude of inertial forces with respect to elastic ones,
has been introduced as dimensionless group to capture the influence of
compressibility on the film flow. As it can be inferred from (14), the
classical incompressible limit is recovered as a limiting case when the
acoustic propagation is modelled as an instantaneous phenomenon, i.e.
Gy = +00 < Ma — 0.

3.1.1. Pressure distribution
Replacement of (14) into the O(¢) estimate of (9¢) leads to the fol-
lowing first-order linear non-homogeneous Ordinary Differential Equa-
tion (ODE) with respect to the crosswise coordinate y for the film
pressure p(x,y,1):
cosfi M b= cosfi
Fr Fr

d,p+ (Ma® ply = 1) + 2= 0,W+O(). (16)
in which the function W(u, v; 9) = o,v + % +9) (u+ ayu) implicitly
depends on y through the dimensionless velocity field. The solution
of (16), in which the dimensionless interfacial pressure p|, has been
evaluated using the normal stress boundary condition (10b), is deter-
mined as summation of the particular solution of (16) and the solution
of the corresponding homogeneous ODE. The latter is obtained via
the method of separation of variables, whereas the former through
the technique of variation of parameters (sometimes referred to as
Duhamel’s principle). As a result, the proper solution of (16) reads:

¢
exp [wMa2 (h—y)] -1
19) = fr PR
plx, y,1:9) = p; + e ettt
£ _ 2
+ = (W= (o)) +0e M), a7

»
being its full-form given in Appendix A. As expected, as the Mach
number approaches zero, (17) reduces to the pressure distribution
obtained by Ruyer-Quil and Manneville (1998) in the context of a
perfectly incompressible free-surface flow, by virtue of the exponential
limit (e™* —1)/% — m for vanishing x (with m € R\{0}), along with
the incompressible continuity identity 0,0 = —d,u.

Based on the above considerations, the barotropic EoS (14) can be
recast as

pCoy 9 =exp | S Ma2 (h = y)| +0e Ma?). (18)
Fr ——

~ &

¢
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3.1.2. Weak compressibility hypothesis

Although the flow compressibility is taken into account in this
model, thin descending liquid films usually show a weakly compressible
behaviour and, therefore, the expression (18) can be simplified. To do
so, the magnitude of the Mach number can be estimated with respect
to € and, taking inspiration from Richard (2021), we can write

Ma= M &g, (19)

where a controls the compressibility behaviour and M = O(1) € Rg.
As a consequence, the accuracy of the model is retained only if a > 1
since the residual term & in (18) is of OQa + 1). In our model, the
Mach number enters into the governing equations only through the
barotropic EoS (14) and, since Ma* = O(¢2%), the different orders
in terms of integer power of the Mach number can be classified as
a={1,3/2,2,5/2,..}.

An estimation of the order of magnitude of the exponential term
¢ in ((17), (18)) within the low-Ma limit requires one to take the
Maclaurin series expansion e* = Z:f:o (%" /n!), that, together with the
preliminary guess about the order of magnitude of Fr = O(1), yields to:

2
cosf cos f 1 |cosp
exp TMaz(h—y) z1+FMa2(h—y)+§ TMaz(h—y) 5

¢ \z [ 2}
(20)
implying that 4, = O(¢?*) and ¢, = O(¢*®). Depending on the value

of a, a twofold level of compressibility can be consequently addressed
in view of the prescribed O(£?) accuracy criterion:

9.1 8) 14 0(%), a>
X, ¥, 15 =
PGy 1+ M (h- ) +0E). a

—olw

- @

Thus, when a > 3/2 the analysis is formally identical to the incom-
pressible scenario, since a relation of asymptotic equivalence holds
between 5 (x,y,t) and j,. In other words, the relation (19) provides a
rule-of-thumb criterion for the film flow to be considered as weakly-
compressible in asymptotic terms. For example, if we assume £ = 0.01
as long-wave parameter (jointly with a unitary-valued M), we find the
threshold for incompressibility as Ma < 0.001.

3.2. Boundary layer equations

In this paper we focus on the weakly—compressible regime corre-
sponding to « = 1. In this scenario, the derivative of the pressure
distribution (17) is computed using the expression (21) with a = 1,
leading to

2
0P (x,y,1;9) = C‘;frﬁ ah - %amh +
+ Rie [axyu + (% ¥ 19) 0, (0 +,0) — a, ((3.u) 1) | + 062, 22)

As mentioned above, (22) is now substituted in lieu of d,p in (9b),
showing that 9-dependent contributions mutually cancel themselves
out.

Then, the replacement of p and 0, p jointly permits obtaining the
second-order set of weakly compressible Boundary Layer Equations
(BLEs), which finally reads:

i+ 0,0+ % Ma* (0,h+ud.h—v) =0 (23a)
Oyt 3 cos 8
€ (Qu+udu+vdu) = % + o Oxh =€ =0h + (23b)
sin cos 2
+ F—rﬁ <1 + FrﬁMaz (h - y)> T [dxxu — 00+ 0y ((0u) |,,)].

By resorting to Leibniz’s integral rule, BLEs (23a) are integrated over
the depth /Oh (%) dy to reduce the space dimensionality of the problem.
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The basic idea behind this modelling strategy is the elimination of the
cross-stream flow dependency (Ruyer-Quil and Manneville, 2000).

Unfortunately, the resulting BLEs fail to be entirely expressed in
terms of the local film thickness 4 (x, ¢) and the local flow rate g (x, t) =
[Oh u(y)dy. Thus, closure laws are needed in (23b) for the follow-
ing terms: the so-called shape factor foh u? dy, the difference between
interfacial and wall shear stresses ((d,u) |, — (d,u)ly), and the an-
tiderivative of other second-order terms within square brackets (« £2/
Re). Moreover, since the compressibility introduces a novel second-
order contribution, related to the crosswise component of velocity, viz.
/Oh vdy, in (23a) an additional closure is required. Such closures can
be obtained via the explicit expression for the unknown velocity field
u(x,y,t), v(x,y,1).

3.2.1. Long-wave approximation

In this work, we adopt a long wave approach following the classical
Benney’s closure technique (Benney, 1966; Gjevik, 1970; Lin, 1974;
Chang, 1986). Accordingly, each variable ¥ = {u, v, p, p} appearing in
the primitive problem is decomposed as a formal power-series regular
perturbation expansion, having ¢ as basis:

VYO — PO L cpMD 4 29D 4 .. 24)

The right-hand side of (24) is ideal for assessing the effect of a small
perturbation in e about zero, provided that proper accuracy constraints
are met (Simmonds and Mann Jr., 1998). Specifically, mathematical
convergence of the infinite series (24) is not necessary (Jeffreys, 1926;
Van Dyke and Rosenblat, 1975). On the other hand, it is required that
— once truncated — V© rapidly approaches V in the limit of vanishin

e. This is equivalent to enforce that the approximation error |V — V)

scales as the first neglected term of the series (24). By assuming this
residue to be ~ €3, the O(£?) truncation of the previous ansatz (24) can
be then substituted in ((9a), (10a), (14)), allowing the corresponding
equations to be broken up into different orders and sequentially solved.
Specifically, the O(e?, ') restrictions of the problem coincide with
their respective incompressible versions, due to the fact that Ma—
related influence intervenes only at O(¢%) when a = 1, through the
equality p® = M? ( pO — p(o))h) by (14). Also, the terms including
the expansion viscosity appear to be irrelevant, due to the fact that the
0(c%, &) velocity fields are solenoidal. Hence, a comparison between
the compressible second-order profiles and their incompressible ana-
logues will be helpful to understand the impact of a varying density on
flow-related quantities; this aspect will be discussed in Section 6.2.

