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Abstract

We have created a functional framework for a class of non-metric gradient systems. The state
space is a space of nonnegative measures, and the class of systems includes the Forward
Kolmogorov equations for the laws of Markov jump processes on Polish spaces. This frame-
work comprises a definition of a notion of solutions, a method to prove existence, and an
archetype uniqueness result. We do this by using only the structure that is provided directly
by the dissipation functional, which need not be homogeneous, and we do not appeal to any
metric structure.
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1 Introduction

The study of dissipative variational evolution equations has seen a tremendous activity in the
last two decades. A general class of such systems is that of generalized gradient flows, which
formally can be written as

/= DeR* (p. —D,E(p)) (1.1

in terms of a driving functional E and a dual dissipation potential R* = R*(p, ¢), where
D, and D, denote derivatives with respect to ¢ and p. The most well-studied of these are
classical gradient flows [4], for which ¢ — D¢R*(p, ) = K(p)t is a linear operator K(p),
and rate-independent systems [61], for which ¢ — D;R*(p, ) is zero-homogeneous.
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However, various models naturally lead to gradient structures that are neither classic nor
rate-independent. For these systems, the map ¢ — D¢R*(p, ¢) is neither linear nor zero-
homogeneous, and in many cases it is not even homogeneous of any order. Some examples
are

(1) Models of chemical reactions, where R* depends exponentially on ¢ [6,32,38,46],

(2) The Boltzmann equation, also with exponential R* [38],

(3) Nonlinear viscosity relations such as the Darcy-Forchheimer equation for porous media
flow [39,44],

(4) Effective, upscaled descriptions in materials science, where the effective potential R*
arises through a cell problem, and can have many different types of dependence on ¢
[16,28,46,55,65,72-74],

(5) Gradient structures that arise from large-deviation principles for sequences of stochastic
processes, in particular jump processes [58,59].

The last example is the inspiration for this paper.

Regardless whether R* is classic, rate-independent, or otherwise, equation (1.1) typically
is only formal, and it is a major mathematical challenge to construct an appropriate func-
tional framework for this equation. Such a functional framework should give the equation a
rigorous meaning, and provide the means to prove well-posedness, stability, regularity and
approximation results to facilitate the study of the equation.

For classical gradient systems, in which DR is linear and R* is quadratic in ¢ (therefore
also called ‘quadratic’ gradient systems) and when R* generates a metric space, a rich frame-
work has been created by Ambrosio, Gigli, and Savaré [4]. For rate-independent systems, in
which R* is 1-homogeneous in ¢, the complementary concepts of ‘Global Energetic solutions’
and ‘Balanced Viscosity solutions’ give rise to two different frameworks [19,61,62,64,67].

For the examples (1-5) listed above, however, R* is not homogeneous in ¢, and neither the
rate-independent frameworks nor the metric-space theory apply. Nonetheless, the existence of
such models of real-world systems with a formal variational-evolutionary structure suggests
that there may exist a functional framework for such equations that relies on this structure.
In this paper we build exactly such a framework for an important class of equations of this
type, those that describe Markov jump processes. We expect the approach advanced here to
be applicable to a broader range of systems.

1.1 Generalized gradient systems for Markov jump processes

Some generalized gradient-flow structures of evolution equations are generated by the large
deviations of an underlying, more microscopic stochastic process [1,2,22,46,59,60]. This
explains the origin and interpretation of such structures, and it can be used to identify hitherto
unknown gradient-flow structures [36,71].

It is the example of Markov jump processes that inspires the results of this paper, and we
describe this example here; nonetheless, the general setup that starts in Sect. 3.1 has wider
application. We think of Markov jump processes as jumping from one ‘vertex’ to another
‘vertex’” along an ‘edge’ of a ‘graph’; we place these terms between quotes because the
space V of vertices may be finite, countable, or even uncountable, and similarly the space
E:=V x V of edges may be finite, countable, or uncountable (see Assumption (V7 «) below).
In this paper, V is a standard Borel space.
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The laws of such processes are time-dependent measures ¢ — p; € M (V) (with M (V)
the space of positive finite Borel measures—see Sect. 2). These laws satisfy the Forward
Kolmogorov equation

o= 0%y,  (Qp)(dx) :/

| Py(yd) = pld) / cCrdy). (12)
ye

yev
Here Q* : M(V) — M(V) is the dual of the infinitesimal generator Q : By (V) — By (V)
of the process, which for an arbitrary bounded Borel function ¢ € B, (V) is given by

(Qp)(x) = /‘./[(p(y) — ()] (x,dy). (1.3)

The jump kernel « in these definitions characterizes the process: « (x,-) € MT(V) is the
infinitesimal rate of jumps of a particle from the point x to points in V. Here we address the
reversible case, which means that the process has an invariant measure 7 € M™(V), i.e.,
Q*n = 0, and that the joint measure 7 (dx)k (x, dy) is symmetric in x and y.

In this paper we consider evolution equations of the form (1.2) for the nonnegative measure
p, as well as various linear and nonlinear generalizations. We will view them as gradient
systems of the form (1.1), and use this gradient structure to study their properties.

