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Abstract. The paper discusses various regularity properties for solutions to a scalar,
1-dimensional conservation law with strictly convex flux and integrable source. In turn,
these yield compactness estimates on the solution set. Similar properties are expected
to hold for 2 x 2 genuinely nonlinear systems.

1. Introduction. Consider a strictly hyperbolic system of conservation laws in one
space dimension
us + f(u), = 0. (1.1)
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434 F. ANCONA ET AL.

It is well known that (II]) generates a Lipschitz continuous semigroup of entropy weak
solutions [4}[6H8|,[10L,12L15,23128,B1], on a domain of suitably small BV functions. The
later papers [111[35,36] constructed a semigroup on a domain of functions with large,
but finite total variation. In essence, these results show that the Cauchy problem has
a unique solution, which depends continuously on the initial data as long as the total
variation remains bounded.

Unfortunately, no general result is known about the global existence of BV solutions
with large data. On one hand, a counterexample by Jenssen shows that, for some strictly
hyperbolic systems, the total variation can blow up in finite time [33]. On the other
hand, no such example is known for any physical system endowed with a strictly convex
entropy. By the analysis in [2], the total variation of approximate solutions constructed
by the Godunov scheme can become arbitrarily large. More recently in [9] an example
was constructed of a piecewise Lipschitz approximate solution to the 2 x 2 system of
isentropic gas dynamics where:

e wave strengths across interactions are the same as in exact solutions,

e rarefaction waves decay, due to genuine nonlinearity,

e the only error is due to slightly wrong wave speeds,

e and yet, the total variation blows up in finite time.
This indicates that there is no fundamental obstruction to the finite time blow-up for
such system. Indeed, the issue of global boundedness vs. finite time blow-up of the total
variation seems to hinge on the particular order in which various waves can interact with
each other.

In view of the above remarks, one may try to study solutions to conservation laws in a
wider space of L! functions, without restrictions on the total variation. In this direction,
a major goal is to understand under which conditions the semigroup generated by a
system such as (L)) can be extended to a domain of L™ functions. At present, this is
known only in the scalar case [19,34], and for some special systems of Temple class [13],
or in triangular form [14]. We remark that, even in the case of 2 x 2 systems with initial
data having small oscillation, studied in the classical memoir by Glimm and Lax [29] (see
[5] for a shorter existence proof based on front-tracking approximations) the uniqueness
of solutions remains an elusive open problem.

For 2 x 2 systems, the main tool for constructing weak solutions with large data is
provided by compensated compactness, introduced by DiPerna in his famous paper [27].
While other existence theorems based on compactness rely on quantitative estimates on
the regularity of solutions (say, an a priori bound on a Hélder norm, a Sobolev norm, or
on the total variation), compensated compactness remains like a “black box”. Arguing by
contradiction, one establishes the existence of a solution, but without further information
on its uniqueness or qualitative properties. See [I8] for some of the few results in this
direction.

Aim of the present note is to discuss the possible regularity properties of L>° solutions
to hyperbolic conservation laws ([[LI]). Two main cases will be considered:

(1) Scalar balance laws with convex flux and integrable source:

u + f(u)e = g(t,z). (1.2)
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THE REGULARITY OF SOLUTIONS TO BALANCE LAWS 435

(ii) Strictly hyperbolic, genuinely nonlinear 2 x 2 hyperbolic systems of conservation
laws. For such systems, choosing coordinates (w1, ws) consisting of Riemann in-
variants, we observe that solutions to the system ([.I]) satisfy the nonconservative
system in diagonal form

w1, + A (w1, w2)w » 1,

(1.3)
wa + Ao (w1, w2)wa ; = o,

where 1, 2 are bounded measures, concentrated on the set of curves where
w1, we have jumps. By genuine nonlinearity, the characteristic speeds satisfy
My > 0, Mgy, > 0. We show that, when p; = po = 0, solutions to (L3) can
be constructed so that each component satisfies a one-sided Lipschitz estimate.
This suggests that solutions to (3) share similar regularity properties as the
solutions to the scalar balance law (L2).

The remainder of the paper is organized as follows. In Section ] we review some
regularity properties of scalar conservation laws with convex flux, and quantitative com-
pactness estimates. The examples presented in Section [3]show that solutions to Burgers’
equation with an integrable source, in spite of their compactness properties, can exhibit
a rather wild behavior. In Section [] we still consider solutions to a scalar balance law
with strictly convex flux and a source g € L'. Toward an alternative compactness es-
timate, we consider the number N(¢) of times that the solution profile u(t,-) crosses
up or down a given interval [a,b] € R. Some conjectures are discussed, bounding this
number of crossings. Section [ is concerned with solutions to the 2 x 2 strictly hyper-
bolic, genuinely nonlinear system of conservation laws ([I). We observe that, working
in Riemann coordinates, it is possible to define an auxiliary flow of piecewise Lipschitz
functions where each component satisfies one-sided Lipschitz decay estimates. In turn,
the entropic solutions to (LI can be approximated by periodically adding to this flow a
source term g, globally bounded in L!. This leads to the conjecture that L solutions to
(LI) may share the same regularity properties as solutions to scalar balance laws with
L! source.

2. The scalar balance law. In this section we consider a scalar conservation law
up + f(u)y = 0, (2.1)

where f is a smooth flux. It is well known [I9][34] that in this case there exists a semigroup
{Sy; t > 0} which is contractive in L!(R) and such that, for every initial datum

u(0,-) = @€ LY(R), (2.2)

the trajectory ¢ — wu(t) = Siu is the unique entropy weak solution of the Cauchy problem.

2.1. A family of positively invariant domains. Let A be a (possibly multivalued) non-
linear operator generating a contractive semigroup {Sy; t > 0} on a Banach space X.
As in [21], this means that each trajectory ¢ — u(t) = S;@ is the limit of a convergent
sequence of Backward Euler approximations for the abstract Cauchy problem

d _
%u(t) = Au(t), u(0) = a. (2.3)
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436 F. ANCONA ET AL.

In this setting, the paper [20] introduced a definition of “generalized domain” D for the
generator A, namely

D = {ueX; x(@) = sup M<+oo}. (2.4)

This consists of all initial data @ for which the trajectory ¢ — Siu is globally Lipschitz
continuous. Notice that, for the scalar conservation law (1)), we have

L'NnBV C D.

