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ABSTRACT

We address the class of two-stage Stochastic Programs embedding, in their second stage, a set of Discrete
Choice Problems (tsSP-DCPs), one independent from the other, but all linked by the first-stage decisions This
decisional structure can be found within many managerial and organizational contexts in relation to several
applications such as location-allocation, routing, scheduling, and sequencing. Generally, solving a two-stage
stochastic program requires the analytical derivation of the second-stage problem’s expected optimum, which
in turn implies calculating a multidimensional integral. Therefore, a common practice is approximating the
random variables involved through a finite set of scenarios and solving a huge scenario-dependent program,
which affects the scalability of making optimal decisions under uncertainty. However, under some assumptions
commonly adopted in the discrete choice context, we can prove that a closed-form analytical expression
of the expected second-stage optimum of a tsSP-DCP can be derived, and an exact scenario-independent
equivalent deterministic program can be obtained. Through a numerical showcase, we validate our approach
in terms of efficiency and effectiveness. Our equivalent deterministic form, which only requires estimating
a few parameters in practice, is far less computationally demanding than any scenario-based deterministic
equivalent forms, thereby simplifying the decision-making process. Finally, we show that our methodology
can be generalized to address a larger class of two-stage stochastic programs, i.e., those in which the second-
stage expected optimum is decomposable into a finite number of expectations of Extreme Values and in which
second-stage utilities may also depend on first-stage decisions.

1. Introduction

Stochastic Programming (SP) is one of the leading modeling

variables and must be taken before the uncertainty is resolved; (ii)
recourse decisions that correspond to the second-stage variables and
can be postponed in the future after the uncertain parameters become

paradigms to tackle optimization problems in the presence of uncertain
parameters [1,2]. In fact, SP models can well capture the behavior of
many decision-making problems by implementing optimization actions
that mix both robustness and flexibility features against unknown
behaviors of the involved information. The application of such models
is nowadays widely used in several organizational fields, with countless
examples in finance, logistics, production, and any management in
general (see, e.g., [3-5]).

In this paper, we address the so-called two-stage SP in which the
main decisions arise at two different levels (e.g., long-term tactical
decisions and day-by-day operational decisions) and are split into two
logical sets: (i) here-and-now decisions that correspond to the first-stage

known. Hence, first-stage decisions are those that are actually made
under uncertainty and that cannot be modified afterward. In fact, the
optimality and the feasibility of the second-stage decisions depend,
apart from the uncertainty realization, also on the first-stage decisions.
In the first stage, the decision-maker takes into account the problem
uncertainty by incorporating the expected value of the future outcomes
(i.e., the second-stage objective value) into the objective function.
Unfortunately, SP models are notoriously very challenging to solve,
even when the involved functions show nice properties such as con-
vexity or linearity. Being able to derive an analytical expression of the
expected optimum of the second-stage problem is, in general, denied
by the complexity of calculating the multidimensional integral from
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which it derives and of embedding this evaluation within a combina-
torial optimization problem [6]. For this reason, a typical approach
for SP problems is to represent (most often, approximate) the future
uncertainty through a finite set of scenarios and, in turn, to create
a so-called scenario-based deterministic equivalent problem embedding
scenario-dependent variables and constraints [7]. Since the size and
complexity of this deterministic program depend on the number of
scenarios considered, it generally becomes computationally intractable
as the number of scenarios grows. Moreover, when uncertain param-
eters are defined through their probability distributions, the scenario
generation (or selection) process itself becomes a challenging and
critical task.

In this work, we are interested in studying two-stage SP problems
in which the second stage consists of a series of many Discrete Choice
Problems (DCPs). A DCP is a stochastic optimization problem in which
the decision-maker needs to select the most profitable single choice
among a finite set of alternatives, each characterized by a stochastic
utility. DCPs have been used in different fields, such as marketing
and transportation [8,9]. In particular, they are useful to model the
behavior of rational individuals in microeconomic settings and their de-
pendency on the possible idiosyncrasies of the decision-maker in terms
of the evaluation of the utility of each alternative. Mixing classical two-
stage SP problems and DCPs leads to a family of optimization settings
with a special structure that we name two-stage Stochastic Programming
embedding Discrete Choice Problems (tsSP-DCP). In a tsSP-DCP, the set of
DCPs to be solved in the second stage depends on the decisions taken in
the first stage in a very precise way, namely, if the decision-maker acts
on a first-stage decision variable, setting its value to something different
from 0, the relative second-stage DCP is triggered. Once triggered, the
optimization problems to be solved at the second stage consist of se-
lecting the best alternatives (each characterized by a stochastic utility)
to maximize the total expected utility. Note that such an expected
utility may proportionally depend on the value of the related first-
stage decision variable. Typical applications of tsSP-DCPs can be found,
e.g., in facility location-allocation problems, bin-packing problems,
multi-modal routing, and scheduling (see, e.g., [10-12]). Moreover,
their simple combinatorial structure (basically involving the presence
of a multi-arm bandit type constraint in the second stage) often occurs as
a subproblem in more complex settings. As far as we know, tsSP-DCPs
have never been formally studied and approached as a unified class
of problems. Therefore, our goal is to exploit the mathematical char-
acterization of this class and show how it can be efficiently addressed
through analytical approaches, as previously done for simple optimiza-
tion settings such as the newsvendor problem. In particular, we exploit
the special structure of tsSP-DCPs to derive a closed-form analytical
expression for the second-stage value and, in turn, a deterministic
program that is equivalent to the stochastic problem without resorting
to any kind of scenario representation. Our deterministic equivalent
form derivation simply assumes, as commonly done in Discrete Choice
Theory, that the choice behavior of the decision-maker is captured
by a so-called Multivariate Extreme Value (MEV) model [13]. In fact,
depending on the specific assumptions made on the stochastic oscil-
lation of the utilities, various discrete choice models can be derived to
describe the decision-maker’s choice behavior when facing a DCP. Some
models allow more flexibility than others, e.g., in terms of correlation
between alternatives. The models we consider in this work, the MEVs,
are arguably the most general ones and embrace a very large quantity
of well-known and widely applied choice models, such as the logit, the
nested logit, and the cross-nested logit ones. Indeed, it can be shown that
any choice model can be approximated arbitrarily well by an MEV,
namely by a cross-nested logit model [14].

The contribution of this work is threefold. First, we propose the
theoretical background for approaching the class of stochastic problems
called tsSP-DCPs, which embed a sequence of independent DCPs within
the second stage of a two-stage SP problem. The tsSP-DCP frame-
work can model several basic decisional problems under uncertainty
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(e.g., in location, assignment, scheduling, sequencing), but, more im-
portantly, its simple combinatorial structure appears as a subproblem
in more complex and realistic situations. Also, note that the tsSP-DCP
framework provides a structured way for embedding and linking dis-
crete choice modeling within mathematical programming approaches.
Second, under the common assumption of capturing the choice be-
havior of the decision-maker through an MEV model, we derive a
closed-form analytical expression for the expected second-stage value
of a tsSP-DCP and formulate a deterministic and scenario-independent
equivalent model able to solve the complete problem. The effectiveness
and the efficiency of such an approach are validated through exten-
sive computational experiments conducted over a showcase facility
location—allocation problem. Third, we show that the approach can
be applied to a larger structured class of problems as well as used
as an approximation in many practical applications by relaxing some
assumptions on the data knowledge, thus largely facilitating the process
of decision-making under uncertainty.

The rest of the paper is structured as follows. In Section 2, we
review the main literature related to the problems studied in this paper,
which are formally defined and exemplified in Section 3. After the pre-
sentation of the necessary assumptions on the probability distribution
of the uncertain parameters, we derive our MEV-based deterministic
equivalent form of a tsSP-DCP in Section 4 and discuss its practical ap-
plicability. Section 5 is devoted to validating our method and assessing
its effectiveness and efficiency through computational experiments on
a large number of instances. Section 6 provides a discussion on possible
generalizations of our approach to a wider class of stochastic problems.
Finally, conclusions are drawn in Section 7.

2. Literature review

Among the several paradigms existing to deal with uncertainty in
stochastic optimization problems [15], SP has been the most adopted,
probably because of its flexibility in well-modeling a wide range of
realistic applications [16-18]. The objective function of an SP prob-
lem typically involves computing an expected value. Unfortunately, in
practice, it is difficult for a decision-maker to know exactly the proba-
bility distribution of all the random variables involved in the problem
and to be able to analytically compute the multidimensional integral
associated with the desired expected value. Therefore, in general, such
an expected value is approximated through scenario generations, and
the SP problem is substituted by a very large deterministic program
in which second-stage variables and constraints are replicated for each
considered scenario [19]. Since, in general, a consistent number of
scenarios is needed for having a reasonable representation of the uncer-
tainty, the computational burden of solving the relative deterministic
program leads to the use of heuristic solution methods. Despite the
practical utility of this approach, the introduction of such multiple lev-
els of approximation makes the quality of the final solution somewhat
questionable. For this reason, identifying and characterizing stochastic
optimization problems for which it is possible to obtain optimal or
approximated solutions without relying on scenario generation is a
research question of paramount importance. This paper introduces and
characterizes a large class of two-stage SP problems that can be solved
to optimality by getting rid of scenario generation since a closed-form
analytical expression of the expected value appearing in their objective
function can be derived. Similar approaches have been developed for
well-known optimization settings such as the newsvendor problem and
other Economic Order Quantity models [20-22].