The gradient structure for equation (1.2) consists of the state space M™(V), a driving
functional & : M*T(V) — [0, +o0], and a dual dissipation potential Z* : MT(V) x
By(E) — [0, +00] (where By (E) denotes the space of bounded Borel functions on E). We
now describe this structure in formal terms, and making it rigorous is one of the aims of this
paper.

The functional that drives the evolution is the relative entropy with respect to the invariant
measure 77, namely

. . dp
dlu(x))m(dx) if p K m, withu = —,
E(p) = Fy(plm):= /v () dr (1.4)
+o00 otherwise,
where for the example of Markov jump processes the ‘energy density’ ¢ is given by
b(s):=slogs —s + 1. (1.5)

(In the general development below we consider more general functions ¢, such as those that
arise in strongly interacting particle systems; see e.g. [23,45]).
The dissipation potential R* is best written in terms of an alternative potential %*,

R*(p, 0):=%"(p, V).

Here the ‘graph gradient’ V : By(V) — By (E) and its negative dual, the ‘graph divergence
operator’ div : M(E) — M(V), are defined as follows:

(Vo) (x, y):=p(y) — ¢(x) for any ¢ € Bp(V), (1.6a)
(mj)(dx)::/ [j(dx,dy) — j(dy, dx)] for any j € M(E), (1.6b)
yev
and are linked by

// Vo(x,y) jdx,dy) = —/ p(x)divj(dx) forevery ¢ € By(V). (1.7)
E 1%
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The dissipation functional Z* is defined for & € By(E) by

1
%’*(p,é):if W (E(x, y)) v (dxdy), (1.8)
E
where the function W* and the ‘edge’ measure v, will be fixed in (1.10) below.
With these definitions, the gradient-flow equation (1.1) can be written alternatively as

R [ —W(%))], (1.9)

which can be recognized by observing that

- d — —- — == — —
(DR (0, 0). &) = -7 (p, Vi + hvc)\h: o = DeZ"(p, VO), Vi) = (—divD: #*(p, V©). ),

and D&(p) = ¢'(u) (which corresponds to logu for the logarithmic entropy (1.5)). This
(div, V)-duality structure is a common feature in both physical and probabilistic models, and
has its origin in the distinction between ‘states’ and ‘processes’; see [70, Sec. 3.3] and [69]
for discussions.

For this example of Markov jump processes we consider a class of generalized gradient
structures of the type above, given by & and Z* (or equivalently by the densities ¢, ¥*, and
the measure v,,), with the property that equations (1.1) and (1.9) coincide with (1.2). Even for
fixed & there exists a range of choices for W* and v, that achieve this (see also the discussion
in [35,59]). A simple calculation (see the discussion at the end of Sect. 3.1) shows that, if
one chooses for the measure v, the form

vo(dx dy) = au(x), u(y)) 7 (dx)x (x, dy), (1.10)

for a suitable fuction o : [0, 00) x [0, 00) — [0, 00), and one introduces the map F :
(0, 00) x (0,00) > R

F(u, v):=(*)'[¢'(v) — ¢'(w)]a(u, v) u,v>0, (1.11)
then (1.9) takes the form of the integro-differential equation

Byus (x) = / 0, () ke, ), (1.12)
ye

in terms of the density u, of p; with respect to . Therefore, a pair (V'*, v,) leads to equa-
tion (1.2) whenever (W*, ¢, o) satisfy the compatibility property

F(u,v) =v—u foreveryu,v > 0. (1.13)
The classical quadratic-energy, quadratic-dissipation choice
VHE) = 387 0() = 357, aw.v) =1 (1.14)

corresponds to the Dirichlet-form approach to (1.2) in L>(V, 7). Here Z*(p. j) = #*(j)
is in fact independent of p: if one introduces the symmetric bilinear form

[[u,v]]::1 // Vu(x,y) Vu(x, y) 9 (dx,dy), [u,u] = l// U(Vu)dy, (1.15)
2 E 2 E

with #(dx, dy) = w(dx)x (x, dy) (cf. (3.5) ahead), then (1.12) can also be formulated as
(e, V) 2y 7y + U, vl =0 forevery v € LV, ). (1.16)
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Two other choices have received attention in the recent literature. Both of these are based
not on the quadratic energy ¢(s) = 152, but on the Boltzmann entropy functional ¢(s) =
slogs —s + 1:

(1) The large-deviation characterization [58,59] leads to the choice
lIJ*(S):=4(cosh(E/2) — 1) and o(u, v):=+/uv. (1.17a)

The corresponding primal dissipation potential W:=(¥*)* is given by
/52 +
W (s):=2slog (S+ > ) VsZ4+4+4.

