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Abstract. We prove the well posedness of a class of non linear and
non local mixed hyperbolic—parabolic systems in bounded domains, with
Dirichlet boundary conditions. In view of control problems, stability
estimates on the dependence of solutions on data and parameters are
also provided. These equations appear in models devoted to population
dynamics or to epidemiology, for instance.

1. INTRODUCTION

We consider the following non linear system on a bounded domain 2 C R”

{&tu + V- (uv(t,w)) = a(t,z,w)u+ a(t,x),

Ow — i Aw = Atz w)w+bt,z), 0 €T (D)

Systems of this form arise, for instance, in predator—prey systems [8] and can
be used in the control of parasites, see [10, 19]. A similar mixed hyperbolic—
parabolic system is considered, in one space dimension, in [15], where Euler
equations substitute the balance law in (1.1).

Motivated by these applications, terms in (1.1) may well contain non
local functions of the unknowns. Typically, whenever u is a predator and
w a prey, the velocity v governing the movement of u, when computed at
a point x, i.e., (v(t,w))(x), depends on w through integrals of the form
fllI*&HSpf (t,z, &, w(t,&))dE so that p is the horizon at which the predator
feels the prey.
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Under standard assumptions on the functions defining (1.1), we provide
the analytical framework where the existence and the uniqueness of solu-
tions to (1.1)—(1.2). Moreover, we obtain a full set of a priori and stability
estimates on view of the interest about control problems based on these
equations, see [2]. To this aim, we equip (1.1) with homogeneous Dirichlet
boundary conditions and initial data:

{Z((tgé))_:% (t,€) €[0,7] x 9Q and {Z((%Z))_:Z(g zeQ. (1.2)

We stress that the whole construction is settled in L', a usual choice for
balance laws but less common in the case of the parabolic equation. This
choice is motivated by the clear physical meaning of total population attached
to this norm, whenever solutions are positive — a standard situation in the
motivating models. As is well known, in parabolic equations, L? or W*:2
are more standard choices, also thanks to the further properties of reflexive
spaces, see for instance the recent papers [4, 14].

The introduction of a boundary, with the corresponding boundary condi-
tions, affects the whole analytical structure, differently in the two equations.
Indeed, as is well known, the hyperbolic equation for u may well lead to
problems that are locally overdetermined, resulting in the boundary condi-
tion to be simply neglected, see [1, 9, 18, 22]. On the contrary, the solution
to the parabolic equation attains along the boundary the prescribed value,
for all positive times, see [12, 17, 20].

We stress that in the hyperbolic case, different definitions of solutions are
available, see [1, 18, 21, 22]. Here, we provide Definition 3.10 that unifies dif-
ferent approaches, also allowing to prove an intrinsic uniqueness of solutions,
i.e., independent of the way solutions are constructed.

Particularly relevant are the estimates on the dependence of (u,w) on
the terms a,b in (1.1), which typically play the role of controls. Indeed, in
the applications of (1.1) to biological problems, a and b typically measure
the deployment of parasitoids or chemicals that hinder the propagation or
reproduction of harmful parasites, see [10, 19]. It is with reference to this
context that we care to ensure the positivity of solutions, whenever the data
and the controls are positive.

The next section, after the necessary introduction of the notation, presents
the result. Proofs and further technical details are deferred to Section 3,
where different paragraphs refer to the parabolic problem, to the hyperbolic
one and to the coupling.
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2. MAIN RESULTS

Throughout, the following notation is used. Ry = [0, +00), R_ = (=00, 0].
If A C R™, the characteristic function y e defined by x A(x) = 1if and only

if z € Aand x () =0 if and only if z € R" \ A. For z, € R" and r > 0,

B(x,,r) is the open sphere centered at x, with radius . We fix a time 7' > 0
and the following condition on the spatial domain 2:

(€2) Q is a non empty, bounded and connected open subset of R", with
C?7 boundary, for a v € (0, 1].

This condition is mainly motivated by the treatment of the parabolic part.
Here, we mostly use the framework in [20, Appendix B, § 48]. Other possible
regularity assumptions on 02 are in [17, Chapter 4, § 4, p. 294].

We pose the following assumptions on the functions appearing in prob-
lem (1.1):

(v) v : [0,T] x L®(Q;R) — (C? N W) (Q;R") is such that for a

constant K, > 0 and for a map C, € L2 ([0,7] x R4;R4) non

loc
decreasing in each argument, for all ¢,t1,te € [0,7T] and w, wy,wq €

L> (% R),
[o(t, W)L @rny < Ko l[wllp o)
[Dzv(t, w) || gee @rnxny < Ko [[wllpror)
[o(t1, wi) = v(te, w2)[lye(@rny < Ko(ltz = ti] + lwe — w111 or))
HD%v(t’w)HLl(Q;R"X"X") < Co(t, Hw”Ll(ﬂ;R)) ”w“LI(Q;R)
IV (v(t1, w1) —v(t2, w2))ll Lo (r) SCv(tag?f; [will s ory) w1 — w2l oym)-

() a:[0,T] x 2 xR — R admits a constant K, > 0 such that, for
a.e. t € [0,T] and all w,wy,wy € R

sug la(t, z,w1) — alt, z,we)| < Ky |wy — wo|
- sup  a(t,z,w) < K, (1+w)
(z,w)eQxR
and for all w € BV(; R)
TV (a(t - w(t. ) < Ka(1 + 0lly oz + TV ().

(@) a € LY ([0,T]; L (;R)) and for all t € [0,T], a(t) € BV(Q;R).
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(B) B:[0,T] x 2 xR xR — R admits a constant Kg > 0 such that, for
a.e. t € [0,7T] and all w, uy, ug, w, w;, wy € R

Sug ‘ﬁ(t,.I,Ul,’LUl) - ﬁ(t,f,UQ,UJQ)’ S K,B (|U1 - U2| + |U}]_ - U}2|)
BAS

sup Bt z,u,w) < Kgz.
(z,u,w)EQXRXR

(b) b e LL([0,T); L=(;R)) and for all t € [0, 7], b(t) € BV(:R,).

Note in particular that (v) requires to bound L® norms by means of L!
norms, a feature typical of non local operators. In fact, referring to predator—
prey applications, it is in general reasonable to assume that the u (predator)
population moves according to averages of the w (prey) population density
or of its gradient. This justifies our requiring v in (1.1) to be a non local
function of w.

Since we deal with the bounded domain {2, these averages need to be
computed only inside (2. To this aim, the modified convolution introduced
in [9, § 3], which reads

Jarw) n(z —y)dy
p* _n)(x) = 2.1
(b2 (2) Jon(z—y)dy 21)
is of help. The quantity (p *Qn)(m) is an average of the crowd density p in
) around z as soon as the kernel 7 satisfies

(m) n(z) = (2], where 7 € CX(R.:R), spiy = [0, 6], £ > 0, if <0,
7(0) = 7"(0) = 0 and [py n(§)dE = 1.
In those models where it is reasonable to assume that w moves directed

towards the areas with higher/lower density of w, i.e., v is parallel to the
average gradient of w in €2, we select:

V (w *_n)
v(t, w) // Q , (2.2)
VIV (s

where as kernel 17 we choose for instance n(z) = £(¢* — ||z||*)%. Here, ¢ has
the clear physical meaning of the distance, or horizon, at which individuals
of the u population feel the presence of the w population. The normalization
parameter £ is chosen so that [, n(z)da = 1. A choice like (2.2) is consistent
with the requirements (v), as proved in [9, Lemma 3.2].

To state what we mean by a solution to (1.1), we resort to the standard
definitions of solutions, separately, to the hyperbolic and to the parabolic




NON LINEAR HYPERBOLIC-PARABOLIC SYSTEMS 447

problems constituting (1.1). In the former case, we refer to [18, 21, 22] and
in the latter to the classical [20].

Definition 2.1. A4 pair (u,w) € C° ([0, T]; L' (€ R?)) is a solution to (1.1)-
(1.2) if, setting
ct,z) =v(t,w(x)), Al z)=a(t,z,w z))
B(t’ x) = /B (t7 ':L" u(t7 x)? w(t7 :L‘)) )
the function u, according to Definition 3.10, solves
Ou + V- (u C(tv .Z‘)) = A(ta 33) U+ (L(t, 33‘) (ta .I') € [07 T] x 8
u(t,€) =0 (t,€) € [0,7] x 00
u(0,x) = uo(x) x el
and the function w, according to Definition 3.1, solves
Ow — pAw = B(t,z)w + b(t,x) (t,z) € [0,T] x
w(t,€) =0 (1,€) € [0,T] x 92
w(0, z) = wo(x) x €.
In the present framework, we also verify that, under suitable conditions on
the initial data, the solution (u, w) enjoys the following regularity (u(t), w(t))

€ (BVNL®)(;RY) for all ¢t € [0, 7).
We are now ready to state the main result of this work.