In this work, we focus on a particular class of two-stage Stochastic
Programs that embed a set of DCPs. DCPs have been largely studied and
applied in the decision theory literature, and many different models
(e.g., logit- and probit-based models) have been proposed for solving
them [23-25]. DCPs and the relative models have been embedded in
a significant number of stochastic optimization problems to capture
individuals’ behaviors. A notable example is the so-called multi-product
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Pricing Problem (mpPP) in which a seller is willing to compete within
a market involving several customers and several alternative products.
Assuming that a customer can only buy at most one of those products,
the problem consists in finding the optimal prices at which each of
the products should be sold such that the total revenue of the seller is
maximized while satisfying market equilibrium constraints [26-28]. In
these optimization problems, the demand for each product is typically
proportional to the fraction of customers willing to choose it, and, in
turn, such a fraction of customers depends on the probability that a
customer will decide to buy a certain product rather than another.
Since the total utility attributed to each product by each customer is
stochastic, due to customers’ idiosyncrasies, the setting can be generally
approached as a DCP. In Du et al. [27], the authors considered a
variant of the mpPP in which every single customer’s utility for a given
product is influenced by the overall interest of all customers for that
product. Again, they formulate and solve the underlying optimization
problem as a DCP, and a logit model is used to simulate customers’
preferences. DCPs have also been embedded into SP formulations for
modeling stochastic optimization problems affected by endogenous
uncertainty. i.e., when its realizations are somehow dependent on the
decision-maker’s choices. Suitable examples can be found in Chen [29],
as the problem of optimally allocating physicians to hospitals while
accounting for patients’ demand. Here, the probability that patients will
require healthcare in a given hospital is determined by the distance
between their residence and such hospital and the patient’s preferences
in terms of the perceived quality of the hospital services or a specific
physician. Again, a DCP arises since the utility that a patient assigns
to a given hospital is not fully known by the decision-maker. Note
that, in this case, such a utility depends on the decisions regarding the
assignment of physicians to hospitals. It is important to highlight that,
despite their modeling power, SP problems embedding DCPs tend to
be difficult to solve since even the easier behavioral models generally
present non-linearities. In fact, the analytical expression of the choice
probabilities is typically a non-linear and non-convex function of the
stochastic utilities. Recently, Pacheco Paneque et al. [30] proposed a
simulation-based framework to preserve the linearity and the convexity
of the objective function of a mixed-integer program embedding DCPs.
The proposed framework was successfully applied by Bortolomiol et al.
[31,32] for finding equilibrium solutions within an oligopolistic trans-
portation market and for addressing a pricing optimization problem.
Note that, differently from the cited works, our tsSP-DCP framework
provides a standard and easy-to-solve formulation for embedding, in
a structured way, choice modeling within mathematical programming
problems.

All the works listed in the previous paragraph relied on scenario
generation-based approaches and various heuristic methods for solving
stochastic problems embedding DCPs. However, a quite recent stream
of research has shown that it is possible to leverage some classical Ex-
treme Value Theory results [33,34] to derive an effective Deterministic
Approximation (DA) of such problems. In particular, Tadei et al. [10,35]
studied facility location and allocation problems, Perboli et al. [36]
addressed a Knapsack Problem variant with multiple handlers in which
a DCP is used for modeling the selection of the best handler for each
loaded item, while Tadei et al. [37] and Fadda et al. [12] studied a
multi-path Traveling Salesman Problem. A similar approach has also
been used for approximating multi-stage decision processes [38,39] as
well as a variant of the stochastic single machine scheduling problem
[40]. However, the DA proposed in the above-mentioned literature
shows two main drawbacks. First, the parameters characterizing the
choice model of the various alternatives must be estimated to solve
the obtained deterministic problem, and, therefore, the quality of the
approximation strongly depends on the accuracy of such an estimation.
Second, the DA derivation assumes that the stochastic utilities associ-
ated with the various alternatives of each DCP are independent and
identically distributed, thus embracing only the simplest MEV choice
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model.! In this paper, instead, we formulate the necessary and sufficient
assumptions to derive an exact analytical expression of the SP objective
function involving the calculation of an expected value and, in turn, a
scenario-independent deterministic equivalent form of all problems in
the tsSP-DCP class. As a result, our framework is more general than
what has appeared in the literature since the derived deterministic
equivalent form also complies with cases in which the stochastic util-
ities associated with each DCP are not required to be independent of
one another. Clearly, in the specific case where the stochastic utilities
are independent, the closed-form analytical expression corresponds to
the exact value to which the DA existing in the literature tends.

3. Two-stage stochastic programs embedding discrete choice prob-
lems

In Section 3.1, the mathematical structure of tsSP-DCPs is formally
defined, while in Section 3.2, we focus on their interpretation in
realistic decision-making settings and clarify their structure through
peculiar examples.

3.1. Mathematical definition

The problems addressed in this paper, which we name tsSP-DCPs,
are basically two-stage SP problems in which the second stage consists
of a finite set of DCPs, each associated with one first-stage decision
variable. In the following, we define their general form.

Let us consider:

« 0: a vector of random variables;

+ x, y: the vector representing all the first-stage and second-stage
decision variables, respectively;

* f1(), f>(-): two scalar functions;

« X, V: the feasibility set of the first-stage and of the second-stage
decision variables, respectively.

Then, the general formulation of a two-stage SP problem can be written
(see, e.g., [7]) as the following first-stage problem

max f1(x) + Eg[h(x,0)] )
s.t. xeX

where A(x, 6) is the optimum of the following second-stage problem
f2(x,y,0)

sty eV, 0).

The first stage tackles the uncertain profit regarding future decisions
through its expected value. In the second stage, both the optimality
and the feasibility of a solution may depend on the uncertainty and the
decision made in the first stage. Note that, without loss of generality,
we presented two-stage SP problems in their maximization form in
line with discrete choice modeling, which primarily addresses problems
aiming at the maximization of stochastic utilities.

We now formally define a DCP. Let us consider a decision-maker
i and a set £; containing a finite number of alternatives from which
the decision-maker can choose. Let U;;(6;;) be the stochastic utility that
the decision-maker attributes to alternative j € L£,. Without loss of
generality, we define such a utility as the sum of two components, i.e.,

h(x, 0) = max
y

@

Uij(0;)) = V;; + 0y,
where V; is a deterministic value and 6;; the corresponding stochas-

tic oscillation. The deterministic part corresponds to the utility that

1 Actually, in Fadda et al. [12], the authors were able to exploit the
specific properties of the optimization setting at hand to partially relax such
an assumption, thus asking only for asymptotical independence of the utility
oscillations.
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can be captured by any external observer of the problem, while the
stochastic part corresponds to the idiosyncrasies of the decision-maker
regarding such an alternative. Then, a DCP for the decision-maker i is
the following stochastic optimization problem:

m;lx Z Ui;0;,)y;;

JEL;

s.t. Z yi; =1 3
JEL;
yije{o’l}s Vj€eL,.

In formulation (3), y;; is a binary variable taking value 1 if and only
if the decision-maker i selects alternative j € L;. The interpretation
of a DCP is quite intuitive. In fact, the decision-maker wants to select
exactly one alternative among many so as to maximize the utility
deriving from the choice, given that an uncertain utility characterizes
each alternative. However, note that in such settings, it is common to
identify many decision-makers and a set £ containing all the possible
existing alternatives, being £; C £ the subset of alternatives available
for the decision-maker i.

Given the two previous stochastic optimization settings, we can now
define the mathematical structure of a tsSP-DCP. Let us consider a set
T of DCPs and a decision-maker for which:

* x; is a first-stage decision variable different from 0 if and only if
an alternative will be selected in the set £; associated with the
DCP i € T at the second stage;

* ;; is a second-stage binary decision variable equal to 1 if and
only if the alternative j € L; is selected for the associated DCP
i € T at the second stage.

Then, a tsSP-DCP is the following two-stage SP problem:
max F1(x) + Eglh(x, 0)]

(C)]
s.t. xEX
where
h(x,0) = max Z X; Z Ui )y
y el jer,
s.t. Y vy = Tox), viel 5)
JEL;
v € {0, 1}, VieL,iel.
with 1,(-) being a function defined as
1 ifz#0,
1y(z) = . (6)
0 otherwise.

We remark that the second stage of a tsSP-DCP has a precise and quite
simple combinatorial structure. In particular, exactly one alternative
j € L; must be selected for each DCP i € I associated with a
non-null first-stage variable x;, and there are no interdependencies
between the decisions made within each DCP and those made within
the others. Instead, the first stage complies with every possible require-
ment, represented by the feasibility set X. Moreover, in a tsSP-DCP,
uncertainty only affects the second-stage objective function and not its
feasibility set. Finally, second-stage utilities do not explicitly depend on
the first-stage decisions, but only on the uncertainty.

A notable tsSP-DCP special case, especially important for modeling
several location and service network design problems, arises when all
the first-stage decisions are binary (i.e., when x; € {0,1},Vi € I). In this
case, 1(x;) = x; for each i € T and the second stage in (5) becomes

h(x,0)=max Y 3 U@,y
y i€l jer;
s.t. Z Yij =%, viel )
JEL;
yi; €{0,1}, VieL;,iel,

in which the second-stage objective function has become linear, al-
though depending on a stochastic parameter.
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3.2. Exemplification and interpretation

In the following, we illustrate the introduced tsSP-DCPs and their
characteristics through some concrete examples, demonstrating how
this class spans a very large number of applications in different relevant
Management Science and Operations Research fields (logistics and
transportation, facility location, scheduling).

