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 A B S T R A C T

Cosmic-ray muon scattering tomography (MST) recovers the inverse radiation length 𝜆(𝒓) = 1∕𝑋0(𝒓) of dense 
or shielded objects, but classical algorithms (PoCA, MLEM) discretise the volume into a fixed voxel grid 
and become noise-limited at fine resolution. We introduce MINT (Muon Implicit Neural Tomography), a 
differentiable neural-field framework that represents 𝜆 by a coordinate-based network with multi-resolution 
hash encoding and optimises the per-track multiple Coulomb scattering log-likelihood end-to-end by stochastic 
gradient descent.

Validated on two Geant4-based benchmarks spanning nuclear security and geophysical surveying, and on 
real detector data, MINT consistently outperforms MLEM in structural fidelity, dense-object segmentation, and 
background smoothness, while matching or exceeding its intensity accuracy in both the logarithmic and the 
linear domain.

In a small-object detection study inside a full-scale ISO-like 20-foot container (twelve high-𝑍 cubes of 
decreasing size, 10–1 cm, exposed in air and concealed inside 30-cm-side steel cubes), at a fixed 0.5% 
background-voxel exceedance fraction MINT detects 10 of 12 objects — down to a 1 cm tungsten cube hidden 
in steel — versus 4 of 12 for both PoCA and MLEM; and when the grid is refined at fixed track budget PoCA and 
MLEM lose the targets while MINT still localises them. In a mine-tunnel ore-body survey (1000 × 800 × 400 cm, 
12.5 cm voxels, 1.6 × 106 tracks), MINT reduces the log-RMSE to 0.413 against 1.070 for MLEM and 1.895 
for PoCA and the linear RMSE to 0.164 against 0.440 cm−1; under grid refinement at a fixed track budget 
its structural-fidelity advantage over MLEM widens from ×1.3 to ×10 as PoCA and MLEM degrade to noise. 
Finally, on real data from the INFN Padova large-volume prototype (1.26 × 106 cosmic-ray tracks, six material 
samples from Al to W), MINT with a Gaussian single-Φ likelihood locates all six samples over a markedly 
cleaner background than MLEM and with slightly better reconstructed scattering densities, confirming the 
simulation results under real detector conditions.
1. Introduction

Atmospheric muons, produced in hadronic cascades at altitudes of 
15–20 km, arrive at sea level at a flux of ≈1 cm−2min−1 with a median 
momentum near 3 GeV/𝑐 [1,2]. They represent a free, penetrating, 
and omnidirectional probe that requires no active radiation source. 
Flux-attenuation measurements (muon radiography) have exploited 
this property for decades, with applications ranging from the discovery 
of hidden chambers inside ancient Egyptian pyramids [3,4] and the 
imaging of active volcano interiors [5] to the inspection of dam-
aged nuclear reactor cores [6]. The complementary scattering-based 
modality, muon scattering tomography (MST), leverages the angular 
deflection induced by multiple Coulomb scattering (MCS) to recover 
the three-dimensional material distribution inside dense or shielded 
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objects. Pioneered by Borozdin et al. [7], MST is now applied to 
nuclear contraband detection, nuclear industry, civil engineering and 
geophysics [8–11]. Because the MCS variance scales as 𝑍2𝜌∕𝐴, the 
deflection signal is intrinsically a probe of high-𝑍 content, an attractive 
feature where active interrogation is impractical.

The classical reconstruction algorithm, Point-of-Closest-Approach 
(PoCA), assigns each muon’s scattering to a single voxel near the 
intersection of the incoming and outgoing tracks [12,13]. PoCA is fast 
and intuitive but throws away most of the spatial information of each 
track. Maximum-Likelihood Expectation-Maximisation (MLEM) algo-
rithms, based on the analytic MCS covariance, address this limitation 
[12], but they discretise the volume into a fixed voxel grid and do 
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not exploit modern coordinate-based representations. Recent work has 
applied machine learning and differentiable programming to MST at 
different stages of the reconstruction chain. Bae and Chatzidakis [14] 
use machine learning to improve the event-level estimate of the scat-
tering depth, whereas Pezzotti et al. [15] enhance simulation-derived 
muographic images with a deep image-to-image model. Differentiable 
approaches include TomOpt, an end-to-end framework for detector and 
inference optimisation [16], and the direct maximisation of a voxelised 
MST likelihood by automatic differentiation [17]. MINT differs from 
these methods by representing the inverse radiation length as a contin-
uous multi-resolution neural field and fitting that field directly through 
the per-track scattering likelihood.

In an apparently unrelated field, coordinate-based neural networks 
have emerged as a powerful, mesh-free representation of 3D geome-
try and physical fields [18]. Neural Radiance Fields (NeRF) extended 
the idea to view-dependent radiance and have since become the de 
facto standard for inverse problems in scene reconstruction [19,20]. 
NeRF parameterises the radiance and density of a 3D scene by a 
coordinate-based neural network and fits its parameters by minimising 
the discrepancy between rendered and observed images through a dif-
ferentiable volume rendering integral. The recent multi-resolution hash 
encoding of Müller et al. [21] reduces NeRF training times by orders 
of magnitude and makes it natural to handle scenes with strongly non-
uniform spatial frequency content. Neural fields and their applications 
across visual computing and physics are surveyed by Xie et al. [22]. 
The same continuous, physically grounded parameterisation underlies 
physics-informed neural networks [23,24] and the broader programme 
of deep-learning-based solvers for inverse imaging problems [25,26], 
of which the present work can be regarded as the muon-scattering 
instance.

In this work we transpose the NeRF formalism to MST and call 
the resulting framework MINT (Muon Implicit Neural Tomography). 
The radiance/density field is replaced by the inverse radiation length 
𝜆(𝒓) = 1∕𝑋0(𝒓), the line integral of 𝜆 along each muon path plays the 
role of the rendering integral, and the ground-truth images are replaced 
by per-track observables (angular deflections and lateral offsets) whose 
distribution is prescribed by Highland’s MCS theory [1,27]. The for-
ward model is closed-form differentiable in 𝜆 and the overall negative 
log-likelihood is therefore optimised by stochastic gradient descent.

We validate the framework on two simulated benchmarks and one 
experimental dataset: a small-object detection-limit study, in a full-
scale ISO-like 20-foot maritime container [28] (6.2 × 2.6 × 2.7 m), 
quantifying the smallest exposed and concealed high-𝑍 object each 
method can detect; a Geant4 mine-tunnel ore-body (MTOB) survey 
with a decreasing-radius ore horizon in a granite matrix, probing 
the ore detection limit and resolution robustness; and real cosmic-ray 
data acquired with the INFN Padova large-volume muon-tomography 
prototype [29], with six material samples from Al to sintered W.

The remainder of the paper is organised as follows. Section 2 devel-
ops the physical and algorithmic foundations of MINT: the multiple-
scattering forward model and per-track likelihood, the neural-field 
parameterisation of 𝜆, the differentiable line integral, and the training 
procedure. Section 3.1 presents the small-object detection-limit study. 
Section 3.2 presents the mine-tunnel ore-body benchmark.  Section 4 
presents the experimental validation on real detector data. Section 5 
discusses the advantages and limitations of the continuous neural-field 
representation, and Section 6 concludes.

2. Theoretical framework and method

This section develops the physical and algorithmic foundations 
of MINT. We first derive the multiple-scattering forward model and 
the closed-form per-track likelihood that constitutes the training ob-
jective, then we describe the neural-field parameterisation of 𝜆, the 
differentiable forward integral, and the full training procedure.
2 
2.1. Multiple Coulomb scattering and path covariance

A relativistic charged particle of momentum 𝑝 and velocity 𝛽𝑐
travelling a path length 𝐿 through a scattering medium acquires, in 
the small-angle limit, a projected scattering angle that is approximately 
Gaussian. Let 𝒓(𝑠) ∈ R3 denote the position along the muon track at 
path length 𝑠 ∈ [0, 𝐿], and let 

𝑇 ≡ ∫

𝐿

0
𝜆(𝒓(𝑠)) 𝑑𝑠 (1)

be the line integral of the inverse radiation length along the track; 
expressed in radiation lengths, 𝑇 = ∫ 𝐿

0 𝑑𝑠∕𝑋0(𝒓(𝑠)) is dimensionless. 
The Highland parameterisation of multiple Coulomb scattering gives 
the projected angular variance as [1,27,30] 

𝜎2𝜗(𝑇𝑖) = 𝜅𝑖 𝑇𝑖
[

1 + 𝜀 ln 𝑇𝑖
]2, 𝜅𝑖 ≡

(

13.6MeV
𝑝𝑖𝛽𝑖𝑐

)2
, 𝜀 = 0.038, (2)

for a track 𝑖 of momentum 𝑝𝑖 and velocity 𝛽𝑖𝑐. The slowly varying 
bracket 𝑔(𝑇 ) ≡ 1 + 𝜀 ln 𝑇  is the logarithmic Highland correction, whose 
impact is not negligible for the recovery of dense, high-𝑍 material [30]. 
In what follows we restrict the analysis to the physical branch 𝑔(𝑇 ) >
0, equivalently 𝑇 > exp(−1∕𝜀), on which the Highland variance is 
monotone increasing. The parameterisation is conventionally quoted 
for 10−3 ≲ 𝑇 ≲ 100; outside this interval we use it as an approximate 
extrapolation [1,30].

Because 𝑇  is a line integral of 𝜆, this forward model shares the 
line-integral structure of Beer–Lambert transmission [31], although 
here 𝑇  parameterises a scattering variance rather than an attenuation. 
Crucially, 𝑇  is a linear functional of 𝜆. For any differentiable parame-
terisation 𝜆𝜃 and any per-track objective of the form 𝓁𝑖(𝜃) = 𝜙𝑖

(

𝑇𝑖(𝜃)
)

, 
the chain rule gives

∇𝜃𝓁𝑖 = 𝜙′
𝑖(𝑇𝑖)∫

𝐿𝑖

0
∇𝜃𝜆𝜃

(

𝒓𝑖(𝑠)
)

𝑑𝑠.