(2) The ‘quadratic-dissipation’ choice introduced independently by Maas [49], Mielke [52],
and Chow, Huang, and Zhou [13] for Markov processes on finite graphs,
U E)=1E2 W) = 1s? and a(uv)i=— (1.17b)
log(u) — log(v)

Other examples are discussed in Sect. 1.3. With the quadratic choice (1.17b), the gradient
system fits into the metric-space structure (see e.g. [4]) and this feature has been used exten-
sively to investigate the properties of general Markov jump processes [25,29-31,49,52]. In
this paper, however, we focus on functions W* that are not homogeneous, as in (1.17a), and
such that the corresponding structure is not covered by the usual metric framework. On the
other hand, there are various arguments why this structure nonetheless has a certain ‘natu-
ralness’ (see Sect. 1.4), and these motivate our aim to develop a functional framework based
on this structure.

1.2 Challenges

Constructing a ‘functional framework’ for the gradient-flow equation (1.9) with the
choices (1.5) and (1.17a) presents a number of independent challenges.

1.2.1 Definition of a solution

As it stands, the formulation of equation (1.9) and of the functional R* of (1.8) presents
many difficulties: the definition of R* and the measure v, when p is not absolutely contin-
uous with respect to , the concept of time differentiability for the curve of measures py,
whether p; is necessarily absolutely continuous with respect to 7 along an evolution, what
happens if dp, /dr vanishes and ¢ is not differentiable at O as in the case of the logarithmic
entropy, etcetera. As a result of these difficulties, it is not clear what constitutes a solution of
equation (1.9), let alone whether such solutions exist. In addition, a good solution concept
should be robust under taking limits, and the formulation (1.9) does not seem to satisfy this
requirement either.

For quadratic and rate-independent systems, successful functional frameworks have been
constructed on the basis of variational tools such as the Energy-Dissipation balance [4,42,
61,63]. Moreover, these functional frameworks have been shown to be stable under various
forms of asymptotic limits [46,54,66,79,80]. This strongly suggests that also the framework
proposed here should enjoy this stability with respect to perturbations of € and R which, in
particular, would allow one to generalize the more classical notion of solutions developed
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in Sect. 6. We have chosen not to dwell upon the stability issue to avoid overburdening the
exposition; we only provide a ‘partial’ stability result (with € and R fixed) in Theorem 5.10.

In fact, the same large-deviation principle that gives rise to the ‘cosh’ structure (1.17a)
above formally yields the ‘EDP’ functional (see Appendix A for a formal derivation)

T
[ [0 do + (o =0 () Jar + 5 0r) = 600
if 0,0, + divjt =0and p; < 7 forallz € [0, T,

+00 otherwise.

L(p. j)= (1-18)

In this formulation, Z is the Legendre dual of 22 with respect to the & variable, which can
be written in terms of the Legendre dual W:=W** of W* as

(0, j) I/xv 24 )4 (1.19)
7 L j) == v .
poJ 2 E d\’p -

Along smooth curves p; = u;m with strictly positive densities, the functional .# is nonneg-
ative, since

d
d—zﬁ’(p;)Z/ ¢/(Mt)3tutd7T :/ (b/(“t(x))atpt(dx)
1 74 \%
= —/Vd)’(ut(X))(@j,)(dX)
= [ F¥ @ jexay
_ dj
= // V¢'(ut)(x,y)i(x, y) vy, (dx dy) (1.20)
A

AN

After time integration we find that .Z(p, j) is nonnegative for any pair (p, j).
The minimum of .# is formally achieved at value zero, at pairs (p, j) satisfying

) *(=V () (x, y))] v, (dxdy). (1.21)

_ d .
= wry (—vq)/(d—‘;))v,,, and  dp +divj, =0, (1.22)

which is an equivalent way of writing the gradient-flow equation (1.9). This can be recognized,
as usual for gradient systems, by observing that achieving equality in the inequality (1.21)
requires equality in the Legendre duality of W and W*, which reduces to the equations above.

Remark 1.1 It is worth noticing that the joint convexity of the functional % of (1.19) (a
crucial property for the development of our analysis) is equivalent to the convexity of ¥ and
concavity of the function a.

Remark 1.2 Let us add a comment concerning the choice of the factor 1/2 in front of W*
in (1.8), and the corresponding factors 1/2 and 2 in (1.19). The cosh-entropy combina-

tion (1.17a) satisfies the linear-equation condition F(«, v) = v —u (equation (1.13)) because
of the elementary identity

2 Juv smh( log ) =v—u.
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The factor 1/2 inside the sinh can be included in different ways. In [59] it was included
explicitly, by writing expressions of the form DR*(p, —%DE(,O)); in this paper we follow
[46] and include this factor in the definition of Z*.

Remark 1.3 The continuity equation dp, + divj, = 0 is invariant with respect to
skew-symmetrization of j, i.e. with respect to the transformation j > j° with
J *(dx, dy):=% ( Jj(dx,dy) — j(dy, dx)). Therefore we could also write the second integral
in (1.20) as

. d b
/ f V' (ur) (x., y)diu, ¥) v, (dx dy)
E Vo

1 de .b -
=73 / /E [‘V ((J’)Ocv y>) + W (= Vo () (x, y))} v, (dx dy).

d\)p[

. b
thus replacing W (2 g‘{p’ (x, y)) with the lower term W (d(ﬁjp ) (x, y)) ,cf. Remark 4.12, and
t t

obtaining a corresponding equation as (1.22) for (2 ?) instead of 2j,. This would lead to a
weaker gradient system, since the choice (1.19) forces j, to be skew-symmetric, whereas the
choice of a dissipation involving only j” would not control the symmetric part of j. On the
other hand, the evolution equation generated by the gradient system would remain the same.