Let us consider a company that faces the here-and-now problem of
selecting a portfolio 7 of potential facilities to locate (e.g., projects
to invest in, physical services to install), and later the problem of
choosing the appropriate assignment of each selected facility i € T
to one alternative (e.g., operators of a project, handlers or customers
of a service) among a set of alternatives £;. The location phase may
generally be complicated by specific requirements such as budget con-
straints or incompatibility between facilities. For simplicity, let us only
consider a budget constraint represented by a maximum number p of
facilities to locate. Moreover, each located facility i € T yields a fixed
opening cost ¢; and a different profit depending on the later assignment
(e.g., the profit of a project will depend on the operator that is going
to manage it). Profits are not deterministically known at the time of
the facility location phase (e.g., they may rely on a bidding auction
among the available operators that takes place later in time). Hence, we
represent the uncertain profit as a utility U;;(0;;) = V;; + 6,;, where V;
and 6;; are the deterministic profit and the stochastic profit oscillation
associated with the assignment of alternative j € £; to the located
facility i € I. The above setting can be modeled as a stochastic facility
location problem aiming at deciding the p facilities to locate and the
appropriate assignment of an alternative to each selected facility so
as to maximize the expected total profit, net of the location cost. A
stochastic integer linear programming formulation of this problem is

max —ZCix,-+IEJ9 m}?xz Z(V,-j+0,-j)y,-j

i€l i€l jeL;
s.t. Zx,- <p (8)
i€l
Z ij £ X5, viel
JEL;
x; € {0,1}, Viel
y,-je{O,l}, Viel,jeLl,

where x; is a binary first-stage variable equal to 1 if facility i € T
is located, and 0 otherwise, and y;; is a binary second-stage variable
(thus depending on the uncertainty realization) equal to 1 if alternative
j € L; is assigned to the located facility i € I, and 0 otherwise.
The objective function maximizes the expected total assignment profit
minus the total location cost. In the absence of full information on the
stochastic profits at the first stage, it is reasonable for the company
to select the facilities to invest in by maximizing the total expected
profit that would return from the assignment at the second stage, minus
the fixed opening costs. The two sets of structural constraints ensure
that a maximum of p facilities are located and that an alternative is
assigned to a facility only if the latter has been located, respectively.
The obtained model is a tsSP-DCP. In fact, each facility chosen at the
first stage determines the need to solve a DCP at the second stage,
i.e., to choose the most profitable assignment at the second stage among
different alternatives.

Several other examples of stochastic optimization problems whose
SP formulation belongs to the tsSP-DCP class can be directly found in
the recent literature. In Tadei et al. [37] and Fadda et al. [12], the
authors addressed the so-called multi-path Traveling Salesman Problem
(mpTSP), a generalization of the classical TSP in which alternative
paths are available between two different nodes. Those paths might
represent different transport modes or different physical routes, and
each alternative is characterized by a stochastic cost whose probability
distribution is unknown. The problem consists in finding a Hamiltonian
tour of the nodes and, after the realization of the uncertainty, the path
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to be used between any pair of locations to minimize the total expected
cost of the tour. The mpTSP can be modeled as a tsSP-DCP since, given
any pair of consecutive nodes to visit in the optimal Hamiltonian tour,
the decision-maker needs to solve a DCP concerning the selection of
one path among the available ones, and each DCP is triggered by the
first-stage decision of including the relative arc in the optimal solution.
Instead, in the multi-handler Knapsack Problem introduced by Perboli
et al. [36], a set of potential handlers needs to be chosen for managing
a set of items, each guaranteeing a stochastic utility depending on the
handler that manages it. The problem consists in finding the optimal
subset of items to be loaded in the knapsack and, after the realization
of the uncertainty, determining the handler that is going to process
each loaded item so as to maximize the total utility while satisfying
the knapsack capacity constraint. This generalization of the Knapsack
Problem, arising in many logistics applications, embeds a DCP aiming
at selecting the best handler for each item loaded in the knapsack at
the first stage. Finally, Roohnavazfar et al. [40] introduced a stochastic
variant of the single-machine multi-configuration scheduling problem,
which belongs again to the tsSP-DCP class. In such a problem, a DCP
arises in the selection of the optimal configuration under which the
machine should process the next scheduled job, and the scheduling
decisions at the first stage trigger several DCPs in the second stage,
each one independent of the others.

In general, at the first stage of a tsSP-DCP, the decision-maker
acts on some first-stage decision variables that can trigger second-stage
DCPs. In the second stage, instead, he has to solve all the triggered
DCPs. In the case of the previous example, each chosen project at the
first stage triggers a DCP aiming at optimally choosing an operator that
is going to manage it. It is important to notice that, even if it involves
many different DCPs, a tsSP-DCP does not assume the existence of
different decision-makers acting in the same micro-economic setting,
as in Game Theory. Instead, in a tsSP-DCP, we can interpret any DCP
(i.e., any i € T) as a specific micro-economic scenario in which a single
decision-maker is going to operate. The chance or the weight of each
scenario within the overall problem depends on the decision made at
the first stage regarding the corresponding variable x;. In fact, while
all the above examples involve pure binary decisions at the first stage,
the tsSP-DCP definition allows for more general integer or continuous
variables for which the decision-maker must attribute a certain level of
activity.

4. Deterministic equivalent form of MEV-based tsSP-DCPs

In Section 4.2, we derive a deterministic program that results in be-
ing equivalent to the tsSP-DCP and is based on a closed-form analytical
expression of the second-stage expected optimum. Then, in Section 4.3,
we clarify how the derived results can be widely applied and turn out
to be useful in practice. Since our derivation holds for DCPs following
MEV choice models, we formally discuss the basic assumptions on
which MEV models rely (Section 4.1).

4.1. MEV models

To fully understand the theoretical results obtained, we recall and
briefly discuss the two conditions underlying the MEV modeling frame-
work.

The first condition assumes that each random vector of oscillations
[0; 1550y m]T, for each DCP i € I, follows a multivariate extreme
value distribution. More formally:

Assumption 1. For any i € 7, the joint cumulative probability distribu-

tion Fi(z, ... 2 Ziz,)) of each random oscillations vector [6, ;. ... ,0,-’|£l|]T
is such that there exists a differentiable function G; : R'f" — R, (called
the generating function) for which it holds

Fi(zy, o0 2, ) = exp (=G, (€77, ... 7714l ) ) ©

Omega 142 (2026) 103514
For F; to be a proper joint cumulative probability distribution, it
must hold that
lim_F(z.....2)z,) =0, Vj € L;, (10)
zj—=—00 1
z1—>+oo..l.1-l:?|£[|—>+oo}:}(zl7.“’Z‘Cil)= L (11)

and that any of its partial derivatives of any order must be positive,
i.e., by denoting as I, any set of k indexes chosen in £;, it must hold

oFF, >0
320z, A 20
V(zp...ze ) €REL k=1, 1L (12)

According to Assumption 1, properties (10), (11), and (12) respectively
imply for G; that

lim G,-(zl,...,z|L-|)=+oo, VjeL, 13)
zj—>+0co !
zleo.}.i.rvgzn—»oG"(zl’ 2 =0, a4

and that its partial derivatives alternate their sign, i.e.,

-1 196 >0
(=1) 9z 9z (z15“~sz‘£,|)_ s
LIS R /4

V(zy...ze) € REL vk =1, 1g,. (15)

It is important to remark that the generating function’s properties
reported in (13)-(15) only ensure that the function F; in (9) is a proper
joint cumulative probability distribution. As such, they are implicit in
Assumption 1 and must not be considered additional requirements.

The second condition assumes that the generating function satisfies
the so-called homogeneity property with respect to a constant f. This is
formally expressed as follows.

Assumption 2. For any i € I, the function G; is homogeneous of
degree f, or f~homogeneous, i.e., it exists a constant # > 0 such that
it holds

G, (a(z,,...,zmi‘)):aﬂGi(zl,...,z|£l|) (16)

for all (zy,...,z),) € le"l and any real value a > 0.

Regarding p-homogeneous G; functions, we state the following
three important properties, which will be useful for proving our main
result.

Property 1. Function G; is f—homogeneous if and only if, for each j =
1,...,|L;|, it exists a constant § > 0 such that

2y,

G =26 (2.1 v R4
,-(z],...,zwl‘)—zj ilz b s V(z s ze,) ERYTL
J

Zj
Property 2 (Euler’s theorem). Function G; is p—homogeneous if and only
if

IL;] z.aG,.(zl, )

J
e 0z;

o
=BGz, s 2y ). V(2o zp,) € R

Property 3. If function G; is p—homogeneous, then its derivative % is
(p — 1)-homogeneous for each j =1, ..., |L;|. !
The two assumptions introduced lead to the derivation of a broad
class of well-studied probabilistic choice frameworks, namely the MEV
models [41-43], which translate the theory of rational choice behavior
into concrete mathematical tools that enable empirical analyses. In As-
sumption 1, the generating function G, is introduced to model possible
dependencies among the utilities of the available alternatives for DCP
i € I, thus generalizing the summation operator used in the classical
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logit formulation.? This provides a flexible mechanism to account for
the correlation generated by alternatives that exhibit similarities or
overlapping attributes. When Assumption 2 also holds, it is possible
to show that any marginal distribution of F; is a (univariate) extreme
value distribution in the form

Fi(z;) = exp (e_ﬁzl‘) ,VjecrL,
and that the corresponding choice model has a closed-form analytical
expression, i.e.,

Vi 96 (e

Zl

Via, . ’eVi.\C,I)

pG (eVH s, el )

The choice model in (17) is consistent with the random utility maxi-
mization theory [13,44], implying rational preferences for the decision-
maker (complete and transitive) and choice probabilities that satisfy
economic properties such as monotonicity and regularity. For example,
by using Property 3, we can see how (17) implies that if the determinis-
tic utility of all the alternatives is augmented by a constant factor, then
the probability of selecting a specific alternative does not change.