Thus, at first order, the gradient is a sum of point-wise contributions 
along the muon path, all multiplied by the common ray-level factor 
𝜙′
𝑖(𝑇𝑖). The contributions are therefore not independent in the objective: 
the nonlinear likelihood couples every path point through the shared 
scalar 𝑇𝑖, and shared neural-field parameters can additionally couple 
distinct spatial locations. At the quadrature level this has the differen-
tiable ray-marching structure used in NeRF: sample-wise derivatives are 
accumulated along a ray and then weighted by a common derivative of 
the rendered quantity [19].

For the scattering observables, take the 𝑧-axis along the recon-
structed incoming direction extrapolated through the volume, with 
𝑥 and 𝑦 transverse to it, and let 𝑘 ∈ {𝑥, 𝑦} index either transverse 
projection.  In each 𝑘𝑧-plane, the projected deflection 𝛥𝜗𝑘 and the 
lateral offset 𝛥𝑟𝑘 at the exit face are jointly Gaussian, with covariance 
[1,30]: 

Cov
[

(𝛥𝜗𝑘, 𝛥𝑟𝑘)
]

= 𝜎2𝜗

(

1 𝐿𝑖∕2
𝐿𝑖∕2 𝐿2

𝑖 ∕3

)

. (3)

The three independent entries of this block, 

𝑎𝑖 ≡ 𝜎2𝜗, 𝑏𝑖 ≡
𝐿2
𝑖
3

𝜎2𝜗, 𝑐𝑖 ≡
𝐿𝑖
2

𝜎2𝜗, (4)

are all proportional to 𝜎2𝜗 and hence, through Eq. (2), to the single scalar 
𝑇𝑖. Strictly, the 𝐿∕2 and 𝐿2∕3 moments are exact for scattering material 
distributed uniformly along the path; for a heterogeneous 𝜆 the offset 
moments involve depth-weighted line integrals (e.g. ∫ 𝜆(𝑠)(𝐿 − 𝑠)2 𝑑𝑠
for the offset variance). We retain the uniform-medium form so that 𝛴𝑖
(defined in Eq. (6)) couples to the field through the single scalar 𝑇𝑖: the 
approximation leaves the angular variance exact and affects only how 
the observed scattering is shared between angle and offset. The two 
projections are statistically independent, so the joint observable vector 
— ordered by projection plane — is 
𝒚 = (𝛥𝜗 , 𝛥𝑟 , 𝛥𝜗 , 𝛥𝑟 ), (5)
𝑖 𝑥 𝑥 𝑦 𝑦
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Fig. 1. Geometry of a single muon track in the 𝑘𝑧-plane (𝑘 ∈ {𝑥, 𝑦}) (inspired by Fig. 34.10 of Workman et al. [1]). The reconstructed incoming direction defines 
the 𝑧-axis. The muon enters the reconstruction volume (shaded) and undergoes multiple Coulomb scattering. The dashed segment is the straight chord joining 
the reconstructed entry and exit points; its length is 𝐿 and, to the working small-angle accuracy, the same length is used in the scattering covariance. The inverse 
radiation length 𝜆(𝒓(𝑠)) is integrated along the chord to give 𝑇 = ∫ 𝐿

0 𝜆(𝒓(𝑠)) d𝑠. At the exit face, 𝛥𝑟𝑘 is the lateral displacement from the incoming 𝑧-axis and 𝛥𝜗𝑘
is the deflection angle of the outgoing direction with respect to 𝑧.
and its 4×4 covariance is block-diagonal with two identical 2×2 blocks 
of the form (3): 

𝛴𝑖 =

⎛

⎜

⎜

⎜

⎜

⎝

𝑎𝑖 𝑐𝑖 0 0
𝑐𝑖 𝑏𝑖 0 0
0 0 𝑎𝑖 𝑐𝑖
0 0 𝑐𝑖 𝑏𝑖

⎞

⎟

⎟

⎟

⎟

⎠

. (6)

The block-diagonal structure admits closed-form expressions for the 
determinant and inverse of 𝛴𝑖 without any matrix decomposition:

det 𝛴𝑖 = (𝑎𝑖𝑏𝑖 − 𝑐2𝑖 )
2, (7)

𝒚⊤𝛴−1
𝑖 𝒚 = 1

𝑎𝑖𝑏𝑖 − 𝑐2𝑖

∑

𝑘∈{𝑥,𝑦}

[

𝑏𝑖 𝛥𝜗
2
𝑘 − 2𝑐𝑖 𝛥𝜗𝑘𝛥𝑟𝑘 + 𝑎𝑖 𝛥𝑟

2
𝑘
]

. (8)

Fig.  1 illustrates the geometry and the notation introduced above.

2.2. Per-track likelihood

For a given 𝜆, the vector 𝒚𝑖 is modelled as a zero-mean multivariate 
Gaussian with covariance 𝛴𝑖: 

𝑖(𝜆) = 𝑝(𝒚𝑖 ∣ 𝜆) = 1
(2𝜋)2

√

det 𝛴𝑖
exp

(

− 1
2 𝒚

⊤
𝑖𝛴

−1
𝑖 𝒚𝑖

)

, (9)

where the zero mean reflects the absence of a preferred deflection 
direction and 𝛴𝑖 encodes the expected scattering spread. Taking − log
of Eq. (9), and using det 𝛴𝑖 = (𝑎𝑖𝑏𝑖 − 𝑐2𝑖 )

2 (two identical 2 × 2 blocks, so 
1
2 log det 𝛴𝑖 = log(𝑎𝑖𝑏𝑖 − 𝑐2𝑖 )), the per-track negative log-likelihood (NLL) 
reads 
− log𝑖 = 1

2 𝒚
⊤
𝑖𝛴

−1
𝑖 𝒚𝑖 + log

(

𝑎𝑖𝑏𝑖 − 𝑐2𝑖
)

+ 2 log 2𝜋. (10)

We now reduce both 𝜎2𝜗-dependent pieces — the determinant factor and 
the quadratic form — to explicit functions of the per-track variance 𝜎2𝜗.

Determinant factor — By using Eq. (4): 

𝑎𝑖𝑏𝑖 − 𝑐2𝑖 = 𝜎2𝜗 ⋅
𝐿2
𝑖
3

𝜎2𝜗 −
(

𝐿𝑖
2

𝜎2𝜗

)2
=

𝐿2
𝑖

12
𝜎4𝜗. (11)

Hence log(𝑎𝑖𝑏𝑖 − 𝑐2𝑖 ) = 2 log 𝜎2𝜗 + const.
Quadratic form — Inserting Eq. (4) into Eq. (8) and using Eq. (11): 

1
2 𝒚

⊤
𝑖𝛴

−1
𝑖 𝒚𝑖 = 6

𝐿2
𝑖 𝜎

2
𝜗

∑

𝑘∈{𝑥,𝑦}

(𝐿2
𝑖
3 𝛥𝜗2𝑘 − 𝐿𝑖 𝛥𝜗𝑘𝛥𝑟𝑘 + 𝛥𝑟2𝑘

)

≡
6𝑃𝑖

𝐿2
𝑖 𝜎

2
𝜗

, (12)

where we define the observed scattering power 

𝑃𝑖 ≡
∑

(𝐿2
𝑖
3 𝛥𝜗2𝑘 − 𝐿𝑖 𝛥𝜗𝑘𝛥𝑟𝑘 + 𝛥𝑟2𝑘

)

, (13)

𝑘∈{𝑥,𝑦}

3 
a positive-definite quadratic form in the measured deflections and 
offsets.

Combining both pieces, the NLL as a function of the per-track 
scattering variance alone is 

− log𝑖(𝜎2𝜗) =
6𝑃𝑖

𝐿2
𝑖

⋅
1
𝜎2𝜗

+ 2 log 𝜎2𝜗 + const. (14)

Through the Highland relation 𝜎2𝜗 = 𝜅𝑖𝑇𝑖 [1 + 𝜀 ln 𝑇𝑖]2 this is an explicit, 
differentiable function of the line integral 𝑇𝑖, and hence of 𝜆: 

− log𝑖(𝑇𝑖) =
6𝑃𝑖

𝐿2
𝑖 𝜅𝑖

1
𝑇𝑖 [1 + 𝜀 ln 𝑇𝑖]2

+ 2 log 𝑇𝑖 + 4 log||
|

1+𝜀 ln 𝑇𝑖
|

|

|

+ const.

(15)

On the physical branch 𝑔(𝑇𝑖) > 0, the NLL diverges at both ends: 
the inverse-variance term grows without bound as 𝑇𝑖 ↓ exp(−1∕𝜀)
and the predicted variance approaches zero, while the log-determinant 
grows without bound as 𝑇𝑖 → ∞. Thus, under-predicting the ob-
served scattering produces large gradients that pull the field upward 
along the traversed path, whereas the logarithmic growth in the over-
prediction regime prevents unbounded values of 𝜆 even without an 
explicit smoothness penalty.

The stationarity condition is most transparent in the variance itself. 
Setting 𝜕(− log𝑖)∕𝜕𝜎2𝜗 = 0 in Eq. (14), 

−
6𝑃𝑖

𝐿2
𝑖

⋅
1
𝜎4𝜗

+ 2
𝜎2𝜗

= 0 ⟹ 𝜎̂2𝜗,𝑖 =
3𝑃𝑖

𝐿2
𝑖

, (16)

a closed-form maximum-likelihood estimate of the per-track scattering 
variance, strictly positive for any non-zero scattering observation. The 
corresponding line integral 𝑇̂𝑖 is obtained by inverting the monotone 
Highland map 𝜎2𝜗(𝑇 ) = 𝜎̂2𝜗,𝑖, that is, as the unique solution on the 
physical branch of

𝜅𝑖𝑇̂𝑖
[

1 + 𝜀 ln 𝑇̂𝑖
]2 =

3𝑃𝑖

𝐿2
𝑖

.

