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Abstract: While the design of a cryostat is being developed, one of the most relevant sub-
systems is the internal supporting system that sustains the cooled component. According
to the literature, the arrangement and number of supports chosen often result in a multi-leg
over-constrained architecture. These are usually studied by means of finite element analysis
tools alone, which makes studies like the optimization of supporting systems computa-
tionally expensive. This paper proposes a more structured and general analytical model
compared to the existing models for this application. The proposed lumped parameter
model allows designers to study the influence of external loads, pre-load, and cool-down
on stress levels and deformation status of the supports of the cryogenic device as well as
the consequent misalignment of the cooled component. The general lumped parameter
model for n tie-rods of different shapes, dimensions, and materials is proposed. Two
particularized models of eight and eleven supports are validated by comparing the results
with those from standard finite element analysis software. Results show that the proposed
model has a strong agreement with finite element simulations, and the median of relative
errors is about 1.4%. This accuracy is obtained for models of randomly arranged supports,
which proves the effectiveness of the model in predicting results even for non-symmetrical
support configurations. Comparable and accurate results are obtained, which are about
130 times faster than in finite element analysis, thus proving the effective reduction in com-
putational cost. Additionally, the proposed code lets designers change input parameters in
a quicker and reliable way.

Keywords: cryostat; supporting system; analytical model; over-constrained

1. Introduction
One of the most important sub-systems of a cryostat in a cryogenic device [1,2] is its

supporting system. This system must be able to sustain heavy masses while limiting the
heat flux to a cooled component. The arrangement, number, dimensions, and material
of the supporting elements must be defined during the design of the supporting system.
The optimization of the arrangement of supports allows us to meet accuracy/mechanical
resistance requirements and minimize heat flux to the cold mass. For instance, changing
the arrangement of supports allows us to reduce support internal actions due to external
loads, differential thermal contraction, pre-load, etc. The reduction of internal actions
allows the designer to size smaller support transversal sections (having fixed a minimum
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safety factor), effectively minimizing heat flux and, thus, operational costs for the cryogenic
cooling system.

With regard to supporting systems of cryogenic devices found in the literature [3],
which are mostly based on an over-constrained tie-rod architecture and have been used
for superconducting magnets in the physics research field [4–9] as well as for the Medical
applications [10], a mathematical model has been proposed to evaluate only the internal
loads in the particular case of an eight symmetric supporting system [11]. Over-constrained
systems, unlike exactly constrained ones, require additional equations with respect to
classic equilibrium equations in order to calculate reaction forces and displacements of
points in the system. As highlighted from the previous literature review [3], all of the
systems appear to have been studied only by finite element analysis (FEA) [12] approaches
to evaluate the loads and displacements necessary for design choices such as materials and
dimensions of the supports. Only one mathematical model has been proposed to evaluate
the internal actions on supports of an eight symmetric supporting system in a cryostat [11].
A comprehensive review of the over-constrained parallel mechanisms [13], which were used
for different applications, describes different methods to solve the statically indeterminate
system associated to a parallel mechanism under external loads. However, the contribution
of a thermal gradient on the supports is not considered. This is of paramount importance
for the application of passive parallel mechanisms studied in this article.

This work proposes a generic semi-analytical model of the supporting system of a
cryogenic device supported by any number of tie rods (n ≥ 6). It improves from the
previous models, which are limited by the symmetry of the architecture and the number
of rods being considered, and fills the knowledge gap with a more structured study and
general model. This model takes the dimensions, material, and the generic arrangement of
the tie rods as input. The model enables us to calculate the internal loads for all supports and
the displacement (all six DOF) of the cryogenic device as an effect of a generic external load
(Fx, Fy, Fz, Mx, My, Mz), pre-load on each support, and vacuum and thermal contraction
due to cool-down. These results are usually achieved, thanks to FEA. Optimization and
sensitivity analysis of such systems using a classic FEA is computationally expensive. The
model proposed in this work produces, in a computationally cheaper way, results that are
in strong agreement with those calculated by a popular and acknowledged software for
FEA. This model opens the possibility for designers to run extensive optimization routines
and comprehensive sensitivity analysis, helping us to better grasp the interplay of input
parameters and desired outputs.

The outline of the paper is as follows:

• The generic analytical model for any number of tie-rods is formulated in Section 2;
• The setup of validation simulations in two study cases of eight and eleven supports is

reported in Section 3;
• The results of the validation are discussed in Section 4;
• A particularized version of general equations is reported in detail in Appendix A;
• An example of the implementation of the code in Wolfram Mathematica [14] is given

in Appendix B;
• An example of the possible application of the code to a real study case is given in

Appendix C.

2. Lumped Parameter Model
Structurally, the essential components of a cryostat for a cryogenic device are the sup-

ports and the vacuum vessel (Figure 1). The model for the estimation of all displacements
and rotations of the cryogenic device in the space will be referred to as the Lumped Param-
eter error Model or simply LPM. For over-constrained supporting systems of cryogenic
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devices, the calculation of loads and displacements must take into account the contribu-
tions of both the vacuum vessel stiffness and the stiffness of supports. Classical loading
conditions require us to study the application of generic external loads, pre-load on the
supports, and internal stress due to cool-down and vacuum pressure inside the vessel.
The formulation of a model that implements the contributions listed above is given in the
following paragraphs.

Figure 1. Cryogenic device (gray) supported by eight supports (orange) joined to it by mean of
universal joints (blue) and to the vacuum vessel (pink) by mean of spherical joints (red).

The supporting system in Figure 1 is composed of n supports (a symmetric eight
support architecture is shown for simplicity). Each of the n + 1 bodies, one cold mass and
n supports, has six DOFs in the 3D space, the full system has therefore 6(n + 1) DOFs.
The Model is limited to the use of spherical or a combination of spherical and universal
joints at the end of each support. The choice of using only spherical and universal joints
results in a support that gets loaded only axially, which makes it convenient to limit stresses
and allows the designer to size a smaller cross section for the support, which, in turn,
reduces the heat flux to the cold mass. The use of spherical and universal joints simplifies
the model. Spherical joints lock the three translations of a body, while universal joints
lock three translations and one rotation. Other combinations of different joints would
introduce bending, shear, or torque in the supports. This system of joints is locking a total
of 3n + 4n = 7n DOFs, hence the system is n − 6 times over-constrained. Substituting n
universal joints with n spherical joints and lowering the number of DOFs locked to 6n does
not make the system exactly constrained. This is because the n DOFs that are freed are the
rotations of the supports around their longitudinal axis. The cryogenic device would still
have n − 6 missing equations to find all reactions.