Furthermore, it was observed in [3] that a particular class of semigroup generators had
regularizing properties, as in the case of linear analytic semigroups.

Motivated by the theory of fractional powers of sectorial operators [30,37], together
with ([24]) for 0 < o < 1 we define the intermediate domains

Dy = {a €X; sup t|Su—ul < —i—oo}. (2.5)
<t<1

0

These contain all the initial data whose trajectories are Holder continuous with exponent
a. Recalling the definition of x (@) at ([2.4)), one can also consider the domains

D, = {a € X; sup t'7* x(Su) < —l—oo}. (2.6)

0<t<1

It is easy to check that 25,1 C D,, for any 0 < a < 1. Indeed, if u € 150” there exists a
constant C such that
x(Siu) < Ct*t for all ¢ > 0.

In addition, for every ¢,s > 0 there holds

HSt+sﬂ — StﬁH S S - X(St’a) S S - Ct(y_l. (27)
Choosing t, = 27%t, k = 0,1,2..., and applying 2.7) with s = t;, = 27%¢, we thus
obtain
o _ _ _ ko o C
IS —all < SIS0 - Syl < Yo = e O

k>1 k>1

In connection with the semigroup generated by a conservation law (1), we expect
that the definitions (28] or ([2:6) will identify some interesting, positively invariant sub-
domains.

In the following, we shall assume that the flux function f is strictly convex, so that

f'(u) > c >0 for all u € R. (2.8)

For convenience, in this section we shall consider solutions of ([Z1]) or (I.2]) within the
space of periodic functions, so that u(z + 1) = u(z) for all . This comes with the norm

sy, = [ futa)]do. (29)

Of particular interest is to understand the range of solutions to the balance law ([L2]),
where the spatially periodic source term g satisfies

llg(t, -)HL1 < C for all ¢ > 0. (2.10)
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THE REGULARITY OF SOLUTIONS TO BALANCE LAWS 437

We claim that, for every 7 > 0, the solution u(7, -) to (L2) lies in an intermediate domain
of the form (2.6), with o = 1/2.

PROPOSITION 2.1. Let the flux function f satisfy (Z8]). Consider a spatially periodic
solution u of (L2), where g satisfies (ZI0). Then for every 7 > 0 one has u(7) € Dy 5.

Proof. Let t — u(t) be any solution to (I2)), and fix 7 > 0. Using ([Z.I0) and the fact
that the scalar conservation law generates a contractive semigroup, for every € > 0 and

0 < § < T we obtain
||SEu(T) - U(T)|‘L11Jer < ||Sgu(7) — S Ssu(r — 5)HL11367‘+ ||5555u(7 —9) — Ssu(r — 5))HL1

per

+ HSgu(T —9) — u(T)HL1

per

< C6+¢e- x(Ssu(t —0)) + C6. (2.11)
By (ZI0) it also follows
le(r =)y, < llaly,, + O (2.12)

Moreover, if v(z) = (Ssu(T — §))(z), then v satisfies the one-sided Lipschitz estimate

T —

f(v(@) = f(v(y) < 3 for all z > y. (2.13)
Combining [212)) with (2I3]) we conclude
C
x() < 2 sup [f'(v(z))] < 2sur>{\f’(w)\; |w| < Hﬁ||L;w+CT}+§ < 71, (2.14)

z€[0,1]

for some constant C and all § €]0,1]. Inserting (ZI4) into (ZI1I) and choosing § = /2
one obtains the desired estimate:
|| Seu(r) —u(T)HL1 < Ce?ye. ?—/12—1—061/2.
per €
O

2.2. Quantitative compactness estimates. Consider again the balance law (I2]), in the
spatially periodic case.

If the flux function f is strictly convex, the semigroup S generated by the conservation
law without source is compact. More precisely, for every 7 > 0 and M > 0, the set

K, = {Sﬂj; lallws, gM}

is compact. Indeed, by (Z.8]), the Oleinik’s one-sided Lipschitz conditions yield

(S,@)(z) — (S,a)(y) < x;y for all z < y,

and hence, over the interval z € [0, 1],

2
Tot.Var.(S,a) < — for all .
cT
By the contraction property one has |[S-ully; < M. Therefore, for any € > 0 the set

of functions K, C L' can be covered by a finite number of balls in L! with radius e.
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438 F. ANCONA ET AL.

See [11[26] for more precise quantitative estimates on the number of balls needed for this
covering.

Here we observe that, for solutions to balance laws in L!(R), a relaxed version of the
one-sided Lipschitz condition remains valid, which is equally useful to achieve compact-
ness.

PROPOSITION 2.2. Let u = u(t, x) be a solution to the balance law (2, assuming that

ffluy2e>0, gt Mg < G (2.15)
for all u,t. Then, for every T' > 0 and € > 0, there exists a subset V. C R, with
meas(V.) < Ce'/2, (2.16)
such that
W(T,y) — u(T,z) < 2692 4 % for all 2,y ¢ Ve, & < y. (2.17)

Proof. Given T > ¢ > 0, let v be the solution to the conservation law without source
v+ f(v)z = 0, (T —e,z) = uw(T —e¢,x). (2.18)

The second inequality in (215 implies
|o(T) —u(T)||pr < Ce. (2.19)

Calling
Ve = {x ER; |u(T,z) — u(T,z)| > 51/2},

by (ZI9) it follows (2.16)).
Next, for z,y ¢ V., © < y, by Oleinik’s inequality and the triangle inequality we
conclude
wW(T,y) —u(T,z) < 2+o(T,y) —v(T,z) < 22Y2 4+ 42
ce

O

3. Examples of solutions to scalar balance laws. Throughout this section we
consider Burgers’ equation with an integrable source term:

uy + (%)I = g(t,x), u(0, ) = u(z) € LY(R). (3.1)

As remarked earlier, relying on Oleinik’s inequalities one obtains good compactness es-
timates on the set of all solutions. Yet, the examples collected in this section show that
these solutions can be quite wild.