Theorem 2.2. Let (Q)—(v)—(a)—(a)—(8)—(b) hold. For any initial datum
(to, wo) in (L N BV)(;R?), problem (1.1) admits a unique solution on
[0,T] in the sense of Definition 2.1. Moreover, the following properties hold:

A priori bounds: There exists a constant C' depending only on §, K, Kg,
K, such that for all t € [0,T] and for all initial data

Hw(t)HLl(Q;R) < €Ct(”onL1(Q;R) + ||bHL1([o,t]xQ;1R)) (2.3)
()l @my < € (1wollpoo yry + 1BllL1 (0,010 (1m)) - (2.4)

Let Cy(t) denote the mazimum of the two right hand sides in (2.3) and
n (2.4); then

lu®) g apy < (ol my + lalls (o.gwam) Sp(CHI+ Cu(t))  (25)

Ja®) gy < (Nl i) + lallgs 0. () €xp (C L (1 +2Cu(8)) -
(2.6)
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Lipschitz continuity in the initial data: Let (1i,,,) € (L NBV)(Q;R?)
and call (4, w) the corresponding solution to (1.1). Then, for allt € [0,T],

[u(®) = @)l r) + [w(t) = D)L o;r)
< C(t) (1o — tollg ry + 1o — Woll1 osky)

where C € L>([0,T];R;) depends on Q, K,, Kz, K,, on the map C,, on
norms and total variation of the functions a and b and of the initial data.

Stability with respect to the controls: Let @ satisfy (a), b satisfy (b) and
call (U, w) the corresponding solution to (1.1). Then, for all t € [0,T],

lu(t) — a@)llLr o) + lw(t) — @)L o)
< C(t)(lla = allLo,gxar) + 10 = bllLiogxamr))
where C € L>([0,T];R,) depends on Q, K., K3, K,, on the map C,, on

norms and total variation of the functions a,a and b,b and of the initial
data.

Positivity: If for all (t,z) € [0,T] x Q, a(t,z) > 0 and b(t,x) > 0, then
for all initial datum (ue,w,) with ue(x) > 0 and wy(z) > 0 for all x € Q,
the solution (u,w) is such that u(t,z) > 0 and w(t,z) > 0 for all (t,z) €
[0,T] x Q.

The proof is deferred to Section 3.

The lower semicontinuity of the total variation with respect to the L!
distance ensures moreover that bounds on the total variation of the solution
can be obtained by means of (3.50) and (3.60).

3. PROOFS

In the proofs below, we provide all details wherever necessary and pre-
cise references for those part that differ only slightly from the cases under
consideration.

3.1. Parabolic Estimates. Fix T, x> 0 and let  satisfy (€2). This para-
graph is devoted to the IBVP

Ow = pAw+ B(t,x)w+b(t,xz) (t,x) €[0,T] x Q
w(t,&) =0 (t,€) € 0,T] x 092 (3.1)
w(0,x) = wy(x) x e .

The following definition is adapted from [20], see Remark 3.2.
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Definition 3.1. A map w € CO([O,T];LI(Q;R))js a solution to (3.1) if
w(0) = w, and for all test functions p € C2([0, T]xQ; R) such that (T, z) =
0 for all x € Q and ¢(t,&) =0 for all (t,£) € [0,T] x 0N

T
/0 /Q(w(t,a:)atgo(t,x) + pw(t, z)Ap(t, x) (3.2)

+ (B(t,x)w(t,x) + b(t,z))p(t,z)) de dt + /Qwo(ac) ©(0,2)dx =0.

Remark 3.2. Let

d(z,0Q) = inf ||z —y|.

(.09 = int o~y
Recall
Jullym = [ o) de,00)da
Q

from [20, Appendix B]. Since Hw||L(15(Q;R) < O(D)[|wllg1 (), a solution in
the sense of Definition 3.1 is also a weak L} solution in the sense of [20,
Definition 48.8, Appendix B].
Remark 3.3. In Definition 3.1, it is sufficient to consider test functions
@ € C'([0,T] x ©;R) such that for all ¢ € [0,T], the map = — @(t, ) is of
class C2(€;R) and moreover ¢(T,z) = 0 for all z € Q and ¢(¢,&) = 0 for

all (¢,£) € [0, T] x 09. This is proved through a standard regularization by
means of a convolution with a mollifier supported in R_.

For i > 0, the heat kernel is denoted by

Hy(t, ) = (dmpt) ™2 exp (= ||z]?/ (4ut)),
where ¢t > 0, z € R". As it is well known, HHM(t)HLl(Rn_R) =1.

Proposition 3.4. Let Q satisfy (2) and fix u > 0. Then, there exists a
Green function
G € C((0,400) x (0, +00) x 2x ;R )NC((0, +00) x (0, +00) x Ax ;R )
such that:

(G1) Forallt,7 € Ry and z,y € Q, G(t,1,z,y) = G(t,7,y,x).

(G2) Forallt, T e R4, £ €0 and y € Q, G(t,1,§,y) =0.

(G3) There exist positive constants C,c such that for all t,7 € Ry and for
all z,y € Q,

0 < G(t,T,ﬂZ‘,y) < H,u(t -7, _y)
0:G(t, 7,2, )| < et —7)" " P exp (= Clla — yl*/(t — 7))
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IV.G(tm, )l < et — 7)) 2 exp (= Clla— g/t — 7).
(G4) For all b € LY([0,T] x 4 R) and all w, € L*(S;R), the IBVP

Ow = pAw+b(t,z) (t,x) € [0,T] x Q
w(t,&) =0 (t,€) €10, T] x 002 (3.3)
w(0, ) = wy(z) x el

admits a unique solution in the sense of Definition 3.1, which is

w(t,x):/QG(t,O,x,y)wo(y)dy—f—/O /QG(t,T,x,y)b(T,y)dydT. (3.4)

The Green function depends both on g and on 2 but, for simplicity, we
omit this dependence.

Proof of Proposition 3.4. Condition (G1) follows from [20, Appendix B,
§ 48.2]. Property (G2) comes from [17, Chapter IV, § 16, (16.7)—(16.8)
p. 408.

The first bound in (G3) follows from [20, Formula (48.4), p.440], the
second and the third one from [17, Chapter IV, § 16, Theorem 16.3, p. 413].

To prove (G4), use Remark 3.2 and [20, Proposition 48.9, Appendix B,
[20, Corollary 48.10, Appendix B] and the Maximum Principle [20, Proposi-
tion 52.7, Appendix B], which ensure the equivalence between (3.2) and (3.4)
as soon as either w, > 0, b > 0 or w, < 0, b < 0. The linearity of (3.3)
allows to complete the proof. O

Proposition 3.5. Let Q satisfy (), fix p > 0 and let
(P1) w, € L>®(;R),
(P2) B e L>([0,T] x % R),
(P3) b€ LY[0,T); L>=(4R)).

Then

(1) Problem (3.1) admits a unique solution in the sense of Definition
3.1.
(2) The solution to (3.1) is implicitly given by

w(t, z) = /Q Gt 0, 2, y)wo(y) dy (3.5)

N /0 /Q G(t, 7, 2,y) (B(r,y)w(r,y) + b(r,y)) dy dr

where G, independent of b and B, is defined in Proposition 3.4.
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(3) The following a priori bounds hold for all t € [0,T]

t
”w(t)HLl(Q;R) < (HwOHLl(Q;R) + ”bHLl([o,t]XQ;R)) eXp/O ”B(T)HLOO(Q;R) dr,
(3.6)

t
Hw(t)HLOO(Q;R) < (||w0||L°°(Q;R)+ ”b||L1([o,t];L<>o(Q;R))) GXP/O HB(T)HLOO(Q;R) dr.
(3.7)

(4) If wy, wy solve (3.1) with data w), w? satisfying (P1), functions By,
By satisfying (P2) and functions by, by satisfying (P3), then

lwi(t) — w2 ()|l am) (3.8)
t
< ([lwo = wollp oy + 101 = b2l oxcim)) eXP/O 1B1(7) || e (k) AT
+11B1 = BallLao.gxam) (1we | oo umy + 10211 0.0 i)

t
X exp /0 (1B (M) ey + 1 Ba(Plle ) 47

(5) Positivity: if b > 0 and w, > 0, then w > 0.
(6) Ifw, € BV(;R) and b(t) € BV(;R) for allt € [0,T], then for all
t € [0,T] the following estimate holds :

TV (w(t)) < TV (wo) +/0 TV (b(r)) dr + OV Bllpee (o gxmy  (3:9)

t
x <Hw0||L1(Q;R)+Hb”Ll([O,t]xQ;R)> eXP/O 1B(7) I o0 (0 AT -

We note, for completeness, that in the setting of Proposition 3.5 the fol-
lowing regularity results, not of use in the sequel, can also be obtained:
(7) If w, € CL(R), then the solution w is such that w(t) € C1(Q;R)
for all t € [0,T7].
(8) The solution w is Holder continuous in time.