The selected and commonly used method for the solution of over-constrained systems
is the Principle of virtual work [15], which equates the virtual work performed by internal
actions Wint to the one performed by external reactions Wext:

Wint = Wext (1)

Even if, theoretically, all internal actions contribute to the work, some contributions
can be eliminated because of considerations on the joints used: the only load that can
generate torque, shear, and bending moments on the supports is external acceleration (in
the example used is gravity). This contribution is negligible since the mass of supports is
orders of magnitude smaller than the mass of the cryogenic device. All internal actions on
the cryogenic device contribute minimally if the stiffness of the cryogenic device is much
higher than the stiffness of the supports. The remaining actions contributing to the internal
work are the eight axial actions of the supports.

The Principle of virtual work applied to over-constrained structures requires us to find
a compatible exactly-constrained structure where enough constraints are substituted with
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an equal number of variables. A total of n − 6 Xm variables are introduced to eliminate the
n − 6 extra constrains resulting in the compatible structure represented in Figure 2.

Figure 2. Compatible exactly constrained structure with over-constrained variables X1, . . . , Xm. In
purple are the supports where constraints have been substituted with over-constrained variables.

The Principle of virtual work requires us to find the internal actions for n − 5 cases of
the compatible structure, as clarified in the following list:

• One compatible structure, where only external loads are applied, which is used to
calculate N0: the vector containing internal actions on each support;

• n − 6 compatible structures, where the over-constrained variables Xm are applied one
by one as unitary loads, which are used to calculate NXm : the vector containing the
internal actions on each support.

A system of n − 6 equations must be written to calculate all n − 6 over-constrained
variables Xm. Each equation has the form of Equation (2).

n

∑
i=1

∫ Li

0
NXm ,i

(
N0,i + ∑n−6

p=1 XpNXp ,i

Ei Ai
+

δi
Li

− δP,i

Li

)
ds = Wext,Xm (2)

where δ and δP add the contributions respectively of the thermal differential contraction/
expansion (see Section 2.1) and the pre-load in terms of length adjustment. Additionally,
each support is described by a unique length Li, cross section Ai and material Young
Modulus Ei.

The axial actions due to over-constrained variables can be written as follows:

NXm ,i =


ÑXm ,i for i = 1, . . . , 6

1 for i = m + 6

0 Otherwise

(3)

all other components except for i ≤ 6 and i = m + 6 are null because the warm joints of
respective legs in the compatible structure are not constrained axially. The i-th leg with
i = m + 6 has a unitary load derived from the Principle of virtual work solving procedure.
The compatible and exactly constrained structure, which is composed of six supports, is
known in robotics as a hexapod. Equations developed in robotics [16] can be used to write
in a compact form equilibrium equations for the compatible structure and find the internal
actions on supports:

ÑXm = J−TFm (4)
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where Fm is the vector containing external forces generated by a unitary load with the same
application point and direction of Xm:

Fm = (−wm+6,−um+6)
T (5)

J is the geometrical Jacobian matrix [16] and can be expressed by following:

J =



w1x w1y w1z u1x u1y u1z
...

...
...

...
...

...
wix wiy wiz uix uiy uiz

...
...

...
...

...
...

w6x w6y w6z u6x u6y u6z


with

wi =
0Mi − 0Hi

∥0Mi − 0Hi∥
and ui = pi × wi

(6)

With reference to Figure 3, wi is the direction of a support element while pi is the
position of an arbitrary point on the support line and can be conveniently taken as pi = ri.
Note that J must be calculated on the compatible exactly constrained structure.

Figure 3. Scheme for the calculation of the geometrical Jacobian matrix.

Similarly, the following holds for the axial actions due to external forces:

N0,i =


Ñ0,i for i = 1, . . . , 6

0 for i = 7, . . . , n
(7)

with
Ñ0 = J−TFs (8)

the external work can be written as follows:

Wext,Xm = d · NXm (9)

where d is the vector containing the displacements at the warm end of each tie-rod with
di = −∆i · wi its components.

The different contributions to the warm joints displacement ∆i, which are the defor-
mation of the vacuum vessel due to the cold mass weight, the vacuum vessel’s own weight,
and the pressure difference between the exterior and interior of the vessel, are introduced
as follows:
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∆i = ∆CM,i + ∆OW,i + ∆V,i (10)

where the index “CM”, “OW”, and “V” are used to differentiate the displacement contribu-
tion given respectively by the cold mass weight, the weight of the vacuum vessel, and the
vacuum. The different terms of the warm joints displacement are calculated as follows:

∆CM,il = DCM,ilk

(
Nk

0 +
n−6

∑
p=1

XpNk
Xp

)
(11)

∆OW,il = DOW,ilkFk
g (12)

with Fg = (Cos(θ), Sin(θ)) the direction of gravity supposing the device rotates of θ from
a vertical position. ∆V,i is measured directly from FEAs while the compliance matrices
Dilk are defined in the same way as in the model developed by these same authors for an
exactly constrained system [17].

Once all Xm are known, the Principle of virtual work can be applied again to extract the
pose (position and rotation) e = (ex, ey, ez, θx, θy, θz) of the cryogenic device by solving six
independent equations of the form: Equation (13). Each equation requires us to calculate
the internal actions Nj on each support when a unitary force/torque is applied to the
compatible structure.

n

∑
i=1

∫ Li

0
Nj,i

(
N0,i + ∑n−6

p=1 XpNXp ,i

Ei Ai
+

δi
Li

− δP,i

Li

)
ds = d · Nj + ej = Wext,j (13)

where the internal actions Nj used for the calculation of the pose are found as follows:

Nj,i =


Ñj,i for i = 1, . . . , 6

0 for i = 7, . . . , n
(14)

and
Ñj = J−TFj (15)

where Fj,i = 1 for i = j and 0 otherwise.
An example implementation of the code in Wolfram Mathematica is given in

Appendix B.

