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Abstract

Modern asset pricing is based on General Equilibrium Theory (GET), which makes use of Walrasian
Equilibrium (WE) to characterize the outcome of a market economy. However, GET and WE
remain tacit about how trades take place in the economy and the way individuals reason and take
actions. The purpose of this thesis is to revisit static asset pricing models from an epistemic, game-
theoretical perspective. The difference between traditional and epistemic game theory is that while
the former assumes Nash equilibrium behavior to abstract from the potential uncertainty that a
player faces about the actions played by her opponents, the latter considers the reasoning process
through which each player attempts to deal with such uncertainty. The thesis is composed of a
preface and three chapters. Chapter 1 is dedicated to reviewing the most relevant concepts of
epistemic game theory, including the necessary mathematical prerequisites and the construction
of epistemic type structures. In Chapter 2 we study rationalizability and bounded reasoning
about rationality in a strategic version of the static Investment CAPM, which is a particular case
of a network game with linear best-replies. When the number of firms (i.e., the players of the
game) is large, if there is a unique rationalizable outcome, the Investment CAPM is a reasonable
approximation. However, rationalizability in large games requires very sophisticated reasoning skills.
For this reason, we simulate outcomes consistent with rationality and bounded reasoning about
rationality. We reproduce many documented puzzles in the empirical estimation of the Investment
CAPM and provide a rational explanation. However, from a strategic and epistemic perspective, one
limitation of the model in Chapter 2 is the assumption of a Stochastic Discount Factor (SDF). For
this reason, in Chapter 3 we consider a market economy with state-contingent claims and a class of
trading games describing auctions with limit orders and price priority for the same assets. We show
that every profile of actions (i.e., limit orders) is rationalizable. We introduce the notion of mutual
m—belief in Walrasian markets which characterizes an epistemic state in which every investor (i.e.,
a player of the game) believes to be a price-taker as in GET. If investors are rational and mutually
m—believe in Walrasian markets, in the case of pay-as-bid auctions (i.e., buyers pay the price they
quote), we find that asset prices are consistent with WE of the economy, although asset allocations
may be not. In the case of pay-as-clear auctions (i.e., buyers pay the market price), we find that asset

prices are either consistent with a WE of the economy, or, as a consequence of weakly dominated
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actions such as "market orders, inflated. We conclude that the existence of an SDF should be taken

far from granted, even when individuals are rational and believe in Walrasian markets.



Sommario (Abstract)

La moderna teoria dei prezzi degli attivi (asset pricing) si fonda sulla Teoria dell’Equilibrio Gen-
erale (GET), che utilizza I'Equilibrio Walrasiano (WE) per caratterizzare prezzi e allocazioni in
un’economia di mercato. Tuttavia, la GET e il WE restano taciti riguardo alle modalitd con cui
gli scambi avvengono nell’economia e al modo in cui gli individui ragionano e prendono decisioni.
Lo scopo di questa tesi € di riesaminare i modelli statici di asset pricing adottando I'approccio epis-
temico alla teoria dei giochi. La differenza tra la teoria dei giochi tradizionale e quella epistemica
risiede nel fatto che, mentre la prima assume un comportamento di Equilibrio di Nash per astrarre
dall’incertezza che un giocatore puo affrontare riguardo alle azioni intraprese dai suoi avversari, la
seconda considera invece il processo di ragionamento attraverso il quale ogni giocatore cerca di ge-
stire tale incertezza. La tesi ¢ composta da una prefazione e tre capitoli. I1 Capitolo 1 ¢ dedicato
alla revisione dei concetti piu rilevanti della teoria dei giochi epistemica, includendo i prerequisiti
matematici necessari e la costruzione delle strutture di "tipi" espistemici (epistemic type structure).
Nel Capitolo 2 si studiano la razionalizzabilita (rationalizability) e il ragionamento limitato sulla
razionalita (bounded reasoning about rationality) in una versione strategica dell’Investment CAPM
statico, che rappresenta un caso particolare di gioco su rete con risposte ottime lineari (network game
with linear best replies). Quando il numero di aziende (giocatori) & elevato, se esiste un unico esito
razionalizzabile, I'Investment CAPM ne costituisce un’approssimazione ragionevole. Tuttavia, la
razionalizzabilita nei giochi di grandi dimensioni richiede capacita di ragionamento molto sofisticate
da parte dei giocatori. Per questa ragione, vengono simulate situazioni coerenti con la razionalita
e con un ragionamento limitato sulla razionalita. Tali simulazioni riproducono molti dei paradossi
documentati nelle stime empiriche dell’Investment CAPM e ne forniscono una spiegazione razionale.
Da una prospettiva strategica ed epistemica, tuttavia, una limitazione del modello del Capitolo 2 ¢
Passunzione di un Fattore di Sconto Stocastico (SDF). Per questo motivo, nel Capitolo 3 si consid-
era un’economia di mercato con titoli dipendenti dallo stato del mondo (state-contingent claims) e
una classe di giochi di negoziazione (trading games) che descrivono aste con ordini limite e priorita
di prezzo sugli stessi attivi. Si dimostra che ogni profilo di azioni (ossia ordini limite) ¢ razionalizz-
abile. Si introduce quindi la nozione di 7-credenza reciproca in mercati Walrasiani, che caratterizza

uno stato epistemico in cui ogni investitore (giocatore) crede di essere price-taker, come nella GET.



vi

In questa situazione, assumendo che gli investitori siano razionali, nel caso di aste pay-as-bid (i.e.,
gli acquirenti pagano il prezzo da loro offerto), si riscontra che i prezzi degli attivi sono coerenti
con I’Equilibrio Walrasiano dell’economia, sebbene le allocazioni degli attivi possano non esserlo.
Nel caso di aste pay-as-clear (i.e., gli acquirenti pagano il prezzo di mercato), si osservano invece
prezzi degli attivi coerenti con un Equilibrio Walrasiano oppure, come conseguenza diretta di azioni
debolmente dominate quali gli “ordini a mercato”, gonfiati. Si conclude che l'esistenza di un Fattore
di Sconto Stocastico non puo essere considerata come un fatto ovvio, nemmeno quando gli individui

sono razionali e credono, in senso lato, nell’efficienza dei mercati.
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Preface

Since my time at university, I always had mixed feelings about the unconditional adoption of
the General Equilibrium Theory (GET) in finance. On the one hand, the parsimonious description
of a market economy and the elegance of Walrasian equilibrium (WE) had the same impressing
effect they had on many others. On the other hand, I always felt a bit uncomfortable with the
two crucial aspects of GET. First, GET does not provide a description of how individuals interact
with each other, that is, what actions they take to trade in goods or financial assets and how these
actions translate into prices and allocations. Second, even if we solved the previous issue, it would
still remain unclear how every agent in the economy reasons about the behavior of the others and
how rational behavior may result in prices and allocations consistent with a WE. As Gerard Debreu

(1959) elegantly remarked,

“Allegiance to rigor dictates the axiomatic form of the analysis where the the-
ory, in the strict sense, is logically entirely disconnected from its interpretations.”

(Debreu, 1959, Theory of Value, Preface, p. X)

Although these issues may appear to some extent as obvious, it took some time before they were
acknowledged as serious limitations. In fact, it was the seminal paper of Shapley & Shubik (1977)

that stimulated the subsequent vast scientific production in the field of trading games.

“The Walrasian model of a competitive economy describes equilibrium without
reference to the mechanics of trading. Our purpose is to present a class of games
in which equilibrium prices emerge as the result of strategic interaction.” (Shapley

and Shubik, 1977, JPE 85(5), p. 937)

However, almost all relevant contributions in this field impose Nash equilibrium as an additional
axiom to obtain prices and allocations, without offering any epistemic motivation for its adoption.
In this regard, the main issue with Nash equilibrium comes with its implicit epistemic assumption
that players know, or hold correct belief about, the actions being simultaneously chosen by their

respective opponents, which is clearly a very strong requirement.
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PREFACE 2

“The use of mutually correct beliefs in the epistemic characterization of the Nash
equilibrium has led to criticisms of the Nash equilibrium as a solution concept.
The question is how do players ever come to have such correct beliefs or common
knowledge about what the other players are choosing (cf. Skyrms, 1990). This
seems to go against the very idea of a game in strategic form, where the players
choose simultaneously, without knowing the choices of the other players. Tan &
Werlang (1988) were among the first to express this concern, which has become
increasingly prevalent in epistemic game theory.” (Pacuit and Roy, 2025, Stanford

Encyclopedia of Philosophy, Epistemic Foundations of Game Theory, 2025)

Tan and Werlang (1988), Aumann and Brandenburger (1995) and Polak (1999) provided sufficient
epistemic conditions for Nash equilibrium, which, however, appears very demanding, that is, unre-
alistic, within the context of trading games.

Using the vast literature on trading games and the language of epistemic game theory, the purpose of
this Ph.D. thesis is to address the strategic and epistemic foundations of static asset pricing models.
The first chapter (Chapter 1) of this thesis is dedicated to reviewing the most relevant concepts
of epistemic game theory, including the necessary mathematical prerequisites and the construction
of epistemic type structures. Game-theoretic models start from a clear description of the actions
and information available to the players, and how these actions translate into players’ outcomes. In
addition, epistemic models are explicit about how players make use of their available information to
reason about their respective elements of uncertainty, such as the actions taken by the other players,
in order to pick their best available actions. This latter aspect marks the fundamental distinction
with traditional, i.e. non-epistemic, game theory, which, assuming Nash equilibrium, or variant of,
remains silent on strategic thinking, therefore falling again in the spectrum of axiomatic theories.
In Chapter 1 we also review rationalizability, a solution concept motivated by the joint behavioral-
epistemic hypothesis of rationality and common belief in rationality RCBR, and in Chapter 2 we
study rationalizability in a strategic version of the static Investment CAPM (cf. Zhang, 2017), which
is a particular case of a network game with linear best-replies. The Investment CAPM is an example
of a supply-side asset pricing model which predicts that, in a Walrasian equilibrium, stock returns
are equal to investment returns, the latter being defined as the marginal return of a firm’s produc-
tive assets. Considering the more general case of network games with linear best-replies, we provide

necessary and sufficient conditions for the existence of a unique rationalizable outcome, which is a
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Nash equilibrium. When a unique rationalizable outcome exists in the strategic Investment CAPM,
stock returns quickly converge to investment returns as the number of firms increases. However,
since common belief in rationality may be a too demanding epistemic requirement in games with a
large number of players, we study the implications for the relation between stock and investment
returns, as well as wvaluations, under the alternative assumption of rationality and mutual belief
in rationality. We develop a specific simulation methodology reminiscent of level-k thinking and
replicate the behavior of an econometrician estimating the static investment CAPM on simulated
data with the generalized method of moments (GMM). Calibrating the model on the top 1000 listed
US companies by market capitalization, with the exclusion of a restricted number of sectors (e.g.,
financial firms), we find that rationality and mutual belief in rationality is able to explain several
empirical puzzles in the empirical asset pricing literature while generating average stock returns, as
well as size and value risk-premia, consistent with the values observed in the calibration sample.

One limitation of the model presented in Chapter 2 is that it takes for granted the existence of a
stochastic discount factor (SDF) to price stocks once companies have paid dividends to their existing
shareholders. The existence of an SDF is often motivated by the absence of arbitrage opportunities;
yet, this is another example of the axiomatic characterization of asset prices, just as WE. If we
look at what happens in the real world, a person in charge of rebalancing a portfolio of stocks does
not know the execution prices of the orders that she sends to the market, and may not even be
sure that the orders will be executed in full, that is, there are no truly price-taking agents. In this
regard, the vast literature of trading games that emerged between the end of the 1970s and the
beginning of the 1990s provided a link between the set of Nash equilibria of a trading game and
that of the Walrasian equilibria of the corresponding market economy, but it remained silent on
the epistemic conditions supporting Nash Equilibrium outcomes in trading games. For this reason,
in Chapter 3 we consider a market economy with state-contingent claims and, following Dubey
(1982), a class of trading games describing auctions with limit orders and price priority for those
assets, in which the market price of each asset is determined as the bid price of the lowest filled
buyer. In this class of games, which describes a trading protocol similar to that adopted by many
stock markets to organize closing auctions, we show that every profile of actions is rationalizable.
Hence, (Bayesian) Nash equilibria cannot be motivated by identifying sufficient conditions for the
existence of a unique rationalizable outcome, imposing the need of a different approach from that

followed in Chapter 2. For this reason, we introduce the notion of mutual w-belief in Walrasian
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markets, which, roughly speaking, identifies an epistemic state in which every player believes that,
in her absence, financial assets will be priced competitively; with some degree of approximation, it
can also be interpreted as a belief in the lack of arbitrage opportunities. Assuming mutual m—Dbelief
in Walrasian in markets, we show under which conditions the players’ rational behavior results in
competitive asset prices, that is, financial assets being priced as in a WE, providing an epistemic
characterization of SDFs. In particular, we will show that the result depends on the payment rule
characterizing the game and on the initial distribution of assets (i.e., the players’ endowments).
While in pay-as-bid auctions rationality and mutual 7-belief in Walrasian markets always result in
competitive prices if the initial allocations are sufficiently different from those of a WE, the result
breaks down in pay-as-clear auctions. In particular, we find that, in pay-as-clear auctions, the joint
hypothesis of rationality and mutual 7-belief in Walrasian markets is also consistent with incautious
actions inflating asset prices. In this regard, a notable example of incautious actions is the use of
market orders, particularly on the side of buyers, from which we can also draw interesting normative
conclusions for the microstructure of financial markets.

To the best of my knowledge, the results contained in chapters 2 and 3 are novel in the literature and
find a locus in the intersection between game theory and finance. We also believe that our results
may be helpful in microfounding agent-based models in finance and linking financial economics to

artificial intelligence.
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CHAPTER 1

Epistemic Game Theory

1. Introduction

Modern asset pricing, both demand side (consumption based) and supply side (investment-
based), is based on the general equilibrium theory of Arrow and Debreu (1954). General equilibrium
is an axiomatic approach to characterize the outcome of a price-mediated economy, and it is tacit
about how trades take place and the way individuals reason and take actions. Based on this obser-
vation, why should we believe in general equilibrium models? Several answers have been provided
for the specific case of trading in consumption goods, although with a traditional game-theoretical
approach, of which notable examples are Shapley and Shubik (1977), Dubey and Shubik (1978,
1980), Dubey (1982) and Sahi and Yao (1989), among others. The purpose of this thesis is to revisit
static asset pricing models from an epistemic, game-theoretical perspective. The difference between
traditional and epistemic game theory is that while the former assumes Nash equilibrium' behavior
to abstract from the potential uncertainty that a player faces about the actions played by her op-
ponents, the latter considers the reasoning process through which each player attempts to deal with
such uncertainty. This is a crucial aspect, especially in trading games and, consequently, in asset
pricing. As Brandenburger (2014) observes, the epistemic research program puts back (Bayesian)
decision theory at the core of economic models, as originally advocated by von Neumann and Mor-
genstern (1944) in their pioneering work in the theory of games. In this regard, the scope of this
chapter is to provide a synthetic but comprehensive overview of epistemic game theory. The re-
mainder of this section offers a mathematical preamble which summarizes some essential definitions
and results, from the theory of sets to general topology and measure theory. Section 2 introduces
the definition of static economic models and games, while Section 3 presents the construction of
hierarchies of beliefs and epistemic type structures, the canonical tools to express, in a formal way,
statements such as “player f believes that her opponents do something” and “player f believes that

her opponents believe something else”. In this way, it is possible to characterize the outcome of a

1See Section 4.1 for a precise definition of equilibrium as a solution concept for a static game.
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1. INTRODUCTION 7

game starting from the preferences and the (assumed) reasoning process of the players. Different
assumptions lead to different solution concepts, and the most relevant are examined in Section 4,
namely, Nash equilibrium and rationalizability. Section 5 is dedicated to establishing a first link
between the theory of games and that of general equilibrium, a crucial point given our interest in
asset pricing models. Finally, Section 6 briefly describes the content of the next two chapters.
Both focus on static games, leaving the study of dynamic models for future research. There are in
fact technical complications when dealing with dynamic models from an epistemic perspective that

could be addressed only after a thorough analysis of static games.

1.1. Mathematical preamble. This subsection is dedicated to refresh or clarifying several
mathematical aspects that are particularly relevant for game-theoretic models. The relevant refer-
ences for this section are Halmos (1958), Bourbaki (1968, 1987), MacLane (1969), Bernardo and
Smith (1994), Aliprandis and Border (1996), Kelley (2005), Munkres (2014), Rao (2016) and Bat-
tigalli et al. (2024a, 2024b). We review some elementary theory of sets in Section 1.1.1, while in
Section 1.1.2 we recall the notion of a product of a family of sets. In Section 1.1.3 we review
some essential elements of general topology, while in Section 1.1.4 we define vectors and matrices
as real-valued selections on arbitrary finite sets and discuss how to generalize standard linear alge-
braic operations. In Sections 1.1.5-6 we review some essential aspects of measure and probability
theory that are fundamental to properly formulate concepts such as Bayesian decision makers and
hierarchies of beliefs. Finally, Section 1.1.6 provides a brief overview of the general structure of
the decision (i.e. optimization) problems that we shall discuss in the remainder of the thesis. The
preamble has the ambition to be a synthetic and comprehensive summary of the most "delicate"
mathematical aspects of game-theoretic models. In addition, the preamble serves as a general occa-
sion to clarify the notation and conventions that will be used later. In this regard, as in most of the
literature and mathematical textbooks, the meaning of if in a definition should be intended, with
abuse of language, as if and only if (i.e., iff ); unless the context may be subject to interpretation,
we will stick to this abuse of language for ease of exposure. In addition, when a definition is evident
from the context, we simply use = instead of :=.

The reader may wonder why this preamble is needed, since this is after all a doctoral thesis. We
realized that after some years, many definitions and results are taken a bit too much for granted,
with their nuisance getting blurred as the mind becomes inevitably more devoted to the applica-

tions of higher personal interest. Also, notation and conventions may vary across fields, even when
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contiguous or falling under the same discipline. Finally, we are of the opinion that a bit of math is
never bad. One theorem per day keeps boredom away.

1.1.1. Set theory. Game-theoretic models are an application of the theory of sets of Zermelo
and Fraenkel, of which axioms, as well as the axiom of choice, are assumed to be valid throughout
the chapters; put together, these axioms provide the basis for the ZFC theory of sets, which is the
most commonly adopted in applied mathematics. A central role in ZFC is played by its language,
which consists of logical symbols (e.g., A for the logic AND), symbols for logic relations (e.g., =
to denote equality), punctuation (curved parentheses and commas) and variables, denoted by char-
acters, possibly marked with subscripts and superscripts. Together, they are known as syntactical
elements. A formula is a string composed of a finite number of syntactical elements. A semantic
specifies how formulas are given meaning through interpretations, and we generally use formulas to
represent concepts such as properties of objects or relations among them. In this regard, a formula
is well-formed if it is grammatically correct, that is, it makes correct use of the syntactical elements.
A formula that involves an input variable and an output variable obtained by applying a certain
syntax is well-defined if it returns a unique output for a given input, regardless of how the latter is
represented syntactically. Informally, we view a set as a container of distinct objects, and we take
for granted basic operations such as unions and intersections. We generally use a capital letter to
denote a set, and the corresponding small letter to denote a typical element. To avoid confusion, we
also say that A is a set with a typical element a € A. Two sets are equal if they contain the same
elements; therefore, the order in which elements may be listed is irrelevant. We denote by |X| the
cardinality of a given set X; if X has a finite number of elements, say n € N, |X| = n and we say
that X is finite or a finite set. Given two sets A and B, the (Kuratowski) ordered pair {(a,b), where
a € Aand b € B, is defined as (a,b) := {a,{a,b}}; (a,b) carries the canonical interpretation of a
pair of elements appearing in the specific order in which b is preceded by a. Given two sets A and
B, the ordered binary Cartesian product, denoted with A x B, is the set of all ordered pairs (a, b},
where a € A and b € B, that is, A x B := {{a,b) : a € AANb € B}. Given two sets A and B, a
binary relation R between A and B is a subset of A x B; we also say that R is a relation for short.
For notational convenience, we also write aRb to express the predicate (a,b) € R C A x B. Given a

set X, a binary relation on X is a subset of X x X. A binary relation on X is said to be:

e complete or total if, for every z,z' € X, xR2z' or 2’ Rx;

o reflexive, if for every x € X we have zRz;
b) y ]
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e transitive, if for every z, 2, 2" € X such that xRz’ and 2’ Rz”, then zRz";
e cuclidean, if for every x,z’, 2" € X such that xRz’ and xRx” then 2’ Rx";

e symmetric, if for every z, 2’ € X, xtRx’ — 2/Rx.

An equivalence relation is a reflexive and euclidean relation, and a relation is reflexive and euclidean
if and only if it is reflexive, symmetric, and transitive. A weak order on X is a complete and
transitive binary relation on X; a complete relation is reflexive, which implies that a weak order is
reflexive. As the name suggests, a weak order on X can be used to establish an order of the elements
of the same set. To give an example, utility functions in neoclassical consumer theory are obtained
from assuming preferences consistent with a weak order over different bundles of consumption goods.
More generally, a directed set is a pair (X, 7Z) where X is a set and 7~ is a binary, reflexive, transitive
and directed relation on X; a directed relation 7~ on X is a weak order if and only if it is total, that
is, x Zy or y - x for every z,y € X. In this regard, for n € N, we denote by [n] the set of the first
n natural numbers directed by their usual order. We also say that a binary relation = is symmetric
ifx 7y = y = x, and antisymmetric if x 7Z y Ay 72 & = x = y. A binary relation is a total
order if it is complete, reflexive, transitive, and antisymmetric.

Given a set X, we denote by 2% the set of all subsets of X; the notation is motivated by the following
result: every finite set X has 21! distinct subsets. A correspondence is a triplet ¢ = (X,Y, R) where
X and Y are two sets and R C X XY a binary relation, which is said to be the graph of ¢ and often

denoted as Gr¢. A correspondence ¢ = (X, Y, R) is often represented as
p:X=3Y
T ¢(z),

intending ¢ as a formula mapping z to an element of 2¥. A function, or mapping, f from the set X
(domain of f) to the set Y (codomain of f) is indicated as f : X — Y, and is a relation between
X and Y such that xfy Azfz = y = z. Any relation satisfying the previous property is said
to be injective; hence, a function is an injective relation. Notice that a necessary condition for a
formula to define a function is that of being well-formed and well-defined. An equivalent notation
for a function f is also

f: X—=Y

x— f(x),
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intending f (-) as a formula that associates one and only one element y € Y with an element z € X;
with abuse of language, it is customary to use the term function to denote the corresponding formula
and, abusing notation, write y = f () . Given the sets X,Y and Z, and two functions f : X - Y

and g: Y — Z, we denote by g o f the composite function
h: X —>Z

=g (f(z)).

Given a function f: X — Y, we denote by f (X) the image set of f, defined as

FX)={yeY:dreX,y=f()}

The set of all functions from X to Y is denoted by YX. A function f : X — Y is injective or
one-to-one if xfy A zfy = x = z, and surjective or onto if Yy € Y,z € X, xRy; if f is injective
(resp. surjective), it is also said that f is an injection (resp. surjection). A function f: X — Y is
bijective if it is one-to-one and onto, and it is also called a bijection. Given two sets X and Y and
a relation R C X x Y, the image set of X under Ris R(X) :={y €Y : Jz € X, (x,y) € R};we
denote by

RY'Y)={zecX:IyecY, (zx,y) € R}

the inverse image set of Y under R. Similarly, for A C X, R(A) :={y €Y : 3z € A, (x,y) € R},
and for BCY,
R (B):={x€X:3ycB,(r,y) € R}

We say that f is invertible if there exists a function g : R(X) — X, known as the inverse of R,
such that z = g (y) <= y = R(x). It is immediate to verify that a function admits on its whole
co-domain an inverse if and only if it is a bijection. Given a set X and a subset A of X, we denote by
I4:X — {0,1} an indicator function, that is, a function that maps z to 1 if z € A and 0 otherwise.
Two sets X and Y are said to be isomorphic if there exists a bijection f between X and Y that
preserves one or more properties of interest; we write X 2 Y or Y & X and say that f and its
inverse f~! are isomorphisms between X and Y. A function f : X — Y is called an embedding of
X in Y if the function g : X — f(X), z+— ¢ (z) = f () is an isomorphism between X and f (X);
we also say that f embeds the set X in Y. An embedding is said to be canonical if it is generated
by a canonical isomorphism. An embedding allows one to establish an equivalence relation between

a set X and subset of another set Y; for this reason, X is often identified as a subset of Y if there
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is a canonical embedding between the same two sets.

It is immediate to show that the ordered Cartesian product is neither exactly commutative nor
exactly associative, that is, A x B # B x A and (A x B) x C' # A x (C x B) respectively. However,
it is immediate to show the existence of a bijection preserving the "unpacked" or "flattened" content;
hence Ax B = BxAand (A x B)xC =2 Ax(C x B) to the extent that the order and structure of the
previous sets are not considered relevant properties. In other words, the ordered Cartesian product
is commutative and associative up to an isomorphism. In general, we write S; x S X ... x S,, n € B
meaning that Sy x (S2 X ... X S,,), and, proceeding by induction, we obtain a set of nested ordered
pairs; an element of S7 X Sy X ... X S, is denoted as(sq, $2, .., $,) and is said to be a n—ordered tuple,
or just ordered tuple. Given a set A C R, we say that a* is the supremum (resp. infimum) of A if a*
is the smallest (resp. largest) real number such that for every a € A, a < a* (resp. a* < a), where
< denotes the usual direction (i.e. directed relation) on real numbers. If a* € A we say that A has
a maximum (resp. minimum) and that a* is the maximum (resp. minimum) of A. Given a function
f: X — R, we say that f has a maximum in B C X if the image set f (B) has a maximum in y*, and
denote by argmax,. 5 f (X) the set f~! ({y*}), which corresponds to the subset of X such that each
of its elements is assigned to y*. We also write y* = max,cp f (B) and say that y* is the maximum
of f. If B C X we speak of a constrained maximum, and a non-constrained, or global, maximum
otherwise. The definitions for the minimum, supremum, and infimum of a function are analogous.
As a matter of notation, we adopt the usual convention to denote with [a, b] where a,b € R, the set
{zeR:xz<bAa<z} We also write > a meaning that a <z, and a <z <bforx <bAa <z,
as usual. Needless to say, we follow all the other usual conventions to denote algebraic operations
between real numbers. We take for granted the notion of induction and transfinite induction.

1.1.2. Product of a family of sets. We let I be a countable set, {X;}icr := {X; : 4 € I'} a family
of sets indexed by I and X := U;c;X;. Given a family {X;}.cr, a selection or profile is a function
x: I — X such that i — 2; € X; for every i € I, and we write z = (xi)iel‘ Notice that a selection
always exists by the aziom of choice that we assumed to be valid in precedence. Given a family

{Xi}ier, we denote by X or II;c; X; the set of selections defined on I, that is,
X =M X; :={x e X :VieI,z; € X;}.

We also refer to X as the product of the family of sets {X;};cr or unordered Cartesian product of

{X;}icr- With an abuse of notation, we also write x;c;X; = IL; X;. It is immediate to show that the



1. INTRODUCTION 12

product of a family of set is commutative up to isomorphism, that is, for every bijection o : I — I,
ier X; is isomorphic to Il;e; Xo(;). Given a subset J of I, and a family {X; :i € I}, J C I, we let

Xy =1IlesX; the set of selections restricted to J, that is,
Xji=TesX; = {x; € (Uies Xi)” :Vie Jyxy (i) € Xi};

notice that, if I = J, we obtain X; = II;c; X; = X. For every ¢ € I, we define the function
proj, : Mier X; — X
(‘T’i)iel — Ty,

which is said to be a canonical projection mapping. Given a subset J of I, J C I, the projection

function of X onto X; is the mapping
projx, : ier Xs — e s X;
(@)ier = (T)icy -

Using projections, it is easy to verify that, for every J € 2!, there exists an isomorphism between
ITier X and Tlie s Xy X e X5, as well as between Il;c; X; and Hie]\{j}Xi x X; for j € I, since
for every i € I, X; is also isomorphic to Xy;; = I;cq;3 X Thus, the product of a family of sets is
commutative and associative up to isomorphism.

Consistent with the game theoretical literature, we follow the convention stipulated in Section 4.1 of
Chapter 1 in Bourbaki (1987) to identify products of sets up to canonical bijections. In particular,
we identify the product of two families of sets by the product of a family indexed by the product of
the respective indices (i.e., by means of a unique index for all the sets involved in the product). For
this reason, several abuses of notation are accepted and will be recurring in this thesis, consistent
with the literature; in particular, abusing notation, we write ILie; X; = ;e X; x Iliep ;X; and
Wic;Xi = Wiepj3Xs x X, where J € 2! and i € I respectively. In this regard, we also let
—i:= T\ {i}; thus X = X; x X_; = X_; x X;. In addition, given two disjoint subsets I’ and I"
of I, we denote by (x/,x;/) a selection zx € Xk, where K := I’ UT", such that zx (i) = xp (i) if
i€l or vk (i) = a0 (@) if 4 € I ; notice that (x;,z7/) = (zp+,xp) as the order in which the two
restricted selections appear is irrelevant to identify the corresponding selection on I’ U I”. When

I' = {i} for some i € I, with abuse of notation, we also write x = (x;,2_;) instead of (l‘{i}, xl\{i}).
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Consequently, given a function f: X — Y, where X = II;c; X;, we write equivalently
f : Xz X X,i —Y
(xzﬁxfi) = f (.’E“.’E,i) .

That is, the functions of more variables are viewed as functions of selections. In this regard, the
section of f : X — Y at z; € X is defined as a function f,, : X_; — Y such that x_; — f (x;,z_;).

The definition also extends to the subsets of I; given a set J C I,
wa X _;-Y
T_g f(.Z‘J,JJ_J),

where —J is a short-hand notation for I\ J. This notation is very convenient as it allows us to fix
one or more components of a profile and evaluate the range of values that can be achieved for a

certain function given the values taken by the others.

EXAMPLE. Given two families {X;};c; and {Y;}.cs, there is a canonical bijection between the
nested or iterated product Il;cy 2175, where Z1 = Ilier X; and Z; = Ie/Y; , and the flattened
product seq1,2yx7 25, where, for every i € I, ZZI,i} = X, and ZZM> = Y;. In this regard, we often
abuse the notation and write Z; x Zy = ;e (X; X Y;) instead of Z; X Zs = I;er (X; X Y;). Such

an abuse is frequent in the construction and application of epistemic type structures.

1.1.3. General topology. Literally speaking, the word topology means the study of places. In
mathematics, topology generalizes the familiar notions of convergence and approximation in metric
spaces, and it plays a major role in establishing many important results in game theory. To grasp
the idea of why topology is so relevant, let us consider a collection of distinct objects, such as cars.
When we deal with a set of numbers, we find it intuitive to define the notion of distance of two
points, and, accordingly, that of open and closed sets, from which follow those of neighborhood of
a point, limit of a sequence, and so on. However, in the case of sets such as one composed of cars
or apples, there might not be a unique and natural way, or a way at all, to introduce a notion of
distance. Besides, as any (valid) notion distance remains somewhat arbitrary, so is the corresponding
definition of an open set that eventually commands results about approximation and convergence.
For this reason, in topology we start from defining open sets.

Given a generic set X, a topology of X is a collection 7 := {S: S C X} of subsets of X such that:

e X, () are both in T;
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e for every finite family of subsets of 7 their intersection is in 7;

e for every arbitrary family of subsets of 7 their union is in 7.

We say that a topology of X is closed under arbitrary unions and finite intersections. A topological
space is a pair (X, 7) where 7 is a topology of X. Given a topological space (X, 7), a subset of C
of X is open in the 7-topology if C' € 7. Abusing language and notation, we also say that X is a
topological space, when there is no need to be explicit about 7. A subset C' of X is closed in the
7-topology if its complement with respect to X is an element of 7 (i.e. a closed set is the complement
of an open set). A set can be open and closed in the same topology, and we say that it is clopen;
it is immediate to check that a clopen set always exists, as X and () are both open and closed, one
being the complement of the other and both included in every topology of X.

As said, a topology is introduced to generalize the definition of a neighborhood of a point for arbitrary
sets. Recall that, given a set X, a semi-metric is a function d : X x X — R such that d(z,y) > 0,
d(z,z) =0and d(z,y) = d(y,x), and that a semi-metric d is said to be a metric if d (z,y) =0 =
x = y. Every semi-metric induces a topology. Let I be a finite set of n € N elements; given a set
X C R!, the Euclidean distance of two points z,y € X, is de (z,y) = \/> e (i — 2!)? and the
topology generated by d. is the collection of open sets B (z,e) = {2’ € = : Y ,; (z; — 2))? < €2}
for € € R, which corresponds to the usual definition of family of open balls in real analysis. Given a
semi-metric d defined on a set X, we denote by 74 the topology generated by d on X in particular,
given a finite set I, the topological space (]RI ,Tde) is said to be Euclidean, and, abusing notation,
we also say that R’ is an Euclidean space to refer to (RI , Tde).

When we cannot or do not want to specify a metric for a given set X, we can define, more generally,
the neighborhood of a point x € X as aset U C T such that x € U and T € 7; hence, every open set
is a neighborhood of its elements. A topological space (X, 7) is said to be metrizable if there exists
a metric d : X x X — R that generates the topology 7 on X. A topological space (X, 1) is said to
be Hausdorff, or T2, if for every two points x and y in X, there exists a neighborhood U of = and
a neighborhood V of y with respect to the topology 7 such that U NV = (). We also say that X is
Hausdorff, with the usual abuse of notation. A metric space is a pair (X,d) where d: X x X — R is
a metric on X; with abuse of notation, we also say that X is a metric space when we do not need to
be explicit about d. It is immediate to show that every metric space is a topological Hausdorff space
with respect to the topology generated by the corresponding metric. Every metric space (RI , de),

where [ is a finite set, is said to be Euclidean.



1. INTRODUCTION 15

Given a metric space (X, d), a sequence is a function x : D — X, where D C N. A sequence x is
Cauchy in (X,d) if D = N and Ve > 0, IN € N,Vm,n > N,d(x(m),x(n)) < e. A sequence x
converges to a point z* if Ve > 0, IN € N,Vn > N, d (x (n),z*) < &; we also write lim,, _,, z = * or
x — x* for n — oo, following the usual convention. Let (I,7) be a directed set; given a topological
space (X,7) , a net is a function y : I — X and converges to a point z* in X if for every open
neighborhood of z* there exists ¢ € I such that x (i) € U and i’ Iz i = x (¢') € U; we also write
X = a* to stress that convergence depends on the specific topology considered. In other words,
a net generalizes the notion of a sequence in metric spaces. A metric space is said to be complete
if every Cauchy sequence is convergent, while a topological space (X, 7) is said to be completely
metrizable if 7 is generated by a metric d and the corresponding metric space (X, d) is complete. A
topological space (X, 1) is said to be separable if there exists a net a : N — X, where N is directed
by its usual order, such that for every b € X and every neighborhood U of b, there exists i € N
such that a (i) € U. A topological space (X, 7) is said to be Polish if it is separable and completely
metrizable; with the usual abuse of language notation, we also say that X is Polish when we do not
need to be specific on the topology 7 that makes (X, 7) Polish, and that 7 is a Polish topology of
X.

Given a topological space (X, 7x), an open cover of X’ C X with respect to the topology 7x, is
a collection of open sets {U; : i € I}, where I is a generic index set such that X’ C U;cU;. We
say that X’ is compact in 7x if every open cover has a finite subcover, that is, if every open cover
of X’ is included in a finite cover of X’. A topological space (X, 7x) is compact if X is compact
in Tx, and it is easy to verify that every closed subset of a X is compact in tx if X is compact in
Tx. In this regard, we also recall two notable results. The first, known as the finite intersection
property of compact sets, is that every countable (finite or infinite) family of closed subsets with
pairwise non-empty intersection has non-empty intersection. The second is that, by the Heine-Borel
theorem, a subset of R™ is compact with respect to the topology generated by the Euclidean metric
if and only if it is closed and bounded.

Given two topological spaces (X,7x) and (Y,7y), and a function f : X — Y, we say that f
is continuous at a point x € X if for every neighborhood V of f(x), f~1(V) C U for U such
that x € U and 3T € 7x, U C T, that is, f is said to be continuous at x if the inverse image
of every neighborhood of f(x) is a neighborhood of z; f is said to be continuous if for every

open set V.C Y, f~1(V) € 7x. Observe that a function f : X — Y may be continuous or not
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depending on the topologies chosen for X and Y. A homeomorphism? between (X, 7x) and (Y, 7y)
is a bijection f : X — Y such that f and its inverse f~! are continuous; a continuous bijective
function with continuous inverse is also said to be bicontinuous. In other words, a homeomorphism
is an isomorphism that preserves topological properties; in particular, the image of an open set
U € 7, is an open set in Y, that is, f (U) € 7y, and the inverse image of an open set V in U is
open in Ty, that is, f=* (V) € 7x. It follows that a homeomorphism preserves the compactness
and convergence of nets, that is, X’ C X is compact in 7x if and only if f(X) in 7y, and a net x
converges in 7Tx if and only if the net generated by the image of each element of x under f converges
in 7y. A topological embedding is an embedding that is bicontinuous.
Given a set X, the topology 7 of X is said to be coarser than the topology 7’ of X if 7 C 7/; since
every topology is closed under arbitrary union, 7 is coarser than 7’ if every open set in 7 is open
in 7/. Given two topological spaces (X, 7x) and (Y, 7y). We also say that 7’ is finer than 7. Given
two topological spaces (X, 7x) and (Y, 7y ), and a family of functions {f; : X — Y};cr, where I is
a generic set, the weak topology of X generated by {f; : X — Y};cr is the coarsest topology of X
such that, for every i € I, f; is continuous. If X is equipped with the weak topology generated by
F ={fi : X = Y}ier , where (Y,7y) is a given topological space, a net xy on X converges to a
point z* € X if and only if, for every f € F, the net f o x converges to f (2*) in 7y. Given a family
of sets {X;}icr, the product topology of the set of selections X;erX; = IL;c;X; on I is the weak
topology generated by the projection mapping family {projy,};. Under the product topology, the
product of a family of sets is associative up to homeomorphism, hence the identification of Cartesian
products up to bijections adopted in the previous section. By Tychonoff’s product theorem, given a
family of compact spaces {(X;, Tx,) }icr, ILicr X; is compact in the product topology. The product of
sets, each endowed with a Polish topology, is also Polish with respect to the corresponding product
topology. As remarked in Aliprantis and Border (2006), weak topologies and topologies generated
by a metric are generally sufficient in applications. In other words, most of the sets in which we
may be interested are usually endowed with a weak or norm topology; in this sense, we speak of
"usual" or "natural" topologies. For a finite set, the natural or usual topology is the one including
each element of the same set, which is known as discrete topology.

1.1.4. Vector spaces and linear algebra. Let n be a natural number and consider the sets RI[™

and R™. The former is the set of functions f : [n] — R, that is, IT;c[,)R, whereas the latter is that

2Not to be confused with an homomorphism.
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of the ordered n-tuples of real numbers, that is, nested ordered pairs of real numbers. Traditionally,
linear algebra is built in R™, however, since there is a canonical bijection between R" and IL;c[, R,
we can easily generalize the concept of vector space and related operations to RY, where I is an
arbitrary finite set. To clarify the distinction, consider the case of n = 2. Rather than defining a
vector as an ordered pair (x1,x2) = {x1, {71, 72}} in R?, we can define it, for example, as a function
x: {1,2}—R such that i — z (i) = z; € R. Recalling that a function is a relation, a vector is viewed
as a set of ordered pairs, such as x = {(1,2,), (2, 72)}, instead of as an ordered tuple.?

In the remainder of this subsection, we fix two finite sets, denoted by I and J, with typical elements
i and j, respectively; we also define m := |I| and n := |J|.* If we interpret I as a row index set and

J as a column index set, we define:

e arow vector as a function x : J — R such that j — z (j) = z;, z; € R;
e a column vector as a function x : I — R such that i — z (i) = z;, z; € R;

e a matrix is as a function A : I x J — R such that (¢,7) — A(¢,7) = aij, a;; € R.

Row and column vectors are real-valued selections, that is, elements of R’ and RY respectively.

We also write A = (a;;),, ; instead of A = (a; ;) for ease of notation; notice the presence or

IxJ
absence of the comma to separate the two indices 4 and j, which we may omit when there is no
risk of confusion. We also let M (I,J) := RI*/ be the set of I x J matrices, intending that the
first argument of M (-,) is the set of row indices. Notice that, since R™ is isomorphic to R”, it is
customary to abuse notation and write x € R™ even when z is a selection from J to R; we shall
refrain from this abuse of notation as much as possible, as it can be a source of confusion. Where
it is clear from the context, we write x # y as a shorthand notation to denote a pair of vectors
xz,y € RY:3i € 1,2 (i) # y(i). We also write > y to denote vectors z,y € RY : Vi € I,z (i) > y (),
x > y to denote a vector x € R : x # yAVi € [a(i) > y(i). If r,y € R, n € N, we write
x >L gy if x; = y; for every i € [n] or if there exists m < n such that z; = y; for every | € [m — 1]
and T, > ym,; the latter case is also specifically identified by writing (xi)ie[n] > (yi)ie[n] . This is
an example of total order on R which is known as lexicographic order.

The sum of two vectors x,y € R’ is defined as x +y := (2; + ¥:),c; € R!, while, for every o € R,

ax := (az;),c; € R!. The analog definitions follow if #,y € R”. Similarly, given two matrices A, B €

3For those familiar with modern programming languages, such as Python, the idea is the same as performing matrix
and vector multiplications using Series and DataFrame in Pandas, a Python package to work with tabular data, where
the elements to be multiplied are identified by their labels (indices) rather than the order in which they appear. We
rely on Python and the class Pandas DataFrame to run simulations in Section 5 of Chapter 2.

41t is customary, although not necessary, to fix I = [m] and J = [n] for m,n € N.
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MU, J), A+ B := (a;j+bij);., € M(I,J) and, for every a € R, oA = (aa;;),, , € M(I,J).
Equipped with these operations, we say that R, R” and M (I,.J) are vector spaces. To keep the
discussion self-contained, we limit our attention to a few additional notions and results. A matrix

A = (ai;);, ; is square if m = n and symmetric if A = AT. Given a row vector z = (;);;, we denote

el
by z-y the scalar multiplication of two vectors in z,y € R, that is, z-y := Zjel x;¥;, which is clearly
a commutative operation. The product of a matrix A = (a;;);, , and a vector y € R” is defined

as the column vector Ay := (ZjeJai,jyj) - Given a vector € R! and a matrix B = (b;;),,,
€

, the product of x times B is defined as the row vector B = (3}, bm-xi)je,; it follows that
x - (Ay) = (zA) -y := xAy. Given two matrices A € M (I,J) and B € M (n,m), the product of A
and B is defined as the matrix (Ejel ai’jbj’i)lxl’ and it follows that AB = BTAT = (BA)”, that
is, the product of two matrices is not commutative unless both are symmetric. It is easy to verify
that the product of two matrices is associative and distributive. Given a square matrix A, we write
A¥ for k € N to denote the product of A iterated k times, e.g. A’ = A, A2 = AA and A® = (AA) A.
A square matrix A : I x I — R is said to be invertible if there exists a matrix A= € M (I,I) such
that AA~! = A='A = Z;, where Z; is a matrix, known as the identity matrix (of size m), such
that Z (i,i) = 1 for every i € I and Z (i,5) = 0 for i # j; evidently, Z,,A = AZ,, = A for every
A€ M(Z,I). A pair (A,b), where A € M (I,J), m <n, and b € R! such that b # 0, is a solvable
system of linear equations in z € X C R if there exists * € X such that Az* = b; if X = Rf,
(A,b) denotes a solvable system if and only there exists a unique z* such that Az* = b if and only
if m = n and the matrix A is invertible.

Given a square matrix A € M (J,J), we define the determinant of A as its image through the
function det : M (I,I) — R such that A — det (A) =3 _;r sgn(0) [L;c; @i,0(:) Where:

e 0 : I — I is a bijection between I and itself, known as permutation on I;
e sgn (reads: sign) is a function defined on the set of permutations of I such that sgn (o) =1
if there is none or an even number of pairs (i,j) € I x I such that i < j = o (i) > o (j)

(inversions), and sgn (o) = —1 otherwise.