ExXaMPLE 3.1. We start with an elementary example showing that the total variation
of a solution to ([BI)) can be infinite for all times ¢ > 0. Consider the constant in time
function

rsin L if |z <L
u(t,z) = ! "
0 otherwise.
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THE REGULARITY OF SOLUTIONS TO BALANCE LAWS 439

This is a stationary solution, with unbounded variation, of

zsin®L —sin L cosl if |zf <2,
ug +uu, = g(x) = (3.2)
0 otherwise.

Notice that here the source term g(-) has bounded L' norm. We remark that (3.2) can

be equivalently written as a conservation law with a Lipschitz continuous flux depending
also on the space variable x, namely

s + (?—G@))I ~ o, Glz) = /Ozg(y)dy.

ExaMPLE 3.2. Using a bounded source g, we can also construct a solution with zero
initial data and such that, at time T = 1, it oscillates infinitely many times between 0
and 1/2 (see Fig. ).

Choose a source g = g(t,x) such that, at time ¢; = 1/2, the solution to ([B]) is the
tent function

% if ze [0, ﬂ,
1
U(§7$) =4q1—-2z2 if xz¢ [%,%}, (3.3)
0 otherwise.

Notice that, if no source is applied for ¢ > %, this solution of Burgers’ equation with

initial data (B3) remains continuous up to time ¢ = 1.
Similarly, during the time interval

Ik - [tkflatk]v tk =1- 2_k,
we use the source g to construct an additional spike on the interval x € I,. Namely
u(ty,©) = min {2@; ), 2t — x)} @ € [too1, ti].
Notice that, if no source is applied for ¢ € [t, 1], this solution remains continuous up to
time ¢ = 1.
u(3/4,X)
12 }- w(1/2.%) 12 }--
1 X 1 3 X
2 2 4
u(1,x)
12 -
1 X

F1G. 1. The solution to ) constructed in Example [3:2] which has
unbounded oscillation at time t = 1.
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440 F. ANCONA ET AL.

Performing the same construction for all £ > 1, at time ¢ = 1, the solution satisfies
u(l,tp—) = 1/2, u(1,tp+) =0, for all k > 1.

Notice, however, that the number of oscillations between 0 and 1/2 in infinite only at
the particular time ¢ = 1.

EXAMPLE 3.3. Given € > 0, there exists a positive source function g € L! (R+ X R)
with HgHL1 < g, such that the solution to (BI]) with zero initial data satisfies the following
property. For every point (7,y) with rational coordinates and with 7 > 0, one has

lim wu(r,z) = +oo. (3.4)
T—Yy—
The construction will be given in three steps.

1. Following [I6], we first construct a function g such that the solution of [B1l) with

zero initial data blows up at the point (7,y) = (1,1). Define the source function

= if =€ a(t),bt)] and 0 <t <1,
g(t,z) = : (3.5)
0 if ¢ a(t),blt)] orift>1,
where, for 0 <t < 1,
a(t) = /t |In(1 —s)|ds = t+ (1 —t)In(1 —1), b(t) = 1+ (1 —t)In(1—1t).
0

Since b(t) — a(t) = 1 —t, it is clear that ||g(¢,-)||Lr = 1 for t < 1. For 0 < ¢ < 1, the
solution of ([B1l), shown in Fig. 2] left, satisfies

|In(1 — t)| if € [a(t),b(t))],
u(t,z) = { =5 if z € [b(t), 1],
0 if x ¢ [0,1].

=In(1-t)------ f

u(t,x)

0 a(lt) bl(t) 1 X

Fic. 2. Constructing a solution of Burgers’ equation with source,
that blows up in finite time. Left: the profile of u(¢,-) at some time
0 < t < 1. Right: sketch of the characteristics in the t-z plane. Here
P = (1,1) is the blow up point.
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THE REGULARITY OF SOLUTIONS TO BALANCE LAWS 441

Note that, for ¢ € [0, 1[, we have

>0 if 0 <z <al(t),
ug(t, ) ¢ =0 if a(t) <z < b(t),
> - b)) <z <1,

hence no shock is formed for ¢ < 1. The L* norm of this solution blows up as t — 1—.
Moreover, at time t = 1 one has

lu(l, )l = 1, lim w(l,z) = +o0. (3.6)

r—1—

2. Next, consider any point (7,y) €]0,7] x R and any n > 1. We construct a source
gn With ||gn|lLr < 27"¢ and such that the corresponding solution to (BI]) blows up at
the point (7,y). Choose 6 = min{r,2"¢}. Then consider the rescaled function

0 if t ¢l — 0,7,
up(t,x) = (3.7)

u(@,@) if  telr—6,7.

Notice that we are shifting the blow up point P = (1,1) of u to the blow up point
P, = (7,y) of u,. The function u,, satisfies the balance law

’LL2
ut+ 7 . = Gn,

0 if t¢lr —6,7],

gn(t,x) = (3.8)
b(E50 =) i gogi

where

This yields
lgnllLs = - [lgllLr = 6.
3. We now arrange all rational points inside |0,7] X R into a sequence P, = (t,,zp).

For each n > 1, consider the source function g, defined as in B8], with (r,y) replaced
by (tn,2,). We then define the source

G(t,x) = Zgn(t,x).

n>1
This implies
Gy = Y gl < Y 27" < =
n>1 n>1
Calling U = U(t, z) the solution to
U2
Ut + (7> = G(t,l’), U(O,I) = O,

since g, < G for every n, by a comparison argument we conclude
un(t,x) < U(t,x)

for every ¢, z,n. In particular (84 holds at every rational point (7,y). O
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442 F. ANCONA ET AL.

4. Regularity of solutions to scalar balance laws. As shown by the previous
examples, for a source term g satisfying only an integral bound, solutions to the balance
law (L2) can be highly irregular. Yet, if the flux function f is strictly convex, the oscilla-
tions produced by the source term do not prevent compactness estimates. In particular,
any weakly convergent sequence of solutions u, — w is also strongly convergent.

One wonders what kind of uniform regularity properties can be proved for these solu-
tions. Proposition provides a simple result in this direction. Comparing the solutions
u of the balance law ([.2)) with the solution v of the homogeneous problem (2I8]), for any
given € > 0 one can change the profile u(t,-) by an amount O(1) - € in the L' distance,
and obtain a function v € L!(R) that satisfies Oleinik’s one-sided Lipschitz estimates

y—x

vy) —vl) < —
An alternative, more direct way to measure the regularity of these solutions is to quantify
the amount of oscillations. More precisely, consider any interval [a,b], and denote by
N = Ni44)(t) the number of times that the function x ~ w(t,z) crosses the interval
[a,b]. That means: there exist z; < 2 < -+ < oy such that

for all x < y.

u(t,zr) <a for k odd,

u(t,xg) > b for k even.