2.1. Influence of the Differential Thermal Contraction

The thermal contraction of the cold mass and of the supports is introduced as a virtual
internal strain on the supports εT = δ/L. The thermal expansion δ originates from two
contributions: the contraction of the cold mass δCM and the contraction of the support δs

δ = δCM + δs (16)

Because the coefficient of linear expansion depends on the temperature, the integral
form of the coefficient is used to obtain the length of a rod at a given temperature LT :

LT − L293 = I(T)L293 (17)

The function of I(T) for different material can be found on [18]. This is, however, the
case of a rod that is initially at temperature T = 293 K and is cooled homogeneously at a
given temperature T. In the study case, this is not valid as there is a strong temperature
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gradient along the length of the supports where the cold end is at around 5 K and the warm
end at 293 K. Thus, an integral form of Equation (17) must be used:

δs =
∫ L

0
I(T(s)) ds (18)

The temperature along the length L of a rod with its extremities at temperatures T0

and TL can be found by solving the differential equations of Fourier’s law:

∂

∂s

(
k

∂T
∂s

)
+ q̇ = ρc

∂T
∂t

(19)

supposing the steady state
∂T
∂t

= 0 and that there are no heat sources within the support
q̇ = 0, Fourier’s law becomes:

∂k
∂T

(
∂T
∂s

)2
+ k

∂2T
∂2s

= 0 (20)

where k = k(T). Looking at the thermal conductivity of the possible materials for sup-
ports [18] their thermal conductivity appears to be proportional to

√
T so that k ≃ a

√
T.

Substituting in Equation (20) and solving the differential equations with boundary condi-
tions T(0) = T0 and T(L) = TL yields the following:

T(s) =

−
LT

2
3

0 − T
2
3

0 s + T
2
3
L s

L

 2
3

(21)

The real function T(s) is written in a piece-wise form because of the presence of an
intermediate thermalization Tth of length Lth between the warm Ta and cold Tc parts of the
support of lengths Lw and Lc, respectively:

T(s) =



−
LwT

2
3

a − T
2
3

a s + T
2
3

ths
Lw


2
3

for 0 ≤ s < Lw

Tth for Lw ≤ s < Lw + Lth−
LwT

2
3

th − T
2
3

th(s − Lw − Lth) + T
2
3

c (s − Lw − Lth)

Lc


2
3

for Lw + Lth ≤ s ≤ L

(22)

Codes of numerical integration can be used to integrate Equation (18) with Equation (22)
to obtain δs.

If the contraction of the support and the contraction of the cold mass are in opposite
directions, then, due to the contraction of the cold mass, a support of nominal length should
stretch even more for the system to be in equilibrium. In equilibrium Le = ∥0Mi,c − 0Hi∥,
where Mi,c is the i-th cold joint position at the cold mass. In order to have a coherent math
δCM = L− Le, so that δCM + δs represents the total elongation that the support should reach
in equilibrium. Even if the contractions are in the same direction, the math is coherent with
this sign convention. The cold joint position at cold is calculated as follows Mi,c = Mi I(Tc).

2.2. Limitations of the Model

The model presented is limited to the calculation of axial internal actions only on the
supports, that must be joined to the vacuum vessel and the cold mass either by spherical
joints or one spherical joint and one universal joint. Although the model is capable of
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estimating compression loads and can be used not only for tie rods but also struts resisting
compression, instability phenomena such as buckling must be checked. In case of instability,
the displacements predicted by the model will not match the case studied.

3. Validation of the LPM
The LPM has been particularized to three study cases:

• An eight support arrangement for a generic device;
• An eleven support arrangement for a generic device;
• A possible application of an eight support arrangement for a superconducting

dipole with an application in the medical field of Hadron-therapy [19,20] is given in
Appendix C.

The particularized LPM has been validated by FEA by mean of Ansys® Workbench,
2022 R2. Linear static thermo-mechanical analysis has been simulated. The materials
used and loads applied and the boundary conditions of the model are explained in the
following paragraphs:

• Geometry:
Eight or eleven supports constitute the supporting system of a generic cryogenic device
Figure 4. The supports connect the cold mass to the external vacuum vessel. The
disposition of supports has been randomly generated to prove that the mathematical
model developed can be adapted to non-symmetrical configurations too. Eleven has
been chosen as an arbitrary number greater than eight (one of the most common
supporting architecture [3]).

Figure 4. Model used for the validation of the LPM. Eleven supporting rods attached to the vacuum
vessel and the cold mass. The model used for the validation of eight supports is the same as for the
eleven rods with three random rods suppressed. Images used courtesy of ANSYS, Inc.

• Material:
Temperature dependent coefficient of thermal expansion and thermal conductivity
of Stainless steel 304 [18] are being used to define the properties of the steel material
applied to supporting elements.

• Interactions
Spherical joints and bushing joints (general Ansys joints defined by stiffness param-
eters) have been used to simulate the joints between the supports and the vacuum
vessel or supports and cold mass. Both types of joints have been scoped to single nodes
on the surfaces of the bodies to join (see Figure 5). A short section of supports acts as a
stiffener (see Figure 5). This section is assigned with a 1000 times stiffer custom steel; it
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prevents the elements near the nodes scoped for the joints from deforming excessively.
Bushings are used to formulate a universal joint by defining the stiffness associated
with the degrees of freedom to lock between the nodes, a value of 1 × 109 N mm−1 is
assigned to stiffen the relative translations along x, y, and z (longitudinal axis of the
supports), and a value of 1 × 109 N mm/deg is assigned to the stiffness of rotations
around z.

Figure 5. Support stiffeners section and joint definition in ANSYS. Images used courtesy of AN-
SYS, Inc.