Proof of Proposition 3.5. We split the proof in a few steps.

Claim 1: Problem (3.1) admits at most one solution in the sense of Def-
inition 3.1. Observe that if wy, wy solve (3.1) in the sense of Definition 3.1,
then their difference satisfies

T
/ /(wQ—wl)(atg0+uA<p+B<p)dxdt:0,
0 JQ
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for all ¢ as regular as specified in Remark 3.3. By [20, (ii) in Theorem 48.2,
Appendix B|, we choose as ¢ the strong solution to

o+ plAp + B(t,x)p=f (t,x) €[0,T] x Q
o(t,§) =0 (t,€) € [0,T] x 99
o(T,x) =0 z e,

where f € CY([0,T] x Q;R). We thus have

/ /wg—fwl fdxdt =0,

so that, by the arbitrariness of f, w; = ws.
Claim 2: If w € L>°([0,T]; L}(£; R)) satisfies (3.5), then (3.6) and (3.7)
hold. Consider first (3.6). By (G3), recalling ||H,(t)||1 o) < 1, we have

ol < [ [ G000kl dyda
t
+// /G(t,T,x,y)|B(7',y)w(T,y)+b(7’,y)|dyd7dx
//H (t,z —y)|w,(y)| dy dz
+/Q/0 /QHM(t—T,:U—y)]B(T,y)w(T,y)—l—b(T,y)\dydex

t
< lwollpr o) +/0 1B(7)[lpee (r) 10(T) I ) A7 + [10]l11 o, xR -

An application of Gronwall Lemma [3, Lemma 3.1] yields (3.6). The proof
of (3.7) is entirely similar.

Claim 3: If wy,wy € L®([0, T]; L' (£;R)) satisfy (3.5), then (3.8) holds.
Note that

wn(ta) —watea) = [ Glt.0.2.9) (whly) — wd(a) dy
+/Ot/QG(t,T,x,y) (Bi(r,9) wi(r,y) = Ba(r,y) wa(r,y)) dydr
+/0t/QG(t,T,x,y) (b1(t,y) — ba(t,y)) dy dr
= /QG(t,O,x,y) (woly) — wi(x)) dy
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t
+ [ [ 6t re)Biry) wi(ry) - walr) dydr
0o JQ

t ~
+/ /G(t,T,x,y) b(t,y)dydr,
0 JQ

where

b(t,x) = (B1(t,x) — Ba(t, z)) wa(t,z) + b1(t, z) — ba(t, ).
Proceeding as in the proof of Claim 2 and exploiting (3.7), we obtain

w1 () = w2 ()l (om)
_ t
S(chl) - wZHLl(Q;R) + HbHLl([O,t]XQ;R)> exp/o 1B1(T) [0 () AT
< ([l = w2llgs oz + 1B1 = Bellgsogxam w2l o <o)

t
+ [b1 — bQHLl([O,t}XQ;R)> eXP/O 1 B1(7) |l o0 () AT

t
< (Hwi - ngLl(Q;R) + o1 — b2HL1([0,t]><Q;R)> eXp/O 1B [0 () A7
+1B1 = B2l (o,gx0m) (ngHLC’O(Q;R) + ”bQHLl([O,t];LW(Q;R)))

¢
<exp [ (1B o + 1520 leoin)) d -
Claim 4: If w € L>°([0, T]; L' (£; R)) satisfies (3.5), then
w € C([0, T|; L' (4 R)).

Introduce the abbreviation b(t,z) = B(t,z)w(t,x) + b(t,x) so that, us-
ing (3.6),

Jic

L (QR) < 1B(0)[lpee (osr) WO llprory + 10llL1 0:r)

t
< B llpee(r) (HwOHLl(Q;R) + HbHLl([O,t]xQ;R)) eXP/O 1B(7) Lo (0m) AT
+ [0 L1 o:r)

and ||6‘|Lm([07t];Ll(Q;R)) < O(1). Compute, using (G3), for to > ¢; > 0 and
S,0 € (tl,tg),

[w(tz) — wt)llL: om)
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< [ [ 16(t2.0.2.) - Gltr,0.2. )l (o) dy o (3.10)
QJQ
t1 ~
+/ / / |G(t2,7’,$,y) —G(tl,T,.ﬁ,y)Hb(T,yﬂdydﬂl’dT (311)
0 QJQ

to _
4 / / / (G ta, 7 2,9)|[b(r, )| dy d 7 (3.12)
t1 QJQ

Consider the three terms above separately.

to
0= [ [ 7106602 )llw)]dsdyda
1

2 c C ||x — y||2
< Uz —yll”
/Q/Q/tl sltn/2 1 ( S )Iwo(y)!dsdydx
2 c C'Hx||2
< _
HwOII,l(Q;R)/n /t1 11n/2 exp ( )dij

to

c a2 1

< llwollpror) Cn/2/R eIl dx/t ;ds
n 1

t
=0 (2) lwollgs oy

which vanishes as t9 — t1 since t1 > 0.

t1 to )
(3.11) < / / / / ’@G(sm,x,y)]‘b(r,y)‘ dsdydzdr
0 QJQJty
t1 to c —CH.%'—yHQ )
<
_/o /Q/Q/tl (s — 7)tHn/2 eXp( s—T )‘b(T’y)‘deydasz

; B B ~Cz|?
< HbHLoo([o,tl];Ll(Q%R))/o /n /tl (s —T)1*3 P ( S—T ) dsdzdr

; c [ttt e?
< HbHLOO([O,tl];Ll(Q;R))Cn/2 /0 /t1 5—7) dsdr /Rn e 1 dz
= O(l)HbHL"O([O,tI];Ll(Q;R))(tQ hltg — tl hltl — (tz - tl) ln(tg - tl))

which vanishes as to — ¢1 since t1 > 0.

(3.12) gc/tQ(tQ—T)-’%/Q/Q\5<T,x)yexp(—cux—yHQ/(m—T))dydxdT

< CHbHLOO([o,tg];Ll(Q;R)) /t (to—7)" 2 /Rnexp(—C'H;pHQ/(tg —7))dxdr
1
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clte — 1]+
< %”b”LW([O,tQ];Ll(Q;R)) /Rn eXP(—||1‘H2)d$
< OW)[bllge o oy @yt = 11l

which also vanishes as to — t;. Adding the three estimates obtained, the
L' (€;R) continuity of w is proved.

Claim 5: There exists a solution to (3.1) in the sense of Definition 3.1
satisfying (3.5). Assume first that w, € C°(Q;R) with w, = 0 on 95,
B € CY[0,T] x R) and b € C°([0,7] x ;R). From [17, Chapter IV,
§ 16], we know that (3.1) admits a classical solution, say w. Define

b(t,x) = B(t,z) w(t,x) + b(t, ),

so that w satisfies (3.4) by (G4) in Proposition 3.4. Hence, w also satis-
fies (3.5).

Under the weaker regularity (P1), (P2), and (P3), introduce sequences
w? € CO(Q;R) and BY,b” € C°([0,T] x Q;R) converging to w, in L' ({;R)
and to B, b in LY([0,T] x ©;R). Call w” the corresponding classical solution
to (3.1) which, by the paragraph above, exists and satisfies

W (t,7) = /Q G(t,0, 2, y)w! () dy (3.13)

t
+ [ Gt B e e + ¥ e dydr.
Hence, by Claim 3, w” and w”*! satisfy (3.8), so that
Hwyﬂ(t) - wy<t)HL1(Q;R)
= (H“’ZH - wZHLl(Q;R) + o - byHLl([O,t]xQ;R))
t
<exp ([ 1B (g 07

1B = B s oz (105 ooz + 10 s o @m)

t
X eXP/O (HBV(T)HLOO(Q;R) + HBVH(T)HLOO(Q;R)) dr.

By the hypotheses on the sequences w, BY and b, w” is a Cauchy sequence
in L(]0, T] x Q; R) converging to a function w in L ([0, T] x £; R). Moreover,
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since, by (3.6),

t
o' Ollsazy < (IS lurasm + 18 I oaeany) exp | 18”0 leoiny dr

letting v — 400, we also have

t

Hw(t)HLl(Q;R) < (”wOHLl(Q;R) + HbHLl([O,t]XQ;R)) eXP/O HB(T)”LOO(Q;R) dr

(3.14)
and hence w € L*>([0, T]; L' (; R)).

