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We propose a comprehensive stochastic
framework to study CO2 transport in
pipelines.
We quantify the role of operational pa-
rameters in avoiding two-phase flow
conditions.
The inlet pressure and velocity are the
most influential parameters.
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A B S T R A C T

The success of CCS technologies relies on the effectiveness and safety of the infrastructure for the transport of
carbon dioxide in pressurized pipelines. Unlike natural gas networks, long-distance carbon dioxide transport
presents critical design challenges, such as the need for repressurization to prevent two-phase flow conditions
and potential freezing. To address this, we propose a comprehensive assessment framework that combines
high-fidelity numerical simulations with a stochastic approach based on the Polynomial Chaos Expansion
(PCE). Specifically, we employ the Homogeneous Equilibrium Model (HEM) to compute key quantities of
interest (QoIs) — related to pressure drop and the maximum distance before repressurization is required
— under a design scenario inspired by the Cortez pipeline (Colorado, USA). Based on PCE surrogates, we
then perform global sensitivity analyses and uncertainty quantification to evaluate how variability in inlet
parameters influences these QoIs, mapping results across a range of realistic operating conditions. Our results
provide critical insight into the risks connected with CO2 transport and support the optimal design of operating
conditions. Moreover, the proposed methodology is general and easily applicable to other CO2 transport
facilities.
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1. Introduction

Carbon Capture and Storage (CCS) technologies aim to take approx-
mately 85%–90% of CO2 emissions and securely store it in depleted
il reservoirs or saline aquifers beneath the earth’s surface (Metz et al.,

2005; Zhang et al., 2022). To achieve the climate objectives set forth
by the Energy Union for 2050 and the Paris Agreement, it is essential to
transport carbon dioxide from production to storage sites in pressurized
pipelines (see e.g., Brown et al., 2015; Munkejord et al., 2016; Edwards
and Celia, 2018; Onyebuchi et al., 2018; Peletiri et al., 2018; Vitali
t al., 2022).

Unfortunately, the annual transportation of carbon dioxide in
pipelines remains limited to only a few megatons, primarily in en-
hanced oil recovery operations (Orr and Taber, 1984; Blunt et al., 1993;
Abedini and Torabi, 2014; Yu et al., 2015; Jia et al., 2019). For in-
stance, in the United States, the existing CO2 infrastructure (about 6000
m) is quite modest compared to the natural gas network (Koornneef

et al., 2010). Moreover, carbon dioxide exhibits different characteristics
than natural gas, necessitating a redefinition of the minimum operating
conditions to fulfill safety standards. The natural gas infrastructure is
designed to operate in a gaseous state and, therefore, it cannot be
irectly converted to operate with carbon dioxide since, at the natural
as design conditions, CO2 exists in a dense liquid or supercritical
tate. The critical temperature of pure CO2 (31.1 ◦C) is close to
mbient temperature and, therefore, the transition to two-phase flow
ue to phase change (also in the case of carbon dioxide mixtures)
an significantly impact the safety and efficiency of the facilities (de

Visser et al., 2008; Li et al., 2011; Onyebuchi et al., 2018). This would
significantly increase the pressure drop and the pumping costs and,
eventually, lead to onset of slug flow threatening the pipe integrity due
to large fluctuations in the local mass flux and dynamics stresses (see
e.g., Bendiksen and Espedal (1992) and Bamidele et al. (2021)).

Pipelines, in fact, are generally designed to operate with CO2 in a
dense liquid or supercritical state, which presents significant design
challenges, including the selection of operating conditions and the
distance before repressurization. Accidents, such as leaks from pipelines
caused by pipe fractures, can significantly alter the fluid pressure.

his would potentially initiate the transition to two-phase flow con-
itions (Munkejord et al., 2020a) affecting both transport safety and
fficiency and resulting in a temperature drop that makes the pipe

material vulnerable to cracking (see e.g., Pham and Rusli, 2016;
Mahgerefteh et al., 2016; Skarsvåg et al., 2023).

An additional challenge in the optimal design of CO2 pipelines is
that, differently from the natural gas infrastructure often situated in
low populated regions, the large-scale CCS network will be probably
located in regions that are highly populated (Koornneef et al., 2010).
This scenario necessitates a comprehensive and robust assessment of
afety and risks that may affect residents living near the pipelines. In

other words, quantifying the probability of pipeline failures under both
design and off-design conditions is essential for the success of the CCS
nfrastructure.

These open challenges require engineering tools capable of pre-
dicting the flow characteristics and able to capture the transition to
two-phase flow conditions. Due to their computational burden, CFD
simulations are not affordable for a pipeline with realistic dimensions
and, therefore, the common practice is to use a simplified approach.
Specifically, the common strategy is to treat the problem by averaging
the conservation laws in space in time to obtain a simplified one-
dimensional model. Then, the physical information that is inevitably
ost during this averaging process, is enforced via ad hoc closure
elations. This family of models has been adopted since long in the
uclear and oil and gas industry, and, only recently, adapted to the case
ransport of CO2. Examples are the Homogeneous Equilibrium model
see e.g., Brown et al. (2014), Lu and Connell (2014), Fang et al. (2019)
nd Angielczyk et al. (2020)), the Drift model (see e.g., Lu and Connell

(2008) and Aursand et al. (2013)), the Two-fluid model (Drew, 1983;
2 
Hammer and Morin, 2014; Munkejord and Hammer, 2015; Linga and
Lund, 2016; Munkejord et al., 2020b), and the simplified (or pressure
free) Two-fluid model (Bonzanini et al., 2017; Sanderse et al., 2021;
Buist et al., 2022, 2023, 2024). A comprehensive description of these
one-dimensional models is presented in Städtke (2006).

In this paper, we model CO2 transport with the steady state Homo-
geneous Equilibrium model and focus on a set of quantities of interest
(QoIs) computed by the model that are the characteristics of the flow
long the pipeline, i.e., the velocity, pressure, and temperature, and the
ocations where the transition from single-phase to two-phase condition
akes place, and where the carbon dioxide reaches the triple point. If
he former defines the necessity for repressurization, the latter is linked
o a freezing of carbon dioxide inside the pipeline which may increase
he risk of a pipe failure. Although it assumes that the phases are
erfectly mixed and neglects the different two-phase flow regimes, we
dopt the homogeneous model because, to the best of our knowledge,
low-regime specific closures for the frictional pressure gradient and
low pattern maps are still not available for the case of carbon dioxide
n large diameter pipes. Among the outputs of the model, we will
ocus primarily on identifying occurrence of two phase flow and the
ositioning of repressurization stations.

Differently from previous works on the topic, where the design of
boosting or repressurization station are examined in a deterministic
way using commercially available simulator (just to mention a few,
Zhang et al., 2006; Teh et al., 2015; Munkejord et al., 2013; Witkowski
et al., 2013) or simple friction loss estimation (e.g., Chandel et al.,
2010), our goal is to couple high-fidelity numerical simulations (in our
case represented by the HEM predictions) with a probabilistic approach
capable of performing global sensitivity analysis and uncertainty quan-
tification at negligible computational cost, while mapping the QoIs
in the parameter space using only a limited number of high-fidelity
simulations.