• Loads
To validate the general validity of the model, six different loading conditions have
been applied in this simulation: forces Fx, Fy, Fz and moments Mx, My, Mz are applied
separately in each of the six steps (Table 1). The vacuum of −0.1 MPa is applied to the
vacuum vessel’s internal surfaces. Pre-load has been applied by defining translation
joints and applying joint load as displacement (δ = 0.5 mm). Both vacuum and
pre-load are applied before step 1 together with Temperature stationary boundary
conditions of 22 ◦C on the vacuum vessel and −268 ◦C on the cold mass.

Table 1. Loading conditions for the validation models.

Step Fx Fy Fz Mx My Mz
kNkNkN kNkNkN kNkNkN kN mkN mkN m kN mkN mkN m kN mkN mkN m

1 5 0 0 0 0 0
2 0 5 0 0 0 0
3 0 0 5 0 0 0
4 0 0 0 0.4 0 0
5 0 0 0 0 2 0
6 0 0 0 0 0 2

Note that Mx is five times lower than other applied moments because otherwise, one support would buckle
under compression, rendering the results of the FEAs and LPM drastically different. Given that the scope of this
model is not to assess the position of a cryogenic device with supports in buckling conditions, the validation is
not impacted.

4. Results and Discussion
The evaluation of the accuracy of the pose (position and rotation) of cryogenic elements

and internal actions on supporting elements is of paramount importance to assess the
structural integrity and performance of machines operating at cryogenic temperatures. In
this section, we report the comparison of results of internal actions and pose as calculated
by the developed LPM model, which is benchmarked against FEA (simulation options
described in Section 3).
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Internal actions on supports are calculated from LPM using N0,i + ∑n−6
m=1 XmNXm ,i; the

values of all over-constrained variables Xm are calculated from Equation (2). The same
internal actions are evaluated from FEA by probing joint loads. As mentioned in Table 1,
loads are applied in six different steps of the simulation. The values calculated with the
LPM are in good agreement with those simulated by FEAs for both the eight and eleven
support study cases (Figure 6).

Tables 2 and 3 report values of internal axial load on each support for each load-
ing case simulated with FEA. Additionally, figures of merit such as the absolute error
Err = LPM − FEA and relative error %Err = |Err|/FEA ∗ 100 are calculated to express the
accuracy of the developed model with respect to FEA. The maximum absolute error found
is relatively low, about 360 N and 400 N if compared to a maximum force of 37 kN and
51 kN respectively for the eight and eleven supports study cases. Maximum absolute errors
occur for high values of the internal actions; therefore, the relative error is relatively small.
High relative errors (%Err = |Err|/FEA ∗ 100) can be found for those supports that are
minimally loaded; for example, on the seventh rod of the eight support supporting system
for the sixth load case. The two models, in this particular case, disagree by only 52 N in
absolute terms. The axial load is around 100 N for that support; thus, the relative error is
high. The same issue is highlighted for the eleven support supporting system (Table 3). In
this case rod 3 shows a very small disagreement of 7 N but on a nominal value of about
14 N, consequently the relative error is high. While sizing supports, the engineering focus
is more on the maximally loaded supports, where the model shows lower relative errors.
An overall figure of merit chosen to describe the accuracy of the model is, therefore, the
median of all relative errors (used from now on), which is about 1.1% and 1.4% respectively
for the eight and eleven support study case. This quantitatively confirms the very good
agreement of the model with FEAs. Although the accuracy slightly decreases with a larger
number of rods, the model can be judged as reliable.

(a) Eight supports. (b) Eleven supports.
Figure 6. Comparison of the force on each support between the LPM (cross) and FEA (circle).

The pose of the suspended cryogenic device has been calculated by means of the LPM.
The qualitative agreement with the LPM is reported in Figure 7. Tables 4 and 5 report the
values of all pose components for each loading case (see Table 1) as simulated by FEAs.
Similarly, as was performed for the axial force, the same tables report the absolute error
Err and relative error %Err. The maximum absolute error between the two models in
estimating the position of the suspended object is 13 µm and 26 µm, while for rotations is
52 µrad and 99 µrad. For the pose, there is the same issue in estimating the overall accuracy
of the model as for the internal actions. Specifically, a high relative error is shown for dy

during the sixth load case in Table 5. Here, the absolute disagreement between the two
models is very low: about 2 µm for a nominal value of 10 µm thus the high relative error.
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In a real application, displacements so small are fully within the required accuracy of the
system (order of 0.1–0.3 mm and 0.1–0.3 mrad) and are even outside of the sensitivity of
measurement instruments. Therefore, it has been chosen to characterize the accuracy of the
model again with the median of all relative errors calculated. Even though some high errors
appear in particular cases, the median of all errors is only about 0.6% and 1.4% respectively
for the eight and eleven support study cases, confirming for the pose a very good agreement
of the developed model with FEAs. The accuracy slightly decreases for the model with
eleven supports but is still accurate enough to be used in optimization processes, the
comparison of different material and dimensional solutions, and sensitivity analysis.

Table 2. Absolute and relative errors of internal actions on each support for the eight support
study case.

Step Rod 1 Rod 2 Rod 3 Rod 4 Rod 5 Rod 6 Rod 7 Rod 8

FEA (kN) 1 26.8 −6.2 −3.9 5.4 7.3 3.9 0.6 35.9
2 25.9 −4.2 0.9 2.7 7.2 9.2 −4.3 36.9
3 27.6 −6.8 −1.3 1.5 6.1 7.6 −4.0 34.6
4 28.1 −5.7 1.6 2.3 4.8 6.9 −0.4 35.8
5 28.7 −4.3 2.0 4.9 3.7 7.5 −2.6 34.8
6 30.4 −1.4 2.9 1.8 6.1 3.5 0.1 35.4

Err (N) 1 274.9 −79.6 0.7 21.2 −2.5 176 43 360
2 271 −75.3 −33.6 42.7 −10.2 173.5 62 352.4
3 273.5 −74.9 −28.2 41.5 −3.2 166.7 54.2 357.9
4 265 −76.7 −6.8 24.6 −6 172.7 47.5 347
5 269.6 −75.1 −21.9 35.4 −4.8 168.5 52.6 350.9
6 273.5 −78.4 −13.6 26 −7.2 177.7 51.6 350.6

% Err 1 1 1.3 0 0.4 0 4.5 7.6 1
2 1 1.8 3.7 1.6 0.1 1.9 1.5 1
3 1 1.1 2.2 2.8 0.1 2.2 1.4 1
4 0.9 1.3 0.4 1.1 0.1 2.5 13.3 1
5 0.9 1.8 1.1 0.7 0.1 2.2 2 1
6 0.9 5.5 0.5 1.5 0.1 5.1 61.9 1

The validation highlights the ability of the model to correctly estimate interesting
quantities such as loads and position of objects in a general way. The validation proves the
effectiveness of the model in predicting those quantities, even for support configurations
that are highly non-symmetrical.