Passing to the limit in (3.13), by the Dominated Convergence Theorem,
we get that w satisfies (3.5) for a.e. x € . Moreover, for any ¢ € C2([0, 7] x
Q;R), a further application of the Dominated Convergence Theorem allows
to pass to the limit ¥ — 400 in (3.2), proving that w satisfies also (3.2).
The CY in time — L' in space continuity required by Definition 3.1 is proved
in Claim 4.

This completes the proof of (1) and proves (2). Then (3) follows from
(3.14) and (4) is proved similarly, as in Claim 2.

Claim 6: Positivity. As above, consider a more regular and non negative
datum w, € C°(Q;R,) with w, = 0 on 9Q, B € C°([0,T] x Q;R) and a
non negative b € C°([0,T] x Q;R, ). From [17, Chapter IV, § 16], we know
that (3.1) admits a classical solution, say w. By [17, Chapter I, § 2, Theo-
rem 2.1}, we also know that w > 0. Continue as in the proof of Claim 5 to
obtain that in the general case the solution is point-wise almost everywhere
limit of non negative classical solutions, completing the proof of (5).

Claim 7: BV-bound. We follow the idea of [10, Proposition 2]. First,
regularize the initial datum w, and the function b appearing in the source
term as follows: there exist sequences w? € C*®(Q;R) and by (t) € C®(Q;R),
for all ¢t € [0, T, such that

hETOO | ws — wOHLl(Q;R) =0, HwQHLOO(Q;]R) < [[woll e (;m)»

™V (wg) < TV (w,),
and for all ¢t € [0, T
pm [16n () = ()]l L1 () = O, 160 () [ oo () < 100 Lo ()
TV (bu(1)) < TV (b(1)).

According to (3.5), define the sequence wy, corresponding to the sequences
w? and by. By construction and due to the regularity of the Green function
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G, wp(t) € C*(R) for all t € [0,T]. Moreover, exploiting (3.8), it follows
immediately that wy,(t) — w(t) in L}(Q;R) as h — +oo for a.e. t € [0,T].
Compute Vwy, using (3.5), the symmetry property of the Green function
G, see (G1) in Proposition 3.4, integration by parts and (G2) in Proposi-
tion 3.4:

Vuwn(t, ) /Q VoGt 0,2, y)w(y) dy
v t | 926070 B un () dyar

/ /v Gt 7,2, y)bu(r,y) dy dr

/ V,G(t,0, y, )l (y) dy + /0 /Q V.Gt 7,2, 5) B(r, y)wn(r, y) dy dr
+ /O /Q VGt 7y, 2)bp(r,y) dy dr

- [ G0 mviltia+ [ [ V.G e BE ) dyir

t
- / / G(ta T:yvx)Vbh(Tay) dydT
0 Ja
Pass now to the L'-norm, exploiting (G3) in Proposition 3.4 and (3.6):
t
IVwn ()L omr) < vaZHLl(Q;R) +/o IVOR (7)1 (o) A7
t C
+/0 m”wh('r)”Ll(Q;R)HB(T)HL“’(Q;R)
X / exp (—CHJE —yl*/(t - T)) dydr
Q
t
<190z + [ 198 my o7
+ O(U”(HMZLHU(Q;R) + th”Ll([O,t]xQ;R)) 1Bl e (0,4 x 2:R)

t
X exp /O | BO) e gy 07

By the lower semicontinuity of the total variation and the hypotheses on the
regularizing sequences w and by, passing to the limit 7 — 400 yields (3.9),
proving (6).
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3.2. Hyperbolic Estimates. Fix T' > 0. This paragraph is devoted to the
IBVP

ou+ V- (c(t,x)u) = A(t,x)u+a(t,z) (t,x)€[0,T] xQ
u(t,§) =0 (t,€) € [0,T] x 02 (3.15)
u(0,z) = up(x) x € Q.

We assume throughout the following conditions:

(H1) u, € (L*NBV) (4 R)

(H2) ¢ € (C°NL>) ([0,T] x 4 R™), c(t) € CHKR) for all ¢ € [0,T7,

D,c e L*([0,T] x Q; R™*™).

(H3) A € L>([0,T] x ;R) and for all t € [0,T], A(t) € BV({;R).

(H4) a € L' ([0,T]; L°°(;R)) and for all ¢ € [0,T], a(t) € BV(Q;R).
Note that (H2) ensures that ¢(t) € C%!'(Q;R") for any ¢ € [0,T].

For (to,x,) € [0, T]x$ introduce the characteristic curve [11, § 3.2] exiting

(to, xo), i.€., the curve x = X(t;t,,x,) where

X(ito, o) : I(to, ) — t = c(t,z),
( o) (for 2o) solves {x e(t, ) (3.16)

! = Xt te, m0) z(to) = %o,

I(t,,x,) being the maximal interval | where a solution to the Cauchy problem
in (3.16) is defined (with values in Q). For ¢t € [0,7T] and for x € Q define

t

E(r,t,x) = exp (/ (A (s, X(s;t,x)) — V-c(s,X(s;t,7))) ds) (3.17)

and for all (¢t,z) € (0,T] x Q, if x € X (¢;]0,¢),00Q) N Q, set
T(t,z) =inf{s € [0,t]: X(s;t,z) € Q}, (3.18)

which is well defined by (H2) and Cauchy Theorem. Note that the well
posedness of the Cauchy problem (3.16), ensured by (H2), implies that for
all t € (0,7

QC X(£0,Q) UX(t[0,),00) CQ and (3.19)
X (t;0,Q) N X (t;]0,¢),00) = 0.
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As is well known, integrating (3.15) along characteristics leads, for (¢,x) €
[0,T] x Q, to

uo (X (05t,2)) £(0,t, x)

+t/0 a(r,X(r;t,2)) E(r, t,x)dr =€ X(£0,0) (3.20)

u(t,x) =
a(r,X(r;t,z)) E(T,t,x)dr  x € X(¢;]0,1),090).
T(t,x)
The following relation will be of use below, see for instance [3, Chapter 3]
for a proof:

D, X(t;te,z0) = M(t), the matrix M solves (3.21)
M = Dyc(t, X (t;t x,)) M
M(t,) =1d.

We first particularize classical estimates to the present case.

Lemma 3.6 ([5, Lemma 4.2]). Let () and (H2) hold.
1) Assume u, € LY(Q;R), A € L*°([0,T] x ;R) and a € L([0,T] x
Q;R). Then, the map u defined in (3.20) satisfies for all t € [0, T
[u@) L om) < (”uonLl(Q;R) + HaHLl([O,t}XQ;R)) exp (”AHLOO([O,t]XQ;R)t :
2) Assume
u, € L¥(Q;R), A€ LY (0,T);L>®°(Q;R)), ac L ([0,T];L®(4R)).
Then, the map u defined in (3.20) satisfies for all t € [0, T

)l ey < (tollLoe oz + lollao ey )

X exp (”AHLl([O,t];LOO(Q;R)) + V- c”Ll([O,t];LOO(Q;R))>'

Lemma 3.7. Let (2) and (H2) hold. Assume u, € L*(Q;R) and a €
L! ([0, T); L®°(; R)). Fiz Ay, Ay € L*°([0, T) x Q;R). Then, the maps uq, uz
defined in (3.20) satisfy for all t € [0, T

[Juz(t) — ul(t)HLl(Q;R) < exp (t maX{HAIHLOO([O,t]XQ;R)’ HA2HL°°([0,t]><Q;R)})

X (HUOHLOO(Q;R) + Ha”Ll([O,t];LOO(Q;R))) [ A2 = AL, xr) -

The proof is a straightforward adaptation from [5, Lemma 4.3].
The TV bound obtained in the next lemma will be crucial in the sequel.
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Lemma 3.8. Let (2)-(H1)-(H4) hold. Assume, moreover, that A €
LY([0, T); L (S5 R)) and for all t € [0,T], A(t) € BV(;R). Let ¢ sat-
isfy (H2) and, moreover, c(t) € C2(;R"™) for all t € [0,T] and VV-c €
LY([0,T] x Q;R™). Then, the map u defined in (3.20) satisfies for all t €
[0,T7].

TV (u(t); ) < exp (HAHLl([o,t];Loo(Q;R)) + HDICHLl([o,t];LOO(Q;R”X”))>
t
< (TV o) + Otz + | TV (alr)) dr
0
+ (”UoHLoo(Q;R) + Ha||L1([o,t};Loo(Q;R))>
t
< [ (TVAE) + 1V 90l ) d )

Proof. The proof extends that of [9, Lemma 4.4], where a linear conserva-
tion law, i.e., with no source term, on a bounded domain is considered.