3.3. Depth-averaged model

Upon substitution, we now take advantage of the expressions for
the asymptotic expansions determined beforehand. These are confined
to Appendix B only for the sake of brevity.

In order to derive the depth-integral model, three steps need to be
performed: (i) replace higher-order time derivatives of A by virtue of
a consistent estimate of the kinematic boundary condition (10d), (ii)
replace space derivatives of g — except for the diffusive term d,,g — by
the corresponding consistent asymptotic expansions, and (iii) add to the
r.his. of (23b) the higher-order residue +3 (¢© +eqV +£2¢® - q) /
Re h* = O(¢?), so to preclude algebraic cancellation of linear source
terms — see (26) — as part of the model quasi-linear reformulation
(Lavalle et al., 2015). After these manipulations, the following depth-
averaged closed set of two evolution equations is obtained:

A cos gh® (9,h)

0, h+0d,.q— o F Md*=0 (25a)
r
h (oh)cospe  3h* (0.h) A%e h (3ych) €
Fr * 5 e (o) = — (255
4RehS (Oypeh) Ae*  2Reh* (0,h) (dych) A€
- - +

21 We 3We
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2Reh* (0,.h)° A€

4Reh’ (0,h)" (0,.h) At
+

SWe SWe
4RehS (d,h) Acosfe> 16 Reh* (9,h)° A cos fe? .
21 Fr 15 Fr
3Ma*h*Acosf 8Reh® (d.,h) A’ 23 Reh’ (6xh)2 A3 el .
8 FrRe 105 35
+h2 (9.ch) A . 3h(a.h) Ae? L2 (050) € A 3¢
Re Re Re Re Reh?’

where the dimensionless number A is defined as Re/Fr sin . Here,
by using the definitions of Uy, Re and Fr, we get that A = 3. In
other contexts, this parameter may assume different values, such as
when a different characteristic speed is used instead of Nusselt integral
velocity Uy, in case of a fluid exhibiting a non-Newtonian constitutive
behaviour (Noble and Vila, 2013), or in presence of a variable or
uneven interfacial pressure p;; it has been decided not to replace A
by any numerical value (Richard et al., 2019) only to prevent loss of
generality.

With reference to Eq. (25b), it is worth pointing out two additional
facts. (i) Higher-order and non-linear capillary terms have been explic-
itly and fully retained, unlike what customarily developed (Ruyer-Quil
and Manneville, 1998; Richard et al., 2016, 2019). In fact, their con-
tribution could be equally gathered on the Lh.s. within the canonical
convective term proportional to €9, (¢°/h), leading to an equivalent
model in terms of consistency. (ii) Inertial terms have been maintained
up to O(e?), dissimilarly from the well-established practice of relying on
a simplified model (Ruyer-Quil and Manneville, 2002). In fact, we are
interested in comparing the whole second-order expansions with their
incompressible analogues.

The derived shallow-water system (25a) constitutes a second-order
reduced model describing the weakly-compressible free-surface flow of
a wavy gravity-driven Newtonian falling film. In the scenario where
the temperature field within the liquid film yields density variations,
the EoS (12) should be modified accordingly to take into account
density-affecting thermal effects. In addition, the model (25a) should be
coupled to an integral form of the energy equation to characterise the
interplay between hydrodynamics, compressibility and heat transfer.
For this, reduced models for non-isothermal (incompressible) falling
films have been successful in solving the heat transfer across the
liquid film (Trevelyan et al., 2007; Thompson et al., 2019; Cellier and
Ruyer-Quil, 2020).

4. Temporal linear stability

A temporal stability analysis relies on the existence of a steady
solution about which perturbations are superimposed. Let Q(x, 1) =
{h(x,1), g(x,)}T represent the column vector containing the two un-
known integral variables describing the film descent. Indeed, the
weakly-compressible shallow-water Egs. (25a) possibly admit to be
recast as

9,Q+0, FQ =S5, (26)

where F is the associated flux vector whereas S gathers source terms
together (Noble and Vila, 2014).

4.1. Normal mode analysis

The linear stability problem of the low-dimensional weakly-comp-
ressible model (25a) is approached through normal mode decompo-
sition, according to which a harmonic infinitesimal disturbance Q,
having ||Q|l < 1 as amplitude, is added to the Nusselt base state.
The latter is explained in terms of the dimensionless uniform parallel
solution Q = {hy, qO}T, in which hy, = hg/hy = 1 by definition,
whereas the novel expression for the compressible primary discharge
qo will be disclosed as part of the linearisation process. Accordingly, it
is written
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Qx, 1) = Qy+Q,(x,1)
Q,(x,0) = Qexplik(x—cnl

(27a)
(27b)

where it remains understood that k = 27 hy/L € R* and ¢ = ¢, +
ic; € C are, respectively, the dimensionless real wave-number and the
complex wave celerity of the propagating sine-type pulse. In particular,
¢, accounts for its phase velocity, whereas k ¢; determines its degree
of amplification or damping, depending on its sign: with reference
to (27b), instability of the mean flow evidently sets in on the condition
that k¢; > 0.

4.1.1. Base flow calculation

Quasi-linear conservation form (26) actually stipulates a formal
relation between differential operators (Meliga et al., 2010) in such a
way that

S(Qy) =0 (28)

restores the equilibrium condition constraining the dimensionless com-
pressible base flow rate g, (Re, f, Ma) to the dimensionless waveless
thickness h. Solving (28) we find:

(2)

q()‘rel
——
AR Ma* A cot fh
0 3 Ma“” A cot f hy
oy 3 e AP f 29
=73"1"*"3 Re (29)

which explicitly shows that compressibility entails a relative increase
in the equilibrium flow rate ¢, according to the over-bracketed second-
order contribution denoted as 4 q((f)rel, with respect to its incompressible
limit q(’)” as0t Ahg /3. Expression (29) likewise coincides with the
stationary waveless solution associated to system (23a) in the case
of unidirectional flow. Compressible effects are kept at the base flow
level Qg, on which linear disturbances Q, develop, by means of a
small additive contribution to the incompressible ground-state flow rate
q(’)” a=0% Such a correction (qé” a=0% 4 q((fiel) appears to be of O(¢?) since,
choosing a = 1, we assumed Ma to be of order O(e).