Starting from a defined design scenario inspired by the Cortez
pipeline, which supplies CO2 from the McElmo Dome (Colorado, USA)
to Denver crossing the Rocky Mountains (Metz et al., 2005), we inves-
tigate the effect of the variability of the boundary conditions at the
inlet, mimicking the operation conditions, on the QoIs. Specifically,
we develop two different analyses. We first focus on the locations
where the transition to two-phase flow occurs, and where the car-
bon dioxide reaches the triple point, by performing Global Sensitivity
Analysis (GSA) and mapping these quantities on a range of realistic
operating conditions. Secondly, we consider a variability at the inlet
around the average operating condition to compute the statistics of flow
characteristics. We do so to discover how variability in key governing
conditions impacts the variability in the QoIs to (i) ultimately narrow
down the number of conditions to focus on, and (ii) provide a method
to design appropriate operating conditions.

To facilitate GSA, uncertainty quantification, and the mapping of
the QoIs in the space of variability of inlet parameters, we employ sur-
rogates based on the Polynomial Chaos Expansion (PCE) method (Xiu
nd Karniadakis, 2002). PCE requires only a minimal number of high-
idelity simulations to effectively reproduce the response surface of the
oIs if the number of parameters is relatively low. This is a key ad-
antage with respect to neural networks, which are attractive for their
bility to handle high-dimensional input–output mappings, but whose
ffectiveness depends on the availability of large training datasets,
aking their deployment advantageous only if the training phase is less

omputationally demanding than performing the full set of ensemble-
ased computations for GSA and uncertainty quantification (Chiofalo

et al., 2025).
The PCE approximation is expressed as a polynomial series, which

ncurs a negligible computational cost. As a result, we can conduct
nsemble-based computations, making this method more advantageous
han traditional Monte Carlo simulations (Ciriello et al., 2017). In par-

ticular, it has been demonstrated that GSA can be performed through
analytical post-processing of PCE coefficients to derive variance-based
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metrics (Sudret, 2008) and distribution-based metrics (Ciriello et al.,
2019). Our work demonstrates that HEM model predictions and PCE
surrogates can be effectively integrated to obtain accurate and robust
results with minimal computational effort. In particular, the ability to

ap the QoIs with PCE across the space of variability of the governing
arameters enhances physical understanding and supports decision-
aking. As such, our approach has the potential to assist field engineers

in assessing uncertainty and guiding the design of pipelines for the
ong-distance transport of carbon dioxide.

The paper is organized as follows. In Section 2, we present the
homogeneous equilibrium model to simulate single and two phase flow
f carbon dioxide in pipelines. In Section 3, we introduce the test case
cenario and describe the PCE method used to carry out uncertainty
uantification and global sensitivity analyses. In Section 4 we discuss
he results. Finally, a set of conclusions closes the paper.

2. The Homogeneous Equilibrium Model (HEM) for CO2 transport
in pipelines

In this work, we model the flow of carbon dioxide in a pipeline
f diameter 𝐷 and length 𝐿 using the one-dimensional Homogeneous
quilibrium Model (HEM) (Städtke, 2006). Specifically, we consider

a pipeline that is sufficiently long, 𝐿 ≫ 𝐷, so that the conservation
laws are expressed in terms of cross-section averaged thermodynamic
variables. At the steady state, the balance of mass, momentum, and
energy yields to

𝑢
𝑑 𝜌
𝑑 𝑧 + 𝜌 𝑑 𝑢

𝑑 𝑧 = 0, (1)

𝜌𝑢 𝑑 𝑢
𝑑 𝑧 = −𝑑 𝑝

𝑑 𝑧 − 𝜏 𝑆
𝐴

+ 𝜌𝑔 sin 𝛽 , (2)

𝑢𝑑 ℎ
𝑑 𝑧 + 𝜌𝑢2 𝑑 𝑢

𝑑 𝑧 = − 𝑞 𝑆
𝐴

+ 𝜌𝑢𝑔 sin 𝛽 , (3)

where 𝑆 = 𝜋 𝐷, 𝐴 = 𝜋 𝐷2∕4, 𝜏, 𝑞 are the internal perimeter, the cross-
section area, the mean wall shear, and the specific heat flux exchanged
between the fluid and the environment; 𝛽 is the pipe inclination with
espect to the horizontal, positive when the pipe is inclined downward.
qs. (1)–(3) are a set of three equations with 5 unknowns (i.e., the

density 𝜌(𝑧), the fluid velocity 𝑢(𝑧), the pressure 𝑝(𝑧), the fluid enthalpy
ℎ, and the fluid temperature 𝑇 (𝑧)) that need to be closed using an
equation of state. In the following sections, we present the model
closures for the case of single-phase and two-phase flow conditions,
respectively.

2.1. Single-phase flow

When carbon dioxide is single phase (i.e., liquid, gas, or supercriti-
al) the governing equations are closed using an equation of state in

the form 𝑣 = 𝑣(𝑝, 𝑇 ) or, alternatively, 𝑝 = 𝑝(𝜌, 𝑇 ) (Gyftopoulos and
eretta, 2005). Specifically, the governing equations Eqs. (1)–(3) are
losed using the total differentials of the equation of state and the
ifferential of enthalpy given by
𝑑 𝑣
𝑑 𝑧 = 𝛼𝑝𝑣

𝑑 𝑇
𝑑 𝑧 − 𝜅𝑇 𝑣

𝑑 𝑝
𝑑 𝑧 , (4)

𝑑 ℎ
𝑑 𝑧 = 𝑐𝑝

𝑑 𝑇
𝑑 𝑧 + (1 − 𝑇 𝛼𝑝)𝑣

𝑑 𝑝
𝑑 𝑧 , (5)

where 𝑐𝑝(𝑇 , 𝑝) is the specific heat at constant pressure, while 𝛼𝑝(𝑇 , 𝑝)
nd 𝜅𝑇 (𝑇 , 𝑝) are the coefficients of isobaric expansion and isothermal
ompressibility, respectively, defined as

𝛼𝑝 =
1
𝑣

( 𝜕 𝑣
𝜕 𝑇

)

𝑝
𝜅𝑇 = −1

𝑣

(

𝜕 𝑣
𝜕 𝑝

)

𝑇
. (6)

In this work, we use the Peng and Robinson (1976) EoS to describe
he thermodynamic properties of carbon dioxide, see Appendix A for
etails. This equation of state satisfactorily predicts the properties of
arbon dioxide in the range of temperatures and pressures typical of
arbon dioxide transport while retaining the simplicity of the functional
3 
form. This choice does not prevent the reader from considering more
sophisticated EoS, such as the one proposed by Reynolds (1979) or the
well-known (Span and Wagner, 1996) EoS.

Thus, the single-phase HEM consists in five governing equations,
qs. (1)–(3) and Eqs. (4)–(5) with five independent variables (i.e., 𝑢, 𝜌,

𝑝, ℎ, 𝑇 ).