We first regularize the initial datum u, and the functions A and a appear-
ing in the source term. In particular, we use the approximation of the initial
datum constructed in [9, Lemma 4.3], yielding a sequence u € C3({%;R)
such that

Jim [ug = tollpaiqm =0, up(§) =0 forall € €99, (3.22)
Hu}olHLoo(Q;R) < HUOHLoo(Q;Ry v (u}ol) < O(I)HUOHLW(Q;R) + TV (uo)'

Then, using [13, Formula (1.8) and Theorem 1.17], we regularize the func-
tions A and a as follows. For all t € [0,7] and h € N\ {0}, there exist
sequences Ap(t), ap(t) € C*°(2;R) such that, for all ¢ € [0, T,

Jim [ A4n(8) = AW oz =0, lim_Jlan(®) = a(®)lui o) = 0. (3:28)

1Akl oy < A i@y Ol < 00l @z
lim TV (4x(t)) = TV (A(t)), lim TV (ap(t)) = TV (a(t)) .
h—+o00 h—+00

According to (3.20), define the sequence uj, corresponding to the sequences
ul, Ap, ap,, where the map € in (3.17) is substituted by &, defined accord-
ingly exploiting Aj,. By construction, uy(t) € CY{(Q;R) for all t € [0,T],
thus we can differentiate it. In particular, we are interested in the L' norm
of Vuy(t). By (3.19), the following decomposition holds:

IVun (@)L = IVun L x @o,0)m) HIVurOllL xgo,,00)m) (3-24)
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The two terms on the right hand side of (3.24) are treated separately. Focus
on the first term: if z € X(¢;0,9), by (3.20)

Voun(t,z) = Sh(O,t,x)<VuZ(X(O;t,x))DxX(O;t,x)
t
+ ug(X(O;t,:c))/O <VAh(s,X(s;t,x)) - VV'C(S,X(S;t,$))>

t
X D, X (s;t, ) ds) +/ gﬁ(T,i,.T)(Vah(T,X(T;t,l‘))DIX(T;t,.’x)
0

+ ap(m, X(7;t,x)) /Tt (VAh(s,X(s;t,x)) - VV-C(S,X(s;t,m))>

X D, X (s;t, ) ds) dr.

Use the change of variables y = X (0;¢, x) in the first two lines above involv-
ing u”, the change of variables y = X (7;t, x) in the latter two lines and the
bound

t
1D.X(rst,0)] < exp ([ IDaclo)limiazoeny ds): (325)
that holds for every ¢ € [0,T] by (3.21). We thus obtain
IV un ()l (x@0,0)rm) = / [V up(t, z)|| dz (3.26)
X (t;0,Q)

t
h
<exp / (140 e ) + Do) ey ) A7 ) (19 €| g
t
+ HugHLoc(Q;R)/O <HV Ap(T) [l rmy + IV V'C<T)HL1(Q;]R")> dr
t t
T /0 IV 0n (7l x4 + /0 an ()l (x 0.0

t
(] (19 4 s oy + 19 9+ cl6) huagxuyn) ds) 7 ).

Pass to the second term on the right in (3.24): if x € X (¢;[0,t), 022), by (3.20)
and (3.25)

t
Y up(t, z) :/ En(rt,z) (v ap, (1, X (13 t,2)) Dy X (13¢, 2)
T(t,z)

+ ap, (T,X(T;t,l‘))/ (VAL (s, X(s;t,2)) =V V-c(s,X(s;t,2)))

X D, X (s;t, ) ds) dr.
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For every t € [0,T], proceed similarly as above using the change of variables
y = X(7;t,z):

IV 0n 6l . = | 19 un(t, 2)]| da
O\X(£:0,Q)

t
< exp ( /0 (140 e gy + D7) g o)) 47 ) (3.27)

t t
([ ITamldydr+ [ el oo ¢
0 JO\X(7;0,9) 0

X <||V AnllLro\x(o,:0.0rn + IV V- CHLl(Q\X([O,t};O,Q);]R")))'
Inserting the estimates (3.26) and (3.27) into (3.24), we thus obtain

IV un ()L @prny < exp (”Ah||L1([o,t];Loo(Q;Rn)) + ||Da:C||L1([o,t];Loo(Q;Ran)))
t
< (IV sy + [ IV onr) s oy 7

t
(8l g+ [ e ey 7
X (”V Anllr o, xmrmy T 11V V'C”Ll([o,t]xQ;Rn))>'

Since up(t) — wu(t) in LY(;R), by the lower semicontinuity of the total
variation and the hypotheses (3.22)—(3.23) on the regularizing sequences u”,

Ajp and ap, passing to the limit h — 400, we complete the proof. O

It is on the basis of next Proposition that we give a definition of solution
o (3.15).
Proposition 3.9. Let () and (H2) hold. Assume u, € L*(;R), A €
L>°([0,T] x Q;R) and a € L ([0, T]; L>(Q;R)). Then, the following state-
ments are equivalent:
(1) w is defined by (3.20), i.e., through integration along characteristics.

(2) uw e L*([0,T] x Q;R) is such that for any test function
¢ € Cl((—=00,T) x O3 R),
/ / u(t, z) (Opp(t, z) + c(t, x) - V(t, x)) (3.28)

+ (A(t, 2)u(t, 7) + alt, 2)) ot )) de/Q Uo(2)p(0, z) dz = 0.
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(3) uw e L*™([0,T] x Q;R) is such that for any test function
© € Wh®((—00,T) x Q;R), equality (3.28) holds.

Proof. (1) = (2) The proof exploits arguments similar to [7, Lemma 5.1],
see also [8, Lemma 2.7]. Indeed, u defined as in (3.20) is bounded by Item 2)
in Lemma 3.6.

Let o € CL((—00,T) x§;R). We prove that the equality (3.28) holds with
u defined as in (3.20). Notice that, for a fixed time ¢t € [0, 7], by (3.19) the
domain (2 is contained in the disjoint union of X (¢;0,2) and X (¢; [0,t), 0%2).
The first set accounts for the characteristics emanating from the initial da-
tum, the second one for those coming from the boundary. Therefore, to
prove that the integral equality (3.28) holds it is sufficient to verify that the
following integral equalities hold:

T
/ / (u(Opp+c-Vo+Ap)+ayp)dedt + / uo(x) p(0,2)dz = 0,
0,0 Q
(3.29)

T
/ / (u(rp+c-Vo+Ap)+ap)dedt =0. (3.30)
£:[0,),09)

In order to prove (3.29), exploiting the change of variables y = X(0;t¢,x),
the first line in (3.20) can be rewritten for € X (¢,0,9) as

ult, ) = (uoly) + Alt,y)) LY

where y= X(0;t,x
T(t.y) (it )

with

i) = e ( [ Atr x(r0m)ar),

J(t,y) = exp (/OtV-C(T,X(T;O,y))dT>,

At = [ atrx (o) S0

Therefore, the left hand side of (3.29) now reads

//u )+ A(t,y)) (( ))(atw(tX(tOy))

c(t, X(£0,9)) - Vo (t, X (;0,y)) + A(t, X(£0,9)) ¢ (£, X (£ 0,9))) J (£, )

+a(t,X(t0,9) ¢t X (t0,9)) J(t,y)] dydt+/ﬂuo($)<ﬁ(07$) da

dr.
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Trd

:/ / &[(Uo(y)—i-A(t,y)%(t,y))go(t,X(t;O,y))]dydt +/Uo(x)g0(0,x) da
0 JQ Q

_ / wo(y) (0, ) dy + / o @) (0, 2) da — / A0, )7 (0, )(0, y) dy
Q [9] Q
-0,

since, for all y € Q, (T, y) = 0 and, by definition, A(0,y) = 0.
Pass now to (3.30). Here, for all ¢ € [0,7], we pass from the variables
(1,2) € QL , to the variables (0,y) € QF ,, where

Qth ={(r,z): 7 €[T(t,z),t] and x = X(¢,[0,t),00)},
thy ={(o,y): 0 €[0,t] and y = X(0,[0,0),00)}, o=71, y=X(7;t,2).