4.1.2. Model dispersion relation
Dropping higher-order perturbations and plugging (27a) into (25a)
yields the following matrix-form differential system:

a 1 0 0
,Q,+| M 0,Q, = +
' [ ay 0 xQ by by 2
0 0 0o 0 0 0
+ 7] + [7) + d s
[ ) ] w Q s 0 ] v O [ dy 0 ] oo @
(30)
where
Ma* h3 A% cot § 3A 3 Md®hyA? cotp
-0 22,277 07 8
= 2Re b= ke T2 Re? (31a)
3 hy A cot § 3 2 hy
a21=§hgl\z+R—e bzz:_Fhﬁ 2= 2 R 7o
(31b)
2 5
4 5 8 s 3 h()/\ 4 RehOA
= —h A’ cotf— —— Reh® A> + —— dy = —— ——— 31c
€1 = gl AT cotf = qag Rehg A"+ 277 T We (31c)

Expressions (31b)—(31c) do not incorporate the Mach number, thus &
has been legitimately replaced there by a unitary value (Richard et al.,
2019). Such assignment is based on the fact that pertinent orders of
magnitude have been already accounted for in the integral model (25a).

Eq. (30) accounts for the normal mode evolution (27b) under the
form of a generalised algebraic eigenvalue problem for ¢ and Q, having
(k; Re, B, We, Ma) as independent set of relevant parameters. Seeking
a non-trivial solution, one has to impose that the matrix associated to
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the linearised system is degenerate. This leads to a quadratic polyno-
mial dispersion relation over the complex field in the phase speed ¢
with complex k—dependent coefficients, written as

—kc*+ [a“k+i (b22—k2c22)] c+
+ K sy +kay +i [dy kK + (ag) cp = e31) K+ (byy — ayy byy)| =0.
(32)

4.2. Celerity long-wave expansion

Following Yih (1963), we consider the temporal stability problem
in terms of an asymptotic expansion of the wave celerity c(k) into
successive powers of the wavenumber k:

c=c® 4+ ke® 412D 43D 4, (33)

within the limit provided by the long-wave approximation (k < 1)
assumed in this work. In analogy with the closure algorithm illustrated
in Section 3.2.1, the expansion (33) is substituted into the dispersion
relation (32). Ensuring that each order in k satisfies (32), we get a
cascade of equations from which the higher-order celerities ¢ (k) (n =
0, 1, 2, ...) are obtained. Although evolution Egs. (25a) are consistent
up to O(g?), we intentionally take the expansion (33) for the celerity
c(k) up to its successive order in terms of k, that is until O(k®). In
this way, we can test the accuracy of the present model (25a) in its
incompressible limit Ma — 0%, by setting the benchmark against the
Orr-Sommerfeld stability problem (Orr, 1907; Sommerfeld, 1908) at
the corresponding order. Such a comparative approach constitutes a
well-trodden path among the falling-film community (Ruyer-Quil and
Manneville, 1998; Samanta et al., 2011; Samanta, 2014; Richard et al.,
2016). Specifically, we obtain:

0 =3 (34a)
D=3 (% Re — % cot p+ I Ma® cot/i) (34b)
@ = < 10 4 o2 @2 @ ag 42
=3 —1+ﬁRecotﬁ—7Re +1I,” Ma” cotf +1I,” Ma" cot” p

(34¢)
c(3)=3i<—$Recotzﬂ+%Rezcotﬁ+§cotﬂ—gﬁie—%Re3+

(34d)

- ?—‘5‘ Re + I Md* cot f + I Ma* cot? f + I Ma® cot® ﬁ),

in which we use the equality A = 3 and the identity A, = 1. Those
expressions for the wave celerities have been written to highlight the
effect of the compressibility. In fact, the expansions (34a) are impacted
by compressibility from n = 1 onwards (n = 1, 2, ...) through additive
contributions that take the form Fz(;‘) Ma¥ cot/ p, with 1 < j < n. These

are found to be:

_3 18 1

(1) @ _ 1
F2 5 FZ —ECOtﬂ—?Re—E (353)
@ _ 9 @ _ 19 324 5, 9
F4 = —Z FZ —7R€ COtﬂ—gRe —E (35b)
3 243 3 3 27
I'® =2 cotf— 22 Re— —— ON—T
4 T g eohm oy Re- R 6 8 (35¢)

In accordance with the adopted standard of accuracy, the current
model is consistent with the asymptotic expansions of solutions to
Orr-Sommerfeld boundary-value problem, reported in Ruyer-Quil and
Manneville (1998), in the limit of Ma — 0*: (25a) is able to correctly
recover ¢, c(l)‘ and ¢@ , but it manifests disagreements

i de {H.O% n d +th reflection on such validation
on successive orders. For more in-dep
the reader is referred to Appendix C, being the primary focus of sections
Sections 4, 5 upon the influence of a weak compressibility on the linear
stability.

International Journal of Multiphase Flow 171 (2024) 104667

5. Results and discussion

In this section we examine the relations (34a) in the light of the
well-known results from Kapitza (1948) and Benjamin (1957). The
O(k®) celerity (34a) immediately captures the classical phase speed of
free-surface waves, which travel three times faster than the averaged
flat film, regardless of its compressible behaviour. Due to the nature
of (14) as EoS, the compressibility terms controlled by the Mach
number affect only even powers Ma* throughout O(k") expansions
(34b)-(34d), for 1 < j < n.

Secondly, as evidenced by the relations (31a) and (34a), a vertical
liquid film is not affected by the compressibility since cot ’21 =0
in (25a). On the other hand, when the plate is horizontal, # = 0 and no
gravity—driven drainage is possible.

5.1. Impact of compressibility on the wave celerity

Differently from the incompressible Navier-Stokes equations, whose
temporal stability analysis is pursued through numerical solution of the
Orr-Sommerfeld fourth-order differential problem in the cross-stream
coordinate, in this case the dispersion relation (32) is a quadratic
polynomial equation in c(k), which is easily solvable numerically.

Initially, we consider a falling liquid film whose incompressible
flow is marginally stable. This case will be shown to be the most
favourable to discern compressibility-related effects on the film flow
stability within the investigated weakly-compressible regime. The plate
is angled at f = 4.6°. As an aside, this choice enables us to compare the
wave celerity and growth rate (see Appendix C) between the results
presented here within the incompressible limit Ma — 0% (dark red line
in Fig. 2) and those determined by Brevdo et al. (1999) for a perfectly
incompressible falling film in a passive atmosphere. The effects of
compressibility on the hydraulic branch solving (32) both in its real and
imaginary parts are displayed in Fig. 2a, b respectively, for sufficiently
small values of the Mach number Ma = O(e). Specifically, the evolu-
tion of the phase speed c,(k) bends downwards as the Mach number
increases. Nonetheless, the same long-wave limit ¢© is recovered, as
established by (34a). The delaying effect of compressibility on the
phase velocity of linear waves (Richard et al., 2019) finds confirmation
in our study. The growth rate k c;(k) shown in Fig. 2b deviates upwards
and towards increasing cut-off wavenumber k. for growing Ma. Thus,
compressibility plays a destabilising role on linear free-surface waves.

Even more distinctly, we observe this feature in Fig. 3, which shows
the curve of marginal stability obtained for different values of the Mach
number in the (Re, k) plane for g = 1.5°. Above the marginal stability
curve, perturbations of wavenumber k decay in time, whereas they are
amplified below. Here, the unstable region systematically undergoes a
non-linear enlargement up to a smaller critical Reynolds number Re,,
due to the compressibility.