P[selecting j € £;] = a7)

4.2. Deterministic equivalent form

We are now ready to present the main result of this work, i.e., the
derivation of a deterministic program totally equivalent to a tsSP-DCP.
This is stated in the following theorem.

Theorem 1. Consider any tsSP-DCP as defined in (4)-(5). If the decision-
maker’s choice behavior can be modeled by an MEV, then the optimal
solution of the stochastic program in (4) can be found by solving the
following deterministic program

max f1(x) + Z [% (ln (Gi (e‘/i.l,_.. Jeileil )) +y>] X;

i€l (18)

s.t. X € X,
where G, is the generating function of the DCP i € T satisfying Assumptions
1 and 2, p is the homogeneity degree of the function G, V;; is the
deterministic utility associated with alternative j € L; within the DCP i € T,
and y = — /O+°° In(t)e~"dt is the Euler constant.

Proof. In any tsSP-DCP (4)—(5), the second-stage problem (5) has the
same optimal solution value of

max Zx,-]lo(x,-) Z U;;(0:))y;;

i€l JEL;

s.t. Z v =1 Viel 19)
JEL;
yij € {0,1}, VieL,iel,

which can be equivalently rewritten as

m;lx Zx,— Z U[j(b?[j)yij

i€l jeL;
s.t. 2 v =1, Viel (20)
JEL;
yij € {0, 1}, VieL;,iel,

given the definition of 1,(-) as proposed in (6).

From formulation (20), it is evident that the second-stage problem
can be decomposed into |Z| independent DCPs, as those defined in
(3), each having an optimal objective value multiplied by the relative
first-stage variable x;. Hence, the second-stage optimal solution can be

2 Note that univariate distributions although enriched with a general
generating function are commonly named Generalized Extreme Value (GEV)
distributions.
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obtained by selecting, for each set of alternatives £;, the one with the
largest utility. Let us denote as j; the alternative associated with the
largest utility in the set £;, after the resolution of the uncertainty on
the utilities. Then, the second-stage optimal solution y* can be found
by setting

1 if j = j*
* = ! iel. (21)
Yij { 0 otherwise,

This means that the expected value of the second-stage problem is

olh(x,0)] 0 },’/E(O‘Il‘}f}’étpiellezzx:j; 1 0:)yij | /g;, Yij Vi€

=Ey | D U, (0, )x,} =

|ie1

=E, Z (%"l‘:’“ Ur'j(aij)> xi:| :

|ie1

Then, by leveraging the linearity of the expected value, we obtain

Eglh(x,0)] = E U, (6;; | = E U;:(6;; (22
9[ (x,0)] 0 |;€21 <5ré22)’( t/( 1/)> x[:I ,GZ[ a[jezg,( l/( l/)] X ( )

Now, our tsSP-DCP (4)—(5) has been reduced to the following for-
mulation

m;ix f1(x) + ’EZI Eq [?gg Uij(Hij)] X; 23)

s.t. x e X,

which is still a stochastic program due to the stochastic profit oscilla-
tions 6;;. The objective function in (23) highlights that the expected
value of the second-stage problem of a tsSP-DCP corresponds to a
function, linear in x, of |I| independent expected maximum utilities.
In Discrete Choice theory, i.e., where a rational decision-maker,
after assigning a stochastic utility to each alternative, chooses the one
with the highest utility, typically happens to look for the expectation
of the maximum of a sequence of random variables, as in this case.
Since such a choice behavior is assumed to be captured by an MEV
model, it is possible to derive a closed-form analytical expression for
the expected maximum utility of each DCP i € I resulting from the
choice performed in the set £,. More precisely, using the calculus-based
derivation presented in Theorem 2 (see Appendix), we obtain

= l Vi Viieil i
Eg [%%Uij(eij)] =3 (ln(G, (e ...,e ))+y>, iel. 24
Now, the theorem follows by plugging (24) into (23). O

We name the program in (18) as the MEV-based deterministic equiv-
alent form of a tsSP-DCP. Such a formulation, apart from being deter-
ministic, has very interesting advantages from a computational point
of view. In fact, since the analytical expression of the second-stage
expected value in the objective function only requires a function eval-
uation, problem (18) has the same computational complexity as the
relative tsSP-DCP under no uncertainty (i.e., the problem in which
stochastic parameters are substituted by deterministic values). For
example, if the feasibility set X of a tsSP-DCP can be represented by
linear constraints and the function f, is linear in x, then the obtained
deterministic equivalent form in (18) results to be a linear program as
well. Moreover, differently from classical scenario-based deterministic
equivalent formulations, the dimensions in terms of the number of
variables and constraints of problem (18) are the same as those of the
original tsSP-DCP first-stage.

Note that the derived deterministic program explicitly allows com-
puting only the first-stage decision variables of the original tsSP-DCP,
given that the second-stage decisions are implicitly addressed by the ap-
proach. However, this does not represent a limitation for two reasons.
First, in two-stage SP problems, the uncertainty affects only the first-
stage decision variables since the computation of the second-stage ones
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occurs only after the realization of all random parameters. Second, the
second-stage variables will be decided when the uncertainty is revealed
according to the utility maximization criterion and independently for
each second-stage DCP (so, without the actual need for a mathematical
program).

4.3. Applicability of the framework

We first describe some notable MEV models, then we create a direct
link between this work and previous approaches in which particular
cases have been addressed for solving realistic problems.

4.3.1. Notable MEV models

In the following, we show that the two formal assumptions (in-
troduced in Section 4.1) needed to obtain MEV choice models are
not as restrictive as may seem. Instead, MEVs are a large family of
statistical models, particularly interesting in practice and commonly
used in choice modeling. Three well-known MEVs are briefly described
in the following, where a single DCP facing a set £ of alternatives
is given. Each model derives from a specific choice of the generating
function G.

First, the generating function

- ﬁ
G2y zie) = Y 2 (25)
JjeL

verifies the assumptions. It amounts to assuming that the random oscil-
lations are independent of each other, thus the vector 6 is a collection
of independent univariate extreme value distributions. In the context
of choice modeling, this corresponds to the well-known logit model.

Assume now that the set of alternatives £ is partitioned into r sets C,,
called nests, i.e., |J _, C, =L and C,y NCpp =B,V ,m" =1, ...,r,m #
m'". The generating function

r B/ b

G(z],...,z|£|)iz<z zf'") (26)
m=1 \JEC,,

verifies the assumptions if 0 < g < g,. If j, and j, both belong to

nest C,, it can be shown that the corresponding oscillations have a

2
correlation equal to p; ; =1- (ﬁi() , otherwise they are independent.

In choice modeling, this corresporT s to the so-called nested logit model.
Finally, consider a series of r nests C,, for which it only holds that

U’ —; C, = L. In this case, since a partition of the set £ is not imposed,

an alternative may belong to several nests. The generating function

r P B/ B
Gz 2 = Y < “n zf) @
m=1 \jeL
verifies the assumptions if 0 < § < g, Zjeﬁ a;,>0forallm=1,....r,
and @y 20 for all m = 1,...,r and for all j € £ [45]. In the context

of choice modeling, this corresponds to the so-called cross-nested logit
model. Such a function is very flexible and generalizes both the logit
and the nested-logit models. Indeed, it can be shown that any random
utility choice model can be approximated arbitrarily well through a
cross-nested logit model [14, Theorem 4].

4.3.2. Heuristic usage of the deterministic equivalent form

As mentioned in the literature review of Section 2, some previous
papers have already focused on different applications (spanning from
knapsack-like to vehicle routing and production scheduling problems)
that can be modeled as tsSP-DCPs [10,12,36,39]. The approach fol-
lowed in these works, which leads to a deterministic equivalent form
that only approximates the optimal solution of a tsSP-DCP, can be seen
as a heuristic usage of the exact results we are proposing here. More
precisely, in all these works, each random oscillation is assumed to be
the maximum or the minimum of a sequence of other random variables
whose actual distribution is unknown. This means that, as commonly
happens in practice, Assumptions 1 and 2 do not hold or cannot be
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verified. Moreover, the analytical expression derived in (A.1) cannot
even be computed since both G;, Vi € T, and f are not known. However,
under mild assumptions on the unknown distribution of the random
variables that constitute the sequences (e.g., a double exponential
decrease of the distribution tails) and through an ad-hoc calibration of
the distribution parameters (# in particular), it is possible to show that
each random oscillation can be considered to be following a univariate
extreme value distribution as the sequence length tends to infinity [46].
Since, as already noted in Section 4.1, this is equivalent to assuming
a f-homogeneous multivariate extreme value distribution for the ran-
dom oscillations [13], the studied tsSP-DCPs can be deterministically
approximated when the number of scenarios is sufficiently large. Note
that, in all these works, the authors have assumed independent random
oscillations, which is equivalent to assuming a generating function as
that stated in (25) and leading to a logit choice model. Only in Fadda
et al. [12], given some equilibrium properties of the realistic traffic
network underlying the considered routing problem, it was possible to
slightly relax such an assumption and ask the random variables to be
just asymptotically independent.

The above-described works demonstrate that, even when the un-
derlying assumptions do not hold and thus our exact analytical result
cannot be achieved, it is possible to use our framework effectively in a
heuristic way for obtaining a good estimation of the considered tsSP-
DCP when the embedded DCPs are described by a suitable choice model
and the related generating function’s parameters are well-calibrated.
Interestingly, the experiments presented have empirically shown that
the estimator of the second-stage expected optimum of a tsSP-DCP
obtained under the assumption that the random oscillations follow an
extreme value distribution still performs well in practice even when
the uncertain values actually behave differently. This means that our
approach has an enormous potential for applicability in many realistic
settings, where it is common to face stochastic data for which the
probability distributions are totally unknown or just partially estimable.