The corresponding Jacobian, which also depends on t, is H(t,0,y)/H (o, 0,y)
where we set

t
H(t,0,y) =exp/ V-c(s,X(s;0,y))ds
0

t
A(t,o,y) =exp/ A(s,X(s;0,y))do
0

Using (3.20), we compute now the right hand side in (3.30) as follows:

T T
/ / u(Orp +c¢- Vo + Ap)(t,z)dz dt—i—/ / apdzdt
0 JX(t0,),00) 0 JX(t0,),00)

T t
—/ / / a(t, X (r;t,x))E(T,t,x)dT (Opp + ¢ - Vo + Ap) da dt
£:]0,),09) JT(t,x)

+/T/ L0000 a(t,z) o(t,z)dzdt
g(t,a, )
/ / / 0,[0,0),00) alo.y) ;1\(0, O’,Z)
y (d‘P ¢ X(t SO oA X (1 0,9))o(t X (0, ) dydo dt

// 0000 a(t,z) p(t,z)dzdt

:/ T //g,og . (ay)j:((”y)) (tX(tay))dyda)d
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since p(T,-) = 0.

(2) = (3). Fix ¢ € WH®((—o0,T) x ;R). A standard construc-
tion, see [13, § 1.14], ensures the existence of a sequence of functions ¢y, €
C*(R™1; R ) such that

— ¢, O — O, V — V
¥h h—>+oogo tPh h—4o00 2d wPh h—4o00 i

in L .((—00,T) x & R) and L} .((—00,T) x Q;R"™). Call x5, a function in

C2°(R™; R) such that xp(z) =1 for all z € Q such that B(z,1/h) C Q and
Vaxrll < 2y/nh for all x € R™.
Then, we have ¢, x5 € CL((—o0,T) x ;R). Moreover,

onxn — ¢ and O (pnxn) — O in L ((—00,T) x Q& R).
h—+00 h—+00
Concerning the space gradient, we have

Va(enxn) = Vapn xn + ¢n Vaexn
and

Va®n Xn e Vep  in Li ((—00,T) x ;R);
on VaXn — @ a.e. in (—oo0,T) x ).
h—+oc0

Therefore, for all h by (2), we have
T
0= / /Q(u(at(SOhXh) +c-V(ppwn)) + (Au(t,z) + a(t, z))(@rxn)) dz dt
0

+ /Q o) (o x) (0, ) d

and, by the Dominated Convergence Theorem, (3) follows.

(3) = (1). Inspired by [7, Lemma 5.1], we first consider the case
A€ (CPNWLo)([0,T] x Q; R). Assume u satisfies (3) and call u, the func-
tion defined in (3.20). Then, by the above implications (1)=-(2)=-(3), the dif-
ference U = u — u, satisfies for all test functions ¢ € W ((—o0,T) x ; R)
the integral equality

T
/ /U(&tgéﬁ—c'ng—kA@)dxdt:O. (3.31)
0 Q

Proceed now exactly as in [7, Lemma 5.1], choosing 7 € (0,7, a sequence
xn € CLR;Ry) with xp(t) = 1 for all ¢ € [1/h,7 — 1/h] and |x}| < 2h. If
0 € Whe((—o00, T)x Q;R), then (¢ x5) € W ((—o00, T)x; R). Choosing
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©xn as ¢ in (3.31), and passing to the limit h — +oo via the Dominated
Convergence Theorem, we get

/ /U(@tgo-l—c-th—l—Ago)da:dt—/U(T,x)ap(T,x)dxzo. (3.32)
0 JQ Q

Fix an arbitrary n € CL(Q;R) and let ¢ solve

Op+c-Vo+Ap=0 (t,x) €
W(tvg) =0 (t,{)eaQ
o(r,z) =n(x) (r,2)€Q.

Note that ¢ can be computed through integration along (backward) charac-
teristics and hence

0 € Wh((—00,T) x ;R).
With this choice, (3.32) yields

/ U(r,z)n(z)dz =0 for all n € CL(Q;R),
Q

so that U(r,x) = 0 for all z € Q. By the arbitrariness of 7, we have U = 0,
hence u = uy.

Let now A € L*°([0, 7] x ©;R), call u, the function constructed in (3.20)
and assume there is a function u satisfying (3). Construct a sequence Ay, €
(CtN W) ([0,T] x Q;R) such that Ay, W Ain LY([0,T] x Q;R). Call

—+00

up, the function constructed as in (3.20) with A in place of A. For any
t € [0,T], we have up/(t) L ux(t) in LY(Q;R), by Lemma 3.7. Moreover,
—+00

for all ¢ € WH((—00,T) x ;R),
T
0 :/0 /Q(u(atap—i-c-ch) + (Au+a)<p)dxdt+/Quo(x)go(o,x)dx
T
- / / (up (Orp + ¢ - V) + (Apup, + a) @) de dt — / uo(z)(0, z) dz
0 Q Q

T T
:/ /(u—uh)(8tgp+c-V<p+Ah<,0)dxdt+/ /(A—Ah)ugodxdt.
0o Jo o Ja

The latter summand vanishes since A, — A in L'. The former summand,
thanks to the regularity of Ay, can be treated by the procedure above, ob-
taining, for all n € CL(Q;R) and for a sequence of real numbers ¢, converging
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to 0,
0= / (u(t,2) — up(7,2)) n(x)de + ¢y .
The above relation ensu?es that up (7, 2) — u(r,z) for a.e. z € Qas h — +oo.
Therefore, for all t € (0,77,
[[wi(t) = u(®) I o)

< Jus () = un (@)l @y + llun(t) — w(®)l| L o;r) e 0,

completing the proof. O

Definition 3.10. A map u € L>°([0,T] x Q;R) is a solution to (3.15) if it
satisfies any of the requirements (1), (2), or (3) in Proposition 3.9.

By techniques similar to those in [8], one can verify that a solution to (3.15)
in the sense of Definition 3.10 is a weak entropy solution also in any of the
senses [18, 22], or [1] in the BV case, see [21] for a comparison. Here, as is
well known, the linearity of the convective part in (3.15) allows to avoid the
introduction of any entropy condition, as also remarked in [16].

Lemma 3.11. Let (2)-(H1)-(H3)—(H4) hold. Fix c1,cy satisfying (H2)
and moreover, for i = 1,2, ¢;(t) € C*(Q;R") for allt € [0,T] and VV-¢; €
L'([0,T] x Q;R™). Then, the maps ui,us defined in (3.20) satisfy

[uz(t) = w1 ()|l omr)

< OM)(ller = 2l o,gie @rny) + 11V (€1 = )L 0.0 (7))

and a precise expression for the constant O(1) is provided in the proof.

Proof. Following the proof of Lemma 3.8, we first regularize the initial
datum wu, as in (3.22) and the functions A and a appearing in the source

term as in (3.23), obtaining u? and u} by (3.20). By Proposition 3.9, the

difference u} — uf solves

Oy (ul —ul) + V- (co(uh —uh)) = Ap(uh —ul) + o
(uf —uf)(0) =0,

where
ap =—V- ((02 — cl)u}f)
in the sense of Definition 3.10. Apply Item 1) in Lemma 3.6 to get

[ (£) =t () o ) (3.33)
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<[V ((e2 - Cl)u}lb)HLl([O,t]XQ;R) exp ([[ Al L (o.gxam)t)s
where we use the estimate
[AR(T) oo (r) < AT Lo (m)
for all 7 € [0,T]. Observe that
V- ((ea(r) = 61(7))16?(7))“141(9;11@)
< H“}IL(T)HLl(Q;R)HV’ (ca(T) — cl(T»HLOO(Q;R)
+[lea(r) - CI(T)HLOO(Q;]RW)Hvufll(T)HLl(Q;R)
< (H“ZHLI(Q;R) + HahHLl([O,T]XQ;R)) €xXp (HA”LW([O,T]XQR)LL)
x [V (ea(r) = (7)) ooy T e2(7) = €1(T) | Lo ()
x exp (|| Allp1((o,roe@rny) T I1PaC Lo rjsmee (srmxny) )

< (TV () + Ol iy + [ 17 01(3) g1 e s

+ (luoleom + [ oo ds)

X (HV AnllLro.nxomrn) T IV V'ClHLl([O,T}xQ;Rn)>)7

where we used Item 1) in Lemma 3.6, Lemma 3.8 and the hypotheses (3.22)—
(3.23) on the regularizing sequences u!, Aj, and ay. By the triangular in-
equality and the above computations,

[uz(t) = w1 (®) |l o)
< HUZ(t) - ug(t)HLl(Q;R) + Hug(t) - u?(t)HLl(Q;R) + Hul(t) - u}ll(t)HLl(Q;R)
< H“Q(t) - ug(t)HLl(Q;R) (3.34)

+ (HUZLHLl(Q;R) + HahHLl([O,t]xQ;R))
t (3.35)
X exp (HAHLOO([O,t]XQ;R)t) /0 V- (e2(7) = e1(7)) lpoe (or) A7
t
+ [ leam) = (Dl e o