Computational performances and system information are reported in Table 6 to facil-
itate reproducibility of results. The same machine has been used to run both LPMs and
FEAs using respectively Wolfram Mathematica and Ansys. The solution time by means
of the developed LPM code shows an improvement of about 130 times with respect to
currently widely used FEA software. Although the time cost of a single simulation of
144 s does not seem to justify the use of the mathematical model, optimization algorithms
based on the mathematical model can highly benefit from the time reduction. For example,
an optimization that analyzes 100,000 different configurations of 11 supports would take
2 days for the mathematical code and about 200 days for a classical FEA approach. Addi-
tionally, the mathematical model developed represents a way of crosschecking results of
FEA simulations that can be highly influenced by wrongly chosen simulation options and
boundary conditions.
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Table 3. Absolute and relative errors of internal actions on each support for the eleven support
study case.

Step Rod 1 Rod 2 Rod 3 Rod 4 Rod 5 Rod 6 Rod 7 Rod 8 Rod 9 Rod 10 Rod 11

FEA (kN) 1 18.2 4.6 0.0 −11.2 6.4 14.9 0.9 49.1 20.7 16.9 19.9
2 16.0 4.9 2.7 −10.9 8.3 18.0 −1.8 50.9 20.1 18.5 15.9
3 17.5 2.5 0.6 −12.4 7.3 16.6 −1.5 48.8 20.6 18.7 16.2
4 18.4 4.2 4.2 −12.7 5.3 16.8 1.4 49.9 20.8 18.5 17.9
5 17.9 5.4 3.9 −10.2 5.1 17.6 0.0 49.9 21.5 20.4 18.2
6 20.4 6.9 4.1 −12.6 7.6 14.1 2.2 49.3 18.8 19.6 18.5

Err (N) 1 177.4 −172.7 7.1 304.7 −75.2 −14 −7.5 −160.4 −296 −348 −377.3
2 183 −160.6 13.9 308.5 −92.4 −11.9 −2.5 −179.2 −296.1 −364.4 −382.4
3 174.3 −171.8 6.5 310.3 −64.1 −9.7 −0.9 −145.2 −292.7 −328.6 −374.5
4 177.9 −168.9 26.1 301.7 −84.6 −11.7 −14.6 −184.1 −304.3 −363 −383.3
5 178.3 −160.8 24.1 307.8 −92 −5.6 −13.4 −192.2 −300.6 −368.3 −383.8
6 188.4 −158.2 40.4 296.3 −97.2 −11.7 −15.6 −191.9 −298.9 −376.6 −393.3

% Err 1 1 3.8 51.4 2.7 1.2 0.1 0.8 0.3 1.4 2.1 1.9
2 1.1 3.3 0.5 2.8 1.1 0.1 0.1 0.4 1.5 2 2.4
3 1 6.9 1 2.5 0.9 0.1 0.1 0.3 1.4 1.8 2.3
4 1 4.1 0.6 2.4 1.6 0.1 1 0.4 1.5 2 2.1
5 1 3 0.6 3 1.8 0 34.8 0.4 1.4 1.8 2.1
6 0.9 2.3 1 2.3 1.3 0.1 0.7 0.4 1.6 1.9 2.1

(a) Eight supports. (b) Eleven supports.
Figure 7. Comparison of the pose (displacement and rotation) of the cold mass between the LPM
(cross) and FEA (circle).

Table 4. Errors for each DOF for the model with eight supports.

dx dy dz θx θy θz
Step mmmmmm mmmmmm mmmmmm mradmradmrad mradmradmrad mradmradmrad

FEA 1 0.86 −0.84 1.03 −8.23 −2.19 −3.7
2 0.48 −0.43 1.2 −8.46 −1.91 −3.48
3 0.55 −0.6 1.26 −8.53 −2.07 −3.7
4 0.61 −0.74 1.06 −6.72 −1.88 −3.35
5 0.56 −0.65 1.09 −7.24 −1.5 −3.39
6 0.61 −0.62 1.09 −6.39 −1.75 −2.42
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Table 4. Cont.

dx dy dz θx θy θz
Step mmmmmm mmmmmm mmmmmm mradmradmrad mradmradmrad mradmradmrad

Err 1 −0.011 0.013 −0.001 0.045 0.01 −0.016
2 −0.007 0.009 −0.004 0.052 0.006 −0.019
3 −0.007 0.01 −0.004 0.051 0.008 −0.017
4 −0.009 0.012 −0.002 0.046 0.007 −0.016
5 −0.008 0.011 −0.002 0.046 0.004 −0.017
6 −0.008 0.01 −0.003 0.048 0.006 −0.02

% Err 1 1.2 1.6 0.1 0.6 0.5 0.4
2 1.4 2 0.3 0.6 0.3 0.5
3 1.4 1.6 0.3 0.6 0.4 0.5
4 1.4 1.6 0.2 0.7 0.4 0.5
5 1.4 1.7 0.2 0.6 0.3 0.5
6 1.4 1.7 0.2 0.8 0.4 0.8

Table 5. Errors for each DOF for the model with eleven supports.

dx dy dz θx θy θz
Step mmmmmm mmmmmm mmmmmm mradmradmrad mradmradmrad mradmradmrad

FEA 1 0.52 −0.06 1.54 −8.06 −3.47 −2.21
2 0.33 0.2 1.57 −8.49 −3.37 −2.29
3 0.38 0.04 1.64 −8.56 −3.55 −2.48
4 0.38 −0.04 1.49 −6.7 −3.32 −2.04
5 0.37 0.04 1.5 −7.36 −3.12 −2.16
6 0.42 0.01 1.47 −6.7 −3.31 −1.46