As shown in Example 32 at a fixed time 7 this number of crossings may well be infinite.
However, Conjecture 1] comes to mind.

CONJECTURE 4.1. Assume that the flux f is strictly convex, so that (2.8]) holds. Then
there exists a constant C' such that, for any solution u = u(¢, z) to (L2)), with initial data
@ € L'(R) and integrable source g € L'(R; x R), one has

o Jall: + gl
: N[a’b](t) da < C- W
A few remarks are in order.
(i) In the special case g = 0, Oleinik’s estimate would yield Ny (t) < O(1) - 1,
which is not useful to achieve ([@.I]).
(ii) Without loss of generality, one can assume @ = 0.
(iii) For simplicity, one can consider Burgers’ equation ([B1I), with zero initial data.
In this case, by a rescaling of coordinates, it suffices to prove the inequality for
a = —1,b=1. The bound {I)) thus takes the simpler form

—+oo
Ny dt < Cllgllw- (4.2)

(4.1)

A simpler estimate, apparently related to the previous one, is:

CONJECTURE 4.2. Let u = u(t,z) be the solution to Burgers’ equation ([BII) with zero
initial data and an integrable source term g. Then
meas ({t > 0; ess-sup u(t,z) > 1}) < Cligllw, (4.3)
r€R
for some constant C' independent of g.
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THE REGULARITY OF SOLUTIONS TO BALANCE LAWS 443

12 + u(tx) —

t/2
F1a. 3. A source of size Hg(t7 -)||L1 < %, located behind the shock,

suffices to maintain the supremum sup,cg u(t,z) = 1 for all times

t>0.

EXAMPLE 4.3. As shown in Fig. B consider the function
0 it oxg [0, Lte,

u(t,z) =

+I8
—-
=

zelo, L], (4.4)

1 —t/2 . t ot
st 5 i ze(gg+e].

This is a solution to the balance law (B31), with

0 it o[l Ltel,
g(t,x) = up +uu, =
—t/2 1 . ¢t
e i welgp+e]
Notice that here ||g(t, ~)||L1 = 1/8 for every t > 0. Therefore, a source of strength
l|g(t, -)||Ll < & suffices to sustain one oscillation across the interval [0,1]. This indicates
that the constant C in ([@3]) cannot be smaller than 8.

ExXAMPLE 4.4. To appreciate the subtleties involved in the analysis of Conjecture
we observe that, if the flux f(u) = u?/2 is replaced by a piecewise affine flux as in [22],
then the estimate (@3] cannot hold. To construct a counterexample, let us partition the
interval [0,1] into n equal subintervals, inserting the points s = k/n, k = 0,1,...,n.
Call f, the piecewise affine flux function which coincides with f at every point sg, and
let

Sk + Skp—1 2k — 1

A = =
k 2 on

be the speed of a jump connecting the states sp_; and s.
Let € > 0 be given. We shall construct a solution to

Uy + fn(u)a: = g(tvx)a U(O, J)) =0, (45)
with

gl < e, meas <{t € [0,1]; ess-supu(t,z) = 1}) > 1—e. (4.6)
z€R
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444 F. ANCONA ET AL.

v restarting
v
n 4+ > - 2
) SR ’7 ’7
_ — ——_—
X
v v
1/ + ! k-
M A1
— > —
X
FI1G. 4. The functions v, constructed in Example L4l The support
of vy is an interval that shifts in time with speed A > Ap_1. There-
fore, at certain times 7, k = 1,..., N, the support of vk (t,-) will
touch the boundary of the support of viy_1. When this happens, the
function v must be restarted.
1. As a first step, we construct a piecewise constant function v = w(t,z) taking
values inside the discrete set {k/n; k = 0,1,...,n}, such that, for a suitable partition

0=ty <ty <ty <--- <ty =1, there holds:
(i) Restricted to each time interval I, = [ty—1,ts[ the function v provides a solution to
the conservation law

Ut"‘fn(v)m = 0.

(ii) The changes in the function v(¢,-) at the restarting times ¢, satisfy

N
ZHU(!‘,@,-) —’U(tg—,')HL1 < €. (4.7)
=1
The solution v is defined as a sum:
v(t,x) = ka(t,x), (4.8)
k=1

where the functions vy, : [0,1] x R+~ {0,n~!} satisfy
1
0 < vp(t,x) < vpq(t,x) < oo < walt,z) < vi(t,x) < —. (4.9)
n
Denoting by X, the characteristic function of the set J C R, the functions vy are defined

inductively as follows.
(i) The function v; is a step function traveling with speed Ay, namely

(),

: - 1
Ul( ,I) - EX[)\NZ Art+eq]

for some &1 < ¢.
(ii) The function vy has the form

’Ug(ﬁ,x) ({E), t612j7 7=1,2,...,No,

nx[a2j+)\2t1 g+ Aat+es]

for some €5 << €1. Here the intervals Io; and the constants cw; are chosen in order
to satisfy the inequality vo(t, z) < vi(t, ) for all ¢, x.
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(iii) By induction, assume that vi_; has been constructed. We then choose e, << €1
and let v, be a function of the form

1
vp(t,z) = Ex[akﬁkkt, aij\ltJrEk](:v), tely, j=1,2,...,Ng.
Here the intervals I;; and the constants aj; are chosen in order to satisfy the
inequality vg (¢, ) < vip_1(t, z) for all ¢, z.
We now estimate the total amount of source needed to achieve the above function
V=), U
e The construction of v; requires a source of total size %81. We choose 1 < e.
e The construction of vy requires a source of size %62 - N5. Here N> depends only on
€o. We choose g9 < NLQ
e In general, the construction of vy requires a source of size %sk -N}j.. Here Ny, depends
only on €1 and Ni_;. We choose ¢; < Nik
The total amount of source required is estimated by

€ oIV endV, € € €
1 2 2+...+u<_+_+...+_:5_
n non n

n

2. In view of (7)), the function v provides a solution to (LX) where the source term
g is replaced by a measure p of total mass |u|([0,1] x R) < e, concentrated at the times
te. By approximating p with an L' function g having the same global bound, we obtain
a solution u of ([&H]), for which () holds. This shows that Conjecture cannot hold
for a piecewise affine flux.