X exp (HAHLl([O,t};LOO(Q;]R")) + HDmCl”Ll([O,t];LOO(Q;R”X”)))
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t
% (TV (o) + Oty + /O IV an(s) g upe) s (3.36)

t
+ uooo,—i—/as co(o.r) dS
(lolle@my + [ Motz ds)
X (HVAhHLl([o,t]xQ;Rn) +[VV- ClHLl([O,t]XQ;R"))) (3.37)

+ Hul(t) - u}f(t)‘ (3.38)

L1(QR)’

and in the limit A — 400, we treat each term separately. By construction,
(3.34) and (3.38) converge to zero as h — +o00. By the hypotheses (3.22) on
ul and (3.23) on Aj and ay, in the limit we thus obtain

lua(t) = w1 )l oz < (Itolluam + lellpqogem)
t
<exp (Al qoguazt) | 19-(2r) 1) g o7
t
+ [ lean) = ern)le ey o
0
X exp <||A||L1([O,t];L°0(Q;Rn)) + ”ch1HLl([O,t];LOO(Q;R"X”))>

t
X (TV (o) + O(1)||tto]lp, (o) ‘*’/0 TV (a(s))ds + <||Uo||Loo(Q;R)

t t
+ [ a6 e omy 45 ) ([ TV (4G a5+ 19 9=l o e )
concluding the proof. O

Lemma 3.12. Let (2)-(H2) hold. Assume moreover that u, € L>®(;R),
with u, >0, A € L*°([0, T x Q;R) and a € L' ([0, T]; L>=(; R)), with a > 0.
Then, the solution u is positive.

The proof is an immediate consequence of the representation (3.20).

Lemma 3.13. Let (H1)-(H2)-(H3)-(H4) hold. Assume, moreover, that
c(t) € C2([R™) for all t € [0,T) and VV-c € LY([0,T] x Q;R"). If
u € L>®([0,T] x 4 R) is as in (3.20), then u is L'-Lipschitz continuous
in time: for all t1,ty € [0,T], with t; < ta

lulta) = u(t1) s ozy < O (E2 — 1) (3.39)

where O(1) depends on norms of ¢, A,a on the interval [0,t2] and of u,.
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Proof. By (3.19), the following decomposition holds

Ju(t2) — u(tl)HLl(Q;R) = [Ju(tz) — u(tl)HLl(X(tg;tl,Q);R)
+ [lu(te) — u(tl)HLl(X(tg;[tl,tz),BQ);R) :
Estimate the two latter summands in (3.40) separately. By (3.20)

Ju(t2) = (b))l (x (to:t1,0)R)

/ (1, X (tr: 10, 7)) E(b1, 2, ) — u(tr, 7)| da
X(tz;t1,Q)

IN

to
+/ / la (7, X (15t2,2)) E(T,t2, )| dT da
X(tg;tl,Q)

t1

N

< / lu(t1, X (t1;t2,x)) —u(ty, )| E(t1, t2, z) dz
X (t25t1,92)
+/ lu(t1, )| [E(t1,t2, z) — 1| dz
X(t25t1,Q)
to
—I—/ / la (7, X (15t2,x)) E(7,t2,x)|dr dx .
X(tg;t1,Q) t1
To estimate (3.41), we use [6, Lemma 5.1] so that we obtain

/ (b, X (bt 7)) — u(ty, 2)| £(t1, b, 2) da
X (t2;t1,92)

HCHLOO([tl,tg]XQ;R”)

- HDZBCHLOO([tl,tg]XQ;R”X”)

IN

HCHLOO([tth}XQ;Rn)elngcC“LOO([tl,tQ]XQ;Ran>(t2—tl) TV (u(ty)) (t2 — t1),

(3.40)

(3.41)

(3.42)

(3.43)

(e”DwCHLw([tl,tzle;R”Xm(t?’“) — 1) TV (u(t1))

and the total variation of v might be estimated thanks to Lemma 3.8. The

bounds for (3.42) and (3.43) follow from the definition (3.17) of &:
/ fu(ty, )€ (t1, t2,2) — 1] da

X (t2;t1,2)

< lult)llp or) (t2 — t1) (HAHLOO([tl,tQ]XQ;R) + HV'CHLOO([tl,tQ]XQ;R)>
x exD ( (1Al o tajxaz) + 1V Cllie ooz ) (2 = 41))

to
/ / la(r, X (1119, 2)) £(7, 2, 2)| dr da
X(tQ;tl,Q)

t1
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to
< (t2 — t1)llall oo (1, 0,11 () ©XP </t [A(T) Lo (amy + IV llpoe m) dT)-
1
Consider now the second summand in (3.40). Introduce
Ti, (t2, z) = inf {s € [t1,ta]: X(s;t2,7) € Q}

and compute

HU(tZ) - u(tl)HLl(X (t2;[t1,t2),00);R)

</ ’/ a(r,X(7;ta,x)) S(T,tg,a:)dT‘da:.
X(t2 t1,t2) GQ (tg,a:)

The same procedure used to bound (3.43) applies, completing the proof. [

3.3. Coupling.

Proof of Theorem 2.2. Fix T > 0. Define ug (¢, z) = uo(x) and wo(t, z) =
wo(x) for all (¢,x) € [0,T] x Q. For ¢ € N, define recursively wu;+1 and w1
as solutions to

Otir1 + V- (uir1 ¢i(t,z)) = Ai(t, ) uiv1 +alt,z) (t,z) € [0,T] x Q

u(t, &) =0 (t,€) € [0,T] x 99
u(0, ) = up(x) x € Q,
(3.44)
Oywit1 — pAw;1 = Bz‘(t, x)wi+1 + b(t, x) (t, l‘) S [0, T] x €
w(t, &) =0 (t,€) € [0, T] x 02 (3.45)
w(0, ) = wy(x) x €€,
where

ci(t,z) = v (t,wi(x)), Ai(t,r) = a(t,z,wi(t,z))
Bi(t,z) = B (t,z,u;(t,x), w;(t,z)) . (3.46)

We aim to prove that (u;,w;) is a Cauchy sequence with respect to the
Lo°([0, T]; L' (£2; R?)) distance as soon as T is sufficiently small.

Observe first that problem (3.45) fits into the framework of Section 3.1,
while problem (3.44) fits into the framework of Section 3.2.

Consider the w component. Proposition 3.5 applies, ensuring the existence
of a solution to (3.45) for all ¢ € N. Moreover, if b > 0 and the initial datum
w, is positive, the solution w; is positive. By (3) and (3.46), for all i € N,
B; satisfies (P2) and for all 7 € [0, 7]

1Bi ()| oe (r) < K38 (3.47)
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while by (b) the function b satisfies (P3). The following uniform bounds
on wj; hold for every i € N: by (3) and (6) in Proposition 3.5, exploiting
also (3.47), for all 7 € [0, 7],

Hwi(T)HLl(Q;R) <efter (HwOHLl(Q;R) + HWLI([O,ﬂxQ;R)) (3.48)
=: Cy1(7),
s goeqmy < €7 (Iwollgmamy + bl o camy ) (3.49)
—: Cue(7),
TV (uir,)) < TV (w) + [ TV (65 ds + 0T K llu(r) o
=: CIV(7). (3.50)

By (4) in Proposition 3.5, we get
[wis1(t) — wit) || om) (3.51)

< 1Bi = Bicillnio,gxoir) (HwOHLOO(Q;R) + HbHLl([O,t];LOO(Q;R)))
<o [ (1B ey + 1Bt ey
By (3.46), exploiting the hypothesis (3), we obtain
1B = Bi—1llL1(jo.4x0:m)
= /Ot/ﬂ 1B (1,2, ui (T, x),w;(1,2)) — B (T, 2, ui—1 (T, ), wi—1 (T, 2))| de dT

< Kp (Hw - ui—1||L1([0,t]><Q;R) + flwi — wi—lHLl([O,t]xQ;R)) .