5. Experimental analysis

In this section, we validate the efficiency, quality, and robustness of
our approach through computational experiments on a showcase tsSP-
DCP. The showcase is presented in Section 5.1, the relative instance
generation in Section 5.2, and the discussion of the results obtained in
Section 5.3.

The proposed method is implemented in Python 3, and all the
models are solved by Gurobi v9.1.1 via its Python APIs. The Euler
constant y, needed to derive the closed-form analytical expression, is
approximated to its tenth decimal digit. All the tests have been done on
an Intel(R) Core(TM) i7-5500U CPU@2.40 GHz computer with 16 GB
of RAM and running Ubuntu v22.04.

5.1. Showcase

As a showcase tsSP-DCP, we consider the facility location problem
with stochastic allocation profits already discussed in Section 3.2 and
formulated in (8). For this problem, we assume to face stochastic
allocation profit vectors [6; ;,...,6; E,|]T’ for each facility i € T, which
are generated by joint probability distributions complying with As-
sumptions 1 and 2. The application of our method to this simple setting,
instead of focusing on more computationally challenging problems,
enables us to get useful insights, thus getting rid of too many external
factors.

A typical scenario-based Deterministic Equivalent Problem (DE PS5)
of (8) can be obtained by discretizing the underlying probability
distribution, i.e., by defining a finite set S of scenarios and by obtaining,
for each scenario s € S, a probability z° to occur and a deterministic
realization Ofl. of the uncertain parameter. The DEPS® of problem (8) is
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then
SB i
(DEP%) n;‘;x - Zcix,- + Z”Y Z Z(V'j +0))y;
iel s€S i€l jeL,
s.t. le <p
i€l
Zy;.‘ij,-, VieIl,seS
jeL;
x; € {0,1}, Viel
yj/e{o,l}, Viel,jeLl,,seS

(28)

where y;isa binary variable equal to 1 if alternative j € £, is assigned
to the located facility i € T in scenario s € S, and 0 otherwise.

However, since the generating function G; is assumed to be known
for each i € T as well as the relative homogeneity degree g, we can also
obtain the MEV-based Deterministic Equivalent Problem (DEPM£V) of
(8) by directly applying Theorem 1, i.e.,

(DEPMEY) max Y [% (ln (G,- (e"f.l ... i )) + y) - c,] X,

iel
s.t. 2 x; <p
i€l

x, €01}, Vel

(29)

From now on, we will call x58 and xMEV the (first-stage) optimal
solution of DEPSB and of DEPMEV | respectively.

5.2. Instance generation and simulation of the uncertainty

In the following, we describe the generation process of the instances
used to test the proposed showcase tsSP-DCP. Our goal is not to
generate ad-hoc data complying with some realistic industrial setting,
but to create instances as general and scalable as possible to represent
many different situations. All the scripts have been implemented using
the R language and are available, together with the generated instances,
at https://github.com/EdoF90/EVT-DEF.

For all the instances, we considered |Z| = 100 potential facilities and
|£;| = 10 alternatives Vi € I. We generated the deterministic fixed cost
¢; to locate facility i € I by uniformly sampling a real number in the
interval (0, 0.2), while the maximum number of facilities to locate p has
been set to a certain percentage of |Z|, namely 5%, 10%, 20%, and 25%.
Note that p is always a small proportion of |I| to allow the existence of
many different possible first-stage feasible solution vectors and, in turn,
the possibility to obtain improvements by selecting different facilities
through different methods.

The stochastic profits are sampled from two probability distribu-
tions, thus obtaining two classes of instances:

+ logit instances (L): given a facility i € Z, all the related random
variables 6,;,,j € L;, are assumed to be independent. Hence,
the generating function G; of the joint cumulative probability
distribution of the random variables is the one defined in Eq. (25),
which corresponds to the well-known logit model in choice the-
ory. Then, the realizations 0;; for each scenario s € S of each
random variable ¢;; can be simply obtained by sampling from
an extreme value (Gumbel) distribution. We set the location
parameter to 0 and randomly select the scale parameter (which
is p) in the range [1,2].

nested logit instances (NL): the random variables 6,;,; € L,,
associated with the facility i € T are assumed to be dependent,
and their interactions are simulated by choosing Eq. (26) as the
generating function of the joint cumulative distribution of these
random variables. This corresponds to the well-known nested
logit model in choice theory. Obtaining the realizations 6} for
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each scenario s € S of each random variable 6,; is not as trivial as
in the previous case. In fact, we would like to sample realizations
from a joint cumulative distribution which, for each facility i € 7,
is

’ 1/ B
Fi(zy,....2),)) = exp| - Z < Z e_ﬁ'”z/> , (30)

m=1 \JECy,

where C,, represents the mth nest of alternatives, and | J] _, C,, =
L;. In order to obtain (30), as commonly done in the nested logit
model literature, the homogeneity parameter f§ appearing in the
general function (26) has been normalized to 1. This way, only
the g,, parameters must be set. Unfortunately, as far as we know,
there are no ready-to-use tools able to sample from such a distri-
bution. However, the R package® developed by [47] can simulate
realizations from a multivariate extreme value distribution in the

form
r 1/Bm
F,-(zl,...,zwA):exp —Z<Z (l—zj)ﬂ'ﬂ) ) (31D
m=1 \JECp,

By observing that Fy(z, ..., zz,) = Fi(1—e®, .., 1= FItl), it
is possible to obtain realizations ;; of the random variables 6;; by
first sampling the realizations 07,/ € £; from F(z,, ... 2z, and
then calculate the needed realizations as Hfj =—In(1 - 0;.‘}.). When

simulating from (31), the value of the parameter f,, for each nest
m=1,..., M has been uniformly sampled in the interval [2,5].

Finally, for both L and NL instances, we generated the deterministic
utilities V;;,i € I,j € L;, by uniformly sampling their values in the
range [0, V'], where V depends on the average expected value (y) of all
the probability distributions of the random variables involved and on a
parameter v that allows us to control the amount of data stochasticity.

More precisely,

7=, l00-v

with

_ Ziet Z/ec, E[6;;]
Zier L]

Basically, the larger the value of v, the smaller the proportion of the

deterministic utilities with respect to their stochastic counterpart.

For the experiments discussed in the next section, we generated 10
random repetitions for the two classes of instances (L or NL) and 9
different values of v (from 10 to 90, with step 10). For each of the above
generated stochastic settings, the problem is evaluated against 4 values
of p, namely, p = {5, 10,20,25}. This means a total of 720 benchmark
instances. It is important to notice that modern solvers can tackle
facility location problems of such dimensions quite efficiently, even
when considering many scenarios. However, the use of this showcase
allows us to experimentally validate on a large number of instances
solved to optimality the proportional advantage of using our method
in terms of solution quality and CPU times.

u and 0 < v <100.

5.3. Results and discussion

In the following, we present and discuss the results obtained from
different experiments of interest. Briefly, such experiments seek to an-
swer the following questions (each addressed in a specific subsection):

+ Is it worth addressing the tsSP-DCP at hand through a complex SP
environment instead of just approximating the random variables
by their expected value estimators?

3 https://cran.r-project.org/web/packages/evd/index.html. Last accessed:
27-02-2025.
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Fig. 1. EV PI[%] against different values of p and v for L instances.
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Fig. 2. EV PI[%] against different values of p and v for NL instances.

» How many scenarios would be necessary for a scenario-based
DEP to achieve a solution exhibiting, with respect to the optimal
solution returned by our framework, a relative error that does
not exceed a given threshold? Given such a number of scenarios,
how much more computationally demanding is it to solve the
scenario-based DEP with respect to ours?

+ What would be the expected relative error of a solution obtained
from our method if one does not know the exact distribution of
the random data but has just a rough estimate of its parameters?

Before proceeding, it is important to set up a suitable method
to compare the solutions obtained by our approach DEPMEV and
the scenario-based one DEPSE. In fact, a direct comparison of their
optimal solution values could be misleading since they follow two
different objective functions and, in the case of DEPSE, the scenario
set considered only approximates the real distribution of the stochastic
parameters. For this reason, in all the following tests, given any first-
stage solution x obtained through any of the two methods, we always
calculate the corresponding value of a function @(x) defined as

D(x) = — Zc,-x,» + é Z Z Z X; %aL),((V'/ +9;j.),

i€l ses i€l jeL;

(32)

where S is a large set of scenarios such that SN S = @ and |S| >
|S|. In particular, we set |S| = 10000. The operator @ computes
the so-called Sample Average Approximation (SAA) performance of a
first-stage solution x against possible future scenarios in S for our
showcase problem (8), i.e., it assigns a uniform probability of ﬁ to
each scenario and calculates its expected overall cost. It is important
to note that the second-stage cost can always be obtained through the
closed-form expression reported since, given a first-stage solution x, the
second-stage optimal solution for each scenario s € S and each DCP
i € T corresponds to setting yjj = 1 for the alternative j € £; that
maximizes V;; +0,:‘j (all 0;‘/. are indeed known values at the second stage).
Finally, the use of a large set of different scenarios (i.e., an out-of-sample
perspective) mitigates potential overfitting in the creation of DE PS5
solutions but, more importantly, allows us to interpret the value of

@(x) as the value of x for the true stochastic problem, which serves
as a benchmark for the two approaches.