2.2. Two-phase flow

When carbon dioxide is in a two-phase vapor–liquid state, the HEM
ssumes that the liquid and vapor are at thermodynamic equilibrium,
.e., temperatures, pressures, and velocities of both phases are equal
nd can be treated as a mixture. Specifically, the mixture volume and
he enthalpy are given by

𝑣 = 𝜌−1 = 𝑣𝑓 + 𝑥𝑣𝑓 𝑔 , (7)

ℎ = ℎ𝑓 + 𝑥ℎ𝑓 𝑔 , (8)

where 𝑥 is the vapor quality, 𝑣𝑓 (𝑝) and ℎ𝑓 (𝑝) are the specific volume
nd enthalpy of saturated liquid, 𝑣𝑓 𝑔(𝑝) and ℎ𝑓 𝑔(𝑝) the specific volume
nd enthalpy of vaporization, respectively. Since in two-phase states,
and 𝑇 are related through the relation 𝑇 = 𝑇𝑠𝑎𝑡(𝑝), we express the

aporization properties as functions of the pressure alone.
Using Eqs. (7) and (8), we can recast the mass and energy conser-

vation laws, Eqs. (1) and (3) in terms of derivatives of 𝑥, 𝑝, and 𝑢 as

1
𝑣
𝑑 𝑢
𝑑 𝑧 − 𝑢

𝑣2

[

𝑣𝑓 𝑔 𝑑 𝑥𝑑 𝑧 +
𝑑 𝑝
𝑑 𝑧

(𝑑 𝑣𝑓
𝑑 𝑝 + 𝑥

𝑑 𝑣𝑓 𝑔
𝑑 𝑝

)]

= 0, (9)

𝑢2

𝑣
𝑑 𝑢
𝑑 𝑧 + 𝑢

𝑣

[

ℎ𝑓 𝑔 𝑑 𝑥𝑑 𝑧 +
𝑑 𝑝
𝑑 𝑧

(𝑑 ℎ𝑓
𝑑 𝑝 + 𝑥

𝑑 ℎ𝑓 𝑔
𝑑 𝑝

)]

= − 𝑞 𝑆
𝐴

+
𝑢𝑔
𝑣

sin 𝛽 . (10)

where the derivative of vaporization properties with respect to pressure
re known quantities once the equation of state of the pure substance is
nown. Thus, the two-phase HEM consists in three governing equations,

Eqs. (9), (2) and (10), where the independent variables are the vapor
uality, the pressure and the mixture velocity only, i.e., (𝑥, 𝑝, 𝑢). Note

that the model has to be supplemented with explicit expressions for the
aporization properties obtained from the EoS using the Maxwell equal
rea rule (Klein and Nellis, 2011).

2.3. Model closures

At single-phase flow conditions, the wall shear stress on the r.h.s. of
the momentum balance, Eq. (2), is modeled using the Blasius empirical
model for the friction factor, 𝑓 , as

𝜏 = 𝑓
𝜌𝑢2

2
wher e 𝑓 = 𝑐

𝑅𝑒𝑚
𝑅𝑒 =

𝜌𝑢𝐷
𝜇

, (11)

where 𝑅𝑒 is the Reynolds number. The constants in the friction factor
ormula are chosen depending on the Reynolds number 𝑅𝑒, defined
n Eq. (11) where 𝜌(𝑇 , 𝑝) is the density of pure carbon dioxide while
𝜇(𝑇 , 𝑝) is the dynamic viscosity estimated using the model proposed
by Fenghour et al. (1998) that has been shown to be very accurate in
the range 200 K ≤ 𝑇 ≤ 1500 K up to pressures of 300 MPa. Specifically,
when the flow is laminar, (i.e., 𝑅𝑒 < 2100), 𝑓 = 16∕𝑅𝑒 and, therefore,
𝑐 = 16 and 𝑚 = 1; instead, when the flow is turbulent (i.e., 𝑅𝑒 > 2100),

e adopt the Blasius correlation (Blasius, 1913) with 𝑐 = 0.079 and
= 0.25. The transition from laminar to turbulent flow is set at a

ritical Reynolds number 𝑅𝑒 = 2100 only for the sake of simplicity. In
eneral, although more sophisticated models could be used, such as the
olebrook–White model (Colebrook et al., 1937), we prefer to keep the

closures as simpler as possible and to focus on the coupling between the
homogeneous model and the stochastic approach that will be discussed
later on.

At two-phase flow conditions, determining the frictional pressure
gradients requires prior knowledge of the two-phase flow regime,
i.e., stratified, core-annular, slug, or dispersed flow regime. Although
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the identification of two-phase flow pattern maps and shear stress
closures has been an area of research in the scientific community for
decades (see e.g., Wallis, 1969; Barnea, 1987; Picchi and Poesio, 2016),
this information is still not available for carbon dioxide and remains an
ongoing subject of investigation (see e.g., Yun and Kim, 2004; Schmid
et al., 2022; Lu and Connell, 2008, 2014). Different flow regimes, in
fact, result in different closure relationship for the pressure gradient.
or example, an accurate estimation of the pressure drop for slug
lows requires knowledge on intermittent flow parameters, i.e., slug

frequency, averaged slug length and speed (Taitel and Barnea, 1990;
Brauner and Ullmann, 2004; Orell, 2005), for dispersed flows it is
necessary to estimate the bubble size distribution and the interaction
with the dispersed phase (Angeli and Hewitt, 1999; Picchi et al., 2015),
while for stratified and annular flow regimes an accurate model for
the interfacial interaction is recommended (Andritsos and Hanratty,
1987; Andreussi and Persen, 1987; Ullmann and Brauner, 2006). In
addition to that, adopting flow regime based closures requires a flow
pattern map or a robust model to predict flow pattern transition
so that the regimes could be chosen depending on the local flow
rates. Unfortunately, for the case of carbon dioxide in large diameter
pipes either ad hoc flow-regimes closures and flow pattern maps are
still not available, and, therefore we model the two-phase flow as
an homogeneous mixture. Specifically, we assume that liquid and
apor are perfectly mixed, modeling the friction factor in analogy
ith single phase flow using Eq. (11) where the Reynolds number is

evaluated based on mixture properties. Specifically, the mixture density
s provided in Eq. (7) while, among the viscosity models available
n the literature (see for example, Einstein, 1906; McAdams et al.,

1942; Dukler et al., 1964; Lin et al., 1991), we use the one proposed
by Cicchitti et al. (1959)

𝜇 = 𝜇𝑓 + (1 − 𝑥)𝜇𝑔 , (12)

where 𝜇𝑓 (𝑝) and 𝜇𝑔(𝑝) are the viscosity of saturated liquid and sat-
rated vapor, respectively, calculated using the model by Fenghour

et al. (1998). Also in the two-phase flow scenario, we assume that the
transition from laminar to turbulent friction factor occurs at a specific
mixture Reynolds number, i.e., 𝑅𝑒 = 2100.