In the leading-order limit 𝜀 → 0, this equation reduces to the simple 
estimate 

𝑇̂ (0)
𝑖 =

3𝑃𝑖

𝐿2
𝑖 𝜅𝑖

, (17)

The full solution is a slowly varying logarithmic correction to 𝑇̂ (0)
𝑖

and is obtained by solving the preceding scalar equation. The explicit 
dependence of the leading-order estimate on 𝑝𝑖, 𝛽𝑖, 𝛥𝜗𝑘, and 𝛥𝑟𝑘 follows 
by substituting the definitions of 𝜅𝑖 in Eq. (2) and of 𝑃𝑖 in Eq. (13). 
Because 𝜎2𝜗(𝑇 ) is monotone increasing on the physical branch 𝑔(𝑇 ) > 0, 
− log  is a proper unimodal function of 𝑇 : the log-determinant term 
𝑖 𝑖
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prevents the unbounded growth of 𝜆 that would otherwise minimise the 
quadratic form alone, and yields a finite, physically grounded per-track 
optimum 𝑇̂𝑖.

The loss in Eq. (15) is posed independently for each track. To turn it 
into a well-posed 3D inverse problem requires a single representation 
of 𝜆(𝒓), whose line integrals simultaneously satisfy all per-track con-
straints. In the following we introduce the neural-field parameterisation 
adopted for this purpose.

2.3. Neural-field representation of 𝜆

We parametrise 𝜆(𝒓) with a coordinate-based neural field, built as 
an encoder/decoder pipeline followed by a positivity-enforcing output 
transform. All trainable parameters of both stages are jointly collected 
in the vector 𝜃.

Encoder — The encoder ℎ𝜃 ∶ R3 →R𝐹  is the multi-resolution hash 
encoding of Müller et al. [21]. The reconstruction volume is overlaid 
with 𝑁𝓁 axis-aligned cubic grids that share the same spatial extent 
but differ in resolution. Their side counts form a geometric progression 
𝑅𝓁 = 𝑅0 𝑏𝓁 for 𝓁 = 0,… , 𝑁𝓁−1, where 𝑅0 is a coarse base resolution 
and 𝑏> 1 a fixed per-level scale factor (e.g. 𝑅0 = 16, 𝑏 = 1.5, 𝑁𝓁 = 16, 
yielding cell sizes that span almost three decades). A query coordinate 
𝒓 is then simultaneously located inside one cell on each grid, providing 
𝑁𝓁 views of the same point at different spatial scales.

Each level 𝓁 owns an independent table 𝐸(𝓁) ∈ R𝑇hash×𝑑 of learnable 
embeddings, with table size 𝑇hash fixed in advance (e.g. 𝑇hash = 219) and 
feature width 𝑑 typically two or four. We use the subscript ‘‘hash’’ to 
distinguish this table size from the line-integral 𝑇𝑖 of Eq. (1). The rows 
of 𝐸(𝓁) are part of the trainable parameter vector 𝜃. The eight vertices 
of the enclosing cell carry integer indices (𝑖, 𝑗, 𝑘) ∈ Z3 on the level-𝓁
lattice, and each is mapped to a row of 𝐸(𝓁) via a deterministic spatial 
hash 
ℎ(𝑖, 𝑗, 𝑘) =

(

𝑖 𝜋1 ⊕ 𝑗 𝜋2 ⊕ 𝑘𝜋3
)

mod 𝑇hash, (18)

with 𝜋1,2,3 large fixed primes and ⊕ denoting bit-wise XOR [21]. The 
function ℎ itself is not learned: only the table contents 𝐸(𝓁) are. At 
coarse levels the number of distinct vertices is smaller than 𝑇hash, so 
the hash is collision-free and acts as a plain lookup; at fine levels 
the number of vertices vastly exceeds 𝑇hash, so many distinct vertices 
share the same row. This is by design: training gradients are non-
zero only at vertices visited by muon tracks, and physically meaningful 
regions therefore dominate the optimisation of the contested rows, 
while the impact of hash collisions is mitigated by the multi-resolution 
representation.

The level-𝓁 embedding at 𝒓 is reconstructed by trilinear interpola-
tion between the eight hashed rows, with weights determined by the 
relative position of 𝒓 inside the cell. Trilinear interpolation makes the 
resulting feature continuous in 𝒓 and differentiable almost everywhere; 
its spatial derivative need not be continuous across cell boundaries. 
The interpolation remains differentiable with respect to the learned 
embeddings, as required to back-propagate the line-integral loss that 
defines 𝑇𝑖. The 𝑁𝓁 per-level embeddings are then concatenated into a 
single feature vector 𝒇 (𝒓) =

[

𝒆0(𝒓),… , 𝒆𝑁𝓁−1(𝒓)
]

∈ R𝐹  with 𝐹 = 𝑁𝓁 𝑑
(e.g. 𝐹 = 32 for 𝑁𝓁 = 16, 𝑑 = 2), which summarises the local structure 
of the field at all spatial scales simultaneously. Because each level 
has its own fixed-capacity table, the encoder naturally allocates more 
representational power to regions where the field varies rapidly (for 
example around inclusion boundaries) and remains inexpensive where 
it does not (for example in homogeneous air).

Decoder — The decoder 𝑔𝜃 ∶ R𝐹 → R is a small fully connected 
network (one hidden layer of width 128 in this work) that maps the 
feature vector 𝒇 to a single real-valued pre-activation 𝑠. Because all 
spatial dependence is carried by the encoder, the decoder does not have 
to be deep: its goal is just to project the multi-scale descriptor onto a 
scalar.
4 
Field assembly and positivity — Composing the two stages and apply-
ing a positive output transform yields the field 
𝜆𝜃(𝒓) = sof tplus

(

𝑔𝜃 ◦ℎ𝜃(𝒓)
)

, sof tplus(𝑠) = log
(

1 + 𝑒𝑠
)

, (19)

which is continuous, strictly positive, and differentiable almost every-
where with respect to both 𝒓 and 𝜃 (with respect to 𝒓 it is differentiable 
except at hash-grid cell boundaries, where the derivative of the trilinear 
interpolation may be discontinuous). Softplus is preferred over a plain 
ReLU, which would clamp 𝜆 to exactly zero on a half-space of pre-
activations and stall the optimiser there, and over an exponential, 
whose super-linear growth amplifies large pre-activations and desta-
bilises training. Softplus interpolates between these two extremes: it is 
linear in the 𝑠≫ 0 regime — bounding the maximum possible growth 
rate of 𝜆 — while approaching zero smoothly without ever reaching it.

Finally, hash encoding is preferred over alternative coordinate en-
codings such as sinusoidal-activation networks [32], Fourier features 
[19,33], dense voxel grids [34] and low-rank tensorial decompositions 
[35], as training time is reduced, which is critical for the near-real-time 
applications envisaged for this method.

2.4. Forward model

Eq.  (19) delivers a continuous, differentiable field 𝜆𝜃(𝒓) that can 
be evaluated at any point in space, but the per-track NLL of Eq. (15) 
couples to it only through the scalar line integral 𝑇𝑖 defined in Eq. (1). 
The forward model, described in this section, bridges the two represen-
tations: it specifies how each per-track contribution 𝑇𝑖(𝜃) is computed 
from 𝜆𝜃 , in a way that remains differentiable in 𝜃 so that gradients of 
the NLL can propagate back to every entry of the hash tables and to 
every weight of the decoder via the chain rule.

For each track 𝑖 we approximate the muon trajectory inside the 
reconstruction volume by the straight segment from the 𝒓in,𝑖 entry 
point to the 𝒓out,𝑖 exit point, both reconstructed from the upstream 
and downstream trackers. Its length is 𝐿𝑖 = ‖𝒓out,𝑖 − 𝒓in,𝑖‖, consistently 
with the geometric convention introduced above. This straight-line 
approximation is correct to leading order in the scattering angle; a 
more accurate model based on a stochastic path-integral over Brownian 
bridges conditioned on the entry and exit directions (𝒖in, 𝒖out ) measured 
by the trackers is a natural extension and is left to future work. The 
line integral in Eq. (1) is evaluated by stratified jittered Monte Carlo
quadrature with 𝑁 samples (typically 𝑁 = 96 in this work). The path 
parameter is first rescaled to the unit interval through the change of 
variables 𝑠 = 𝐿𝑖 𝑡, so that 𝑇𝑖 = 𝐿𝑖∫

1
0 𝜆𝜃(𝒓(𝑡)) d𝑡 with 𝒓(𝑡) = 𝒓in,𝑖 + 𝑡 (𝒓out,𝑖 −

𝒓in,𝑖). The unit interval is then partitioned into 𝑁 equal strata of width 
1∕𝑁 , and at every training iteration one sample is drawn independently 
and uniformly inside each stratum, 

𝑡𝑛 ∼ 
(

𝑛−1
𝑁 , 𝑛

𝑁

)

, 𝑛 = 1,… , 𝑁. (20)

The integral is approximated by the Monte Carlo average 

𝑇𝑖(𝜃) ≈ 𝐿𝑖 ⋅
1
𝑁

𝑁
∑

𝑛=1
𝜆𝜃
(

𝒓in,𝑖 + 𝑡𝑛(𝒓out,𝑖 − 𝒓in,𝑖)
)

. (21)

This scheme combines two complementary ideas: (i) stratification en-
sures that every 1∕𝑁-fraction of the track contributes exactly one 
sample, guaranteeing uniform coverage of the path and yielding lower 
variance than a plain Monte Carlo estimator with the same number 
of samples; (ii) jittering, i.e. randomising 𝑡𝑛 inside each stratum at 
every iteration instead of fixing it at the stratum midpoint, breaks 
the periodic coincidence between sample positions and the regular 
hash-grid vertices that would otherwise inject aliasing artefacts into 
the gradient, and adds a mild stochastic perturbation that acts as an 
implicit regulariser on 𝜃. The estimator is unbiased for any 𝑁 and its 
gradient factorises as 

∇𝜃 𝑇𝑖 = 𝐿𝑖 ⋅
1

𝑁
∑

∇𝜃 𝜆𝜃
(

𝒓𝑖,𝑛
)

, (22)

𝑁 𝑛=1
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flowing through all 𝑁 stratified sample positions simultaneously. A sin-
gle muon track therefore adjusts the hash-table representation along its 
entire path through the volume, coupling features at all 𝑁𝓁 resolution 
levels.