We remark that, in the above example, the sets where u(t, x) = 1 are extremely small.
In fact, as n — oo, even the sets where u(t,z) > 1/2 have measure which approaches
zZero.

5. Decay of solutions to a diagonal hyperbolic system. Our ultimate goal is to
gain some insight on the regularity of L' solutions to a 2 x 2 strictly hyperbolic system of
conservation laws (L], without restrictions on the total variation. Call A;(u), A2(u) the
characteristic speeds, i.e., the eigenvalues of the Jacobian matrix D f(u). Working with
a set of Riemann coordinates w = (wy, ws), smooth solutions to (1)) can be obtained
by solving the hyperbolic system in (nonconservative) diagonal form

wiy + A (wi,wa)wy , = 0,
(5.1)
wa ¢ + Ao(wi, w2)we ; = 0.

We consider solutions to (5.I]) on a domain of bounded L' functions, namely
D = {w € L'(R;R?); (wy(x), wa()) € [ar,by] X [ag, bo] for all z € R}. (5.2)

Throughout the following, we shall assume
(A1) The characteristic speeds A1, \a are C? in an open domain Q D [a1,b1] X [az, ba].
For every (w1, ws) € Q one has

)\1(’[1}1,11)2) < —50 < 0 < 50 < )\2(’(1)1,’[1)2). (53)
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In addition, genuine nonlinearity holds:

0 0
8—101)\1(11}1,’(1)2) > Kk > 0, 8—102)\2(11}1,’(1)2) > Kk > 0. (54)
(A2) As (w1, we) range in the domain Q, the other two partial derivatives 6872/\1 and

aiwl)\g have a constant sign.
It will be convenient to work within the set of functions (see Fig. [l

F = {u € L'(R); u is piecewise Lipschitz continuous with finitely many
(5.5)

downward jumps, u,(z) > 0 for a.e. z € R}.

F1c. 5. A function w in the class F, as defined at (&3).

To introduce a concept of “solution” for the nonconservative system (&), in the case
of functions w = (w7, ws) with both components in F, one needs to assign the speed of
downward jumps. This can be defined in terms of a nonconservative product [I7,24125].
For example, one could require these speeds to be the average values:

) ffj Ai(s,w2) ds, _ ffj Ao (wy, s)ds
A (W], wi we) = i . : Ao(wr, wy ,wy) = e
Wy — Wy wy — wy
(5.6)

For our purpose, however, it will be convenient to directly introduce two additional
functions, prescribing the speed of the jumps:

Ay (wi,wi, wy), Ao (wy , wy wy). (5.7)

We shall assume that A;, As depend smoothly on all variables. Moreover, for w:r <w;,
these speeds should satisfy

)\1(11}?,’(02) S Al(w1_7w;r;w2) S Al(’lﬂf,ﬂ)g),
(5.8)
Ao (wr, wy) < Ag(wr, wy , wy) < Aa(wy , wa).

s} w) = Ay wfw)| < wlef - wp
(5.9)

IN

Aoy, wf ) = Aolwy wifwn)| < wlwy — w2
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THE REGULARITY OF SOLUTIONS TO BALANCE LAWS 447

DEFINITION 5.1. Let the jumps speeds A; in (B.7)) be given. A piecewise Lipschitz
function w = w(t, z), with w;(t,-) € F for every t € [0,T], i = 1,2, is called a gen-
eralized solution to the hyperbolic system (B.1) if the following holds. Consider the
limits

+ o '
w; (t,l‘) - yll}?:t wz(t7y)

which are well defined because w; € F. Then the domain |0, T[xR can be decomposed

as
10,T[xR = VU (Um) U (U%—) uJ, (5.10)
J J
where
(i) V is an open set where w is continuous. The equations (B.I]) are satisfied a.e. on
this set.
(ii) Each vy :]t;,t;|r [~ R is a Lipschitz curve where a downward 1-jump occurs.

Namely, wi < wy, wj = w; . The speed of this curve is 4;; (t) = A1 (wy, wy, w2).
77';'_ [— R is a Lipschitz curve where a downward 2-

Similarly, each 72, :]7;”
jump occurs. Namely, wi = wy, wy < w; . The speed of this curve is 42 (t) =
Ag(wl,w;,w;).

(iii) The set J consist of finitely many points, where two or more jumps interact.

Given initial data
w;(0,2) = w;i(z) € [ai, b, i=1,2, x € R, (5.11)

in the class of piecewise Lipschitz functions F, generalized solutions to (B.I)) are easily
constructed.

PROPOSITION 5.1. Let the system (B.I) satisty (A1), and consider initial data (GITI)
with wy,ws € F. Then the Cauchy problem has a unique generalized solution, with
components w;(t,-) € F for all ¢ > 0.

Proof.

1. The construction of local solutions within the class of piecewise Lipschitz functions
with downward jumps is a straightforward task. It can be accomplished by solving the
system (3] in the regions where the functions wq,ws are Lipschitz, then locating the
positions of the finitely many downward jumps, using the ODE determined by the speeds
Ay, Az, In view of (BI0)), is clear that the components satisfy w;(t,z) € [a;,b;] for all
t,x.

2. We now check that the components of the solution remain in F. To show that
wi (¢, ) > 0 for all ¢, z, we differentiate the first equation in (B.I)) and obtain

Wizt + A (Wi, o)W zp = _Al,wlwim — M, W1 W2 ¢ (5.12)
Along a characteristic t — x(t) with & = A\; (w(¢,z)), this implies

%wlyx(t,x(t)) > —Cwyg(t, 2(t)), (5.13)
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for some constant C'. At a time 7 when this characteristic crosses a 2-jump with speed
As, the gradients wfm =W, (T:I:, x(T:I:)) before and after the crossing are related by
wis Ay = AT

= . 5.14
’U}ix A2 — )\-1’_ ( )

Here Ali denote the 1-characteristic speed before and after the crossing. Combining (B.12])
with (514), we conclude that wy . (¢, 2(¢)) > 0 at all times ¢ > 0. As a consequence, no
new jumps ever develop, and the components of the solution remain in F.