Since at least formally equation (1.9) is equivalent to the requirement .Z(p, j) < 0, we
adopt this variational point of view to define solutions to the generalized gradient system
(&, #,%*). This inequality is in fact the basis for the variational Definition 5.4 below. In
order to do this in a rigorous manner, however, we will need

(1) A study of the continuity equation
o +divj, =0, (1.23)

that appears in the definition of the functional .Z (Sect. 4.1).

(2) A rigorous definition of the measure v,, and of the functional % (Definition 4.9);

(3) Aclass.A(0, T) of curves “of finite action” in M T (V) along which the functional % has
finite integral (equation (4.81));

(4) An appropriate definition of the Fisher-information functional (see Definition 5.1)

p > 2(p)=%*(p, —V¢'(dp/dm)); (1.24)

(5) A proof of the lower bound . > 0 (Theorem 4.16) via a suitable chain-rule inequality.

1.2.2 Existence of solutions

The first test of a new solution concept is whether solutions exist under reasonable conditions.
In this paper we provide two existence results that complement each other, one based on
dissipative L'-theory and the other on the Energy-Dissipation balance. These theories are
not completely equivalent, as can be observed for the classical heat equation (cf. [42] for
a variational approach), and they reveal different properties of a solution, even when the
assumptions for both theories are satisfied.

The first existence proof is based on a reformulation of the equation (1.2) as a differential
equation in the Banach space L!(V, ), driven by a continuous dissipative operator. Under
general compatibility conditions on ¢, ¥, and o, we show that the solution provided by
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this abstract approach is also a solution in the variational sense that we discussed above.
The proof is presented in Sect. 6 and is quite robust for initial data whose density takes
value in a compact interval [a, b] C (0, 00). In order to deal with a more general class of
initial data, we will adopt two different viewpoints. A first possibility is to take advantage of
the robust stability properties of the (&, Z, #*) Energy-Dissipation balance when the Fisher
information 2 is lower semicontinuous (cf. Theorem 5.10). A second possibility is to exploit
the monotonicity properties of (1.12) when the map F in (1.11) exhibits good behaviour at
the boundary of Ri and at infinity (cf. Theorem 6.5). As mentioned above, neither of these
viewpoints are completely contained within the other.

Since we believe that the variational formulation reveals a relevant structure of such
systems and we expect that it may also be useful in dealing with more singular cases and their
stability issues, we also present a more intrinsic approach by adapting the well-established
‘JKO-Minimizing-Movement’ method to the structure of this equation. This method has
been used, e.g., for metric-space gradient flows [4,42], for rate-independent systems [51],
for some non-metric systems with formal metric structure [7,48], and also for Lagrangian
systems with local transport [33].

This approach relies on the Dynamical-Variational Transport cost (DVT) # (t, i, v),
which is the t-dependent transport cost between two measures i, v € MT (V) induced by
the dissipation potential % via

T
W('L', M, v)::inf {/ %(,0;, jt)dl : 8“0t +d1V_]t = O, po = MU, and pPr = \)} . (125)
0

In the Minimizing-Movement scheme a single increment with time step T > 0 is defined by
the minimization problem

p" € argmin, (#(t, p"", p) + &(p)). (1.26)

By concatenating such solutions, constructing appropriate interpolations, and proving a com-
pactness result—all steps similar to the procedure in [4, Part I]—we find a curve (p;, j;)se[0,7]
satisfying the continuity equation (1.23) such that

t
/ [%(or, )+ (pr)]dr + (o) < E(po)  forallz € [0, T, (1.27)
0

where .7~ : D(&) — [0, +00) is a suitable relaxed slope of the energy functional & with
respect to the cost # (see (7.29)). Under a lower-semicontinuity condition on 2 we show
that =~ > 2. It then follows that p is a solution as defined above (see Definition 5.4).

Section 7 is devoted to developing the ‘Minimizing-Movement’ approach for general
DVTs. This requires establishing

(6) Properties of 7 that generalize those of the ‘metric version” # (t, u, v) = %d (u, V)2
(Sect. 7.2);

(7) A generalization of the ‘Moreau-Yosida approximation’ and of the ‘De Giorgi variational
interpolant’ to the non-metric case, and a generalization of their properties (Sects. 7.1
and 7.2);

(8) A compactness result as T — 0, based on the properties of # (Sect. 7.4);

(9) A proof of .~ > Z (Corollary 7.11).

This procedure leads to our existence result, Theorem 7.4, of solutions in the sense of Defi-
nition 5.4.
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1.2.3 Uniqueness of solutions

We prove uniqueness of variational solutions under suitable convexity conditions of & and
& (Theorem 5.9), following an idea by Gigli [34].