5.3.1. SP indicators

First, we want to assess how much the consideration of uncertainty
affects a tsSP-DCP by computing classical SP measures such as the
Expected Value of Perfect Information (EV PI) and the Value of the
Stochastic Solution (V' S.S). The EV PI [48] represents the value, aver-
aged over all the future scenarios, obtainable if one could completely
forecast the realization of the uncertainties. The V' .S'S [49] represents
instead the potential value improvement obtainable by optimizing the
stochastic model instead of a deterministic one in which stochastic
variables are substituted by their mean values. More precisely, we
calculate such indicators as the percentages

S - (xMEV)

w
EV PI[%] =100 -
ws

and
@ (xMEV) ) (xEV)

1o} (xMEV)

VSS[%] =100 - ,
where WS is the value of the so-called wait-and-see solution, i.e., the
mean of the DE PS8 solved separately for each scenario, and xF" is the
optimal solution of the so-called expected value problem (EV), i.e., the
problem (8) in which all the random variables are substituted by their
mean values. Note that, usually, both the indicators are computed by
considering x5# as the benchmark solution. In contrast, in our case, the
benchmark is xM £V since Theorem 1 states it represents the optimal
solution of model (8).

Figs. 1 and 2 report the boxplots describing, for different values of
p and increasing values of v, the EV PI[%] results for the L and NL
instances, respectively. The EV PI[%] steadily increases as v increases,
while it decreases as p increases. Both behaviors are expected. In fact,
the higher the value of v, the higher the willingness to dispose of a
perfect forecast of future realizations. Moreover, the overall uncertainty
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Fig. 3. V.SS[%] against different values of p and v for L instances.
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Fig. 4. V SS[%] against different values of p and v for NL instances.

affecting the problem decreases when p increases, since a higher avail-
ability of facilities tends to average the impact of the stochasticity and
reduces the possible opening combinations. In general, the EV PI[%]
values range from 10% to more than 50% for L instances and from 2%
to about 60% for NL ones. Actually, the results are quite close for the
L and NL instances, with the former characterized by a slightly more
consistent variance among the different runs (in particular in the case
of small to medium values of v). Moreover, while the growth of the
EV PI[%] for the NL instances is almost linear with respect to the v
increasing, it has a logarithmic behavior in the case of L instances,
reaching a stable value around v = 50.

Figs. 3 and 4 report the boxplots describing, for different values
of p and increasing values of v, the V.SS[%] results for the L and NL
instances, respectively. Similarly to the EV PI[%], the average V .S.S[%]
decreases when p increases. Here, the size of the boxplots over the
different runs allows us to appreciate that the variance of the results
also tends to decrease when p increases (especially for the L instances).
Again, by opening more facilities, it is possible to reduce the difference
in terms of location choices between the stochastic problem and the
EV. In general, however, the worst V.SS[%] settles around 1%-2%
while the highest values reach 10%-12%. On the other hand, there
are some notable differences between the behavior of V.SS[%] and
that of the EV PI[%] when v increases. In particular, for L instances,
the average V .SS[%] is around 4%-5% for the smallest value of v and
reaches a peak immediately when v = 20. After that, values steadily
decrease to a 2% value when v = 90. On the contrary, for the NL
instances, the smallest V.S.S[%] is obtained for v = 10, and the peak
is obtained at v = 70. After that, values slightly decrease and settle at
4%-5% when v = 90.

The inverted U-shaped behavior of the V.S.S[%], differently from the
monotonic one of the EV PI[%], can be explained by considering how
parameter v affects the tsSP-DCP structure and its optimal solution. For
small values of v, i.e., when the uncertainty is low, the EV solution
xEV well approximates the stochastic one x™ £V, resulting in a low

VSS[%]. Then, as for any SP problem, by increasing the value of v
and thus the problem uncertainty, the two optimal solutions (x™ £V
and xf") show more evidently their peculiarities, resulting in more
different optimal values and thus in a higher V.S.S[%]. However, a
specific characteristic of tsSP-DCPs is that, starting from a certain value
of v onward, the V' SS[%] steadily decreases. In fact, as v tends to
its maximum value, the deterministic part of the utility of all the
alternatives of all the DCPs becomes a negligible value, i.e., for v — 100
we have Vi, = 0Vvi € 1,j € L. This means that, for very large
values of v, all the second-stage DCPs tend to yield very similar utilities
and, therefore, the corresponding first-stage decisions tend to become
less important, since the second-stage recourse does not really depend
on them. So, again, in this situation, the x£¥ solution is expected to
perform similarly to any other tsSP-DCP solution (including the optimal
one xMEV) thus lowering the V S.S[%]. Clearly, the value of v for which
the concavity of the V.SS[%] trend changes depends on the specific
probability distribution used. From our results, we can see that this
concavity change happens quite soon (v ~ 20) for the logit instances,
while it moves onward (v ~ 70) for the nested logit ones, where the
variance of the corresponding distribution is lower on average due to
the presence of correlations between the alternatives within the same
nest.

In conclusion, we experimentally proved that the simulated prob-
lems have a structure of uncertainty that justifies a stochastic approach
and that there is enough room for improvement with respect to the EV
for testing the effectiveness of our MEV-based approach, which is done
in the following.

5.3.2. Quality and CPU performances of the proposed approach

We now compare the computational performance and the quality of
the solutions found by solving model DEPMEV against the solution of
the model DE PS8 for different values of p.

First, let us define x\Ss]f as the optimal solution of model (28)
obtained by considering |S| scenarios. Then, similarly as done above
for the V'.S'S and the EV PI, we compare the performance of xISSJT and

10
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Table 1
Percentage optimality gaps averaged over all the L instances.
|S] = 10 |S] = 50 |S| = 100 |S| = 500 |S| = 1000
P Gapl%]) n[%] Gapl%] n[%] Gapl%]) n[%] Gapl%] n[%] Gapl%] n[%]
5 3.05 (1.77) 0.83 2.01 (1.23) 0.83 1.51 (1.00) 0.83 0.83 (0.49) 1.62 0.56 (0.37) 1.67
10 2.65 (1.42) 0.85 1.63 (0.86) 1.67 1.21 (0.69) 0.84 0.74 (0.44) 1.67 0.51 (0.28) 3.33
20 1.99 (1.13) 0.00 1.29 (0.67) 2.50 0.98 (0.46) 1.69 0.62 (0.32) 2.50 0.42 (0.23) 5.00
25 1.84 (1.02) 1.67 1.18 (0.56) 1.67 0.91 (0.42) 1.64 0.56 (0.30) 5.83 0.37 (0.21) 4.17
Table 2
Percentage optimality gaps averaged over all the NL instances.
1S = 10 1S| = 50 |S| = 100 |S| = 500 |S| = 1000
p Gapl%) n[%] Gapl%] n[%) Gapl%) n[%] Gapl%] n[%] Gapl%] n[%]
5 4.20 (2.69) 0.00 2.03 (1.71) 0.00 1.45 (1.64) 5.00 0.74 (0.90) 11.11 0.50 (0.62) 13.33
10 3.89 (2.33) 0.00 1.98 (1.64) 3.33 1.25 (1.18) 6.67 0.51 (0.57) 15.56 0.37 (0.44) 22.22
20 3.02 (1.88) 0.00 1.57 (1.31) 1.11 1.03 (0.92) 7.54 0.34 (0.35) 22.22 0.21 (0.25) 26.67
25 2.75 (1.77) 1.11 1.47 (1.23) 5.56 0.95 (0.89) 7.78 0.29 (0.33) 25.56 0.19 (0.23) 35.56

of xMEV using the operator @, which uses a set of scenarios S much
larger than S and which intersection with S must be empty. In fact,
if we evaluated @ (xig’f) on the same set of scenarios used to solve
the DEPSB, then x‘SS’l’ would be unquestionably the optimal solution.
Instead, operator @ allows us to evaluate the quality of the DEPSE
approximation of the stochastic problem (8), which is obtained by
discretizing the probability distribution of 6;;. In particular, we evaluate
a percentage optimality gap calculated as

@ (xMEV) — o (x58)

@ (xMEV)

Since the sample average calculated by @ in (32) for assessing the
optimal solution of model (28) is an unbiased estimator of the real
average, we expect that the optimal solution value of DEPS® is going
to converge to the optimal solution of model DEPMEV as the number
of scenarios increases. We report the Gap[%] results obtained for L and
NL instances in Table 1 and 2, respectively. In particular, for a specific
combination of |S| and p, each table presents the average Gap[%] and
its standard deviation (in brackets) over all the L or NL instances,
together with the percentage of times in which DEPMEY and DEPS®
have a zero gap (n[%]). We tested an increasing number of scenarios
equal to 10, 50, 100, 500, and 1000.

First, it is interesting to highlight the very small percentage of times
in which the two methods perform exactly in the same way, i.e., when
the optimality gap is null. We can clearly see that this happens very
rarely when considering up to 100 scenarios (n[%] never exceeds 2.5 for
L instances and 7.8 for NL instances). When considering 500 or 1000
scenarios, n[%] values tend to increase; however, they never exceed 6%
and 35% for L and NL instances, respectively. In general, null gaps are
more consistent as p increases. Another clear trend we can derive is
that the average and the standard deviation of the optimality gap both
decrease as the value of p increases. Unsurprisingly, this also happens
when the number of scenarios considered increases. With lower values
of p, the gap is bigger since uncertainty has a greater relative impact on
the solution when a small number of facilities must be selected to be
located. When the number of scenarios is relatively small, optimality
gaps can reach more than 4% on average, with less impact for the
L instances, which seem easier to approximate. Interestingly enough,
even considering 1000 scenarios, some instances with small values of
p present a gap above 0.5%, and above 0.8% when considering 500
scenarios. This means that our method can be particularly useful when
the number of facilities to locate is a small percentage of the total.

Finally, to better appreciate the Gap[%] trend and variance, we
report in Figs. 5 and 6 boxplots of the results for the L and the NL
instances, respectively. Each of the charts relates to a specific value
of v, and data are separated for the value of the facility to locate and
the number of considered scenarios. The values of v are chosen such

Gap[%] = 100 -
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that they correspond to the three notable situations of low, medium, or
high V'SS. Note that the v values differ in the two classes of instances,
according to the results shown in Figs. 3 and 4.