2.5. Loss function and training

Combining the per-track NLL of Eq. (10) with the differentiable 
forward model of Section 2.4 turns the negative log-likelihood into an 
explicit, differentiable function of the network parameters 𝜃, which can 
in principle be minimised directly by stochastic gradient descent. On its 
own, however, the data term leaves the field under-determined in two 
respects: (i) regions of the volume not crossed by any muon; (ii) high 
capacity of the hash encoder can be exploited to fit observation noise 
with high-frequency artefacts in regions that are crossed only sparsely. 
We address both pathologies by augmenting the data term with two 
coordinate-space regularisers. The complete training objective is 
 (𝜃) = − log(𝜃) + 𝛼TV(𝜃) + 𝛽bg(𝜃), (23)

where the regularisers TV and bg are defined in the following. 
At each iteration, 𝑁reg base points 𝒓𝑗 are sampled uniformly in the 
reconstruction volume 𝛺. With 𝒆𝑘 the Cartesian unit vectors and a 
finite-difference step 𝛿, we define 

𝐷𝛿
𝑘𝜆𝜃(𝒓) ≡

𝜆𝜃(𝒓 + 𝛿𝒆𝑘) − 𝜆𝜃(𝒓)
𝛿

, 𝑘 ∈ {𝑥, 𝑦, 𝑧}. (24)

The stochastic anisotropic total-variation regulariser TV [36] is the 
sample mean 

TV(𝜃) = 1
𝑁reg

𝑁reg
∑

𝑗=1

∑

𝑘∈{𝑥,𝑦,𝑧}

|

|

|

𝐷𝛿
𝑘𝜆𝜃(𝒓𝑗 )

|

|

|

. (25)

This edge-preserving smoothness prior penalises small spatial fluc-
tuations while allowing sharp material transitions. The background 
regulariser bg is a soft 𝐿2 prior pulling 𝜆 toward a problem-specific 
value 𝜆bg at the same random points, 

bg(𝜃) = 1
𝑁reg

𝑁reg
∑

𝑗=1

(

𝜆𝜃(𝒓𝑗 ) − 𝜆bg
)2, (26)

combating hallucinations in regions not crossed by any track. The 
choice of 𝜆bg is scenario-specific: in open-air scenes (Section 3.1) 𝜆bg =
𝜆air ; for heterogeneous, multi-material scenes (Section 3.2) the zero-
background limit 𝜆bg = 0 is preferred and turns bg into a global 
zero-centred 𝐿2 shrinkage prior on 𝜆. Where the data gradient domi-
nates, the relative contribution of bg is small; its main role is to anchor 
the field in regions reached by few or no muons. We use 𝛿 = 1 cm 
throughout. The two Geant4 benchmarks use 𝑁reg = 2 048 random 
points per iteration, while the real-data reconstruction uses 𝑁reg =
16 384; in all cases both regularisers are normalised as sample means, 
so their scale does not depend directly on 𝑁reg.

The objective function (23) is minimised by Adam [37] with a 
cosine-annealed learning rate (warm-up for the first 5% of iterations, 
minimum ratio 0.05) and gradient clipping at norm 1. Each iteration 
draws a random mini-batch of muon tracks, computes 𝑇𝑖 for each track 
via Eq. (21) with stratified-jittered quadrature, and back-propagates 
through the analytic NLL of Eq. (10). The code has been implemented 
in PyTorch [38].

3. Geant4-based benchmarks

In this section we validate MINT against Point-of-Closest-Approach 
(PoCA) and maximum-likelihood expectation-maximisation (MLEM) on 
two benchmarks spanning nuclear security and geophysical surveying: 
(i) a small-object detection-limit study in a full-scale ISO-like 20-foot 
maritime container (6.2 × 2.6 × 2.7 m), with high-𝑍 cubes of decreas-
ing size exposed and concealed inside 30-cm-side steel cubes; (ii) a 
5 
Table 1
Material properties used in the Geant4 simulation. 𝑋0: radiation length; 𝜆 =
1∕𝑋0: target field for the muon channel.
 Material 𝜌 (g/cm3) 𝑋0 (cm) 𝜆 (cm−1)  
 Air 1.21 × 10−3 30420 3.3 × 10−5 
 Iron 7.87 1.757 0.5692  
 Lead 11.35 0.561 1.782  
 Tungsten 19.30 0.3504 2.854  
 HEU (93% 235U) 18.70 0.317 3.155  

mine-tunnel ore-body (MTOB) survey with a small air shaft and a 
decreasing-radius ore horizon (uraninite/galena) in a granite matrix.

All benchmarks are based on Geant4 [39] and EcoMug [40], as 
detailed below.

3.1. Small-object detection limit

This first benchmark targets the operationally decisive question for 
security screening: how small an object can each method actually detect, 
including when it is deliberately concealed.

3.1.1. Phantom geometry and setup
The scene is a full-scale ISO-like 20-foot maritime shipping-

container proxy (620 × 260 × 270 cm outer, rounding up the nominal 
ISO 668 external dimensions of 606 × 244 × 259 cm [28]; 10 mm 
uniform steel walls, a simplified model of the real corrugated shell and 
frame; 𝜆Fe = 0.569 cm−1) placed in air, with four ideal tracker planes 
at its faces. Inside we place twelve high-𝑍 cubes of decreasing full side 
(10, 6, 4, 3, 2, 1 cm), well separated along the container axis (Fig.  3, 
ground truth):

• an exposed row of six cubes sitting in air;
• a hidden row of six cubes (same size series), each centred inside 
a 30-cm-side steel cube, so that the small high-𝑍 target must be 
distinguished from the strongly scattering steel around it.

The target materials are mixed across the high-𝑍 range relevant to in-
terdiction — highly-enriched uranium (HEU, 93% 235U, 𝜆HEU =
3.16 cm−1), tungsten (𝜆W = 2.85 cm−1), and lead (𝜆Pb = 1.78 cm−1) — 
cycled over the objects so the result is not specific to a single material. 
The relevant material constants are listed in Table  1. Cosmic-ray (CR) 
muons were generated with EcoMug, a parametric CR muon generator 
with realistic momentum and angular distributions, and propagated 
through Geant4; entry and exit four-momenta were recorded on four 
tracker planes at the container faces. After requiring a full four-plane 
traversal, we retain 5.98 × 105 muon tracks, used identically by all 
reconstruction algorithms for a fair data-budget comparison.

The reconstruction volume spans [−310,+310] × [−130,+130] ×
[−135,+135] cm. The voxel methods (PoCA and MLEM) reconstruct on 
a regular grid. We use two grids: a 5 cm grid (0.35 million voxels), on 
which the detection comparison is scored because it gives the voxel 
methods enough crossings per voxel to converge, and an ultra-fine 
1.25 cm grid (22 million voxels) used solely as a resolution stress test to 
expose the voxel-size dependence of the voxel methods at a fixed track 
budget. MINT is queried as the continuous field and, for like-for-like 
comparison, also resampled onto the same grids.

The network uses a 16-level multi-resolution hash grid with 𝑇hash =
219 entries per table and 𝑑 = 2 features per entry (16.8 M total 
parameters in the hash grid). With base resolution 16 and per-level 
scale 1.5, the grid cell size spans from ≈39 cm (level 0) to ≈0.09 cm 
(level 15), providing sub-millimetre capacity that is limited in practice 
only by muon-track density and hash-table collisions at the finest levels. 
These network and training settings are reused by the later benchmarks.

Training uses the objective (23) with 𝛼 = 2 × 10−3 and 𝛽 = 5 × 10−3. 
We train using Adam with an initial learning rate 3×10−3 and gradient 
clipping at norm 1; random mini-batches of 8192 muon tracks (96 
stratified samples each) per iteration, for 6000 iterations on the GPU 
of an Apple M3 Max via Metal Performance Shaders.
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3.1.2. Resolution stress test
Before presenting the detection comparison, we stress a funda-

mental constraint that applies to all voxel-based methods (PoCA and 
MLEM) but not to MINT: the voxel size must be chosen so that each 
voxel accumulates statistically sufficient track crossings, even when 
this choice is dictated by the available statistics rather than by the 
intrinsic scale of the features of interest. This is best appreciated by 
refining the reconstruction grid at a fixed track budget. At 5 cm voxels 
the 5.98 × 105 tracks populate each voxel with enough crossings for 
MLEM to converge; refining to 1.25 cm multiplies the voxel count by 
64 while leaving the data fixed. The resulting starvation is method-
specific but severe in every case: PoCA condenses each track into a 
single vertex, so its per-voxel statistics fall by the full factor of 64; for 
MLEM, which spreads each track over the whole column of voxels it 
crosses, the per-voxel crossing count falls with the transverse voxel area 
(a factor of 16), but each crossing constrains the voxel only through a 
chord length that shrinks with the voxel side, so the per-voxel Fisher 
information falls even faster, by a factor of ∼256 (Section 5). Fig.  2 
shows the consequence at 1.25 cm with all methods on the same grid: 
PoCA collapses to a sparse field of isolated spikes and MLEM to near-
zero noise, the objects becoming irrecoverable, whereas MINT — whose 
shared multi-resolution hash-grid parameters aggregate gradient signal 
from all tracks crossing any point in a node’s receptive field — still 
localises them. The voxel size is therefore a statistics-driven lower bound
for the voxel methods, not a free choice; MINT is not tied to the 
output sampling grid. The same constraint recurs in the mine-tunnel 
benchmark, where the voxel size was likewise set by the available track 
budget.