A matrix A € M (I, 1) is invertible if and only if det (A) # 0. Given a square matrix A € M (I, 1),
we say that A € C, where C is the set of complex numbers, is an eigenvalue of A and x € R!
is the corresponding eigenvector if Ax = Ax and = # 0. An eigenvalue of A exists if and only if
(A — XZ1)x = 0; where 07 is a vector (that is, a selection) equal to zero for every i € I. Given a

B € M(I,I) and a vector # € R | Bz = 07 if and only if det (B) = 0; therefore, an eigenvalue
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of A is a solution of the equation det (A — AZy) = 0, which always exists in C as det (A — \Zj) is
a polynomial of degree n in A with coefficients in R. Denoting by |c¢| = Va2 + b2 the modulus of
a complex number ¢ = a + ib € C, the spectral radius of a matrix A € M (I,I) is the image of A
through o : M (I,I) — R such that A s sup{\ € C : 3z € R, Az = Az}, that is, the spectral
radius of a square matrix is the least upper bound of the modulus of its complex eigenvalues. For
every matrix A € M (I, ), the spectral radius is bounded above by the maximum of the sum of the
absolute values of its row entries, that is, 0 (4) < max{}_ . |a; | : i € I}. Additional properties of
the spectral radius will be discussed in Chapter 2.

Let A € M (J,J) be a matrix and ¢ € R’ and denote by Ny the set NU{0}. We say that a sequence
x : Ng — R! is a solution of the linear system of difference equations with transition matrix, or
homogeneous term, A and forcing, or inhomogeneous, term c if, for every k € N, zy11 = Az + c.
We say that a vector z* € R’ is a fixed point, or a steady state, of the same system of difference

equations if ©* = Axz* + ¢. Observe that, if ¢ # (0) and a fixed point z* exists, it must be the

jeJ

case that z* = (Z,, — A)~'¢. Hence, if ¢ # (0) a fixed point exists if and only if (Z, — A) is

JeI
invertible, that is, if and only if the eigenvalues of A have a modulus different from one (i.e. they do
not lie on the unit circle). In addition, it can be shown that every solution x of the linear system
of difference equations defined by A and ¢ converges, with respect to any metric d defined over R”,
to the unique fixed point z* of the same system if and only if o (4) < 1. The usual topology of R’
is that induced by the Euclidean metric d. (z,y) := (Ziel x (i)2>%. Every metric space (R, d,) is
said to be a Euclidean space. It is common to abuse the notation and write (R",d) or just R™ for
(RI , de), but we shall refrain as much as possible from this abuse since it can often be misleading
in game-theoretic models.

We can use the properties of the generalized Cartesian product, and the notation for selection
based on its restrictions, to provide many different representations of the same system of equations.
In particular, given a solvable system of equation (A,b) in 2 € R!, for every S C I, we can
write z = (zg,2_g) and b = (bs,b_g), and A = (Agxs, Asx—s,A—sxs, A_yx—s). It follows that
by=Ajxgrg+Ajx_gr_yand b_; = A_jxjx;+ A_j«_jyx_ ;. In this regard, it is also customary

to represent the system (A, b) as

by Ajxgs  Agx—g Ty

b_; A_gxy A gx—y T_j
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We can also obtain a system of equations b = Ay, where A € M ({1,2} x I,{1,2} x I) and z,b €

R{L21X! combining two subsystems b= A -Z+ A-z and b= A’ - T + A’, such that

y:{L,2} x I =R,

and

((s,8), (t5) =

and, consequently, represent the same system as

<
N

AT A

S
|
= <

We shall rely on this result when dealing with the system of linear difference equations involving
two selections, particularly in Chapter 2. In this regard, we also write

A A
A:

A A
and refer to the right-hand side of the previous equation as block decomposition of A. A matrix A is
said to be a block diagonal if it admits a block decomposition and if A, A’ or A’, A have all elements
equal to zero. Additional results on block-diagonal matrices will be discussed in Chapter 2.
1.1.5. Measure theory and integration. Let X be a set. An algebra of X is a collection A of
subsets of X such that:
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e for every finite family {A;};cs of subsets of A, U;c; A; € A

° ifAiGA,thenX\AieA.

In other words, an algebra of X is a collection of subsets that is closed under finite unions and

complementation. A o—algebra of X is a collection S of subsets of X such that:

e for every countable family {A;};c; of subsets of S, U;¢;A4; € S;
o if A, €S, then X \ 4; € S.

Hence, a o—algebra of X is an algebra of the same set that is closed under countable unions. Given
a pair (X, A), where X is a set and A is an algebra of X, a finite measure, or charge, is a function

A — R such that:

e 0 < pu(A) < oo for every A € A;
o u(0)=0;
e for every finite family {A;};cr of disjoint subsets of A, u(UjerAs) = > ,c; i (A;) (finite

additivity).

Given a pair (X, S), where X is a set and S is a o—algebra of X, a measure is a function p: § — R

such that:

e 0<pu(A) <ooforevery AeS;
o n(0)=0;
e for every countable family {A;}ic; of disjoint subsets of S, u(UierAs) = > ;cpp(4A:)

(o—additivity).

The definitions of coarser and finer for a pair of algebras or c—algebras defined on the same set
are identical to those given for topologies. Every measure is also a charge, and a sub-c-algebra
of § is a set U C S which is a o-algebra of X. A probability measure is a measure such that
1 (X) =1, and a probability space is a triplet (X, S, i), where X is a set, S is a o—algebra of X
and p a probability measure p : & — R. Given a probability space (X,S,u) and a set A C S,
let ua: S = R, S— p(SNA) be the restriction of u to A. Given a topological space (X, 7x),
the Borel o—algebra of X, denoted by B, (X), is the smallest, i.e., the coarsest o— algebra that
contains all the open sets in 7x. We also refer to the Borel o—algebra of a topological space X as
its Borel o—field, and given a probability space (X y Bry (X)), /L), we say that p is a Borel probability
measure. Given a topological space (X, 7x), we denote by A, (X) the set of all Borel probability

measures on X. With an abuse of notation, when there is no need to specify the topology of X
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adopted, for example when X is endowed with its natural topology, it is customary to write B (X)
and A (X) instead of B, (X) and A, (X), respectively.

A fundamental topic in measure theory is that of integration. Given a set X and a oc—algebra S
of X, the pair (X,S) is said to be a measurable space. Given two measurable spaces (X, Sx) and
(Y,Sy), a function f : X — Y is said to be measurable for every set V € Sy, f~*(V) € Sx. In
the remainder of this paragraph, we fix a generic measurable space (X, S) and endow the set of real
numbers with the Borel o-algebra generated by the topology corresponding to the Euclidean metric.
A function ¢ : X — R is said to be simple if it is measurable and there exist a finite family of sets

{A;}ier and a selection a = (a;),c; € XierA; such that:

o Uicrd; = X;

o forevery x € X, ¢ (x) = >, aila, (2).

The Lebesgue integral of a simple function ¢ : X — R on X with respect to p € A(X) is
Jx @ (@) dp (z) :=3",c; aip (A;). In order to extend the definition of Lebesgue integral to an arbi-
trary measurable function f : X — R, we let S be the set of the simple functions defined on the mea-
surable space (X,S), define G :={g € S :Vz € X,0 <g(x) < f(z)} and consider the case of a non-
negative function. The Lebesgue integral of a non-negative measurable function f : X — R with re-
spect to pon X is [ f (z) du () := supyeg [y @ (¢) du (z). In other words, we consider the least up-
per bound of the Lebesgue integrals associated to the basic functions that "lie" below f. For a generic
measurable function f : X — R, or a random variable, we let f* : X — R, z — max (f (z),0)
and f~ : X - R, 2 — —min(f (z),0), and define the Lebesgue integral of a function f: X — R
with respect to p on X as [, f(z)du(z) == [ fT(z)du(z) — [ f~ (z)dp(z). Given a subset
X’ of X, and a function f : X — R, the Lebesgue integral of f on X’ C X with respect to pu is
Jxo f(x)dp(x) == [, r(x)du(z), where r (x) := f(z) - Ixs (z). The Lebesgue integral of a given
measurable, real-valued, function is said to exist if it is a real number (i.e., it is finite), and the
specific function considered is said to be Lebesgue integrable. We denote by L! (X, S, 1) the sub-
set of RX of all Lebesgue integrable functions. Given a measurable space (X,B (X)), we let Fx
be the family of Borel-measurable real-valued functions and define the expectation functional as
E: Fx x A(X) — R such that (f, ) — [y f (z)du (). As a result, using the notation for sections
of a function, for a given p € A (X), the function E,, : Fx — R maps a random variable f € Fx

to the corresponding expected value [, f (2)du (x). With a slight abuse of notation, we also write

E, [f] to denote E,, (f) = [y f (x)dp ().
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Given a topological space (X, Tx), let Cx be the set of continuous and bounded function from X — R,
under the usual assumption that R is endowed with the topology generated by the Euclidean metric
(i.e., its natural, or, usual, topology). We endow A (X) with the corresponding weak™ topology,
that is, the weak topology generated by the family of functions {gy : p — [y f(z)dp(x)}recy-
Under these topological assumptions, a net of Borel probability measures (f1;);cy on X converges to

a measure p* € A (X) if and only if for every f € F,

([ r@an <x>})m & [ rwa @),

where the symbol Je, denotes the convergence in the Euclidean metric d (i.e., the usual concept of
limit in calculus). In other words, when A (X) is endowed with the weak* topology, the convergence
of a net of measures can be evaluated using the classic notion of convergence in the Euclidean metric
space. Another relevant example involving the weak® topology, which motivates many results in
probability, is the following. Let X be a finite set and 7x be the corresponding discrete topology,
that is, the topology of X such that, for every « € X, {«} is open in 7x. There is a homeomorphism
between the corresponding set of Borel probability distributions, equipped with the weak* topol-
ogy, and the set of non-negative vectors with entries adding up to one. Given a probability space
(X,8, 1), we say that p is Dirac if 32 € X and p ({z}) = 1; if A (X) is equipped with the weak *
topology, X can be topologically embedded in A (X) through Dirac measures.

For functions of more variables, we generalize the concept of joint distributions by means of gen-
eralized Cartesian products, that is, a set of selections on (possibly flattened) index sets. Suppose
that X = I;c1X;, where [ is an arbitrary countable set, and {(X;, 7x,)} is a family of Polish spaces.
Consider the corresponding probability space (X, B (X), u), where B (X) is the Borel-o algebra ob-
tained when X is endowed with the product topology. Since X is also Polish, we can show that
B(X)=B(X;)®B(X_,) for every J € 2!, where B (X ;)®B (X_) denotes the smallest o—algebra
containing the collection {A x B: A € B(X;) AB € B(X_;)}. Given a subset J of I, the func-

1

tion margy u : B(X;) such that margy p(A) = poproj~" x, maps an event A € B(X;) to the

probability of the corresponding cylinder set A x X_ ;, which is the standard definition of marginal

probability; we also write margy = poproj=!

x, and refer to marg . u as the push-forward mea-
sure of ¢ under projy . Similarly, for a given i € I, we let margy p1 := margy . . Given a subset J
of I, the conditional measure of X; on X_, if it exists, is a function pux,|x_, : B(X_s) = A(X)

such that, for every A € B(X), the mapping x_; — px,|x_, (_;) (4) is measurable with respect
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to B(X_;) and, for every K C X, u(K) = [  px,x_, (@—y) (K)d (margxd,u(x)). In this
regard, the requirement that the mapping x_; — ux,|x_, (x_;) (A) is measurable with respect to
B (X_) is a necessary condition to ensure that pu (K) = fX_,, px,x_, (@) (K)d (margxf‘]u (a:))
is well-formed, since the definition of the Lebesgue integral of a function requires the same func-
tion to be measurable with respect to the o-algebra of the measure space considered. Conditional
measures always exist when X is the product of a family of Polish spaces. Regarding marginal
distributions, for a given i € I, we let ux,x_, = ux,| Xnii for notational convenience. Given
a subset J of I, we say that X; and X_; are independently distributed if x| x_, = margy u;
similarly, X; and X_; are independently distributed if ux, x_, = margy u. By Fubini’s theorem,
if fe L'(X,B(X),n), for every i € I, Ey (f) = Emargy p{Epux, x_, [fo:]}, and, for every J C I,
E,(f) = Emarngu{EuxJ|x_J [fz,]}- The notions of variance, covariance, and covariance matrix,
as well as their conditional versions, are taken for granted, and we refer to Billingsley (1995) for
additional details due to space reasons.

Finally, we state, without proof, the Kolmogorov extension theorem, which is central in the con-
struction of type structures from hierarchies of beliefs in epistemic game theory (cf. Section 1.3).
Suppose that X = II;c;X;, where {(X;,7x,)}ien is a family of Polish spaces. Consider the cor-
responding measurable space (X, B (X)), where B (X) is the Borel o—algebra obtained when X is
endowed with the product topology. For every i € I, let B (X;) be the Borel c—algebra generated
by 7x,. The product o—algebra, denoted by ®;enB (X;), is the coarsest o—algebra generated by

the collection of cylinder sets
{Hie[m]Ai X XN\[m] :meN, Vie [m], A; € B(XZ)}

Since, for every i € N, (X, 7x,) is Polish, it can be shown that ®;enB (X;) = B (X), generalizing the
result presented in precedence. Now, consider a family of probability spaces {(X x> B (X [k]) , ﬂk) Yren-
We say that the associated family of measures {ux }ren is projectively consistent if, for every k € N,
margy, . flk = Hk-1- In other words, every two measures agree on events that are measurable,
considering appropriate cylinder sets, with respect to their c—algebras. The Kolmogorov Extension
theorem states that, under the assumption that every (X;, 7x,) is Polish, if the family of measures
{1k }ken is projectively consistent, there exists a unique probability measure p defined on B (X) such
that, for every k € N, marg Xyl = M- In other words, a family of consistent probability measures

on partial products X|,,) = e[, X3, m € N, induces one and only one probability measure on the
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full product X = II;¢; X;. Similarly, every probability measure on B (X) induces a family of consis-
tent probability measures on partial products X|,,) = ;e[ X3, m € N. The Kolmogorov extension
theorem holds also for arbitrary countable index sets, but the previous formulation is sufficient for
our needs. An accessible, yet rigorous, proof of the Kolmogorov extension theorem can be found in
Chapter 15 of Aliprantis and Border (2006).

1.1.6. Uncertainty relations, probabilities and statistics. Why are probabilities so ubiquitous
when dealing with social interactions?® In this section, we show that a binary relation, describing a
collection of qualitative statements such as "I believe that a certain event to be more plausible than
another," can be represented quantitatively by a probability measure under minimal consistency and
regularity conditions.

Consider the following example. Alice and Bob are a nice happy couple, though both have a very
bad memory. One day, Alice and Bob are at work and suddenly remember that they are supposed
to meet at 8 pm on the same day, but they cannot remember where they agreed to meet. They
work in two distant cities, their phones are broken, and they have really no chance to get in touch
with each other. In a similar situation, it is clear that there is no objective probability, intended as
a long-run frequency, of where Alice may go first to look for her partner.® Yet, based on what Bob
knows about Alice and what he believes that Alice knows about him (and so on), he might start to
list a number of alternatives where Alice may look for him, and then compare each two alternatives,
or mix of alternatives, to say which one is more plausible than the other. It turns out that, if
Bob’s comparison of alternatives is complete and free from contradictions, it can be represented by
a charge on a o-algebra. We now go through the necessary formality.

Let (X,S8) be a measurable space, and consider a binary relation 7 on S, such that, for any two
sets A,B € S, A~ B reads as the event A is considered more plausible, or more likely than the
event B. A binary relation 7~ on S is also known as an uncertainty relation, or plausibility order, as
it can always be interpreted as a statement on the relative likelihood or plausibility of two events.
In this regard, it is possible to prove that there exists a unique charge pu : & — [0,1] such that
Ar B < pu(A) > pu(B) if and only if = is reflexive, transitive, and, for every triplet A, B, C of
disjoint sets in S, A 2 B = AUC 7 BUC (monotonicity under disjoint unions). If X is a finite

set, u is also a probability measure. However, if X is infinite, we must ensure countable additivity

5The main references for this section are Chapters 1-5 in Bernardo and Smith (1994) and Savage (1954).
6The concepts of long-run frequency and objective probability will be introduced rigorously in a moment.
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to obtain a probability measure. In this regard, we say that a binary uncertainty relation 2~ on S is

continuous if the following conditions hold:

e for every family {4, },en, such that Vn € N, A4, € §, A,, C A, 41 (strictly increasing
sets), vn € N, A, - B = A~ B, where A=UpenyA, ={z € X:IneN, z€ A,};
e for every family {B, },en, such that Vn € N, B, € S, B,+1 € B,,Vne N, A~ B, —

A B, where B=N,enB,={z € X :VneN, z € B,}.

It is possible to show that, given a binary uncertainty relation 2~ on S, there exists a unique proba-
bility measure p : S — [0, 1], known as subjective probability, such that A 7> B <= u(A) > u(B)
if and only if =~ is reflexive, transitive, monotonic under disjoint unions and continuous.

Under the Bayesian paradigm, statistics is essentially a clever application of probability theory to
data analysis. Unlike frequentist statistical methods, which are vague on the intrinsic nature of
probabilities, Bayesian methods are explicit on the meaning of probability and provide a simple,
general, receipt to address estimation and inference problems. We let {2 be a Polish space, where )
is a set of the possible outcomes of a situation of interest or an experiment; we also generally refer
to Q as the set of states of the world. To express opinions on the likelihood of different events, we
introduce the measure space (£2, B (£2)) where B (Q) is the Borel o—algebra containing all the open
sets in 7; an event is an element of B (€2). As usual, we endow A (2) with the corresponding weak*
topology. Consider an individual or decision maker (DM) expressing an uncertainty relation 2 on

B () that is equivalent to a probability measure n € A (€2), in the sense that for every A, B € B(Q),
A% B < n(4)=n(B).

Fix an integer i € N and consider a function x; : @ — Y, where Y = R’ and J is a finite set
or Y = R, which is measurable with respect to (2, 8(®)). We refer to x; as a random variable
and let p,, :=no x;l be the push-forward measure of 1 through z; it is immediately verified that
Pz, € A(Y) induces an uncertainty relation on B(Y) consistent with 7. As usual, we endow YN
with its natural topology, that is, the product topology, and we define a complete random sample
as a profile x € XN of random variables, where X is the set of all random variables from 2 to Y;
a finite random sample is any projection of a profile 2 € X onto a subset I of N. A realization of
a random sample, which is often called an observed sample, or a sample for short, is a collection of

values assumed by a each variable in the same random sample for a given state of the world. In this
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regard,given a random sample x, we denote by F its limiting empirical distribution, that is,

F:B(Y)xQ—[0,1]

(@,0) o limy e 3 L (2i (W)
n
i€[n]

It is immediate to verify that every random sample is a random variable, and, for every A € B (Y),

F4 is also a random variable. Hence, the push-forward measure p :==noz™ !, p € A (YN) defines

an uncertainty relation =y~ on B (YN) for DM such that, for every A, B € B (YN),
Aryn B <= p(A) >p(B) < 7 (ﬂiein_l (Al)) >n (ﬂiein_l (Bl)) .

In other words, p allows DM to express uncertainty statements on random samples that are consistent
with the "original" plausibility order . We let Q* be the support of 1, that is, the smallest closed
set in 7 with probability one, and we say that a certain property holds for almost all P-almost every
w € Qif it is verified on Q*. For every n € N, let ¢,, : [n] — [n] be a bijection, and ®,, the set of all
bijections included in [n] A random sample (i), c[n] 18 said to be exchangeable with respect to 7

if, for every ¢, € ®,,, and every A € B(X) we have that,
n (ﬁie[n]xi_l (Al)) =n (mie[n]x;j(i) (Az)) .

A complete random sample z € XV is said to be exchangeable if, for every n € N, (.Ti)ie[n] is
exchangeable. Interpreting the index of a sample as the order in which the realization of each variable
is observed, a family of random variables is exchangeable if the order in which their realizations is
observed is probabilistically irrelevant. With these definitions in mind, we have the following powerful
representation theorem, which generalizes that of De Finetti’s (1937) for 0 — 1 random variables (i.e.

Bernoulli random variables).

THEOREM. Let {x; : i € N} a family of exchangeable random variables with respect to . For

every I € 2N let p,, :=nox~!. There exists a measurable function f: Q — A (X) such that:

o for every Ar € B(Y'), pa, (A1) = [ Tier f (w) (Ai) dn (w);

e for P-almost every w € Q and for every 4; € Y,

Fa (w) :=limy, 00 Z M = f(w).

n
i€[n]
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Hence, there exists a family of measurable functions F := {fy € X : § € ©}, where O is any valid

index set, and a probability measure p € A (©) such that:

e for every A; € B (YI), e, (Ar) = f@ Iicr fo (A;) dp (6);
o forevery 0 €O, p(0) =n({weQ: f(w)=fo})

e for P-almost every w € 2, 30 € ©, such that, for every A; € Y,

FA (w) = limnﬂoo Z M = fA.

e

The result contained in the previous theorem is of the utmost importance for a correct under-
standing of statistical procedures and their use in economics and social sciences. In particular, it
provides a clear theoretical foundation for frequentist interpretations of probabilities. In this regard,
we say that the DM believes that the data are consistent with an objective probability distribution
if © is a singleton. In such a case, the DM is certain that every sample has the same known limiting
frequency f, and that {z; : ¢ € N} is a family of i.i.d. random variables, with a push-forward
measure p,, = f. In other words, if the DM observed a sequence of finite samples of increasing
length, suggesting a limiting frequency different from f, she would conclude only that an event she
regarded as almost impossible, that is, a set E in B () such that n (E) = 0) has occurred.
There are no such things as true objective probabilities, unless the data being considered are gen-
erated by a deterministic device that ensures that every generated sample has the same limiting
frequency. In such a case, we say that there exists a data generating process (DGP), that is, there
is a true value of 6§ generating every observable sample, which the DM does not necessarily know.
A DGP is also known as a pseudo-random number generator, of which there are many examples
of algorithms in computer science. A vast literature in finance postulates the existence of a DGP
for quantities such as assets’ returns and macroeconomic shocks, essentially equivalent to the previ-
ously mentioned computer algorithms. We are of the opinion that such view may be motivated only
within the context of a theoretical model, as in standard computer simulations, randomness, if and
when necessary, is always introduced by deterministic algorithms known as pseudo-random number
generators. In reality, care is needed before postulating the existence of a true DGP, unless there
is reason to believe that a (suitable) theoretical model may be consistent with the data. In other
words, there is always some degree of assumption in empirical works imposing the existence of DGP:
since, in reality, the observation of a sample inconsistent with a given DGP is always a possibility,

assuming the existence of a true DGP amounts to imposing a zero subjective probability to this
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event. As a general remark, probability models are in practice always based on some unavoidable
assumptions; this should come without any surprise, as probabilities are clever devices to express
plausibility orders, which are intrinsically related to our knowledge, qualitative beliefs, and experi-
ence, as we discuss in detail in Section 1.2.2 of this chapter. In this regard, in social sciences, such
as economics and finance, the most sensible minimal assumption we can make is that, given their
perception of the world, people do not act against their own interests, which may very well include
altruistic or other psychological traits. Whether, in reality, this assumption may motivate the exis-
tence of a DGP is definitely up for debate. Despite this, in applying Bayesian statistics to economic
and financial data, it is customary to posit uncertainty relations consistent with the certainty of
the existence of a true, but unknown, DGP. Such an approach, as we have seen, is allowed by the
representation theorem above. In practice, there are two practical ways of proceeding, which are
known respectively as parametric and non-parametric statistical methods. We limit the discussion

to the former, which essentially reduces to:

e introduce a function 7 : B (X) x A — [0,1] such that, for every A € A, 7 (-|\) € A (X);

e assign 7 such that for every I C N, and every A; € B (X)),
1 (i (49) = [ Tierm (4 dr ().
A

where 7 (-) = marg, 7 (+).
Under the additional hypothesis that 7 is continuous (resp. discrete), if we let p: XT x A — R, the

corresponding density function (resp. probability mass function), we have, as an application of the

Bayes theorem p (A|z) o p (z7|A) p (), that is,
p (M) o< p(A) - ierp (wi|A) -

The left-hand side is the posterior density (resp. probability mass function) of A given the observed
sample z7, while L (6, x1) := IL;crp (2;|A) is the likelihood function in classical statistics. Estimation,
hypothesis testing, and prediction are well-defined decision problems consistent with maximization
of the expected value of a carefully chosen utility function, with respect to the measure generated
by the posterior density (resp. probability mass function) p (Az;). When p()) is assumed to be
equal to an appropriate constant, we say that it is a non-informative prior. Non-informative priors
can be used to motivate, from an explicit decision-theoretic perspective, several classic statistical

procedures, and, in particular, maximum likelihood estimation and standard hypothesis testing.
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Since maximum likelihood can be used to motivate many other procedures, such as the generalized
method of moments (cf. Section 5.1.1 in Chapter 2), we may view classic statistics as a very
specific case of the more general Bayesian methods.

We conclude with the obvious general remark that, in general, if we simulate the behavior of an eco-
nomic model with a standard computer, every exogenous source of randomness, including additional
measurement, errors, is obtained from an algorithm ensuring the exact convergence of each sample
to the distribution specified by the user. Hence, a true DGP always exists in the context of the sim-
ulated model. In particular, in Chapter 2, we use pseudo-random numbers generators to simulate
samples from investment games under different solution concepts, and evaluate the properties of the
generalized method of moments, which is an example of classic statistical procedure that finds wide
application in the empirical asset pricing literature.

1.1.7. Decision problems. We conclude by presenting the general structure of decision problems
that will be frequently encountered in the following sections and chapters. Let {(X;,7x,) : i € I}
be a family of Polish spaces and, X := Il;c;X;, and, as usual, endow X with the corresponding
product topology. Fix a generic element i € I, and recall that, given a function f : X — R, the
section of f at z; € X; is a function f,, : X_; — R such that z_; — f (z;,2_;). Let A(X_;) be
the set of Borel probability distributions on X_;, and let Ay the set of measurable sections, that is,
A ={aeR¥~i:3z; € X;, a = f,,}. Every element f,, of A; is called a Savage act, and E, (fz,)
denotes the corresponding Lebesgue integral with respect to p € A (X_;). We define as expected
utility the function ¢/ : X; — R such that z; — E, (f;,), and say that a point «} € X, is optimal
for i if 7 € argmax, U (x;) or, equivalently, if zj € argmax, E, (f;,). The usual interpretation
is that I is a set of individuals, X;; the set of actions available to a given individual j € I, and f
is a utility function (see Section 1.2). For reasons of space, we do not expand on the conditions
for the existence of an optimal point and on the elementary notions of differentiability in Euclidean
spaces to solve "regular" optimization problems; we refer to Blume and Simon (1994) for the relevant

definitions and results.

2. Games and economic models

An economic model is an artificial environment, or thought experiment, in which we imagine that
a set of individuals, or players, interact with each other, defining a situation of interest, usually, but

not necessarily, comparable with one experienced in reality. In short, given the objective difficulty to
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perform controlled experiments in social sciences, the role of an economic model is to explain, often
in conjunction with suitable statistical procedures, certain facts observed in the real world.” In this
thesis we focus on static economic models of interactive situations, where by static we intend that

all players are assumed to act simultaneously. Namely, a static economic model composed of:

e a static game, that is, an ordered tuple, including, at least, the set of players involved in
the situation of interest, the actions available to each player, a set of relevant consequences
for the players, a function linking actions to consequences and the players’ preferences over
consequences or the corresponding lotteries;

e an epistemic model of the game, specifying the set of states of the world, that is, a set
of elements each corresponding to a full description of what may happen in the situation
of interest, as well as an information correspondence and a possibility correspondence for
every player, specifying what is known and believed, respectively, at a specific state of the
world;

o for games with preferences over lotteries, a Bayesian frame, that is, a suitable mathematical
structure to characterize players as Bayesian decision makers and quantify their beliefs;

e optionally, an epistemic type structure, providing a descriptive tool for hierarchies of beliefs
under the assumption of preferences over lotteries and Bayesian decision makers;

e a solution concept, that is, a correspondence determining which profile of actions can be
observed in the situation of interest, usually derived from explicit behavioral and epistemic
assumptions formulated using the epistemic model of the game or, if available, an epistemic

type structure.

We refer to a specific situation observed as a play of the game, while to the corresponding profile
of actions observed as an outcome. As we shall see, most of the time we do not need to be explicit
about all the elements characterizing a static economic model, and we may be able to collapse one or
more components within a suitable mathematical structure. As a bibliographical note, the relevant
references for this section are Chapters 1 and 5 in Osborne and Rubinstein (1994), Battigalli and
Bonanno (1997, 1999), Bonanno (2015), and Chapters 2,5,6,8,9 and 10 in Bonanno (2024).

2.1. Static games. A game frame provides a description of the players involved in the situation

of interest, as well as their available actions and how these translate into relevant consequences for

"This is what is generally known as a positive theory in epistemology, the branch of philosophy that studies science.
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the players. We denote by F the set of players with the typical element f;® for reasons that will
be clear in a moment, we require that 0 ¢ F. In a static game, every player f € F chooses (i.e.,
executes) an action from a given set Ay with a typical element a;. Since the game is static, all
players choose (i.e. execute) simultaneously their actions at a certain point in time. Consequently,
we let A = X ep Ay be the set of action profiles (selections) with a typical element a = (af)feF.9 As
a matter of notation, the products of sets are always intended as sets of selections, with the exception
of the sets containing binary relations. The profile of actions played (i.e. executed) determines the
outcome of the game, possibly in conjunction with the realization of an exogenous state of nature.
We denote by Y the set of all possible consequences with the typical element y, and by © the set of
exogenous states of nature, with the typical element 6. The state of nature should be interpreted as
a complete description of anything that may affect players consequences and that is not determined
within the model (i.e. endogenously); it aims at introducing exogenous elements in the moment.'°
In this regard, we posit the existence of a consequence function g: © x A — Y mapping, according
to the rules of the game, a profile (6,a) € © x A to the corresponding consequence g (,a) € Y. If,
for every a € A, g, is constant, the state of nature has no effect on the players’ consequences, and we
can equivalently specify g as a function of A only. We refer to the ordered tuple (F,0,Y, (Ay) feFs g)
as a game frame, which, in addition to the preferences of the players, provides a full description of
the most primitive elements to describe an interactive situation.

As for the specification of the players’ preferences, there are two alternative paradigms. The first
paradigm, which is more general but less common in applications, consists in assuming that every
player f € F is endowed with a complete and transitive binary relation - defined on Y. The second
paradigm, which is often harder to motivate theoretically, but of easier practical implementation,
assumes instead that every player f has a preference relation b} over A (Y) admitting a subjective
expected utility (SEU) representation; the most notable example is the case of a finite set Y and

von Neumann-Morgenstern (vINM) preferences. Under the first paradigm we obtain a static game

8The notation differs from the usual convention of denoting by I the set of players. This choice is motivated by the
model discussed in the next chapter, in which actions correspond to investments in production capacity made by
different firms. The only relevant stylistic drawback of our notation is that we must avoid the use of fto denote a
function, but this is a minor one compared to others that would emerge in the applications discussed in Chapter 2
and Chapter 3.

9That is, a profile of actions a € A is a function a : F — User Ay such that a (f) € Ay for every f € F.

101t is often said that nature chooses 6 from O; needless to say, the identification with the every day meaning of
nature holds when © is, for example, the weather or the motion of a planet and so on.
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with ordinal payoffs, that is, an ordered tuple

<F,@,Y7 (Af)fep » 95 (i:f)feF%

while under the second static game with cardinal payoffs, that is, an ordered tuple

(F,0,Y,(Af) jep 9 (ZF) o)

Given a game frame (F,0,Y, (Ay) feF g), the corresponding games with ordinal and cardinal payoffs

admit both a utility-based representation of the form
<F‘,@7 (Af)f , 9, (Uf 'Y — R)fEF>'

It is important to observe that, for every f € F, in the case of a static game with ordinal payoffs,
Uy is identified up to strictly increasing composition, while in that of a static game with cardinal
payoffs, Uy is identified up to positive affine transformations. In the remainder of the thesis we
always describe the structure of a game adopting a utility-based representation, and specify whether
the players’ utilities, or payoffs, should be interpreted as ordinal or cardinal when relevant. In fact,
it is always possible to embed a preference over outcomes in a suitable preference over lotteries
by means of Dirac measures. Similarly, it is always possible to derive a preference relation over
outcomes consistent from a preference over lotteries. It is important to stress that we view a game
as a set of primitive elements describing the situation of interest, rather than the situation itself; as
we shall see in the following subsection, this remark is of particular importance from an epistemic

perspective.

2.2. Epistemic models and Bayesian frames. Contrary to standard game theory, epistemic
game theory provides a formal framework for modeling essential aspects, such as the knowledge and

beliefs of the players. Consider a game

I'= <F,@,}/,(Af)fepvg7(Uf)f€F>7

with ordinal or cardinal payoffs. We let 2 be the set of all possible states of the world, or states for
short, where each state w € 2 denotes a "complete" description of the situation of interest. Notice
that, in general, ) may include states in which the game being played is not I', and it is exactly

in this way that we may model a situation in which one or more players do not know the rules of
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the game. Proceeding in order, we endow each player f € F' with an information correspondence

K¢ : Q= €, known as the information function of f such that:

o Ywe Quwe Ky (w);

o Yw,w €, W ey(w) = Kf(w)=Ks ().
For every w € 1, we interpret Ky (w) as the states of the world that the player f considers possible
when the true state of the world is w. As such, the requirements above ensure that a generic player
f does not have false or contradictory information, respectively. From a more formal perspective,
for every f € F, the graph of K¢ is a reflexive and euclidean, hence transitive, relation on Q. We
also say that, at w, the player f is informed that the true state is in Ky (w). Equivalently, at w, f
is informed that the situation occurring is among those described by Ky (w).

2.2.1. Knowledge. An event E C Q is said to be known by f at w if K; (w) C E, and we also

say that f knows F at w; in other words, given the occurrence of a certain state of the world, a
player knows that an event has been realized if it is consistent with her available information. We

denote by K¢ the knowledge operator of the player f € F', that is,
K29 2%
E—{weQ:Kf(w) CE}

Following Aumann (1976), an event E C € is said to be common knowledge at w €  if:

o we K (E):=nserKy (E);

e YmeN\ {1}, we K™ (E) :=Nsep Ky (K™ (E)).
We also denote by CK (E) = NpenK™ (E) the event “F is common knowledge". We assume that
we can interpret the event K2 (E) as "everyone knows that everyone knows E", and so on. Similarly,
we assume that CK (F) can be interpreted as the event in which every player knows E, knows that
everyone knows F, knows that everyone knows that everyone knows F, and so on (ad infinitum). An
important debate emerges in relation to this interpretation. Indeed, without additional assumptions,
K? (E) can be interpreted only as the event that everyone knows K (E), see also Brandenburger
and Dekel (1993) reference. The crux is that knowledge and beliefs relate to propositions and events
are just introduced to provide a set-theoretic representation. A possible solution to the debate is
provided by the syntactic approach, which consists in the adoption of a formal language, based on

modal logic, to express propositions in a way that CK (-) can be correctly interpreted as we did

informally. In this regard, we refer to Dekel and Gul (1997), Battigalli and Bonanno (1999), and
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Bonanno (2002) for the detailed construction of a language and propositions, and the corresponding
derivation of an appropriate set of states of the world. The discussion would require an extensive
digression on modal logic and it is omitted for reason of space; for a comprehensive treatment of
modal logic, see Chellas (1995), while for a brief review in the context of games, see Bonanno (2002).
It is worth mentioning that there are some inevitable limitations with the syntactic approach. On
the one hand, Dekel and Gul (1997) and Heifetz (1999) show the existence of events that might not
be represented in the same language. On the other hand, Brandenburger and Keisler (2006) show
the existence of propositions that cannot be represented as events. However, in the context of this
thesis, these limitations are acceptable. We also refer to Fagin et al. (1995) for a comprehensive
treatment of knowledge in interactive situations.

2.2.2. Beliefs. Social interactions are driven by beliefs, that is, statements that are supposed
to be true even if they could be false. Recall that, at a certain state w, every player is generally
informed that w is one of the possible states, among others. However, for some reason, the same
player may be fully convinced that the true state is w’ € Ky (w). Going back to the example of
Alice and Bob in Section 1.1.5, Alice may be sure that Bob is going to a restaurant, even if Bob is
actually going to a cinema and Alice knew about this possibility. To formalize the concept of belief,

for every player f € F', we introduce a possibility correspondence Py : £2 = ) such that:

o Vw e Q, Py(w) CKy(w);

Yw,w € Quw' € Kf(w) = P W) =P (w);
Vo € Q, P (w) # 0;

Yw,w' € Q, ' € Pp(w) = Py (w) CPy(w);

Yw,w' € Q, W' € Py (w) = Py (w) CPrw).

In other words, Py (w) denotes the set of states that are dozastically accessible to f at w (cf.
Bonanno, 2015). Notice that the first three requirements serve to exclude beliefs contradicting the
player’s knowledge, while the remaining two are intended to exclude contradicting beliefs; see also
Battigalli and Bonanno (1997) for a detailed discussion. Notice that, for every f € F, the graph of
Py is a serial (i.e. non-empty), transitive and euclidean relation on Q.

The belief operator for a generic player f € F', denoted by By, is defined as
By : 2% — 2%

E—{weQ:Ps(w) CE},
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since an event is said to be believed if it is supposed to be true. Similarly to the case of common
knowledge, an event F C (2 is said to be common belief at w if at the same state of the world every
player believes F, believes that everyone else believes E, believes that everyone else believes that
everyone believes E, and so on (ad infinitum). Namely, an event E C Q is said to be common

knowledge at w € Q if:

e we B! (E) = NsepBy (E);
e Vm e N\ {1}, w € B (E) := Nyer By (B™ (E)).

We also denote the event “E is common belief" as CB (E) = NyenB (E). The same interpretational
issue discussed for common knowledge also emerges for the case of common belief. Again, we assume
that € has been specified in a way that allows us to view CB (F) as the event in which every player
is certain of E, every player is certain that everyone else is certain of E and so on, ad infinitum.

2.2.3. Epistemic models. An epistemic model of " is an ordered tuple
G= <F76797V Q- @7(Kf)f€Fa(Pf)fepv(Jf)feF>

where:

e () is generated by a formal language, or syntazx, that ensures our interpretation of CK and
CB,

e v is a function that maps every state of the world w € € to the corresponding state of
nature;

o for every f € F, for every w € Q, oy (w) denotes the action taken by f at w, for every

W € P(w), of (W) =0y (w).

The above requirement ensures that each player knows her action in every state, which also implies
that every player has a correct belief regarding her own action. However, notice that, unless we
assume that, for every w € §2, the game being played is I', the action space of a player f € F could
be different from Ay at one or more states. In this regard, observe that, if an event is true at every
state of the world, there must be common knowledge of the same event in every state of the world
(cf. Osborne and Rubinstein, 1995, Chapter 5, pp. 81). The converse is also true, as an event is
known only if it is true. Consequently, if, for every w € €, the game being played is I", we also
have that, at every w € €, it is common knowledge that the game being played is I and vice versa.

We refer to this epistemic condition as CKT'. Similarly, if, for every state of the world, there is
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no more informed player about the true state of nature, there is common knowledge of symmetric
information in every state of the world and vice versa. We refer to this epistemic condition as SYM.
2.2.4. Weak rationality. A fundamental concept in game theory is that of rationality. Given a

static game with ordinal or cardinal payoffs

I'= <F7@aYa(Af)fepagv(Uf)feF>v

equipped with an epistemic model G consistent with CKT' and SYM, we say that the player f is

weakly rational at w if Pay € Ay such that, for every ' € P (w),

Ur (9 (€@ sap 05 @Djempn ) = Ur (9(C @) 0s @) (05 @) ey ) -

Three important remarks are worth mention. First, the formula above makes sense to the extent
that players know the consequence function characterizing the game, which is necessarily the case
if it is common knowledge that the game being played is I'. Nevertheless, even in the absence of
common knowledge of I', the general definition of weak rationality remains valid. Second, weak
rationality does not rule out the possibility of erroneous beliefs and therefore is a rather weak
restriction. Third, while in games with ordinal payoffs the players’ preferences are unaffected by any
eventual plausibility order on the set of states deemed as possible, in games with cardinal payoffs
players must express quantitative beliefs, that is, subjective probability measures, consistent with
the assumption of preferences over lotteries. As a result, in games with cardinal payoffs, the notion

of weak rationality is only a necessary requirement for a sensible definition of rational behavior.

2.3. Bayesian frames, quantitative beliefs and rationality in games with cardinal
payoffs. Suppose that I' = (F,0,Y, (Af)feF , 9, (Uf)feF> is a static game with cardinal payoffs
equipped with an epistemic model G consistent with CKT' and SYM. In a given state of the world
w € €, in order to evaluate lotteries over (), every player f € F must express a plausibility order on
Q admitting a probabilistic representation, which we denote as quantitative beliefs. In this regard,
we require that quantitative beliefs attribute non-zero probability to every state deemed possible
and vice versa; in this way, we avoid quantitative beliefs to be inconsistent with G . In addition, we
require every player to know her quantitative beliefs. Consequently, for every f € F', we introduce

a function ps : @ — A () such that, for every w € Q:

e supppy (w) =Py (w);
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e W €P W) = pr () = pr(w).

We refer to the ordered tuple 7 = (F, €2, (Py) ;o » (Pf) s ) as a Bayesian frame for I'. In this regard,
if there exists a measure ¢ € A (£2) such that for every f € F, every w € 0, py (w) = m - q, we
say that F is generated by a common prior g on {2, or there is a common prior for short. Regardless
of the existence of a common prior, a player f € F believes in the event E € 2 at w if and only if

ps (w) (E) = 1. Consequently, having assumed CKT' and SYM, for every w € 2, and every f € F,

*

it is immediate to show that U; induces a preference relation 7 s (@)’

on Ay at w, denoted as such

that
* /
O Zhppe) U = Bpy) (Tras) 2 Bppio) (Wf,a’f) ,
where 7y := Uy o g o ¢5 is a composite utility function,
gf)f : Af x>0 xA
(agw) = (@) a5, (0 @))jem )

and z a function mapping every w € () in the corresponding state of nature. In other words,
for every state of the world, players rank their actions according to the corresponding subjective

expected utility (SEU). We also say that f is a Bayesian decision maker (DM) , and a rational

Bayesian DM, or Bayesian rational, at w if Vay € Ay

Eps ) (Trop@) 2 Epp) (Tra;) -

In this regard, it is immediate to verify that, if f is a rational Bayesian DM at w € €Q, it must be the

case that it is also weakly rational at w, in the sense that fla; € Ay such that, for every w’ € P (w),

Ur (9 (¢ @) var, (05 @D jemn)) = Ur (9 (@05 @) 05 @))jemgpy) ) -

Hence the definition of a Bayesian rationality in games with cardinal payoffs is consistent with that
of rationality is games with ordinal payoffs but more specific. For this reason, we also say that f is
rational at w € Q if Vay € Ay, E, () (ﬂ'f}(,f (w)) >Ep (w) (wf,af) . Furthermore, it is also immediate

to verify that, for every w € €, there exists py,, € A (2) such that

Ep;(w) (Wf’af) =Eyu . (uf,af) )
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where uy := Uy o g. Consequently, the ordered tuple

<F,@,(Af,u]v 10 x erFAf — R)f€F>

is said to be the reduced form representation of I" equipped with G and F, and we also write
r = (F0, (Af,uf)f€F> to save space. We also say that I' = (F, ©, (Af,uf)f€F> is a static game,
and, when O affects the utility of at least one player, that I' is a static game with payoff uncertainty
with symmetric information, or just a static game with payoff uncertainty for short. In the remainder
of this thesis we shall adopt this notation, as we focus on static games with cardinal payoffs that
are equipped with an epistemic model in which CKT and SYM hold, as well as with a suitable
Bayesian frame. Notice that if © is a singleton, the state of nature must be common knowledge
among players in every state of the world. As a result, if © is a singleton it can be omitted from
the description, treating the unique state of nature as a known parameter affecting the outcome
function. In addition, it is also possible to omit © when the state of nature is payoff-irrelevant,
that is, it does not affect the consequence function; see Example 24 in Chapter 8 of Battigalli et al.
(2024a) for a reference. Whenever O is irrelevant, either because it i) is a singleton or ii) does not
affect the reduced form utilities or iii) the state of nature is common knowledge among players in
every state of the world, we can exclude it from the analysis without loss of generality. In this case,

we obtain a game of complete information, which is an ordered tuple

<F, (Af,Uf : XfeFAf 4>R)f€F>'

Note that utilities are unaffected by the state of nature if and only if, for every a € A, g, is constant
or g is a function of A only.

Finally, we acknowledge that the assumption of preference over lotteries is rather abstract. In this
regard, for a more theoretically sound formalization of SEU in the context of a game, we refer to
Gilboa and Schmeidler (2003), which, assuming probabilities as primitives, extends Savage (1954)
SEU theory to interactive situations. For an even more general approach, which derives subjective
probabilities and utilities in the context of a static game, we refer to Di Tillio (2008). We also
notice that our specification of preferences excludes the possibility of psychological traits such as
reciprocity, guilt, envy, etc. In general, it is possible to extend the analysis to include similar
psychological aspects. A possible approach consists in extending preferences to take into account

the beliefs of other players. In such a case, we would speak of psychological games. For space reasons,
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we do not expand on this topic. For additional references on psychological games, see Battigalli et

al. (2019) and Battigalli and Dufwenberg (2022).