In order to quantify this shift into the stability threshold, we can
examine the first-order expansion of the wave celerity ¢(1), which for
Ma < 1 yields the following relation

Re,, = % (1 - % Maz)cotﬁ, (36)

obtained by making Re explicit from (34b) when the neutral stability
condition k¢; (k,) =0 <> c(l)‘ . =0 is imposed. In the limit of null
Mach number, equation (36) reduces to the result of Benjamin (1957)
and Yih (1963), i.e., ReM~%" = 5/6 cot p. Conversely, we observe that
for Ma = O(¢) > 0 the compressibility lowers the critical Reynolds
number Re,, by a factor equal to

M:l—gMa2<l, (37)
ReMa=07 ~ 72

anticipating the flow primary instability. This effect tends to asymp-
totically vanish in highly inertial regimes, within which compressible
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Fig. 2. Impact of compressibility on the graphical representation of solutions to the dispersion relation (32) for the second-order integral model (25a), in terms of (a) phase
speed ¢, and (b) growth rate k¢, as a function of the dimensionless wavenumber k, for different small values of the Mach number Ma, displayed in the legend. The axes are
dimensionless. The data used are taken from Brevdo et al. (1999) and correspond to the following set of values: g = 9.81 m s72, f = 4.6°, Re = 5/6 cot f = 10.357, j, = 1130 kg m~3,
fig =5.673107% Pa s, 7, =69.0 107> N m~'. Comparison with Brevdo et al. (1999) is shown in Appendix C for the incompressible scenario.
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Fig. 3. Impact of compressibility on the neutral stability diagram displaying the dimensionless cut-off wavenumber k, as a function of the Reynolds number Re, for different small
values of the Mach number Ma, shown in the legend. Parameter values: g = 9.81 m s~2, # = 1.5°. Fluid physical properties — related to a falling film consisting of a water—glycerin
mixture — are taken from Liu and Gollub (1994): j, = 1070 kg m™3, ji, = 6.72107 Pa s, #, = 67.010~* N m~'. The stable and unstable domain in the (Ma, Re) plane corresponds to

areas labelled, respectively, “S” and “U”.

curves visibly become rapidly convergent towards the incompress-
ible marginal stability plot (right-most line in Fig. 3). This finding is
consistent as both the two compressible coefficients (31a) of the eigen-
problem (30) are inversely proportional to the Reynolds number or its
square power. Interestingly, we remark that the ratio expressed by (37)
is independent of the plate inclination g.

5.2. Parametric analysis

Aiming at understanding the basic effects of compressibility on the
film destabilisation, we investigate how the growth rate of disturbances
kc; evolves as the parameter space, namely (Re, f, We, Ma), is
explored. This will enable us to understand the fundamental physical
mechanism through which compressibility acts, which we examine
more in depth in Section 6.

We start by providing a variety of numerical solutions to the linear
stability problem (30) within the plane (k, k¢;), for different values of
the Reynolds number Re and angle of inclination f. Egs. (34a) suggest

that a polynomial-type dependence is established by the novel Ma* -
related contributions, namely Fz(;’) cot/ . Unfortunately, the coefficients

I 2(;') display a fairly cumbersome functional dependence on cot § (as
well as on Re) — apart from when j = n. For this reason, notwithstand-
ing that the compressibility has no impact on a vertical falling film,
it is not possible to determine a priori whether its effects varies with
the inclination. Therefore, we will extensively cover the full range of
variability in g, starting by focusing on mildly tilted configurations.

In Fig. 4 we initially consider four cases, denoted with letters (a-d),
which differ from each other in terms of slope. To draw an appropriate
comparison among these scenarios between each compressible curve
(Ma = 0.1 — dashed lines) and its incompressible counterpart (solid
lines), the so-defined Reynolds critical ratio RCR

def Re
RCR = ReMas0t (38)
cr
is introduced as an inertia-based parameter. Four growing values of
RCR are considered in each of the panels of Fig. 4, starting from a value
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Fig. 4. Effect of the Reynolds critical ratio RCR (38) (shown in the legend) on the graphical representation of the solution to the dispersion relation (32) for the derived
weakly-compressible second-order model (25a), in terms of the dimensionless imaginary growth rate k¢; as a function of the dimensionless wavenumber k, for flow configurations
which differ from each other in the value of the inclination angle g: (a) g = 1.5°, (b)) p = 3.0°, (¢) p = 6.0°, (d) p = 12.0°. The axes are dimensionless. Solid lines: Ma — 0+
(incompressible case), dashed lines: Ma = 0.1. Apart from the tilt angle g, other parameter values and fluid physical properties employed here are those of Fig. 3.

which is numerically less than unity — which indicates a stable situation
for a perfectly incompressible falling film flow — before moving to
values of Re which progressively exceed the critical incompressible
threshold.

As expected, the augmentation of RCR is associated with the ex-
tension of the instability region c;(k) > 0. When we switch from each
incompressible plot to its compressible analogue, the rightwards shift
of the cut-off wavenumber k, is reduced as the RCR is raised. This is in
accordance with what previously shown in Fig. 3. As the incline of the
plate becomes steeper, provided that moderately low-angle configura-
tions are explored, the compressibility plays an increasingly important
effect in relative terms in terms of a rightward shift of the dispersion
curves.

In order to better appreciate this phenomenon, we represent in
Fig. 5 the contours of the cut-off wavenumber related to its incompress-
ible limit k,/k™~%" as a function of the Mach number Ma and of the
inclination angle g for two different values of Reynolds critical ratio
RCR beyond the stability threshold, corresponding to (a) RCR = 1.025
and (b) RCR = 1.05, respectively. In both scenarios we identify two
distinct regions of the (Ma, p) plane: (i) a low-angle region (1.5° <

f < 12°) where compressibility-induced destabilisation is not fully-
developed in terms of rightward shift of the cut-off wavenumber and
(ii) a region that covers moderately to highly tilted configurations
(12° < B £ 80°), where the same effects are independent of the value of
inclination angle g. From a graphical point of view, the isolines rapidly
tend to become vertical, indicating a fast saturation of k, /kM a=0% with
respect to slope.

Within area (ii), at Ma = 0.1 — the highest level of weak com-
pressibility investigated — the cut-off wavenumber is increased by up to
roughly 60% when RCR = 1.025 and 35% when RCR = 1.05 in compar-
ison with the incompressible case. As it will soon become clear, there
exists a third upper region (iii) — for 80° < # < 90° — which is difficult
to explore by employing the parameter RCR since, there, a vertically
falling film flow is always unstable to linear perturbations (Benjamin,
1957; Yih, 1963).