3. Finally, we observe that two jumps of opposite families simply cross each other
without changing strength. Two jumps of the same family join together in a single jump.
As a consequence, the total number of jumps can only decrease, and the total number
of interactions between jumps is finite. The solution can thus be constructed globally in
time, in a finite number of steps.

|

5.1. Decay of positive gradients. In this subsection, we wish to prove that the positive
gradients of the components: w; ,, ws , satisfy an Oleinik-type decay estimate, provided
that the jump speeds A; at (B7) are suitably chosen.

THEOREM 5.2. Let the characteristic speeds satisfy the assumptions (A1)—(A2). Then
it is possible to choose jump speeds Ay, As as in (B.8)—(E.9), such that, for some constant
C > 0, the following holds. For every piecewise Lipschitz solution w = (wy,ws) of ([&1l)
with components wy,ws € F, one has the decay estimates

wilt, x2) —wilt,z1) _ C

Xo — X1 t

forallt >0, x1 < z9, i =1,2. (5.15)

Proof. 1. As a first step, consider any Lipschitz solution of (BI), without jumps.
Differentiating the second equation w.r.t. x, we obtain

2
W2 gt + >\2(w1; w2)w2,x9c = _)\Q,wlwl,xw2,x - >\2,w2w27w~ (516)

In particular, if ¢ — x(t) is a 2-characteristic (see Fig. [0 left), so that

i = Ao(wi(t, @), wa(t, x)), (5.17)
we find
Ewg,x(t,x(t)) = — Ao W1 gWa 5 — /\Q)Mw;w. (5.18)
Observing that
wy(t, z(t)) = W (5.19)
is a constant, while
d
prid (t,z(1) = [Ae(wi,wa) — A1 (wr, wa)]|w g, (5.20)
from (BI]) one obtains
%wg,w (t,z(t)) = —% . <%w1 (t, x(t))) Wa,p — /\27w2w§7x. (5.21)
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x(t) t x(0)

t
(0 y(®

F1G. 6. Left: a 2-characteristic x(t), crossing a family of 1-charac-
teristics.  Center: a 2-characteristic z(t), crossing a family of
l-rarefactions and a 1-shock. Right: an approximate configura-
tion, where the 1-shock is replaced by l-compressions. By slightly
changing the speed A; assigned to the jump at y(-), the derivative
w2, (t, :C(t)) will be smaller than in the case of smooth compression

waves.
Setting z(t) = ws 4 (¢, x(t)), we thus obtain the ODE
. A2, d
it) = _ﬁ. (Ewl (t,x(t))) 2(t) — Aoy, 22 (). (5.22)
To integrate (5:22)), we introduce the function

B(wy, wy) = —/ P (sws) g (5.23)
o A

S,wz) - >\1(8,w2)

Since wy (t, x(t)) = Wy is constant in time, we can write (.22]) in the form

i(t) = %@(wl(t, (1)), W2)2(t) — Aa,w, (w1 (t, 2(t)), W2) 22 (t) (5.24)
< %(I)(wl(t, 2()),702) =(t) — k22(2). (5.25)
2. Assume that 2(0) > 0 and set ¢(t) = ® (w1 (¢, z(t)), W2). From (E20) it follows
) d (1
z < ¢z — K2°, T (;e‘j’) > ke?,

Therefore
e®(t)

K fot et dr

Let @~ and ®T be respectively a lower and an upper bound for the function ® defined
at (523). In particular, ®(w: (¢, z(t)), ws) € [®~, ®T]. By (E.20) it now follows

2(t) (5.26)

ot —®~
2(t) < eT for all ¢ > 0. (5.27)

Licensed to University Degli Studi di Brescia. Prepared on Mon Dec 2 08:26:34 EST 2024 for download from IP 192.167.23.210.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



450 F. ANCONA ET AL.

3. Next, assume that w; is only piecewise Lipschitz, with downward jumps. We
compute the change in ws , (¢, z(t)) along a characteristic in two cases:
(i) The 2-characteristic crosses a single 1-shock, with left and right states (w; ,wa),
(w), W), as in Fig. B center. If this shock travels with speed Aj, the gradients
before and after the interaction are computed by

1_;@2) - Al
U}2—7x )\g(w?_,mz) - A

Wi Ao(w

(5.28)

(ii) The 2-characteristic crosses a family of 1-compressions, joining the same left and
right states, as shown in Fig. [0 right. In this case, according to (5.21]), the gradients
Wy w; . before and after the crossing are related by the ODE

dz — >‘2,w1 (57m2) N N
ds — Xo(s,wp) — /\1(5,@2)2(8), z(wy ) = wy z(wy")

To compare the two above expressions, consider the middle point

=wy,. (5.29)

Z

. owy +wyf
= Ty

and assume that the shock speed is precisely the characteristic speed at this middle point:

NP 1 “i _ _
A = N\ (wl, ’LU2) = —— )\1(8, UJQ) ds + O(l) . (’LUl — wf)Q (530)
wy —wy St

Since the map w, , — w;' » 1s linear, without loss of generality, we can assume w, , = 1.
We wish to compute the difference between the two values for wér . determined by (528)

and ([5.29), respectively.
Integrating (5.29) one obtains

.
wy _

1 _ 1 —+ —_ wy >\2_,w1 (va2)_ d

n z(s) - N Wy fw1+ No(s,w2)—Ai(s,w2) &5 (5.31)

= N St - (o —wl) £ 0(1) - (wy —wi ).

A2 (W1,Wa)— A1 (W1, W2

Notice that the last equality is trivially true because the integrand is a smooth function.
On the other hand, from (G.28)) it follows

lnw;m = In(Ae(wy,W2) — A1) — In(Aa(wi, Wa) — Ay)

U}; /\2,w1 (57w2) dS (5.32)

— Juf N(swa)—Aq

— e @) sy L O(1) - (w] — wi )P

N2 (@1,W2)— A1 (D1,W2)

Comparing the two expressions for w3, in (E3I) and (532) we see that they only
differ for an infinitesimal of order O(1) - (w; — wi")®. Hence, by changing the shock
speed A; by an amount O(1) - (w] — wi")?, we can render the value in (5.28) smaller
than the one determined by (5.29]).