Therefore, using also (3.47) and the notation introduced in (3.49), (3.51)
becomes

|wit1(t) — wi()l|Lr oym) (3.52)
< Kp et ™90y o0(t) (Huz' — wic1llpro,gxam) + lwi — wi—lHLl([O,t]xQ;R)) :

Pass now to the u component. The results of Section 3.2 applies, ensuring
the existence of a solution to (3.44) for all i € N. Moreover, if a > 0 and
the initial datum wu, is positive, the solution wu; is positive, see Lemma 3.12.
By () and (3.46), for every i € N, we have that A; satisfies (H3) and for
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all 7 € [0,T], exploiting (3.49) and (3.50),
TV (Ai(7,-)) = TV a(r, -, wi(r,:))
< Ko (14 Cyoo(T) + TV (wi(T,)))
< Ko (14 Cuoo(T) +C1 ¥ (7)) (3.54)
while by (a) the function a satisfies (H4). By (v), for every i € N the
function ¢; satisfies (H2) and, moreover, c;(t) € C?(2;R"™) for all t € [0,7]
and VV-¢; € LY([0,T] x ;R™). In particular, thanks to (v) and (3.48), the
following bounds hold for every i € N and t € [0, 7
IV-cillpr oo (o)) < Kollwillpiogxamy < Kot Cwa(t),  (3.55)
||Dmci‘|L1([07t};L0®(Q;R’an)) S KvaZHLl([O,t]XQ,R) § K’U thJ(t), (356)
IVV-ci() L gmny < Co (t; Cuwi (1) Cuwa (). (3.57)
The following uniform bounds on u; hold for every ¢ € N: by Lemma 3.6

and Lemma 3.8, exploiting also (3.48)—(3.50) and (3.53)—(3.57), for all 7 €
[0, 77,

IN

(Ilwollgs gz + s oy ) €5P (K 7 (1+ Cono(7)))
=: Cya(7), (3.58)

HUZ'(T)”Ll(Q;R)

sl ) < (lolle oy + oL oz @ )
X exp (Ko7 (14 Cy,oo(T)) + Ky 7 Copy 1 (7))
=: Cuoo(7), (3.59)

TV (ui(7,-)) < exp (Ko T (1 4+ Cuoo(T)) + Ky T Cyy 1 (7))
X (TV(UO)+0(1)HUOHLW(9;R)+/0 TV (a(s))ds)

+Cuoo(7) (a7 (14 Cupoo(7) + CEV (7)) + 7 Cy (7, Cup1 (7)) Cua (7))
=: CTV(7). (3.60)
By Lemma 3.7 and Lemma 3.11, exploiting (3.53), (3.58) and (3.60), we get

t
it (t) = wi() I or) < Cu,1(t)/0 V- (ci(7) = i1 (7)) oo () AT
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t
+Cy Y (1) /D lei(7) = ci1(T) Lo (urmy AT + exp (£ Ko (1 + Cu,o0(1)))

X (HUOHLOO(Q;R) + HaHLl([O,t];LOO(Q;]R))) [4i = AicallLiogxamr)-  (3.61)
By (3.46), exploiting the hypothesis (), we obtain
| Ai — Ai—1||Ll([0,t}xQ;R) (3.62)

t
_ / / (1,2, wi(r, 7)) — o (7 2, wi_1 (7, 2))| dz dr
0 Ja
< Ko [|lwi — wi—1HL1([0,t]><Q;R)'
By (3.46), exploiting the hypothesis (v) and (3.48), we obtain

V- (ci(7) = i1 (7))l Lo (k) (3.63)
< Cy (t, Cuwi () [[wi() — wi1(7) |2 (ur)»
lei(T) = i1 (7)o (urmy < Kollwi(T) = wie1(7)[|lp1 o) (3.64)

Hence, inserting (3.62), (3.63), and (3.64) into (3.61) yields
i (1) — i)z < (Cor (OO Cun () + K,V (1) (3.65)

+ Ko exp (t Ko (1 + Cu,o(t))) (HUOHLOO(Q;R) + HaHLl([O,t];LOO(Q;R))))
X [lwi = wi—1llp o, xar)-
Collecting together (3.52) and (3.65), we obtain
lwit1s = willgeo o401 (um)) + 11 = ill oo (0,501 (sm))
< Cuw(t)t (||wz' — Wil (oL )y T llui = Uz’—lHLoo([o,t];Ll(Q;R))) ;
where

Cug(t) = Kge' 55 Cpoe(t) + (Cua (Cult, Cuna (1)) + K,CTV (1)

+ Ko exp (tKq (14 Cyoo(t))) (HUoHLoo(Q;R) + HaHLl([O,t};LOO(Q;R)))>'

Choosing a sufficiently small ¢, > 0, we ensure that (u;,w;) is a Cauchy
sequence in the complete metric space L™ ([0, t.]; L'(;R?)). Call (u., w,)
its limit.

Then, the bounds (2.3) and (2.4) directly follow from (3.48) and (3.49) by
the lower semicontinuity of the L norm with respect to the L' distance.
The same procedure applies to get (2.5) and (2.6) from (3.58) and (3.59). If
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a >0, b >0 and both components of the initial datum (u,,w,) are positive,
then also the components of (u,,w,) are positive.

We now prove that (u.,w,) solves (1.1) in the sense of Definition 2.1. Note
that by (v), the sequence v(-, w;) converges to v(-, wy) in L=([0, t.J;L(; R)).
Similarly, by () and (3), a(-,-,w;) and B(-, -, u;, w;) converge to -, -, wy)
and B(-, -, ux, wy). Two applications of the Dominated Convergence Theorem
ensure that the integral equality (3.28) for the hyperbolic problems and (3.2)
for the parabolic problem do hold.

By (3.59), we also have u, € L*([0,t] x ;R). Moreover, Lemma 3.13
ensures that

u. € C?([0,,]; L (4 R)) ,
using also (3.53)—(3.57).

By construction, we have w, € C° ([0, ,]; L' (€;R)). Indeed, the uniform
bound (3.49) shows that

w, € L2([0,.] x Q3 R) C L™ ([0, ,]; LY R)) .

Moreover, a further application of the Dominated Convergence Theorem
shows that w, satisfies (3.5). Hence, proceeding as in Claim 4 in the proof
of Proposition 3.5, we have that w, € C° ([O,t*]; Ll(Q;]R)).

Thus, (us, wy) satisfies the requirements in Definition 2.1. Moreover, this
solution (u., w) can be uniquely extended to all [0, T]. The proof is identical
to [10, Theorem 2.2, Step 6].

Following the same techniques used in [10, Theorem 2.2, Step 7], we can
prove also the Lipschitz continuous dependence of the solution to (1.1) on
the initial data. Let (u,,w,) and (t,,w,) be two sets of initial data. Call
(u,w) and (@, w) the corresponding solutions to (1.1) in the sense of Defini-
tion 2.1. The proof is based on (3.6), (3.47), (3.53), Item 1) in Lemma 3.6
and computations analogous to those leading to (3.52) and (3.65) now yield

[u(t) = a()llgromy + w(t) — @)L om)
< luo — ﬁOHLl(Q;R) exp (Kot (14 Kuoo(t))) + [lwo — wOHLl(Q;R)eKﬁt

+ K5 Koo [ ) = 50y + () = (0 g oy )
K [ () = 00 e 0

where

Kuy,00(t) = min {Cyo0(t), Cinoo(t) }
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Ki(t) = min {Cy1(t) Co(t, Cup (t) + Kp C ¥ () + Ko Cuoo(t),  (3.66)
Cﬁ’l(t) Cv (t, 0@71@)) + K, Cgv(t) + K, Cﬁ}oo(t)} ,

and Cg,1, Cio00s cTv Cia,1, Cioos C’gv are defined accordingly to (3.48),

w !

(3.49), (3.50), (3.58), (3.59), (3.60), corresponding to the initial datum
(U, Wo). Then, Gronwall Lemma [3, Lemma 3.1] yields

[u(t) = u(t) || ) + [l (@) — @@L o)
t t
< (|ue — Bo = + ||we — W, ) /ICOTeXp /ICS ds ) dr,
(o = Gollgs gy + o) | Koryep ([ Kis)ds)
with

Ko(T) = exp (max { (Ko 7 (1 + Ky.oo(7))) , KgT}),
K(r) = Kpg eTKﬁme(T) + Ky (7).

Uniqueness of solution readily follows.

We focus now on the stability of (1.1) with respect to the controls a and
b. Let a,a satisfy (a), b,b satisfy (b). Call (u,w) and (@, @) the solutions
to (1.1) corresponding to the functions a,b and a, b respectively. Similarly
to the previous step, by (3.6), (3.47), (3.53), Item 1) in Lemma 3.6 and
computations analogous to those leading to (3.52) and (3.65), we obtain

[u(®) — @)l or) + [lw(t) — 0(@)llL or)
< la = allg1 o) ©XP (Kot (1+ Kyoolt))) + [|b— bHLl([O,t]XQ;R)eKﬁt

+ K Koo®) [ 10() = 20l my + () = 7 g oy )
+K1(0) [ () = (0l gy

where K, o(t) and K (t) are defined as in (3.66), with the main difference
that the tilde-versions of Ci . now corresponds to the functions @ and b. An

application of Gronwall Lemma [3, Lemma 3.1] yields the desired estimate.
O
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