3. Epistemic Type Structures

In the remainder of the chapter we shall focus on games with complete information for ease of
exposition, leaving the more general case of games with payoff uncertainty in Section 2 and Section
4 of Chapter 3; as a matter of notation, we shall sometimes write —f as an abbreviation for the
statement “all the other players different from player f”. An economic model can be loosely identified
with a thought experiment in which a set of "artificial" individuals interact with each other. In this
regard, we have so far limited our attention to tools necessary to describe the situation of interest,
but we remain to introduce a solution concept to characterize what may happen in a play. Under the
assumption of rational Bayesian DMs, this amounts to specifying how players form their quantitative
beliefs. The purpose of this is to introduce a more operational model of quantitative beliefs, known
as epistemic type structure. The major advantage of this "tool" is that it simplifies enormously the
description of strategic reasoning, that is, the mental process through which players try to take into

account the beliefs of their opponents to predict their rational behavior.

3.1. Hierarchies of Beliefs. So far we have modeled knowledge and beliefs with a very ab-
stract model of the possible states of the world, introducing for every player information and plausi-
bility correspondences. Under the assumption of common knowledge of I" and Bayesian DM, it seems
intuitive to look for a more operational way to model quantitative beliefs. Let I' = (F, (Ay, uys) fe =)
be a static game of complete information in reduced form. It is evident that for every player the only
element of uncertainty is the profile of actions played by her opponents. However, it is reasonable
to expect that an intelligent player will realize that the actions of her opponents depend on their
beliefs. This simple observation suggests the introduction of hierarchies of beliefs.

For every f € F, we endow the set Ay with its usual topology, assuming that one exists, and A
with the corresponding product topology. We assume that for every f € F, Ay is a Polish space,
therefore A is also Polish in the product topology. Let Z¢1 = A_; be the basic uncertainty space of
the player f € F'. A first-order belief, or conjecture, of f, denoted by hy¢ 1, is a probability measure
hr1 € A(Zy1). A second-order belief of f, denoted by hg f is a probability measure on the Borel

o-field of Z;; and the space of the first-order beliefs of her opponents, that is,

hta € A(Zg1 % (XjeminA(Zn))) -
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Setting Zf 2 = Zp1 x (Xjep 1A (Zj,1)), we have, trivially, hys € A(Zy2). A third-order belief
of f, denoted by hys 3, of f is a probability measure on the Borel o-field of ZJ% and the space of
the second-order beliefs of —f, that is, hys € A(Zy3) where Zys = Zsa X (Xjem 1A (Z52)).
Continuing in this fashion, the definition of a belief of the k-th order, for a generic k£ € N, can be

obtained by induction.

DEFINITION 1.1. Let I' = (F, (Af,uy : Ay x A_y — R) ;) be a game of complete information.
A function h = (hy) ;. and a sequence Z = (XpenZy,k) je o define a profile of belief hierarchies
defined on Z, if, for every f € F:

° Zf’l = A,f and hf’l eA (A,f);
o for every ke N \ {1}, Zf’k = Zf’k,1 X (Xjep\{f}A (Zf’kfl)) and hf’k cA (Zﬁk).

For every f € F, and every k € N, we endow Z;; with the associated product, and A (Zy )
with the resulting weak* topology. We let HJQ ‘= XgenA (Z’J?) be the space of all belief hierarchies
of f, and endow it with the associated product topology. It follows that Z;x, A (Zy ), and HJQ are
Polish. Recalling the notion of projective consistency given in Section 1.1.2.5, a belief hierarchy
hy € HY is said to be consistent if, for every k € N\ {1}, margy, , hyk = hyy. From now on,
we shall assume that, in every state of the world w € €, every player f € F' has a consistent belief
hierarchy. In this regard, we denote by H} C HJQ the space of consistent belief hierarchies of a
given player f € F', which is also Polish in the relative topology, that is, the topology inherited
from (H?,TH), where 711 denotes the product topology of HJ(?-. Consider a probability measure
s € A(Z} X (XjEF\{f}H]Q)) =A (A_f X Hgf); clearly, iy induces a hierarchy hy € H} of
consistent beliefs. Since belief hierarchies are rather sophisticated objects, it would be interesting
to understand whether the converse is also true, that is, when a consistent belief hierarchy can be
represented as a probability measure on A_y x H 0 - Indeed, in order to translate predicates such
as “player f believes that player j # f believes that player k£ # j plays action a;” it would be rather
convenient to work with a probability measure defined over the set A_; x (>< JEF\{ f}H]Q), which
is denoted as the extended uncertainty space of player f. Under the topological assumptions made
so far, as an application of the Kolmogorov extension theorem, Brandenburger and Dekel (1993)
generalize the results of Mertens and Zamir (1985) and show that for every f € F, there exists a

homeomorphism

Br:Hf = A(A_y x (Xjer\1 HY))
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such that for every k € N | marg, e By (hy) = hyr. Additional references on the construction of
belief hierarchies include Bége and Eisele (1979), Heifetz (1993), Heifetz and Samet (1998), and
Friedenberg (2010).

3.2. Types structures. Fix a game (F, (A, u;: Ay x A_; — R)f€F>, and consider a player
f € F,andlet uy = By (hy) be a probability measure py € A (A_f X HJQ) equivalent to a hierarchy
of consistent beliefs hy € H}, where HY = X scpHy. By construction, a generic belief hierarchy
for f may attribute a probability different from zero to belief hierarchies of the other players that
are not consistent. For this reason, we assume that, in all w € €, players have belief hierarchies
satisfying consistency and mutual belief in consistency. In general, we say that the player f € F
believes in the event E C A_ ¢ x H? ; under yiy € A (A_f X Hgf) if py (F) =1, and that hy € HY

satisfies common belief in consistency if, for I € N, hy € H }, where, for every | € N\ {1},

Hy = {hy € BV 8y (hy) (A-p % (<jemnHIT) =1}

In other words, every player holds consistent belief hierarchies, believes that the other players hold
consistent belief hierarchies, believes that every other player believes that everyone else has consistent
belief hierarchies, so on ad infinitum. To minimize technical jargon, and for reasons that will become
clear in a moment, this assumption is defined as common belief in consistency. That is, common
belief in consistency requires that every f € F' forms a belief hierarchy hy € Miew (13 H L and it is
again a minimum epistemic requirement since a player who does not contradict herself has no reason
to believe that her opponents would. Hence, the assumption that we shall maintain from now on is
that, for every f € F, belief hierarchies are restricted to those satisfying consistency and common
belief consistency, that is, f always hold a belief hierarchy hy € Hy, where Hf = H° N (ﬂleNH })
For every f € F, we endow H; with the relative topology induced by HJQ. We define H as the set
H := XfcpHy and endow it with the product topology, which is Polish (cf. Section 1.1.3). As
a result, Brandenburger and Dekel (1993) again show that, as an application of the Kolmogorov

Extension Theorem, for every f € F, there exists a canonical homeomorphism
ny - Hf — A(A_f X H_f)

such that, for every k € N, marg,  ny (h¢) = hy . In other words, B¢ is one-to-one and onto when
restricted to Hy. Hence, every 85 € A (A_y x H_y) is induced by one and only one belief hierarchy

h € Hythat satisfies consistency and common belief in consistency. Therefore, every set 1" such that
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T C H can be associated with a mathematical structure 7 = <F, (A_y, Ty, 77f>f€F>v where each
mapping 7y : Ty = A(A_y x T_y) is continuous and corresponds to a probability distribution on
the Borel o-field of A_y x T_ ¢, which we refer to as the extended uncertainty space of f. We refer
to 7 as an epistemic type structure for I', or a type structure for short, given its analogy with the
framework developed by Harsanyi (1967) for games of incomplete information. When I is equipped
with a type structure 7, we assume that 7 is common knowledge among players. Given a type

structure 7 = <F, (A_f,Tf,nf)feF> for T":

o ity € Ty is said to be type of f, and t = (tf)feF € T a profile of types or an epistemic state;

e an element (a,t) € A x T is identified as a state of the world as it provides with a full
characterization of the actions and epistemic state that may occur in the game;

e A x T is said to be the extended uncertainty space of the game;

o if, for every f € F, Ty = Hy, T is said to be the universal type structure of I', as it
contains all the hierarchies of consistent beliefs that satisfy the requirement of common

belief in consistency.

An epistemic model of I'; in which the game being played is common knowledge and no interpreta-
tional issues arise in relation to common knowledge and common belief, can always be obtained start-
ing from an epistemic type structure 7 = <F, (A_y, Ty, nf)f€F>, and identifying Q as Ax (X rcpTYy).
The identification of A x T" as §2 is a natural consequence of our assumptions on players’ knowledge
and consistency of beliefs, which ensure the existence of a bijection between the two sets preserving
payoff-relevant information. In fact, under the assumption of common knowledge of the game being
played and complete information, every pair w,w’ € 2 may differ only in terms of a combination of
the players’ actions, beliefs about actions, beliefs about beliefs about actions, and so on. In other
words, every state of the world induces an outcome of the game, although the same outcome may
be associated with different belief hierarchies, as, by assumption, there are no states of the world in
which the primitive components of the game are not common knowledge. For a rigorous proof of

these claims, see Tan and Werlang (1992) and Brandenburger and Dekel (1993).

3.3. Belief operator and common belief in type structures. Except for Section 1.4.4,
in the remainder of this thesis we always start from an epistemic type structure and identify A x T'
as the set of all possible states of the world. For this reason, in this section we revisit the belief

operator within the context of an epistemic type structure. Let I' = <F, GApup:A— R)feF> be
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a game and T = <F, (A_y, Ty, Bf)feF> be a type structure for I'. An event F is now defined as an
element of B (A x T'), where B(A x T) is the relevant Borel c—algebra. The type ty € Ty of player

f is said to believe in the event E_y if By (t7) (E_s) = 1, where
E_j=er\py (A xTj) © Ay x Ty

Accordingly, the belief operator for the player f, is defined as
Bf:A,fXT,f%AfXTf
E_j= By (E_y) = {(asts) € Ay x Ty : B (E_y) = 1}.

Given a state of the world (a,t) € A x T, the event E is said to be mutually believed if, for every

feF,Br(ty) (E_y) =1. Thus, the event “E is mutually believed" is B (E), where

B:2MT 5 AxT
E — B(E) = xferBy (Ey)

Let Ey, E1 be any two subsets of A x T'; the belief operator satisfies two important properties that

are easy to verify, monotonicity
Eo gEl — B(Eo) gB(El),

and conjunction

B(EyNE;) = B(E,) N B (Ey).

These properties are particularly relevant in the definition of mutual belief of kth-order in E and
common belief in E. The event “E is commonly believed” is defined as the set CB (E) = NenB* (E),
while kB (E) = M B' (E) is the event “E is kth-order mutually believed”. In other words, the
event E is mutually believed up to order k € N if everyone believes in E (B (E) = (B* (E)), everyone
believes that everyone believes in E (B (B (E)) = B*(E)), and so on, up to B* (E). Notice that the
interpretational issue discussed in section 1.2.2 does not arise in this context since, by definition,
types are belief hierarchies; see also Tan and Werlang (1992) for additional details. Finally, the
event“FE is transparent” is ECBE = ENCB (E), that is, for every (a,t) € ECBE, the event E is

true and commonly believed. We refer to Dekel and Siniscalchi (2015) for additional details.
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4. Epistemic analysis and solution concepts

Consider a static game in reduced form
I' = <F‘7 (,Af,uf : Af X A_f — R)f6F>

endowed with an epistemic type structure 7 = <F, (A_y, Ty, ﬂf)f€F>’ An outcome of I' is a profile
a € A of actions that can be observed in a play, that is, in a situation described by I'. For avoidance
of doubts, by a play we mean the simultaneous choice of actions made by the players. Without any
additional assumption on players’ behavior and reasoning process, a play may result in any arbitrary
outcome a € A. Thus, in order to characterize what can happen in the model, it is necessary to
endow I' with a solution concept, that is, a correspondence!® X : {A} = A restricting A to a subset of
possible outcomes. How do we choose which solution concept is more appropriate? Unfortunately,
there is no universal answer. However, given some intuitive notions of behavioral and epistemic
assumptions, we already noted that solution concepts can be obtained from the combination of
these two. Hence, the question reduces to which assumptions are appropriate to model a certain
social phenomenon of interest. As said, we argued in favor of behavioral assumptions that are
consistent with self-interested behavior, or rational behavior.

In general, a behavioral assumption BA¢ for the player f € F' is a condition that restricts the action-
type pairs of f to the set BAy = A x Ty, where A is a strict subset of Ay, that is, A} C Ay.
Notice the different use of characters to distinguish the assumption, denoted by roman BA¢, from
the corresponding restriction on Ay x Ty, denoted by italic BA;. Similarly, an epistemic assumption
EA¢ for the player f € F is a condition that restricts Ay x Ty to EAy = Ay x T} , where T} is
a subset of Ty. Evidently, behavioral assumptions restrict the actions that may be observed as a
function of players’ beliefs, whereas epistemic assumptions impose restriction on belief hierarchies,
that is, how strategic thinking unfolds in a play. Hence, a profile S = (BAy, EAf)feF induces a

solution concept, denoted by X,
2 {A}= A

A= projy ((xperBAf) N (xserEAf)).

HWe do not make the banket assumption that a game must have a unique solution for a given set of hypotheses on
players’ reasoning and behavior.
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An action pair (af,ts) is consistent with rational behavior if,

ay € argmaxa/feAf {EmargAifo(tf) [ua}} }
In this regard, the correspondence 7y,
rrrA(A_p) = Ay
[if = ATGMAX s ¢ g, {EM [ua},] },
is said to be the best-reply, or best-response, correspondence of f, as it maps a conjecture to the

corresponding set of rational actions. With abuse of notation, if, for every py € A(A_y), r¢ (uy) is

a singleton, we say that there exists a best-reply, or best-response, function
T A(A_f) — Af

py > LargmaxalfeAf{IEM [ua/f} },

where, for a generic singleton X, ¢tX denotes its unique element. The abuse of notation stands
clearly in the use of the same letter, that is, r, to denote both a single-valued correspondence and a
function returning its unique value. Since there is a clear isomorphism, such an abuse is legitimate
when the nature of 7, being a correspondence or a function, is evident from the context.

We denote by Ry the behavioral assumption that imposes the condition that the player f € F'is

rational; hence,
Ry ={(as,ty) € Ay x Ty ray €y (By (tf))}-

Every ay € proj, ; Ry is said to be justifiable. We denote by R the assumption that every player is
rational and by R the set R = X sepRy. Given that expected utility provides only an alternative
representation of consistent preferences, we view the assumption of rationality as almost tautological.
In addition, preferences may be extended to include psychological traits, such as guilt, envy, altruism,
etc. The vast literature in psychological games has shown that this is essentially equivalent to
extending the argument of players’ utilities to including the types of their opponents; see Genakopolos
et al. (1989), Battigalli and Dufwenberg (2009), and Battigalli et al. (2019) for a reference. For
reasons of space, we shall refrain from seeking this level of generality, which is nevertheless of a
certain relevance also for applications in finance. Generally speaking, we say that an economic
model is of rational choice if it consists of a strategic-form game equipped with a solution concept

consistent with R. In this regard, a solution concept X' for I is said to be supported by the epistemic
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conditions associated with the profile (EAy) ;. if there exists S = (R, EAy) ;- such that

Y. {A}= A
A proja (XperRy) N (XperEAy)).

Clearly, not every epistemic assumption is equivalently reasonable, so care is needed when taking
the indirect approach of specifying a solution concept and then looking for epistemic assumptions
that, coupled with the minimal behavioral requirement of rationality, result in the same solution
concept.

The most common epistemic assumption in epistemic game theory is common belief rationality
(CBR), which essentially aims to capture the players’ reasoning about the implications of their ra-
tionality in the absence of cognitive boundaries. Essentially, every player understands that everyone
else is rational and that everyone else can understand the same fact for her opponents, and continues
to iterate the implications of this type of reasoning ad infinitum, that is, performing countably infinite
reasoning steps. Formally, common belief in rationality amounts to imposing epistemic assumptions
such that, for every f € F, action-type pairs must be in the set B (Ry)N (ﬂkeN\{l}Bk (Bﬁ}l (R)))

By the monotonicity and conjunction properties of the belief operator, we have

Xfer (B (Ry) N (ﬂkeN\{l}Bk (Bﬁ}l (R)))) = x7erCBy (R_y) = CB(R),

see footnote 11 in Dekel and Siniscalchi (2015) for a proof. By rationality and common belief in
rationality (RCBR) we mean the collection of behavioral and epistemic assumptions that restrict
the set of states of the world A x T to the subset RCBR = RN CB (R). Notice that rationality is
transparent at RCBR , being true and commonly believed.

The epistemic assumption of common belief in rationality is based on two implicit axioms. The first
is that every player can perform “infinite strategic reasoning steps”, which is equivalent to saying that
players do not exhibit cognitive boundaries; rational players without cognitive boundaries are said
to be boundlessly rational. The second axiom is that players are willing to believe in the unbounded
rationality of their opponents. For this reason, RCBR is often considered the formal definition of
unbounded rationality, as it requires the highest degree of strategic reasoning about rationality and
mutual belief in rationality. Whether it is a sensible assumption in applications is, of course, up to
debate. Certainly, it represents a fundamental benchmark against which other hypotheses should

be tested or compared. However, in many applications, the introduction of cognitive boundaries can
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support the development of better and more realistic models of rational choice. There are many ways
to introduce cognitive boundaries and, given the relevance for the model presented in Chapter 2,
we limit the attention to bounded reasoning about rationality, see the introduction of Brandenburger
(2014) as well as Brandenburger et al. (2021) and Friedenberg and Kneeland (2024) for additional
references. Bounded reasoning about rationality amounts to fixing an integer m € N and imposing
the epistemic assumption that, for every f € F, Ty is restricted to projp, Miefm) B; (R—y). In other
words, bounded reasoning about rationality is equivalent to m-th order mutual belief in rationality
for some m € N. For this reason, rationality bounded reasoning about is generally denoted as
RmBR, and, given the particular choice of m € N, the resulting restriction on the set of states of the
world is denoted by RmBR, see also Brandenburger et al. (2020) for a reference. It is important to
stress that for a given game I', there might exist a type structure such that, for every m > k, k € N,
RmBR = RCBR. In such a case, it becomes impossible to distinguish whether a play conforms to
the hypothesis of rationality of common belief in rationality or RkBR. That is clearly a potential
empirical issue.

At this point, the definition of a static economic model should now be clear. The structure of
I" intends to describe the rules of the game and the preferences of the players, while 7 provides
a descriptive tool for strategic thinking; finally, to characterize a play, a solution concept can be
imposed, starting from (reasonable) behavioral and epistemic assumptions. In this regard, it is
important to recognize that every economic model is false by definition, as it does not exist as a
true entity in the objective reality. Yet, a model can be used to explain with a reasonable margin
of error certain patterns observed in reality. An open question is whether an economic model that
allows multiple outcomes is falsifiable. We are of the opinion that there is not a unique answer, and
much depends on the context. Rather, we strongly believe that economic models should be viewed
as simulation devices through which we can possibly generate artificial intelligence. In fact, solution
concepts, when properly designed, ensure that outcomes are the result of (more or less) sophisticated
strategic thinking and purposeful decision making. The remainder of this chapter is left to the

discussion of some notable solution concepts, starting from the ubiquitous Nash equilibrium.

4.1. Nash equilibrium. Consider a game I' = <F, (GApup A x A_y — R)‘f€F> endowed
with the type structure 7 = <F, (A_y, Ty, Bf)f€F>, and suppose that there exists one and only one

outcome consistent with RCBR, that is, proj ,RCBR = {a*}. In such a case, RCBR ensures that,
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for every player f € F,
ay €ry (5a>«_f) ,

where d4- A_; —[0,1] is the Dirac measure operator, that is, for a_; € A—f,

*

1 a_y=a
-f
ba , (a—y) =
0 a_y#a" -
In other words, if there is a unique outcome consistent with rationality and common belief in
rationality, then it must be the case that every player best-responds to a belief assigning probability

one to the actions taken by her opponents. That is, players are rational and their conjectures are

correct. To prove this claim, observe that 5aif € A (Ay). In addition, for every f € F', we have that
(ay,t;) € RCBR; = (ay,ty) € Bf (RCBR_y),
since, by the monotonicity and conjunction property of the belief operator, it holds that
By (RCBR._;) = By (R ;)N By (CBy (R)) = B (Ry) N (Meemy B* (B (R)) ) = CB (R).

As a result, for every (ay,ty) € RCBRy, fy (tf) ((projA_fRCBR) X Tf> = 1. Since, by hypoth-
esis, projRCBR = {a"}, it follows that marg,_ S (t;) = do+ . Finally, RCBR implies that, for
every f € F, (a?,tf) € Ry, that is, a} € 1y (margA_fo (tf)>. Therefore, for every f € F, we can
conclude that , a} € ry (6aif>

A Nash equilibrium is a profile of action a* € A such that, for every f € F, a} € 1y (5aif). In

other words, Nash Equilibrium is a solution concept
INE . fAy= A
A {a* V€ F, a} ey (8a, )}
In a Nash equilibrium, players are rational and hold correct conjectures in the sense that every player
assigns probability one to the profile of actions effectively played by her opponents. That, if a* € A
is a Nash equilibrium, there exists a type structure for I' such that a* € proj,RCBR. The proof of

this result will be provided in Section 1.3.4. We stress that a game may have more than one Nash

equilibrium, as is evident from the following example known as the Battle of the Sezes.
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EXAMPLE 1.2. Alice and Bob agreed to meet on a given day at 10 in the morning, but they do
not remember whether they agreed to play tennis or golf together. They cannot communicate with
each other, and it is common knowledge that tennis can be played only at a specific tennis club and
golf at a specific golf club. Alice and Bob also have the following preferences on the set of outcomes
resulting from their actions, that we restrict for both to go either to the tennis or to the golf club.
They both prefer outcomes in which they meet at the same club to those in which they do not meet
each other. However, Alice prefers to play tennis with Bob rather than golf, while Bob prefers to
play golf with Alice rather than tennis. This is clearly an example of social interaction that can be
described by a game in strategic form, which is known as a coordination game. For example, we can

model the situation involving Alice and Bob as a game

I' = (F = {Alice, Bob}, (Ay = {Tennis,Golf},uy : Ay x A_; — R)fe{Ah.ce Bob}>,

such that
UAlice - AAlice X ABob —R
1 AAlice = ABob = 1'€nnis
@90  Galice = aBop = Gol f
-1 A Alice 7é aBob
and

UBob : ABob X Aajice = R

1 G Alice = QBob = GOlf
ar—=40 GAlice = GBop, = Tennis

-1 aaice 7é A Bob-

We also note that I' could be represented graphically as in the table below.

Tennis (Bob) | Golf (Bob)

Tennis (Alice) (1,1) (-1,-1)

Golf (Alice) (-1,-1) (0,1)

Comparing the utility of different outcomes, we conclude that I" has two Nash equilibria, that is,

(aAtice = Tennis, apop = Tennis)
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and

(aAlice - GOlfa Apob = GOlf) .

We say that an economic model is an equilibrium model, or an equilibrium theory, if it is
equipped with the solution concept of Nash equilibrium. Most of economic theories that assume
rational behavior adopt an equilibrium approach; implicitly, implicitly, they rely on the epistemic
assumption of correct conjectures encoded in the definition. Such an assumption is often motivated
by rationality and common belief in rationality; see, for example, pp. 206 in Chapter 15 of Varian
(1992). However, this argument is not necessarily valid, as there may be non-equilibrium outcomes
consistent with RCBR. However, if proj, RCBR = {a*}, that is, there exists a unique outcome
consistent with RCBR, then it must necessarily be a Nash equilibrium. The popularity of equilibrium
theories is their simplicity, as they effectively assume that players face no uncertainty on the actions
taken by their opponents. In particular, equilibrium solution concepts are easier to test empirically
and the related statistical procedures are known as structural methods.

4.1.1. Nash equilibrium as a fized-point. We define as joint point best-reply (PBR) , denoted by
7, the correspondence

rT:A=Z A
a— Xferfy(ay),
where, for every f € F,
TriA_y = Ay
ay > argmax, ea, {us (ay,a—y)}.

In other words, 7 (a—s) returns the set of actions that are rational for f when f is certain. that
is, attributes probability one, that her opponent will play the profile a_y. As a result, a* € A is a
Nash equilibrium of T if and only if a* = 7 (a*). Hence, a Nash equilibrium (NE) is a fixed point
of 7. This observation suggests the application of fixed point theorems to prove the existence of
NE. In addition, it provides a possible justification for the choice of the word "equilibrium", which
in mathematics is often a synonym of fixed point. In this regard, it is important not to confuse
the concept of equilibrium in economics with the homonymous in natural sciences, which denotes a
steady-state of a dynamical physical system.

4.1.2. FEzistence of a Nash FEquilibrium and Mized Extension of a Game. The existence of a
NE for a game I' = <F7 (Af,up : Ay — R)f€F> should not be taken for granted. The following

proposition provides sufficient conditions.
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PropPoOSITION 1.3. Consider a game I’ = <F, (Apup t Ay x Ay — R)f€F> such that, for every

player f € F:

(1) Ay is a compact and convex subset of RY in the usual topology;
(2) uy is a continuous function on Ay x A_y, in the usual topology of RY ;

(3) uy if quasi-concave in ay € Ay for everya_y € A_y.

There exists a profile of actions a* € A such that, for every f € F, ay €7y (aif>. That is, " has

at least a Nash equilibrium.

PROOF. The proof is an application of the Kakutani fixed-point theorem; see Chapter 5 in

Battigalli et al. (2024a) for a reference. O

However, there are many examples of games that do not admit any NE, such as rock, paper,
scissors or matching pennies; see Osborne and Rubinstein (1994) for a reference and additional
examples. One way to overcome this limitation is to introduce a randomizing device for each player.
Evidently, this is equivalent to considering a new game with the same set of players but different
actions, which is denoted as the mixed extension of the original game considered. For space reasons,
we limit the discussion to finite games, that is, games in which not only the number of players is
finite, but also the action space of each player is finite, that is, [A¢| € N for every f € F. Namely,

for a given game I' = <F7 (Af,up: Ay — R)feF>, the mixed extension of I" is defined as,

= <F, (A (Af),l_tf : A(Af) X (XzEF\{f}A(A’L)) — R)f€F>’

where A (Ay) is the action’s space of a generic f € F, uy =3, c s us (ag,a—g) oy [Liep (4 -y (@)
and ay € A (Ay) for every f € F. The actions of the players in I are known as mized actions and
should not be confused with additional actions available in the original game I'. In particular, a
mixed action of the player f is interpreted as a data-generating process, or pseudo-random number
generators; see Section 1.1.6 for the related definition. In this regard, A can be embedded in
X rerA (Ay) using Dirac measures. Consequently, the set of Nash equilibrium points of I' can be
embedded in the set of NE of I'. Notice that the construction of preferences is rather arbitrary and
we should refrain from the temptation to attribute a precise epistemic interpretation. The relevance

of mixed extensions is provided by the following technical result.
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PROPOSITION 1.4. Consider a finite game T’ = <F, (Aj,up: Ap x A_p — ]R)feF>, and let

T = <F7 (A (Af) yUf A (Af) X (XieF\{f}A (AZ)) — R)feF>
be the corresponding mized extension. There exists a profile of actions o € X pepA (Ay) such that,

for every f € F. o} €7y (oz";f>. That is, T has at least a Nash equilibrium.

ProoOF. The proof is a special case of the more general result in Glicksberg (1952), which

provides a further generalization of the Kakutani fixed-point theorem. |

4.1.3. Mized Equilibrium. In reality, individuals do not make use of random number generators
to take actions. Hence, we may be tempted to conclude that mixed strategies are just a tanta-
mount to proving the existence of a NE. However, it turns out that there is a much more profound
interpretation of mixed strategies and Nash equilibria of I. This interpretation is central to the
identification of sufficient epistemic conditions for a NE outcome in the original game, other than
the questionable assumption of correct beliefs. The core idea is that a mixed strategy of the player
f could also be the conjecture of a player j # f on the behavior of f. This may suggest a broader
definition of NE, which we denote by mixed equilibrium, involving the conjectures of the players

rather than their actions. This intuition is actually a direct consequence of the following result.

PRrROPOSITION 1.5. Consider a finite game I’ = <F7 (Af,up : A x A_y — R)f€F>, and let

= <F‘7 (A (Af) yUf A(Af) X (XieF\{f}A(Az’)) — R)f€F>

be the corresponding mized extension and o € XrcpA(Ay) a NE of I'. For every player f € F,

o € argmax, caa,)lf (ap,a*y) < suppaj* Cry H o
JEF\{f}

PROOF. The proof is a direct application of Lemma 1 in Chapter 3 of Battigalli et al. (2024a),

which we refer to also for the related proof. O

The previous proposition shows that a** € x jepA (Ay) is a NE of T if and only if there exists

a profile of conjectures (u}*)f » € X rerA (Ay) in the original game I" such that for every f € F:
€

(1) :U’?* = H]’eF\{f} Ol;f*,
(2) supp oy Cry (u}*) .

This observation motivates the following definition of equilibrium beliefs, or mized equilibrium.
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DEFINITION 1.6. Consider a finite game I' = <F, (Af,up : A x A_y — R)f€F>. A profile of

beliefs a** € X repA(Ay) is a mized equilibrium of T if it is a NE of its mixed extension

= <F, (A (Af),ﬂf : A(Af) X (Xiep\{f}A(Ai)) — R)feF> .

As a bibliographical note, Nash (1950) introduced the definition of mixed equilibrium to deal with
games without Nash equilibria. To better understand the previous definition, consider two different
players, say f and j, and a third player k different from the previous two; with a few algebraic
steps, it is easy to show that marg,, u}* = marg,, p;* = of”. In other words, every two players
share the same conjecture about the behavior of a common opponent. Whenever this condition is
verified, we say that players’ conjectures are generated by the profile of beliefs o € X jepA (Ay).
In addition, the support of a}* includes only actions that f views as optimal in response to her
conjecture generated by o**. Since the set of Nash equilibria of I' can be embedded in that of T,
it follows that every NE of T is associated with a mixed equilibrium with deterministic conjectures.
Similarly, every mixed equilibrium with deterministic conjectures is a NE of I". Hence, a Nash
equilibrium can be equivalently defined as a mixed equilibrium with deterministic beliefs. As we
shall see in the following paragraph, viewing equilibrium concepts as restriction on players’ beliefs
rather than on their actions allows to establish deeper epistemic results.

4.1.4. Epistemic conditions for Mized Equilibrium. In his Ph.D. dissertation, John Nash moti-
vated the adoption of equilibrium as a necessary implication of the existence of a unique solution
for a given game (Nash, 1950). In short, Nash argued that since an external observer could have
predicted the outcome of the game, the same could have been argued for rational players, leading to
an equilibrium outcome. However, the possibility of multiple solutions and, in particular, multiple
Nash equilibria makes this argument quite fragile, despite its intuitive appeal. However, it did not
prevent economic theory from adopting, almost dogmatically, an equilibrium approach until the mid
80s of the twentieth century. As for every solution concept, we should provide robust motivation
based on explicit behavioral and epistemic assumptions. A trivial epistemic condition for a NE, at
least when it is unique, is the joint hypothesis of rational players and correct conjectures. However,
the epistemic assumption of correct conjectures is a shortcut, or perhaps even a circular reference,
to motivate a NE, in fact its definition. Assuming correct beliefs offers no insight into the players’
reasoning process. Whether there exist more primitive epistemic assumptions inducing correct con-

jectures is far from obvious, except for the case where RCBR is assumed and |proj 4, RCBR| = 1. For
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this reason, in the epistemic game literature, Nash equilibrium is sometimes defined as a restriction
on belief hierarchies rather than as a solution concept, equivalent to the concept of a mixed equilib-
rium given above. In such a case, there are well-known epistemic conditions. The idea of considering
the set of mixed equilibria, which embeds, if exists, also the set of NE, goes back to Brandenburger
and Dekel (1987b) and Tan Werlang (1988), and was later exploited by Aumann and Brandenburger
(1995), Polak (1999), and Perea (2007). Namely, in every finite game endowed with an epistemic
model in which the game being played is common knowledge, if, in a given state of the world, the
players are Bayesian rational, there is a common prior, rationality is mutual knowledge, and there
is common knowledge of conjectures, then the profile of players’ conjectures in the same state of the
world is a mixed equilibrium. Evidently, these conditions are rather strong (cf. Chapter 4 in Perea,
2012) and do not necessarily imply an NE outcome in the original game, unless the equilibrium
conjecture of every player is a point-conjecture. In any case, when multiple (mixed) equilibria exist,
their selection remains an open issue despite the large body of literature on the topic; for additional
details on equilibrium selection, we refer to the monograph of Harsanyi and Selten (1988). An

alternative epistemic characterization of mixed equilibrium is discussed in Section 1.4.4.

4.2. Rationalizability. In this section, we present one of the most relevant solution concepts in
game theory, namely rationalizability, which was originally developed by Pearce (1984) and Bernheim
(1984) in two seminal papers. In short, rationalizability consists in iteratively removing actions that
progressively become not justifiable. Our treatment of rationalizability follows Tan and Werlang

(1988), Epstein (1997), Arieli (2010), and Chapter 4 of Battigalli et al. In this regard, a game
I = <F, (Af,Uf : Af X A_f _)R)f€F>7

is said to be compact-continuous if, for every f € F, Ay is a compact and non-empty Polish space,
and uy is a continuous function on A = xycpAy when A is endowed with the product topology.
Notable examples of compact-continuous games are finite games, when the action space of each
player is endowed with the discrete topology, and games in which, for every f € F', Ay is a compact
subset of a common Euclidean space. We let K4, be the collection of closed subsets of Ay, and

define

(41) C:{CQQAZH(Cf)fngXfEFK:AfaC:XfEFCf}a
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as the collection of compact Cartesian subsets of A. Following Battigalli et al. (2024a), we denote

by p the rationalization operator, defined as
p:C—=>C
C = xgerry (A(C-y)).

For a given set C' € C, if a € p(C) , it must be the case that, for every f € F, there exists
a conjecture py € A(C_y) such that ay € 7y (pu—s). In other words, p(C) identifies the set of
justifiable action profiles if, for every f € F', conjectures are restricted to assign probability one to
C_y. It is immediate to verify that:

e VC eC\0 = p(C) # () (non-emptiness);

e C,C"eC, C'"CC = p(C") C p(C) (monotonicity).
Given a set C' € C, we also define p° (C) := C, and, for every k € N, p*(C) inductively as
ok (C) :==p (p’“’1 (C)) In addition, we define p™ (A) = Nrenp® (A) as the set of iteratively justifi-

able strategies.

DEFINITION 1.7. Let ' = <F, (Apup : Ay x Ay — R)f€F> be a game with cardinal payoffs.
A set C' C C is said to be a best-reply, or a best-response, set (BRS) if C C p(C). A profile of
actions a € A is said to be rationalizable if there exists a BRS set C' € C such that a € C. The set

of rationalizable actions is the union of best-response sets.

To understand the meaning of definition, suppose that a € A is rationalizable; since p(-) is
weakly monotone, for every k € N, we have a € p* (C) C p* (A). Thus, a rationalizable profile of
a can be justified at every iteration of the rationalization operator. In fact, we have the following

result.

PROPOSITION 1.8. Let I’ = <F, (Af,up : Ap x A_y — R)f€F> be a compact-continuous game,
and let p= (A) = Ngenp® (A).

(1) For every k € N, p* (A) is a compact and non-empty subset of A.
(2) p> is non-empty.

(3) An action a € A is rationalizable if and only if a € p> (A).

(4)

4) IfT is finite, there exists m € N such that p™ (A) = p™ 1 (A) = p™= (A).

PRrROOF. 1) Since A is non-empty and, for every f € F, ry (A) is non-empty, since f must at

least weakly prefer one action to the others available, we have p(A) = p! (A) is non-empty. By
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induction, it follows that for every k € N, p¥ (A) is a closed and non-empty subset of A, and since
A is compact, p¥ (A) is also compact. 2) For every k € N, p*+1 (A4) C p¥ (A), therefore, for every
I,m € N, pt (A) N p™(A) is a closed and non-empty subset of A. Since A is compact, for every
I,m €N, pt (A) N p™ (A) is compact and non-empty, therefore, by the finite intersection property,
Nkenp” (A) := p> (A) is non-empty. 3) Omitted for space reasons; see the Appendix in Chapter 4
in Battigalli et al. (2024a). 3) For the second part, assume that I' is finite. Since A is non-empty,
it follows that, for every k € N, p* (A) is non-empty. Since p is weakly monotone, it follows that
p> (A) contains at least one profile of actions. Therefore, the maximum number of iterations to

obtain p> (4) is m = [[;cp (|Af| = [proj;p> (A)[). As a result, p™ (A) = p™ T (A) = p> (A) O

It is important to stress that, for games that are not compact-continuous, the equivalence be-
tween the set of rationalizable strategies and p> is not granted. In fact, contrary to the belief oper-
ator, the rationalization operator does not satisfy the conjunction property. Although the monotone
property of p(-) ensures that p(p> (A)) C p™ (A), p>= (A) C p(p>(A)) is not necessarily true,
unless we consider compact-continuous games, and it is exactly for this reason that we can establish
the equivalence between the general definition of rationalizability above and p>°. The following
theorem, which is adapted from Werlang (1986) and Tan and Werlang (1988), provides necessary
and sufficient epistemic conditions for rationalizability in compact-continuous games. In particular,
if T is endowed with the corresponding universal type structure, p> (A) = proj,RCBR, that is, a
profile of actions is rationalizable if and only if it is supported by RCBR. Hence, rationalizability

can be seen as an algorithm to identify the set of outcomes consistent with RCBR.

PROPOSITION 1.9. LetT' = <F, (Afup : Ay x Ay — R)f€F> be a compact-continuous game.

fer
PP (A). If T is universal, for every k € NU {0}, proj, (REBR) = pk*1(A).

(1) Given a type structure T = <F7 (A_¢, Ty, By) > forT, for every k € NU{0}, proj 4, (REBR) C

(2) Given a type structure T = <F, (A,f,Tf,Bf)feF> for T, proj4 (RCBR) C p>® (A). IfT
is universal, proj, (RCBR) = p*> (A).
(3) Given a type structure T = <F, (A,f7Tf,ﬁf)f€F>, proj,RCBR is a BRS.

PROOF. Deferred to the Appendix to this chapter. O

The next proposition puts in relation Nash equilibrium with rationalizability. In particular, if

there is a unique rationalizable outcome, it must be a Nash equilibrium. In addition, we prove the
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claim made in the previous section that for every NE a* of I' there exists a type structure such that

a* € proj,RCBR.

PRrROPOSITION 1.10. Let ' = <F, (Af,up: A— ]R)feF> be a compact-continuous game.

1) a* is a NE of T if and only if {a*} is a BRS;

3

(1)

(2) Ewvery Nash equilibrium of T' is rationalizable.

(3) If T is equipped with its universal type space, if a* is a NE of T', then a* € proj,RCBR;
(4)

4) If p>= (A) = {a*}, then a* is a Nash equilibrium of T'.

PROOF. By the definition of joint PBR, a* € #(a*) <= a* € p({a*}). Therefore, a* is a
NE of T if and only if a* € p({a*}). Since a* € p({a*}) is equivalent to {a*} C p({a*}), we find
that a* is a NE of T if and only if {a*} C p({a*}). Hence, a* is a NE of " if and only if {a*} is
a BRS. It follows that, by definition of rationalizable outcome, every NE is rationalizable, since it
can be included in a singleton with the BRS. If T" is endowed with the corresponding universal type
structure, the set of rationalizable outcomes coincides with proj,RCBR, and, since every NE is
rationalizable, we have that every NE is consistent with RCBR. Finally, p>° (A) = {a*}, for every
JEF, a}€ry <5aif)v which is the definition of a Nash equilibrium. |

REMARK 1.11. There are many interesting games in which the action space is not compact,
utilities are discontinuous, or both. Under these circumstances, the set of rationalizable actions can
still be defined as in Definition 1.11. However, there is no guaranty that Propositions 1.12-13
hold.

4.2.1. Level-k thinking. An interesting application of the rationalization operator is level-k think-
ing (Nagel, 1995; Costa-Gomes et al., 2001; Crawford and Iriberri, 2007), a solution concept that
allows for irrational players and heterogeneous bounded reasoning about rationality. Consider a
finite game I' = <F, (Af,up : A= R) fe F>, equipped with a suitable epistemic type structure, and
suppose that A # p(A). Recall that, given a set X, a partition of X is a family of disjoint subsets
that covers X, in the sense that their union includes all x € X. Level-k thinking is a solution concept
defined as follows. First, the players are divided into k + 1, k € N | disjoint subsets of F, forming

a partition F = {F; : I € L}, where L := {0} U [k + 1]. Second, for every [ € L, A’ is set equal to
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P (A P\ L). Hence, level-k thinking is a solution concept
Ly :{A} = A
A ><feFP)\(f) (F),

where A : F — L, L = {0} U [k+ 1], maps f to the unique value of I € L such that f € F;. In
other words, level-k describes an epistemic state in which players are divided into several different
groups with different sophistication. Except for the players in group zero, which behaves in a naive
way, those in every other group [ € [k] behave rationally conditional on being certain to be the
most sophisticated players in terms of strategic thinking. By construction, such belief is necessarily
correct only for level-k players. Similarly to RkBR, level-k thinking describes a situation of bounded

reasoning about rationality, furthermore, with possibly irrational level 0 players.

4.3. Point-Rationalizability. A compact-continuous game
= <F, (Af,'LLf : Af X A,f d R)feF>

is said to be nice if, for every f € F, A is a closed and bounded interval of R and us (as,a_y) is
continuous on A = X jep Ay and quasi-concave on A_; (Moulin, 1984). Nice games are common in
several interesting applications, the most notable of which is certainly that of Cournot competition,
discussed below. They also have the nice property that the set of rationalizable outcomes can
be obtained considering only deterministic conjectures, that is, conjectures corresponding to Dirac
measures. In this regard, a profile of actions a € A is said to be point-rationalizable if a € r*° (4) :=

Nkent® (A), where r! := r is the joint PBR function of I, and for every k € N, r*T1 (4) = r (r* (A)).

PROPOSITION 1.12. Let T = (F, (I, 1uf) o s ) be a nice game.
(1) For every k €N, a € vk (A) = pF(4).
(2) a€r®(4) < p>(A), that is, a profile of actions a € A is rationalizable if and only if
a 1s point-rationalizable.
(3) If T is equipped with its universal type structure, every k € N, proj ,RkBR = #¥ (A) and
proj,RCBR = 7> (A).

PROOF. The proofs of the first two points are straightforward but tedious and can be found in
Chapter 4 of Battigalli et al. (2024a). See also Moulin (1984) for the original proof of the result and

the related discussion. The third point follows from the second and Proposition 1.13. O
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REMARK 1.13. In general, the results of Proposition 1.16 cannot be extended to the case
where A is the product of compact subsets of RY where L is a finite set with at least two elements.
In other words, the equivalence between rationalizability and point-rationalizability breaks when
the action’s space of at least one player has more than one dimension. See Zimper (2006a) for a

reference.

A nice game is said to be symmetric if the players have the same set of actions (Ay = Ay) and
have symmetric utility functions. Every nice symmetric game has a symmetric Nash equilibrium,
that is, there exists an action aj € Ao such that af € r ({ag}jeF\{f}) for every f € F.'2 As a
corollary, if a nice symmetric game has a unique rationalizable solution, it must be a symmetric

Nash equilibrium.