O
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THE REGULARITY OF SOLUTIONS TO BALANCE LAWS 451

6. Approximate solutions to the system of conservation laws. By the previous
analysis, one can construct a dense set of generalized solutions to the nonconservative
system (B.I)) which are piecewise Lipschitz with finitely many jumps. These have very
similar properties as the solutions to a scalar conservation law with strictly convex flux.

If shock and rarefaction curves for (ILI]) do not coincide, in the presence of jumps these
generalized solutions cannot be entropy-admissible weak solutions to the original 2 x 2
system of conservation laws (II]). We remark, however, that the difference is of third
order w.r.t. the size 0 = w; — w;r of the jumps. More precisely (see Fig. [), consider a
jump in the first Riemann coordinate.

o Let w™ = (wy,ws), wt = (wi",wy), with w < w] be the left and right states
for a 1-jump in the Riemann coordinates. Let u~ = u(wy ,ws), ut = u(w;, ws)
be the corresponding values of the conserved variables. Let u = u(t, z) be the
exact solution of the Riemann problem for (IT]), with left and right states u ™, u™.
Going back to Riemann coordinates, this yields a function w*e (¢, z).

e Next, call w¥9(t, z) the solution to the diagonal, nonconservative system (5.1I),
consisting of a single jump traveling with speed A;, namely

sas g o) (wy ,ws) if = <tA(wy,w],ws), 61)
w ,T) = )
(wi, ws) if x> tAy(w],w],ws).

Recalling that shock and rarefaction curves have a second order tangency [7123131], by
the assumption (5.9]) on the wave speed we conclude that the difference has size

1 . _
Z/|w”’“0t(t,m) w9t z)| dz = O(1) - fwi — wi . (6.2)
.
diag]
w
W+
=
Wexalcl
0 X

Fic. 7. Two ways for solving a Riemann problem where the initial
data contain a single jump in the coordinate wi. The function w?ie9
consists of a single jump traveling with speed A; as in (6I)). The
function w*®e¢t is the exact solution to the conservation law (),
written in Riemann coordinates (w1, ws). For every ¢t > 0, the L!
difference between the two solutions is O(1) - [wt — w™|3t.
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This suggests a possible way to construct approximate solutions to the Cauchy problem
for the 2 x 2 system of conservation laws

up + f(u), = 0, u(0,2) = a(x). (6.3)

Fix € > 0, and define the times t;, = ke, £k =0,1,2,....

Choose an initial datum with |Jug—a||L: < € and such that the corresponding Riemann
coordinates wy g, w2, lie inside F.

By induction on k, assume that uy = u(tg, -) has been constructed, in such a way that
the corresponding Riemann coordinates satisfy wy p, war € F.

For t € [tk,tr41[, let w(t, ) be the generalized solution to the diagonal system (G.1I),
with initial data

w(ty, ) = wg(z).

By Proposition[5.] this will be a piecewise Lipschitz function, with components w;(t, ) €
F,i=1,2.

If this generalized solution contains jumps, then it will not be a solution to the original
problem (6.3]). We thus need to add a source to account for this difference. To fix ideas,
for 7 € [tg,tks1[, let zo(7), @ € {1,..., N} be the locations of these jumps, and let
w, (1), wt (1) € R? be the left and right values of the corresponding Riemann coordinates.
As in ([62), we consider the two different ways to solve the Riemann problem with data
(wg (1), w} (7)), and define the vector

1 .
vo(T) = n /[w”’“t(t, z) —wh(t,z)] dz € RZ (6.4)
Note that, by the self-similarity of the solutions to the Riemann problem, the right hand
side does not depend on ¢. In turn, this yields a vector measure p, concentrating a mass

v, at each point z,. More precisely, for every continuous function ¢ : [tg, tg+1] X R — R,

/ ody = Za: / (7, 2a(1))Valr) dr. (6.5)

To compensate for this error, at the terminal time 541 we perform a restarting pro-
cedure, and define

w(tk+1,2) = w(tgt1—,7) + gr(), (6.6)

where g, : R — R? is a piecewise Lipschitz function, with components in F, which
approximates the integral of the measure p over the interval [¢,txy1[. For example, we
could require

'/gk(ﬂi)Qb(ﬂi) dﬂJ—Z/ - ¢(za(T))Va(r)dr| < ¢ (6.7)

« tr

for every Lipschitz continuous test function ¢ with Lipschitz constant Lip(¢) < e~1. As-
suming that w(tx11, ) remains in the domain D at (5.2) where the Riemann coordinates
are defined (see [32] for a general result on positive domain invariance) the induction can
then be continued.
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THE REGULARITY OF SOLUTIONS TO BALANCE LAWS 453

In Riemann coordinates, we thus construct a solution to (5.1I) with sources added at
the discrete set of times t1, to, . .. Since the sum of the cubes of the shock strengths can be
controlled by the decrease of a strictly convex entropy, the total strength of the sources

is uniformly bounded:
Z gkl < C.
k

In view of the strong regularizing properties (5.I5) of the homogeneous system (G.1),
one may conjecture that all these approximate solutions will enjoy the same regularity
properties discussed in the previous sections for scalar balance laws with an integrable
source.

A proof of this fact, however, is far from straightforward. The main difficulty stems
from the fact that the system (&) is not conservative and does not generate a contractive
semigroup. On the positive side, we observe that the measure p at (€3]), accounting for
entropy dissipation, is absolutely continuous w.r.t. 1-dimensional Hausdorff measure.
Using the strict hyperbolicity assumption (53], one can show that all source functions
gk are bounded in L.

REFERENCES

[1] F. Ancona, O. Glass, and K. T. Nguyen, Lower compactness estimates for scalar balance laws,
Comm. Pure Appl. Math. 65 (2012), 1303-1329.

(2] P. Baiti, A. Bressan, and H. K. Jenssen, BV instability of the Godunov scheme, Comm. Pure Appl.
Math. 59 (2006), 1604-1638.

[3] P. Bénilan and M. Crandall, Regularizing effects of homogeneous evolution equations, Contributions
to Analysis and Geometry, Johns Hopkins Univ. Press, Baltimore, MD, 1981, pp. 23-39.