A similar behaviour is shown by the most unstable wavenumber and
the maximum growth rate of linear disturbances related to their in-
compressible limit, Viz. Ky /kM9=0" and @, pax/@M4>0" respectively,
which are displayed in Fig. 6a,b as a function of the Mach number
Ma and the inclination angle g in the case of a Reynolds critical
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Fig. 5. Effect of the Mach number Ma = O(¢) and of the angle of inclination g on the stability of a falling water—glycerin film in terms of deviation of the cut-off wavenumber
k. from its incompressible limit ki“ 4=0" with reference to the temporal growth rate of linear disturbances & c;(k), for two different fixed values of the Reynolds critical ratio (38),
corresponding to (a) RCR = 1.025 and (b) RCR = 1.05. In overall terms, darker regions correspond to a greater destabilisation. The set of parameter values and fluid physical

properties is the same specified for Fig. 3.
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Fig. 6. Effect of the Mach number Ma = O(¢) and of the angle of inclination § on the stability of a falling water—glycerin film. Deviation of (a) the most unstable wavenumber
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Ma—~0" for a value of Reynolds critical ratio (38) equal to RCR = 1.05.
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In overall terms, darker regions correspond to a greater destabilisation. The set of parameter values and fluid physical properties is the same specified for Fig. 3.

ratio equal to RCR = 1.05. The results are shown up to g = 40°,
as the isocontour does not change in the region 40° < g < 80°, as
discussed before. The most unstable wavenumber increases up to 35%
compared with its incompressible analogue. Also, the compressibility
induces a similar increase of k,/kM~%" and kp,,./kM3~%", as shown
in Figs. 6a and 5b, indicating that the destabilisation involves both
long and relatively short waves. Meanwhile, the maximum growth rate
®; max can reach values up to about three and a half times higher than
the incompressible one.

A method to explore the role of compressibility at highly-tilted
configurations consists in predetermining an adequate value of Re. For
such a selection, we chose to cover a reasonably broad spectrum of
slopes (with special attention to the steepest ones), without dropping
the shallowness assumption.

Fig. 7 displays the contours of the normalised cut-off wavenumber
as a function of the Mach number and of the inclination angle for two
different fixed values of the Reynolds number, corresponding to (a)
Re = 1 (with g ranging between 60° and 90°) and (b) Re = 3 (with 20° <
p < 60°). These combination of (Re, ) is such as to determine the onset
of interfacial instability. From panels a-b, one may erroneously infer

10

that, as g increases, k,/k™*~%" exhibits a diminishing trend in contrast
with previous results. However, this evolution is fully justifiable in the
following terms: keeping Re fixed while the solid substrate steepens is
tantamount to moving further away from the critical threshold, which
corresponds to a progressive augmentation of the Reynolds critical ratio
RCR, that is a situation where the compressibility-related effects on the
destabilisation are less significant. As a consequence, Fig. 7 is consistent
with what displayed in Figs. 3,5 and, besides, helps in extending our
analysis to the case of a vertical falling film flow.

As final part of the parametric study our sole aim is to investigate
the influence of the Weber number We — and thus of the surface tension
— on the compressibility — induced destabilising mechanism. To do so,
we conclude by presenting numerical results for three different fluids:
(i) water, (ii) aqueous solution of dimethylsulfoxide (DMSO), and (iii)
aqueous solution of glycerin. As summarised in Table 1, these fluids
display different physical properties in terms of density, kinematic vis-
cosity and surface tension, notwithstanding that the adopted barotropic
EoS (14) remains unaltered among them. As regards the other variables
belonging to the parameter space, the angle of inclination and the
Reynolds critical ratio have been kept fixed and equal to f = 15° and
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Fig. 7. Effect of the Mach number Ma = O(e) and of the angle of inclination g on the stability of a falling water-glycerin film in terms of deviation of the cut-off wavenumber &,
from its incompressible limit k 40" with reference to the temporal growth rate of linear disturbances k c;(k), for two different fixed values of the Reynolds number, corresponding
to (a) Re =1 and (b) Re = 3. In overall terms, darker regions correspond to a greater destabilisation. The set of parameter values and fluid physical properties is the same specified

for Fig. 3.

Table 1

Physical properties of fluids considered in the numerical stability calculations. The

working liquids are the same as in Lavalle et al. (2019) (table 3 there): water, an

aqueous solution of DMSO at 83.11% by weight, and an aqueous solution of glycerin
-1

at 50% by weight. The Kapitza number Ka is defined as Ka = 7, (ﬁo g \704 / 3) , being

Vo = fly/ Py the kinematic viscosity of the fluid under consideration.

Fluid o (kgm™3) ¥ (10°°m?s7") o (10°Nm™) Ka

Water 1000.0 1.00 76.9 3592
DMSO (83.11%) 1098.3 2.85 48.4 509.5
Glycerin (50%) 1130.0 5.02 69.0 331.8

RCR = 1.05, respectively. Such a choice corresponds to the following
set of values for the Weber number: (i) We = 8.841 107%, (ii) We =
6.234 1073, (iii) We = 1.156 10~2. We have represented in Fig. 8 the
cut-off wavenumber (a) and the maximum growth rate (b) as a function
of the Mach number Ma for the three liquids considered. As before,
in both panels the quantities shown are related to their analogues in
the limit of a perfectly incompressible flow. Within the present weakly
compressible scenario, we see that the onset of the long-wave instability
is dimly affected by surface tension and the destabilising effect of
compressibility is felt earlier at low Weber numbers.

6. Physical basis for the destabilising effect of compressibility

This section aims at clarifying the underlying physics behind the
compressibility effect on the onset of the flow primary instability.

6.1. Whitham wave hierarchy

The hydrodynamic stability of a shallow-water flow is linked to the
propagation of interfacial waves (Whitham, 1974; Alekseenko et al.,
1985, 1994; Ooshida, 1999; Kalliadasis et al., 2013). In this respect,
Whitham’s theory of two-wave competition serves as a framework to
interpret the linear stability properties of the depth-averaged weakly-
compressible model (25a). To do so, we can make use of the dispersion
relation (32) to study the mechanism at the base of the compressible-
induced destabilisation. Specifically, we formally recast (32) into the
canonical form

i(c—c) +R2k (c—cyr)(c—cy-) =0, (39)

11

where ¢, (k%; Re, p, We, Ma), c;x (k*; Re, p, We, Ma) and Q (k*; Re)
are defined as follows

_ 3 2 4 24 o 3 3
% =55 [3+k (—1—7Rec0tﬂ+§Re - = Ma cotﬂ)
_4 RSy (40a)
21 We
9Ma>cotp 1 [4k2 12cotp 108 81 Ma* cot? g
Cp = L T R R T P
4 Re 2\ We Re 5 4 Re?
(40b)
Re
Q = . 40c
2k2+3 (409

Since the dispersion relation (39) recalls a two-wave structure, our
reduced model (25a) can be systematically reinterpreted as a second-
order wave equation

(0, + ¢, 0) h +2 (0, + ¢4- 9) (0, + ¢4+ 0, ) h =0, 41)

@ (i)

which consists of two levels (i) (ii) of linear hyperbolic wave equations.
The lower-order solutions to (i) are the kinematic waves since they
origin from the mass conservation (25a). These fast waves travel at a
speed equal to ¢, and they are dominant at long time and in the inertia-
less limit Q(Re) — 0. Conversely, the higher-order dynamic waves of
the second kind (ii) arise from the film response, governed by the stress
continuity condition (10b)-(10c) or — equivalently — by the momentum
balance (25b), to variations in momentum, hydrostatic pressure and
surface tension. They correspond to the limit Q(Re) — +oo. In their
early stage, wavefronts located at the leading front and at the trailing
edge of a produced wave packet begin to travel at a speed equal to ¢ +
and c,-, respectively.