EXAMPLE 1.14. An interesting application of point-rationalizability is found in static games
of Cournot oligopolistic competition. The model presented is adapted from Boérgers and Janssen
(1995), and additional details can be found also in Chapter 4 of Battigalli et al. (2024a). There are
n € N identical companies, or firms, indexed by f € F, F = [n], each producing the same god and
with the same production function. The products produced are sold on a common market at the

, Ci—o‘é] is the quantity

price p (¢q) = max{(),a — % ZfeF qf}, where, for every f € F, qr € Qf = {0
produced by f and ¢ = (qf)fGF' For every f € F, producing gy entails a cost of %q?, therefore,
given the quantity produced by the other firms g_¢, f obtains a profit equal to

] 8\ 4 8
c aqr = 57 2 jer (s G — (C+ E) T A>3 ) ey
s (a5,a-5) = play,q-5) a5 — 595 =

8
—545 a< 30> rerds

Setting Q = X serQf = {0, %‘1} , it is immediately verified that 7; (¢s,¢— ) is continuous and quasi-
concave in ¢r € R for every ¢_y € Q_y. We assume that the utilities of the companies are equal
to their respective profits, obtaining a nice game I'y := <F, (Qr, 7y (gy, q_f))f€F>. By Proposi-
tion 1.16, the set of rationalizable actions coincides with that of point-rationalizable actions. The

n
joint point best-reply function, 7 : (#f (q_f))feF — {0, %’1] , is obtained from the point best-reply

2x
7r(g—r) = max < 0, min —r), ,
7 (g-1) { {(]0((] ) c+§}}

12For a more rigorous definition of a symmetric game and the proof of the previous claim see Section 5.2 in Chapter
5 of Battigalli et al. (2024a).

function of each firm f,
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where ¢o (¢—y) is the unique solution of %W (x,q—5) = 0, that is, qo (g—5) = ﬁ — 'ijEF\{f} q;
B
where v := % and cf 7 is the optimal production level under monopolistic competition. Since

n

o (g—y) strictly decreases in ¢; for every j € F'\ {f}, it obtains a maximum at ¢_; = (O)jeF\{f},

. To make the analysis the most interesting, assume that ﬁ <

that is, max,_,eq_; qo(q—f) =

o
c+%
'yci—o‘ﬁ, so that a firm conjecturing that all its competitors are operating at monopolistic capacity, if
rational, decides to remain inactive. In this case, 7 (¢—f) = max {0, ﬁ — ’Yzjep\{f} qj} and

XfEF":(Q) = Oa

c+ 2

n

Let ¢* = min {f’} Q) : fe F} and §* = max {f’} Q): fe F}, respectively. Since, for every

f € F, and every j € F\ {f}, 7y (q—y) strictly decreases on Q;, we have, by induction, ¢* =
B zk—1 B k—1
a  _ 24 —k _ o _ 32nd : : :
max {0, ) p:; } and §" = max {O7 p: ) } Therefore, if v > 1, we can easily verify

that 7#(Q) = 7 (7 (Q)) and every profile of actions ¢ € @ is rationalizable. In contrast, if v < 1,
there is a unique rationalizable outcome. To see this, observe that v < 1 implies that, for every

ke N\ {1}, gk = 2 47" ' < -2, and, consequently,

c+§ c+%
k+1 (e k
a N e A
7 25 —y 0 7"

Proceeding by recursive substitutions, for every k € N\ {1}, we obtain

k ﬁ Z;c:o (—W)k kis odd

¢ =
¢! k is even,
and,
7 = fg Yo (=) ks even
7" k is odd.
a 1

Since v < 1, we also have limg_, gk = limy_ oo ak = that is, the set of point-rationalizable

e+ 8 14y

At) )
o B 4 B ’
C+%+§ feF

Therefore, we conclude that I' has a unique rationalizable outcome if and only if v < 1.

outcomes shrinks to a singleton

«a 1 «a 1
c+B1+y c+ 814y

7 (Q) = X fer
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4.4. Correlated equilibrium. Consider a game

r= <F7{9}7(Af)fagv(Uf:Y_HR)fEF>

in which every player has a finite set of actions, that is, for every f € F', |A¢| € N and let

g= <Fa {9}’Qa(lcf)feF’(Bf)feF7(Uf)feF>

and F = (F,Q, (Pf)feF , (pf)f€F> be, respectively, the corresponding epistemic model and Bayesian
frame. Suppose that G is consistent with CKT', and, for every f € F, let uy := Uy o g . Since there
is a unique state of nature, SYM is necessarily verified and we obtain a finite game of complete
information,
(F,(Af up s XpepAp = R) ¢ o).

If  is finite, there exists a common prior ¢ € A (Q2) and, for every w € Q, every f € F is Bayesian
rational at w, the ordered tuple (2, ¢, (Pf)feF , (Uf)f6F> is said to be an objective correlated equi-
librium of I'. That is, (Q,q, (Py) feF (o) fe ) is an objective correlated equilibrium if, for every
we N ,every f € F and every ay € Ay,

Y prw {0 (W), 0-f (W) =

W P (w)

Mu of(w),o_ (' Mu ar o (o
Ly e W2 5 T o )

= > prw {whuslag,o 5 W).

w/' €Pf(w)

Hence, if (£, ¢, (Pf)feF , (Jf)f€F> is an objective correlated equilibrium, it must be the case that
for every f € F and every ay € Ay,

Do aw) (whug (o5 (W), 05 (@) = Y a(w) ({wh) us (ag,0-5 ().

wen wen
Our definition of an objective correlated equilibrium is based on the equivalence result with the
original of Aumann (1974) provided in Aumann (1987). Strictly speaking, an objective correlated
equilibrium is a joint restriction on the set of states of the world and the players’ beliefs, and not a
solution concept; see also Chapter 3 and Chapter 5 in Osborne and Rubinstein (1994) for a reference.

A common prior can be interpreted as a "probabilistic theory" on the possible outcome of the game
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that the players share before the game is played. By definition, an objective correlated equilibrium

requires that:

(1) ex-ante, that is, before playing the game, every player has a plausibility order on the (Borel
field of) © which is equivalent to g;

(2) once players obtain their knowledge and form their beliefs, the so-called interim phase of
the game, there is no state in which at least one player behaves irrationally from a Bayesian
perspective;

(3) rationality is commonly known and believed.'3

Clearly, the ex-ante and interim phases are only metaphors, as in a static game everything happens
simultaneously. Knowledge, beliefs, and actions manifest all at the same time, as every state of the
world is, by definition, a full description of one of the possible outcomes of the situation of interest,
and there is no actual ex-ante phase in which the players discuss what may happen in the game. It
is immediate to show that every mixed equilibrium a** € X ;epA(Af) of I can be obtained in an

objective correlated equilibrium such that:

e the set of states is (isomorphic to) A;
e ¢ is such that for every a € 4, ¢ ({a}) = Hsera}* (a—y) (prior independence);
e there is no state of the world in which at least a player can exclude, based on her knowledge,

any profile of actions of her opponents.

As argued in Brandenburger and Dekel (1987b), this result, which is rather easy to prove (see Chap-
ter 3 in Osborne and Rubinstein, 1994), provides an epistemic characterization of mixed equilibrium,
which is closely related to other results in the literature. In this regard, if we remove the requirement
of a common prior, the ordered tuple (€2, (Pf)feF , (O’f)feF> is said to be a subjective correlated equi-
librium if for every w € Q, every f € F is Bayesian rational at w.'* That is, (£, ¢, (Pf)feF , (Uf>feF>
is a subjective correlated equilibrium of I' if, for every w € 2, every f € F and every ay € Ay,

Yo pr@ e Duslop@),op (W)= Y pr(w) (WD ug (a5 (W),

w'€Ps(w) w'€Ps(w)

I3Recall that if an event is true in every state of the world, then it must be commonly known. Since we required qual-
itative beliefs to be consistent with information sets, hence with knowledge, and quantitative beliefs to be consistent
with qualitative beliefs, the result follows.

1A umann and Brandenburger (1987b) refers to an a posteriori equilibrium. Their definition of objective and sub-
jective correlated equilibrium are slightly more general, as they rely on a weaker notion of rationality that applies to
an hypothetical ex-ante phase of the game as in Aumann (1974). We followed the definitions Dekel and Siniscalchi
(2015) and avoided this additional complication.



5. AGGREGATIVE GAMES AND COMPETITIVE EQUILIBRIUM 64

By definition, a subjective correlated equilibrium requires "only" that in the interim phase of the
game players never behave irrationally, and, therefore, rationality is commonly known and believed
in every state of the world. From the previous observations, it is possible to show that there exists a
subjective correlated equilibrium of I' such that, for every f € F, proj,, RCBR = oy (Q). Similarly,
for every subjective correlated equilibrium and every f € F, oy (2) C proju ;RCBR. Both results

are due to Brandenburger and Dekel (1987b), although with a slightly different original formulation.

5. Aggregative games and competitive equilibrium

Let I = <F, (Af CR up: A— R) > where J is a finite set. If, for every f € F, there exist

fEF

a function vy € Ay x R and vy € R, Gy € R/*! such that, for every a € A,
uy(a) = vy (ap,vy + Gya),

I is said to be quasi-aggregative. Furthermore, if there exist 1y € R” and Gy € R7*! such that, for
every f € F, vy = 1y and Gy = G, I is also said to be aggregative. Prominent examples are, among
others, the model of Cournot oligopolistic competition (cf. Section 4.7 in this chapter), investment
games (cf. Section 2 in Chapter 2), network games with linear best-replies (cf. Section 2.4in
Chapter 2) as well as many trading games, of which notable examples are Shapley and Shubik
(1977), Dubey and Shubik (1978) and Sahi and Yao (1989). Aside from their general interest, the
structure of these games is intrinsically connected with the model analyzed in Chapter 2. In this
regard, the purpose of this section is not to describe the properties of these class of games, but to
characterize the notion of competitive equilibrium (CE) as a solution concept for aggregative games,
which is closely related to that of Walrasian Equilibrium in General Equilibrium models. In this

regard, for every f € F, we introduce the function
II; : A= R
a— vy + Gya,
and define a competitive equilibrium as a pair (a**,p**) € A x R’ such that:

(1) for every f € F, ay € argmax,c 4 Uy (af,p}*>§

2= (1 (03),,

In other words, for every player f, a}" is rational for f when f is certain that her opponents will

choose a profile a_ ¢ such that v;+G¢ (a;‘c*, a_f) = p**. In other words, in a competitive equilibrium,
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every f € F'is certain that her choice does not affect the realized value of Gsa. In this regard, observe
that, if, for every f € F, Gy (f, f) = 0, the players are always correct in conjecturing that Iy does
not depend on ay. Consequently, in this specific case, it is immediate to verify that a** is a NE of I"
if and only if there exists p** € R” such that (a**,p**) is a competitive equilibrium of I'. Otherwise,
the set of Nash and Competitive equilibria may be different and also have an empty intersection.
To clarify this aspect, consider again the standard model of Cournot competition discussed in the
previous section. In an interior competitive equilibrium, we see that every firm f € F invests up to

ok

the same level ¢3* which is the solution of the first order condition

c

a% (qu - quc) =0,

* ok

that is, ¢§* = %, and, by aggregate consistency, p** must be the solution of p** = a — g"ﬁc ,

ac
c+§

obtaining p** = (aggregate demand at p**). Consequently, ¢;* = which is different from

_a
c+§ ’
the corresponding NE level,

!

for every n € N. However, for a sufficiently large value of n, the difference between ¢j and ¢3* is
negligible; therefore, in games with a large number of players, a competitive equilibrium may be in
fact a good approximation of the corresponding NE. Such an approximation is attractive for two
reasons. On the one hand, it avoids discussing strategic effects, viewing individuals at IT—takers (e.g.;

price-takers consumers or firms). On the other hand, for large games, it might be computationally

harder to compute NE rather than CE.

6. Conclusion

In this chapter, we provide a formal definition of a static economic model and its components.
Considering the case of complete information, we reviewed the construction of a universal type
structure @ la Mertens and Zamir (1985), following the approach of Brandenburger and Dekel (1993).
We discussed the notion of Nash equilibrium and its epistemic limitations. We also reviewed the
solution concepts of rationalizability and showed its relation with the joint behavioral-epistemic
assumption of rationality and common belief in rationality, a milestone of game theory due to Tan and
Werlang (1988). Using the equivalence between rationalizability and point-rationalizability in nice
games of complete information, in Chapter 2 we study rationalizability in network games with linear

best-replies and, particularly, in a strategic version of the celebrated Investment CAPM (Zhang,
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2017). The construction of a universal type structure, as well as the definition of rationalizability
and its relation to RCBR, extend seamlessly to games with payoff uncertainty, and are discussed
in Chapter 3, in which we also review General Equilibrium models and Walrasian Equilibrium
(WE). Nevertheless, the actual purpose of Chapter 3 is to identify sufficient epistemic conditions
to observe WE prices in a trading game describing an auction with limit orders and price priority
for financial assets. Despite the theoretical nature of this thesis, many empirical considerations
emerge from the discussion of the results obtained. In this regard, we would like to conclude this
chapter with the following remark. Despite the fact that most of the actual economic phenomena
are dynamic, nothing prevents us from assessing whether a theory emerging from a static model may
provide useful insights. This is a far-from-obvious aspect that is too often neglected. A good model
provides a falsifiable prediction that is not contradicted by the data, as well as a reasonable and
intuitive explanation for the phenomenon being studied. Whether its primitive description adheres
only partially to reality is of secondary importance and should not be the primary metric for judging
the scientific or practical utility of a model. In fact, a model is false by definition; only the reality

is "real".
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APPENDIX TO CHAPTER 1 72
Appendix to Chapter 1
PrOOF OF PROPOSITION 1.13. The proof is adapted from those of Theorem 5.1 and 5.2 in
Tan and Werlang (1988) and is also based on the results of Brandenburger and Dekel (1993) and
Friedenberg (2010). The only difference is that we allow for arbitrary type structures, while Tan
and Werlang (1988) consider the case of a universal type structure.
The assumption of a Polish and compact action space ensures that a universal type structure exists,
which includes any subset of hierarchies of beliefs satisfying the requirement of consistency and
common belief in consistency. For every f € F and every TJ’c C Ty, the image set of T' } through
margAffﬂf, that is, margAffﬂf (T}), is the set of conjectures of f’ induced by a type in t¢ € TJ’c.
In addition, observe that, for a given topological space (X, ), if Dy, Dy are Borel subsets of X,
Dy € Dy = A(D;1) C A(Dy) in the relative topology.

Recall that for a given player f € F,
Ry = {(af,tf) € Ay xTy:3py € margA_fﬁf (Ty),ar €1y (,uf)}.
By construction, 8 (Ty) C A(A_f x T_y), therefore,
marg, By (Ty) Cmarg, A(A_yxT_5) CA(Ay),

which implies that proj,, Ry C py (A_y). However, if T is universal, for every p € A (A_y), there

exists ty € Ty such that marg,_ By (1) = piy, and therefore
margy By (Ty) =margy, A(A_pxT_ ) =A(A_y).

Consequently, therefore proj 4R C p(A), or equivalently, proj ,RCBR° C p(A), holding as equal if

T is universal. Next, we claim that, by induction, for every k € N,
proj,REBR C p**' (4),
holding as equality if T is universal. Since this holds for every player f € F', we conclude that,

proju R € p(A),
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holding as equality if T is universal. We claim that, by induction, for every k € N,
proj, (R (k) BR) C p"** (4),
holding as equality if 7 is universal.
e (Basis step) Set k = 1. Recall that ROBR := R, and consider the event
RIBR=RNB(R) = Xser (Rf N By (R—y)).

For a given player f € F, let T} = projy, (RN B(R)) = projy, (Ry N By (R-y)), and

notice that
By (Tf) = {07 € By (T) :Vj € F\{f} .07 (R—;) =1}.
Therefore, marg,_ By (T}) C {u eA(A):pu (proinfR) = 1}, holding as a strict equal-
ity if 7 is universal. Recalling that,
pi(Ay) = {af €Ap:3up el (P (A)_f) yar €1y (Mf)} ,
we conclude that A (proj 4 fROBR> C A(ps(A_y)), holding as equality if if 7 is univer-

sal. Consequently,

projs, (Ry N By (R-p)) € ps (p(A)_;).

holding as equality if 7 is universal. Since this holds for every f € F, we can conclude
that proj, RCBR! C p? (A), holding as equality if 7 is universal.

e (Induction step) Fix k € N\ {1}, suppose that proj,R (k — 1) BR C p* (A), holding as
equality if 7 is universal. Consider the event RkBR = X rer (Ry NkBy (R_ys)). By the
conjunction property of the belief operator, we have that, for every k € N\ {1},

RkBR =RNB (RN (Mieje—11B (R))) =
RNB(R(k—1)BR) = X feF (RfﬂBf (R (k- 1)BR_f))
A proof of the previous claim can be easily adapted from footnote 11 in Dekel and Siniscalchi

(2015), and is omitted for reasons of space. For a given player f € F, define ij as,

T = projr, (RNCB (R (k—1) BR)),
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and observe that
B (TF) = {67 € B (T) : 65 (R(k — 1) BR_y) = 1}.
Since

Py (Ay) = {af €Ay:Jup €A (Pk (A)—f) ,ap €1f (Mf)},

and, by hypothesis, proinfRCBR’i}l C p* (A)_f, holding as equality if 7 is universal,
we can conclude that A (proinfRC’BRli}l) CA (pk (A)_f>, holding also as equality if

T is universal. Consequently,

projyu, (Rf N By (R (k—1) BR}E}l)) C py (Pk (A)ff) )

holding as an equality if 7 is universal. Since this holds for every f € F', we conclude that
proj,RCBR* C p**1(A), holding as an equality if 7 is universal.
As a consequence, since p(-) and B (-) satisfy monotonicity and conjunction on their respective

domains, and, for every | € NU {0}, proj,RIBR C p'*! (A), we also have that, for every k € N
proj 4 REBR = proj, [RN (N B (R))] C Nicppyp® (A),

holding as equality if 7 is universal, since, in that case, for every | € NU{0}, proj 4 RIBR = p'T! (A).

Hence, by the finite intersection property,
proj,RCBR = proj 4 [RN (MienB' (R))] € Mienp” (A) = p™ (4),

holding as equality if 7 is universal, since, in that case, for every k € N, proj,RkBR = ﬂle[k]pk (4).
Since A is compact and, for every f € F, uy is continuous, by Proposition 1.12 we have that a
subset of A C p™ (A) if and only if is a BRS. Since proj 4 RCBR C p*> (A), we have that proj 4 RCBR
is a BRS. ]



CHAPTER 2

Rationalizability in Investment Games

1. Introduction

In this chapter, we study rationalizability and bounded reasoning about rationality in a game-
theoretic formulation of the static Investment CAPM (Zhang, 2017). Despite its simplicity, the
static investment CAPM motivates the g-factor model (Hou et al., 2015), which outperforms the
traditional Fama-French (Fama and French, 1993) and the Carhart-Fama-French (Carhart, 1997)
factor models in cross-sectional regressions of stock returns. As with many economic theories, the
Investment CAPM has its own limitations. First, being a Walrasian equilibrium model, the In-
vestment CAPM is axiomatic in the sense that no motivation is offered for assuming competitive
equilibrium behavior in the specific situation of interest. Second, the Investment CAPM predicts a
perfect relation between stock returns and marginal returns on assets, as well as a perfect linear re-
lation between Tobin Q and investment rates with unit intercept. Considering characteristics sorted
portfolios, a vast literature has tested the validity of these relations, with mixed results. Liu et al.
(2009) showed that the Investment CAPM holds in the cross-section of stock returns but fails in the
time-series, a finding that has been recently confirmed in Belo et al. (2024) with methodological
improvements, while Belo et al. (2013) showed that it holds simultaneously both in the cross section
of stock returns and valuations (Tobin Q). Nevertheless, the estimates for the parameter governing
investment adjustment costs are unstable, depending on the specific factor used to sort stocks, and
are likely to overestimate the size of investment adjustment costs (i.e., they are too high). Goncalves
et al. (2020) introduces capital heterogeneity and improves certain methodological aspect, and show
that both issues become less severe; yet, the explicative power of the Investment CAPM in the time-
series of returns remain considerably worse than in the cross-section, and far from the levels obtained
for the time-series of valuations. In this regard, Belo et al. (2002) show that the introduction of
capital heterogeneity is sufficient to obtain a very good performance of the Investment CAPM both
in the cross-section and time-series of valuations. In short, a puzzle emerges as production based

asset pricing models seem to explain valuations, both cross-sectionally and in the time-series, but
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not the time-series of portfolio returns.

The purpose of this chapter is to address both the theoretical and empirical issues of the Investment
CAPM using the tools of epistemic game theory. We consider a static investment-based asset pricing
model, with a unique productive asset and a linear stochastic discount factor (SDF), formulated as
a static game in which the payoffs of Bayesian firms are set equal to the financial value created
for their shareholders. We refer to this framework as an investment game, which is presented in
Section 2. Despite we allow firms’ assets to obtain random payoffs in the future, if the stochastic
discount factor is common knowledge among firms, an investment game is i) of complete informa-
tion, ii) compact-continuous, iii) nice, and iv) a network game with linear best-replies (Bramoullé et
al., 2014). In Section 3 we study rationalizability in network games with linear best-replies, as, in
sufficiently rich epistemic type structures, an outcome is rationalizable if and only if it is consistent
with rationality and common belief in rationality. We provide necessary and sufficient conditions for
the existence of a unique rationalizable outcome and, in Section 4, we apply the results obtained to
investment games. In this regard, if the number of firms in an investment game is sufficiently large,
the sufficient conditions identified ensure that RCBR yields a Nash equilibrium that is basically
indistinguishable from a competitive equilibrium. In other words, we provide sufficient epistemic
conditions for the Walrasian equilibrium of the Investment CAPM to hold with an arbitrary ap-
proximation. In Section 5 we address the empirical puzzles of the Investment CAPM by departing
from the epistemic assumption of common belief in rationality among firms, which in large games
may be too demanding in terms of required reasoning skills. To do this, we replicate the behavior
of an econometrician estimating the Investment CAPM with the Generalized Method of Moments
(GMM) on simulated data consistent with the assumption rationality and mutual belief in rational-
ity (i.e. first-order belief in rationality), which is the most extreme form of bounded reasoning about
rationality. We use a pseudo-random numbers generator to jointly simulate the firms’ conjectures
and the future productivity of their assets. In particular, conjectures are simulated with a procedure
reminiscent of level-k thinking (Nagel, 1995; Costa-Gomes et al., 2001; Crawford and Iriberri, 2007).
Calibrating the model to the top one thousand companies by stock market capitalization listed on
U.S. markets, with the exclusion of Financial, Real Estate, and Utility firms, we obtain a simulated
Monte Carlo distribution for the returns and characteristics of value and size sorted portfolios, both
built as in Fama and French (1993). Our simulations provide very realistic stock market returns,

while generating a low T'S — R2 for the relationship between stock and investment returns and a
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high T'S — R2 for that between stock and investment valuations, consistent with the findings of Belo
et al. (2024) and Belo et al. (2022), respectively. The reason for this apparent puzzle is that firms
often fail to align their expected marginal return on assets with the actual cost of capital. Despite
this bias, firms with higher expected profitability invest more and vice versa, and, since the model
generates an actual cost of capital which is similar across characteristics sorted portfolios, Tobin
Q appears basically linear in investment rates. Since firms are rational, they invest only if their
perceived Tobin Q is greater than one. Consequently, a regression with fixed unit intercept of Tobin
Q on investment rates has a very high R-squared, that is, a high 'S — R2. However, we also find that
the parameter controlling investment adjustment costs is overestimated to any reasonable degree of
confidence. In addition, several firms, particularly value and small companies, overestimate their
cost of capital, consistent with surveys on capital budgeting practices (cf. Graham, 2022). Since the
calibration of the model implies the existence of a unique rationalizable outcome, our simulations
suggest that including bounded reasoning about rationality is a promising direction to explain the
empirical puzzles documented in the literature; to put it in the words of Lu Zhang (2025), "firms
seek value via heuristics”. Adopting an epistemic game theoretical approach, we show that a bridge

between traditional (i.e. neoclassical) and behavioral finance is possible and advisable.

2. Investment Games and Network Games with Linear best-replies

2.1. Investment Games. In this section, we consider a version of the static Investment CAPM
(Zhang, 2017), formulated as a static game with cardinal payoffs, which we denote as an investment

game. Namely, an investment game is an ordered tuple

<F7X7Y7 (If)feFaga (Uf)f€F>a

where:

F is a finite set of players;

X is the set of possible states of nature;

I is the set of actions available to the player f € F}
e Y = R¥ is the set of relevant consequences for the players;

e g: xserply = Y is the consequence function;

Uy is the cardinal utility function of the player f € F.
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Every investment game G is endowed with an epistemic model consistent with CK G, that is, we
assume that it is common knowledge among players that the game being played is G, as well as with
a suitable Bayesian frame. Therefore, having assumed that the consequence function is unaffected by
the state of nature, we can represent an investment game as a static game of complete information

in reduced form
I'= <F7 (If,’LLf = Uf Og)f€F>

that we equip with the corresponding universal type structure.

2.1.1. The players and their actions. An element f of F is understood as the manager of a
company, or firm, which, with abuse of language, is identified with the company itself. The set of
actions available to a company f € F is Iy = [0,4y], where iy is a positive real number. An element
iy € Iy is understood as the total productive assets of the firms; we also refer to iy as the investment
level or production capacity of f. The action space of the game is I = X cpls, endowed with the
usual topology of RF. There is a unique type of productive assets, which is perfectly divisible and
can be purchased at the price of one dollar! per unit. Each f € F is endowed with an amount of
cash ey to purchase productive assets; the initial endowment of productive assets is zero for every
firm. For every f € F, the total expense in dollars to install i; units of productive assets is equal to

2

0 .
L g % corresponds to accessory costs, also known as

iy + %fi?c, where 6y > 0 is a constant; the term -
investment adjustment costs, in which f incurs to install 7¢ units of productive assets. We assume
that companies have no access to capital markets in ¢, and that, for every f € F, ey is large enough
to support the installment of i; units of productive assets, namely, ef > iy + %ff?. We also denote
by n € N the number of firms in the game, that is, n := |F|. For convenience, we denote by ¢ the
exact instant at which firms choose simultaneously their respective investment levels, that is, the
moment when the particular situation described by the game takes place. An outcome of the game
is a profile of investments ¢ € I.

2.1.2. Consequences and preferences. The situation described by the model is the firms’ si-
multaneous choice of their respective investment levels. However, this does not exclude modeling
consequences and payoffs as if there were common knowledge of other exogenous events taking place

afterwards. In particular, we assume that there are dates t’ and t”, ¢’ < ", denoting, respectively, the
time at which trading in the firms’ shares takes place and the time at which firms are liquidated and
IWe use the term dollar to denote an hypothetic currency. However, the introduction of a currency is not strictly

necessary. In this regard, notice that, having set the price of productive assets equal to one, it would be equivalent to
assume that productive assets serve as numéraire.
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the corresponding proceeds are distributed to shareholders. In this regard, the set of consequences is
Y = R¥ with the typical element y = (yf)fGF’ where y¢ is interpreted as the cum-dividend market
value of f in t. We also refer to ys as the shareholder value of f, which is the sum of dividends paid
in ¢ to shareholders and the market value of their shares in '.2We assume that every firm f € F has
preferences over lotteries on Yy, described by a linear and increasing utility function Uy : Yy — R.
That is, every company is a risk-neutral Bayesian decision maker that benefits from the financial
value created for its initial investors (i.e those invested in the company at date t). For the sake of
clarity, we stress that shareholders, or investors, are exogenous in the model; in investment games,
the players are firms.

2.1.3. The consequence function. The consequence function of the game maps every profile of
actions into the corresponding consequence for the players, hence, in an investment game, it describes
how the firms decisions affect their respective shareholder value. We let X be a compact subset of
R in the usual topology, that is, X C X jer [0,Zf] where Vf € F, Z; € R;. Firms are assumed
to be listed on a perfectly competitive financial market,® and, in ¢’ the ex-dividend market value of
[’s is assumed to be equal to py (ig,i—y) = [ m(x,i) zpipdn (7),* where 7 € A (X) is interpreted
as the common prior on X of the investors trading in firms’ shares at date ¢. Interpreting z as
the liquidation value of f, the function m can be interpreted as a stochastic discount factor (SDF).
In this regard, we assume a positive linear SDF, that is, m (z,if,i_f) = o — % EjeF ijx;, where
a and 8 are two positive real numbers ensuring that, for every (z,i) € X x I, m(x,if,i_f) > 0.
Without loss of generality, xy can be identified as the sum of a random net operating profit per
unit of asset and the resale price of a unit of productive asset in t”. Since the price of productive
assets serves as numéraire, x can be also identified as the profitability of f at date t” 5 Trading in
shares may affect the shareholders base, and the liquidation value of firm f, which is equal to x iy,
will be paid to those investors holding shares of f after the trading session. Hence, the consequence

function g : I — Y is such that, for every i € I,

;2

2
1 <€f—7,f—9f2f —|—pf(Zf,Z_f)> .
feF

2As usual, we assume implicitly that ¢ and ¢’ are close enough to abstract from any discounting effect.

3See the Preface and Chapter 3 for the related definition

4n Chapter 3, I analyze the possibility of competitive financial prices from an epistemic perspective.

5From an accounting perspective, z; — 1 can be viewed either as return on equity or return on invested capital of f,
as in ¢/ f is financed only with equity and holds no cash.
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Therefore, without loss of generality, for every f € F, we fix Uy = —ey + g (i) (f) and, consequently,
.2

Up = —iy — Hf%f +py (if,i—y). The assumption of a linear SDF can be motivated assuming that

assets are priced as in an interior Walrasian Equilibrium (WE) of a market economy (cf. Sections

3.1-3.3 of Chapter 3), under the following assumptions:

the assets traded in the economy are the firms’ shares and, for every f € F, | Xf| = |I|;

complete asset markets, that is, det ((Xf)f€F> #0;
e risk-averse investors with preferences consistent with SEU and quadratic utility functions
of their future wealth;

e a common prior 7 € A (X).

Under these assumptions, there exists a representative investor (RI) with marginal utility consistent
with a linear SDF; additional restrictions on the parameters characterizing utilities remain necessary
to obtain a positive SDF over the range of possible values for the RI’s wealth generated by X x I.
In Section 3.3 of Chapter 3 we describe a realistic trading game for a similar market economy,
and, in Section 5 of Chapter 3, we provide sufficient epistemic conditions for WE asset prices.
2.1.4. The reduced form. By construction, X is the set of possible states of nature, since it
contains the description of exogenous events related to the situation of interest. Hence, the game
described so far is a static game with cardinal payoffs (F, XY, (If)feF , 9, (Uf)f€F>. As said, we
equip the game with an epistemic model in which it is common knowledge among firms that the
game being played is (F, X, Y, (If)feF , 3, (Uf)f€F>. Notice that, since the specific realization of the
state of nature has no impact on the consequence function, the firms’ preferences are unaffected by
the state of nature. Hence, having assumed common knowledge of the game among firms, X can
be excluded from the components of the game without loss of generality, as we argued in Section
1.2.3 of Chapter 1. The economic intuition is that the preferences of the firms are defined over
the lotteries on their respective shareholder value in ¢ and, since g is common knowledge, for every
f € F, the set of lotteries on shareholder value is spanned by A (I_y). Hence, an investment game

T is a static game of complete information with Bayesian players in reduced form

I'= <F7 (If7uf = Ufog)feF>
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which we equip with the corresponding universal type structure 7 = <F, (I—y,Hy,ny) fe F>. Con-
sequently, the type t; of firm f is rational if
;2
af € argmaxtfeTf{fif — 9f§f +E, ) [pfﬂ-f (z_f)]}

2.1.5. Comments. Every investment game formalizes the setting of the classic two-period in-
vestment CAPM under the following additional hypotheses: i) the initial capital stock is set equal
to zero, ii) the SDF is linear, and iii) firms are financially constrained. The first hypothesis is
without loss of generality and serves to save on the notation, while the second can be seen as a
reasonable approximation of more sophisticated SDFs. The inclusion of financing constraints is just
technical, to ensure that [ is the product of compact intervals of the non-negative real line. In this
regard, in the remainder of the chapter we assume that the structure of the model’s parameters
<n, a, B, (Hf,{f)f€F> ensures that financing constraints are inactive for rational firms, thus making
them irrelevant in practice. The assumption on firms’ preferences is the same as in the static Invest-
ment CAPM (cf. Zhang, 2017), and it is standard in corporate finance models; see also Chapter 3 of
Sagliaschi and Savona (2021) for a reference. In short, it reflects the idea that every firm is managed
to reflect the financial interests of its initial shareholders, who are going to sell their shares in ¢’
on a perfectly competitive financial market. In other words, given the static nature of the model,

shareholder value can be loosely identified as the exit value of initial shareholders.

2.2. Solution concepts for investment games. In this section, we briefly review the solution
concepts that will be considered in the analysis. Before proceeding, we observe that, given a first-
order belief py € A (I_y), action 4y is rational for firm f € F if

. N .
iy € argmaxi,fe[oﬁf]{—zf —5is + By, [ps; (i—p)]}-

Hence, the decision problem of a generic rational firm, say f, is

0
(2.1) max ef—if——fi

2 p : : B2
iyelods] 507 B (B | | o= o D iy | gy — o (igay)

JEFN{f}

2.2.1. Rationalizability. We already noted that I' is a compact-continuous game of complete
information, since I is a compact metric space and, for every f € F, uy is continuous on /. Hence,
having equipped I' with the corresponding universal type structure, by Theorem 1.2 of Chapter

1 we have proj;RCBR = p> (I), and p*> (I) is the set of rationalizable outcomes. In addition,
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since uy (ir,i_y) is quasi-concave in iy, I' is also nice and, by Lemma 1.4 and Proposition 1.5
of Chapter 1, p> (I) = #*° (I) = 7 (#°° (I)). Therefore, if the set of point-rationalizable solutions
is a singleton, that is, 7#*° (I) = {i*}, the unique rationalizable outcome is also the unique Nash
equilibrium of the game. It follows that, in our context, the existence of a unique point-rationalizable
outcome is equivalent to the existence of a unique outcome consistent with rationality and common

belief in rationality (RCBR), which is also a Nash equilibrium.

2.2.2. Point-rationalizability. As in Section 1.4.2, we let
¢ ={CC2":3(Cp)yep C Xperkiy, € = xserCy

be the collection of all closed Cartesian subsets of the action space I, which is compact in its usual
topology, that is, the product topology. The point-rationalization operator 7 (C) maps every set

CeCto Xfepff (C_f) C I, where,

(2.2) ff (C,f) = {if S If : Hi,f S C,Jﬁ if S argmaxi/fe[ojf] [Uf (’L'/f,i,f)} }

Fix a firm f € F. Suppose that f believes that the other firms will choose the investment profile
%_f € Iy, and given this conjecture, f rationally play the action i} € (0,4¢). Since uy is continuous,
differentiable, and concave in iy over (0,iy), it must be the case that %uf (if,iey) =0at (z}, %_f>,

that is,
(2.3) 1+ [Gf + gE’T (z})} i+ =Er [|a— % Z x| xp
JEF\{f}

By the usual properties of the expectation functional E (-, ), we obtain

ﬁ i
(2.4) . aEr (zy) —1 o ZjeF\{f} Ex (zfz;)1;
. b= _

Thus, for every f € F and every i_y € I_y, ArgMax, cro7 | {ug (if,i_y)} is a singleton, and let the

joint point best-reply (PBR) function be
ol =1

(if)feF = (ff (i—f))ng
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where, for every f € F,

OEq (w7) =1 35 Djermqsy Br (2r25) i

(2.5) 75 (i—f) = max ¢ 0, min Jif

Since, for every f € F, 7y (i_y) is continuous and, for every j € F\{j}, 7 (i_y) is strictly decreasing
in 4; , it follows that 7 (i_y) < 7 ((O)jeF\{j}) and 7 (i_y) > 7 ((Ej)jeF\{j})-6 Therefore, to ensure

inactive financing constraints, we must impose that the structure of the model parameters

= = (0,6, (0. B 27), Ex (), )

satisfies the condition % < iy for every firm f € F. In addition, the strict positivity of
fTpEr Ty
SDF requires that for every f € F,
/8 _ =
o> 5 Z Tyiy,
feF

while the existence of a non-null rationalizable investment profile requires instead that for every
f €F, aE; (xy) > 1. Together, these conditions are said to be the minimal hypotheses on =, and
an investment game satisfying these conditions is said to be regular.

Finally, we recall that, given two vectors x,y € RY, max(z,y) := (max(x (i) Y (1)) jep and

min (z,y) := (min (z (i) , y (1)) s p; accordingly, for every i € I,
7 (i) = max (OF,min (a — Bi,{)) ,

where 0r = (0) ;. and B = (by,;) is a matrix with typical element by;, such that, for every

FxXF
[jeF,
iIE,r(atf:tj) .
2n p
(2.6) by =4 OrtnEe(ey) 77
0 =1
and
Oé]Eﬂ— (J,‘f) -1

a =

0;+ 2E, (mQ)
f n f fer

Furthermore, if I is regular, we also have that, for every i € I,

7 (i) = max (Op,a — Bi).

6Note the similarity with the model of Cournot oligopolistic competition discussed in Section 1.4.4 of Chapter 1.
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2.2.3. Nash equilibrium. In a Nash equilibrium, firms are rational and have correct conjectures
about their opponents’ actions, that is, a profile of actions i* € I is a Nash equilibrium (NE)
if, for every f € F, z}i € argmax; fo7,| {uf (if,i”;f)}. Thus, «* € I is a Nash equilibrium
if and only if it is a fixed point of the joint PBR function 7. Every Nash equilibrium is point-
rationalizable. Arguably, a Nash equilibrium is a refinement rationalizability, under the additional
epistemic assumption that players have correct conjectures, which is not necessarily realistic. More
specifically, if I" is dominant solvable, the unique rationalizable action profile is also the unique Nash
equilibrium of the game. Every nice game of complete information has at least one Nash equilibrium,
and hence every investment game has a Nash equilibrium. In the case of a regular investment game,
it is easy to show that only one firm f can play the corresponding action af in a NE. Consequently,
any equilibrium investment profile i* satisfies 0 < i* < a < 7. In this regard, a NE is said to be
interior if, for every f € F, i} € (0,4f). Since I' is nice, an interior equilibrium requires that, for

every f € F, the first-order condition a%fuf (ip,i—s) = 0 is verified at (z;‘c, 2}), that is,

0Eq (w7) =1 35 Xjerisy Br (225)
0 + LR, (m?) 0; + 2K, (x;)

(2.7) it =

)

for every f € F.

2.3. Investment-based asset pricing and bounded rationality. Consider an investment
game with a unique rationalizable outcome and with a very large number of players. In this case, the
unique rationalizable outcome ¢*, which is a NE, is well approximated by the competitive equilibrium

profile i** which, for every f € F, satisfies the first order condition
140705 = Eq [M (2) 7],

where M (z) = m (¢**, ). By the approximation made, py = (1 + Hfi?) i7", that is, for every f € F,
the price-to-book ratio ¢y := f—f, or Tobin Q, is, in (a competitive) equilibrium, linear in investment
with unit intercept. In this regard, the quantity tr} = HTeﬁ — 1 is the marginal profitability of a
dollar of invested capital (investment return), which, in (a competitive) equilibrium, is equal to the

financial return of a dollar invested in the firm’s shares in ¢, that is, try = % — 1 (stock return).

In other words, in a competitive equilibrium, investment returns (tr;) are always equal to stock

returns (tr;’}), and valuation ratios are fully explained by the observed investment levels. A large

body of literature has tested the validity of this view with mixed results, as we anticipated in the
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introduction. Here, only observe that testing for the validity of the (static) Investment CAPM in
the time-series is essentially a test of (static) competitive equilibrium behavior. Despite the fact
that the number of listed firms is usually high enough to approximate a Nash equilibrium with a
competitive one, there might be no valid reason to assume that only equilibria can be observed in
the data, either because there is more than one rationalizable outcome or because common belief in
rationality is unlikely to occur. We will return on this point at the end of Section 5, which is one

of the possible applications of the analysis presented in the next section.

2.4. Network games with linear best-replies. A network game with linear best-reply, is a

nice static game of complete information in reduced form with Bayesian players,
I'= <F, (If)fGF s (Uf : XfeFIf — R)f€F> y
such that, for every player f € F, there exists a PBR function satisfying the following equation

ag = jepbrity ap >3- by

0 ap =2, bsjij,

(2.8) fr(iof) =

where:

o af =iy ((O)jEF\{f}> > 0 is a positive vector such that, for every f € F, max{Is} > ay;
e by >0 for every (f,j) € F x F.

The matrix B € RF*F of elements bs; is known as adjacency matriz, or network matriz, since it
connects the players of the game through a graph, or network, and allows to write the joint PBR
function as

7 (1) = max (Op,a — Bi).
Since every network game with linear best-replies is, by definition, nice, we have that, for every

k€N, 7% (I) = p* (I), and 7> (I) = p> (I). Every regular investment game is a network game with

linear best-replies with network matrix

B:FxF—R

iIE.,r(mfw,-) .
2n J é

. 0;+LE, (22 f J
(fs3) = by = rHabe(ag)

0 f=7
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and
OLEW (If) —1

9f + gEﬂ (x?c)

For this reason, in the following section we study rationalizability in the more general case of network

a =

feF

games with linear best-replies.

3. Rationalizability in network games with linear best-replies

Let I' = (F, (Iy,uy : I — R)) be a network game with linear best-reply with network matrix B
. When I' admits a unique rationalizable outcome, we also say that it is dominant solvable. Since I"
is nice, rationalizability is equivalent to point-rationalizability, and, with a slight abuse of language,
we can use the two terms interchangeably. Given a profile of actions ¢ € I, a player f € F is said

to be active at i if iy > 0. For every k € N, we define the profile of actions P = (gl;)f . and
€

it = (Z?)feF’ where f];- = max {f’} (I_f)} and g’; = min {72’]? (I_f)}, respectively. Since I' is nice

and, for all f and j # f, Z—Z < 0, it follows that, for every k € N,
A o (k=N . [ h—
pk(I):T‘k(I):XfeF |:T'f (fo)77nf (Zlifl):|

In this regard, a player f € F is said to be possibly active at k € N if 5]; > (0 and inactive otherwise.
Similarly, a player f € F is said to be completely active at k € N if g”; > 0, that is, if it always
chooses a positive investment level after k iterations of 7. A game is said to be fully active at k € N if
every player is completely active at k. It is immediate to verify that, since the point-rationalization
operator is monotone, if I' is fully active at k, then it is also fully active at k 4+ 1. Finally, I' is said
to be fully active if it is fully active at k = 2. It is immediate to verify that I' is fully active if and

only if a < Ba.

3.1. Fully active games. As a first step towards characterizing the necessary and sufficient
conditions for dominance solvability in network games with linear best-replies, we consider the special
case of fully active games. In particular, we show that every fully active network game with linear
best-replies has a unique rationalizable outcome. To prove this result, we rely on the following

lemma.

LEMMA 2.1. Let T' = (F,(Iy,uy : I = R)) be a network game with linear best-replies, with

network matriz B. If T is fully active, then o(B) < 1.
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Proor. If T is fully active, then it must be the case that a > Ba. Since B is a square non-
negative matrix, according to the Perron-Frobenius theorem, o (B) is the largest positive eigenvalue
of B . Let y € RF be the eigenvector of B associated with the eigenvalue of B that is equal to o (B),
that is, yB = o (B)y; in a fully active game, it must be the case that A > Ba, hence we have that,

so that BTy = o (B)y; by definition, in a fully active game (a — Ba) > 0, and consequently,
y(a—Ba) >0 < y-a—yBa> 0.
Since yB = ¢ (B) y, we have yBa = g (B)y - a. Therefore, we can write the above equivalence as
y(a—Ba) >0 < y>o(B)y.

By the Perron-Frobenius theorem, y is a non-negative vector with at least a strictly positive entry,
therefore,

y>o(B)y < >0(B)>1.
Hence, we conclude that if T' is fully active, it must be the case that o (B) < 1. O

Notice that the converse of the previous lemma is not necessarily true. In fact, we can easily
build examples of games that are not fully active but have a matrix B with spectral radius strictly
less than one. We also recall the following result from linear algebra and the theory of systems of

difference equations.

THEOREM 2.2. Let By : F x F — R be a matriz and ¢ € R be a vector. Every sequence
(xk)keNO, such that, for every k € N, xxy1 = ¢ + Boxy, converges to v* = (I, —B)_lc i the

Euclidean metric space.

PROOF. See Theorems 1.10,1.11, 4.1, and Corollary 4.2 in Saad (2003). |

As a straightforward application of Lemma 2.1 and Theorem 2.2, every fully active game is

dominant solvable.

PROPOSITION 2.3. Every fully active network game with linear best-repliesT' = (F, (Iy,uy : I — R))

admits a unique rationalizable outcome that is strictly positive, that is, #*° (I) = {i* > 0}.

PrROOF. Since I is fully active, for every f € I, a null investment level is never a best-response

for and 7y (i—f) = af — ZjeF\{f} by jij. Therefore, it must be the case that, for every £ > 1,
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. —~k—1 =k k— .
i* =a— Bi and i = a — Bi*71, that is,

1']6 a Zk_l - B 0

as well as, for every f € I, g'(} =0 and f?c = is. By Lemma 2.1, the spectral radius of B must be less
than one; therefore, o (—B) < 1. Since Bj is block-diagonal with blocks (—B, —B), its eigenvalues

coincide with those of —B and, therefore, o (B1) = o (—B) < 1. By Theorem 2.2,

lim i* = lim 7" = (Z, + B) "a,

k—o0 k—o0

that is, 7°° (I) = {i*}, where i* = (Z, + B) "a > 0. O

3.2. Sufficient conditions for dominance solvability. In this section, we show that, for a
network game with linear best-replies I' = (F, (I, uy : I — R)) with network matrix B, the condition
0 (B) < 1is sufficient for the existence of a unique rationalizable outcome. Before proving this result,
we recall that, given metric spaces (X, ), a function f : X — X is a contraction on (X, ¢) if there
exists ¢ € [0, 1) such that, for every x,y € X, d(f (z), f (v)) < ¢-d(x,y), or equivalently, if for every
r,ye X, d(f(x), f(y) <d(z,y). Extending earlier results in Moulin (1984), Zimper (2006b) shows
that, in every nice game of complete information, if the joint PBR mapping is a contraction, there
exists a unique rationalizable investment profile. Hence, the proof of our claim reduces to showing
that, in every network game with linear best-replies, o (B) < 1 implies that 7 (-) is a contraction on

(I,d), where d denotes the Euclidean metric. To do this, we rely on the following lemma.