The specific heat flux 𝑞 on the r.h.s. of the energy balance Eq. (3)
ccounts for the specific heat flux exchanged between the fluid and its
urroundings and is estimated as

𝑞 = −𝜋 𝐷 𝑈 (𝑇 − 𝑇0), (13)

where 𝑈 is the heat-transfer coefficient for the pipelines, 𝑇 is the fluid
temperature, and 𝑇0 is the ambient temperature.

2.4. Numerical solution

The governing equations described above can be solved numeri-
ally. Specifically, when carbon dioxide is at single-phase flow con-
itions, the HEM consists of five equations, Eqs. (1)–(3) and (4)–(5),

while at two-phase liquid–vapor conditions in three equations, Eqs. (2),
(9), and (10). In both cases, the model is written as a system of
nonlinear first-order differential equations in the form

𝑨
𝑑𝒚
𝑑 𝑧 = 𝑩, (14)

where the variable vector is 𝒚 = [𝜌, 𝑢, 𝑝, ℎ, 𝑇 ]𝑇 for single phase flow and
𝒚 = [𝑥, 𝑝, 𝑢]𝑇 for two phase flow conditions, respectively. The analytical
expressions of the matrices 𝑨 and 𝑩 are given in Appendix B. We
conveniently recast Eq. (14) as
𝑑𝒚
𝑑 𝑧 = 𝑨−1𝑩, (15)

and, then, integrated it numerically using the solver ode45 of Matlab
tarting from the conditions at the pipe inlet 𝒚(0) = [𝜌0, 𝑢0, 𝑝0, ℎ0, 𝑇0]𝑇

and 𝒚(0) = [𝑥 , 𝑝 , 𝑢 ]𝑇 , respectively.
0 0 0 p

4 
Table 1
Parameters defining the scenario of analysis inspired by the Cortez
pipeline.

Parameter Value/PDFs

𝐿 (km) 800
𝐷 (mm) 762
𝛽 (rad) 0
𝑈 (W/m2K) 1
𝑇amb (◦C) 5, 20, 35
𝑝0 (MPa)  (7.5, 20),  (11, 1.1)
𝑇0 (◦C)  (0, 30),  (25, 2.5)
𝑢0 (m/s)  (2, 4),  (2.25, 2.25E − 01)

The transition between the single-phase and the two-phase model
is handled by discretizing the pipe domain (of length 𝐿) in 𝑁 equal
lements of equal size 𝛥𝑧 = 𝐿∕𝑁 and checking at each discrete position
hether the solution crosses the saturation conditions. When the solu-

ion meets the saturation condition from the liquid region, namely from
bove the saturation line in the 𝑝−𝑇 diagram, the next cell is initialized
s a two-phase state, and the vapor title is set to zero. Instead, when

the solution meets the saturation condition from the gas region, the
next cell is initialized as a two-phase state, and the vapor title is set to
one. To capture more precisely the spatial location where the transition
between single and two-phase flow conditions happens, a local grid
refinement is adopted in proximity to the transition. An analogous
procedure on the vapor title has been implemented to capture the
transition from a two-phase to a single-phase state: if 𝑥 reaches zero the
trajectory exits the saturation dome towards the liquid region while if
𝑥 reaches one it exits towards the gas region. Furthermore, the solution
is limited to single-phase liquid, vapor, supercritical, and only liquid–
vapor two-phase states, and the transition towards gas/solid states is
prevented (i.e., the model cannot go beyond the triple point).

3. Material and methods

3.1. Scenario

As a practical scenario, we consider the Cortez pipeline which
upplies CO2 from the McElmo Dome (Colorado, USA) to Denver
rossing the Rocky Mountains (Metz et al., 2005). This is 803 km

long with an internal diameter of 762 mm, built in 1982 with an
estimated capacity of 20 Mt CO2 per year (Oosterkamp and Ramsen,
2008). In our study, we consider the typical conditions for carbon
dioxide transport in pressurized pipelines (Oosterkamp and Ramsen,
2008; Li et al., 2011; Peletiri et al., 2018) and the available data on
the Cortez pipeline. The typical operating pressure is in the range
7.5–20 MPa and should be sufficiently high to guarantee that carbon
dioxide is in a dense liquid or supercritical state to avoid two-phase
flow conditions. The operating window for temperature, instead, is
constrained by the industrial processes of carbon sequestration and the
ambient temperature, typically in the range 273.5 to 303.15 K (Li et al.,
2011). The overall heat transfer coefficient has been chosen accordingly
o similar applications in the literature where it ranges from 0.5 to 5

W/m2K (Lu and Connell, 2008; Brown et al., 2015); in this work the
arameter is chosen equal to the unity as listed in Table 1. The pipeline

is assumed to be horizontal and, therefore, the pipe inclination is set to
𝛽 = 0.

3.2. Stochastic framework

The quantities of interest (QoIs) which we evaluate with the model
are: (i) the velocity 𝑢(𝑧), (ii) the pressure 𝑝(𝑧), (iii) the temperature
𝑇 (𝑧), (iv) the location where the transition from single-phase to two-
hase condition takes place 𝑧tp, and (v) the location where the carbon

dioxide reaches the triple point (namely, ice start to form into the

ipeline) 𝑧f. These are used to measure the effect of the inlet conditions
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(𝑝0, 𝑇0, 𝑢0) on the efficiency and safety of transporting carbon dioxide
in a pressurized pipeline. Specifically, 𝑧tp gives information about the
necessity (or not) of repressurization along the pipeline while 𝑧f clearly
dentifies conditions where the pipeline may fail due to freezing.

In this work, we set the pipeline length, 𝐿, diameter, 𝐷, capacity,
he heat transfer coefficient 𝑈 , and the pipe inclination 𝛽 while we

continuously span the QoIs over their range of variation given by
he boundary conditions at the inlet, i.e. 𝑝0, 𝑇0, and 𝑢0. Doing so,
ur analysis is mimicking the operation conditions by modeling the

boundary conditions as random variables. Specifically, we conduct two
different analyses. In the first one, we focus on 𝑧tp and 𝑧f, and we
consider a uniform distribution for the three parameters to perform
Global Sensitivity Analysis (GSA) and map 𝑧tp and 𝑧f on a wide range
of realistic operating conditions. In the second one, we consider a
variability at the inlet around the average operating condition for the
Cortez pipeline, i.e. 𝑝0, 𝑇0, and 𝑢0 are represented as normal random
variables, in this case, with a coefficient of variation equal to 0.1,
to compute the moments of the flow features, 𝑢(𝑧), 𝑝(𝑧), and 𝑇 (𝑧).
The parameters defining the scenario we are analyzing are collected
in Table 1. The main idea is to explore the parameter space deriv-
ing surrogates (as reported in the next Section) without relying on
computationally expensive Monte Carlo simulations on the numerical

odel.

3.3. Polynomial Chaos Expansion

Here, we introduce the Polynomial Chaos Expansion (PCE) theory.
The goal is to derive surrogates that express the QoIs as functions of se-
lected parameters. Each surrogate enables reconstructing continuously
the response surface for the corresponding QoI in the parameter space
with a quite limited computational cost.