The trends shown represent empirical evidence that the value of
the optimal solution of DEPS® tends to converge to the value of the
optimal solution of DEPMEV as |S| increases. This is true for both
L and NL instances, even if the convergence has different behaviors
in the two classes and for the different values of v. Regarding the L
instances, the convergence trends are quite smooth and regular, also
concerning variances and differences against values of p. For v = 10,
the convergence is so slow that the gaps settle at 2% even when
using 1000 scenarios. For higher values of v, the convergence is faster;
however, in both cases, DEPS® obtains optimality gaps around 1%
only with 500 scenarios and around 0.5% with 1000 scenarios. Using
100 scenarios leads to gaps up to 3% for any value of v and p, while
using 50 scenarios leads to gaps up to 5%. Note also that the fewer
the scenarios used, the higher the variability of the gaps and, thus, the
lower the trustworthiness of the corresponding solutions. We remark
that obtaining a reasonable degree of solution quality in a reasonable
time using 500 scenarios for many stochastic combinatorial optimiza-
tion problems could be a challenging task against real-life instance
dimensions, sometimes totally out of reach. If we look at NL instances,
the results are more erratic both concerning averages and variances.
For v = 20, the convergence is quite fast, and gaps rarely exceed 2%.
Instead, for higher values of v, the optimality gaps are substantial (up to
9%) if we consider 100 scenarios or fewer. For v = 90, even with 1000
scenarios, the average gaps never settle below 1%. Finally, all these
trends confirm that the effectiveness of our approach is emphasized
when the number of facilities to be located tends to be small.

Finally, to assess the computational performances of our method,
we compute the percentage loss in CPU time to solve DE PS® instead
of DEPMEV as

1B _ MEV
Gap Time[%] =100 22 (33)
/SB
IS
where I\Ssﬂ; is the computational time required to solve DEPSB consid-

ering |S| scenarios and tM £V is the one required to solve DEPMEV
The relative results are reported in Figs. 7 and 8 for the L instances
and the NL instances, respectively, and each chart corresponds to the
notable v values already described. Instances are disaggregated per the
number of scenarios and the number of facilities to locate. Due to the
difference in magnitude of the values when the number of scenarios
increases, the y axis is in logarithmic scale.

The results for both the instance classes and for all the values of v
are really close. The main evidence is, obviously, the enormous increase
in the CPU time gap as the number of scenarios considered when
solving the DEPS® increases. When |S| = 10, DEPSE requires on
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Fig. 8. Computational time gaps for NL instances.

average more than 10 times the computational time of DEPMEV  and
this value increases up to 2000 times when |S| = 1000. A particularly
great difference is shown in all the cases when moving from 100 to 500
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scenarios, with times that are basically one order of magnitude greater.
The incredible efficiency of our method is because, as already stated,
the DEPS® formulation is strongly affected by the number of scenarios
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Fig. 9. Optimality gaps against calibration errors on g for L instances (left chart) and on all §,,m = 1,...,r for NL instances (right chart).

|S| in terms of the number of variables and constraints, while DEPMEV
is not at all.

5.3.3. Robustness of the framework against distributions’ parameters cali-
bration

In all those practical cases in which we are not working with a pure
theoretical probability distribution of the random variables, the 6;; for
each i € T and each j € £, are distributed according to parameters that
may be unknown and must be derived or calibrated from the available
historical data. This may lead to off values of such parameters and,
in turn, to solutions that are not necessarily optimal when using our
deterministic equivalent form.

In the following, we want to understand how robust our framework
is against possible wrong values of all the parameters needed to define
the generating function of the MEV probability distribution used, given
that all the other conditions still hold. Hence, given each known the-
oretical parameter A’ on which stochastic data are generated for each
tested instance, we solve the DEPMEY by using different values of 4
randomly drawn in the range [A'—44, A'+44']. Clearly, by varying 4, we
can control the percentage deviation of the 1 actually used with respect
to the theoretical one. In particular, in our experiments, L instances
need a single parameter to be estimated, namely, the homogeneity
parameter f§, while NL instances need to calibrate r parameters, namely,
a p, value for each nest m = 1,...,r. Then, for all the instances, we
calculate the percentage optimality gap

‘4, (xMEV(i’)) - (xMEV(/I))

@ (xMEVAD)

Gap[%] = 100 -

where xMEV( represents the optimal solution of DEPMEV using the
randomly drawn vector of parameters A while x™EV(4) represents that
using the vector of theoretical parameters A’. Note that in the Gap[%]
formula, the difference in the numerator is taken in absolute value since
no properties ensure that the obtained empirical solution represents an
upper or a lower bound for the optimal theoretical one. The boxplot
results of Gap[%] for the L and NL instances, against increasing values
of A and separated per p values, are reported in Fig. 9.

Concerning L instances, we can see that our framework provides
very robust solutions. In fact, up to 20% error on theoretical g, the op-
timality gaps are negligible, with averages very little above 0 and very
few outliers above 2%. Even increasing the value of 4 up to 70%, the
average gaps always stay below 1%, with some worst values about 6%.
Interestingly enough, the value of p does not affect the robustness of the
framework, with basically no differences between the relative boxplots
(only the dispersion of the outliers seems to decrease with the increase
of p). The results for NL instances are slightly more erratic, even if the
average gaps do not exceed 4% against parameters that are off by up to
more than 30% of their values. Clearly, the robustness variance for the
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NL instances strongly depends on the difficulty of calibrating more than
one parameter (one for each nest) and on the different propagation of
the calibration error due to alternative correlations.

A significant conclusion of the above robustness analysis is that, in
many cases and up to a consistent percentage of errors on all the param-
eters to estimate, the gaps settle below the relative values obtainable by
the scenario-based method and using a reasonable number of scenarios.
This can be seen by comparing the percentage gaps of Fig. 9 and those
reported in Figs. 5 and 6. In particular, it seems that on average, even
with a strongly off calibration of § on L instances (up to 30%), the
effectiveness of our approach is maintained against using scenario-
based simulations with up to 100 scenarios. Concerning NL instances,
up to a calibration error of 10%, our method seems much more effective
than the scenario-based one using up to 100 scenarios in the case of
medium to large values of v. Such results confirm the usefulness of our
approach in all practical cases in which the real probability distribution
of the random variables is not known or known only by a small part.

6. Beyond tsSP-DCPs: the tsSP-DEV template model and its deter-
ministic equivalent form

Before concluding, we want to show the potentiality of applying
the theoretical results presented in this paper beyond the class of tsSP-
DCPs. More precisely, we define hereafter a larger class of two-stage
Stochastic Programming problems (tsSP) whose expected second-stage
optimum is decomposable (D) into a finite number of expectations
of extreme values (EVs), which we name tsSP-DEVs. We will show
that a MEV-based deterministic equivalent form can be obtained for
a tsSP-DEV too, although accepting an increase in its computational
complexity.

Let us consider » first-stage decision variables x;,i = 1,...,n, and n
sequences of random variables, each of length /;,i = 1, ..., n. Within the

ith sequence, each random variable in position j =1,...,/; is

Uij(xivgij) = I/ij(xi) + eijw

where V;;(x;) is a deterministic utility function and 6;; is a stochastic
oscillation. Note that, differently from a tsSP-DCP, here the determin-
istic utility may depend on the first-stage decision variables’ values,
thus embracing more general utility functions. A two-stage SP problem
as defined in (1) is a tsSP-DEV when the second-stage expected value
Eglh(x,0)] can be written as

Eglh(x,0)] = g(x,Eg[H,(x1,0))], ..., Eg[H,(x,,0,)]) (34)

where H;(x;,0;,) = max;_; ;. U;(x;,0;;) is the extreme value of the ith
sequence of random variables, 0, is the vector of random variables
[0;1 ... ’9;,1,]T, and g is any scalar function. The fundamental charac-
teristic of a tsSP-DEV is that its second stage can be decomposed into n
stochastic optimization problems, the optimum of which can be stated
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as the maximum of a sequence of random variables whose realizations
depend on the first-stage decisions. The function g can be seen as
a pooling strategy applied to the expected optima deriving from the
resolution of the n problems in order to obtain the total second-stage
expected optimum.

Under the same assumptions on the probability distribution of the
stochastic parameters that allow to capture the decision-maker choice
behavior through an MEV model (see Section 4.1), the special structure
of a tsSP-DEV makes it possible to derive a deterministic equivalent
form, i.e.,

max 1)+ g(x, Eg[H{ (x1,09)], ..., Eg[H,(x,,6,)])
s.t. xeX
where

EolH,(x;.0,)] = % (n(a, (eV"-l(x"), ’eV,,m,«x,))) +7). Vi=ln

This can be seen by applying trivial modifications to Theorem 2 and its
proof.