Interestingly, the dependence of Q(k) on the wavenumber k is a
mere consequence of the non-hyperbolicity of the evolution equation
appertaining to the integral model (25a), since terms whose order of
spatial derivation exceeds the second would be ultimately included in
it (Ruyer-Quil, 2012; Kalliadasis et al., 2013). Physically, this means
that surface wave dispersion is modified by the streamwise viscous
diffusion as early as the instability onset (Sharma and Dandapat, 2006).
Anyway, Q2(k?) is not appreciably affected by the squared wavenumber
k2. In fact, by inspection of (40c), the denominator 2 k% + 3 ~ 3 within
the long-wave limit (k < 1). As an a posteriori argument, this fact adds
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Fig. 8. Effect of the Mach number Ma = O(¢) on the stability of three falling film flows, each obtained employing one of the fluids detailed in Table 1 in terms of physical

properties and listed in the legend. Curves represent the deviation of (a) the cut-off wavenumber k, from its incompressible limit k**>" and (b) the maximum growth rate o,

Ma—0"

from its incompressible limit w;" ¢~
to RCR = 1.05, and inclination angle f = 15°.

legitimacy to the assumption of virtually non-dissipative fluid (Samanta
et al., 2011), postulated in Section 3.1 behind the adoption of (14) as
barotropic EoS. The dependence (40a) of the kinematic wave speed ¢,
on the squared wavenumber k> gives an estimate of the dispersive role
of the streamwise second-order viscous terms, sometimes referred to as
“viscous dispersive effect” (Ruyer-Quil et al., 2008).

6.1.1. Two-wave reframing of the critical threshold

Whitham (1974) proved that the film primary instability can be
precisely reasoned in terms of competition between kinematic and
dynamic waves. Whenever a multi-speed equation of the kind given
in (41) holds, long-wave interfacial disturbances will damp on the
condition that kinematic waves travel at a speed ranging between the
speeds of dynamic waves:

cg- S S g (42)

The origin of the temporal stability criterion (42) stems from the
evolution of a localised precursory ripple (Ruyer-Quil, 2012). Since
kinematic waves tend to emerge from the wave packet at long times,
whereas its short-term dynamics is dominated by dynamic waves, the
only stable situation is one where the back and front of the wave
travel at dynamic wave speed c,- and c,+ respectively, which implies
constraint (42). The base state is marginally stable if c,- ¢, Or
cg+ = ¢, Here, in practice, only the latter condition has a binding
character on the inception of the flow instability. Once evaluated in
the limit of infinitely long waves (k — 0%), it is verified that equality:

(43)

Cyg+ = Cp

is coherently able to recover (36), thus being in line with the expression
for the neutral stability threshold previously found by means of an
asymptotic expansion d la (Yih, 1963) for the wave celerity c(k).

6.1.2. Elucidation of the compressibility-induced destabilising effect

To illustrate how compressibility enters Whitham’s paradigm, we
follow the methodology adopted by Samanta et al. (2011) and Samanta
(2014) for liquid films falling along a slippery incline or in the pres-
ence of imposed shear stress, respectively. We consider the scenario
discussed in Fig. 4(a, d), ie. a water-glycerin film down a plane
inclined at f = 1.5° and g = 12°. For these two angles of inclination,
Fig. 9 compares the kinematic wave speed ¢, and the dynamic one c;+
given by (40a) and (40b) as a function of the squared dimensionless
wavenumber k2, both within the incompressible limit Ma — 0* (solid

12

,max

with reference to the temporal growth rate of linear disturbances w,(k) = k ¢;(k), for a fixed value of the Reynolds critical ratio (38), equal

lines) and in a slightly compressible case, where Ma = 0.1 (dashed
lines). Two values of the Reynolds critical ratio RCR - beyond the
stability threshold, though in its vicinity — have been examined: (a, c)
RCR = 1.025 and (b, d) RCR= 1.075.

Fig. 9 evidences that the compressibility contributes in lowering
both the dynamic and the kinematic wave speeds. For further clar-
ification, Fig. 9 has been completed with a proper close-up of the
plane portion where curves cross each other. One easily realises that
each compressible cut-off point (void circle) is always located at a
higher squared wavenumber k% in comparison with its incompressible
analogue (filled circle).

The kinematic wave speed c,, however, is much less affected by the
compressibility than the dynamic one c;+. This can be inspected by a
brief discussion on the role of inertia. Let us first consider the low-angle
configuration (upper panels). In such a scenario, the variation in the
Reynolds critical ratio RCR in Fig. 9a,b seems to only have a minor
impact on the compressible dynamic celerity c,+ in terms of vertical
shift. On the other hand, for the greatest RCR (panel b), the parabolic-
like trend of the kinematic celerity c, evolves with respect to k2 in such
a way that its descending tract gets drastically steeper in the vicinity of
its point of intersection with the graph of the dynamic wave velocity
cq+. As a consequence, the compressibility-induced destabilisation gets
noticeably reduced when the Reynolds number increases.

We close this section by comparing panels (¢ — d), for which
the inclination angle is f = 12°. Here we notice that the speed of
kinematic waves ¢, is less sensitive in comparison with the previous
low-angle configuration to the same increase in the Reynolds critical
ratio, from RCR = 1.025 (left) to RCR = 1.075 (right). Meanwhile, the
dynamic wave speed c;+, which increases as a straight line with the
square of the wavenumber k2, undergoes deceleration by enhancing
compressibility, but also by increasing RCR, leading to an attenuation
of the compressibility-induced destabilisation.

6.2. Impact of compressibility on flow-related quantities

Aiming at finding a physical source to which the overflow uncov-
ered in Section 4.1.1 may be attributed, we rephrase the pertinent
perturbative analogue Aqﬁl) (q@) -

dimensional variables, which gives:

- <2>| ) © in terms of
T Moo+ z terms o

@ _Ag 7 cos p
rel — g 5(2) . (44)
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In a similar way, as the leading-order wall shear stress TL(B ) = ()yu<°)|

y=
is employed as normalising quantity for the extra wall shear stress
profile, we obtain:

@ _ Agilcosﬂ

w,rel T g

(45)
%

The same functional form is manifestly shared by (44) and (45). A
simple physical interpretation of the ratio therein contained, namely

g h cos p/a;, can be given in the following terms:

- Peff
@ 4@ o P8hcOsp ) (46)

rel’ rel

Aq

pa P,

We can notice that (46) accounts for the ratio between the effective
component of the hydrostatic pressure Piff exerted along the cross-
stream direction by the wavy fluid column of height h, as stipulated
by Stevin’s law, and a reference acoustic pressure P,. As a matter of
fact, the whole operating mechanism through which compressibility
acts as a destabilising factor for the temporal development of long-wave
linear disturbances should be intended as the competition of multiple
effects: for decreasing angles of inclination, the gravitational effect is
emphasised as cos f increases, but such a trigger for destabilisation
is counterbalanced by the decrease of the uniform film thickness Ay,
which is a function of sin g, and so of .
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6.2.1. Compressible lag of flow rate perturbations

In order to explain the physical mechanism responsible for the
compressibility-induced flow destabilisation, we adapt the basic ratio-
nale behind the methodology followed by Lavalle et al. (2019) in the
context of confined falling liquid films in presence of an active upper
phase. We start by recalling that the driving mechanism of Kapitza
instability can be traced back to inertia, which is responsible for the
time lag between the actual liquid flow rate g (h(x, 1)) and its inertialess
target value:

Ah®  Md*h* A%cot B

* - 2% 2
g (h(x, D)= — S Re +0(e). (47)
N——
q*8 q*,Ma

Here the second-order contribution arising from the flow compress-
ibility has been highlighted individually, without expressly taking its
limit as Re — 0" owing to its divergent behaviour. Instead, two other
Re—-independent second-order terms contained within the expression
of ¢® and arising in particular from the normal stress continuity
condition (10b) at order O(¢2) have not been explicitly written in (47)
and disregarded for simplicity in subsequent calculations. Such a de-
composition therefore appears to be accurate at O(¢) and it is used only
as a means to gain insight at the mechanism at work by estimating the
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B
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Fig. 10. Description scheme of the inertia-based mechanism of the Kapitza instability: by comparison between two points of abscissa x, and x,, located at opposite sides of a
wave peak, the local film flow rate g(x,r) is delayed in accommodating itself to film thickness variations induced by the passage of the superficial disturbance of speed c.

relative importance of each individual component in the destabilisation
of the weakly-compressible flow.