1.3 Examples

We will use the following two guiding examples to illustrate the results of this paper. Precise
assumptions are given in Sect. 3.1. In both examples the state space consists of measures p
on a standard Borel space (V, B) endowed with a reference Borel measure 7. The kernel
X — Kk (x,-)is a measurable family of nonnegative measures with uniformly bounded mass,
such that the pair (7, k) satisfies detailed balance (see Sect. 3.1).

Example 1: Linear equations driven by the Boltzmann entropy. This is the example that
we have been using in this introduction. The equation is the linear equation (1.2),

Oy (dx) = / p(dy)k(y, dx) — p(dx) / K(x, dy),
yeVv yeVv
which can also be written in terms of the density u = dp/dm as
dputr (x) = / [t (y) = ur (x)] ke (x, dy),
yeVv

and corresponds to the linear field F of (1.13). Apart from the classical quadratic setting
of (1.14), two gradient structures for this equation have recently received attention in the
literature, both driven by the Boltzmann entropy (1.5) ¢(s) = slogs — s + 1 as described
in (1.17):
(1) The ‘cosh’ structure: W* (&) = 4(cosh(£/2) — 1) and a(u, v) = Juv;
(2) The ‘quadratic’ structure: W*(§) = %52 and o(u, v) = (u — v)/log(u/v).
However, the approach of this paper applies to more general combinations (¢, ¥*, a) that lead
to the same equation. Due to the particular structure of (1.11), itis clear that the 1-homogeneity
of the linear map F (1.13) and the 0-homogeneity of the term ¢’ (v) — ¢'(u) associated with
the Boltzmann entropy (1.5) restrict the range of possible o to 1-homogenous functions
such as the ‘mean functions’ a(u, v) = /uv (geometric) and a(u, v) = (u — v)/log(u/v)
(logarithmic).

Confining the analysis to concave functions (according to Remark 1.1), we observe that
every concave and 1-homogeneous function a can be obtained by the concave generating
function § : (0, 400) — (0, +00)

a(u, v) = uf(v/u) = vi(u/v), f@r)=a(r,1), u,v,r>0. (1.28)
The symmetry of a corresponds to the property
rf(1/r) = f(r) foreveryr > 0, (1.29)
and shows that the function
-1
g =P =L O R s odd. (1.30)
f(exp(s))
The concaveness of f also shows that g is increasing, so that we can define
§ exp€) » _ 1d
ve=[awe= [ 2T ser (131)
0 1 fr) r
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which is convex, even, and superlinear if

(0, 1) = f(0) = lim rf<1) —0 (1.32)
’ r—0 r ' ’

A natural class of concave and 1-homogeneous weight functions is provided by the Stolarsky
means ¢, 4(u, v) with appropriate p, g € R, and any u, v > 0 [12, Chapter VI]:

_ 1/(q—p) .
(53%;‘;) ifp#q, g #0,

1/p
1 vP —yP . _
1) = g, 0= | (F o itp#0.q=0.
i B B AL
e ”(ul,,,) if p=¢qg #0,
Juv ifp=¢g=0,

from which we identify other simpler means, such as the power means m, (u, v) = ¢ 2, (u, v)
with p € [—oo, 1]:

1
(%(uP-H;P)) v if0<p<lor —oo<p<O0andu,v#0,

m,(u, v) = { V& it p =0, (1.33)
min(u, v) if p = —o0,
0 if p <0anduv =0,

and the generalized logarithmic mean [, (u, v) = ¢1, p+1(u, v), p € [—00, —1].
The power means are obtained from the concave generating functions

fp(r):=2"YP@P 4+ DYP if p £0, §or) =, fooo(r) =min(r, 1), r > 0.
(1.34)

We can thus define

wieymale [T _ro1 R 11\ {0 135
&)= 1 A §eR, pe(—o0 1]\ {0}, (1.35)
with the obvious changes when p = 0 (the case W () = 4(cosh(£/2) — 1)) or p = —0c0

(the case W* (§) = exp(l€]) — 1 — |€]).
It is interesting to note that the case p = —1 (harmonic mean) corresponds to

W* (&) = cosh(§) — 1. (1.36)

We finally note that the arithmetic mean a(u, v) = my(u,v) = (4 + v)/2 would yield
V(&) =4log(1/2(1 + ef)) — 2&, which is not superlinear.

Example 2: Nonlinear equations. We consider a combination of ¢, W*, and o such that the
function F introduced in (1.11) has a continuous extension up to the boundary of [0, +00)2
and satisfies a suitable growth and monotonicity condition (see Sect. 6). The resulting integro-
differential equation is given by (1.12). Here is a list of some interesting cases (we will neglect
all the issues concerning growth and regularity).

(1) A field of the form F(u, v) = f(v) — f(u) with f : R — R monotone corresponds to
the equation

Byur (x) = / (PO = @) k(. dy),
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and can be classically considered in the framework of the Dirichlet forms, i.e. o = 1,
W*(r) = r?/2, with energy ¢ satisfying ¢’ = f.
(2) The case F(u, v) = g(v — u), with g : R — R monotone and odd, yields the equation

deur (x) = / g(ur () — u (0)) & (x, dy),
yeV

and can be obtained with the choices o = 1, (])(s):=52/2 and W*(r):= for g(s)ds.