It is important to notice that the just-defined tsSP-DEV framework
is a sort of template model from which it is possible to derive factual
classes of stochastic problems of interest only by analytically defining
the deterministic utility function Vi), Vj= 1., Yi=1,..,n, and
the pooling function g. It is easy to see that a tsSP-DCP represents a
tsSP-DEV special case, since the two mentioned degrees of freedom
have been fixed. More precisely, the second-stage expected optimum
of a tsSP-DCP derived in (22) can be written in the form (34) where g
is the linear combination

g6, EglH, (x1, 0], ... EgLH, (x,,0,)]) =
= [EglH Gy, 0] ... . EglH, (x,,0,)]]" - x

and where H;(x;,0;) = H;(0,),Vi = 1,...,n, since the deterministic

utilities are constant, i.e.,
Viixp =V, Vj=1... 1 ,Vi=1,..,n

However, a broad interpretation of tsSP-DEV models can be inferred
from their general properties. In many SP applications, the decision-
maker is interested in finding a strategy that maximizes the expected
total profit (or minimizes the expected total cost), and, therefore, the
second-stage optimum is defined as the maximum (or the minimum) of
a function involving the summation of several expressions that depend
on random variables. A tsSP-DEV, instead, focuses on optimizing a
function of the expectations of extreme situations (i.e., the maxima
or minima of sequences of random variables) rather than expected
behaviors. In a sense, and similar to the problems addressed in Bali
[50], Bertsimas et al. [51], or Bertsimas et al. [52], a tsSP-DEV involves
characteristics both from the classical SP paradigm and from the Robust
Optimization one. In fact, the tsSP-DEV optimization perspective is
still focused on making here-and-now decisions by also evaluating the
expected value of an uncertain problem over all the possible future
situations, but assuming that such a value can be obtained as a func-
tion of extreme future behaviors. Hence, tsSP-DEVs can be used for
applications such as those related to the modeling of certain natural
catastrophes, the management of financial risks, and the modeling of
rational choices (as in the tsSP-DCP case).

As a final aspect, we want to highlight that the computational
complexity of the deterministic equivalent program obtained through
our approach strongly depends on the structure of the function g and
on the way such a function and the deterministic utilities V;; depend
on the first-stage variables. In general, even if the deterministic part
of the utilities linearly depends on the first-stage decision variables (as
for tsSP-DCPs), the resulting deterministic equivalent problem may be
highly non-linear, and thus possibly very hard to solve. On the other
hand, the approach still allows for totally getting rid of the complexity
generated by the problem uncertainty, thus enabling the development
of ad hoc deterministic exact or approximation methods.
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7. Conclusions

In this work, we closely addressed a class of stochastic problems
called two-stage Stochastic Programs embedding Discrete Choice Prob-
lems (tsSP-DCPs), in which independent DCPs appear as the second
stage and are triggered and/or weighted by first-stage decisions. De-
spite their simple combinatorial structure, tsSP-DCPs can be found
within many managerial settings and applications. Under the typical
assumptions needed to obtain MEV choice models, we have been able to
derive a closed-form analytical expression for the expected value of the
second stage and, in turn, to obtain a deterministic problem equivalent
to any tsSP-DCP. An extensive experimental analysis of a showcase
problem has validated our approach both in terms of precision and ef-
ficiency against classical scenario-based deterministic approximations.
In particular, we have shown that the more the decision-maker wants
to accurately represent the uncertainty through scenarios, the more our
deterministic formulation represents a faster alternative. The computa-
tional improvement is so high that there is even room for evaluating
approximate versions of our approach. Finally, a discussion of the ap-
proach’s applicability and generality highlighted its possible use when
little knowledge is available on uncertain parameters and its potential
to address more complex stochastic optimization problems.

Future works regard the application of the approach (or its ap-
proximate version) to tsSP-DCPs appearing as the main setting or as
a subproblem in specific practical contexts. The area of Social Engage-
ment optimization [53,54], in which customers’ choices are involved,
seems of particular interest. In this regard, in the presence of additional
complicating constraints, they can be relaxed through Lagrangian or
other techniques to comply with the tsSP-DCP assumptions, while,
against deterministic equivalent problems still very complex to solve,
specific methodologies collaborating with our analytical approach can
be developed. Moreover, the generalization of our method to an oper-
ational multi-stage SP context (i.e., having several stages much greater
than two) could be addressed more specifically. Finally, the tsSP-DEV
class of problems could be further explored, and interesting properties
could be found between ad-hoc generating functions and the relative
stochastic optimization problem (as they exist in choice modeling for
the logit-like family of models).
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Appendix. Expected maximum utility in MEV models

The following theorem allows us to calculate the expected max-
imum utility in MEV models. This result rests on the Corollary of
Theorem 1 derived in McFadden [13]. The statement and the proof
have been reformulated in line with our decisional setting and the same
notation used in our paper.

Theorem 2. Consider a DCP i, as formulated in (3), in which the decision-

maker’s choice behavior is described by an MEV model, i.e., there exists a
p—homogeneous generating function G, ensuring Assumptions 1 and 2. Then,

it holds:
% (ln (Gi(eV"‘ s ,e‘/i~‘5i|)) +v

In(t)e~"dt is the Euler constant.

Eq [ylag U,~,<9,»,~>] = ). aD

Where y = — /0+°°

Proof. Let us define E; as the event in which j is the alternative with
the maximum utility within its set, i.e., j = argmax,¢,, U;(6;). Then,
the expectation we are looking for can be written as conditioned by the
partition of the sample space described by E, i.e.:

D Eo [U,0)IE] - P[E)].

=

Eg [maxU (6'l-j)] = (A.2)

First, observe that, given a j € £;, for each j € £; it holds

2 Vii+0; <= V,;=Vi;i+0,;20;

U,j(Oij)zU[i(O[;) = V + 0,

and, in turn, the probability density function f £, ) of 6;; given the
event E; is

Vij V1+” Vu Vij-ituj pVij=Vijertuj o Vij=Vie; tu;
. / / / et )2y =
zj=—00 Zj_]=—00 Zj+1 == 2| =
1
]P’[E]az ( Vittug, o ujs Vg = Ve, +uy)
(A3)
where dz_; = dzj...dz; dzj, ...dz;p, and fi(z,...,z,) is the

probability density function of (6 10, ¢, Using A.3, we have that

(AERED

+o0
Eq [U;;(6,)1E,] :/ Uij ) fiyg, (uj) du; =
U =—co
1 +oo !
= o [Ej] /u/=_ U,j(u ) ( =V 1t uj,...,Vij—V,-"ﬁiﬁuj)duj.
(A.4)
Now, by plugging A.4 in A.2, we get
Eqy [%%XUU(QU)] = 2 Eq [U:/(eij)|E/] -P [Ej] =
! jet
/ U,J(u ( —Viatu,up Vi = Ve, tup)du;.
JEL;
(A.5)

Since we are dealing with multivariate extreme value distributions (see
Assumption 1), the derivative in A.5 becomes

( l+u uj,---,V,-j—Vi’w“+uj)=
aexp <_G[ ( (V=i ) ___’e—u/,“_’e—<V,-,»—V,-,‘L,,‘+u,.>))

) 9z N (A.6)
—u G —(Vij=Vi,1+u;) —u; ~-(Vi;i=V; +u;)

=e f—( 1 s, e L e T L /)4

0z
exp( G( Vi =Viatu) e e

~(Vij=Viye ) )))
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Now, by replacing u; = V;; — V;; + u;, using Property 1 to extract the

term e~”ii*%) from G,, and using Property 1 together with Property 3
to extract e~ #~DVii*4) from %, we get that A.6 is equivalent to
j
0z;

Viles) )
J
. exp (_e—ﬁa/,»,w,)(;i (ev,v.l, e e

Vilcil ) .

—PVij+u;) G; ( el e

Vii 7

aG;
e o= =D(VijFup) Z—1 (e i eV, e

) -

4G,

= o PWyup Yy O (ev,-,l, e
Zj

Vuc,l)).

This means that, for each j € £;, the integral in A.5 becomes

+oo F
/_ Vi +up) = (,, v,

oo
J

+oo G,
:/ (Vl-j+uj)e_ﬂ(v'!+"!)ev'/a—’(eV"J,...,eVU,...,e
- Z.
uj=—co j

- exp (—ae‘ﬂ("’ﬁ”/") du;,

~exp<

1Hu gV = Ve Hup)duy =

Viic;| ) )

V;
se, .,

where we have defined a = G, (er~l,
convenience.
G,
By noting that " &% = (eV'vl, el e
/

u;, A.5 becomes

ezl ) for notational

V‘?lﬁil) does not depend on

o 00| =
G

3 32
Z

JEL; J

(eV'«‘,.‘.,eV'/,...,

+oo
[
u;=—0o0

J

Vil ) .

+u)e Vit exp(—ae MYty du;. (A7)

Since each function in the set {(V;; +u j)e_ﬁ(vif”/) exp(—ae PViitupyy jer,
is an horizontal translation of every other, and since we are integrating
over all R, we can substitute w = V;; +u;, obtaining

Eq [max Uij(gij)] =

0

+
Z ( fl,...,eV"J,..,,eV“‘L'i‘)/ we P exp(—ae ) dw =
JEL; w=—co
+oo aG
= (/ we=Pw exp(—ae—ﬁw)du)> z eVii —L (eVi-l s ,eV"f, ,eV"~‘Ci| ) .
w=—00 0z;

JEL; J

Then, applying Euler’s Theorem (Property 2) on the second factor, we
get

+o0
Ey [max Uij(G,-j)] = (/ we P exp(_ae—ﬂw)du;> fa =
JEL; w=—co

+oo
A
Now, let us make a variable change in A.8 by defining t = ae .
Therefore, we have

_ In(a) —In(?)

B

wpae P exp(—ae Py dw. (A.8)

and
dt = —Bae P dw.

Since w — +oo implies + - 0 and w — —oo implies t — +o0, A.8 is
equivalent to

1 0 1 +00 +00
-= / (In(a) — In(r))e™" dt = — <ln(a) / e~'dt - / In()e™ dt>.
B Ji=too B 1=0 =0

(A.9)
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Recalling that — 0+°° In(f)e~"dt is the Euler constant y and /0+°° e~'dt =
1, we finally get

1
Fo Leag YOy )] T

which proves the thesis.

(n(Gite"in, ..., ey ) +y), (Aa10)

O
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