[4] S. Bianchini and A. Bressan, Vanishing viscosity solutions of nonlinear hyperbolic systems, Annals
Math. 161 (2005), 223-342.

(5] S. Bianchini, R. M. Colombo, and F. Monti, 2 X 2 systems of conservation laws with L data, J.
Differential Equations 249 (2010), 3466-3488.

(6] A. Bressan, The unique limit of the Glimm scheme, Arch. Rational Mech. Anal. 130 (1995), 205—
230.

[7] A. Bressan, Hyperbolic systems of conservation laws. The one-dimensional Cauchy problem, Oxford
University Press, Oxford, 2000.

[8] A. Bressan, Hyperbolic conservation laws: an illustrated tutorial, Modeling and Optimization of
Flows on Networks, edited by L. Ambrosio, A. Bressan, D. Helbing, A. Klar, and E. Zuazua,
Springer Lecture Notes in Mathematics 2062 (2012), pp. 157-245.

[9] A. Bressan, G. Chen, and Q. Zhang, On finite time BV blow-up for the p-system, Comm. Partial
Diff. Equat. 43 (2018), 1242-1280.

[10] A. Bressan and R. M. Colombo, The semigroup generated by 2 X2 conservation laws, Arch. Rational
Mech. Anal. 113 (1995), 1-75.

[11] A. Bressan and R. M. Colombo, Unique solutions of 2 x 2 conservation laws with large data, Indiana
Univ. Math. J. 44 (1995), 677-725.

[12] A. Bressan, G. Crasta, and B. Piccoli, Well posedness of the Cauchy problem for n x n systems of
conservation laws, Amer. Math. Soc. Memoir 694 (2000).

[13] A. Bressan and P. Goatin, Stability of L°° solutions of Temple class systems, Diff. Integ. Equat.
13 (2000), 1503-1528.

[14] A. Bressan, G. Guerra, and W. Shen, Vanishing viscosity solutions for conservation laws with
regulated fluz, J. Differential Equations 299 (2019), 312-351.

[15] A. Bressan, T. P. Liu, and T. Yang, L' stability estimates for n x n conservation laws, Arch.
Rational Mech. Anal. 149 (1999), 1-22.

[16] A. Bressan and K. Nguyen, Global ezistence of weak solutions for the Burgers-Hilbert equation,
STAM J. Math. Anal. 46 (2014), 2884-2904.

Licensed to University Degli Studi di Brescia. Prepared on Mon Dec 2 08:26:34 EST 2024 for download from IP 192.167.23.210.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



454 F. ANCONA ET AL.

[17] A. Bressan and F. Rampazzo, On differential systems with vector-valued impulsive controls, Boll.
Un. Mat. Ital. B (7) 2 (1988), 641-656

[18] G. Q. Chen and M. Torres, On the structure of solutions of nonlinear hyperbolic systems of con-
servation laws, Comm. Pure Appl. Anal. 10 (2011), 1011-1036.

[19] M. G. Crandall, The semigroup approach to first order quasilinear equations in several space vari-
ables, Israel J. Math. 12 (1972), 108-132.

[20] M. G. Crandall, A generalized domain for semigroup generators, Proc. Amer. Math. Soc. 37 (1973),
434-440.

[21] M. G. Crandall and T. M. Liggett, Generation of semigroups of nonlinear transformations on
general Banach spaces, Amer. J. Math. 93 (1971), 265-298.

[22] C. Dafermos, Polygonal approzimations of solutions of the initial value problem for a conservation
law, J. Math. Anal. Appl. 38 (1972), 33-41.

[23] C. Dafermos, Hyperbolic Conservation Laws in Continuum Physics, 4th ed., Springer-Verlag, Berlin,
2016.

[24] G. Dal Maso, P. LeFloch, and F. Murat, Definition and weak stability of nonconservative products,
J. Math. Pures Appl. 74 (1995), 483-548.

[25] G. Dal Maso and F. Rampazzo, On systems of ordinary differential equations with measures as
controls, Differential Integral Equations 4 (1991), 739-765.

[26] C. De Lellis and F. Golse, A quantitative compactness estimate for scalar conservation laws, Comm.
Pure Appl. Math. 58 (2005), 989-998.

[27] R. J. DiPerna, Convergence of approzimate solutions to conservation laws, Arch. Rational Mech.
Anal. 82 (1983), 27-70.

[28] J. Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl.
Math. 18 (1965), 697-715.

[29] J. Glimm and P. Lax, Decay of solutions of systems of nonlinear hyperbolic conservation laws,
Memoirs of the American Mathematical Society 101, Providence, RI, 1970.

[30] D. Henry, Geometric theory of semilinear parabolic equations, Lecture Notes in Mathematics 840,
Springer, Berlin, 1981.

[31] H. Holden and N. Risebro, Front Tracking for Hyperbolic Conservation Laws, Springer-Verlag,
Berlin, 2002.

[32] D. Hoff, Invariant regions for systems of conservation laws, Trans. Amer. Math. Soc. 289 (1985),
591-610.

[33] H. K. Jenssen, Blowup for systems of conservation laws, STAM J. Math. Anal. 31 (2000), 894-908.

[34] S. Kruzhkov, First-order quasilinear equations with several space variables, Mat. Sb. 123 (1970),
228-255. English transl. Math. USSR Sb. 10 (1970), 217-273.

[35] M. Lewicka, Stability conditions for patterns of non-interacting large shock waves, STAM J. Math.
Anal. 32 (2001), 1094-1116.

[36] M. Lewicka, The well posedness for hyperbolic systems of conservation laws with large BV data,
Arch. Rational Mech. Anal. 173 (2004), 415-445.

[37] A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems, Birkhduser, Basel,
1995.

Licensed to University Degli Studi di Brescia. Prepared on Mon Dec 2 08:26:34 EST 2024 for download from IP 192.167.23.210.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



	1. Introduction
	2. The scalar balance law
	2.1. A family of positively invariant domains
	2.2. Quantitative compactness estimates

	3. Examples of solutions to scalar balance laws
	4. Regularity of solutions to scalar balance laws
	5. Decay of solutions to a diagonal hyperbolic system
	5.1. Decay of positive gradients

	6. Approximate solutions to the system of conservation laws
	References