(3) Consider now the case when F is positively g-homogeneous, with ¢ € [0, 1]. It is then
natural to consider a g-homogeneous o and the logarithmic entropy ¢(r) = rlogr—r+1.
If the function & : (0, 00) — R, h(r):=F(r, 1)/a(r, 1) is increasing, then setting as in
(1.35)

exp(§)
lIJ*(E;')::/1 h(r)dr

equation (1.12) provides an example of generalized gradient system (&, Z, #*). Simple
examples are F(u, v) = v? — u9, corresponding to the equation

dyus (x) =/ V(u?(y)—u?(X))K(x,dy),
ye

with a(u, v):=m, (u?, v?) and \I/*(s)::élll;(qé), where \IJ; has been defined in (1.35).
In the case p = 0 we get W*(£) = 3(cosh(qg/2) —1).

As a last example, we can consider F(u, v) = sign(v — u)[v"" — ,m > 0, and
a(u, v) = min(u, v); in this case, the function / given by A(r) = (+" — 1)/ when
r>1,and h(r) = —(r~" — 1)/ when r < 1, satisfies the required monotonicity
property.

u™m | 1/m

1.4 Comments

Rationale for studying this structure. We think that the structure of generalized gradient
systems (€, Z, #*) is sufficiently rich and interesting to deserve a careful analysis. It provides
a genuine extension of the more familiar quadratic gradient-flow structure of Maas, Mielke,
and Chow—Huang—Zhou, which better fits into the metric framework of [4]. In Sect. 6 we
will also show its connection with the theory of dissipative evolution equations.

Moreover, the specific non-homogeneous structure based on the cosh function (1.17a)
has a number of arguments in its favor, which can be summarized in the statement that it is
‘natural’ in various different ways:

(1) Itappearsin the characterization of large deviations of Markov processes; see Appendix A
or [10,59];

(2) It arises in evolutionary limits of other gradient structures (including quadratic ones)
[6,46,53,66];

(3) It ‘responds naturally’ to external forcing [66, Prop. 4.1];

(4) It can be generalized to nonlinear equations [37,38].

We will explore these claims in more detail in a forthcoming paper. Last but not least, the
very fact that non-quadratic, generalized gradient flows may arise in the limit of gradient
flows suggests that, allowing for a broad class of dissipation mechanisms is crucial in order
to (1) fully exploit the flexibility of the gradient-structure formulation, and (2) explore its
robustness with respect to I'-converging energies and dissipation potentials.
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Potential for generalization. In this paper we have chosen to concentrate on the con-
sequences of non-homogeneity of the dissipation potential W for the techniques that are
commonly used in gradient-flow theory. Until now, the lack of a sufficiently general rigorous
construction of the functional % and its minimal integral over curves % have impeded the
use of this variational structure in rigorous proofs, and a main aim of this paper is to provide
a way forward by constructing a rigorous framework for these objects, while keeping the
setup (in particular, the ambient space V') as general as possible.

In order to restrict the length of this paper, we considered only simple driving functionals
&, which are of the local variety &(p) = [ ¢(dp/dm)ds. Many gradient systems appearing
in the literature are driven by more general functionals, that include interaction and other
nonlinearities [25,26,40,78], and we expect that the techniques of this paper will be of use
in the study of such systems.

As one specific direction of generalization, we note that the Minimizing-Movement
construction on which the proof of Theorem 7.4 is based has a scope wider than that of
the generalized gradient structure (&, %, Z*) under consideration. In fact, as we show
in Sect. 7, Theorem 7.4 yields the existence of (suitably formulated) gradient flows in
a general topological space endowed with a cost fulfilling suitable properties. While
we do not develop this discussion in this paper, at places throughout the paper we
hint at this prospective generalization: the ‘abstract-level’ properties of the DVT cost
are addressed in Sect. 4.7, and the whole proof of Theorem 7.4 is carried out under
more general conditions than those required on the ‘concrete’ system set up in Sect.
3.

Challenges for generalization. A well-formed functional framework includes a concept
of solutions that behaves well under the taking of limits, and the existence proof is the first
test of this. Our existence proof highlights a central challenge here, in the appearance of
two slope functionals .~ and & that both represent rigorous versions of the ‘Fisher infor-
mation’ term %*(p, —V¢'(dp/d)). The chain-rule lower-bound inequality holds under
general conditions for 2 (Theorem 4.16), but the Minimizing-Movement construction leads
to the more abstract object ./~ . Passing to the limit in the minimizing-movement approach
requires connecting the two through the inequality .~ > 2. We prove it by first obtain-
ing the inequality . > 2, cf. Proposition 7.10, under the condition that a solution to
the (&, Z, %*) system exists (for instance, by the approach developed in Sect. 6). We
then deduce the inequality .~ > & under the further condition that & be lower semi-
continuous, which can be in turn proved under a suitable convexity condition (cf. Prop.
5.3). We hope that more effective ways of dealing with these issues will be found in the
future.