The destabilising role of inertia on single-peaked Kapitza waves
can be explained resorting to the analysis followed by Dietze (2016),
who considered the history of two points located along the film free-
surface either side of a wave crest. With reference to Fig. 10, at the
abscissa xp upstream of the wave hump, where d,4 < 0, the film
thickness increases in time as the wave covers a distance dx, and so
does the flow rate ¢ along the x direction, in accordance with Benney’s
leading-order asymptotic expansion (B.1c). Conversely, at the abscissa
x 4 downstream of the wave hump, the film thickness and the flow rate
decrease when the wave covers dx. In the presence of inertia, the flow
rate cannot adapt instantaneously to such a film thickness variation. As
a result, the flow rate in x, will be too high while it will be too low
in xp. The ensuing discrepancy in flow across the wave peak accounts
for its growth. Such a response is more intense as the lag phase of the
actual flow rate g behind its target value ¢* increases.

According to (47), the effect of gravity through the cubic depen-
dence of ¢*8 (h) on h tends to promote variations in ¢* between the
wave hump and the wave trough as an outcome of the change in
film thickness 4. The non-negative compressible contribution ¢* M (h)
exacerbates such an effect, increasingly so as the corresponding term
in (47) gains relevance. For a pertinent quantification, variables ap-
pearing in Eq. (47), viz. the wavy film thickness # and the inertialess
film flow rate ¢*, are linearly perturbed around the aforediscussed (see
Section 4.1.1) base state vector Q, via superimposition of infinitesimal
disturbances of amplitude ||Q|| <« 1Qoll:

h(x, 1) = hg+h(x, 1)
g (h) = g+ q(h).

(48a)
(48b)
By virtue of (48a) it is now possible to discriminate between the

magnitude of perturbations 48 and ¢¢, which are, respectively, of
gravitational and compressible provenance:

Md® hgilAz cot f

Ghy=AhJh+ (49)
2 Re
¢ fMa

q

The following expression can be obtained for the so-defined
compressible-to-total amplitude ratio §M¢/4:

éMa

q

3Md*cotf ) 9Md

= = , (50)
2Re+3Md*cotp  5RCR+9Md>

in which use has been made of the equality A = 3 and of the identity
hy = 1, (+) together with the definition of the Reynolds critical ratio
RCR (38), coupled with the incompressible evaluation of the critical
threshold lim,,,_+(36), in lieu of the Reynolds number Re. Fig. 11
shows that the ratio expressed by (50) (a) increases with the Mach num-
ber Ma and (b) decreases with the Reynolds critical ratio RCR, which is
in accordance with the most prominent role played by compressibility
in the film flow destabilisation shown in section Section 5.
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7. Conclusions

Liquid films occur over a wide range of length scales and are central
to numerous areas of pure and applied sciences (Craster and Matar,
2009). The development of long-wave instabilities along its interface
leads to self-excitation of non-trivial dynamics (Sharma and Dandapat,
2006). The motivation behind this study is addressing theoretically how
changes in the fluid density fit into this context. For such purpose, we
have discussed three guiding questions.

(i) How does compressibility affect the structure of a depth-integral
model? We considered a barotropic relation involving the Mach number
of the mean flow. Under the assumption of weak compressibility Ma <«
1, the density of the fluid is found to be exponentially stratified against
gravity along the crosswise direction. In the final depth-averaged sys-
tem (25a) this is reflected in two additional terms: one « cot # Ma*/
Re in the continuity equation, and the other « cot § Ma®/Re? in the
momentum conservation equation.

(ii) To what extent does compressibility take part in long-wave
instability? According to our linear analysis, a low degree of com-
pressibility boosts the inception of interfacial instability. This effect is
most marked in low-inertial regimes. For instance, with reference to
Fig. 5b, the instability threshold of a water-glycerin film flow having
Re =240, p =20° and Ma = 0.1 as set of distinctive parameters is seen
to increase by 35% in terms of the cut-off wavenumber with respect
to its incompressible analogue. A higher-order additive correction of
the base flow rate, hydrostatic in nature, has been highlighted via
(44). As perspective on future research, the derived depth-integrated
model (25a) will be also of interest to simulate the non-linear dynamics
of weakly-compressible falling liquid films, on condition that proper
manipulations are performed for the numerical treatment of capillary
terms (Lavalle et al., 2015).

(iii) Which is the underlying physical foundation? Albeit of small
magnitude, differences between the compressible and incompressible
nature of the long-wave instability can be traced back to a
compressible-induced deceleration of dynamic waves (Fig. 9) or, equiv-
alently, to an additional inertia-induced delay (relative to the kinematic
waves) of the flow rate in adapting to a time-varying film-thickness
(Fig. 11).
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Appendix A. Reduction of the pressure profile

The complete solution of (16) is given by:

69 =p; ——0,h
Py, 9) =p + IV Welult
¢
£ w_ cSB i h—w|—(2 -
+»R6Fv WWhup[fyAhzw y4 (5-9) Qu+op)| + AD
O
cos f
_ _ _e P 2
+2 (()yu)|h 2 9.h (()yu)|h] (0, W) exp( 7 Ma y>,
where I(y, W) is the so-defined primitive
T, W) =e Ma® 250 4y 5B a2y, A2
& )=¢Ma Re Fr P Fr ay (A-2)

the prime mark denoting total differentiation with respect to y. By
inspection of (A.2), since it is assumed Re ~ Fr = O(l), I’ can
be regarded as an O(e Ma?) residual contribution, originating from
the process of integration by parts in the context of the application
of Duhamel’s technique. Given that its analytical integration would
at least require a priori knowledge concerning the explicit expression
for the unknown spatial derivatives of the velocity field v = (u, v)
involved within W as part of the integrand function (A.2), we seek for
a low-compressibility restriction of the kind

£ Md? hS &, (A.3)

a condition wherein it is legitimate to consistently ignore its respec-
tive contribution within the ultimate problem (9a) via (14). Indeed,
assignment (A.3) has been formalised in asymptotic terms through the
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equivalence relation (19), with « > 1 and M = O(1) € R(’;. By recalling
expansion (20) with (A.3) in mind, the O(¢)-exponential term denoted
as 4 can be shortened to the unitary value only. Furthermore, starting
from the definition of W — jointly given with (16) - it is straightforward
to verify that

-wl, - (% - 3) (0.u+ ayu)‘h +2 (()yu)‘h =- (6xu)‘h. (A.4)

Finally, the boundary condition (10c) highlights the fact that (d,u) ‘h =

O(e?), thereby allowing for the removal of ), which ultimately con-
tributes as an O(e) term within (A.1). As a result, (A.1) is consistently
tantamount to (17).