We define with Ω = 𝑓 (𝐩), with dim(𝐩) = 𝑀 , a QoI, depending on
a selected subset of 𝑀 parameters, computed through the high-fidelity
model (HFM) 𝑓 . If 𝜎2Ω < ∞, the PCE approximation holds and reads as
follows (Xiu and Karniadakis, 2002)

̂  =
∑

𝐚∈N𝑀

𝑠𝐚Ψ𝐚(𝐩), (16)

where 𝐚 = {𝑎1,… , 𝑎𝑀} ∈ N𝑀 are multi-indices associated with the
ultivariate polynomials Ψ𝐚 of degree |𝐚| =

∑𝑀
𝑖=1 𝑎𝑖. The polynomials

represent an orthonormal basis with respect to the joint PDF of the pa-
rameters (Xiu and Karniadakis, 2002), while the 𝑠𝐚 are the deterministic
coefficients of the expansion. The PCE is conveniently truncated at a

aximum degree 𝑞 as

̂  =
𝑃−1
∑

𝑖=0
𝑠𝑖Ψ𝑖(𝐩), 𝑃 =

(𝑀 + 𝑞)!
𝑀!𝑞!

, (17)

i.e., |𝐚| ≤ 𝑞 for all 𝐚 ∈ N𝑀 .
The polynomial basis is selected according to the generalized PCE

heory introduced by Xiu and Karniadakis (2002), while the coefficients
re computed with a regression method. Specifically, 𝜎2𝜀 is minimized
ith respect to the coefficients, where 𝜀 = |Ω̂ − Ω| is the residual given
y the difference between the QoI computed with the HFM and PCE
espectively (e.g. Ciriello et al., 2017).

In our study, we select as QoIs 𝑢(𝑧), 𝑝(𝑧), 𝑇 (𝑧), 𝑧tp, 𝑧f, and 𝑝0, 𝑇0, 𝑢0 as
governing parameters, i.e., 𝑀 = 3. By employing a second-order PCE,
the number of regression points is 10 (e.g. Ciriello et al., 2017), which
corresponds to the number of runs of the HFM necessary to perform
the regression and compute the PCE coefficients against the case study.

his number substitutes the number of MC simulations, at least two
orders higher, required for uncertainty quantification analyses directly
on the HFM. Once the PCE surrogate is available, these analyses are
ssociated with a negligible computational cost (Ciriello et al., 2017).

In particular, a Global Sensitivity Analysis (GSA) (Sobol’, 2001) can
be performed through a simple analytical post-processing of the PCE
coefficients, avoiding onerous MC simulations of the HFM (e.g. Ciriello
 p

5 
et al., 2017). We compute the Sobol indices, where each principle
sensitivity index, 𝑆𝑖, is given by

𝑆𝑖 =

∑

𝛾∈Γ𝑖 𝑠
2
𝛾

⟨

Ψ2
𝛾 (𝑝𝑖)

⟩

𝜎2Ω
, 𝜎2Ω =

𝑃−1
∑

𝑖=1
𝑠2𝑖

⟨

Ψ2
𝑖 (𝐩)

⟩

(18)

where Γ𝑖 = {𝛾 ∈ (1,… , 𝑃 − 1) ∶ Ψ𝛾 (𝑝𝑖)}. Here, 𝑆𝑖 quantify the
influence of the parameter 𝑝𝑖 on the model variance of Ω, i.e. 𝜎2Ω,
as (Sudret, 2008). In addition to that, the total sensitivity index, 𝑆 𝑇𝑖,
sums the principal sensitivity index of the parameter with the indices
that express the influence of that parameter with the others (Sobol’,
2001). As such, if 𝑆𝑖 represents the reduction in 𝜎2Ω if 𝑝𝑖 is not uncertain,
𝑆 𝑇𝑖, quantifies the residual 𝜎2Ω if only 𝑝𝑖 is uncertain (Sobol’, 2001).

4. Results and discussion

4.1. High-fidelity simulations

In this Section, we present a set of simulations of the steady-state
transport of carbon dioxide obtained with the high-fidelity model. In
Fig. 1, we present the trajectories of the main thermodynamic vari-
ables for three simulations conducted under representative operational
conditions in the selected operational window for 𝑝0 and 𝑇0 defined in
Section 3.1. Simulation 1 features high inlet temperature and pressure,
set at 𝑝0 = 20 MPa, 𝑇0 = 30 ◦C. Simulation 2 has intermediate inlet
pressure and temperature, with 𝑝0 = 15 MPa, 𝑇0 = 15 ◦C. Finally,
simulation 3 is characterized by low inlet temperature and pressure,
with 𝑝0 = 7.5 MPa, 𝑇0 = 0 ◦C. In all three scenarios, the velocity
is maintained at an intermediate value, 𝑢0 = 3 m∕s, and the ambient
temperature is 𝑇amb = 20 ◦C.

At the inlet, the carbon dioxide is in a dense liquid single-phase
state (Fig. 2(a)), and, due to the friction between the fluid and the pipe
wall, the pressure decreases along the axial direction (see Fig. 1(b)).
Interestingly, the temperature also decreases along the pipeline due to
the competition between the heat transfer with the environment and
real-gas effects (see Fig. 1(c)). Specifically, although the environment
set at 𝑇𝑎𝑚𝑏 = 20, ◦C) tends to equilibrate with the flow—heating the
ipeline in simulations 2 and 3 (where the initial temperatures are 15

and 0, ◦C, respectively) and cooling it in simulation 1 (where the initial
temperature is 30, ◦C)—we observe a temperature decrease in all three
cases. This can be explained by noting that real-gas effects dominate
over heat transfer with the environment. In fact, real-gas effects can be
quantified by the Joule–Thompson coefficient 𝜇𝐽 𝑇 = (𝜕 𝑇 ∕𝜕 𝑝)ℎ, namely
he ratio of the temperature decrease to the pressure drop. In pipe flow,
ince pressure decreases due to pressure drop, when 𝜇𝐽 𝑇 > 0 the flow

tends to cool down, while for 𝜇𝐽 𝑇 < 0 the flow heats up. As shown
in Fig. 2(b), the Joule–Thompson coefficient is positive within the
ransport window, and therefore, the carbon dioxide cools down along
he pipeline. Indeed, in all simulations, this mechanism dominates over
eat transfer from 𝑧 = 0 m to the transition to two-phase flow at 𝑧𝑡𝑝.

After a certain distance, 𝑧t p, the trajectory meets the saturation line
nd the flow switches to two-phase flow conditions. This transition

is undesirable during transport because the flow cools down rapidly
(the Joule–Thompson coefficient of two-phase states is positive due
to the Clausius–Clapeyron relation, (Gyftopoulos and Beretta, 2005)),
and both pressure and temperature drop to the triple point conditions
(𝑝t p = 517 k Pa, 𝑇t p = 216.55 K). As a result, the density decreases
by approximately an order of magnitude, leading to a decrease in
flow speed to conserve mass, which ultimately reduces the transport
efficiency in terms of volumetric flux. The location in the pipeline
where triple point conditions are reached and where ice begins to form
is referred to as the freezing point, 𝑧f.