LEMMA 2.4. Let (X,d) be a subset of an Euclidean metric space, and f : X — X a contraction

on (X,d), and s € RE U{0} a vector with nonnegative entries. The function
g: X=X
x +— max (0p, min (f (x),))

is a contraction on X.

PROOF. We introduce the auxiliary function ¢ : X — X such that x — min (f (z), s), and write

g () = max (0, ¢ (x)). We claim that for every z,y € X,

d(¢(x),0y) <d(f(z),f ).
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To see this, recall that for every u,v € R¥, d(u,v)? = djerlug) —v (7)]?. Thus, to prove the

claim made above, it is sufficient to show that, for every z,y € X, and for every j € F,

0(x) (5) = (W) D <1f @) (G) = F @) G) |

For a given pair of vectors z,y € X, and a generic value j € F, we have

@G- TG G0 f@ 06 <s
0 f ), f(z)(j) > s
6(2) ()~ 6 (1) ()| = W0
7@ G) s F) () <5< £ ) ()
s F@G FWGSs<F@0).

Therefore, in every possible case of the equation above, we obtain

¢ (x) (G) = o (W) D < 1f () (G) = f ) G,

and since this holds for every j € F, we conclude d (¢ (z), ¢ (y)) < d(f (x), f (y)). In addition, since

f is a contraction, we have that, for every z,y € X,

d(¢(x),0(y) <d(f(2),f(y) <d(zy),

that is, ¢ (-) is a contraction on (X, d). Now, observe that if ¢ (-) is a contraction on (X, d), also
the function ® : X — X such that  — ® (z) = —¢ () is a contraction on (X,d). Hence, we can

conclude that g (-) is a contraction on (X, d), since, for every z € X, we have

g(z) = —min (0p, —¢ ()),

and, as showed in precedence, for every contraction h : X — X, the associated composite function

b : X — X such that  — —min (Op, h (x)) is a contraction on (X, d). O

We can now state and prove the main result of this section.

PROPOSITION 2.5. Let I' = (F, (I, uy : I — R)) be a network game with linear best-replies, and

let B the corresponding network matriz. If o (B) < 1, there exists a unique rationalizable outcome.

PrROOF. Since T' is a nice game of complete information, the set of rationalizable outcomes

coincides with the set of point-rationalizable outcomes (cf. Section 2.2.1). For every ¢ € I, recall
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that

7 (i) = max (Op, min (a — Bi,i)) .

By standard results in linear algebra, the function A : R¥ — R¥ such that i —+ a— Bi is a contraction
on (RY,d) if and only if ¢ (B) < 1. Since we have by hypothesis that ¢ (B) < 1, h(-) is a contraction
on (R”,d) and, consequently, a contraction on (I,d). Hence, by Lemma 2.4 we conclude that 7 (-)
is a contraction on (I, d), and, as an application of Theorem 3 in Zimper (2006b), that there exists a
unique point-rationalizable outcome. Sine a network game with linear best-replies is nice, it follows

that there exists a unique rationalizable outcome. O

In general, condition ¢ (B) < 1 is not always necessary for the existence of a unique rationalizable
outcome, as we show in the next section. In fact, the "clipping" role played by the min and max
operators in the joint PBR function may allow a non-contractive linear mapping i — a — Bi to
induce a contractive joint PBR. In this regard, Bramoullé et al. (2014) consider the class of network

games with linear best-replies satisfying the following conditions:

(1) ay =1 for every f € F,
(2) gy; € {0,1} for every pair of distinct players f # j,

(3) Z?:l grj =k <n—1forevery f € F,

which find several applications in economics, and show that there exists a unique Nash equilibrium
if and only if ¢ (G) < 3. Furthermore, they show that the same condition is necessary and sufficient
to ensure stability under Nash tatonnement. However, Nash tatonnement is not a proper solution
concept and neither an epistemic condition for Nash equilibrium. Nevertheless, Proposition 2.6
shows that ¢ (G) < } is necessary and sufficient for the existence of a unique rationalizable outcome

in this particular class of games.

PROPOSITION 2.6. Suppose I' = <F7 (I up I — R)feF> is a network game with linear best-
replies with network matrix B = 6G where § is a positive real number. If T' satisfies the following

hypotheses:

(1) for every f € F, ay =1;
(2) for every f,j € F, g¢j € {0,1} and gsy = g;; = 0;

(3) for every f € F, 370 1 gpj=k<n—1;

there exists a unique rationalizable outcome if and only if o (G) < %,
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PRrROOF. Since T is a network game with linear best-replies, Proposition 2.5 establishes that
0(B) < 1, or equivalently, o (G) < %, is a sufficient condition for the existence of a unique ratio-
nalizable outcome. Corollary 1 in Bramoullé et al. (2014) establishes that ¢ (G) > 4 implies the
existence of multiple Nash equilibria. Since every Nash equilibrium is rationalizable, it follows that

it is also necessary o (G) < %for the existence of a unique rationalizable outcome. O

3.3. Necessary conditions for dominance solvability. The following proposition provides

the necessary conditions for the existence of a unique rationalizable outcome.

PROPOSITION 2.7. Consider a network game with linear best-replies T' = (F, (Iy,uy : I — R))
with network matriz B. For every k € N, let L* C F be the subset of inactive players at k. Suppose
that there exists a unique rationalizable investment profile, denoted by i*, and let L> C F be the set
of inactive players at i*.

(1) 3f € F such that ay >3~ ;c g5y brja;-

(2) The subset of active players in i* is obtained with a number ko € N of iterations of 7 (-).
(3) If L™ =0, it must be the case that o (B) < 1.
(4) If L™ # 0, it must be the caste that o (B**) < 1, where B** := (bw—l(s)w—l(t))[a]x[a] ,

a:=|F|—|L*®| and ¢ : F\ L™ — [a] is a bijection re-indexing the set of active players.

PrOOF. Point 1. By contradiction, if f € F such that a; > Do jer\{fr} Uiy, the two

extreme investment profiles i = (0),cr and i = (a;) ;. are both justifiable. As a result, the set
X rer [0, as] has the best-reply property, and every ¢ € X rep [0, ay] is rationalizable.
Point 2. First, observe that it must be the case that there exists &’ € N such that, for every k > &/,
fl;\Loo > 0. Otherwise, since 7 (+) is weakly monotone, there exist f € F'\ L and k" € N such that,
for every k > k", 5’; = 0, and consequently 77° (I) = {0}, reaching a contradiction. Now, suppose,
by contradiction, that there exists f € F'\ L™ such that, for every k € N, g’jﬁ = 0. In this case, for
every k > k', we would have f’; (I) = {O,Eﬂ for some 5]; > i%, and consequently 7% (I) = [0, ] for
some ¢ > 0. Since, by hypothesis, there is a unique rationalizable outcome i* and, by the definition
of L™, z;‘c is strictly greater than zero, we have reached a contradiction. Hence, there exists no
f € F\ L*™ such that, for every k € N, @]} = 0. As a consequence, there exists k' € N such that, for
every k > k") and every f € F\ L, @]} > 0. Setting ko = max (k’, k") completes the proof of the
claim.

Point 3. From the considerations made at point 2), it follows that if L>° = ), for every k > ko, we
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have
P (1) = X pep {rf (%’i}l) > 0,7y (;"j}l)} .

By the proof of Theorem 2.2 | converge to ¢* if and only if

=k &
(Z )keN\[ko—l] and (l )keN\[kOfll

0(B) < 1. In addition, if (Ek) converge to ¢*, then ¢* > 0, as well as

-k
kEN\[ko—1] and (1 )kGN\[kOfll

i* <isince i <iand the operator j(-) is weakly monotone.
Point 4. Suppose that L> # (). Since p (-) is weakly monotone, there exists k1 > ko such that, for

every k > kq,

0 = g 00 (spemie [ (7) 205 (5]

or, in alternative, for every k > ko,

) = (xger= (0,75 (@5 )]) % (xsem= [ (257 > 0,57 (55)])

We consider the two cases separately for simplicity, which we denote by case a and case b |,
respectively. Before examining the two cases, observe that i}‘,\ 118 a restricted selection (sub-
vector) such that, for every f € F'\ L>, i} = ay — > . p\ o) (s} brsf;- In this regard, we let
¢ F'\ L>® — [a] be a bijection re-indexing the set of active players, where « := |F| — |L*°[, as well

as a - = (G,Lp—l(s))se[a] and B** := (b‘Pfl(S)‘Pfl(t))[a]x[a]'

Case a. If there exists k1 > kg such that, for every k > kq,

(1) = (X serr 0,0]) x (xfep\mo {ff (i}l) > 0,7y (&ﬁ}l)]) :

it must also be the case that for every k& > kq,

) ) -
~1(s) a** ~1(s) _ kx
: s SE[O&] — + Bl : 1 S SG[OL] , Bl =

ik *% k- _ B** 0
(LP 1(5))56[a] a (zgo 1(5))86[(1]

Since, by hypothesis, there exists a unique rationalizable outcome, it must be the case that

(z]:’“(s))se[a] ’ (Z£’1<S>)se[a] - (i:’tl(s))sﬂa] ’
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and, by Theorem 2.2, it follows that it is necessary and sufficient that o (B**) < 1.

Case b. Suppose, instead, that for every k > kg,

(1) = (xgers (0,75 (1)) x (xgere [7r (557) > 0,70 (7)) -

Then, for every k > ko,

-k _oxk k[ ck—1
(ltpil(s))se[a] - B (lv_l(s))se[a] ’

and

(iiifws))se[a] =a” - B” (?;:}(8))36[&] - (52:11(5))%@]\[@1 ’

where n := |F|, ¢ : L™ — [n] \ [a] is a bijection re-indexing the set of inactive players, H** :=
(b¢’1(8)¢’1(t))[a]x[n]/[a} for s € [a] and t € [n]\[a]. In addition, setting G* := (b¢’1(s)¢’1(t))[n]/[a]x[a]

for s € [n] \ [a] and ¢ € [a], we have that, for every k > ko,

—k ) . ; (7_1%1 )
Tgp—1(s =a" -G (i, ,
<"5 RRVEONS #71 ) sefal

where a* = Since there is a unique rationalizable outcome by hypothesis, the

(@-1) sepn o
sequence ( := Ek_l , ij must converge in the Euclidean metric space.
P~ 1(s) scla] P~ 1(s) selo]/ ke ko]
0

Combining the previous recursive equations, we have that, for every k € N\ [kg — 1],

0 0
~k ~k—1
B INED
(ZW 1(6))56[(1] a** Yot (s) s€la]
RV 8 B I | (=9
) seanel | | @ o e sefn ol
K a* h—1
0

The equation above defines a linear system of difference equation in y* € R{1:2:32x[n] guch that, for
every k € N\ [ko — 1],

y* =c—Dy*t,

where D := 0 0 G* and c:= | g** |. Since, by hypothesis, there is a unique rational-
B*™ H* 0 a*

izable outcome 7*, it must be the case that the previous system converges for k — oo with respect to

d to a point y* € R{1:2:31x["l Hence, by Theorem 2.2, the spectral radius of D must be less than
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one. Since D is non-negative, by standard linear algebra results we find that the spectral radius of

every square sub-matrix of D must be less than one. Hence, we conclude that o (B**) < 1. |

In summary, for the existence of a unique rationalizable outcome, it is sufficient that o (B) < 1,
and necessary that ¢ (B**) < 1, where B** is the matrix obtained by removing from B the columns
and rows associated with the inactive players in the unique Nash equilibrium of a dominant solvable
game. In addition, if there is a unique rationalizable outcome ¢**, there exists kg € N such that, for

every k > kg, the players active at ¢** are completely active at k.

4. Rationalizability in investment games

Since every regular investment game is a network game with linear best-replies, we have the

following proposition, which summarizes the results of Proposition 2.5 and Proposition 2.7.

PROPOSITION 2.8. Consider a reqular investment game I' = <F, (If,uf : I - R) > with net-

fEF

work matriz B.

(1) If o(B) < 1, T is dominant solvable.

(2) IfT has a unique rationalizable outcome i*, there exists ko € N such that, for every k > ko,
every firm active at i** is active at k

(3) If T has a unique rationalizable outcome i*, and L™ C F is the set of inactive firms at

i*, for every bijection ¢ : F'\ L — [a] re-indexing the set of active players from 1 to

a:=|F| —|L*°|, it must be the case that o (B**) for B** := (b@71(5)¢71(t))[a]x[a] .

PROOF. Every regular investment game is a network game with linear best-replies, hence the

result follows as an application of Proposition 2.5 and Proposition 2.7. O

To get the intuition behind the formal results of Proposition 2.8, consider an investment game
that is not fully active. If firms are sufficiently heterogeneous, it may be possible that inactive firms at
k =1 become possibly active after several iterations of the point-rationalization operator, provided
that the upper limit of justifiable investment profiles shrinks sufficiently fast. If at some point kg € N
of the iterated application of 7 (-) all firms are completely active, the same argument as in the proof
of Theorem 2.2 requires that o(B) < 1 for the existence of a unique rationalizable investment
profile. However, there may be firms, usually with low profitability, that, as a consequence of the
weakly increasing pattern of i¥, remain inactive or become completely inactive. If, at some point

k1 € N of the iteration process, F' can be divided into two sets, one with completely active firms and
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one with completely inactive firms, it is again necessary and sufficient that the matrix obtained by
removing from B the columns and rows associated with completely inactive firms in k; has a spectral
radius less than one. However, it is also possible that the inactive firms in the unique rationalizable
outcome I' are possibly active for every £ € N. In such a case, it is necessary but, in general,
not sufficient, that the matrix obtained by removing from B the columns and rows associated with

completely inactive firms at ¢* has a spectral radius less than one.

4.1. Rationalizability and the Investment CAPM. Every investment game is aggregative
according to the definition provided in Section 1.5 of Chapter 1. Hence, a competitive equilib-
rium can be properly introduced as a solution concept. Namely, a competitive equilibrium for an
investment game I is a tuple (i**, M), where i** € I and M € R, such that:

(1) for every f € F, i} € argmaxife[ojf]{—if - %fzfc +E; [M (z)zsif]};

(2) for every z € X, M (z) = m (i**, z)
. A competitive equilibrium is equivalent to the Walrasian equilibrium of the Investment CAPM,”
,and it is said to be interior if, for every f € F, i}" € (Oﬂf). If (i**, M) is an interior competitive
equilibrium, by standard argument of calculus, it must be the case that, for every f € F, the

following first-order condition is verified,

(4.1) 1+ 6403 = By [M () ] .

*k

Imposing the aggregate consistency condition M (x) = m (i**, x), we obtain the following equation

(4.2) 1+ [Hf + %Eﬂ (x?c) it =Er || a— o Z zjil | xy |,

n
JEF\{f}

or, equivalently,

(43) pr = OBn(rg) =1 In e Br (2r2) i7"

=

Hence, if there is a unique and interior Nash equilibrium, it cannot be a competitive equilibrium.
Thus, if there is a unique rationalizable outcome, it cannot exactly coincide with the Walrasian
equilibrium of the Investment CAPM. However,for sufficiently large values of n, an interior Nash
equilibrium of T" is very well approximated by the corresponding competitive equilibrium. In this
"Recall that we define a competitive equilibrium as a solution concept of an aggregative game, while a Walrasian

equilibrium is an axiomatic characterization of what may happen in a price-mediated economy, which is a more
essential structure compared to a static game, being tacit on the players actions and the consequence function
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case, stock returns should be basically indistinguishable from investment returns. In contrast, if
the number of firms is relatively small, the identification of adjustment costs in empirical appli-
cation becomes problematic, since, in an interior NE, the marginal investment cost is equal to
1+ [Hf + %Eﬂ (zfcﬂ i and the term %]ETr (9:?) is no longer negligible. In other words, in a hy-
pothetically small financial marketplace, the effects of equilibrium strategic competition between
firms on capital markets are not distinguishable from the dead weight imposed by adjustment costs.
However, most, if not all, empirical studies consider markets with a very large number of firms.
Consequently, the equilibrium strategic effects cannot explain the empirical puzzles mentioned in

the introduction.

4.2. Tobin Q, cost of capital and inactivity. Desgranges and Gauthier (2016) characterize
the set of rationalizable outcomes in a deterministic model of Cournot competition featuring hetero-
geneous firms, which is another example of network game with linear best-replies. Although their
game is similar to an investment game, additional assumptions on the payoff structure® ensure that
0 (B) is always necessary and sufficient for dominance solvability. As a result, in Desgranges and
Gauthier (2016), if there is a unique rationalizable outcome ¢**, it must be strictly positive, that
is, there cannot be inactive firms at ¢**. In contrast, investment games allow for the existence of a
unique rationalizable outcome with inactive firms. In other words, the results of Proposition 2.5
and Proposition 2.7 are more general and include the specific case of Desgranges and Gauthier
(2016).

The possibility of inactive firms in a Nash equilibrium is consistent with the application of the posi-
tive net present value rule (NPV) in capital budgeting, which, in this case, is also equivalent to the
“internal rate of return” (IRR) rule; see Zhang (2017) and Chapter 3 in Sagliaschi and Savona (2021)
for a reference. Without loss of generality, fix a firm f € F. By hypothesis, f’ holds only cash on
its books before investing in productive assets. Consequently, the investment in productive assets
is equal to the stock of assets at the beginning of the period in which f is liquidated. In addition,
the marginal “cost” of adding a unit of capital is equal to 1 if iy = 0, which implies that installment
costs are negligible for sufficiently small investments. Clearly, for rational firms to become active, it
must be the case that the investment in an infinitesimal amount of capital di is value accretive for
its shareholders. Since installment costs are virtually null, it follows that f becomes active if and
8The payoff structure of an investment game is far more general than the one considered by Desgranges and Gauthier
(2016). First, contrary to the setting of Desgranges and Gauthier (2016), firms’ payoffs are affected by the heterogeneity

in zy. Second, there is no unique way to determine the size of a firm based on its parameters, which is another key
aspect of the specific class of games considered in Desgranges and Gauthier (2016).
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only if she conjectures that the market value of an amount di of assets is greater than di,

(4.4) AT

= > 1,
i 14, (ir3)

where p; denotes the conjectured market value of the company’s shares. For an infinitesimal amount
of future output capacity, we also have that the corresponding investment return is equal to E (z)—1.
Hence, f becomes active if and only if E; (z;) — 1 > E, (tr}i), that is, if and only if the cost
of capital demanded by the market is lower than the profitability expected by secondary market
investors. From this perspective, an important interpretational question emerges. By assumption, it
is common knowledge among firms that investors have a common prior 7 on X, and since X does not
enter the consequence function of the game, we obtain a game of complete information. However,
in the real-world, expectations on future profitability are largely affected by the guidance offered to
investors during earnings calls. Implicitly, we are assuming that profitability is the outcome of a data
generating process, which is common knowledge among firms and investors. This observation also
shows that the introduction of incomplete and asymmetric information requires a dynamic extension

of the model. We leave this extension for future research.

4.3. Symmetric investment games and market risk-aversion. A nice game is said to
be symmetric if the players’ utility functions are symmetric and each player has the same set of
actions; by standard results, every symmetric investment game has a symmetric Nash equilibrium.
The converse is not necessarily true, unless there is a unique rationalizable outcome. Consider a

regular investment game I' = <F, (Ip,up: I — R)f€F> such that for every firm f € F:

(1) Ef =E>0,

(2) ;=0>0;

(3) E, (x; =E. (f;)) =c,>0foro=1,2;
(4) E(zfxj) = c3 > 0 for every j € F\ {f}.

Under these hypotheses, it is immediate to verify that I' is a nice symmetric game. Since every
nice symmetric game has a symmetric Nash equilibrium, if I' is symmetric and dominant solvable,
the unique rationalizable investment profile, denoted by #*, must satisfy i* = (i) fer for some
15 € [Qﬂ. Since ¢ (i_¢) is also symmetric among firms, and I is regular, we have i' > 0. By the
weak monotonicity of the point-rationalizability operator, we reach the conclusion that i € (0,5).

The network matrix B associated to a symmetric investment game is symmetric. Namely, for every
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L . " .

feF, byg=0andbs; =by; = 0?:/33 for j € F\{f}. In addition, the vector a is equal to (ao) s,
€2

aE(z)—1

F0+c2

where ag = . Based on these considerations, the following result establishes some additional

interesting properties of symmetric investment games.

PRrROPOSITION 2.9. Consider a reqular symmetric investment game I’ = <F, (I up - I — R)feF>.

The following statements are equivalent:

(1) T has a unique rationalizable outcome;
(2) o(B) <1;
(3) T is fully active.

PROOF. A necessary condition for the existence of a unique rationalizable outcome is that
7 (I) = [O,E]F does not satisfy the best-reply property, that is, [0, ao]F #£ 7 ([0, aO]F). Since ry (-) is
monotonic decreasing, the previous condition is equivalent to 7¢ ((ao) fe F) > 0. Hence, a symmetric

investment game is dominant solvable if and only if it is fully active. Moreover ¢ ((ao) fe F) > 0 if

n—1c3

and only if ag — /39?7 ag > 0, that is, 7f ((ao)feF) >0 < po(B) <1 O
n €2

It is worth observing that, in a symmetric investment game, o (B) is strictly increasing in the

_1)&3
coefficient f3, 8%(5) = ((294222)2%2
B

aversion, see Chapter 3 in Cochrane (2005), for a reference. Hence, an increase in risk-aversion

> 0, which can be interpreted as a measure of investors’ risk

slows the convergence rate of (fk (I )) and, if large enough, it may even compromise dominance

k>1
solvability, that is, the existence of a unique rationalizable outcome. This result carries over to
all regular investment games. In fact, according to the Perron-Frobenius theorem, for any two
nonnegative and symmetric F' x F' matrices B’ and B”, if B’ (f,j) < B” (f,j) for every f,j € F
then o (B’) < o(B"), holding as strict equality if B’ # B” . Thus, dominance solvability is harder
when risk-aversion is higher on the market. Hence, it is reasonable to conclude that the relation
between stock and investment returns is more likely to hold when market risk-aversion is low. This
is a notable aspect for empirical studies that deserves some additional considerations to clarify the
underlying economic intuition. In this regard, observe that, since we always maintain the hypothesis
that firms are risk-neutral, this result does not relate to any change in the players’ risk aversion.
Ceteris paribus, an increase in investors’ risk aversion negatively affects Tobin Q for every firm.
Hence, once we fix a prior m € A (X), for every f € F, the higher 3, the lower the value of i_s at

which f decides rationally to become active. In other words, the higher 8, the easier it becomes

to justify, in a game-theoretic sense, a zero investment level for every firm. Consequently, it also
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becomes easier to justify very high investment levels for every firm. Thus, the higher 3, the slower
the exclusion of very high and very low investment levels in the iterated deletion of strictly dominated

. . . “k -k o)
actions, possibly preventing the convergence of (z f)feF and (; f) fer to i*.

5. Bounded reasoning about rationality and the Investment CAPM

In the previous section, we motivated the Investment CAPM as a possible consequence of ratio-
nality and common rationality when the number of firms is large. However, the larger the number
of players, the more difficult it becomes for each firm to think strategically. In other words, common
belief in rationality may not be the most appropriate way to provide a good description of how real-
world corporations think. In this regard, Brandenburger et al. (2021) showed that, for a given game
equipped with its universal type structure, the outcomes consistent with rationality and common be-
lief in rationality m-order (RmBR) can be significantly different from those implied by RCBR, even
for large values of m € N. The purpose of this section is to investigate the implications of bounded
reasoning about rationality for the relationship between stock and investment returns (resp. valu-
ations) predicted by the investment CAPM. In particular, we wish to replicate the behavior of an
econometrician attempting to estimate the Investment CAPM on simulated data consistent with
rational firms that mutually believe in the rationality of their opponents (R1BR).Despite the fact
that an investment game describes a two-period situation, we show that it can be used to simulate
panel data of stock and investment returns (resp. valuations), provided that we focus on portfolios
of stocks rather than on single companies. Since the majority of the literature places emphasis
on characteristics-sorted portfolios, we believe that this is an acceptable compromise. In extreme
synthesis, a simulation consists of a set of dates or epochs. At the beginning of each epoch a new
generation of firms is born, and we simulate the outcome of an investment game with a parameter
structure calibrated to match certain properties of the real-world. In particular, we draw an outcome
of the game from p? (I), through a pseudo-random extraction process reminiscent of level-k thinking
(Nagel, 1995; Costa-Gomes et al., 2001; Crawford and Iriberri, 2007). The firms active in a given
epoch are liquidated in the following one, and we obtain their total return on the secondary market.
More specifically, we assume that firms are born unlisted and that the initial shareholders sell their
shares to secondary market investors, consistent with the specification of the firms’ preferences in
an investment game (cf. Section 2.1). Accordingly, in every period we form value and size sorted

portfolios, and we track their respective performance and characteristics. Finally, we use the data
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generated in the simulation to estimate the relations for returns and valuation multiples predicted
by the static Investment CAPM. Combining the results of a large number of simulations, we obtain
a Monte Carlo distribution of the relevant statistics to assess the validity of the Investment CAPM

under (R1BR).

5.1. Simulation methodology. For ease of exposure, the timing notation will be slightly
different from that of Section 2.1, but this should not be a source of confusion, as the order of
events is made explicit. A simulation consists in repeating for a number of times 7' € N a regular
investment game I' = <F, Ifyup: I — R)f€F>, following a given set of rules for every date or epoch

t € T. Namely, for every t € T, we assume that the following events occur in virtual order:

(1) A profile (z4f) ;- is set equal to a vector extracted from a multivariate normal distribution,

feF
with location v > 0 and scale C, and successively truncated to zero below and 3 standard
deviations above; C.

(2) the firms active in t — 1 pay a profile of liquidation values (2¢f - it—1,f) ;o to their share-
holders and cease to exist, provided that ¢t > 1;

(3) anew generation of firm is born, and each firm is endowed with a certain amount of capital
(ets), provided by a group of entrepreneurs (“founders”), to invest in production capacity;

(4) for every f € F, its founders form a point-conjecture %t,, ¢ and decide (irreversibly)
how much to invest (i;f) in production capacity, with the purpose of maximizing share-
holder value (dividends paid plus ex-dividend market value of shares), thus setting i, =
Ty (%t,_f);

(5) for every f € F, the dividends (etf ] %fiff) rer resulting from the capital held in
excess of investment needs are returned founders (incumbent shareholders);

(6) inactive firms at ¢ cease to exist;

(7) the trading of shares takes place, determining the base of shareholders entitled to receive

the total liquidation value (z441,s - itf)feF at the beginning of the date ¢t + 1.

As for point 4), we introduce the following epistemic assumption to determine firms’ conjectures.
Namely, we suppose that all f € F believe that all j € F \ {f} invest up to a certain percentile,
denoted by z;y, of their respective justifiable investment levels. That is, we assume that for every
f € F, there exists z;; € [0,1], such that 4, _; := xjep\{f}{g&’t + 2y (i, — g;t)} This assumption
is consistent with the logic of level-k thinking; having endowed I' with the corresponding capital

structure, we assume that every player believes that her opponents are rational but do not engage in
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strategic thinking. The profile (z:¢) feF is set equal to a vector extracted from a multivariate normal
distribution, with location (0.5) feF and scale 0.1 -Z,, and successively truncated to zero below and
one above. The choice of location and scale parameters is instrumental in limiting the number of
firms with extreme, and less realistically, conjectures.

We let S C N be the set of simulations with the typical element s. For every s € S, and every
t € T, we rank firms either by deciles of market capitalization (p;s) and or price-to-book ratio
(Qtf = ’;t’—f’) respectively, obtaining, respectively, size and wvalue sorted portfolios as in Fama and
French (1993). In both cases, the firms included in the first decile are those with the highest
value of the specific factor considered, and vice versa. More specifically, a portfolio is defined by a
factor or characteristic, denoted by ¢ € C, C := (value, size), to sort stocks in descending order,
a decile d € D := {1,2,3,4,5,6,7,8,9,10} of the corresponding ranking and a weighting scheme
W e (EW,MW). The weighting scheme denoted by EW assigns to each firm, or stock, a weight
in the portfolio equal to one divided by the number of companies that belong to the same portfolio
(equal weights); EW denotes an equally weighted portfolio, while MW stands for a market-cap
weighted one. We also assume that every portfolio (¢,d,w) € C x D x W is rebalanced after
dividends are paid; therefore, a dollar invested in ¢ in the portfolio (¢,d,w) € C x D x W will be
equal in ¢+ 1 to the weighted average of the financial returns of the stocks included in the portfolio,
which is a function of the liquidation values realized.

5.1.1. Simulating the behavior of an econometrician. The purpose of simulations is to replicate
the behavior of an econometrician attempting to estimate the Investment CAPM on simulated data,
in order to investigate the implication of first order mutual belief in rationality. We introduce the
following notation to facilitate the discussion. We let o = (s, t, ¢, d, w) be an element, known as a tag,
in SxTxCxDxW. Atago= (s,t,c,d,w) is used to identify the portfolio (¢,d,w) € C x D x W
on the date ¢t € T of the simulation s € S, and we denote by w,s the weight of a stock f € F' at o.
Following Belo et al. (2013), we assume that, for every f € F, 6; = 6 > 0, and, for every s, and
(¢,d,w) € C x D x W, we obtain an estimate, denoted by éscw, of 6 with the Generalized Method of
Moments (GMM). In particular, we merge the approach of Belo et al. (2013) and Goncalves et al.
(2020). Namely, we include both return and valuation errors in the specification of moments, which,
in turn, are built using firm-level data rather than portfolio aggregates, thus avoiding aggregation

bias. Following Belo et al. (2013), given a value 6y € R for 8, the corresponding valuation error for
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the firm f on the date ¢ of the simulation s is

(5.1) hig (80) = ey — s (B0) = 2L — g (80).

istf

whereas the return error is

Te.f Tef
Psi—1,f  Gi—1,5 (60)’

(5.2) ey (00) == trsy — trigs (0o) =

where g7 (00) := 1+ 7 (55 (25)) and trizf (6p) := #ffwo) would be the investment valuation and
return of f at (s,t) if & = 6. Following the methodology of Goncalves et al. (2020), for every

0€ S XT xC xDx W, investment and return errors are averaged, obtaining the valuation error

el (60) ==Y worely; (60),
feF

and the return error
el (60) = wosels (f0) -
fEF

Accordingly, we let the w-weighted valuation and return moments for c—sorted portfolios be respec-

tively,
T
v 1 v
€sew = (T Ze(s,t,c,d,w) (90)> )
t=1 deD
and,
T
r 1 r
€sew = (T Ze(s,t,c,d,w) (90)>
t=1 deD

Finally, for each simulation s € S, we obtain the GMM estimate éscw of 0 as
T

. e’ Tio O I
(53) Oscw = argminHOZO ’

where A is a diagonal matrix of size 10 x 10. In particular, A is obtained as in Belo et al. (2013),

in order to avoid the predominance of valuation moments in the estimation procedure. Namely, we

first obtain the é’” and 67

vew vews Tespectively, as

égcw = argmineozo {[Egcw (90)]T110€£cw (90)} ’

and,

é:cw = 3rgmin9020 {[€ch (00)]1—1105.2&11 (00)} .
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T Zt 1 5(5 tye,d w)(gscw)

Second, each diagonal entry of A, say Agq, d € D, is determined as \gq = -
th 1 (stcdw)(e

, to
compare the scale of the average valuation error with that of the average return error.
5.1.2. Portfolio analytics. For every tag o = (s,t,¢,d,w) € S x T x C x D x W, we obtain the

following portfolio analytics of interest:

° 115 =D icp %jlf —1, the total return of portfolio (¢, d, w) at the date ¢ of simulation

53
o troi =3 scp lui:gmit:lf — 1, the estimated investment return of the portfolio (c,d,w) at
° scwls,t, f
the date t of the simulation s;

e q, = ZfeFo fs L the Tobin Q, or valuation ratio, of the portfolio (c,d,w) at the date ¢
of simulation s;
e g, = ZfEFO (1 + éscwis,t,f>7 the estimated investment @Q of the portfolio (¢, d,w) at date

t of the simulation s.

Following Belo et al. (2024), we measure the empirical performance of the Investment CAPM
in simulated samples. That is, for every a € (¢r,q) and its corresponding “investment CAPM”

counterpart a € (tAr, c]), the following statistics are obtained:

(Zf 1 A(s,c,d,w,t) — Zf 1a(scdwt))2
(Et 1 A(s,c,d,w,t) ™ ascw)
OLS R-squared, under the null hypothesis that the Investment CAPM is true,

e XS—R245cuw)=1— , that is, cross-sectional pooled

o I'S—R2(q5.cw) = 1— Tl Xi 1(a(8 ot Tineann)” , that is, the time-series pooled OLS

2
Zd 1 t= l(a(scwdt) ascw)

R-squared, under the same null hypothesis of the previous point,
where Ty = 10T Zd 1 t ) O(s.candt)s Gsedw = 7 ZtT:1 s c,d,w,t) A Gscaw = 7 ZtT=1 A(s,c,d,w,t)-
Assuming a large number of firms, if the Investment CAPM holds, both the statistics X.S — R2 and
TS — R2 should not close to one. Just to offer a bit more of insight, for a given analytic a € (¢r, q),
the statistic X.5 — R2 corresponds to the R-squared of a linear regression of %Zle A(s,e,d,w,t)
against % 23:1 Q(s,c,d,w,t) (cross-sectional regression of historical average portfolio values), under
the hypothesis that the Investment CAPM is true.® Likewise, T'S — R2 is the R-Squared of a lin-
ear regression of a(s ¢ 4w+ against (s . 4w, (panel regression of portfolio values), under the same

hypothesis that the simulated data are consistent with the Investment CAPM.
5.2. Calibration. We calibrate the parameter structure = considering the top 1000 compa-
nies by market capitalization listed on a regulated US stock market as of September 30, 2024,

9Notice that, if this hypothesis was true, the GMM estimator would return, with sufficient good approximation, the
actual value of 6.
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having excluded Financial, Real Estate, and Utilities companies in the first place. Following Hou
et al. (2015), x4y is identified as one plus the 12-month trailing return on common equity, net of
extraordinary items (ROE). The parameters v and C are set to match the empirical distribution
of ROE (Compustat Capital IQ API item: IQ RETURN EQUITY CS) observed annually
during the period from September 30, 2019 to September 30, 2024. The choice of a 5-year ob-
servation period appeared as a good trade-off between the necessity to maintain the composition
of the universe as much stable as possible and having enough observations to compute pairwise
correlations. Data points with negative ROE were excluded from the analysis. ROE data were
obtained from Compustat, as well as those for the investment-to-asset ratio (IA), which is defined
as the annual growth rate of net property, plants and equipment (Compustat - Capital 1Q API
item: IQ NPPE 1YR AN _GROWTH CS) based on the last four reported fiscal quarters.
Needless to say, IA represents the empirical counterpart of an outcome ¢ € I of the model. After
dropping companies with missing or insufficient observations, 889 firms were included in the calibra-
tion sample, and we set F' = [889]; Table 1 below provides a synthetic overview of the (marginal)

distributions of ROE and IA in the calibration sample. Interestingly, we note that the operating

TABLE 1. Profitability and Investment: calibration sample

ROE std(ROE) corr(ROEy, ROE;) 1A
Mean 0.2889 0.1255 0.0370  0.2220
25th percentile 0.0825 0.0326 -0.4252 -0.0134
Median 0.1622 0.0631 0.0464 0.0612
75th percentile 0.2970 0.1276 0.5062 0.1911

Legend: ROE is Return-on-Equity (Compustat Capital IQ API item: /Q RETURN EQUITY CS), std(ROE is
the 5-year standard deviation of Return-on-Equity, corr(ROEs, ROE}) is the 5-year correlation between the
Return-on-Equity of two different companies and I A is the investment-to-asset-ratio (Compustat - Capital IQ API
item: IQ_NPPE_1YR_AN_GROWTH _CS).

performances of the companies included in the calibration sample were limitedly volatile during the
period considered and, on average, almost uncorrelated. This is quite remarkable considering the
shocks faced during the pandemic and post-pandemic period.

Interpreting the SDF as the marginal utility of a representative investor, the parameter « is nor-
malized to one without loss of generality. Consequently, 3 is set equal to one as well, which is the
minimum value ensuring a relative risk aversion coefficient always greater than one. We also set
05 = 6 = 1.5 following the results presented in Table 3 of Belo et al. (2022), As a result, we obtain

a parameter structure = that induces a network matrix B with a spectral radius less than one (see
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Section 3). Consequently, I' = <F, (Ir,uf: I - R) fe F> has at most one rationalizable outcome

i**. Finally, we set T = 30, interpreting epochs as years, and S = [100].'°

5.3. Benchmark data. In this section, we analyze the characteristic of characteristic-sorted
portfolios considering data for the period 30/09/1994 to 30/09/2024, assuming annual rebalanc-
ing at the end of September of every year included in the sample. At each rebalancing date, we
obtain the top 1000 companies by market capitalization listed on a regulated US stock market as
of the same date considered and form characteristic sorted portfolios. Rebalancing dates are dis-
tant one year from the other and lie in the range 30/09/1994 to 30/09/2024, consistent with the
length of the simulated data. The total returns and analytics are obtained from Bloomberg FTST.
In particular, p is obtained as the product of EQY SH OUT (field DS124: total outstanding
shares) times PX LAST (field PRO05: closing share price) while ¢ as PX LAST divided by
BOOK VAL PER_SH (field RR020: book value per share). Total returns take into account
the effects of corporate actions and dividend reinvestment. Table 2 provides the historical average
total return of each portfolio considered in the analysis. As in the simulated data, the first decile of
each factor corresponds to the portfolio with the highest value of the same factor, whereas the 10th
includes the stocks with the lowest values. The value (rep. size) premium is defined as the difference
between the average performance of the 10th decile portfolio and the first decile portfolio by ¢ (resp.
p). For the case of equally weighted portfolios, the sample features marginally negative value and size
premia, equal to -1. 60% and -2. 08%, respectively, against an average universe return of 11.51%. A
standard t-test shows that both premia are not statistically different from zero. Considering market
cap-weighted portfolios, both factor premia become even more negative. Although the total return
to the universe is just slightly higher and equal to 12.32%, the observed value and size premia reach
even more negative levels, -3.32% and -2.94%, respectively. Besides, there is no monotone pattern in
decile portfolios’ returns, regardless of the specific characteristic and (or) weighting scheme consid-
ered. These features, despite being in contrast to the original findings of Fama and French (1993),
are easy to explain. Except for 2022, a year of high inflation compared to the previous two decades,

several large growth companies have been a consistent source of superior stock market returns.'*

5.4. Results. In this section, we discuss the results of our simulations. We find that the
simulated samples are, on average, consistent with the main features of the benchmark data. As
10The Python code used to obtain data from Compustat and simulate the model is available upon request.

HNotable examples are Alphabet, Apple, Broadcom, Microsoft, and Nvidia. They all have been able to steadily grow
their business while reaching and maintaining profitability levels well above the median.
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TABLE 2. Performance of value and size sorted portfolios

Equal weights Market weights
Factor Size (p) Value (¢) Size (p) Value (q)
Universe 0.1168  0.1168 0.1232  0.1232
Decile 1 0.1149  0.1474 0.1270  0.1549
Decile 2 0.1106  0.1120 0.1152  0.1289
Decile 3 0.1266  0.1277 0.1315  0.1286
Decile 4 0.1172  0.1116 0.1194  0.1352
Decile 5 0.1228  0.1082 0.1248  0.1071
Decile 6 0.1275  0.1054 0.1324  0.1208
Decile 7 0.1168  0.1174 0.1202  0.1128
Decile 8 0.1231  0.1153 0.1264  0.1134
Decile 9 0.1120  0.1236 0.1137  0.1007
Decile 10 0.0937  0.1314 0.0976  0.1217

Factor Premium -0.0212 -0.0160 -0.0294 -0.0332
t-stat premium  -1.1400 -0.0093 -1.3478 -0.7070
p-Value (t-stat) 0.2636  0.9926 0.1881  0.4852

Legend: p stands for market cap, while g for Tobin Q. The first decile of each factor corresponds to the portfolio
with the highest value of the same factor, whereas the 10th includes the stocks with the lowest values.

shown in Table 3, the equally weighted investible universe earned, on average, 11.45% per year.
Similarly, the market-weighted investible universe earned on average 11.53% per year. However,
the dispersion of the simulated returns is much lower than in the benchmark data. For the equal
weighted universe, the interquantile range in the model is on average 3.45%, which is well below the
level observed in reality, namely, 25.79%. Considering the market cap-weighted universe, which is the
traditional way to build stock market indices, the average simulated interquantile range increases
to 4.93%, while the one observed on the US stock market shrinks to 20.78%. The inability to
generate a larger dispersion in stock returns is a rather unsurprising result, which stems from having
assumed one-period-lived firms, with the consequence that capital gains on the stock market are
fully determined by liquidation values, whose dispersion is calibrated to match that of profitability
(ROE). As said, we compare the simulated distribution of ¢ with the empirical one of IA; for this

TABLE 3. Annual returns, simulated data

Universe returns Equal weights Market weights

Mean 0.1145 0.1153
25th percentile 0.0972 0.0906
Median 0.1151 0.1153
75th percentile 0.1317 0.1399

reason, we refer to ¢ also as investment rate, with abuse of definition. In this regard, Table 4 shows
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that the model is capable of matching the size of the average and median investment rates observed
in the calibration sample. Hence, the simulation model does a very good job of reproducing the
average characteristics of stocks returns for the period considered, but fails to capture the volatility
witnessed during the last 30 years. A possible explanation is the presence of tail events such as the
dot-com crisis of early 2000s, the great financial crisis of 2008, and the 2019-2020 pandemic. Clearly,

a simple model as the one considered here has no chance to reproduce this type of episodes. Tables

TABLE 4. Distribution of profitability and investment intensity, simulated data

Universe z—1 )
Mean 0.4268 0.1620
25th percentile 0.1715 0.0258
Median 0.2636 0.0650

75th percentile 0.4370 0.1486

Legend: x is the liquidation value per unit of asset, while i is the capacity installed. Empirically, we identify x — 1
with Return-on-Equity and ¢ with the investment-to-assets ratio.

5 and 6 provide the average returns and valuations of the portfolios considered in the analysis,
whereas Table 7 reports other characteristics of possible interest. In particular, we observe that
the cost of capital is basically the same for every portfolio, while firms that are more profitable tend
to invest more and have a higher Tobin Q.

The number of firms in the model is large enough to consider strategic effects negligible, that is,

TABLE 5. Decile portfolios, average returns, simulated data

Equal weights Market weights
Factor Size (p) Value () Size (p) Value (q)
Analytic tr tr tr tr tr tr tr tr

Decile 1 0.1084 0.1156 0.1081 0.1155 0.1099 0.1155 0.1098 0.1155
Decile 2 0.1245 0.1153 0.1246 0.1151 0.1256 0.1154 0.1257 0.1154
Decile 3 0.1317 0.1144 0.1337 0.1148 0.1330 0.1145 0.1343 0.1149
Decile 4 0.1368 0.1145 0.1372 0.1146 0.1379 0.1146 0.1374 0.1146
Decile 5 0.1389 0.1143 0.1398 0.1145 0.1396 0.1144 0.1393 0.1144
Decile 6  0.1408 0.1147 0.1420 0.1144 0.1412 0.1148 0.1410 0.1144
Decile 7 0.1426 0.1142 0.1432 0.1141 0.1430 0.1143 0.1415 0.1141
Decile 8 0.1438 0.1138 0.1446 0.1140 0.1441 0.1138 0.1417 0.1141
Decile 9  0.1439 0.1141 0.1452 0.1141 0.1438 0.1141 0.1402 0.1139
Decile 10 0.1473 0.1141 0.1397 0.1140 0.1469 0.1142 0.1355 0.1140

Legend: p stands for market cap, while g for Tobin Q. The first decile of each factor corresponds to the portfolio
with the highest value of the same factor, whereas the 10th includes the stocks with the lowest values. Column #r is
the portfolio average estimated investment return, while column ¢r is the portfolio total return on the stock market.
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TABLE 6. Decile portfolios, average valuations, simulated data

Equal weights Market weights
Factor Size (p) Value (q) Size (p) Value (q)
Analytic q q q q q q q q

Decile 1~ 2.3581 2.3575 2.3403 2.3403 2.5793 2.5791 2.5640 2.5639
Decile 2 1.4844 1.4844 1.4964 1.4962 1.5222 1.5220 1.5357 1.5354
Decile 3 1.2465 1.2473 1.2674 1.2666 1.2525 1.2525 1.2741 1.2733
Decile 4 1.1724 1.1724 1.1960 1.1959 1.1737 1.1729 1.1975 1.1974
Decile 5 1.1247 1.1250 1.1501 1.1498 1.1262 1.1255 1.1513 1.1510
Decile 6  1.0888 1.0894 1.1156 1.1148 1.0904 1.0897 1.1163 1.1155
Decile 7 1.0635 1.0640 1.0912 1.0911 1.0658 1.0644 1.0919 1.0918
Decile 8 1.0419 1.0418 1.0704 1.0698 1.0456 1.0425 1.0715 1.0709
Decile 9 1.0217 1.0224 1.0501 1.0497 1.0269 1.0233 1.0510 1.0507
Decile 10 1.0108 1.0074 1.0341 1.0373 1.0166 1.0097 1.0361 1.0394

Legend: p stands for market cap, while g for Tobin Q. The first decile of each factor corresponds to the portfolio
with the highest value of the same factor, whereas the 10th includes the stocks with the lowest values. Column ¢ is
the portfolio average Tobin Q predicted by the estimated Investment CAPM, while column ¢ is the actual portfolio

average Tobin Q.

therefore, for every simulation s € S, and every date t € T, if f is active, it must be the case that,

E ()
Dy (is,t,fv %s,t,—f>

Opiy = — 1 =:waccsy,f.