Err 1 −0.008 0.002 −0.024 0.071 0.028 −0.018
2 −0.009 0.004 −0.024 0.072 0.032 −0.017
3 −0.008 0.003 −0.021 0.063 0.026 −0.022
4 −0.009 0.002 −0.025 0.092 0.03 −0.014
5 −0.009 0.003 −0.026 0.085 0.035 −0.015
6 −0.009 0.002 −0.026 0.099 0.031 −0.007

% Err 1 1.4 3.7 1.6 0.9 0.8 0.8
2 2.8 2 1.5 0.8 0.9 0.7
3 2.1 8.9 1.3 0.7 0.7 0.9
4 2.3 6.6 1.6 1.4 0.9 0.7
5 2.5 9 1.8 1.2 1.1 0.7
6 2.2 24.1 1.8 1.5 0.9 0.5

Table 6. System information and simulation time performances of the FEA and LPM.

OS Name Microsoft Windows 10 Pro
Version 10.0.19045 Build 19045

System Model HP Z4 G4 Workstation
Processor Intel(R) Xeon(R) W-2155 CPU @ 3.30 GHz, 3312 Mhz, 10 Core(s), 20 Logical Processor(s)

RAM 64.0 GB

Study case 8 supports 11 supports

Program Ansys 2022 R2 Build 22.2 Wolfram Mathematica 13.0 Ansys 2022 R2 Build 22.2 Wolfram Mathematica 13.0
Nodes 250,000 301,000

Elements 72,000 141,000
Time 144 s 1.1 s 177 s 1.19 s

RAM used 7.6 GB 9.32 GB
Cores used 10 10

5. Conclusions
This work proposed a generic semi-analytical model (LPM) of the supporting system

of a cryogenic device supported by any number of tie rods (rods with spherical joints at
each end or one spherical and one universal joint), in order to better structure and formalize
the analysis of supporting systems for this application. The model enables us to calculate
the internal loads for all supports and the displacement (all six DOF) of the cryogenic
device as an effect of the combination of a generic external load (Fx, Fy, Fz, Mx, My, Mz),
pre-load on each support, vacuum and thermal contraction due to cool-down, thus filling
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the knowledge gap of existing models either limited by the geometrical constrains or the
lack of assessment for the effect of thermal contraction.

Two study cases of the model for a support architecture of eight and eleven tie-rods
have been validated against the results obtained with a standard and acknowledged finite
element analysis (FEA) software running linear thermal–mechanical simulations. The
model in both study cases reproduce FEA results with a median relative error of 1.4%,
proving its efficacy in reproducing the results of standard software. The accuracy slightly
decreases, resulting in median relative error from 1.1% to 1.4%, with the increase in tie-rods
in the support architecture. Such results have been obtained for randomly arranged tie-rods,
which proves the validity of the model even for geometries that lack symmetry.

The model proposed in this work produces, in a computationally cheaper way, results
that are in strong agreement with those calculated by a popular and acknowledged software
for FEA. The run-time for a single run of the same simulation is 130 times faster than FEAs
run on the same machine. This is a considerable advantage especially in optimization
routines where months of FEAs can be transformed into days or hours.

This model opens the possibility for designers to run extensive and effective opti-
mization routines while searching through a wide solution space, which results from the
combination of material, dimensions and arrangement of supports. Additionally, the model
enables us to run computationally cheaper and more comprehensive sensitivity analysis,
which helps us to better grasp the interplay of input parameters and desired outputs.
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Appendix A. Particularization of LPM to Eight Supports
For the particular case of the LPM for a support architecture that uses eight equal sup-

ports, the system is twice over-constrained. A system of two equations (equal to the number
of over-constrained variables unknown) is written to solve for X and Y (Equation (A1)).
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
∫ L

0
NX ·

(
N0 + XNX + YNY

EA
+

δ

L
− δP

L

)
ds = Wext,X∫ L

0
NY ·

(
N0 + XNX + YNY

EA
+

δ

L
− δP

L

)
ds = Wext,Y

(A1)

The internal actions N0 given by an external load are calculated as follows:

N0i =


Ñ0i for i = 1, . . . , 6

0 for i = 7, 8
(A2)

where Ñ0 = J−TFs

Similarly, the axial reactions are written for the two virtual structures where each
hyperstatic virtual load is applied:

NXi =


ÑXi for i = 1, . . . , 6

1 for i = 7

0 for i = 8

(A3)

and

NYi =


ÑYi for i = 1, . . . , 6

0 for i = 7

1 for i = 8

(A4)

where

ÑX = J−TFXs and FXs = (−w7,−u7)
T

ÑY = J−TFYs and FYs = (−w8,−u8)
T

Once X and Y are known, the Principle of virtual work can be applied to extract the
pose (position and rotation) e = (ex, ey, ez, θx, θy, θz) of the cryogenic device by solving six
independent equations of the form: Equation (A5).

∫ L

0
Nj ·

(
N0 + XNX + YNY

EA
+

δ

L
− δP

L

)
ds = Wext,j (A5)

the internal actions used for the calculation of the pose are found as follows:

Nj,i =


Ñj,i for i = 1, . . . , 6

0 for i = 7, 8
(A6)

and
Ñj = J−TFj (A7)

where Fj,i = 1 for i = j and 0 otherwise.

Appendix B. Code Example
An example of the code programmed in Wolfram Mathematica 13.0 is given below.

This code provides only a basic example of the implementation of the code to obtain
the axial loads on each support and displacements of the suspended object given the
external loads (Fx, Fy, Fz, Mx, My, Mz), the pre-load δP in mm. The matrices governing the
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deformation of the vacuum vessel Dcm, Dow, Dv appear as variables, and their calculation is
explained in [17]. The calculation of the thermal contraction δ is left to the reader following
Equation (16).