It is clear that we should avoid transitioning to two-phase flow
onditions during transport operations. One effective way to achieve
his is by adding a repressurization station, which can restore the
ressure to a level sufficient to prevent the transition. In the next
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Fig. 1. Evolution of the main thermodynamic variables in three representative high-fidelity simulations in the selected operational transport window. Simulation
1 𝑝0 = 20 MPa, 𝑇0 = 30 ◦C, simulation 2 𝑝0 = 15 MPa, 𝑇0 = 15 ◦C, simulation 3 𝑝0 = 7.5 MPa, 𝑇0 = 0 ◦C. In all three scenarios, 𝑢0 = 3 m∕s, and 𝑇𝑎𝑚𝑏 = 20 ◦C.
Specifically, panels show (a) the 𝑝 − 𝑇 diagram, (b)–(d) the evolution of 𝑝, 𝑇 , and 𝜌 as a function of the axial coordinate 𝑧, respectively.
Fig. 2. (a) Density of carbon dioxide, 𝜌, in the 𝑝 − 𝑇 diagram; (b) Joule–Thompson coefficient, 𝜇𝐽 𝑇 , of carbon dioxide in the 𝑝 − 𝑇 diagram.
section, we will discuss how the distance 𝑧t p is affected by the inlet
parameters to identify optimal operational conditions to avoid two-
phase flows. We will extend the analysis to the freezing point distance
to be intended for the conditions where the carbon dioxide freezes
inside the pipeline (Pham and Rusli, 2016).

4.2. Analysis of two-phase and freezing conditions

In this Section, we aim to provide an exhaustive understanding
of the effect of the variability of the inlet conditions, mimicking the
6 
operation conditions, on the maximal distance before a repressurization
is needed, and the maximal distance before the carbon dioxide will start
freezing inside the pipeline. Our goal is to provide a map of 𝑧tp and 𝑧f in
the (𝑝0, 𝑇0, 𝑢0) space of variability as a basis for risk quantification, and
the definition of optimal design and operation conditions. As before,
we refer to the operational windows for the inlet pressure, velocity, and
temperature typical of carbon dioxide transport defined in Section 3.1.

To reconstruct the value of the QoIs in the operational windows,
we use PCE-based surrogates as explained in Section 3.3. Specifi-
cally, we derived two 2nd-order PCEs to approximate 𝑧 (𝑝 , 𝑇 , 𝑢 )
tp 0 0 0
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Fig. 3. Validation of the 2nd-order PCE surrogates for the QoIs 𝑧tp (m), and 𝑧f (m) at 𝑇amb=20 ◦C.
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Table 2
Sensitivity Indices of Sobol for 𝑧tp and 𝑧f at 𝑇amb=20 ◦C. 𝑆 𝑇𝑖 is the
total sensitivity index, 𝑆𝑖 is the principal sensitivity index, and 𝑆 𝑇𝑖,𝑗 is
the second-order sensitivity index, respectively.

𝑧tp 𝑧f

𝑆 𝑇𝑢0 0.590 0.665
𝑆 𝑇𝑇0 0.008 0.018
𝑆 𝑇𝑝0 0.519 0.410

𝑆𝑢0 0.477 0.573
𝑆𝑇0 0.002 0.012
𝑆𝑝0 0.404 0.322

𝑆𝑢0 ,𝑇0 0.002 0.004
𝑆𝑢0 ,𝑝0 0.111 0.087
𝑆𝑇0 ,𝑝0 0.004 0.002

and 𝑧f(𝑝0, 𝑇0, 𝑢0). A 2nd-order approximation is sufficient to properly
describe these QoIs as shown in Fig. 3 where we validate the predictions
of the surrogates against a set of Monte Carlo simulations obtained
solving the HEM. The validation denotes a high level of accuracy of
both approximations. Note that this level of accuracy is achieved using
only 10 high-fidelity simulations to calibrate the surrogates. Then, once
the surrogates are available, we can easily span the entire space of
variability for the parameters.

We then compute the Sobol indices for the two QoIs, as collected
n Table 2. The principal sensitivity indices, 𝑆𝑖, establish the priority

among inputs to reduce output variance, while total sensitivity indices,
𝑆 𝑇𝑖, measure the overall effect of each input on the output variance.
As such, they discriminate which inputs do not significantly influence
the response and can be treated as single-point values to reduce the
problem’s dimensionality. The overall trend of the sensitivity indices is
quite similar for both 𝑧tp and 𝑧f. Specifically, referring to the detailed
GSA to 𝑇𝑎𝑚𝑏 =20 ◦C, the model variance is primarily affected by the
inlet pressure and velocity, while the impact of the inlet temperature 𝑇0
is negligible. Thus, within the operational window for transport of CO2
in pipelines (i.e., 7.5 − 20 MPa and 273.5 to 303.15 K), the maximal
distance before a repressurization is needed to avoid two-phase flow
conditions can be determined looking at the inlet pressure and velocity
only.

Interestingly, the fact that the variance of 𝑧tp is primarily affected
only by the variability of 𝑢0 and 𝑝0 (see Table 2) is not straightforward.

his finding is confirmed by the HEM simulations shown in Fig. 4,
which illustrate the effect of inlet temperature on the occurrence of
two-phase flow for 𝑝0 = 15 MPa. Although we might intuitively expect
𝑇0 to have an influence by affecting the fluid’s material properties,
Fig. 4(b) clearly shows that the slope of the pressure drop is only
slightly affected by the inlet temperature. In the operational window,
in fact, carbon dioxide remains in a dense liquid state, and its material
 t

7 
properties are primarily a function of pressure. The joint impact of 𝑢0
and 𝑝0 affects the variance of the two QoIs, as indicated by the second-
order Sobol index in Table 2, 𝑆 𝑇𝑖,𝑗 as a minor effect. The entire variance
of 𝑧tp is evenly determined by 𝑢0 and 𝑝0, while 𝑢0 is the most influential
parameter for the prediction of 𝑧f.

These results do not fundamentally change if we vary the ambient
temperature to describe more extreme scenarios as cold and hot envi-
onments. Specifically, we compute and compare the total sensitivity
ndices for different values of 𝑇𝑎𝑚𝑏 = 5, 20, 35 ◦C (Fig. 5). While

obtaining a negligible effect of 𝑇0 also in case of extreme external
emperatures, we observe that the overall impact of 𝑢0 decreases when
𝑎𝑚𝑏 increases, in favor of 𝑝0, especially in case of 𝑧tp, for which the re-

spective total sensitivity indices get almost the same value when 𝑇𝑎𝑚𝑏 =
5 ◦C. This can be explained by the fact that real-gas effects (i.e., the
ooling of supercritical carbon dioxide due to the Joule–Thomson
ffect) dominate over heat transfer with the external environment (see
he discussion of the simulations presented in Section 4.1). It is worth
oting that we are considering a scenario in which the pipeline is insu-

lated and the overall heat transfer coefficient is quite low (see Table 1).
n alternative scenarios where the pipeline is not well insulated, the
eat transfer mechanism competes with real-gas effects in the energy
quation, and the temperature of the carbon dioxide increases (tending
o equilibrate with the environment) instead of decreasing (due to the
ign of 𝜇𝐽 𝑇 ), as shown in Fig. 6. This effect becomes more pronounced

as 𝑈 increases and will inevitably also influence the results of the
sensitivity analysis.