The right-hand side of the above equation is the perceived cost of capital of f, based on its con-
jectures, which may be wrong. It follows that the validity of the Investment CAPM in simulations
depends on the dispersion of the dispersion of ¢ around i*. Unfortunately, the interquantile range
of simulated investment rated is too large, therefore, under the epistemic assumption of mutual
belief in rationality, we must reject the Investment CAPM as a "perfect" causal theory of the cross-
section of stock returns. In particular, we find that value and small stocks are usually firms with
low profitability and conjecturing a very high level of investment activity for their opponents. That
is, small and value firms are firms with low profitability and conjecturing an excessively higher cost
of capital, compared to the true expected return of their shares once stock prices are determined
on the market. Similarly, growth and large companies are usually the opposite. We also find that
these effects have no impact on the returns of characteristics-sorted portfolios, that is, there is no
value or size premium in the simulations, consistent with the benchmark data. In addition, we find

that investment and stock returns are misaligned the most at the upper and lower deciles of value
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and size portfolios, consistent with the results in Figure 2 of Goncalves et al. In this regard, several
listed firms have been documented to adopt fixed hurdle rates to decide the financial convenience
of investment projects, often above realistic average stock market returns; see Graham (2022) for
a review of the relevant literature. Our model provides a possible explanation based on the lack
of common belief in rationality. Table 8 provides the average, median, and interquantile range

TABLE 7. Decile portfolios, additional analytics of interest, average values

Equal weights
Factor Size (p) Value (q)

Analytic i E(ri,) x—1 z i E(rj,) x-1 z

Decile 1~ 0.8455 0.1144 1.6108 0.4993 0.8454 0.1144 1.6107 0.5001
Decile 2 0.3017 0.1142 0.6687 0.4953 0.3015 0.1141 0.6687 0.4996
Decile 3 0.1541 0.1143 0.4116 0.4856 0.1535 0.1143 0.4129 0.4999
Decile 4 0.1074 0.1143 0.3328 0.4970 0.1073 0.1143 0.3331 0.4997
Decile 5 0.0779 0.1142 0.2813 0.4935 0.0776 0.1143 0.2817 0.4999
Decile 6  0.0557 0.1143  0.2427 0.4870 0.0553 0.1143 0.2433 0.5002
Decile 7 0.0399 0.1142  0.2157 0.4933 0.0396 0.1142 0.2157 0.4996
Decile 8  0.0260 0.1142 0.1915 0.4944 0.0261 0.1142 0.1924 0.4994
Decile 9 0.0140 0.1142 0.1695 0.4803 0.0135 0.1142 0.1699 0.4916
Decile 10 0.0046 0.1142  0.1557 0.5008 0.0067 0.1142 0.1520 0.4371

Market weights
Factor Size (p) Value (q)

Analytic { E(ri,) x—1 z ? E(riy,) x—1 z

Decile 1 0.9896 0.1144 1.8599 0.4979 0.9896 0.1144 1.8598 0.4982
Decile 2 0.3271 0.1142 0.7127 0.4949 0.3272 0.1141 0.7130 0.4965
Decile 3 0.1583  0.1143  0.4190 0.4869 0.1582 0.1143 0.4205 0.4947
Decile 4  0.1084 0.1143 0.3346 0.4971 0.1088 0.1143 0.3348 0.4928
Decile 5 0.0787 0.1142  0.2827 0.4933 0.0791 0.1142 0.2830 0.4904
Decile 6  0.0562 0.1143 0.2435 0.4862 0.0566 0.1143 0.2440 0.4874
Decile 7 0.0403 0.1142 0.2166 0.4930 0.0412 0.1142 0.2165 0.4823
Decile 8 0.0266 0.1142  0.1927 0.4954 0.0286 0.1142 0.1937 0.4736
Decile 9 0.0146  0.1142 0.1705 0.4794 0.0168 0.1142 0.1707 0.4508
Decile 10 0.0061 0.1142 0.1580 0.4981 0.0104 0.1142 0.1542 0.4027

Legend: p stands for market cap, while g for Tobin Q. The first decile of each factor corresponds to the portfolio
with the highest value of the same factor, whereas the 10th includes the stocks with the lowest values. E (rerl) is
the actual expected stock return, or actual cost of capital, x is the liquidation value per unit of asset and i is the
capacity installed. Empirically, we identify x — 1 with Return-on-Equity and ¢ with the investment-to-assets ratio.
of statistics related to the estimation of the Investment CAPM on simulated data. The 5%-95%
confidence interval for 6 is 1.6038-1.6071, which is clearly unable to include the true value of 8, which
is equal to 1.5. Hence, the GMM estimator over-estimates the size of adjustment costs with any

reasonable degree of confidence, consistent with the overestimation problem documented in Table

2 of Liu et al. (2009) for value sorted portfolios. The exaggerated negative values of XS — R2 for
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the cross-section of stock returns are of limited interest. As the model does not generate a size or
value premium, the variance of average returns for decile portfolios is close to zero. Consequently,
small errors result in very large values of the XS — R2 statistic. However, the sign of XS — R2
suggests a structural bias, as investment returns are on average higher than stock market returns
(cf. Table 5), which is consistent with evidence that firms tend to overestimate the cost of capital
(Graham, 2022). The T'S — R2 for stock returns is more interesting and, although higher than the
value found in actual data by Belo et al. (2024), and closer to those implied by Goncalves et al.
(2020), it appears too low to support the empirical validity of the Investment CAPM, as the Pear-
son correlation between stock and investment returns is close to one. The latter is evidently much
higher than the levels documented in Goncalves et al. (2020), but this is a natural consequence of
assuming one-period-lived firms, as capital gains are fully determined by liquidation values. Since
there is no omitted capital input in our GMM estimations, our results reconcile, in a sense, the
different findings of Goncalves et al. (2020) and Belo et al (2024). Hence, we conclude that there is
a wedge between stock and investment returns which prevents the validity of the Investment CAPM
both in the time-series of returns. As for valuations, the Investment CAPM holds almost exactly
in simulated data, both in the cross-section and the time-series. Belo et al. (2022) document a
high XS — R2 and T'S — R2 for the relation between stock and investment valuations of U.S. listed
companies, once intangible assets are included in the production function. Since in our simulation
model there is a unique productive asset, our results are consistent with those of Belo et al. (2022).
The reason why the Investment CAPM holds for valuations is the following. Since the imperfect
estimation of the cost of capital is relatively self-contained, we still observe that the more profitable
firms invest more than less profitable firms. As the cost of capital is similar among decile portfolios,
firms with higher profitability obtain a higher Tobin Q, and the correlation between Tobin Q and
investment rates result is very high. Besides, rational firms become active only if their Tobin Q is
greater than one (cf. Section 4.2) and investment rates are restricted to non-negative numbers.
Consequently, a regression with a fixed unit intercept of Tobin Q on investment rates necessarily
has a very high R-squared, which coincides with the T'S — R2 statistic. For completeness, in the
Appendix to this chapter, the analysis is repeated for the case of RCBR, in which the Investment
CAPM holds (almost) perfectly.
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TABLE 8. Investment CAPM, GMM estimates for § and goodness of fit statistics,
simulated data (Average value and 5%-95% confidence interval)

Equal weights

Size (p) Value (q)
0 1.6055 1.6064
[1.6038,1.6071] [1.6046,1.6078]
Return moments TS — R2 0.3927 0.4199
[0.1351,0.5634] [0.1838,0.5741]
XS —R2 -95.0902 -101.8305
[-213.9135,-22.1539]  [-265.0921,-19.7749)
0 1.6055 1.6064
[1.6038,1.6071] [1.6046,1.6078]
Valuation moments TS — R2 0.9959 0.9959
0.9958,0.9959)] 0.9959,0.996]
XS - R2 0.9959 0.9959
[0.9959,0.996] [0.9959,0.996]
Market weights
Size (p) Value (q)
0 1.5957 1.5959
[1.5939,1.5972] [1.5941,1.5973]
Return moments TS — R2 0.3564 0.4882
[0.0801,0.5419] [0.3126,0.6293]
XS —R2 -90.0736 -73.0516
[-199.2018,-24.0005] [-234.6109,-13.5638]|
6 1.5957 1.5959
[1.5939,1.5972] [1.5941,1.5973]
Valuation moments TS — R2 0.9969 0.9974
0.9969,0.997] 0.9973,0.9974]
XS —R2 0.9969 0.9974
[0.9969,0.997] [0.9974,0.9974]

Legend: p stands for market cap, while g for Tobin Q. 6 is the GMM estimate for the parameter 6, which determines
the impact of investment adjustment costs T'S — R2 is the time-series pooled OLS R-squared. XS — R2 is the
cross-sectional pooled OLS R-squared.

6. Conclusion

We formulated the static Investment CAPM (Zhang, 2017) as a network game with linear best-
replies (Bramoullé et al., 2014), which we denoted as an investment game. We provided necessary
and sufficient conditions for the existence of a unique rationalizable outcome in network games with
linear best-replies, and applied them to investment games. In addition, we showed that, when the
number of firms is large and there is a unique rationalizable investment profile, the competitive
equilibrium of the Investment CAPM approximates the unique rationalizable outcome, which is

a Nash equilibrium. Since rationalizability is motivated epistemically by rationality and common
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belief in rationality, we provided sufficient epistemic conditions for the Walrasian equilibrium of the
Investment CAPM to hold with arbitrary approximation. Nevertheless, when the number of firms is
large, as on actual stock markets, common belief in rationality may require non-realistic reasoning
skills. Assuming rationality and mutual belief in rationality (i.e. first-order belief in rationality),
we simulated the returns and characteristics of value and size sorted portfolios and estimated the
Investment CAPM with the Generalized Method of Moments. Calibrating the parameters of the
model to match the distribution of the trailing 12 months Return-on-Equity of the top 1000 US
listed firms, having excluded those in the Financial, Real Estate, and Utility sector in the first place,
we obtain simulated data consistent with the stylized facts of the same investible universe observed
in the past 30 years. In particular, our simulations replicate several empirical puzzles documented

in the investment-based asset pricing literature:

e the GMM overestimates the parameter governing the size of investment adjustment costs
(cf. Liu et al. 2009);

o the Investment CAPM holds in the cross-section and time-series of valuations (cf. Belo et
al. 2022);

e the Investment CAPM does not hold in the time-series of stock returns, as there is a wedge

between stock and investment returns (cf. Belo et al. 2024).

The correlation between stock and investment returns is very high in simulations, much higher than
that documented in Goncalves et al. (2020), but this comes as a natural consequence of assuming
one-period-lived firms, which implies that capital gains are fully determined by liquidation values.
Since there is no omitted capital input in our GMM estimations, our results reconcile, in a sense,
the different findings of Goncalves et al. (2020) and Belo et al (2024). In addition, we find that
many firms overestimate their cost of capital, consistent with survey on capital budgeting practices
(cf. Graham, 2022). Despite this bias, firms with higher expected profitability invest more and vice
versa, and, since the model generates an actual cost of capital which is similar across characteristics
sorted portfolios, Tobin Q results are highly correlated to investment rates. Since rational firms
invest only if their perceived Tobin Q is greater than one, we find that a regression with fixed unit
intercept of Tobin Q on investment rates has a very high R-squared, which coincides, by definition,
with the time-series R-squared statistic of the GMM. Nevertheless, this result requires the existence
of an SDF that prices future cash flows distributed to shareholders, which is also common knowledge

among firms. In the next chapter, we shall examine under which epistemic conditions we may observe
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a neoclassical SDF in a trading game consistent with the microstructure of modern stock exchanges.
To conclude, we note that, in the introductory chapter of his monograph, Brandenburger (2014)
advocated for an empirical program in epistemic game theory. To the best of our knowledge, this
chapter is the first example of an empirical approach based on epistemic game theory to address
open issues in financial economics. Since the calibration of the model implies the existence of
a unique rationalizable outcome, our simulations suggest that including bounded reasoning about
rationality is a promising direction for explaining the empirical puzzles documented in the literature,
as implicitly advocated in Zhang (2025). In other words, the results of our simulations could be
interpreted, in light of the empirical puzzles documented in the literature, as evidence against the
common belief in rationality. In this regard, we believe that epistemic game theory provides the
tools to build a bridge between neoclassical and behavioral finance, enhancing our understanding of

financial markets.
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Appendix to Chapter 2

Simulations under RCBR. We repeat the analysis presented in Section 5 of this chapter
assuming RCBR instead of R1BR. As the calibrated game has a unique rationalizable outcome,
every simulation results in a time series of equilibrium outcomes. The following tables provide the

analog of Table 3,4,5,6,7,and 8.
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TABLE 9. Annual returns, simulated data

Universe returns Equal weights Market weights

Mean 0.1235 0.1234
25th percentile 0.1081 0.0996
Median 0.1228 0.1228
75th percentile 0.1394 0.1476

TABLE 10. Distribution of profitability and investment intensity, simulated data

Universe r—1 i
Mean 0.3852 0.1550
25th percentile 0.1509 0.0249
Median 0.2341 0.0659

75th percentile 0.3925 0.1436

Legend: ROE is Return-on-Equity (Compustat Capital IQ API item: 1Q RETURN EQUITY CS), std(ROE is
the 5-year standard deviation of Return-on-Equity, corr(ROEy, ROEj) is the 5-year correlation between the
Return-on-Equity of two different companies and I A is the investment-to-asset-ratio (Compustat - Capital IQ API
item: IQ NPPE 1YR AN _ GROWTH CS).

TABLE 11. Decile sorted portfolios, average returns, simulated data

Equal weights Market weights
Factor P q P q
Analytic tr tr tr tr tr tr tr tr

Decile 1 ~ 0.1228 0.1227 0.1228 0.1227 0.1229 0.1229 0.1229 0.1229
Decile 2 0.1249 0.1254 0.1249 0.1254 0.1255 0.1262 0.1255 0.1262
Decile 3 0.1226 0.1230 0.1226 0.1230 0.1225 0.1231 0.1225 0.1231
Decile 4 0.1231 0.1234 0.1231 0.1234 0.1230 0.1234 0.1230 0.1234
Decile 5 0.1226 0.1228 0.1226 0.1228 0.1225 0.1228 0.1225 0.1228
Decile 6  0.1231 0.1232 0.1231 0.1232 0.1230 0.1232 0.1230 0.1232
Decile 7 0.1231 0.1233 0.1231 0.1233 0.1231 0.1233 0.1231 0.1233
Decile 8  0.1234 0.1235 0.1234 0.1235 0.1235 0.1236 0.1235 0.1236
Decile 9 0.1236 0.1237 0.1236 0.1237 0.1236 0.1236 0.1236 0.1236
Decile 10 0.1238 0.1238 0.1238 0.1238 0.1238 0.1238 0.1238 0.1238

Legend: p stands for market cap, while g for Tobin Q. The first decile of each factor corresponds to the portfolio
with the highest value of the same factor, whereas the 10th includes the stocks with the lowest values. Column ¢r is
the portfolio average estimated investment return, while column ¢r is the portfolio total return on the stock market.



APPENDIX TO CHAPTER 2

TABLE 12. Decile sorted portfolios, average valuations, simulated data

Equal weights Market weights

Factor D q D q
Analytic q q q q q q q q
Decile 1 2.2254 2.2254 2.2258 2.2258 2.4899 2.4899 2.4904 2.4904
Decile 2 1.4049 1.4049 1.4043 1.4043 1.4363 1.4363 1.4353 1.4353
Decile 3 1.2196 1.2196 1.2192 1.2192 1.2225 1.2225 1.2220 1.2220
Decile 4  1.1587 1.1587 1.1584 1.1584 1.1604 1.1604 1.1600 1.1600
Decile 5 1.1140 1.1140 1.1138 1.1138 1.1151 1.1151 1.1148 1.1148
Decile 6 1.0842 1.0842 1.0840 1.0840 1.0850 1.0850 1.0848 1.0848
Decile 7 1.0599 1.0599 1.0598 1.0598 1.0609 1.0609 1.0608 1.0608
Decile 8  1.0380 1.0380 1.0380 1.0380 1.0386 1.0386 1.0385 1.0385
Decile 9 1.0235 1.0235 1.0235 1.0235 1.0245 1.0245 1.0245 1.0245
Decile 10 1.0062 1.0062 1.0062 1.0062 1.0089 1.0089 1.0088 1.0088
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Legend: p stands for market cap, while g for Tobin Q. The first decile of each factor corresponds to the portfolio
with the highest value of the same factor, whereas the 10th includes the stocks with the lowest values. Column ¢ is
the portfolio average Tobin Q predicted by the estimated Investment CAPM, while column ¢ is the actual portfolio
average Tobin Q.



TABLE 13. Decile portfolios, additional analytics of interest, averages of simulated data

APPENDIX TO CHAPTER 2

Equal weights

Factor P q

Analytic i E(ri,) =z-1 z i E(ri,,) =z-1 z
Decile 1 0.8148 0.1246 1.4989 0.5005 0.8148 0.1246 1.4989 0.5005
Decile 2 0.2692 0.1244 0.5806 0.4999 0.2692 0.1244 0.5806 0.4999
Decile 3 0.1460 0.1245 0.3692 0.5001 0.1460 0.1245 0.3692 0.5001
Decile 4 0.1055 0.1245 0.3014 0.5005 0.1055 0.1245 0.3014 0.5005
Decile 5 0.0758  0.1246  0.2506 0.4999 0.0758 0.1246  0.2506 0.4999
Decile 6  0.0560 0.1245 0.2176 0.4999 0.0560 0.1245 0.2176 0.4999
Decile 7 0.0398 0.1245 0.1904 0.5002 0.0398 0.1245 0.1904 0.5002
Decile 8  0.0253 0.1245 0.1662 0.4999 0.0253 0.1245 0.1662 0.4999
Decile 9 0.0156  0.1245 0.1500 0.5003 0.0156 0.1245 0.1500 0.5003
Decile 10 0.0041 0.1245 0.1308 0.5000 0.0041 0.1245 0.1308 0.5000

Market weights

Factor P q

Analytic i E(ri,) z-1 z i E(riy,) x-—1 z

1 0.9901 0.1246 1.7969 0.5004 0.9901 0.1246 1.7969 0.5004
2 0.2899 0.1244 0.6168 0.5000 0.2899 0.1244 0.6168 0.5000
3 0.1479  0.1245 0.3723 0.5000 0.1479 0.1245 0.3723 0.5000
4 0.1066 ~ 0.1245 0.3031 0.5006 0.1066 0.1245 0.3031 0.5006
5 0.0765 0.1246 0.2518 0.5000 0.0765 0.1246 0.2518 0.5000
6 0.0565 0.1245 0.2185 0.4998 0.0565 0.1245 0.2185 0.4998
7 0.0405 0.1245 0.1916 0.5002 0.0405 0.1245 0.1916 0.5002
8 0.0256  0.1245 0.1668 0.4999 0.0256 0.1245 0.1668 0.4999
9 0.0163 0.1245 0.1511 0.5002 0.0163 0.1245 0.1511 0.5002
10 0.0059 0.1245 0.1337 0.5001 0.0059 0.1245 0.1337 0.5001
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Legend: p stands for market cap, while g for Tobin Q. The first decile of each factor corresponds to the portfolio
with the highest value of the same factor, whereas the 10th includes the stocks with the lowest values. E (rerl) is
the actual expected stock return, or actual cost of capital, x is the liquidation value per unit of asset and i is the
capacity installed. Empirically, we identify x — 1 with Return-on-Equity and ¢ with the investment-to-assets ratio.
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TABLE 14. Investment CAPM, GMM estimates for # and goodness of fit statistics,
simulated data (average value and 5%-95% confidence interval)

Equal weights

p q
0 1.5049 1.5049
[1.5049,1.5049] [1.5049,1.5049]
Return moments TS — R2 0.9999 0.9999
[0.9999,0.9999]  [0.9999,0.9999]
XS — R2 0.975 0.975
[0.8633,0.9974] [0.8633,0.9974]
0 1.504 1.504
[1.504,1.504]  [1.504,1.504]
Valuation moments 7S5 — R2 1.0 1.0
[1.0,1.0] [1.0,1.0]
XS — R2 1.0 1.0
[1.0,1.0] [1.0,1.0]

Market weights

p q
6 1.5049 1.5049
[1.5049,1.5049] [1.5049,1.5049]
Return moments 7S — R2 0.9998 0.9998
[0.9998,0.9999]  [0.9998,0.9999)]
XS —R2 0.964 0.964
[0.8386,0.9963] [0.8386,0.9963]
0 1.5049 1.5049
[1.5049,1.5049] [1.5049,1.5049]
Valuation moments TS — R2 1.0 1.0
[1.0,1.0] [1.0,1.0]
XS —R2 1.0 1.0
[1.0,1.0] [1.0,1.0]

Legend: p stands for market cap, while g for Tobin Q. 6 is the GMM estimate for the parameter 6, which determines
the impact of investment adjustment costs T'S — R2 is the time-series pooled OLS R-squared. XS — R2 is the
cross-sectional pooled OLS R-squared.



CHAPTER 3

Epistemic Conditions for Competitive Prices

1. Introduction

Modern asset pricing is an application of General equilibrium theory (GET), which makes use
of Walrasian equilibria to characterize the outcome of a market economy. As argued in the preface,
while intuitively appealing, general equilibrium models are rather abstract, and Walrasian equilib-
rium lacks epistemic foundations. In fact, a market economy, the essential descriptive component of
any general equilibrium model, does not specify the actions taken by the agents involved and how
these translate into prices and allocations of consumption goods or financial assets. Heuristically, it
is often argued that every agent can buy (resp. sell) as much as she wishes of any traded good or
asset at its market price, despite prices being effectively determined by these choices through the
necessary market-clearing conditions. However, even if we accepted that agents could be modeled as
if they chose their preferred allocations, it would remain unclear why they could be able to anticipate
the vector of market prices resulting from their choices. In this sense, Walrasian equilibrium suffers
from the same epistemic limitation of Nash equilibrium, which does not come with a formal (i.e.
epistemic) justification for the implicit assumption of correct conjectures. The purpose of this chap-
ter is to close this gap, considering a realistic trading protocol for financial assets, namely, an auction
with limit orders and price priority in which the market price of every asset traded is determined as
the bid price of the lowest filled buyer. In this regard, Dubey (1982) provided a game theoretical
description of this market mechanism for the case of trading in consumption goods and showed the
existence of Nash equilibria consistent with Walrasian prices and allocations. However, as in most
of the literature on trading games, no motivation is offered for the adoption of a Nash equilibrium
(NE) as a solution concept. In this regard, we already argued in Section 4.1 of Chapter 1 that
Nash equilibrium is not necessarily a "natural" solution concept. To the best of our knowledge, the
epistemic analysis of trading games has received very limited attention in the literature, perhaps im-
plicitly relying on the sufficient epistemic conditions for NE of Aumann and Brandenburger (1995)

and Polak (1999). In particular, Aumann and Brandenburger (1995) showed that in every finite
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game endowed with an epistemic model in which the game being played is common knowledge, if
the players are Bayesian rational, there is a common prior, rationality is mutual knowledge, and
there is common knowledge of conjectures, then the players’ conjectures constitute a NE of the
mixed extension of the game considered. Evidently, these conditions are rather strong and do not
necessarily imply an NE outcome in the original game, unless the equilibrium conjecture of every
player is a point-conjecture; see Section 1.4.1.3-4 for a reference. Given the fundamental role of
competitive equilibrium in modern asset pricing (i.e., existence of a stochastic discount factor, non-
arbitrage theories), we adapt the model of Dubey (1982) to the case of trading in financial assets and
provide sufficient epistemic conditions for competitive asset prices that are less demanding and more
intuitively appealing compared to those of Aumann and Brandenburger (1995). For the avoidance of
doubts, asset prices are said to be competitive if they are consistent with the price vector associated
with a Walrasian equilibrium (WE) of the reference economy; we also say, for short, that prices or

allocations are Walrasian if they are consistent with a Walrasian equilibrium.*

1.1. Relation with the literature. At the end of the 1970s, Shapley and Shubik (1977)
questioned the foundations of general equilibrium theory (GET).? Their critique provided a voice to
a general feeling of dissatisfaction with the metaphor of a Walrasian auctioneer and the tdatonnement
process. In short, the quick development of game theoretical models exposed the axiomatic nature of
GET, which neither specifies which actions are available to agents in GE models and how these are
linked to determine prices and allocations, nor why rational individuals should necessarily coordinate
so as to reach a Walrasian equilibrium. The model of Shapley and Shubik (1977) was a milestone
in the process of showing that Walrasian equilibria are closely related to Nash Equilibria in trading
games, that is, static games in which a set of players choose actions that allow them to modify
their initial allocations through an explicit market mechanism. However, an important limitation
of their setting was exactly the lack of realism of the market mechanism considered, which featured
monetary bids in exchange of an uncertain® amount of the commodity traded. Barring the case of
currency swaps, financial markets usually work in a very different way, as traders need to specify the
maximum quantity they intend to buy (resp. sell) of an asset and the maximum (resp. minimum)
execution price that they are willing to accept. In this regard, Shubik (1977), Dubey and Shubik
(1980), and Dubey (1982) counsidered a trading protocol resembling the way in which the majority
1Hence, by a Walrasian asset allocation we effectively mean a Walrasian equilibrium asset allocation.
2To avoid confusion with the solution concept of competitive equilibrium in quasi-aggregative games, we refrain from

using the same term as a synonym for a Walrasian equilibrium.
3This uncertainty resolves in Nash equilibria, which are the unique solutions considered in their model.
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of centralized exchanges are organized nowadays, that is, an auction with limit orders and price
priority. The results presented in Dubey (1982) were generalized further by Benassy (1986). In
addition, during the same decade, Wilson (1978), Hurwicz (1979), and Schmeidler (1980) addressed
closely related topics in a sequence of highly influential papers. Nevertheless, despite the vast
literature on trading games, there are very few examples of epistemic analysis and, to our knowledge,
none considering a realistic trading mechanism for financial assets. Desgranges and Ghosal (2010)
consider a version of the Shapley window model (Sahi and Yao, 1989; Codognato and Ghosal, 2000)
with a continuum of players and show that, if traders are rational and attach a sufficiently large
probability to an outcome consistent with a Walrasian equilibrium, there is common belief in the
corresponding event, then every outcome consistent with these assumptions will support the same
Walrasian equilibrium. However, their analysis has two limitations: i) the Shapley window model is
a fairly unrealistic trading protocol for financial assets, and, ii) their results hinge on the equivalence
between Nash and Walrasian equilibria, which is verified only in the limiting case of a continuum of
players. As shown in Sahi and Yao (1989), with finitely many traders, the intersection between the
set of competitive and Nash equilibria includes only trivial outcomes, such as those in which no asset
is being traded. Ben-Porath and Heifetz (2011) consider instead the case of a continuum of rational
players with common belief in rationality and market clearing. In their model, the description of the
trading mechanism is absent and the analysis is a rare, if not unique, example of epistemic analysis
of Walrasian equilibrium. More recently, Zhou (2022) introduced level-k thinking in the Kyle (1989)
model for the price determination of a single risky asset with informed trading, which is based on the
“share auction” trading protocol of Wilson (1979). Again, a major limitation of this study lies in the
considered trading mechanism, which presumes that a trader, say f, submits a function ay : R = R
to an auctioneer, corresponding to her commitment to buy (sell, if negative) a certain amount of the
risky asset depending on the price that will be subsequently fixed by the auctioneer. In contrast, the
model presented in this chapter features a more realistic trading protocol, in which traders submit
limit orders to a centralized exchange, that is, an instruction to buy (resp. sell) up to a certain
quantity of each asset provided that the price paid (resp. received) is not greater (resp. lower) than

a certain limit.

1.2. Contribution to the literature. In this chapter, we consider a trading game describ-
ing an auction for digital monetary claims on the realization of an exogenous state of nature. In

particular, we consider an auction with limit orders and price priority, in which the market price of
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each asset is determined as the bid price of the lowest filled buyer. In this class of games, players
submit buy and sell limit orders for finitely many different assets, each traded at a different trad-
ing post. The trading protocol considered is essentially the same as in Dubey (1982), barring for
minor technical variations which ensure that the total traded volume is maximized. For every asset
traded, the corresponding buy orders are sorted starting from the highest bid to the lowest, while
sell orders from the lowest ask to the highest; clearly, a buy and a sell order can be matched if and
only if the limit price of the former is equal to or higher than that of the latter. Buy and sell orders
are matched based on their price priority, that is, the highest bidding buyers are served first and
matched against the lowest asking sellers, and the process continues until no additional buy and sell
order can be matched, therefore maximizing the total tradable volume. The market price is deter-
mined as the limit price of the lowest active buyer, that is, the maximum price that the last "served"
buyer is willing to pay. In case the quantity demanded results different from the quantity supplied,
the traders rationed are the lowest active buyers if there is an excess of demand, while the highest
active sellers if there is an excess of supply. In this regard, we consider two alternative payment
or settlement rules: a) buyers pay the price they quote. In the former case, we speak of pay-as-bid
auctions while in the latter, of pay-as-clear auctions. Under the assumption of risk-averse Bayesian
traders, with preferences on monetary lotteries, common knowledge of the game, and symmetric
information on the state of nature, we obtain a static game with payoff uncertainty. We introduce
the notion of strategic equilibrium (SE), which essentially reflects a situation of rationality as well
as common knowledge among traders of the actions being played and of their subjective priors on
the state of nature, and show that every interior Walrasian equilibrium is supported by an SE. How-
ever, we also find that every profile of limit orders (i.e. actions) is rationalizable regardless of the
traders’ priors on the state of nature, and therefore we could never motivate an SE as a necessary
consequence of rationality and common belief in rationality and transparent priors on the state of
nature. For this reason, assuming that markets are complete and there is a unique, and interior,
Walrasian equilibrium, we study the implication of rationality and mutual m—belief in Walrasian
markets,* where by the latter we intend an epistemic states in which players: i) do not correlate their
conjectures (i.e., beliefs about their opponents’ actions) with the state of nature, ii) believe that,

in their absence, the market price of each asset would be competitive and ii) believe that there are

4The notation is similar to that of p—Dbelief in game of complete information, that is the, attribution of probability
p by the type fo each player to the relevant projection of a given event. Here 7 is a profile of priors on the state of
nature affecting the payoffs of the risky assets traded, hence the reason for the notation adopted.
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always sufficient volumes to implement the Walrasian allocation of every risky-asset at Walrasian
limit prices. Although these epistemic hypotheses may appear restrictive or ad-hoc, they provide
a precise epistemic description of price-taking behavior in an auction with limit orders and price
priority. Furthermore, these epistemic assumptions imply that no trader believes that it is possible
to affect asset prices to create profitable arbitrage opportunities. In pay-as-bid auctions, that is,
when buyers pay the price they quote, we show that rationality and mutual m—belief in Walrasian
markets support competitive asset prices, although the resulting asset allocations may not be consis-
tent with a Walrasian equilibrium (WE). In contrast, in pay-as-clear auctions, that is, when buyers
pay the market price, we find that the assumption of rationality and mutual m—belief in Walrasian
markets is no longer sufficient to ensure competitive asset prices. Indeed, asset prices may be equal
to or greater than their corresponding Walrasian levels. From a normative perspective, we find that
pay-as-bid auctions are more likely to coordinate buyers and sellers on outcomes consistent with
Walrasian equilibrium, with better price discovery. This result echoes the conclusion of Woodward
and Pycia (2025) in (a non-epistemic) equilibrium analysis of a trading protocol similar to the one
considered in this chapter. In particular, when buyers pay the market price, there is a common prior
on the state of nature and markets are complete, our results show that asset pricing bubbles can be
observed even when players are rational and believe in Walrasian markets, and, in particular, as a
consequence of choosing "incautious actions" akin to "market-orders" (i.e., orders without a limit
price). From an empirical perspective, we suspect that momentum and short-term reversal may
be explained from this perspective, but we have not so far developed any methodology to test this
hypothesis concretely, which would also call for a dynamic extension of our model. As a technical
result, we stress that most of the results obtained hold under the additional assumption that the
players’ initial asset allocations (endowments) are not part of a WE allocation, in which case there
might be instead out-of-market orders preventing competitive prices also in pay-as-bid auctions. In
other words, we escape no-trade situations a a la Milgrom and Stockey (1982) by imposing non-
Walrasian endowments of assets.’ Despite being a theoretical work, we believe that our contribution

could be levered both empirically and from a normative perspective.

1.3. Structure of the chapter. We view financial assets as digital contingent claims on the
realization of an exogenous state of nature, which could be interpreted also as the outcome of an

exogenous data generating process (see Section 1.1.6 of Chapter 1 for a reference). Regardless

5See Section 6 for additional details.
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of a true DGP being postulated, we allow players to disagree on their priors on the (Borel o-
field of the) state of nature and we rule out the possibility of private signals; that is, we work
under the assumption of symmetric information. Unlike the model in Chapter 2, the state of
nature is payoff relevant in the model, hence it cannot be left out of the epistemic analysis. For
this reason, in Section 2 we discuss the construction of belief hierarchies for games with payoff
uncertainty. Section 3 describes a market economy, as intended in GET, and the corresponding
trading game featuring an auction with limit orders and price priority. In Section 4 we define
a Strategic Equilibrium (SE) of the game, which is essentially a special case of Bayesian Nash
Equilibrium (BNE), and we show that every interior WE of the economy can be sustained in an
SE, extending the results of Dubey (1982). Contrary to Dubey (1982), since we assume standard
preferences over lotteries on monetary outcomes, there is no need to introduce ad-hoc penalties
representing exogenous financing constraints. In Section 5 we show that every profile of actions
is rationalizable and consistent with rationality and common belief rationality. For this reason, we
consider an economy with a unique and interior Walrasian equilibrium, and, after introducing the
notion of mutual m-beliefs in Walrasian markets, we provide the main results of the paper. Finally,

Section 6 is left for conclusions.

2. Type structures for games with payoff uncertainty

In this section, we review the construction of a universal epistemic type structure in the case
of payoff uncertainty, that is, in the presence of a payoff relevant state of nature. Consider a static
game with cardinal payoffs equipped with an epistemic model in which there is common knowledge
of the game being played and symmetric information about the state of nature, as well as a suitable
Bayesian frame, and let

D= (F.S (uy:Sx Apx Ay > R) o)

be the corresponding game in reduced form. As usual, F is the set of players with a typical element
f, and for every f € F', A; is the set of actions available while u; is a vINM utility function. As
the utility of each player is a function of the state of nature, the construction of belief hierarchies
presented in Section 1.3 of Chapter 1 must be extended to include S in the basic uncertainty
space of each player. In this regard, it is important to recall that beliefs represent uncertainty
relations. As such, we do not necessarily require that players know the true DGP of the state of

nature, assuming one exists, or that players agree on a common prior over the Borel o-field of S.
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For the rest, the construction of belief hierarchies and type structures is essentially the same as in

Section 1.3 of Chapter 1, as is evident from the following definition.

DEFINITION 3.1. Let I' = (F, S, (Af,us : Sx A x A_; — R)feF> be a game with payoff un-
certainty. A profile h = (hf)feF is a belief hierarchy associated with the space Z = (XkeNZf,k)feF

if, for every f € F":

o Zy1=SxA_jand hy; € A(S x A_y);

e for every keN \ {1}, Zﬁk. = Zf,k:—l X (xjeF\{f}A (Zf,k—l)) and hﬁk €A (Zf,k).

For every f € F, and every k € N, we endow Z;; with the product topology and A (Zy )
with the weak* topology. We let H]Q ‘= XpenA (Z’J?) be the space of all belief hierarchies of f,
and endow it with the product topology. It follows that Z;x, A(Zsy), and HJQ are Polish with
respect to the topologies adopted Recalling the notion of projective consistency given in Section
1.1.2.5 of Chapter 1, a belief hierarchy hy € H)Q is said to be consistent if, for every k € N\ {1},
margy . hrr = hyy. Hence, the results of Brandenburger and Dekel (1993) hold, namely, as an
application of the Kolmogorov extension theorem ( Section 1.1.2.5 of Chapter 1), there exists
a homeomorphism 7} : Hp — A (S x A_; x (Xjep\(s3HYJ)) such that, for every k € N\ {1},
margzkn} (hy) = hyg. In addition, restricting attention to belief hierarchies satisfying common

belief in consistency, that is, hy € Hy = ﬁleNH}, where, for every [ € N,
Hj = {hf € Hy ' 2y (hy) (S x Aoy x (XjernHj)) = 1}

we obtain a homeomorphism ny : Hy — A (S x A_y x (Xep\r3H;)), see Dekel and Siniscalchi
(2015) for a reference. As a result, any 8y € A (S x A_; x H_y) is induced by one and only one
belief hierarchy ¢y € Hy. Consistent with the nomenclature adopted in complete information games,
a point ty € Hy, that is, a belief hierarchy that satisfies the requirements of consistency and common
belief in consistency, is said to be a type of player f; the product space H = X jcpHy, which we
endow with the topology of the product, is the universal type space of I', as it includes all possible
belief hierarchies of f satisfying the requirements of consistency and common belief in consistency.
Therefore, every collection of belief hierarchies T' C H can be represented according to an epistemic
type structure T = <F, (S,A,f,Tf,ﬁf)feF>, where S : Ty — A (S x A_y x T_§) is a continuous
mapping. The mathematical structure 7 = <F, (A_y, Hy, nf)f€F> is said to be the universal type

structure of I', and by the same considerations made in Section 1.3.2 of Chapter 1, we identify
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S x A x T with the set of possible states of the world. An event is a Borel subset of S x A x T or
A x T; abusing notation, a cylinder set S x P, where P C A x T, is sometimes identified by the

corresponding projection on A x T, that is, by P. The event “player f is rational” is defined as

Ry = {(afatf) € Ay xTyrag €ry (), o5 = margg, a1y (tf)},

where 7y (v) = argmax, ¢4, E, [ug,( and v € A(S x A_y), while the event “players are

afvaff)]

rational” is R = X jepRy. The event “player f believes in the event E_",where E_; C S x A_; X
T_f, is
By (E—y) ={(ay,ty) € Ay x Ty (ty) (E-p) =1},

and the event “E = X cpEy is mutually believed” is B (E) = S x (xserpBy (E_y)). The belief
operator B : S x A xT — S x A x T has the properties of monotonicity and conjunction (cf.

Section 3.3 of Chapter 1). The event “E is commonly believed” is
CB (E) = ﬂkZlBk (E) ,

where B* is defined inductively as in Section 1.3.2, and an event F is transparent if it is true and
commonly believed. The event “players are rational and there is common belief in rationality” is

RCBR = (S x R)NCB (S x R) and is transparent.

2.1. Rationalizability. Let (F, S, (Af,us : S x A= R) ) be a static game with payoff un-
certainty, where S U {A; : f € F'} is a family of Polish topological spaces, and C the set of closed
subsets of S x (x¢cpAy) in the product topology. A set C' € C is said to have the best-reply, or

best-response, property if C' C p(C), where
p:C—=C
C = 8 x(Xperrs (C-p)),
is the rationalization operator, which is weakly monotone, and for every f € F,
rp:SXA_; =3 Ay
(s,a_yp)—{ay€Ap:3pur € A(SXA_y), a5 € argmaxa/feAwa (ua})}

is the best-reply, or best-response, correspondence of the player f. A profile of actions a € A is said

to be rationalizable if there exists a set C' € C with the best-reply property such that a € C. The
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set of rationalizable strategies is the union of the sets with the best-reply property. Let
P (S x A) := Npenp” (S x A)

be the set of actions that survive the iterated deletion of strictly dominated actions. If S x A is

compact and connected, and u is continuous, it is possible to show that:
o the set of rationalizable actions coincides with p™ (S x A) and p™ (S x A) = p (p™ (S x A));
e if I' is equipped with the corresponding universal type structure, proj 4 RCBR = p> (S x A).
We refer to Battigalli and Siniscalchi (2003), Dekel and Siniscalchi (2015) and Chapter 8 in Battigalli
et al. (2024) for the details.

3. Auctions with limit orders and price priority

This section is dedicated to modeling a situation in which a group of individuals trade in financial
assets with binary payouts depending on the realization of an exogenous state of nature. We begin
with analyzing this situation considering a market economy and its Walrasian equilibria, that is,
a General Equilibrium model. Next, we adopt a game theoretical approach and describe the same
situation with a trading game. The trading protocol is an auction with limit orders and price priority
similar to those considered in Shubik (1977) and Dubey (1982, 1994). At the end of this section,
we introduce the solution concept of strategic equilibrium, which is essentially an extension of Nash
equilibrium in games with payoff uncertainty, and prove that every interior Walrasian equilibrium

of the market economy is supported by at least a strategic equilibrium of the trading game.

3.1. General Equilibrium.

3.1.1. Market economy. A market economy for the situation of interest is an ordered tuple

&= <F, S, J,r, (efauf)feF>’

where:

F is a finite set of individuals with typical element f € F;

e S =[m], m €N, is a set of exogenous states, or states of nature, with the typical element
s # 05

J={0}U|[n], n € [m — 1], is a set of perfectly divisible assets, with the typical element j

being a function mapping S to {0,1};

(0f,Uy) fep 18 @ tuple that describes the endowments and preferences of the individuals.
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We also refer to the elements of F' as agents, players, or traders. The true state of the world is
unknown to traders and is revealed only after traders choose their asset allocations. As usual, we let
A (S) be the set of probability measures on the Borel o-field of S equipped with its natural topology
(i.e. the discrete topology). For every asset j € J, we denote by y; : S — R the corresponding
payout function, that is, the function that denotes the payment made by a unit of the corresponding

asset to its holder. In particular, we assume that for every j € J \ {0},

1 s=j
yj (s) =

0 s#J,
while for every s € S, yo (s) = 1. The asset 0 is intended as a risk-free monetary deposit or bond.
Except for asset 0, the remaining m — 1 assets are digital state-contingent claims, or Arrow-Debreu
securities. Due to the linear independence of assets payoffs, the presence of the risk-free asset ensures
that markets are complete if and only if |J| = |S|. The implicit assumption of a zero risk-free rate
is without loss of generality, since the model is static, and simplifies the framework. The choice
of S and J is also without loss of generality, as it simply amounts to attribute a higher index to
the states of nature that are not associated to an Arrow-Debreu security, if any. For every f € F|
0 € Ry is a vector with a typical element 6 ; that denotes the initial endowment of the asset j € J
for the player f. In General Equilibrium (GE) models, players are assumed to be able to adjust
their asset allocations through an unspecified trading protocol. In this regard, for every f € F, we
denote by zy € R” an asset allocation of the player f. We denote by (l‘f)feF € RF*J the profile
of asset allocations obtained by the players at the end of the (unspecified) market process, where
xy; = 2 (f,7) is the number of units of asset j held by the player f at the end of the market process;
we also refer to x; as the asset allocation of the player f. In this regard, every player f € F' has a

family (i I f)ﬂ'f cA(S) of preference relations on the set of her possible asset allocations such that

¥y Zf Tpmy < Ba, (Uf,x}) >Er; (Upay)

where
Up: SxR7 5 R

(ssep) = Up | D @pymi(s) + 250
Jj€J\{0}
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and Uy is a continuous, strictly monotone, and concave function of its argument. For every player
f € F, we interpret the argument of Uy as the future wealth of the player f, which is the sum of
the monetary payments obtained from her assets.