3.1.3. Detection criterion and results
The detection comparison is therefore scored on the 5 cm grid, 

where the voxel methods are given their best chance (MINT is evaluated 
as the continuous field). A target is counted as detected when the peak 
reconstructed 𝜆 within the object volume exceeds the 99.5th percentile 
of the reconstructed 𝜆 over all same-medium background voxels (air 
for the exposed row, steel for the hidden row), a criterion that fixes the 
background-voxel exceedance fraction per method and per medium at 
0.5%. This is deliberately self-calibrating: a method with a noisy back-
ground (e.g. PoCA, whose air-background 99.5th percentile reaches 
3.0 cm−1 and whose steel percentile reaches 21 cm−1) is required to 
clear a correspondingly higher bar, so spurious high-𝜆 speckle does not 
count as detection.

Fig.  3 shows the 𝑥𝑧 slice through the two object rows. We emphasise 
that the 5 cm voxelisation of MINT in this figure is adopted purely for 
display, so that all three methods are shown at the same granularity 
and the comparison is visually fair; it does not enter any quantitative 
result. All metrics reported in this paper treat MINT as the underlying 
continuous field — here, the detection score below queries the field 
directly, so MINT’s sub-voxel peaks are never diluted by the 5 cm 
averaging used only to render this panel. Even at this identical display 
granularity, PoCA is dominated by diffuse high-𝜆 speckle that swamps 
the smaller targets and MLEM by per-voxel noise, whereas MINT yields 
compact, low-noise object voxels over a clean background: the differ-
ence is therefore one of reconstruction quality at fixed resolution, not 
merely of nominal resolution. Fig.  4 summarises the outcome: MINT 
detects 10 of the 12 objects, against 4 of 12 for both PoCA and MLEM. 
MINT recovers every exposed target down to 2 cm (missing only the 
1 cm cube) and five of the six concealed targets, including a 1 cm 
tungsten cube centred inside a 30-cm-side steel cube. Crucially, MINT’s 
detections degrade monotonically with size (all large objects found, only 
the very smallest missed), whereas the PoCA and MLEM detections are 
erratic — driven by background noise spikes that happen to clear the 
threshold rather than by genuine localisation, so that they miss 4 and 
3 cm objects yet occasionally flag a 1 cm one. The advantage is largest 
exactly where it matters for screening: small and concealed high-𝑍
objects, where the continuous field localises the sub-voxel scattering 
6 
excess that the fixed-grid methods dilute into a voxel average and lose 
in noise. The fixed 0.5% criterion is one operating point of a threshold 
sweep over the background-voxel exceedance fraction (Fig.  5). MINT 
yields more target detections throughout the sweep, detecting 9∕12
objects already at a 0.1% background-voxel exceedance fraction and 
all 12 at 2%, whereas PoCA and MLEM reach 10∕12 and 9∕12 only near 
5%.

3.2. Mine-tunnel ore-body survey benchmark

The second benchmark evaluates MINT in a geometrically and 
contrast-wise distinct scenario: the passive survey of ore-bearing bodies 
in a mine-tunnel rock wall using cosmic-ray muons. This test case 
probes spatial resolution and material discriminability at scales of tens 
of centimetres in a moderate-𝑍 matrix, complementing the high-𝑍
container scenario of Section 3.1.

3.2.1. Phantom geometry and setup
The benchmark simulates a shallow mine-tunnel survey in which 

cosmic-ray muons detect ore-bearing zones embedded in a rock wall 
[41].

The rock matrix is a 1000 × 800 × 400 cm block of a granite 
proxy (𝑋0 = 11.55 cm, 𝜆rock = 0.0866 cm−1) centred at the origin; 
this block coincides with the reconstruction volume [−500,+500] ×
[−400,+400] × [−200,+200] cm. We orient the frame so that 𝑥 is the 
lateral (cross-gallery) coordinate, 𝑦 runs along the mine gallery, and 𝑧
is the muon-propagation (depth) axis. Every inclusion — the air shaft 
and the eight ore bodies — is modelled as a cylinder with its axis along 
𝑦. With reference to the panel Ground truth in Fig.  6, the inclusions are:

• Air shaft (small mine tunnel): a single cylinder of radius 𝑟 =
50 cm (𝜆 ≈ 0), placed off-axis at (𝑥, 𝑧) = (0,−120) cm.

• Ore horizon at 𝑧 = +80 cm: eight cylinders of decreasing radius 
𝑟 = 60, 45, 30, 20, 15, 10, 7, 5 cm, laid out along the horizon at 𝑥 =
−380,−200, 0, 150, 280, 380, 450,−470 cm respectively — the seven 
largest in size order from left to right, with the smallest (𝑟 = 5 cm) 
placed apart at the far negative-𝑥 end. Two minerals of strongly 
different contrast are interleaved along the row: uraninite UO2
(𝜆 = 1.648 cm−1, 19× rock) for the 𝑟 = 60, 30, 15, 10, 5 cm 
bodies and galena PbS (𝜆 = 1.085 cm−1, 12.5× rock) for the 
𝑟 = 45, 20, 7 cm bodies.

The decreasing-radius series probes the smallest ore body each method 
can recover; at the 12.5 cm reconstruction grid the 𝑟 = 5 cm body 
(10 cm diameter) is sub-voxel.

Cosmic muons were generated with EcoMug and propagated
through the rock by Geant4; entry and exit muons were recorded on 
four ideal tracker planes at 𝑧 = ±205,±220 cm. After requiring a full 
four-plane traversal we retain 1.60 × 106 muon tracks, used identically 
by all reconstruction algorithms.

For this multi-material scene the training loss for MINT is 
 (𝜃) = − log(𝜃) + 𝛼TV + 𝛽bg,0, (27)

with 𝛼 = 2×10−3 and 𝛽 = 5×10−3. We adopt the zero-background limit 
𝜆bg = 0 of the background prior of Eq. (26), 

bg,0(𝜃) = E𝒓
[

𝜆𝜃(𝒓)2
]

, (28)

rather than the 𝜆rock -centred variant: with several distinct material 
classes spread across more than a decade in 𝜆, no single non-zero 
background value is appropriate. The resulting global zero-centred 
𝐿2 shrinkage term helps suppress the shaft region and uninformed 
background voxels without biasing the ore-body reconstruction (whose 
𝜆 values are maintained by the data NLL). All other hyperparameters 
match those of Section 3.1: Adam with lr0 = 2 × 10−4, cosine schedule, 
batch 8192 tracks × 96 samples, 4500 iterations. The reconstruction 
grid is 80 × 64 × 32 (12.5 cm voxels); PoCA and MLEM are evaluated 
on it directly, while MINT is queried as the continuous field.
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Fig. 2. Resolution stress test — 𝑥𝑧 slice (𝑦 = 0) with all methods reconstructed on the same ultra-fine 1.25 cm grid (≈ 2.2 × 107 voxels, track budget 𝑁∕𝑉 ∼ 0.03
tracks/voxel). From top: ground truth, PoCA, MLEM, MINT. At a fixed track budget the voxel methods starve — PoCA collapses to isolated spikes, MLEM to 
near-zero noise — and the objects vanish, while MINT still localises the exposed and hidden targets. This is the voxel-count-driven instability that fixes the 
operating grid of PoCA/MLEM in every benchmark.

Nuclear Inst. and Methods in Physics Research, A 1093 (2027) 171923 

7 



D. Pagano

Fig. 3. Small-object detection, 𝑥𝑧 slice at 𝑦 = 0 through both object rows, with all methods shown on the same 5 cm grid for a visually fair comparison. The 
5 cm voxelisation of MINT is for display only: every quantitative metric in this paper uses MINT as the continuous field (here resampled by sub-voxel mean, 
as in Fig.  2; logarithmic colour scale). From top: ground truth, PoCA, MLEM, MINT. White squares mark the high-𝑍 targets (full sides 10/6/4/3/2/1 cm); the 
exposed row sits in air (𝑧 = −60 cm), while the hidden targets are centred inside 30-cm-side steel cubes (dotted orange, 𝑧 = +60 cm). Even at the same voxel 
size, MINT yields compact, low-noise object voxels over a clean background, whereas PoCA is dominated by speckle and MLEM by per-voxel noise.
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Fig. 4. Detection outcome for the twelve targets. Left : detection matrix (green = detected, red = missed) under the 0.5% background-voxel-exceedance criterion.
Right : number of objects detected per method, split into exposed and hidden. MINT detects 10∕12 (5 exposed, 5 hidden) versus 4∕12 for both PoCA and MLEM.

Fig. 5. Threshold sweep for the twelve-target detection task: objects detected versus background-voxel exceedance fraction, obtained by sweeping the per-medium 
detection threshold over the background quantiles (same detection statistic and backgrounds as Fig.  4; the dotted line marks the 0.5% operating point used in 
the text). MINT dominates PoCA and MLEM over the entire range.

Nuclear Inst. and Methods in Physics Research, A 1093 (2027) 171923 

9 



D. Pagano Nuclear Inst. and Methods in Physics Research, A 1093 (2027) 171923 
Table 2
Pixel-wise reconstruction metrics on the 12.5 cm 𝑥𝑧 voxel slice of the Geant4 
mine-tunnel benchmark: log-domain (RMSE, bias, Spearman, SSIM) and linear-
domain (𝜆 in cm−1) errors. Bold: best per column.
 log10 𝜆 domain Linear

 Method RMSE Bias Spearman SSIM RMSE𝜆 Bias𝜆  
 PoCA 1.895 −0.371 0.274 0.030 9.635 5.354 
 MLEM 1.070 −0.416 0.358 0.133 0.440 0.066 
 MINT 0.413 +0.113 0.470 0.612 0.164 0.009 

3.2.2. Results
The quantitative comparison is performed on the 𝑥𝑧 mid-plane slice 

(𝑦 = 0) at 12.5 cm grid spacing (grid 80 × 64 × 32), shown in Fig.  6.
For the log-domain metrics, the scattering-density field is trans-

formed as 
 (𝜆) = log10

[

clip
(

𝜆, 10−4, 1
)]

, (29)

where 𝜆 is expressed in cm−1, so the lower and upper clipping bounds 
are 10−4 and 1 cm−1, respectively. The same transformation is ap-
plied to the ground truth and to every reconstruction; we denote the 
resulting arrays by 𝐺 =  (𝜆GT) and 𝑅 =  (𝜆rec). The linear-domain 
RMSE and bias are computed directly from the untransformed, un-
clipped scattering-density fields. The clipping in Eq. (29) is applied only 
to the log-domain metrics. We report four complementary pixel-wise 
quantities: the root-mean-square error 

RMSE =
√

⟨(𝑅 − 𝐺)2⟩, (30)

which measures the error magnitude; the mean bias ⟨𝑅−𝐺⟩ (systematic 
over- or under-estimation); the Spearman rank-correlation coefficient, 
which measures monotone agreement and is robust to the logarithmic 
scaling; and the structural similarity index SSIM [42], which measures 
local agreement in luminance, contrast, and spatial structure.