To offer a deeper insight into the impact of inlet operational choices,
n Fig. 7 we provide the map of 𝑧tp in the space (𝑇0, 𝑝0) and (𝑢0, 𝑝0)

for different values of 𝑢0 and 𝑇0 respectively. The idea is to show the
contours of the location where the transition to two-phase occurs for
the mean and the two extremes of the range of variability considered
for 𝑢0 (left) and 𝑇0 (right). In the space (𝑇0, 𝑝0), we observe that the
variability of 𝑧tp is almost only along the vertical axis, i.e., for varying
𝑝0 as expected from the results of the GSA. In the selected range of
operation conditions, 𝑧tp varies notably from about 150 to 550 km
for 𝑢0 = 3 m∕s, revealing the impact of 𝑝0 on the location at which
the transition from single-phase to two-phase condition occurs. For
𝑢0 = 2 m∕s, we observe a similar behavior of 𝑧tp in (𝑇0, 𝑝0) but it varies
from about 300 to 1100 km. Differently, when 𝑢0 = 4 m∕s, the map of
𝑧tp in (𝑇0, 𝑝0) exhibits a more complex nonlinear behavior also along 𝑇0,
but the range of variability reduces to about 150 to 240 km in this case.
In the space (𝑢0, 𝑝0), we observe that 𝑧tp increases as 𝑝0 increases and
𝑢0 decreases, indicating the influence of both parameters. This trend is
consistent across different values of 𝑇0, with 𝑧tp varying, in all cases,
within a range of approximately 200 to 1000 km.

As for the pipeline’s section where the carbon dioxide reaches the
riple point, 𝑧 , map is provided in Fig. 8 in the space (𝑇 , 𝑝 ) and
f 0 0
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Fig. 4. Effect of the inlet temperature on the occurrence of two-phase flows for 𝑝0 = 15 MPa and 𝑇0 = 20 ◦C, 𝑇0 = 15 ◦C, 𝑇0 = 10 ◦C. In all three cases, 𝑢0 = 3 m∕s,
◦
and 𝑇𝑎𝑚𝑏 = 20 C.
Fig. 5. Total Sensitivity Indices of Sobol for 𝑧tp and 𝑧f for different values of 𝑇amb.
Fig. 6. Effect of the overall heat-transfer coefficient 𝑈 on the occurrence of two-phase flows for 𝑝0 = 15 MPa and 𝑇0 = 20 ◦C. In all three cases, 𝑢0 = 3 m∕s, and
𝑇𝑎𝑚𝑏 = 20 ◦C.
i
o

(𝑢0, 𝑝0) for different values of 𝑢0 and 𝑇0 respectively. We observe a
otably equivalent behavior as 𝑧tp with slightly higher values for 𝑧f.
verall, these maps provide insightful information to design appropri-
te operation conditions to minimize the risk of undesirable events and
he cost associated with repressurization stations. Indeed, following our
8 
approach, it is possible to identify the field of operation condition for
a given plant, that maximizes the distance at which repressurization
s needed. This corresponds to high 𝑝0 and low 𝑢0 for any 𝑇0 in the
perational window considered.
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Fig. 7. Mapping of the surface of 𝑧tp (m) for 𝑇amb=20 ◦C.
Fig. 8. Mapping of the surface of 𝑧f (m) for 𝑇amb=20 ◦C.
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4.3. Analysis of flow characteristics under uncertainty

In this Section, the main idea is to study how the uncertainty of a
specific design condition (i.e., the value for 𝑇0, 𝑝0, and 𝑢0 is picked
up from a probability distribution function centered in the design
condition) affects the model outputs (i.e., the flow characteristics).
To do so, we examine the average operating conditions at the inlet
associated with the Cortez pipeline, i.e., 𝑝0 = 11 MPa, 𝑢0 = 2.25 m/s, 𝑇0
= 25 ◦C, and introduce uncertainty into the scenario using a coefficient
of variation of 0.1 for all three parameters (see Table 1). We then
compute via PCE the statistical moments for 𝑢(𝑧), 𝑇 (𝑧), and 𝑝(𝑧), i.e., the
mean 𝑢(𝑧), 𝑇 (𝑧), and 𝑝(𝑧) and the variance 𝑉𝑢(𝑧), 𝑉𝑇 (𝑧), and 𝑉𝑝(𝑧).

The present analysis is limited to the typical operational conditions
for pressure and temperature outlined in Section 3.1. Specifically, the
operating pressure is within the optimal range shown in Fig. 9, and,
herefore, we limit our analysis to a length of 300 km, where the
ressure remains, on average, above 7.5 MPa. Hence, the simulations
9 
are rather below the transition to two-phase flow conditions 𝑧tp that is,
based on the results obtained in the previous Section, between 400 and
500 km (Fig. 7).

In the first column of Fig. 9, the mean of the three QoIs along
the pipeline is represented with a confidence level of ± one standard
deviation. The mean of pressure and temperature decreases almost
linearly along 𝑧, while the mean of the velocity slightly increases.
Interestingly, the uncertainty analysis provides information on the
tatistical moments for the pressure at a specific location. That equips
he confidence level in predictions for the HEM so that we can quantify
he uncertainty of pressure drop predictions due to the variability of
he input parameters. In fact, despite the HEM being widely used in
esearch and for real-time control strategies, the propagation of input
ncertainties in predictions has not been deeply investigated in the
iterature. In our case study, we observe that the standard deviation

increases for the pressure along the pipeline from about 1.10 to 1.20
MPa, which brings the coefficient of variation from 0.10 to 0.17, thus
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Fig. 9. Mean of the QoIs 𝑢(𝑧) (m/s), 𝑝(𝑧) (Pa), and 𝑇 (𝑧) (◦C), with a confidence level of ± one standard deviation (first column), and total sensitivity indices for
the same QoIs associated with the inlet parameters (second column).
denoting the impact of the variability in inlet parameters even if limited
around a design operating condition. Less relevant, for the temperature
and the velocity along the pipeline, the coefficient of variation goes
from 8.4E−03 to 6.82E−03 and from 0.10 to 0.11, respectively.

We also repeated the GSA for 𝑢(𝑧), 𝑇 (𝑧), and 𝑝(𝑧) by computing
the total sensitivity indices along the pipeline associated with the inlet
parameters, as shown in the second column of Fig. 9. While the variance
n the velocity is exclusively due to the variability in 𝑢0, the variance
f the pressure is explained by both the variability in 𝑝0 and 𝑢0, with
he latter becoming more influent, at expenses of 𝑝0, as 𝑧 increases.

hen considering the variance in the temperature, 𝑇0 governs it, but
ts importance decreases due to the pressure drop in favor of the other
wo inlet parameters.