(*number of tie rods*)
n = 11;
(*example of a 11 tie-rods geometry*)
geometry = {{{-184.1, 48.4, -87.5}, {-112.6, 173.4, -129.4}}, {{267.9, -75.8,

65.2}, {260.2, -224.6, 82.6}}, {{108.9, 4.1, 99.9}, {178.8, 59.9, 220.3}},
{{387.2, 83.2, 55.4}, {346.6, 124., 193.9}}, {{-360.8, 98.1, 19.5}, {-296.,
138.5, 148.6}}, {{-48.5, -57.4, 81.9}, {60.7, -113.5, 168.1}}, {{-254.7,
-67.7, 73.6}, {-234.6, -51.9, 221.4}}, {{-155.7, -56.8, -82.3}, {-243.1,
-178.2, -93.5}}, {{147.,95.7, -29.}, {173.2, 239.3, 5.5}}, {{-361.4, 5.9,
-99.8}, {-294., 68.1, -218.5}}, {{38.5, 77., 63.8}, {-58.1, 145.7, 155.8}}}

(*geometry of the compatible structure*)
ISOgeometry = Drop[geometry, -(n-6)];
directionM = Table[Normalize[Geometry[[i, 2]] - Geometry[[i, 1]]], {i, 1, n}];
(*input external forces components*)
Fs = {Fx, Fy, Fz, Mx, My, Mz};
(*calculates the forces for each support in the compatible structure*)
N0 = Join[Transpose[J[ISOgeometry]].Fs, ConstantArray[0, n - 6]];
(*calculates w_i*)
w = Table[Normalize[geometry[[i]][[2]] - geometry[[i]][[1]]], {i, 7, n}];
(*calculates u_i*)
u = Table[Cross[geometry[[i]][[1]], Normalize[geometry[[i]][[2]] - geometry[[i

]][[1]]]], {i, 7, n}];
Fm = Join[#[[1]], #[[2]]] & /@ Transpose[{w, u}];
(*support internal actions due to application of unitary loads due to over-

constrain variables*)
NXm = Table[Join[Transpose[J[ISOgeometry]].Fm[[i]], IdentityMatrix[n-6][[i]]], {i,

1, n-6}];
(*over-constrain variables*)
X = {X1, X2, X3, X4, X5};
(*Equation (2)*)
eq = Table[Nv[[j]].(N0 + X.NXm + δ RodStiffness - δP) == RodStiffness*Table[(Dcm.(

N0 + X.NXm))[[i]].directionM[[i]], {i, 1, n}].NXm[[j]] + RodStiffness*Table[(
Dow.{Cos[ang], Sin[ang]})[[i]].directionM[[i]], {i, 1, n}].NXm[[j]] +
RodStiffness*Table[Dv[[i]].directionM[[i]], {i, 1, n}].NXm[[j]], {j, 1, n
-6}];

(*solves the system of equations calculating the over-constrain variables*)
sol = NSolve[eq, X];
localX = X /. sol[[1]];
(*calculates internal actions on the real structure*)
forces = N0 + localX.NXm;
(*calculates disaplacements of the supported device Equation (13)*)
displcement = Table[1/RodStiffness*Join[Transpose[J[ISOgeometry]].IdentityMatrix

[6][[j]], ConstantArray[0, n-6]].(N0 + localX.NXm + δ RodStiffness - δP) -
Join[Transpose[J[ISOgeometry]].IdentityMatrix[6][[j]], ConstantArray[0, n
-6]].Table[(Dcm.(N0 + localX.NXm)[[i]].directionM[[i]], {i, 1, n}] - Join[
Transpose[J[ISOgeometry]].IdentityMatrix[6][[j]], ConstantArray[0, n-6]].
Table[(Dow.{Cos[ang], Sin[ang]})[[i]].directionM[[i]], {i, 1, n}] - Join[
Transpose[J[ISOgeometry]].IdentityMatrix[6][[j]], ConstantArray[0, n-6]].
Table[Dv[[i]].directionM[[i]], {i, 1, n}], {j, 1, 6}];

Appendix C. Real Application Example
Ion therapy is an established treatment for cancer. The beam necessary for treatment

is generated from ion sources and is accelerated either in a cyclotron or synchrotron to then
be delivered to the patient through the so-called “transfer line”. The transfer line can be
fixed horizontally, fixed vertically, or can rotate. In the last case, a robust machine called
“gantry” is necessary to support the transfer line during rotation (Figure A1).



Machines 2025, 13, 129 17 of 21

The implementation of superconducting technologies to steer the beam allows for
a reduction in the size of the system. However, the implementation of superconducting
technologies on a rotating machine is much more complex than the normal-conducting
counterpart. The supporting system of superconducting magnets must operate in a vacuum
and cryogenic environment in addition to the high cycle fatigue environment due to the
rotation of the machine.

The model proposed in this article can be used to support design decisions on the best
arrangement and material for supports to minimize displacements during the rotation of
the machine, which can negatively affect the treatment.

Figure A1. Overall 3D assembly of a proposed superconducting carbon ion gantry first analyzed
in [17].

Figure A2. Model used for the validation of the LPM. Distribution of temperature from the steady
state thermal analysis. Images used courtesy of ANSYS, Inc.

Appendix C.1. Problem Description

• Geometry:
Eight supports support the superconducting dipole inside the vacuum vessel
(Figure A2). The supports are positioned in a symmetric way in order to have a
self-aligning contraction of the system. Each support is connected to the vacuum
vessel and to the cold mass, respectively, by a spherical joint and a universal joint.

• Material:
Temperature dependent coefficient of thermal expansion and thermal conductivity
of Stainless steel 304 [18] are being used to define the properties of the steel material
applied to supporting elements.