3.1.2. Walrasian equilibrium. We still have to specify a solution concept for &, that is, a corre-
spondence that assigns the set of possible asset allocations and asset prices that may be observed.
As in the majority of GE models, solution concepts restrict outcomes to (normalized) Walrasian

equilibria, which is based on the following assumptions:

e the market process assigns a price equal to 1% to the risk-free asset and a vector p** € R/\0}
to the risky assets;”
e every player f € F forms a belief 7y € A(S) on the state of nature and chooses her

preferred asset allocation within those in BSy (p**), where

BS; : RIMOY 5 R

pxpiap =00+ Y pi(0f —xp))
JE€EJ-0

is the budget set correspondence of f, or the budget constraint.

Informally, the assumptions above require that i) the trades to implement the desired asset alloca-
tions are compatible with each other (i.e., the total amount bought of each asset equals the total

*3k 11

amount sold), and ii) the event "prices are equal to p is common belief among traders; we say
informally because i) the market mechanism is unspecified and ii) there is no epistemic model of
E. As we said above, this axiomatic characterization of the outcome of £ is known as Walrasian

equilibrium (WE), which is defined more rigorously below.

DEFINITION 3.2. Consider an economy &£ = <F, S, J,r, (af,uf)feF>. A Walrasian equilibrium
of & for the profile of priors 7 € A ()" is a pair (z**,p**) € RF*7 x R\ where X := Xrer Xy,

such that:

(1) for every f € F,

:v}* € argmax, ¢ ps; (p++) {Eﬂf (Uf@f)} ;

6This choice avoids the issue of price indeterminacy in Walrasian equilibria, as a consequence of the Walras’ law; See
Chapter 4 in Back(2017) for a reference.

"The "(normalized)" is related to the assumption that the risk-free asset has unit price, hence serving as numeéraire,
which is a sufficient condition to ensure price determinacy. For the avoidance of doubts, p;* is the price assigned to
asset j € J\ {0}.
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(2) X perp®f; = fep Of; for every j € J.

An allocation z € X is said to be interior if, for every f € F', and every j € J, zy; > 0, and a
WE (z**,p**) of £ is said to be interior if ** is interior and p** is strictly positive. In general, once
we fix a profile of priors T € A (S)F, standard results in GET apply (cf. Chapter 19 in Mas-Colell
et al., 1995). In this regard, by the assumption on the agents’ preferences, if (x**, p**) is a WE of &,
we note that p** € [0, l]J\{O}, as every WE must be free from arbitrage opportunities, see Cochrane
(2005) for a reference. In addition if the gross substitution property holds, there exists a unique WE
for £, see Section F in Chapter 17 of Mas-Colell et al. (1995) for a reference. In this regard, Hens and
Loeffler (1995) provided sufficient conditions to ensure that the gross substitution property holds
for &, of which an example is the assumption of complete markets and individuals with a constant
absolute risk aversion. Furthermore, if markets are complete, the first welfare theorem holds, that
is, the allocation associated to a WE is Pareto efficient.

3.1.3. The Stochastic Discount Factor. A vector p € R+‘]\{O} of market prices is said to be

fundamental if there exists a vector m, € R¥ such that:

* D sesmp(s) =1

o for every j € J\ {0}, p(j) = D cqmp (5) yj (5) = my (j).

In other words, the existence of m,, ensures that the price of each asset “discounts" the corresponding
future cash-flows. Given a pricing kernel m,,, the stochastic discount factor (SDF') associated with
a measure 1 € A (S) is a vector M,,,, € RS, such that for every s € S, my, (s) = M, , (s) u({s}).

By standard results in GET, we have the following proposition.

ProroOSITION 3.3. Consider a market economy £ = <F, S, J,r, (Hf,l/{f)feF>, consistent with
the assumptions made in Section 3.1.1. Let m; € A(S), and suppose that there exists an interior

Walrasian equilibrium
(I** = (x;*)feF ’p** - (p;*)je,l\{0}> ’
for the profile of priors (m1);cp € A(S)T (ie. m is a common prior on the state of nature). If

S| =|J| and 3_ ;e 05 is a strictly positive vector, there exists an economy

8/ = <{1}757 Ja T, (Vlvelaul)> )
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that admits ({ZfeF x}*},p**) as a competitive equilibrium. In particular, for every j € J \ {0},

p;* =Er, [My,]]

. dU(w)
where M = =52 e

wi* = Z Z x5y (s) + Z Tfo

JjE€[m] fEF feFr

and Er, [Myo] = 1. Consequently, agent 1 is said to be a representative agent of £, while M is a

stochastic discount factor.

PROOF. Omitted for space reasons. See Theorem 1.6 in Chapter 1 of Ma (2011). O

In other words, when markets are complete and there is a common prior on the state of nature,
Walrasian equilibrium prices imply the existence of an SDF. In this regard, much has been written
to address how issues such as market incompleteness and heterogeneous priors may prevent the
existence of a representative agent, and the related consequences for establishing a link between
Walrasian equilibrium and the existence of a SDF; see Magill and Quinzi (1996) for a reference.
In particular, with heterogeneous priors or incomplete markets, or both, every interior competitive
equilibrium of &£ supports the existence of a SDF by the absence of arbitrage opportunities; however,
there is not necessarily a link between the SDF and the marginal utility of a properly defined
representative investor, since the latter may not exist. As a result, the definition of the fundamental
value of an asset becomes problematic, if not entirely arbitrary.

3.1.4. Discussion. Although intuitively appealing, Walrasian equilibrium lacks strategic and
epistemic foundations. Firstly, there is no explicit mention of the players’ actions and how these
translate into asset allocations and prices. Secondly, in choosing their preferred asset allocations, it is
not explained why players are able to anticipate the vector of prices that will result from their actions
and the market process, just as in the Nash equilibrium of a static game no explanation is offered for
the assumption of correct conjectures. Surprisingly, despite the large scientific production in the field
of asset pricing, very little has been written in terms of which market mechanisms for £ (i.e., well-
defined trading games) may admit outcomes consistent with Walrasian equilibria as a consequence
of players’ rationality and reasonable epistemic assumptions. Consequently, the existence of an SDF
lacks strategic and epistemic foundations. In the remainder of this chapter, we try to fill this gap,
considering a realistic trading protocol. For the sake of clarity, we stress that we are not arguing

that GET is wrong or useless. Rather, recognizing the importance of GET in modern asset pricing,
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we believe that investigating its strategic and epistemic foundations is of particular relevance for a

correct application of its results.

3.2. Trading Game. In this section, we model the situation of interest as a static game with
cardinal payoffs. Consequently, the game inherits several elements from the market economy &
described in the previous section, starting from the set of players, that is, F' . To some extent, the
only difference between a game and a market economy is the presence of a set of actions and an

explicit mechanism linking actions to outcomes. Namely, we consider a game in which:

e trade in risky assets through an auction with limit orders and strict price priority;
e the market price of each asset is determined as the bid price of the lowest filled buyer;

e players have preferences over lotteries defined on their future wealth as in £.

By strict price priority we mean that, in case buyers (resp. sellers) must be rationed, buyers (resp.
sellers) with lower (resp. higher) limit prices are rationed first. The game is endowed with an
epistemic model in which there is common knowledge among players of the game being played, and
symmetric information on the state of nature. In addition, we assume that the game is endowed
with a suitable Bayesian frame. For this reason, we focus on the reduced form of the game, and

eventually describe the situation of interest as a static game with payoff uncertainty

(RS U vy a7) ).

which we equip with the corresponding universal type structure 7 = <F, S, (A_y, Ty, 77f>ng>' The
consequence function is g%, where P denotes the payment rule of the game, for which consider the
alternative case of i) buyers pay the price they quote (P = pay — as — bid) and ii) buyers pay the
market price (P = pay — as — clear). We also say that & is the reference economy and refer to I" as
a trading game for &, or just a trading game for short. Every player f € F' takes an action ay € Ay,
consisting of a collection of limit orders, one for each risky financial asset j € J \ {0} submitted on
a hypothetical date t < ¢’ < ¢’. Observe that there are no orders for the risk-free asset, that is, the
asset 0, which is identified as electronic money held in bank accounts. The reason for this choice is
that trades are settled in electronic money. For the avoidance of doubts, we also recall that, in a
static game, dates can be interpreted as a virtual ordering of sequential events occurring at a certain
date or as distinct dates, or as a combination of the two interpretations. In applications, it might be
convenient to assume that ¢ and ¢ are two sequential events that occur on the same date, while ¢”

is a future point in time. In particular, on date ¢t traders submit simultaneously their limit orders to



3. AUCTIONS WITH LIMIT ORDERS AND PRICE PRIORITY 134

an electronic exchange, while on ¢’ the resulting trades are settled according to the exchange rules
to match buy and sell proposals. Finally, in t” the state of nature is revealed, and the payments of
the risky assets are distributed to their respective holders.

3.2.1. Actions. Fix a generic player f € F'. The set of f’s actions is Ay with the typical element
ay: J\ {0} x [4] = R. For every j € J\ {0}, ay; = (afjk)k€[4] is a limit order, that is, a selection
isomorphic to the ordered 4-tuple (q?j, p;lcj, a3 pjcj) carrying the following interpretation: “player
f is willing to buy up to q?j = ayj1 units (quantity demanded, or, individual demand) of j at an
execution price less or equal than the buy limit price p;lcj = ayjo (bid price), and is willing to sell
up to ¢j; = ay;3 units (quantity supplied, or, individual supply) of j at an execution price greater

8 Trades are settled in electronic money,

or equal than the sell limit price p}; = ayja (ask price).
say dollars, and players are endowed with an amount 0;; > 0 of each asset j € J. Short sales
(q‘}j >0 fj) are not allowed, limit prices (p?,pz) must be non-negative. Unlike Dubey (1982), we
do not allow a player to be simultaneously a buyer and a seller of a risky asset j € J \ {0}, that is,
for every j € J, q?jqjc ;= 0.% In addition, we restrict the individual demand of each player to be
less than the total availability of the same asset in the economy. This constraint intends to capture
the idea that, for many assets, such as stocks, there are regulatory limits imposing, either implicitly
or explicitly, a maximum order size. We also restrict bid and ask prices to be less than or equal
to one to ensure a compact action space. This assumption is with limited loss of generality, as the

monetary payout of every risky asset is 1 or 0. Hence, for every f € F, and every j € J \ {0}, we

can introduce the family of sets {Af; : k € [4]} such that:

o Apji = [O, Do fer Qf}, with the typical element ayj; corresponding to q?j ;
e Ajsjo =[0,1], with the typical element ay;o corresponding to pjfj ;
o Ajsjz =1[0,0¢], with the typical element ay;3 corresponding to qj;j ;

e Asju =1[0,1], with the typical element af;4 corresponding to P} -

and write Ay = X e y\ (0} Ayj, Where, for every j € J\ {0},

Agj = {afj € XpeAfjk : apj1 - agjz = 0}-

Notice that, for a given j € J \ {0}, the set Ay; is not a Cartesian product, but a strict subset of

Xe4)Ayjk- As usual, every subset of the real line is endowed with the topology generated by the

8Recall that, since assets are perfectly divisible, any real amount can be traded in principle.
QIncluding this possibility would introduce additional complications to the epistemic analysis that follows.
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Euclidean metric. For every j € J\ {0}, we endow X4 Ayjx with the topology of the product,
and Ay; with the relative topology. The sets Ay, A = Xsep Ay and S x A are endowed with their
respective product topologies, which are Polish. For every f € F', we let A (S x A_y) be the family
of probability measures on the Borel o-field of S x A_; endowed with the relative topology. Finally,
a player f € F is said to be an active buyer (resp. seller) of the asset j if she receives (resp. delivers)
a non-null amount of asset j, denoted by q;ﬁj (resp. a3 j), once orders are matched by the exchange.

3.2.2. Order matching protocol. We now turn to describe the set of rules to match orders, that is,
order matching protocol, which contributes to define the outcome function of the game. In a trading
game, the latter is also known as trading protocol or market-mechanism. Every contingent claim
j € J\ {0} is traded on a dedicated virtual post, based on the same trading protocol. The trading
protocol is completed by a payment, or settlement, rule, which, for ease of exposure, we discuss
in the following subsection. For a given risky-asset every j € J \ {0}, buy orders are arranged in
descending order by the corresponding limit price, while sell orders are sorted in ascending order,
obtaining a demand and a supply curve, respectively, intended as the cumulative amount that traders
are willing to buy and sell at a certain price according to the profile of orders (ay;) fer Submitted

to the exchange. Namely, the demand curve, or demand for short, of the asset j, is
Q}: Ax (RTu{0} = R U{0})

(a,p) — Z arjil(agjz > pj)
fer

where a € A and p > 0. Similarly, the supply curve, or supply for short, of the asset j, is
Q5 Ax (RTu{o} = R*)u{o}
(a.p) = Y agjsl(ags < p))
fer
where a € A and p > 0. Orders are matched according to price priority: the highest bidding buyers
are served by the lowest asking sellers, and, if the quantity of the latter (resp. former) is insufficient to
complete the trade, rationing proportional to demanded (resp. supplied) quantities applies, and the
residual is attempted to be matched against the second lowest sellers (resp. buyers), and so on. The
market price, or market-clearing price, of asset j, denoted by p; (a),'° where a € A, is determined
as the the limit price of the lowest buyer filled, or lowest active buyer, that is, the active buyer with

the lowest bid. Accordingly, only buyers (resp. sellers) with a limit price higher (lower) or equal to

10Note that the market price of j is a function p; : A — R.



3. AUCTIONS WITH LIMIT ORDERS AND PRICE PRIORITY 136

the market price are active.!! That is, the lowest active buyers act as marginal traders, effectively
setting the market price of j. In other words, orders are matched until the demand and supply
curves intersect at a single price or at a closed interval of possible prices, and no additional buyer
and seller can be matched based on their respective buy and sell limit prices. If at p; (a) the demand
for j exceeds the supply, the lowest bidding buyers are rationed proportionally to the respective
quantities demanded. Likewise, if supply exceeds demand at the market price, the marginal sellers
of j, that this, the highest asking sellers, are rationed proportionally to the respective quantities
demanded. In the event that a market price for j cannot be determined, no trade is executed for
the asset j, without preventing trades in the other risky assets. The following algorithm formalizes
the order matching protocol, which is also known as the process. It is worth observing that, since
bid and ask prices must lie in the closed unit interval, the market price must be in the same range.
By construction, Algorithm 3.1 maximizes the total quantity traded of every risky asset while
preserving strict price priority; this is an additional difference compared to the game denoted as I'y
in Dubey (1982). In other words, for every j € J \ {0}, the minimum between the corresponding
aggregate demand and supply schedules is reached at p; (a). To see this, suppose by contradiction
that for some j € J\ 0 p; (a) does not maximize the traded volume. Then, there exists a buyer with
a bid price lower than p; (a) and a seller with an ask price higher than p; (a) that have not been
matched, despite the limit price of the former was not lower than the limit price of latter. But this
is clearly impossible, since, even in the case that no residual demand or supply emerged at p; (a),
Algorithm 3.1 would attempt to match the next available buyers and sellers.

3.2.3. Settlement rules. Given the orders received (a = X feray), the electronic exchange applies

Algorithm 3.1 to assign an ezecution print ey (a) = (efj (a)) to every player f € F'. For

j€[m]
every f € F, every j € J\ {0}, ef; (a) = (efjn (a))ke[4] is a selection isomorphic to the ordered
4-tuple (cj?j (a) ,ﬁ?j (a), G}, (a), P}, (a)) which carries the following interpretation "in ¢/, player f
obtains cjc;j (a) in exchange of a monetary payment equals to (j?j (a)- ﬁ? ; (a) if she is a buyer of asset
J or, if she is a seller of j, obtains a monetary payments equals to ¢}, (a) ‘D (a) in exchange of the
immediate delivery of G}, (a) units of j". Consequently, given an execution ey (a) = (ey; (a))je[m],

the amount of risk-free asset, that is, electronic money held in a bank account, of f is equal to

zro(a) =00+ > (7} (a) @} (a) =5 (@) F; (a)) -
J€[m]

11 Section 6 we discuss the implications of different rules for pay-as-bid auctions.
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Algorithm 3.1 Order Matching Protocol (Market-Clearing process)

P < max (afj2){feF:afj1>o} is the bid price of the buyers that we are considering
P < min (afj4){f€F,af >0} is the ask price of the sellers that we are considering
T

q+— Q? (a,p) is the quantity of asset j for the buyers being considered
q+ QF (a,p) is the quantity of asset j for the sellers being considered
v < 0 is the quantity of j for which we have found a match between buyer and sellers
while p > p do
Update the total amount tradable
v+ v+ min{q, 7}
and set the provisional market price to p
pj (a) < p.
if g>q then:
Apply proportional rationing on buyers with bid price equal to p and update their quantity,
g qd—gq
and then move to the sellers with the next lowest ask price.
p - min <afj4){fEF:afj3>Ovafj4>P}
q < Q; (a7p) -
else if ¢ < q then:
Apply proportional rationing on sellers with ask price equal to p and update their quantity,
g<—q—q
and then move to the buyers with the next highest bid price

p ¢ mmn (afﬂ){feF:afﬂ>0,am>ﬁ}

q <+ Qf (a,p) —v.
else if ¢ = q then:
Move to the sellers with the next lowest ask price,

D<= min (afj4){fEF:afj3>O,afj4>p}
q < Q; (a7p) CE
and move to the buyers with the next highest bid price.
ﬁ < min (afj2){feFIafj1>07afj2>ﬁ}
q < Q;l (CL,p) -
end if
end while
if v > 0 then:
There exists a market for asset j. A total amount of v units of assets will be traded.
The active buyers with the lowest bid price post orders at p. Hence,p; (a) = p.
end if

In this regard, the bank does not pay or charge interests, consistent with the specification of the
reference economy. This assumption is without loss of generality, since the proof of all the results
presented in the following sections would be unaffected by the introduction of a positive risk-free
rate. In addition, the bank is also implicitly assumed to have deep pockets to fund every amount that
traders need to borrow to settle their trades. Namely, if ¢ is negative, the player f is borrowing
from the bank, and we assume that she has outside wealth to cover her debts in the event that
the monetary payments obtained from her asset allocation are insufficient. Finally, execution prices

are determined by the settlement rule, or payment rule, of the game, which we denote by P. In
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particular, we consider two different types of payment rule: i) buyers pay the price they quote
(P = pay — as — bid) and ii) buyers pay the market price (P = pay — as — clear). In case i), the
resulting trading protocol is also known as pay-as-bid or discriminatory price auction, and it is
frequently adopted in treasury sales; as the name suggests, buyers pay their limit price. In case ii),
buyers pay the market price, and the resulting trading protocol is known as pay-as-clear or uniform
price auction, which is usually adopted by regulated stock exchanges to organize opening and closing
auctions. Hence, for every f € F, and every j € J \ {0}, if P = pay — as — bid, ﬁ;lcj = a2, while if
P = pay — as — clear, ]5‘} i =Dj (a). Under both payment rules, the sellers of an asset obtain the price
paid by the buyers against which their orders have been matched; hence, if P = pay — as — clear,

the sellers of a risky asset obtain the corresponding market price per unit sold.

REMARK 3.4. The choice of determining the market price as the bid price of the lowest active
sellers ensures consistency between the two payment rules, as, in the case of a pay-as-bid auction,
there cannot be execution prices below such level. In addition, note that traders must always choose
a limit price for every asset traded. In reality, it is common to observe market-orders, that is, orders
intended to be executed regardless of the resulting execution price. Since risky assets can be traded
and settled only at a price lying in the unit interval, a buy (resp. sell) order with bid (resp. ask)
price equal to one (resp. zero) can be identified as a market order. Finally, notice that if a player
f € F does not want to buy or sell any amount of the asset j € J \ {0}, it is sufficient to choose

agji = agfjz = 0.

3.2.4. Consequences, consequence function and preferences. We assume that:

e the set of consequences corresponds to the set of possible profiles of financial wealth of the

players in t”;

RFXJ

e every player has risk-averse preferences on the lotteries over S x , consistent with the

preferences in £, where R”*7 identifies the set of asset allocations.

For every f € F, we let g}p A XAy — RJJF be a function that maps the profile of the actions that

are played (af,a—y) to the corresponding allocation x5 = (x¢;) that is,

jeJ’

arr g7 (a) = |zpo(a) =00+ Y (9% (a)d}; (a) = 5 ()@, (a) s2p0 = €5 (a)
jeJ\{0}
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Accordingly, the consequence function of the game is
g7 S x A= R

(s,a) — (s, (g}) (a))feF) .
Since the game is endowed with an epistemic model in which the game being played is common
knowledge among traders, the consequence function, as well as preferences and endowments, is also
common knowledge. In addition, there is symmetric information and traders are Bayesian decision
makers, as the game is also equipped with a suitable Bayesian frame. Therefore, the preferences of

a generic player f € F' are described by the utility function
Uf:SXAfXA_f—HR
(57 af, a—f) = Uf (Sa 9}3 (af7 a‘—f)) )

where
Ur: SxR/ =R

(s,xyp) = Uy Z xyY; (8) +xs0
JjeJ\{0}

and Uy are the same as in Section 3.1.1. Consequently, for every f € F, we obtain a family of
preference relations on Ay with typical elements ¢ ,, such that

af Zf; dy SxAU(S’%a—f)de (s,a_f) = /SxAu(S,a'f,a—f)de (s,a-f),

where uy = Uy o g}’ and py € A(S x A_f). Notice that the Lebesgue integrals above are well-
defined. By the hypotheses on Uy, since A is connected, Theorem 11.6 in Chapter 11 of Aliprantis
and Border (2006) ensures that [, u(s,ap,a_s)dpuy (s,a_y) exists for every py € A(S x A_y),
even though wu (-, -,-) is not continuous on S x Ay x A_y .

3.2.5. The reduced form game. Combining the elements described so far, we obtain a static game

with payoff uncertainty
_ P
I'= <F’Sv (A7, Ugogy )f€F> )
that we equip with the universal type structure 7 = <F, S, (A_y, Ty, 77f>ng>’ as the assumed
epistemic model ensures symmetric information on the state of nature. Notice that the construction

of a universal type structure is always possible since SU {A; : f € F} is a family of Polish spaces.



4. STRATEGIC EQUILIBRIUM 140

We refer to I' as a trading game for £, or a trading game for short.'?For future reference, we also

denote by X = X e X the set of asset allocations observable in the game, where, for every f € F,
X, = J . P —
f={zf R’ :Ja€ A g} (a) =24}

Clearly, given a generic player f € F' and a profile of orders a_y € A_; of her opponents, f may
be able to achieve only a small subset of X through her available orders. This brings us to extend
the notion of Nash equilibrium to the case of a trading game. Before proceeding, two important
remarks are in order. First, differently from Dubey (1982), the utility function of every player is free
from penalty terms in the case of a negative cash balance. The reason is that the risk-free asset,
which serves as a means of payment, has a strictly positive marginal utility contribution for every
player. Second, the consequence function depends on the state of nature, and S could not be a
singleton, otherwise the action space would be empty in the absence of any risky asset to trade. In
other words, different from the case of an investment game (Section 2.1 of Chapter 2), the set of

states of nature cannot be omitted from the game.

4. Strategic Equilibrium

In this section, we introduce the solution concept of strategic equilibrium (SE) of a trading game

T = <F,S, (Af,Ug 09?)feF>'

To motivate its definition, suppose that traders have priors 7 € A (S)F on the possible state of

nature and that there is common belief in such an event, that is, the event

xrer{las,ty) € Ay x Ty : marggny (ty) =7}

is transparent. In a similar situation, an “equilibrium” solution concept should capture the idea that
the "theories" of rational players are verified, that is, traders behave optimally while being certain
of their opponents’ actions (cf. Chapter 8 in Battigalli et al., 2024). An SE is meant to represent

an outcome consistent with this epistemic state.

121 principle, other trading games, characterized by a different trading protocol, may be considered. Since we consider
only auctions with limit orders and price priority, the use of the expression "trading game" to identify I" should not
be source of confusion.
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DEFINITION 3.5. Given a profile m = (Wf)feF €A (S)F of subjective beliefs, a strategic equi-

librium (SE) of T is as a profile of actions a** € A such that for every f € F,

*
ay € argmaxafeAfEﬂf (“ﬁaf,ai*f) .

Notice the evident similarity with the definition of a Nash equilibrium in games with complete
information since, in an SE, players are certain of the actions played by their opponents. However, it
is worth stressing that a Nash equilibrium is properly defined only in games of complete information.
The concept of an SE should not be confused with the more general of a Bayesian Nash equilibrium
of a Bayesian game, in which players choose actions as a function of their information types (see
Chapter 8 in Battigalli et al. 2024a). However, if we modeled a trading game as a simple Bayesian
game with symmetric information, in which the players’ priors on the state of nature are common
belief, the corresponding definition of a Bayesian Nash equilibrium would be equivalent to that of
an SE of I'. The following lemma provides additional clarity on the epistemic hypotheses behind

the definition of an SE.

LEMMA 3.6. The following results are true for a trading game I’ = <F, S, (Af7 up =Uyo g}’) >,
fer

equipped with its universal epistemic structure T = <F, (S,A_f, Ty, nf)fEF>'

(1) For every (ay,ty) € RN By (S X {a(_f}}>, ay € argmaxa/feAfIEﬂf (uf’a},aif» where Tp =

margg_ 7y (ty) and a(_f; €A_y;

(2) for every a* € projo {RN B (S x {a"} x T_y)}, there exists a collection of m = (7f) ;o €

A (S)F such that, given m, a*is a strategic equilibrium of T .

Before providing a proof of the previous lemma, it is convenient to introduce the concept of
residual demand and supply faced by a given trader f € F'. The residual demand for a risky asset
j € J\ {0} for the player f € F, is

Qi Ay x (RTU{0}) — RT U{0}

(a—g,p) = Z a1l (aij2 > p)
ieF\{f}
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where a_y € A_y and p > 0. Similarly, the residual supply of the asset j € J \ {0} for the player
feF,is
Q7 1 Ay x (RTU{0}) = RT U {0}

(a—y,p) = Z aijoll (aija < p)
i€ F\{f}

where, as before, a_y € A_y and p > 0. Consequently, the residual excess demand for the asset

je J\{0} for f € Fis
Q7 Ay x (RTU{0} — RT U{0}

(a—s.p) = Q3 (a_g,p) — Q3 (a_y.p)

PRrOOF. 1. From the definition of R,

Ry = {(af,tf) € Ay xTy:ap €ry(0f), Of = margg, 4_ ¢ (tf)},

where 7f (v) = argmaxa/feAfEl, (uf’a/f) for a given v € A (S x A_y). For every player f € F', and
every (ayf,ty) € Ry N By (S X {a(j}}), let 7y be marggny (tf); by hypothesis, for every E_; C
S x A,f,

75 (projsE_p) proj,_, By = {a'')}

margg, 4Ny (tf) =
0 proj, ,E_y #{a"}},

where 77 := marggny (t7). Consequently, for every f € F and every (ay,ty) € RyNBy (S X {a(_f} ),
ay € argmaxa/feAfEﬂf (’U/f’a/f’a(if}) .
2. Consider a point (a}, t}?) € A x T such that, for every player f € F,
(a},t}) € Rf ﬂBf (S X {aif} X T,f) .
From point 1) above, it must be the case that, for every f € F,

*k
a; € argmax E Ut o o
! g ajeAyoms ( f7af,a,f)’

where ™ = (margsnf (t’;}))f . €A (S)F, which is the definition of an SE of I'. g
: €

An outcome a € A of I is said to support competitive prices if, for every j € J\{0}, p; (a) = p;
where (z**,p**) € Ri\{o} is an interior WE of £ for some profile of priors 7 € A (S )F. Equivalently,

we say that prices are competitive if players’ limit orders induce an outcome of the game such that,
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for every risky asset j € J\ {0}, the lowest active buyer of j is bidding p}*, where (z**,p**) is an
interior WE of £. Using the previous lemma, the next proposition establishes that every interior
Walrasian equilibrium of £ is supported by at least an SE of I" ; independently of the specific payment
rule (i.e. the "value" of P) . Hence, we extend the results of Dubey (1982) to the case of financial

assets and in the absence of an ad hoc penalty function in the players’ utilities.

PROPOSITION 3.7. Let (z**,p**) be a WE of £ = <S,F7 (Uf,Hf)f€F> for a profile of priors
= (Wf)feF € A(S)F such that x3* > 0 for every f € F, and consider a trading game I' =
<F, S, (Af,uf =Uy og}’)fEF>. There exists an SE a** € A for the profile of priors m = (ﬂ'f)feF
such that:

o af, =pi* for every (f,j) € F x J\ {0} such that azj; > 0;

e aji, = p;* for every (f,j) € F x J\ {0} such that apjs > 0.

Hence, there exists an SE a** € A that induces an outcome of T' consistent with (z**, p**).

PROOF. Let I(-) be an indicator function of its argument. Consider an action profile a** € A

such that for every (f,j) € F x J\ {0}:

o = (2 = 0) 1 (o 2 05) 5
o afjs = (07 —2;") 1 (xfg < efa) ;
o ayi, =p;l (mf] >0y )

o ayiy =p;l (m;J < 0y )
The action profile above has the features enumerated in the proposition. In fact, if a}%; > 0, then it
must be the case that 7} > 0r;, and, consequently, a7, = pj*. Similarly, if a}}, > 0, then it must
be the case that 77 < 6y;, and, consequently, a3}, = pj*. In order to show that a** is an SE of I

for the profile of priors m = (7y) fer We must show that, for every player f € F, and every ay € Ay,

Er, (uf,a}*@i*f) 2 Ex, (U'f,af@i*f) :

Without loss of generality, fix a player f € F and let X} = {zy € RY : Jay € Ay, x5y =
g}f (a I a*_*f)} be the set of asset allocations that the same player can implement if her opponents
choose the profile of orders a™;. For convenience, we write x5 = (:cfo, fo\{o}) for every xy € X},

with the usual abuse of notation. By definition, a*’ 1mphes that the residual demand and supply
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curves faced by the player f for a given risky asset j € J \ {0} are respectively equal to

k%

DGR\ 21205} Gl = i\ (1) ar 20} (T —0i5) P=Dp

0 p#p,

QT (aZyp) =

and

5ok

Do {ieR\(f): @i <0,;) Hij3 = do{ier\{f} z <05} (65 — xfj‘k) p=p

0 p#pr.

Q5! (aZ.p) =

Consider an allocation zy € X} such that xy; > 0y; for a given j € J\ {0}. In this case, f would be
a buyer of j and, given the shape of the residual demand and supply for the same asset, she must
bid a price higher than or equal to pj*. It follows that, depending on whether f will be the only
active buyer and the payment rule of the game, f will pay a price equal to or greater than p}} for
every unit of j acquired. In contrast, to implement z7; < 0f;, f must ask a price lower than or
equal to pY;- Regardless of the payment rule and the amount sold, since all buyers are bidding p}*
and the market price is determined as the bid price of the lowest active buyer, f will receive a price
equal to pi* for every unit of asset j sold. Thus, since a player can be either a buyer or a seller of
any risky asset, given an action ay € Ay that implements zy € X }, there exists €;; > 0 for every

je{keJ\{0}:xzsr > 0} such that

zpo—O0= Y. P (x—0n)— Y. (0] tes) (wp—0p) =
(41) {i€J"ay;<0y;} {j€J"ap;>0;5}
> Pt (g — 0p5) — > erj(zp; —0y5)
jeJ’ {i€J"ap;>0;;}

Therefore, for every 2’y € X} it must be the case that x5, < >>.c; pj” (x'fJ — Hfj). Now fix an
allocation x} e X } and consider the alternative allocation z; € R/, not necessarily included in X }

or X¢, defined as

xfj:x’fj j#0
J,‘fz

2p; =00+ Tse0 05" (2= 0s5) 5 =0,
that is, the asset allocation that f would obtain if she paid a price equal to i for every asset j

purchased. Since, for every j € J, Uy (s,x?{) is strictly increasing in x’Jﬁj by hypothesis, we have
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that Uy (s,xy) > Uy (s,x}) for every s € S, and thus

Er, (Uf’mf) 2 B, (Uf’z}) '

By construction, xy € BSy (p**), and, consequently, by the definition of a WE, for every argﬁ € Xy,

Eﬂ'f (Uf,:r;*) 2 Eﬂ'f (Uf,m’f/) )

which, jointly with the previous inequality, implies that, for every x’f c Xy,

E,, (Uf’m;*) > K, (Uf,m/f) :

Since X} is the image of Ay x {a**~/} through g}), we conclude that, for every ay € Ay,

B, (uf’a}*,ai*f) 2 En, (uf,afﬂi*f) )
as g}) (a;*, a’i*f) =z} U

Proposition 3.7 establishes that allocations and prices consistent with an interior WE of £
can always be sustained in an SE of T', extending the earlier results of Dubey (1982). In this regard,
the proof in Dubey (1982) is based on the pay-as-bid payment rule, and it is somewhat partial, as it
leaves some non-trivial steps to the reader. In this regard, the proof of Proposition 3.7 puts under
the spotlight several relevant features of auctions with limit orders and price priority. In particular,
the decision problem faced by each trader is highly discontinuous, and marginal changes to bid (resp.
ask) prices can have a large impact on the set of asset allocations achievable. As we shall see, this

is a crucial aspect for epistemic analysis of the game.

5. Epistemic analysis

In this section, we study sufficient epistemic conditions to observe competitive asset prices in
a trading game. Competitive prices are "efficient", in the sense that they reflect some appropriate
discounting of future fundamentals, and are at the core of many theoretical empirical models, see
Cochrane (2005) for a reference. For this reason, it is very important to identify which epistemic
conditions can support competitive prices in the trading game presented in the previous section,
which provides a good approximation of many actual trading venues. To understand the epistemic

uncertainty in a trading game, observe that, in addition to being uncertain about the "true" state
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of nature, traders do not necessarily know whether their orders will be executed in full and at
what prices. This is a crucial aspect of the market process upon which the general equilibrium
paradigm remains silent. In general, every player could face significant uncertainty about the asset
allocation that results from the market process. Consequently, even in the case of an objective prior
on the state of nature that is common knowledge among traders, the expected returns of the assets
remain uncertain at the time that orders are sent to the market.!®> Clearly, in an SE, this type of
uncertainty unfolds, as, by definition, players are certain of the actions being simultaneously played
by their opponents. Thus, it may be tempting to argue that an outcome consistent with a WE
could be motivated following the same strategy as the case of investment games (cf. Sections 3-4

of Chapter 2). This would require to:

e prove that an SE is rationalizable;
e identify sufficient conditions for a unique rationalizable outcome for a given profile of priors
on the state of nature;
e show that, despite u being discontinuous, proj 4 RCBR is the set of rationalizable outcomes
when the game is equipped with its universal type structure.
Unfortunately, it turns out that every profile of actions is rationalizable and consistent with ratio-
nality and common belief in rationality, regardless of any restriction on the players’ priors on the
state of nature. Before stating and proving this result, we recall the following definition, which is

based on Battigalli and Siniscalchi (2003) and Chapter 8 in Battigalli et. al (2024).

DEFINITION 3.8. Let (F, S, (Af,uf: Sx A— R)f€F> be a static game with payoff uncertainty,
where SU{Ay : f € F} is a family of Polish topological spaces, and C the set of closed subsets of
S X (xferpAy) in the product topology. Let A C X ;cpA (S X A_y) be a restriction on the players’
first order beliefs. The set C' € C is said to have the best-reply, or best-response, property directed
by A if C C p» (C), where

pr:C—C
C— S x (xfeprf (Cy)),

and for every f € F,
7"]% 15 x A_f = Af
(s,ayp)—{ay € Ay : uy e A(SXA_f)NAj,ap € argmaxa/feAfIE#f (ua/f)}

13This fact is well known by asset allocators. When adjusting tactically the exposure of an investment fund to the
stock market, the execution of the price of the corresponding trade may be far from the one originally conjectured.
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is the best-reply, or best-response, correspondence of the player f directed by A. A profile of actions
a € A is said to be A—rationalizable if there exists a set C' € C with the best-reply property directed

by 7 such that a € proj,C.

In other words, the set of A—rationalizable strategies is the set of rationalizable strategies when

first order beliefs are restricted to a subset of X ;cpA (S x A_y).

PROPOSITION 3.9. Consider an economy £ = <S, F,(6y, Uf)f6F> and a trading game

= <F,S, (Avaf’g}j)feF>’

equipped with the corresponding universal epistemic structure T = <F, (S,A_f,Tf,nf)f€F>. For
every m € A(S), let D™ C A X T be the event corresponding to "players have a profile of priors ™

on the state of nature”, that is,
D" =Ax{teT:Vfe Fmarggnys (ty) =7s}
and consider the restriction A™ C X repA (S x A_y) defined as
AT = Xpep{ur € A(S x A_y) : marggus =7y}

Every a € A is a rationalizable profile of actions.

For every m € A(S), every a € A is A™—rationalizable.

For every m € A(S)",

(1)
(2)
(3) proj,RCBR = A.
(4)
proj4 (Sx RYN(SxD")NCB((Sx R)N(SxD™))) =A,

that is, every profile of actions is consistent with rationality, common belief in rationality

and transparency of DT.

ProOF. Points 1 and 2. Fix a player f € F. For every belief 1y € A (S x A_y), such that
for every (i, 7) € (F\{f}) x (J\{0}),

marg . piy ({0}) = margy,  pur ({0}) =1
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we have
V(ag,a—y) € Ay x suppmargy_, (uy), gf (af,a_y) =0y,
consequently,
Vas € Ay, By, (ua;) = Emarggus (Uro,)
where
Uso, S —R
50 Uy .07)

As a result, 7y (y) = Ay and py (S x Ay) = Ay. In addition, for every 7y € A (S), there exists a
belief uf € A (S x A_y) such that, for every (i,7) € (F\ {f}) x (J\ {0}),

marg . p5 ({0}) = marg,, uf ({0}) = 1,
since it is sufficient to consider the product measure 7y - marg AMF- Therefore, 7 (u’f) = Ay and

p?” (S x Ay) = Ay. Since the previous results hold for every f € F, we conclude that:

o p(SxA)=8Sx(xserpAy) = A, which implies that C' := S x A has the best-reply property,
and, consequently, every a € A is rationalizable as proj,C = A;

e P27 (Sx A) = S x (xperAy) = A, which implies that C' := S x A has the best-reply
property directed by 7, and, consequently, every a € A is A™—rationalizable as proj ,C =

A.

Points 3 and 4. For every f € F, recall the definition of py and p% above. Since we assumed a

universal type structure, for every f € F, there exists
ty € projp, CBy (S x R_y)
such that marg,_ 7y (tf) = py. Hence, for every f € F,
proj4, (R NCBy (S x R_y)) = Ay,

which implies proj,RCBR = A. Similarly, having assumed a universal type structure, for every

7€ A(S)" and, for every f € F, there exists

ty € projy, CBy (S x R_y) N (S x D7)
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such that margg, 4 7y (tf) = p}. Hence, for every 7 € A ($)", and every f € F,
proja, (Rf NCBf ((Sx R_f)N (S x DT;))) = Ay,

which implies

proj, (S x R)N (S x D™)NCB((S x R)N (S x D)) = A.
U

While striking at first, this result follows from the trivial observation that, if a player is sure
that the others have zero demand and zero supply for a given risky asset, then any action has
the same expected payoff. As a straightforward corollary of Proposition 3.9, despite the players’
utilities are discontinuous, we have p™ (A) = p (p>° (A)) = proj, RCBR = A. In addition, any SE is
just one of the many uncountable outcomes consistent with rationalizability and RC BR. The crux
is that rationalizability allows for weakly dominated actions supported by "extreme" conjectures.
Consequently, we need a different approach to provide sufficient epistemic conditions for competitive
prices. In this regard, in the following section, we start by identifying a sufficiently large set of
“epistemic states" (i.e., a set of types) that do not contradict the validity of General Equilibrium
Theory for a given player, unless the same player intends to act as a price-setter for one or more
risky assets. This approach will lead us to the definition of mutual w—belief in Walrasian markets.
For the case of a game in which buyers pay the price they quote, we will show that rationality and
mutual w—belief in Walrasian markets ensure competitive asset prices. Nevertheless, in the case
that buyers pay the market price, we will not be able to exclude the existence of a profile of weakly
dominated actions that would prevent prices from being competitive. One remarkable feature of this

particular profile of actions is the “incautious" attitude taken by traders.

5.1. Definitions and preliminary considerations. We consider a trading game

r= <F,S, (Avaf7g}D)feF>

equipped with the corresponding universal type structure 7 = <F (S, Ay, Tromy) fe F>. To simplify
the analysis, we fix a generic profile of priors on the state of nature, 7 € A (S)F, and assume that
€ has a unique and interior WE associated with m, denoted by (z**,p**).!In this regard, we say

that z** is the * Walrasian allocation of the players, while p** is a vector of Walrasian prices, or

14Given our assumption on preferences, it is sufficient that the gross substitution property holds.
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competitive prices. The remainder of this sub-section is organized as follows. First, we provide a
more convenient representation of expected utilities. Second, we classify a generic action-type pair
(ay,ty) € Ay x Ty by the intended effect of the action ay according to ¢t;. Finally, we discuss the
relevant epistemic assumptions, providing the definition of (mutual) 7—belief in Walrasian markets.

5.1.1. Expected utility. Without loss of generality, fix a player f € F' . With a slight abuse of
language, we say that an action-type pair (ay,ty) of the player f attributes a probability p € [0, 1] to
the event E_y C A_y x T_ if ng (t5) (S x E_f) = p. Consequently, given the measurable mapping
o : SxAxT — I, where [ is a generic set, we say that (a’f, tf> attributes the probability p € [0, 1]
to I' C I if ny (ty) (0;: (I’)) = p, where o;fl denotes the inverse mapping of oy 4,. In other words,

(ag,ty) attributes a certain probability to I" through the push-forward measure 7y (t7) o o, .

In
particular, every (a},tf) € Ay x Ty assigns a probability Cy, ¢, (5", X') = ny (ty) (S’,ga_,fl (X}))
to every S’ x X' € B(S x X); therefore,
By ty) (Ugar) = Y margsny (tr) (s) /X U (s,25) dCay 1, (wss)
s€S f
where the conditional measure Cy, ;, (7|s) satisfies the standard measure theoretic definition (cf.

Section 1.1.5 of Chapter 1), that is, Cq, ;, (X' x S") = > g marggny (t7) (s) fo dCoq; 1, (xf|s)

for every S’ x X' € B(S x Xy). Therefore, for every f € F, we have

S margsny (t7) (s) [ V5,20 dCuy s, arls)|-

(6.1) (ay,ty) € Ry <= ays € ArgMax,, ¢ 4, l
s€S f

5.1.2. Orders classification. Without loss of generality, fix a player f € F and a risky asset

j € J\ {0}; the pair (ay,ty) € Ay x Ty denotes:

e a buy (resp. sale) over-subscription of the asset j, if t; is certain to buy less than ayfj;

(resp. sell than ag;s);

an over-bid (resp. under-ask) for the asset j, if t¢ is certain to pay less than ay;s (resp. to
obtain more than ay;4) for every unit of j bought (resp. sold);
e a buy (resp. sale) penny jump of the asset j, if 5 is certain to be the only active buyer

(resp. seller) of j;

an "out-of-market" order for asset j € J\ {0}, if ¢; is certain not to buy (rep. sell) any

amount of j.



5. EPISTEMIC ANALYSIS 151

As an example, suppose t; is certain that her opponents are all selling the asset v at the ask price p;
any action for f that demands a positive quantity of v at a bid price less than p is an out-of-market
order for asset v . These notions will prove to be useful at a later stage.

5.1.3. Epistemic assumptions. Let a** € A be an action profile that satisfies, for every f € F

and every j € J \ {0}, the following requirements:

o @ = (257 = 0) 1 (o7 2 0) 5
o afis = (05— a7) 1 (aF; < 0p5) 5
o =057 (v 2 00):

o o= vy (a5 < 0p5).