5. Conclusions

In this study, we analyze the steady-state transport of carbon diox-
de in pipelines, emphasizing the critical role of operational parameters
n avoiding two-phase flow and freezing conditions. We show that the

Homogeneous Equilibrium Model can be effectively combined with a
polynomial-chaos-based surrogate, allowing uncertainty and sensitivity
analyses to be performed at minimal computational cost. Our findings
10 
indicate that the inlet pressure and velocity are the most influential pa-
rameters in determining the maximal distance before a repressurization
is needed to avoid transitioning to a two-phase flow. This conclusion
is supported by a global sensitivity analysis, which shows that the
inlet temperature has a negligible impact on these outcomes within
the operational window of interest. Using high-fidelity simulations
and PCE-based surrogates has proven effective in modeling the system
under uncertainty. The surrogates enable the exploration of the entire
parameter space efficiently and accurately even with limited high-
fidelity simulations. The validation against Monte Carlo simulations
demonstrates that the 2nd-order PCEs are highly accurate, offering a
reliable tool for sensitivity analysis and design optimization. Indeed,
the mapping of the transition point and freezing point distances in
the operational space provides crucial information for pipeline design.
It allows operators to optimize the transport conditions by selecting
the appropriate pressure and velocity combinations, thereby minimiz-
ing the risk of undesirable events. Finally, once specific operation
conditions are selected, we show how in the same methodological
framework, it is possible to accommodate uncertainty quantification
to equip the prediction of flow characteristics with the proper level
of confidence, through the computation of the statistical moments
along the pipeline. In conclusion, the approach developed in this study
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provides a comprehensive understanding of the impact of operational
parameters on the transport of carbon dioxide in pipelines and the
method is easily adaptable to various plant scenarios including a larger
set of key governing parameters. We finally recall that the current
study is focused on presenting the new theoretical framework which
combines the HEM with the PCEs and the results cover the case of
pure carbon dioxide only for the sake of simplicity. In future works
we aim at extending extend the framework to more realistic scenarios,
for example including the effect of impurities and transient dynamics.
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Appendix A. Peng–Robinson equation of state (EoS)

The Peng and Robinson (1976) equation of state reads:

𝑝 = 𝑅𝑇
𝑣 − 𝑏

− 𝑎
𝑣(𝑣 + 𝑏) + 𝑏(𝑣 − 𝑏)

, (A.1)

where

𝑎 = 0.45724𝑅
2𝑇 2

𝑐
𝑝𝑐

𝛼 𝑏 = 0.07780𝑅𝑇𝑐
𝑝𝑐

, (A.2)

𝛼 = (1 + 𝑚(1 −√

𝑇𝑟))2, (A.3)

𝑚 = 0.37464 + 1.54226𝜔 − 0.26992𝜔2, (A.4)

with 𝜔 the acentric factor, 𝑇𝑟 = 𝑇 ∕𝑇𝑐 the reduced temperature, and
the gas constant. For the case of carbon dioxide, 𝜔 = 0.225 and
= ∕𝑀𝑚 = 188.91 J/kgK (the universal gas constant  = 8.314

J/kmolK and the molecular weight 𝑀𝑚 = 44.01 kg/kmol).
The HEM introduced in Section 2 requires a consistent model for

the specific heat capacity at constant pressure 𝑐𝑝, the isobaric expansion
coefficient 𝛼𝑝, and the isothermal compressibility coefficient 𝜅𝑇 . Given
the EoS Eq. (A.1), 𝑐𝑝(𝑇 , 𝑝) = (𝜕 ℎ∕𝜕 𝑇 )𝑝 can be easily computed starting
rom the departure function for the enthalpy and, then, differentiating
ith respect to the temperature, see Klein and Nellis (2011) and Poling
t al. (2001). Manipulating Eq. (A.1) the analytical expressions for the

compressibility coefficients can be easily derived as

𝛼𝑝 = 1
𝑣

⎡

⎢

⎢

⎢

⎢

⎣

𝑅𝑣2

𝑝
− 𝑣

(

𝑎
𝛼 𝑝

𝑑 𝛼
𝑑 𝑇 − 2𝑅𝑏

𝑝

)

− 𝑅𝑏2

𝑝
+ 𝑎𝑏

𝛼 𝑝
𝑑 𝛼
𝑑 𝑇

3𝑣2 + 2𝑣
(

𝑏 − 𝑅𝑇
𝑝

)

+ 𝑎
𝑝
− 3𝑏2 − 2𝑅𝑇 𝑏

𝑝

⎤

⎥

⎥

⎥

⎥

⎦

, (A.5)

𝜅𝑇 = −1
𝑣

[

−𝑅𝑇 (𝑣2 + 2𝑏𝑣 − 𝑏2)2 + 𝑎(2𝑣 + 2𝑏)(𝑣 − 𝑏)2

(𝑣 − 𝑏)2(𝑣2 + 2𝑏𝑣 − 𝑏2)2

]−1

(A.6)

where

𝑑 𝛼
𝑑 𝑇 = − 𝑚

√

𝛼
√

. (A.7)

𝑇𝑐 𝑇𝑟

11 
Appendix B. HEM in matrix form

For single phase flow conditions the variable vector is 𝒚 = [𝜌, 𝑢, 𝑝,
ℎ, 𝑇 ]𝑇 and the model matrices reads

𝑨 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑢 𝜌 0 0 0
0 𝜌𝑢 1 0 0
0 𝑢 0 1 0

− 1
𝑘𝑇 𝜌

0 1 0 −
𝛼𝑝
𝑘𝑇

0 0 (1 − 𝑇 𝛼𝑝)𝑣 −1 𝑐𝑝

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (B.1)

=
[

0 −
𝑓 𝜌 𝑢2
2

𝑆
𝐴

+ 𝜌𝑔 sin(𝜃) −
𝑞 𝑆
𝑢𝐴𝜌

+ 𝑔 sin(𝜃) 0 0
]𝑇

. (B.2)

For two-phase flow conditions the variable vector is 𝒚 = [𝑥, 𝑝, 𝑢]𝑇 and
the model matrices reads

𝑨 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

− 𝑢
𝑣2

(𝑑 𝑣𝑓
𝑑 𝑝 + 𝑥

𝑑 𝑣𝑓 𝑔
𝑑 𝑝

)

−
𝑢𝑣𝑓 𝑔
𝑣2

1
𝑣

1 0 𝑢
𝑣

𝑑 ℎ𝑓
𝑑 𝑝 + 𝑥

𝑑 ℎ𝑓 𝑔
𝑑 𝑝 ℎ𝑓 𝑔 𝑢

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(B.3)

𝑩 =
[

0 −
𝑓 𝜌 𝑢2
2

𝑆
𝐴

+ 𝜌𝑔 sin(𝜃) −
𝑞 𝑆
𝑢𝐴𝜌

+ 𝑔 sin(𝜃)
]𝑇

. (B.4)

Data availability

Data will be made available on request.
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