• Interactions
Spherical joints and bushing joints (general Ansys joints defined by stiffness param-
eters) have been used to simulate the joints between the supports and the vacuum
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vessel or supports and cold mass. Both types of joints have been scoped to single nodes
on the surfaces of the bodies to join (see Figure 5). A short section of supports acts
as a stiffener (see Figure 5). This section is assigned with a 1000 times stiffer custom
steel, it avoids the elements near the nodes scoped for the joints to deform excessively.
Bushings are used to formulate a universal joint by defining the stiffness associated
with the degrees of freedom to lock between the nodes. A value of 1 × 109 N mm−1

is assigned to stiffen the relative translations along x, y, and z (longitudinal axis of
the supports) and a value of 1 × 109 N mm/deg assigned to the stiffness of rotations
around z.
Results of steady state thermal analysis have been used as imported loads in a static
structural study. Pre-load has been applied by defining translation joints and applying
joint load as displacement (δ = 0.5 mm). Acceleration has been added to simulate the
rotation of the assembly in the gravitational field. A negative pressure of 0.1 MPa has
been applied to the internal surfaces of the vacuum vessel to simulate the insulation
vacuum. A concentrated remote force of components (5, 2, 0)kN has been applied at
position (−700, 200,−300)mm to simulate an asymmetric response of the system to
ensure a more general validation of the model.

Appendix C.2. Results

The internal actions on each support have been probed at the joints for the FEA
and calculated by Equation (A1) for the LPM. The results for a series of positions of
the gantry are shown in the plot in Figure A3; points show the results of FEAs, dotted
lines are sinusoidal functions fitted to the FEAs results, and continuous lines are the
results of the LPM. The sinusoidal functions can be described by functions of the form
f (θG) = Vshift + A sin (θG + θ0) where Vshift is the average value of the function (force,
position, or orientation) during a full rotation of the gantry, A is the amplitude, θ0 the phase,
and θG the angular position of the gantry.

The plots demonstrate strong agreement between LPM and FEA results. The dif-
ferences between the two models are reported in Table A1, where they are separated by
differences in average force ∆V = Vshift,LPM − Vshift,FEA and differences in the force ampli-
tudes ∆A = ALPM − AFEA. The average force differs, in the worst case, by 0.73 kN between
LPM and FEA, which is about 0.83% of the average force of 87 kN measured from FEAs.
The force amplitudes differ, in the worst case, by 24.6 N or 0.77% in relative terms. These
values confirm a good accuracy of the LPM model, with respect to standard simulation
methods, to predict forces for an over-constrained architecture.

Table A1. List of absolute and relative errors on the forces for each support, calculated as difference
LPM − FEA. Errors are reported as differences between the means and amplitudes of the sinusoidal
functions (see Figure A3).

Support 1 2 3 4 5 6 7 8

Vshift,LPM 87.39 86.36 82.41 84.02 86.36 85.93 82.34 85.61 kN
Vshift,FEA 87.83 86.82 82.79 84.39 87.09 86.64 82.71 85.98 kN

∆V LPM − FEA 0.45 0.46 0.38 0.37 0.73 0.71 0.37 0.37 kN
∆V/FEA 0.51 0.53 0.46 0.44 0.83 0.82 0.45 0.43 %

Amplitude LPM 3.21 3.21 4.88 4.88 5.45 5.45 3.15 3.15 kN
Amplitude FEA 3.18 3.18 4.87 4.87 5.44 5.44 3.14 3.14 kN
∆A LPM − FEA 23.35 24.57 14.87 16.63 11.81 12.73 7.38 7.69 N

∆A/FEA 0.73 0.77 0.31 0.34 0.22 0.23 0.23 0.24 %
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Figure A3. Comparison of the force on each support between the LPM (continuous lines) and FEA
(points). Dashed lines fit the FEA data to show agreement where data points have not been simulated.

Table A2. List of absolute and relative errors on the pose calculated as difference LPM − FEA. Errors
are reported as differences between the vertical shifts (V-shift) and amplitudes of the sinusoidal
functions (see Figure A4).

DOF ex ey ez θx θy θz

Vshift,LPM 0.054 0.010 0.101 mm 0.016 −0.034 −0.029087 mrad
Vshift,FEA 0.058 0.010 0.100 mm 0.016 −0.032 −0.029085 mrad

∆V LPM − FEA hl4.065 0.073 0.789 µm 0.036 1.586 0.002143 µrad
∆V/FEA 7.045 0.754 0.789 % 0.219 4.904 0.007369 %

Amplitude LPM 0.067 0.132 0.058 mm 0.154 0.011 0.000187 mrad
Amplitude FEA 0.067 0.132 0.058 mm 0.154 0.011 0.000052 mrad
∆A LPM − FEA 0.303 0.661 0.318 µm 0.201 0.106 0.135 µrad

∆A/FEA 0.452 0.499 0.544 % 0.131 0.928 NR %

Figure A4. Comparison of the pose (displacement and rotation) of the cold mass between the LPM
(continuous lines) and FEA (points). Dashed lines fit the FEA data to show agreement where data
points have not been simulated.
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For this application especially, estimating the pose of the cold mass is of crucial
importance because a supporting system that is not stiff enough can be detrimental to the
quality of the cancer treatment to be delivered. Using the methods used in [17], the pose
(position and rotation) of the dipole is calculated from FEA results and then compared to
the one calculated with the LPM using Equation (A5). As was performed for the internal
actions, results of the pose simulations are shown in Figure A4, and quantitative differences
between the models are reported in Table A2. The LPM shows a very good qualitative
agreement with the FEA.

The differences in average position and rotation between the two models, in the worst
case, are about 4 µm and 1.6 µrad. The relative differences for average position and rotation
are respectively 7% and 4.9% of the absolute values calculated by FEAs.

Position and rotation amplitude absolute difference between the two models is respec-
tively 0.66 µm and 0.2 µrad. Relative differences are respectively about 0.54% and 0.93%.
As can be seen from Figure A4, the absolute amplitude of the rotation around z is almost
null. This results in a high relative percentage error when dividing the small absolute
difference (0.13 µrad) by an almost null value (0.052 µrad). This high value is non-relevant
for the assessment of the accuracy of the LPM.

These values are completely acceptable since the absolute values of 4 µm and 1.5 µrad
are much lower than the usual range of accuracy required for these machines (0.3–0.5 mm
and 0.3–0.5 mrad at 3σ). The model developed proves its efficacy in studying the application
case proposed, a single run of the model reproduces the pose of the cold mass during the
rotation of the machine (Figure A4). This gives more complete information about the
behavior of forces and displacements during rotation with respect to multiple locally
limited FEAs.
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