Table  2 shows that MINT gives the closest overall agreement with 
the ground truth, winning every metric. In the log domain it more 
than halves the RMSE of MLEM (0.413 vs. 1.070) and cuts the absolute 
bias by a factor of almost four (+0.113 vs. −0.416, the negative MLEM 
value reflecting a systematic underestimation of the scattering density). 
At the same time it raises the Spearman correlation (0.470 vs. 0.358) 
and the SSIM (0.612 vs. 0.133), so the gain is not confined to the 
global intensity scale but extends to the spatial organisation of the 
reconstructed structures. In the linear domain, which instead weights 
the dense ore bodies, MINT again more than halves the RMSE of MLEM 
(0.164 vs. 0.440 cm−1). PoCA gives the largest RMSE in both domains 
and a large positive bias in the linear one, consistent with the diffuse 
high-𝜆 speckle that dominates its slice.
Ore-body detection. Following the criterion of Section 3.1, a body is 
counted as detected when its peak reconstructed 𝜆 exceeds the 99.5th 
percentile of the reconstructed 𝜆 over the rock background (a 0.5% 
background-voxel exceedance fraction per method). At 12.5 cm all 
three methods recover the five largest bodies, down to the 𝑟 = 15 cm 
(30 cm diameter) cylinder. Of the three smallest bodies (𝑟 = 10, 7, 5 cm), 
only the 𝑟 = 10 cm one (20 cm diameter) is detected, and only by 
MINT — the sole method to raise a significant excess above the rock 
background there; PoCA and MLEM miss all three. The 𝑟 = 7 cm body 
(14 cm diameter) is faintly visible in MINT’s reconstruction panel but 
does not clear the detection threshold: at 𝑟 ≤ 7 cm the cylinders are 
comparable to or smaller than the voxel size and embedded in 4 m of 
rock, so their per-track scattering excess is diluted below the noise floor 
at this track budget.

3.2.3. Resolution stress test
As in the small-object study (Section 3.1), refining the reconstruc-

tion grid at a fixed track budget exposes the Fisher-information deficit 
of the voxel methods: from 12.5 to 6.25 to 3.125 cm the voxel count 
10 
Table 3
Resolution stress test on the Geant4 mine-tunnel slice: Spearman correlation 
and log-RMSE as the grid is refined at a fixed 1.6 × 106-track budget. Bold: 
best per row block.
 Voxel 𝑁∕𝑉 PoCA MLEM MINT 
 Spearman ↑
 12.5 cm ∼10 0.274 0.358 0.470 
 6.25 cm ∼1.2 0.291 0.163 0.445 
 3.125 cm ∼0.15 0.073 0.043 0.430 
 log-RMSE ↓
 12.5 cm ∼10 1.895 1.070 0.413 
 6.25 cm ∼1.2 2.671 2.271 0.435 
 3.125 cm ∼0.15 2.979 2.691 0.450 

grows ×8 at each step, so the track budget per voxel, 𝑁∕𝑉 , falls from 
∼10 to ∼0.15. 𝑁∕𝑉  equals the mean per-voxel vertex count of PoCA; 
the mean per-voxel crossing count relevant to MLEM is larger (∼310, 
∼78 and ∼20 at the three grids) and falls only with the transverse 
voxel area, but the information carried by each crossing falls with 
the squared chord length inside the voxel, so MLEM’s per-voxel Fisher 
information degrades even faster — as the fourth power of the voxel 
side (Section 5). Table  3 reports the structural fidelity (Spearman) and 
log-RMSE across the sweep.

As the grid is refined, MLEM collapses toward per-voxel noise: its 
Spearman correlation falls from 0.358 to 0.043 (structure essentially 
lost), and PoCA likewise drops to 0.073. MINT degrades far more grace-
fully, retaining a Spearman of 0.430 at 3.125 cm, so its advantage over 
MLEM widens from ×1.3 at 12.5 cm to ×10 at 3.125 cm; in log-RMSE 
it stays a factor of 2.6 to 6.6 better than the voxel methods across the 
sweep. MINT is remarkably close to scale-invariant here — its log-RMSE 
grows only from 0.41 to 0.45 across the sweep — because the shared 
hash-grid parameterisation keeps the reconstruction coherent where 
the per-voxel estimators starve, the same continuous-representation 
dividend analysed in Section 5. Fig.  7 makes this divergence visually 
explicit: across the three grids MLEM dissolves into per-voxel speckle 
while the MINT panels keep the ore horizon coherent.

4. Experimental validation on real detector data

The two benchmarks above are simulation-based. To verify that 
MINT’s advantages survive contact with real detector data (non-
Gaussian instrumental resolution, imperfect alignment, unknown per-
track momentum, etc.) we conclude with a reconstruction of an exper-
imental dataset acquired with the INFN Padova large-volume muon-
tomography prototype presented in Pesente et al. [29]. A subset of data 
used in that work was kindly provided by the authors.

4.1. Apparatus, dataset, and track selection

The prototype [29] consists of two spare CMS Muon Barrel drift 
chambers of 300 × 250 cm2 active area and ∼200 μm single-hit resolu-
tion, mounted horizontally with a 160 cm vertical gap. Each chamber 
measures one projection (the 𝛷 view) with eight points from its two 
outer superlayers and the orthogonal projection (the 𝛩 view) with four 
points from the central superlayer. As shown in Fig.  8, six material 
samples — Al, Fe, brass, Cu, Pb and W cubes of ∼10 cm side — rest 
on a light support inside the gap, spaced by about 25 cm, spanning 
nominal scattering densities 𝜆0 = 0.11–2.7 cm−1 (Table 1 of [29]).

We analyse a single run of 9.2 × 106 triggers. For each event we 
require a full-chamber (eight-point) 𝛷-view segment and a four-point 
𝛩-view segment in both chambers, with fit-quality cuts and the same 
|𝛥𝜗| < 0.5 rad fiducial cut adopted in the original analysis; 1.26 × 106

tracks survive.
Following the original analysis, which reconstructs ‘‘using the scat-

tering in the 𝛷-view alone, using the 𝛩-view only to determine the 
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Fig. 6. 𝑥𝑧 slice (𝑦=0) at 12.5 cm voxel spacing of the Geant4 mine-tunnel benchmark (1.6 × 106 tracks). Panels: ground truth (top-left), PoCA (top-right), MLEM 
(bottom-left), MINT (bottom-right, this work). Log-scale colour map spans 10−3–2 cm−1. The ore horizon (𝑧 = +80 cm; decreasing-radius cylinders, white circles) 
and the small air shaft (𝑧 = −120 cm, dashed circle) are resolved by MINT over a smooth, uniform rock background, whereas MLEM reproduces the bright ore 
amplitudes but with severe per-voxel noise spikes throughout the rock, and PoCA is dominated by diffuse speckle.

Fig. 7. Resolution stress test on the Geant4 mine-tunnel slice at a fixed 1.6 × 106-track budget. Top row: MLEM; bottom row: MINT; columns: 12.5, 6.25 and 
3.125 cm voxels (left to right), with the per-voxel track budget 𝑁∕𝑉  in each header and the Spearman correlation 𝜌𝑠 against the ground truth annotated in 
each panel. Refining the grid starves the per-voxel MLEM estimator, which collapses to noise (𝜌𝑠 from 0.36 to 0.04); MINT is nearly unaffected, keeping the ore 
horizon coherent (𝜌𝑠 from 0.47 to 0.43). Same colour scale as Fig.  6.
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Fig. 8. Six material samples — Al, Fe, brass, Cu, Pb and W cubes of ∼10 cm side — are placed between two CMS Muon Barrel drift chambers of 300 × 250 cm2

active area. Photo and data are kindly provided by the authors of Pesente et al. [29].
muon trajectory’’ [29], we do the same: the 𝛩 angle is far less pre-
cise (four points over a 3.9 cm lever arm, against eight points over 
27.5 cm in 𝛷). The real-data likelihood therefore uses the scalar angular 
deflection 𝛥𝜗𝛷,𝑖; the 𝛩 view is retained only to determine the three-
dimensional muon trajectory. All methods assume a fixed effective 
momentum (𝑝eff = 4 GeV/𝑐). For each method 𝑚, a single post-
reconstruction multiplicative factor 𝑐𝑚 is determined from the three 
medium-𝑍 samples (Fe, brass, and Cu), as in the original work, by 
imposing a unit mean reconstructed-to-nominal ratio, 
1
3

∑

𝑠∈{Fe,brass,Cu}

𝑐𝑚 𝜆̄𝑚,𝑠
𝜆nom𝑠

= 1. (31)

The same factor 𝑐𝑚 is then applied without further adjustment to Al, 
Pb, and W.

4.2. Reconstruction settings

MLEM is run on a 1 × 1 × 5 cm grid. The same single-𝛷 angular 
deflection and effective momentum are used, so both methods receive 
identical input information. PoCA is not shown: only 0.27% of the 
tracks place their closest-approach vertex inside the sample slab, so at 
any grid fine enough to resolve the samples the per-voxel occupancy 
falls below the minimum required by the median estimator — the same 
per-voxel starvation seen in Section 3.1. It should be noted that the 
LMIA algorithm used by Pesente et al. [29] is conceptually close to our 
MLEM implementation, differing primarily in the optimisation method 
employed to maximise the likelihood. Consequently, both techniques 
yield similar results.