Comparison with the Weighted Energy-Dissipation method. It would be interesting
to develop the analogous variational approach based on studying the limit behaviour as
¢ | 0 of the minimizers (p;, j,);>0 of the Weighted Energy-Dissipation (WED) func-
tional

+00

oL —t/e( 4 . 1
T R O AR L (1.37)

0

among the solutions to the continuity equation with initial datum pop, see [76]. Indeed, the
intrinsic character of the WED functional, which only features the dissipation potential %,
makes it suitable to the present non-metric framework.
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1.5 Notation

The following table collects the notation used throughout the paper.

vV, div

(x(.’ )

o, oy
al-|-1, &
Ala, b)

Iy lloo

Cp

C&(a, b)
Dy (u, v), Dy (u, v)
9
E=VxV
£, D(&)

F

o

9

K

fey

<

M(Q; R™), M ()
Vp

o, 0"

R, H*

R4 :=[0, c0)
S

T

v and o

|4

¢

W, P

W

W

X,y

graph gradient and divergence (1.6)

multiplier in flux rate v, Assumption (Z*WVa)

recession function, Legendre transform Sect. 2.3
measure map, perspective function Sect. 2.3

set of curves p with finite action (4.33)

upper bound on ¥ Assumption (Vi k)

space of bdd, ct. functions with supremum norm

set of pairs (p, j) satisfying the continuity equation Def. 4.1
integrands defining the Fisher information 2 (4.53)
Fisher-information functional Def. 5.1

space of edges Assumption (Vrk)

driving entropy functional and its domain (1.4) & Assumption (&'¢)
vector field (1.11)

, p-adjusted jump rates (4.18)

equilibrium jump rate (3.5)

jump kernel (1.3) & Assumption (Vrrx)

y @k (2.33)

Energy-Dissipation balance functional (1.18)

vector (positive) measures on 2  Sec. 2

edge measure in definition of #*, Z (1.8), (1.19), (1.10)
generator and dual generator (1.2)

dual pair of dissipation potentials (1.8), (1.19), Def. 4.9
[$ symmetry map (x,y) — (y,x) (3.1)

relaxed slope (7.29)

perspective function associated with

(4.13)

space of states Assumption (Vrk)

density of & (1.4) & Assumption (£'¢)

dual pair of dissipation functions Assumption (Z*Wa), Lem. 3.1
Dynamic-Variational Transport cost (1.25) & Sec. 4.6

W - action (4.89)

coordinate maps (x, y) — x and (x, y) — y (3.1)

2 Preliminary results

2.1 Measure theoretic preliminaries

Let (Y, ®B) be a measurable space. When Y is endowed with a (metrizable and separable)
topology ty we will often assume that B coincides with the Borel o-algebra B(Y, ty)
induced by 7y. We recall that (Y, B) is called a standard Borel space if it is isomorphic (as a
measurable space) to a Borel subset of a complete and separable metric space; equivalently,
one can find a Polish topology ty on Y such that 8 = B(Y, ty).
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We will denote by M(Y'; R™) the space of o-additive measures on u : 8 — R™ of finite
total variation ||u||7v = |r®|(Y) < 400, where for every B € ‘B

+00 +00
|| (B) := sup Z |(Bi)| : B;i € B, B; pairwise disjoint, B = U B .
i=0 i=0

The set function || : B — [0, 400) is a positive finite measure on ‘B [3, Thm. 1.6] and
(MY ; R™), || - llrv) is a Banach space.

In the case m = 1, we will simply write M(Y), and we shall denote the space of positive
finite measures on B by M*(Y). For m > 1, we will identify any element . € M(Y; R™)
with a vector (u!, ..., u™), with u! € M(Y) foralli = 1,...,m.Ifp = (¢, ..., ¢") €
Bp(Y; R™), the set of bounded R"-valued B-measurable maps, the duality between p €
M(Y; R™) and ¢ can be expressed by

w0 = [ oeu@n =Y [ owwi@n.
i=1

For every u € M(Y; R™) and B € B we will denote by p | B the restriction of u to B,
i.e. u L B(A):=u(A N B) forevery A € B.