By the proof of Proposition 3.7, a** is an SE for the profile of priors m = (), . € A (8)"
supporting the corresponding WE (z**, p**) of £. A trivial epistemic condition for a** is that: i) the
players are rational, ii) they are certain of the action that their opponents are playing, and iii) they
have first-order beliefs such that the corresponding marginal over S is consistent with 7. Hence, if

a pair (a?*, t’}*) € Ay x Ty satisfies the previous epistemic conditions, it must be the case that

margg, 4_ 1y (t}) = 7oy,

where 6y € A ({ai*f}). Thus, to extend the analysis to the case in which players might not be
necessary certain of the action profile being played by their opponents, we shall restrict the attention
to types with first-order independent beliefs and priors 7 on the state of nature. Namely, the event

where the players have first-order independent beliefs and priors = = () fer Over S is defined as

VT =5x (XfeF{(afatf) € Ay x Ty :3up € A(Ay), margg, s 1y (tf) = quf}) :

We also say that players have m-independent beliefs to refer to V™. To clarify the meaning of the
previous definition, observe that, at V7, the conditional probability that the type ¢ of player f € F
attributes to a given state of nature is independent of the profile of actions played by her opponents.
By the Bayes theorem, this is equivalent to saying that conjectures are independent from the state
of nature. Restricting the analysis to V™ can be motivated by assuming that players are certain that
their opponents do not have a better ability to predict the state of nature, that is, they agree to

disagree on their prior beliefs on B (95).
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For every f € F', and every (ay,ty) € V{, we can represent the expected utility of f as,

Bapten s @) = 37 (5) [ U scap) dia o, o) =

ses
/ [wa (S)U(S,IBf) dp’af,tf (Z’f),
Xagy Lses
where fiq, ¢, := margy Cayt; and X, ¢, is defined as the support of pq, -

Hence, at V™ all players f € F rank their available actions by the expected value of their Walrasian
payoff > .csms(s)U(s,xy). As said, while (the type of) a player may be uncertain of the total
volume that is traded on the market, general equilibrium may be still considered as a useful theory
to predict execution of prices for some reason. For example, (the type of) a player may be sure
that her opponents do not attempt at manipulating the price of any risky assets, or are too "small"
to do that, and that market interactions allow implementing Pareto efficient allocations.'® This
is, essentially, the idea of price-taking behavior in the General Equilibrium Theory of Arrow and

Debreu (1954). In fact, the notion of price-taking behavior consists of two minimum requirements:

(1) at a WE, agents take the Walrasian equilibrium prices as given;
(2) at a WE, except for budget constraints, agents are not subject to trading constraint in the
implementation of their optimal asset allocations (i.e. the Walrasian equilibrium alloca-

tions).

As said, GE models are not equipped with an epistemic model. However, we can model both
requirements through appropriate restrictions on the beliefs of the players in the trading game I". In
this regard, recall that, for every risky asset j € J \ {0}, there is a market price for j if there exists
at least one buy order for j which can be matched against a sell order for the same asset.

Price taking behavior: requirement 1. In a trading game, players can always act as price-setters.
Hence, we model requirement 1) restricting, for every f € F, the types of f to those being certain
that the bid and ask prices of her opponents are competitive. Hence, for every f € F, we consider

the event By (S X L’f;), where, for a given p € R/\0}
L(p) = {(a,t) c Ax T:Vf S F,afjg = afj4 Zp},
is the event "players have buy and sell limit prices set equal to p".

15In this regard, the tremendous rise in the use of passive investment products, such as index funds, by retail and
professional investors, supports this view.
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Price taking behavior: requirement 2. Without loss of generality, fix a player f € F' and a risky
asset j € J_o. Suppose that 2% > 0y; for j € J_o. In this case, we can model requirement 2) by

restricting the types of f restrict Ty to those certain of
3y >k % d7 ok 3 ok ok
Q7 (g, ™) = QF (amp.p™) = =@ (a—p, ™) 2 2 — b5,

In other words, we require a buyer of j at z** to be certain to buy up to ¢ < z}j — 0f; units of j
with an order of equal size and bid price at least equal to pi*. Similarly, suppose that % < 0f;
for j € J\ {0}. By the same argument, we can model requirement 2) by restricting the types of f

restrict Ty to those certain of

d, sk d, *x . o by
QF (a—y,p™) = QF (as,p™) = Q7 (a_s,p™) = 0p; — a5

Consequently, the event “f believes that the market is deep” is By (S x D_y x T_y), where D_; is
defined as,

(5.2) D_y= {a,f € A_y: Vje J\{0}, sign (szf (a_gp,p}*) + 275 — ij) = sign (6y; — x’}j)}

In other words, at D_y, the player f does not need to resort to penny jumps or over-subscriptions
to implement her Walrasian asset allocation. Hence, the event By (S x D_; x T_y) is sufficient to
model requirement 2).

Mutual 7-belief in Walrasian markets. A player f € F' is said to believe in Walrasian markets
if she believes in events S x L” *; and D_¢, that is, if she believes to be a price-taker, barring her
intention to deliberately affect asset prices. By the conjunction property of the belief operator (see

Section 3.2 of Chapter 1), for every f € F, the event

Wi =By ($x (1% nD_s) xT-y)

restricts the set of states of the world to those in which f believes in Walrasian markets. Accordingly,

the event "players mutually m-believe in Walrasian markets" is

In the following section, we shall consider the implications of rationality and mutual m-belief in

Walrasian markets for the possible outcome of I'. That is, we impose mutual m-belief in Walrasian



5. EPISTEMIC ANALYSIS 154

market as an epistemic assumption for rational traders. Before proceeding, we summarize the

relevant definitions below.

DEFINITION 3.10. Consider an economy & = <S, F, (6y, Uf)f€F> and a trading game

T = <F, S, (Afan7g})>fEF> ’

equipped with the corresponding universal epistemic structure 7 = <F, (S, A_y, Ty, nf)feF>' Sup-

pose that, given a profile 1 € A (S)F, there exists a unique and interior WE (**, p**) of £.

e The event “prices are competitive” is
(5.3)  P=Sx{(aneAxT:vje s\ {0} min{(@s2)(sergt @m0} ) =P}

since, for every j € J\ {0}, p; (a) = min {(afﬂ){feF:q;j(afj)>0}}'

e The event “players have a limit price p € R7” is
Lw = {acA:VfeF, pjlcj (a) =p%;=pl(a)}.
e The event “player f € F' believes in Walrasian markets" is
Wf = Bf <S X (L(f;*) mD_f> X T_f) .

e The event “players believe in Walrasian markets and have priors m = (Wf)feF on S" or,

equivalently, "players mutually m-believe in Walrasian markets", is
Wr=WwnvT®™=5x (XfeF (WfﬂVJZT)).

5.2. Results. As a first result, we show that, regardless of the specific payment rule of T,
rationality and mutual m—belief in Walrasian markets imply actions intended to implement Walrasian
allocations. That is, for every f € F', a pair (af,tf) € Ry N W must be certain of implementing

ProroSITION 3.11. Consider an economy £ = <S, F, (0y, Uf)feF> and a trading game

r= <F, S, (Afanvgz‘))feF> ’

equipped with the corresponding universal epistemic structure T = <F, (S,A,f,Tf777f)f€F>. Sup-

pose that, given a profile m € A (S)F, there exists a unique and interior WE (x**,p**) of £.
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(1) Let f € F be a generic player and consider a type ty € proij W}r; Jor every xy € Xo, 4,

there exists x'y € BSy (p**) such that

Bz, (Uf,w}) 2 En, (Uf’wf) :

Furthermore, there exists a* € Ay such that paz- ¢, ({x}i*}) =1.

(2) For every player f € F' and for every pair (ay,ty) € Ry N WE,

L) (uf’af) =Epep) (uf’a}*) = Exr, (Uf@}*) .

Proor. Point 1. Type t; assigns probability one to the occurrence of a_; € Lf*; ND_g.
By definition, at L?" ", a buyer of a risky asset j cannot pay less than p;*, while a seller cannot
receive more than p;*. Hence, for every j € J\ {0}, a pair (ay,tf) € W attributes a positive
probability to implement z; > 0; only if ayj1 > 0 and ayjo > pj*. Likewise, for every j € J\ {0},
a pair (af,ty) € W[ attributes a positive probability to implement x; < 6; only if as;z > 0
and ayjq < pj*. In addition, if buyers pay the price they quote, a pair (ay,ts) € W7F such that

ok

afj2 > p;* is sure to pay a price for j higher than the corresponding market price. In this regard, a

pair (as,ty) € W7 is also certain that p; (a) = p;*. Thus, for every a € Ay x proju (sz; N D_f)
we have

i35 (@) @3y (a) = BY; (a) G35 (a) < pi™ (G3; (a) — 5 (a)) = p}™ (85 — g))

Ppjla) gy \a) =Py Q) G5 (@) = Py \qp; (@) — qp;(a Py Y55 = i)
where xy = g}) (af,a_y¢). In this regard, consider a hypothetical asset allocation x’f such that,
for every j € J\ {0}, 2; = xy; and 2yq = Op0 + >- e\ (01 ;" (055 — 2y;), and observe that, by

definition, 2, € BSy (p™). Since Uy is strictly increasing in x yo, and, for every risky asset j € J\{0},

f);j (a) Q?j (a) — ]5?]' (a) ‘ﬁj (a) < p;* (Or; —2y5),

we have

vro(a) =00+ Y. (B3 (@)@}, () =55 (@)df, (@) <O+ D (0 (0 —xps)) -
jeJ\{0} jeJ\{0}

Hence, for every s € S, Uy (s,x'f) > Uy (s,xf), and, we conclude that

Ex, (Uf»x'f> > B, (Uf,ff) ‘
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Consider the profile of actions a** € A defined in Section 3.3. By the definition of L’f; ND_y,

and condition 2) in the definition of a WE of £, we have g}’ (a?*,af) =z} for every a_y €

Proja_, (Lli*; N fo). Therefore, Has it ({m;*}) =1.

Point 2. Fix a generic player f € F', and consider the function

¢ :RT - R’

w0 PO —wpg) wp0
je {0}

By point 1) above, for every t; € projp, W7 and every vy € X, ¢;,

Er; (Uf7¢f(37f)) > Er, (vamf)

and ¢y (xy) € BSy (p**). In addition, by condition 1) in the definition of a WE of &£, the assumptions

on the players’ preferences ensure that, for every z; € BSy (p**) \ {z**},

E,, (Uf,m;*) > E,, (Ufyx/f) .

Hence, for every (af,ty) € W] such that pia, ¢, ({acf ER’ 1 x; # x’}*}) >0,

L) (uf,af) = /X [Z s (s) U(s,xf)] ditagty (zf) <

ses

/)(“.7"=t.f lz e (xf))] dptas iy (xf) < B, (Uf,m}*) )

seS

that is, if ty € projp, W7 , Bay € Ay such that B, ) (ufa;) > En, (Uf@}*)- By point 1) above,

for every ty € proij W,
Enf(tf) (U/f)a}*) = Eﬂ'f (U‘ﬂw}*) .
Therefore, for every (af,tf) € Ry N W, it must be the case that
Eypits) (Uf.ar) = Bayey) (Uﬁa;*) = En, (Uf,x;*> :

O

We showed that rationality and mutual m—belief in Walrasian markets require players to submit
orders that, given their beliefs, imply the certainty of implementing Walrasian asset allocations. In

this regard, observe that, at RNW™, players are certain that assets will be priced competitively. For
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the sake of clarity, notice that every t; € W}r is certain that if f does not participate in the trading
of risky assets, asset prices will be competitive. Instead, at y N W]’J , (ag,ty) € W}T is certain that
asset prices will be competitive. As we shall see, whether this belief is correct or not essentially
depends on the payment rule of the game. Nevertheless, we can also conclude for the moment that,
at RNWT, the players are certain that it is not possible to manipulate prices to induce profitable
arbitrage opportunities. This further motivates W7 as a correct representation of a state in which
players mutually believe that markets are efficient. The next proposition shows that a rational
player can choose different orders to implement her Walrasian allocation at W™, depending on her
type and the payment rule of the game. Anticipating one of the main results of this section, the
possibility of incautious actions in the case of pay-as-clear auctions may prevent asset prices from

being competitive at RN W™.

ProrosITION 3.12. Consider an economy £ = <S, F,(0y, Uf)feF> and a trading game

= <F S, (Af7Uf’g?>f€F>’

equipped with the corresponding universal epistemic structure T = <F, (S,A_f,Tf,nf)f€F>. Sup-
pose that, given a profile w € A(S)F, there exists a unique and interior WE (x**,p**) of £. For
every f € F, every (ag,ty) € Ry NWJ, and every j € J\ {0},
(1) if a3} > by;,
e P=Pay—as—bid = asj > a%; —0pj,a552 = p}j;
o P =Pay—as—clear = aygj1 > x5 —bfj,arj2 > pyi;
(2) regardless of the payment rule,
° xz <O = afjz >0 — .T;»;—,afjg < p}j
(3) regardless of the payment rule,
® afj1 = a3 =0 = a3 =0f;;
o apji > 0,ap5 <pj" = a3 =0;;

® afj3 > 0,(1fj4 > p;f* — x}j = Hfj.

PROOF. Fix a pair (ay,tf) € Ry N W[ and a risky asset j € J \ {0}. and recall that, by
Proposition 3.11, every (ay,tf) € Ry N W[ is such that g}) (af,a—y) = x}* for every a_y €
inf N D_f.

Point 1.By the definition of W, supp |marg,_, 7y (tr)] < sz; ND_y. Hence, if 23} > 0y;, it must
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be either the case that

np () [ {amy @07 (057) = Q5 (05") = D (ags —agn) >} —0p5 | >0,
i€ F\{f}

or

np () [ {azy @07 (03") = QP (07") = D (ags—apn) =3 — 05 | =1.
i€ F\{f}

Since af must be such that gF (ag,a_y); = a%; for every a_y € supp \marg,_ ny(ty)|. Hence,
afj1 > 0 and agjo > p}i, otherwise (ayf,tf) would be certain to remain stuck with her endowment
of j. Furthermore, if buyers pay the price they quote (P = pay — as — bid), or, in the case of a pay-
as-clear auction, f is the only buyer of j, it must be necessary the case that ayjs = p%;. Otherwise,
(ay,tr) would be sure to pay more than p}; without affecting the allocation in risky assets, that
is, at ((a}j-,aﬁ_j) ,tf> the type t; would be certain that gy ((a};,aﬁ_j) ,a_f> >gro(ar,a_y),
and, for every j € J\ {0}, gy.; ((a};—,af,_j) ,a_f) =gy, (ay,a_y), contradicting the rationality of
(ap,tf) at WT. Finally, we have to determine the size of afi;. If apjn < a¥; — 0y, then (af,ty) is
certain to buy less than z%; — 0y; and therefore not to implement T Ifapn = Ty — 0fj, then

(agf,ty) is certain to buy acf — 0y; and therefore implement at . Now, suppose af;; > xf] — 0. 1

np () (facr Q07 (077) = Q% (057) = D (apss —apn) >} — 055 |
i€ F\{f}

then (a f7tf) attributes a non-null probability to buy more than 73} — 0; and therefore to not

implement 2%;. However, if t¢ is such that

np(te) (facr Q07 (057) = Q% (057) = D (apss —apn) =3 — 055 | .
i€ F\{f}

and, in addition, ny (t5) {a—y € A_; :Vie F\ {f}, apj1 =0}) =1, that is, t; is certain to be the
only possible buyer of the asset j, a pair (as,ty) that a1 > x}j — 0¢; would be certain to buy
% f — 0¢; of asset j and therefore implement 7% f Hence, we cannot exclude over-subscription buy
orders.

Point 2.By definition of W, supp [margAifnf (tf)} C L’f; N D_y. Hence, if 23} < 0y;, , it must

be either the case that

np () [ {amr Q77T (07) =@ (05") = D (agpin —agjs) > 05 —afy | >0,
i€ P\{/}
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or,

np(te) | Hap Q77 (077) = Q3T (05) = D (agjn —aps) =65 —af; | =1.
i€F\{f}

Since a¢ must be such that g}) (ag,a_y); = x}; for every a_y € v, ,ND~ !, it follows that afj3 > 0
and ayjo < p};, otherwise (ay,ty) would be certain to remain stuck with her endowment of j. Since
the market price of j is determined by the least active bidder, (as,ts) is certain to receive a price
equal to Py for every unit of j sold regardless of the specific payment rule characterizing the game.
Hence, for every ayjo < p}j, (ay,ty) is certain to receive p¥; for every unit of j sold, and we are
only left to evaluate the size of ayj3. If 0 < as;3 < 0p; — 7%}, then (ay,tr) is certain to sell less than
0r; — «%; and therefore not to implement 2%;. If ayjs = 0y; — 2%}, then (ay,ty) is certain to sell

0r; — x%; and therefore implement x%;. Suppose, instead, that 07; > a3 > 0p; — 27} It

np () [ {amr Q77T (07) =@ (05") = D (agjn —agjs) > 05 —af; | >0,
i€ P\{/}

then (af,tf) attributes a non-null probability to sell more than fy; — 27} and therefore not to

implement 2%;. However, if ¢y is such that

np () ({a—p Q77 (057) = Q7 (057) = D (agn —ags) =65 a3 | =1,
i€ F\{f}

and 7y (t7) ({a—y € A_y:Vie F\{f}, ayjs =0}) =1, that is, t; is certain to be the only seller of
the asset j, a pair (ay,ty) such that ay;3 > 05 — x’y; is certain to sell only an amount O — Ty of
the asset j and implement z%}. Hence, we cannot exclude over-subscription sell orders.

Point 3. As said, every (a f:tr) € Ry NWF must be certain to implement the asset allocation
:c}* If af;; = ayjs = 0, the pair (ays,ty) is certain to implement an allocation equal to her initial
endowment of the the asset j; hence, if ayj; = ayj3 = 0 and (ay,ty) € RfﬁWJZr, it must be necessary
the case that 23} = 0y;. Likewise, every ty € W[ is certain that 35 € J\ {0} can be bought (resp.
sold) if to bid less (resp. ask more) than p;*. Hence, for every (ays,ty) € NW{such that, either
agjr > 0and apjo < pj*, orag;z > 0and ayjs > p;*, entails an out of market order for j. Therefore,
since (ay,ty) € Ry N W must be certain to implement a Walrasian asset allocation, it must be the

case that 237 = 0y;. O

We showed that rational players m-believing in Walrasian markets may submit over-subscription

orders to implement their Walrasian allocations, and, in the case buyers pay the market price, also
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over-bids; clearly, as the proof of the Proposition 3.12 shows, over-bid orders are not possible
at RN WT for risky assets demanded by a single buyer, hence the possibility of over-bids must be
always understood with this minor caveat. These are notable examples of incautious actions. As
we shall see in the next proposition, the presence of over-subscriptions or over-bids orders, or both,
may prevent one or more players from implementing their Walrasian allocations at RN W7. Before
proceeding, we make three important considerations. First, by Propositions 3.11-12; we conclude
that a** € proj, (RNW™), and, by Proposition 3.7, a}" supports competitive prices and asset
allocation. Second, a pair (ay,ty) € W is not necessarily sure of the quantities demanded and
supplied by her opponents, that is, at W™ players do not necessarily hold point conjectures, and,
even so, they would not necessarily be correct. As an immediate application of Proposition 3.11
we have that for every f € F, every ay € Ay is weakly dominated by a}* if a_y € L’f; ND_¢ . In
other words, over-subscriptions and over-bids are weakly dominated actions when the action space
is restricted to proj, (RN W7). Third, suppose that 7% = 0y; for a given pair (f,7) € F' x J\ {0}.
In such a case, f does not need trade j to implement the corresponding Walrasian asset allocation;
therefore, at W}r , an action-type pair of f would rationally choose an order with zero buy and sell
quantities or an out-of-market order. For this reason, we shall first consider the case in which, for
every pair (f,j) € ' x J\ {0}, 27} # 0y;. The implications of dropping this assumption, which we
denote as condition TR, will be clear from the corollary of the following proposition, which contains

the most relevant result of this chapter.
PROPOSITION 3.13. Consider an economy £ = <S, F,(0y, Uf)feF> and a trading game

= <F, S, (Afanvg)?)feF> ’

equipped with the corresponding universal epistemic structure T = <F, (S,A,f,Tf,nf)fEF>. Sup-
pose that, given a profile m € A (S)F, there exists a unique and interior WE (z**,p**) of £, and
that condition TR holds.

(1) If P = Pay — as — bid, a € proj4 (RNWT™) = p; (a) =p;* Vj € J\ {0}.
(2) If P = Pay —as —clear, a € proj, (RNW™) = p; (a) > pj* Vj € J\ {0}

PRrROOF. Without loss of generality, we fix a generic risky asset j € J \ {0}, as, once we fix P,
the resulting trading protocol is the same for every risky asset j' € J \ {0}.

Point 1. Suppose that a € proj, (RNW7™). By Proposition 3.12, if buyers pay the price they
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quote for every f € F such that x}ij > 0y, it must be the case that as;; > x}j — 8¢5, and
afjo = p}lj Similarly, for every f € F such that x}* < 0y;, it must be the case that ay;3 > 0f; — x}j

and ayfjq < p}ij Hence, we have

0 p > pi*
QY (a,p) = !

d *ok ek
Q5 > Z{fepzz;;wfj} (xfj - 9fj> p = Py

and there exist p; < p}’ such that Q3 (a,p;) =Q3 > Z{feF:z;*‘d”} <9fj - x}ij) In addition, and
J
Q5 (a,pj) < QF (a7p;-) for every p; < p; and Q% (a,p}) = Q5 (a,p}’) for every p/ > p;. We still have

to apply Algorithm 3.1 to compute p; (a) . In this regard, we have just shown that

max (aij){feF::c};>0fj} = min (aij){feF:m;;wfj} =pf; =

max (a;3) > min (a;3)

{fer:zy;<0y;} {feray; <05}
therefore we initialize the search for the market price of the asset j at p;*, as there are no buy orders
with a limit price above pj*. Recall that the highest bidding buyers are served by the lowest asking

sellers. At p7* we have,

Qf (a:p") = QF # Q5 = @5 (a.9") = Q5 (a:0")

or
Qj (a.75") = Qf = Qj = Q5 (a,1]") = Q] (a,75") -

Starting from the latter case, since Q3 (a,p;) < @3 (a,p}) = Q3 for every p; < pj < pj* , no addi-
tional trades can be matched at a tentative market price lower than p}*; consequently, Algorithm
3.1 stops at p; (a) = p;*. In the former case, we have Q? > @ or Q;l < @j. Suppose Q? > @35 at
pj (a) = p}* buyers are rationed and since Q% (a,p;) < Q} (a,p}) = Q3 for every p; < p’ <pj*, no

additional trades can be matched at a tentative market price lower than p;*. Similarly, if Q;l < Q3

at pj (a) = pj* the sellers are rationed, and since, for every p; < p;*, Q? (a,p) = Q? (a,p;*) = ;l ,
no additional trades can be matched at a tentative market price lower than pj*. Therefore, even in
the case of Q? ># Q3, Algorithm 3.1 stops at p; (a) = p}™.

Point 2. If buyers pay the market price, Proposition 3.12 ensures that, for every a € proj, (RN WT),
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and every f € F,
:L‘jc; >9fj = afj1 Zl‘?;fafj,afjg Zp?;
QC;;; <9fj =4 afjgzefj—l'};-,af]zl Sp;;

If,Vf € F, aje = pi*,

0 p>p;*
QY (a,p) =

d *ok ok
Q5 = Z{feF:z;;>efj} (xfj - 9fj) P = D

and there exists pj; < p}7 such that Q3 (a,p;) =Q; > Z{feF:z;;<9fj} <0fj - x?j) Hence, by the
proof of Point 1, we conclude that there exists a € proj, (RN WT) such that p; (a) = p;*. There-
fore, to complete the proof of this point, we must show that there exists a € proj, (RN W™) such
that p; (a) > pj*. In this regard, consistent with Proposition 3.12, consider a € proj, (RN W™)

such that, for every f € F,
.7;}; > Hfj = afj1 = x}j — ij,asz Zp?j +e€
wy; =05 = apjz =05 —x5j,apja < pyj,

where € € {e € Ry : pitt+e< 1}.The maximum bid price of buyers is clearly ps; = p;* +¢€, and,
at the same price level, the demand for the asset j is Q;l (a,p*™) = Z{feF:w};>0fj} (:L’}j — Hfj).
The minimum ask price is clearly p}; , and the corresponding supply of the asset is Q] (a,p*™) =
— Z{feF:xj;;dfj} (x}; — Hfj). Consequently, we initiate Algorithm 3.1 at p; (a) = pj* + €. By
condition ii) in the definition of WE,

> (25— 055) + > (x5 — 05) =0,

{feF:ay;>0;;} {feF:zy;<0y;}

and, consequently, Q? (a,p;*) =Qj (a,p;f*). Since, for every p; € [p;f*,pj* + 6} we have Q;l (a,p;‘-*) =
Q;l (a,p;j), and, for every p; < pi*, Q5 (a,p;) = 0, the execution of Algorithm 3.1 stops at

pj (a) = p;* + ¢, and there are no rationed buyers or sellers of j. O

Unlike the case in which buyers pay the price they quote, rationality and mutual w—Dbelief in
Walrasian markets are not sufficient to ensure competitive prices when buyers pay the market price.
As a consequence of over-bid orders, asset prices may be arbitrarily higher than their corresponding
Walrasian levels, even if players are rational and m—believe in Walrasian markets. This is not the only

unpleasant consequence of weakly dominated actions. In fact, as we show in the next proposition,
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at RNWT™ asset prices may be competitive but asset allocation may not be Walrasian, and if we
drop condition TR, asset prices may also fall below their corresponding Walrasian equilibrium levels

(cf. point 2 of Proposition 3.14).

PROPOSITION 3.14. Consider an economy £ = <S, F,(0y, Uf)feF> and a trading game

r = <F, S, (Afanvg)?)feF> ’

equipped with the corresponding universal epistemic structure T = <F, (S,A,f,Tf,nf)fEF>. Sup-
pose that, given a profile m € A (S)F, there exists a unique and interior WE (2**,p**) of €.
(1) Regardless of the payment rule of the game, Ja € proj, (RNWT™) such that j € J \ {0},
pj (a) = p;* and gy, (ap,a_yf) # x’y; for at least a pair (f,j) € FxJ\{0}.
(2) Regardless of the payment rule of the game, if Ji € F is such that 0; = z*, for every
P € Xjes{o} (O,p}**), there exists a € proj, (RNWT) such that for every j € J\ {0},

pj(a) = p;j <pj”.
PROOF. Deferred to the Appendix of this chapter. O

In pay-as-clear auctions, there is no natural way to prevent the possibility that, for a risky
asset j, all buyers decide to submit a limit price above p3*. In particular, imposing the additional
requirement that every f believes in the event R_yNW™ ¢ would be useless. Although this result may
look a defeat at first, we believe that it provides additional insights on real-world financial markets,
reconciling long-standing opposite views on their state of "equilibrium" or "efficiency". Our results
show that in pay-as-clear auctions with limit orders and price priority, even if investors believe in
Walrasian markets, asset prices may be arbitrary high as a consequence of "incautious" buy orders,
such as market orders. From a normative perspective, this result suggests that pay-as-bid auctions
are more likely to support competitive prices and that market orders may exacerbate the risk of

rational bubbles in pay-as-clear auctions.

6. Conclusion

In this chapter, we extended Dubey’s (1982) model of an auction with limit orders and price
priority to the case of trading in financial assets with digital payments contingent on the realization
of an exogenous state of nature. To ensure consistency between pay-as-bid (i.e. buyers pay the

price they quote) and pay-as-clear auctions (i.e. buyers pay the market price), we considered a
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trading protocol in which the market price of every asset is determined as the bid price of the
lowest filled buyer. For simplicity, we also assumed common knowledge of the game being played as
well as symmetric information on the state of nature. Without the need to impose ad-hoc penalty
functions in the players’ utilities, we showed that, given a profile of priors 7 on the state of nature,
an interior Walrasian equilibrium (WE) of the corresponding market economy is always supported
by a strategic equilibrium (SE) of the game, regardless of its specific payment rule. However, every
profile of actions is rationalizable and A™—rationalizable, where by A™—rationalizability we mean
rationalizability directed by a profile of priors m € A (S)F on the state of nature (cf. Chapter 8 in
Battigalli et al., 2024). While striking at first, this result follows from the trivial observation that,
if a player is sure that the others have zero demand and zero supply (i.e., they do not trade in risky
assets), then any action has the same expected payoff. For this reason, we fixed an arbitrary profile
TeA(S )F, and, considering the case of an economy with a unique WE associated to w, we restricted
our attention to an epistemic state consistent with the idea of price-taking behavior in GET, although
not necessarily implying knowledge or belief in a SE supporting the unique WE associated to m. We
show that this state occurs if every player: i) forms a conjecture independent from the state of nature,
ii) believes that in her absence from the market, assets prices would be competitive, and iii) believes
that there are sufficient orders, posted by her opponents, to implement her Walrasian asset allocation
at competitive limit prices. Together, these conditions provide the definition of mutual w—beliefs
in Walrasian markets, and we denote with W™ the action-type pairs consistent with it. Intuitively,
one may expect that, if players are rational, imposing mutual w—beliefs in Walrasian markets leads
to an SE supporting the unique WE of the economy. Instead, we show that this is not generally the
case, and the possibility of competitive asset prices at R N W™ depends on the payment rule of the
game and the initial distribution of assets. In this regard, we show that for every player f € F, every
action-type pair in Ry MW7 induces a push-forward probability measure attributing probability one
to implementing her Walrasian allocation and to observe competitive asset prices. In other words, a
rational player m—believing in Walrasian markets takes an action that, given her beliefs, implies the
certainty of implementing a Walrasian asset allocation. However, for every player, we observe that
there are more types (i.e. hierarchies of beliefs) consistent with w—belief in Walrasian markets, and
some of these types may support incautious rational behavior, that is, weakly dominated actions.
Assuming that no player is endowed with the Walrasian allocation of any risky asset (condition

TR), we show that, in pay-as-bid auctions (i.e., when buyers pay the price they quote), assets are
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priced competitively at R N W™. However, players do not necessarily implement their Walrasian
asset allocations, as a result of over-subscription orders, which is an example of weakly dominated
actions. Under the same conditions, in pay-as-clear auctions (i.e. when buyers pay the market
price), assets are priced at or above their corresponding Walrasian equilibrium prices. In particular,
the presence of over-bid orders, which is another example of weakly dominated actions, may support
arbitrary high asset prices. Several considerations can be made in light of these theoretical results,
which we discuss below.

Mutual w—belief in Walrasian markets: price conjectures and strategic equilibrium. A price con-
jecture is defined as the push-forward measure of (the type of) a player over the possible risky asset
prices obtained from her first-order beliefs. By submitting a penny-jump order, at W™, the buyer
of a risky asset is certain that the market price of the same asset will be equal to its bid, which, by
definition of W™ and of a penny-jump, must be higher than the WE price. In other words, at W™,
players do not necessarily believe that assets will be priced competitively. As we showed in Section
5, this is instead a necessary consequence of imposing the additional assumption of rational behavior
on top of that of mutual m—belief in Walrasian markets. Nevertheless, these beliefs may be wrong.
In fact, if condition TR does not hold, or buyers pay the market price, there is no guarantee that
assets will be priced competitively at R N W™. It follows that, at W™, players do not necessarily
hold correct beliefs about the market price of any risky asset. In addition, it is important to observe
that, at W™, (the type of) a player does not necessarily believe that her opponents are behaving as
in a SE consistent with the unique WE of the economy. In fact, the notion of mutual m—belief in
Walrasian markets does not restrict (the type) of a player to necessarily believe that her opponents
are submitting SE actions.

Absence of arbitrage opportunities, existence of a stochastic discount factor and relation to in-
vestment games. By standard results in asset pricing theory, given our assumptions on preferences,
the price vector associated with an interior WE is strictly positive and does not allow for arbitrage
opportunities. Suppose condition TR holds, that is, no player is endowed with the Walrasian allo-
cation of any risky asset. In a pay-as-bid auction, although asset allocations may not be Walrasian,
assets are always priced competitively at R N W7™. Hence, a stochastic discount factor (SDF) exists
due to the lack of arbitrage opportunities and we can still use WE allocations to obtain the marginal
utility of a representative investor and the SDF. In contrast, in a pay-as-clear auction, asset prices

may be not Walrasian and allow for arbitrage opportunities at R N W™. However, it is important
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to observe that arbitrage opportunities exist only ex-post, that is, after players have submitted their
orders, and, since the action space of a trading game is bounded, they cannot generate unbounded
profits. In addition, since at R N W™ every player chooses an action that, according to her own
beliefs, ensures that assets will be competitively priced, we can also conclude that at RNW™ every
player is certain that she cannot manipulate prices to induce a profitable arbitrage opportunity. As
an application of the results obtained in this chapter, under the assumptions of a common prior,
complete markets, suitable quadratic utility functions, and P = pay — as — bid, we can provide a
epistemic game theoretic motivation to the assumption of a positive linear SDF in investment games
(cf. Section 2.1.3 of Chapter 2) with a finite set of states of nature (i.e. a finite set of values for
the future profitability of each firm).

Rationality and the states of the market. In the class of auctions with limit orders that we
considered, every profile of orders is rationalizable. This result carries the unfortunate conclusion
that rationality is not a testable hypothesis, as every market outcome is the result of justifiable
actions. However, in a trading game, rationality simply means self-interested behavior, which is a
quite agreeable hypothesis on financial markets. Since rationality allows for any market outcome,
a repeated observation of assets prices consistent with their fundamentals may be interpreted as
a natural tendency of traders to form beliefs supporting equilibrium outcomes. In this regard, we
observe contrasting empirical evidence in the asset pricing literature for stock markets, of which
a notable example is the Samuelson dictum examined in Jung and Shiller (2007).'% Since most of
these studies consider closing prices to compute returns, which are usually determined in pay-as-clear
auctions with limit orders and price priority, our results provide a possible explanation under the
additional assumptions of a common prior on the state of nature and complete markets, which allow
to identify competitive equilibrium prices as "commonly agreed" fundamental values. Firstly, we
note the coexistence of two alternative epistemic states, one in which traders try to take speculative
positions on the book and one in which, instead, they decide to buy or sell an asset depending on
its fundamental value. The latter is characterized by the notion of mutual m—belief in Walrasian
markets. Secondly, in the case of rational traders that mutually w-believe in Walrasian markets, we
can observe either fundamental (i.e., Walrasian equilibrium) prices or asset pricing bubbles, that

is, situations in which one or more assets are priced above its fundamental price level. In other

161y short, Jung and Shiller (2007) observe that the cross-section of returns tend to be consistent with equilibrium
asset pricing (micro-efficiency), while there is a substantial inconsistency at macro-level, that is, in the time series of
aggregate returns (i.e. index returns)
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words, in pay-as-clear auctions, at R N W™ we may observe the coexistence of two market states,
one in which assets are priced competitively and one in which one or more assets experience rational
bubbles. In light of these considerations, we believe that our theoretical framework may provide
guidance to refine empirical methods in asset pricing, particularly models of stock market multiples
such as Tobin Q. This may be part of our future research agenda.

No-trade and heterogeneous priors. A general version of the no-trade theorem of Milgrom and

Stockey (1982) states that, in a Bayesian game, if the players’ endowments are Pareto efficient and
there is a common prior on the state of nature, every Bayesian Nash Equilibrium in which trading
occurs is payoff equivalent to one in which players do no trade with each other. In this regard,
condition TR, that is, no player is endowed with the Walrasian allocation of any risky asset, serves
to avoid outcomes consistent with R N W™ and either no-trading or the presence of out-of-market
orders. In other words, a no-trade result is obtained when the players’ endowments constitute a WE
allocation.
We also note that, contrary to Aumann (1976), we allow players to have different priors on the state
of nature. In such a case, the prior of each player could be interpreted as a mixture of possible data
generating processes, consistent with the representation theorem discussed in Section 1.1.6. To
clarify this point, we can imagine a room full of portfolio managers, each with different opinions on
the consequence of some exogenous event (e.g; a new trade policy, the possibility of a war, etc.).
Although they might agree that such an event can be attributed to a hidden mechanism, they might
not agree on its specific functional form or parameterization. To the best of our knowledge, this
state of disagreement is common in the investment industry. We also stress that we do not need
to require that the players priors on the state of nature be transparent at W7™. However, this is
instead necessary to establish, from an epistemic perspective, that a SE is a special case of Bayesian
equilibrium. By the assumption of a universal type structure, for every m € A (S )F, common belief
in D™ is always possible at W7, and, therefore, at RN W™.

Penalty functions, cash-in-advance constraints and wash sales. In Dubey (1982), a player may
borrow any amount of money, just as in our model. Since money bears no utility as in Dubey (1982),
a reduced-form penalty function is imposed. Otherwise, the setting would be equivalent to one in
which a player can borrow as much as she wants from a central clearing authority, without ever
repaying such debt. In the trading game considered, money is equivalent to the allocation of the

risk-free asset, which positively affects the utility of every player. Hence, we can directly assume
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the same preferences for the player as in the GE model, since there is no need to impose a penalty
function to avoid excessive borrowing. Our modeling strategy is close to that of Shubik (1977),
except that we do not need to impose a cash-in-advance constraint. The role of a cash-in-advance
constraint in Shubik (1977) is that of ruling out buy orders of arbitrary large size. We achieve the
same objective by limiting the size of a buy order for a given asset to the corresponding amount
in circulation, and requiring bid and ask prices to lie within the interval [0, 1], which is without
particular loss of generality given that risky assets are digital contingent claims. We believe that our
approach is more realistic since traders do not necessarily face cash-in-advance constraints, whereas
trading venues and market authorities generally impose limits on maximum trade sizes and limit
prices. Going a bit more into the details of why a penalty function is not required in our setting,
observe that, in the case a player spends more than her original amount of money plus the proceeds
from sales (if any), the overdraft in which she incurs corresponds to a negative allocation of the risk-
free asset. Since unbounded allocations are ruled out by construction and there are no redundant
assets, the strict concavity of players’ utility function is sufficient to rule out over-borrowing schemes.
Another notable difference from Dubey (1982) is the absence of wash sales, that is, we do not allow
a player to be simultaneously a buyer and a seller of the same asset. We avoid wash sales to simplify
the epistemic analysis of the game, but we believe that this is not a limitation of our model. In fact,
the simultaneous placement of buy and sell orders by non-dealers is often considered as a market
manipulation practice, and, as such, forbidden by the majority of market authorities.

On the realism of the trading protocol. Most, if not all, stock exchanges adopt a refined version
of our trading protocol to determine the official opening and closing price of listed securities in
pay-as-clear auctions. However, there are some aspects that are worth mentioning. First, the
majority of stock exchanges have introduced rules to prevent excessive price swings. Our model
takes into account these provisions implicitly, by limiting the maximum bid price of every traded
asset. However, although our trading protocol is designed to maximize the traded volume and ensure
strict price priority in order execution, the determination of the market price is not fully consistent
with the practice of most stock exchanges which, instead of considering the bid price of lowest
active buyer, typically consists in the application of different rules depending on the direction of the
demand-supply imbalance. In this regard, it is interesting to analyze the alternative case in which
the market price is determined as the arithmetic average of the bid price of the lowest active buyer

and the ask price of the highest active seller, the so-called mid-price. Suppose that rationality and
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mutual 7-belief in Walrasian markets holds. It is immediate to verify that Propositions 3.11-12
remain valid under the mid-price rule. Having said that, consider the case of a single risky asset
and Bob, Serena and Simon being the players of the game. Suppose Bob’s endowment of the risky
asset is less than the corresponding Walrasian allocation and that the opposite is true for Serena
and Simon, and that all the three players are rational and 7-believe in Walrasian markets. Let p**
be the Walrasian price of the risky asset; by definition on mutual 7-belief in Walrasian markets, Bob
believes Serena and Simon to be sellers with ask price equal to p** and supply in excess of what he
needs to implement his Walrasian asset allocation. Likewise, Serena and Simon believe Bob to be
a buyer with bid price equal to p** and demand in excess of what they needs to implement their
respective Walrasian asset allocations. Since Bob it is the only buyer of the risky asset, he will bid
p*™*, to avoid increasing the market price and lower its allocation of risk-free asset (i.e. "cash").
However, both Serena and Simon may submit orders with ask price strictly lower than p**, since, by
definition of mutual m-belief in Walrasian markets, Serena believes Simon to ask p** and vice-versa.
As a result, under the mid-price rule, the market price of the risky asset could be lower than the
corresponding Walrasian level.!” This example shows that, in pay-as-clear auctions, a difference
convention to determine market prices may support a broader range of asset prices consistent with
rationality and mutual m—belief in Walrasian markets.

Payment rules and pricing efficiency. Recently, Woodward and Pycia (2025) have made a case
in favor of pay-as-bid auctions. Considering a Bayesian trading game with asymmetric information,
they prove the existence of a unique Bayesian Nash equilibrium that ensures greater price trans-
parency and more efficient allocations. While we assume symmetric information, we show that a
similar result is obtained when we allow players to be uncertain on their respective opponents’ strate-
gies, differently than in an "equilibrium" context. In particular, in pay-as-clear auctions, rationality
and mutual w—belief in Walrasian markets is not sufficient to ensure competitive prices. Besides, as
we argued in the previous paragraph, if the market price is no longer determined as the limit price
of the lowest active buyer, rationality and mutual m—belief in Walrasian markets may result also in
risky assets being priced above and below their respective WE levels. From a normative perspective,
our results provide additional support to the view that pay-as-bid auctions are more likely to result

in Walrasian market prices.

171t is also worth noting that if there had been instead a unique seller of the asset, under-ask orders would have been
clearly ruled out.
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FEaxtensions: asymmetric information and lexicographic beliefs. Two evident limitations are the
assumptions of common knowledge of the game and symmetric information on the state of nature.
Extending the analysis to the inclusion of asymmetric information is challenging and might be an
object of future research. Our results also call for investigating the role of lexicographic beliefs
(Blume et al. 1991a, 1991b), as the possibility of non-Walrasian asset prices is inherently related
to the presence of weakly dominated actions at W7, which may be excluded restricting beliefs to
assumptions; we refer to Brandenburger et al. (2008) and Dekel et al. (2016) for the relevant
literature on admissibility and assumptions. Our preliminary investigation of the topic shows that,
if we equip a trading game with a universal lexicographic type structure as in Cantonini and De
Vito (2014, 2017), and restrict players’ types to those assuming, at least topologically (cf. TWD-
assumption in Dekel et al., 2016), that markets are deep, rationality and mutual m—assumption in

Walrasian markets supports competitive asset prices regardless of the payment rule of the game.

Appendix to Chapter 3

Proof of Proposition 3.14.

PrOOF. Point 1. Let k € J\ {0} be a risky asset, and i € F' be a player such that =} > 0.
Consider the profile of actions a such that, for every f € I € \{i}, ay = a}", and
ai : J\ {0} » R
) aj j S J—{O,k}
] =
(z7r —0ij +€,0,0) j=k,

where € is a sufficiently small positive number, in the sense that 77 —6;;+¢€ € A;r1. By Proposition
3.12, we have a € proj, (RNWT), regardless of the specific payment rule of the game considered,
and by the proof of Proposition 3.13, we also have for every j € J\ {0}, p;(a) = p;*. For
every risky asset j € J_;o}, we have, in addition, Qf (a,p;*) = Q3 (a,p}*), and consequently,
970y (0) = (x}j)

consequently, the buyers of k are rationed. As a result, g (a) # (x}lj;)

.y . In contrast, for asset k we have QZ (a,p}f*) - Q5 (a,p;*) = ¢, and,
XJ—{0,k}

feF’
Point 2. Let a € A be a profile of actions such that, for every f € F'\ {i}, and every j € J \ {0},

o = (a7 = 07)1(a3; 2 01;)

® a3 > (efj — J:;‘*) I (x}’; < ij) ,
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[ ] afjg = p;f*ﬂ (.T}; Z ij),

® afj4 = p;-]l (.T??j < 9fj>,
where 0 < p; < pj*, while for the player i € F, and for every j € J \ {0},

* a1 € A \ {0};
® Q2 = P;%

® ajj3 = aij4 = 0.

By Proposition 3.12, it is immediate to verify that a_; € proj,_, (R,i ﬁWfi). Regarding
the player 4, it is sufficient to consider a type t; that is certain that, for every j € J \ {0},
> (rer) (x?j - 9fj) = 0, which clearly exists by the definition of L’i*; N D_; and condition 2)

in the definition of a WE of €. In addition, for every j € J \ {0}, we have

0 p>p;*
d _
Q(@P) =3 Syerasay (255~ 053) p=rj
d _ _ *ok
QF > X (rerayi>op5) ($?§ - 9fj) P = ij2 = pj < pj

and,

Q) > Xyerasnan (05 —235) P> ais
Ot (ap) = 4 0 7 Zuera>ony O T i

0 p < Gjj52.
Hence, for every risky asset j € J\ {0}, the highest buyers of j are condensed to p = p;*, demanding

a quantity equal to

> (23— 0s5)

{(FEP\{i}a};>0,,)

of j, and the only buyer with a bid price below p;* is the player i, who demands a quantity a;;; > 0.
At the same time, for every risky asset j € J\ {0}, all sellers of j are asking a price equal to

aijo < pj*, for a total of

Q5 > > (0r; — 2F;)

{rer\{i}a}; >0}
units of j. Therefore, consistent with Algorithm 3.1, for every j € J\ {0}, we initialize the search
for p; (a) at p;*. From condition 2.) in the definition of a WE, we know that

D S D S (T B

{feFas; >0k} {feFa};<0y;}
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and consequently Q5 > Q? (a, p}k*) Hence, the highest bidding buyers can serve only a fraction of
the quantity supplied by the sellers of the asset j. Thus, consistent with Algorithm 3.1, we proceed
with the search for additional buyers to match the seller’s residual orders. As noted above, the only
additional buyer is the player 7, which has a bid price equal to the ask price of all sellers. Hence,

the player 7 will act as the marginal buyer of the asset j, and, consequently, p; (a) = ajj2 < p;*. U
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