For MINT, the encoder capacity is matched to the physical scale: 
with the default 16 hash-grid levels the finest levels (resolution
∼0.3 mm) are unconstrained between tracks and free to host sub-
centimetre artefacts that evade both the stochastic total-variation
probes and the quadrature of neighbouring tracks; truncating to 8 levels 
(finest ∼0.7 cm) removes them.

The per-track variance used in the real-data likelihood is 
𝜎2𝛷,𝑖 = 𝜎2𝜗(𝑇𝑖; 𝑝eff ) + 𝜎2det , 𝜎det = 9.1 mrad, (32)

where 𝜎𝜗(𝑇𝑖; 𝑝eff ) is given by Eq. (2). The detector term is estimated 
from air-only control tracks. Their 𝛷-angle distribution has a Gaussian 
core with 𝜎 = 3.4 mrad, whereas non-Gaussian tails increase the RMS of 
12 
Table 4
Calibrated sample-averaged scattering density 𝜆0 (cm−1) on real data, against 
the nominal values of Pesente et al. [29]. Fe, brass, and Cu set each 
method’s global calibration; Al, Pb, and W are independent. Ratios are re-
constructed/nominal.
 MLEM MINT (Gaussian)
 Sample 𝜆nom0 𝜆0 ratio 𝜆0 ratio  
 Al 0.11 0.162 1.47 0.121 1.10  
 Fe 0.57 0.724 1.27 0.664 1.16  
 brass 0.67 0.523 0.78 0.650 0.97  
 Cu 0.70 0.693 0.99 0.686 0.98  
 Pb 1.80 1.153 0.64 1.296 0.72  
 W 2.70 1.247 0.46 1.542 0.57  

the full distribution to 9.1 mrad. We conservatively use the latter as 𝜎det
to account approximately for these tails, the fixed-momentum approx-
imation, and residual track-reconstruction errors. The corresponding 
scalar single-𝛷 negative log-likelihood is 

− log(𝛷)
𝑖 = 1

2

[

𝛥𝜗 2
𝛷,𝑖

𝜎2𝛷,𝑖

+ log
(

𝜎2𝛷,𝑖

)

]

+ const. (33)

4.3. Results

Fig.  9 shows the horizontal plane through the sample centres for 
MLEM and MINT. All six samples are recovered at the correct positions 
(∼25 cm spacing) by both methods. Table  4 reports the calibrated 
sample-averaged scattering densities against the nominal values, which 
are also shown in the right plot of Fig.  9.

Four observations follow. First, MINT produces a much cleaner map: 
all six samples appear as compact, well-separated clusters over a near-
perfect background — including the weakly scattering Al cube, whose 
excess is comparable to the core angular resolution — whereas MLEM 
remains affected by per-voxel speckle and scattered outliers. Second, 
reconstructed scattering densities from MINT are closer to the nominal 
values than those from MLEM. Third, on the calibration samples MINT 
is internally more consistent than MLEM (mean absolute deviation 
from nominal 10%, against 17% for MLEM). Fourth, both methods 
underestimate Pb and W: this is the known non-linearity caused by the 
absorption of the low-momentum component of the cosmic spectrum in 
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Fig. 9. Experimental data (1.26 × 106 tracks): horizontal plane through the sample centres. Left: MLEM (1 × 1 × 5 cm voxels). Centre: MINT with the Gaussian 
single-𝛷 likelihood of Eq. (33), averaged on the same grid and transversely Gaussian-averaged over 1 cm. Right: calibrated sample-averaged 𝜆0 against the 
nominal values (Table  4). Dotted lines mark the six sample positions. All six samples, including the weakly scattering Al cube, appear as compact clusters over 
a near-perfect background.
dense samples, reported and explained in the original analysis of this 
apparatus [29], and without event-by-event momentum it is irreducible 
at the reconstruction level. The real-data validation thus confirms the 
qualitative conclusion of the Geant4 benchmarks: the continuous field 
matches the voxel baseline’s quantitative accuracy while producing 
markedly cleaner reconstructions.

To assess the sensitivity of the estimates to track sampling, we 
split the dataset into four disjoint quarter-statistics subsets and re-
peated the entire chain — reconstruction and per-method calibration 
— independently on each, the same procedure used in the original 
analysis [29]. The resulting dispersion is a descriptive whole-pipeline 
repeatability measure at one-quarter of the full statistics, covering 
track-sample and optimisation variability jointly. The median relative 
standard deviation of the calibrated 𝜆0 is 6% for MINT against 22% for 
MLEM, indicating that MINT is less sensitive to which tracks enter the 
reconstruction. This behaviour is consistent with the parameter sharing 
of the continuous field. Because only four subsets are available and 
each fit uses one quarter of the data, however, these dispersions are not 
confidence intervals and should not be interpreted as the uncertainty 
of the full-data estimates or as direct evidence of greater information 
per track.

5. Discussion

The two Geant4 benchmarks collectively show that MINT’s contin-
uous neural-field representation consistently outperforms both PoCA 
and MLEM in spatial resolution and material-contrast recovery, and 
the real-data validation of Section 4 confirms that these advantages 
survive genuine detector conditions. These statements are scoped to the 
standard, unregularised PoCA and MLEM implementations evaluated 
here, under the fixed-track-budget conditions of our benchmarks; they 
are not a universal claim about all voxel-based approaches. Regularised 
or Bayesian voxel variants [10,43] would temper the noise growth un-
der grid refinement, although not the underlying per-voxel information 
deficit; a systematic comparison with such methods, and with emerging 
learned reconstruction approaches, is beyond the scope of this work. 
Section 5.3 quantifies, conversely, how much of MINT’s own margin 
survives without its explicit regularisers. We now place these results in 
a broader context, examining the formal analogy with Neural Radiance 
Fields, the structural advantages of a continuous representation, and 
the current limitations of the approach.

5.1. Connection with NeRF

The mapping between the algorithm presented here and a standard 
NeRF [19] is intentionally tight. Table  5 summarises the correspon-
dence: in both frameworks a continuous field is parameterised by a 
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Table 5
Mapping between Neural Radiance Fields and the present algorithm.
 NeRF MINT  
 density 𝜎(𝒓) 𝜆(𝒓) = 1∕𝑋0(𝒓)  
 radiance 𝑐(𝒓,𝒅) — (not needed)  
 ray 𝒓(𝑡) = 𝒐 + 𝑡𝒅 muon path entry→exit  
 volume rendering integral line integral of 𝜆  
 photometric 𝐿2 loss MCS Gaussian NLL, Eq. (10) 
 camera image per-track (𝛥𝜗𝑥 , 𝛥𝑟𝑥 , 𝛥𝜗𝑦 , 𝛥𝑟𝑦)  

coordinate-based network, the observable is expressed as a differen-
tiable line integral of the field, and the parameters are fit by stochastic 
gradient descent on the log-likelihood of the observed samples. The 
two key differences are (i) the physical meaning of the field and (ii) 
the shape of the likelihood: in NeRF the likelihood is an 𝐿2 (or robust) 
photometric loss, in MST it is the analytic Gaussian of Eq. (10). Read 
in the more general framework of physics-informed machine learning 
[24], MINT is therefore a forward model whose ‘‘physics’’ is supplied by 
Highland’s MCS theory rather than by a PDE residual, and whose con-
straint enters through an analytic likelihood rather than a soft penalty. 
We stress that the correspondence is architectural, not physical: NeRF 
solves a view-synthesis problem in which the field is only a means 
of reproducing images, whereas MST is a genuine physical inverse 
problem — 𝜆 itself is the quantity of interest, there is no emission or 
occlusion model, and each ‘‘measurement’’ is a single stochastic draw 
from a scattering distribution whose variance, not amplitude, carries 
the signal.

5.2. Continuous-representation dividend

Across the benchmarks presented, MINT is the most accurate over-
all, leading on the structural, segmentation, and roughness-based met-
rics: it appear to be better at preserving coherent object geometry 
and at suppressing voxel-local fluctuations. The mechanism behind 
this stability — and behind MINT’s resilience precisely where MLEM 
degrades under grid refinement — can be made precise.

In MLEM, voxel estimates are coupled through the tracks that cross 
them: the predicted scattering covariance for track 𝑖 depends on the 
line integral 
𝑇𝑖 =

∑

𝑢
𝓁𝑖𝑢𝜆𝑢, (34)

where 𝓁𝑖𝑢 is the chord length of track 𝑖 through voxel 𝑢. Thus, each 
estimate depends on the other voxels crossed by the same tracks. 
A simple local scaling argument illustrates why the reconstruction 
becomes more noise-sensitive as the grid is refined. Neglecting inter-
voxel correlations, the information available for a cubic voxel of side 𝑎
scales approximately as 
 ∝ 𝑛 𝓁 2, 𝑛 ∝ 𝑎2, 𝓁 ∝ 𝑎, ⟹  ∝ 𝑎4, (35)
𝑣𝑣 𝑣 𝑣 𝑣 𝑣 𝑣𝑣
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Table 6
Single-knob ablations on the mine benchmark (12.5 cm protocol of Table  2). 
The fully unregularised model also reproduces the entire resolution sweep 
of Table  3 (Spearman 0.471∕0.444∕0.428 and log-RMSE 0.412∕0.435∕0.450 at 
12.5∕6.25∕3.125 cm, against 0.470∕0.445∕0.430 and 0.413∕0.435∕0.450 for the 
baseline).
 Configuration log-RMSE Bias Spearman SSIM RMSE𝜆 
 MINT (paper) 0.413 +0.113 0.470 0.612 0.164  
   no TV (𝛼 = 0) 0.412 +0.115 0.473 0.619 0.164  
   no bg prior (𝛽 = 0) 0.413 +0.116 0.470 0.618 0.163  
   no TV, no bg 0.412 +0.112 0.471 0.614 0.164  
   8 hash levels 0.417 +0.100 0.466 0.575 0.162  
   hash table 215 0.414 +0.098 0.466 0.557 0.173  
 MLEM 1.070 −0.416 0.358 0.133 0.440  
 PoCA 1.895 −0.371 0.274 0.030 9.635  

where 𝑛𝑣 is the number of tracks crossing the voxel and 𝓁𝑣 is their 
typical chord length inside it; the scaling assumes a smooth, approx-
imately uniform ray density. This argument is heuristic because the 
full uncertainty also depends on inter-voxel correlations, but it captures 
how refinement at a fixed track budget reduces both the number of 
crossings and the sensitivity per crossing.