Appendix B. Asymptotic expansions

B.1. Leading order O(c")

A(y¥*-2h
uO(h(x,1),y) = —(yTy) (B.1a)
A(o,h) y?
VO (hx,0,y) = —% (B.1b)
3
4O, 1) = A0 (B.10)

The steady-state flat-film solution, corresponding to Nusselt flow (Nus-
selt, 1916), can be recovered by substituting unity for 4 in Egs. (B.1a).
This shows that the leading order of Benney’s development corresponds
to local equilibrium.

B.2. First order O(e")

Re g2 ¥ Re cos ¥
D (h = o, h(hy— = a.h(—hy+ =
u(h(x,1), y) We O ( Y-S )t % y+o )+
hy*  hty y _hly
2 —_—— — —_——_—
+Re A 6xh< > ) Al > (B.2a)
Re¢? y3 hy2 yz
D(h(x,1),y) = o h| = ——=)—(0,h)(0,.h) =
o0 (hx0.9) = Fp= 1uch ( = = 5 ) = (9ch) (9uch) T | +
Re cos ¥ hy? 5 ¥?
o h|-Z+—=—)+h=
+ Fr [“ ( 6 + 2 +o 2 *
2 y2 h?
+ReAy [a,xh (—ﬁ + T) +(o,n) (0,h) | +
hyS h4y2 yS h3y2
ReA’ |0 h|-—=+—= ) +0*h|-— + = B.2b
e [” ( 20 "1 710 T 3 (B-2b)
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Fig. C.12. Comparison of the dimensionless (a) temporal growth rate k¢;(k) and (b) angular wave frequency k c,(k) between our work and Brevdo et al. (1999) (figure 2 there).

Parameter values: g = 9.81 m s72, f = 4.6°,

po = 1130 kg m=3, jiy = 5.673107° Pa s, 7, = 69.010~> N m~'. Values of the Reynolds number Re® = (3/2) Re according to Brevdo’s

scaling: 10 (dashed line), Re(cf) = (5/4)cot § (bare solid line), 20 (pluses). Note that k®, (k c,)(B) and (k c,)(ﬂ) are scaled as in Brevdo et al. (1999), ie. using the Nusselt film
thickness 7, and the free-surface velocity (3/2) Uy as length and velocity scales, respectively, instead of the film mean velocity Uy as done here.
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Appendix C. Validation with Orr-Sommerfeld problem within the
incompressible limit

Our second-order model (25a) correctly recovers the expressions
for ¢c©, M and ¢@ .» which show accordance with the
asymptotic expaeﬁlsions of solutions to Orr-Sommerfeld boundary-value
problem - reported in Ruyer-Quil and Manneville (1998). However, it
is expected that higher-order expressions of ¢) with j > 2 are not
correctly captured. Specifically, when the incompressible limit of ¢®,
expressed by (34d)|ys,_0+, is contrasted with its exact Orr—Sommerfeld
(O-S) analogue, we notice that all terms are present, but with different
numerical coefficients in front of them in almost every occurrence x.
As shown in Table C.2, such discrepancies can be quantified in terms
of relative percentage deviation

©) NG
(34d) | pra—0+ 0-S . 100%
*@
0-$

[%] . (C.1)
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Table C.2

Percent errors [%] (expressed to one decimal place) committed by the incompressible
evaluation of the present second-order model (25a)|,,_. in the estimate of polynomial
coefficients x of the O(k) incompressible wave celerity ¢®|,,, -, given by (34d)| -
by comparison with the exact ones (Ruyer-Quil and Manneville, 1998; Chang and
Demekhin, 2002) provided by the Orr-Sommerfeld theory.

Recot? p Reé? cot cot f Re/We
-16.7 21.6 —-63.0 0

R Re

7.8

28.9

A numerical validation of the present second-order weakly-
compressible model within its incompressible limit (25a)|,,_o+ can be
accomplished by comparing its predictions to data from the literature
concerning the long-wave interfacial instability for a liquid falling film
flow. Fig. C.12 compares growth rate and angular frequency of linear
surface waves with results of Brevdo et al. (1999) for the case of a
liquid film falling down an incline within a passive atmosphere. We
remark that agreement is achieved between the two sets of data with
reference to the immediate proximity to the limit of infinitely long-
wave (k — 0%), as long as the Reynolds number Re is chosen to be
compliant with the pertinent assumption Re = O(1) made in Section 3.
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Chapter 2

Conclusions

This thesis has addressed the modelling of two-phase thin-film flows through a reduced-order
multiscale framework, bridging the gap between first-principles physical descriptions and com-
putationally tractable models. The central focus has been the derivation of low-dimensional
formulations that capture essential transport phenomena, including mass, momentum, and
heat transfer — while incorporating multiphysics effects (such as capillarity, viscous dissipation,
compressibility, and phase interactions).

The work demonstrates that perturbation-based techniques, grounded in multiple-scale
analysis, provide a rigorous pathway to reduce complex governing equations into effective
macroscopic representations, thereby enabling the identification of the dominant flow para-
meters. The four papers included in this thesis highlight complementary aspects of thin-film
multiphase transport and, collectively, establish the versatility of the reduced-order multiscale
framework in describing a broad class of transport phenomena.

Beyond theoretical contributions, the thesis aims to connect detailed physical modelling
with application-oriented predictive tools. Practical implications include the design and
optimisation of heat exchangers operating in core-annular and Taylor-flow regimes, as well
as rheological models for two-phase flow in porous media. Moreover, the methodology lays
the foundation for extending reduced-order models to problems involving phase change
— such as in-tube boiling and condensation — where transitions between flow regimes are
strongly influenced by interphase thermal exchange. Applying the multiscale formalism to
such systems represents a natural progression of this research. Specifically, future directions
involve:

o extending the framework to the bubble regions close to the spherical caps, where the
assumption of scale separation no longer holds and matched asymptotic methods are
required to capture the transition between near-film dynamics and far-field flow;

e investigating the axial evolution of the volumetric gas-fraction in internal flows with
phase change, enabling a complete description of multiphase transport under dynamic
operating conditions and across the different flow patterns;

o developing predictive boiling-curve models that capture the full spectrum of heat-transfer
regimes — from single-phase convection to nucleate and film boiling — and quantifying
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critical transition points such as the onset of the critical heat flux;

e incorporating richer rheological behaviours in thin-film flows, providing a more realistic
representation of pore-scale geometry and transport conditions, and studying the impact
of a capillary pressure threshold, e.g., developing bundle models composed of wavy
tubes with spatially varying radius.

In summary, this thesis demonstrates that first-principles reduced-order modelling, groun-
ded in multiscale asymptotics and perturbation theory, provides a powerful and flexible tool
for understanding and predicting two-phase thin-film flows across a wide range of engineering
and scientific applications.
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