For PoCA, which assigns each event to a single reconstructed vertex, 
the expected per-voxel occupancy instead scales approximately with 
the voxel volume, 𝑛PoCA𝑣 ∝ 𝑎3, provided that the PoCA vertex density 
is locally smooth.

The neural field breaks this per-voxel isolation by sharing its hash-
table parameters 𝜃 across overlapping receptive fields. At hash level 𝓁
(grid resolution 𝑅𝓁), the feature vector stored at node 𝒏 enters 𝜆𝜃(𝒓)
for every 𝒓 in its trilinear support — a cube of side ∼ 1∕𝑅𝓁 — so the 
gradient that trains 𝒏 accumulates from all tracks crossing that cube, 
not from a single voxel. At coarse levels (𝑅𝓁≪𝑁vox) one node therefore 
pools far more tracks than any fine voxel, and its effective Fisher 
information per feature greatly exceeds 𝑣. Equivalently, information 
flows laterally from well-sampled to poorly-sampled regions through 
the shared parameters, at no additional computational cost. This is the
continuous-representation dividend.

The TV regulariser reinforces it: TV couples the field at each 
sampled point to its three forward Cartesian neighbours through the 
same network, adding an explicit smoothness prior that further damps 
independent per-voxel fluctuations at fine scales. MLEM lacks both 
MINT’s multi-scale parameter sharing and its explicit spatial prior. 
Although the voxel updates are coupled through the line integrals of 
shared tracks, MLEM assigns one independent parameter to each voxel 
and has no learned representation that pools gradients across neigh-
bouring locations. Consequently, MINT’s advantage widens exactly in 
the noise-limited, fine-resolution regime, where finer grids expose the 
voxel methods’ Fisher-information deficit while leaving the neural-field 
estimator essentially unaffected. Consistently, the slice comparisons 
show this advantage most clearly in the structural, linear-domain, and 
dense-object metrics.

5.3. Regularisation and architecture ablations

To disentangle the contribution of the explicit regularisers from 
that of the continuous representation itself, we retrained the mine-
benchmark model with every training choice held fixed (full Highland 
likelihood, learning rate, schedule, seed) and a single knob ablated at 
a time: the total-variation term removed (𝛼 = 0), the background prior 
removed (𝛽 = 0), both removed (fully unregularised), the hash pyramid 
halved (8 levels), and the hash table reduced sixteen-fold (215 entries). 
Table  6 reports the paper-protocol metrics.

In this single-seed comparison, the fully unregularised model is 
numerically very similar to the baseline on every reported metric. 
Because the field is continuous, the same trained model can be re-
evaluated at any grid; it also reproduces the full resolution sweep, 
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retaining Spearman 0.428 at 3.125 cm where MLEM falls to 0.043. 
These results are consistent with MINT’s margin over the voxel base-
lines arising primarily from the shared continuous representation and 
the per-track likelihood, but they do not establish statistical equiva-
lence between configurations without repeated optimisation seeds. In 
particular, the log-determinant is part of the likelihood normalisation 
and ensures a finite per-track optimum; it is not a spatial regulariser. 
On the mine benchmark, the explicit TV and background terms have 
little effect on the reported metrics. Their specific contribution to the 
visual cleanliness of the real-data reconstruction was not isolated by 
this ablation and is therefore not inferred here. Likewise, halving the 
encoder pyramid or shrinking the hash table sixteen-fold changes the 
metrics by at most a few percent in this single-seed comparison.

For completeness we report the computational cost, taking the mine 
benchmark (1.6 × 106 tracks; Apple M3 Max laptop) as a representative 
example of the typical running times. Reconstruction: PoCA takes a 
few seconds; on CPU, MLEM takes ∼12 minutes for 120 iterations; 
MINT training takes ∼40 minutes on the integrated GPU for the 4 500
iterations of the mine model and 15 s to evaluate the trained field 
on the full grid. The memory footprint is modest: 16.8 M parameters, 
0.17 GiB of allocated GPU tensors during training, and 104 MB for 
the track tensors. Because each iteration draws a fixed mini-batch, 
training time is set by the iteration count, not by the dataset size; the 
track tensors grow linearly at ∼65 MB per million tracks, while MLEM’s 
per-iteration cost itself scales linearly with the track count.

5.4. Limitations and extensions

The straight-line forward model of Eq. (21) is the single largest 
source of model bias. Its magnitude can be estimated: conditioned on 
the measured entry and exit points, the r.m.s. transverse excursion of 
the true trajectory from the chord scales as 𝜎⟂ ≃ 𝜗0𝐷∕

√

48, where 𝜗0 is 
the total projected scattering angle and 𝐷 the tracker separation [44]. 
For the strongest-scattering tracks of the container benchmark (𝜗0 ≈
25 mrad through the 30-cm-side steel cube and its central target, 𝐷 =
2.6 m) this gives 𝜎⟂ ≲ 1 cm — comfortably below both the 5 cm 
working voxel and the shield size, so the residual error mainly blurs the 
attribution of scattering within the object neighbourhood rather than 
the detection itself. Because 𝜎⟂ grows linearly with the accumulated de-
flection, the approximation degrades for very thick, strongly scattering 
geometries, which we address below. The same chord approximation 
underlies PoCA and MLEM, so the method comparison is unaffected. A 
natural improvement is the Brownian-bridge path integral, in which the 
actual muon trajectory is sampled from the Gaussian process consistent 
with the entry and exit four-momenta and the line integral (1) is 
averaged over 𝐾 such sample paths. The estimator remains unbiased 
and differentiable through the reparameterisation trick.

A natural extension of the single-field architecture presented here 
is a multi-modal backbone in which the same hash-grid encoder feeds 
independent output heads for different physical observables (e.g. the 
inverse radiation length 𝜆 for muon scattering and a gamma-emission 
rate 𝑠 for spontaneous fission sources). Because the heads share a com-
mon spatial feature representation, structure resolved by one modality 
is implicitly transferred to the other, enabling material discrimination 
that neither channel alone can achieve.

The hash encoding may exhibit grid-aligned artefacts in regions 
of extremely sparse data; mitigation strategies inspired by the Mip-
NeRF family [45,46] — in particular conical-frustum sampling and 
distortion losses — translate directly to the present setting and are 
a promising avenue of investigation. Implicit-surface variants such as 
VolSDF [47] provide an alternative route that swaps the density-style 
field for a signed-distance function and may improve the sharpness of 
high-𝑍/low-𝑍 interfaces by representing them explicitly as zero-level 
sets.
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6. Conclusion

We have presented MINT, a differentiable neural-field framework 
for muon scattering tomography, in which a continuous inverse-
radiation-length field 𝜆(𝒓) is reconstructed by minimising the analytic 
Gaussian log-likelihood of per-track angular and lateral observables 
prescribed by Highland’s MCS theory. A multi-resolution hash encoding 
makes training fast on commodity hardware, and the closed-form MCS 
covariance avoids any matrix decomposition.

Validated on two Geant4 benchmarks spanning nuclear security and 
geophysical surveying, and on real detector data, the method shows 
scenario-dependent behaviour explained by a single mechanism: the 
neural field is regularised globally and continuously, while MLEM 
assigns one independent parameter to each voxel, without a shared spa-
tial representation and becomes increasingly sensitive to local sampling 
noise as resolution increases. In a small-object detection study inside 
a full-scale ISO-like 20-foot container (twelve high-𝑍 cubes 10–1 cm, 
exposed in air and concealed inside 30-cm-side steel cubes), at a fixed 
0.5% background-voxel exceedance fraction MINT detects 10 of 12 
objects — every exposed target down to 2 cm and five of six concealed 
targets, including a 1 cm tungsten cube hidden in steel — against 4 
of 12 for both PoCA and MLEM; and when the reconstruction grid 
is refined at a fixed track budget PoCA and MLEM degrade sharply 
(PoCA collapsing to isolated vertices, MLEM starving per voxel) while 
MINT continues to localise the targets. In a Geant4 mine-tunnel survey 
phantom (1000 × 800 × 400 cm, 1.6 × 106 tracks through a granite 
matrix with a small air shaft and a decreasing-radius ore horizon 
spanning 𝜆 = 0–1.65 cm−1), voxel-array metrics from the 12.5 cm 
slice show that the neural field gives the best overall agreement with 
the ground truth: the log-domain RMSE is 0.413 for MINT, compared 
with 1.070 for MLEM and 1.895 for PoCA, and the linear-domain 
RMSE is 0.164 cm−1, compared with 0.440 and 9.635. Under grid 
refinement at a fixed track budget the per-voxel estimates of PoCA 
and MLEM degrade toward noise (Spearman correlation falling below 
0.08 at 3.125 cm) while MINT retains structural fidelity (Spearman 
0.43), widening its advantage from ×1.3 to ×10. Finally, the method was 
validated on real data from the INFN Padova large-volume prototype 
(1.26 × 106 cosmic-ray tracks through six material samples from Al to 
W): MINT with a Gaussian single-𝛷 likelihood locates all six samples at 
the correct positions over a markedly cleaner background than MLEM 
and with slightly better reconstructed scattering densities.

The framework is ready for refinements toward full path-integral 
forward models, multi-modal extensions, learned priors, and GPU-
accelerated training for near-real-time operation.
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