Let (X, ) be another measurable space and let p : X — Y a measurable map. For every
€ M(X; R™) we will denote by p;u the push-forward measure obtained by

psu(B):=u(p~'(B)) forevery B € %B. (2.1)

For every couple . € M(Y; R™)and y € M ™ (Y) there exist a unique (up to the modification
in a y-negligible set) y -integrable map g—’; 1Y — R™, ay-negligible set N € 9B and aunique
measure u- € M(Y; R™) yielding the Lebesgue decomposition

d
w=p+put, M“=£V=MI—(Y\N), pt=pwlN, y(N)=0

d
It Ly, IMI(Y)Z/Y’(;;‘dyHMLI(Y)- 2.2)

2.2 Convergence of measures

Besides the topology of convergence in total variation (induced by the norm || - || 7y ), we will
also consider the topology of setwise convergence, i.e. the coarsest topology on M(Y; R™)
making all the functions

ur—> uw(B) BeB

continuous. For a sequence (u,)nen and a candidate limit p in M(Y; R™) we have the
following equivalent characterizations of the corresponding convergence [9, §4.7(v)]:

(1) Setwise convergence:

lim wu,(B) =pn(B) foreveryset B € ‘B. (2.3)
n—+00
(2) Convergence in duality with By, (Y; R™):

lim (un, @) = (n, )  forevery ¢ € Bp(Y; R™). 2.4

n—-+00
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(3) Weak topology of the Banach space: the sequence j,, converges to . in the weak topology
of the Banach space (M(Y; R™); || - l7v)-
(4) Weak L'-convergence of the densities: there exists a common dominating measure y €
M™T(Y) such that u,, < y, u < y and
dpp,  du

—~—= weaklyin L' (Y, y; R™). (2.5)
dy dy

(5) Alternative form of weak Ll-convergence: (2.5) holds for every common dominating
measure y .

We will refer to setwise convergence for sequences satisfying one of the equivalent
properties above. The above topologies also share the same notion of compact subsets, as
stated in the following useful theorem, cf. [9, Theorem 4.7.25], where we shall denote by
o (M(Y; R™); Bp(Y; R™)) the weak topology on M(Y; R™) induced by the duality with
By (Y; R™).

Theorem 2.1 For every set ) = M C M(Y; R™) the following properties are equivalent:

(1) M has a compact closure in the topology of setwise convergence.

(2) M has a compact closure in the topology o (VM(Y; R™); By (Y; R™)).
(3) M has a compact closure in the weak topology of (M(Y; R™); || - llTv).
(4) Every sequence in M has a subsequence converging on every set of °B.
(5) There exists a measure y € M*(Y) such that

Ve>036>0: Be’B, y(B)<é = supu(B)<e. (2.6)
neM

(6) There exists a measure y € MY (Y) such that i < y for every u € M and the set
{du/dy : € MY} has compact closure in the weak topology of L' (Y, y; R™).

We also recall a useful characterization of weak compactness in L!.

Theorem2.2 Let y € MY (Y) and ¥ # F C L'(Y,y; R™). The following properties are
equivalent:

(1) F has compact closure in the weak topology of L'(Y, y; R™);
(2) F is bounded in L' (Y, y;R™) and equi-absolutely continuous, i.e.

Ve>036>0: Be’B, y(B)<é = sup/|f|dy§s. 2.7)
feFJB
(3) There exists a convex and superlinear function B : Ry — Ry such that
supf BUfDdy < +o0. (2.8)
feFJY

The name ‘equi-absolute continuity’ above derives from the interpretation that the mea-
sure fy is absolutely continuous with respect to y in a uniform manner; ‘equi-absolute
continuity’ is a shortening of Bogachev’s terminology ‘ F has uniformly absolutely continu-
ous integrals’ [9, Def. 4.5.2]. A fourth equivalent property is equi-integrability with respect
to y [9, Th. 4.5.3], a fact that we will not use.

When Y is endowed with a (separable and metrizable) topology ty, we will use the symbol
Cp(Y; R™) to denote the space of bounded R" -valued continuous functions on (Y, ty). We
will consider the corresponding weak topology o (M(Y; R™); Cp(Y; R™)) induced by the
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duality with C,(Y; R™). Prokhorov’s Theorem yields that a subset M C M(Y; R™) has
compact closure in this topology if it is bounded in the total variation norm and it is equally
tight, i.e.

Ve > 03K compactinY :  sup |u[(Y \ K) <e. 2.9)

neM

It is obvious that for a sequence (u,),eN convergence in total variation implies setwise
convergence (or in duality with bounded measurable functions), and setwise convergence
implies weak convergence in duality with bounded continuous functions.

2.3 Convex functionals and concave transformations of measures
We will use the following construction several times. Let { : R” — [0, 4-00] be convex and
lower semicontinuous and let us denote by *° : R” — [0, 4+00] its recession function

PY®(z):= lim yz) :Supw’

t—>+00 =0

(2.10)

which is a convex, lower semicontinuous, and positively 1-homogeneous map with {*°(0) =
0. We define the functional .7y, : M(Y; R™) x M (Y) +— [0, +o0] by

du du

|

yw(ﬂlv)IZ/;ﬂf(%) d”"'/yllfoo(d Mi| dv

Note that when s is superlinear then {*°(x) = +o00 in R \ {0}. Equivalently,

)d|,ﬁ|, forp = ——v+put. @11

d
U superlinear, .y (ulv) <00 = <K v, l%(mv):/\p(d—“) dv.  (2.12)
Y v

We collect in the next Lemma a list of useful properties.

Lemma 2.3

(1) When \ is also positively 1-homogeneous, then \y = >, F (-|v) is independent of v
and will also be denoted by 7, (-): it satisfies

d
Ty () = /Y i\ (ﬁ) dy foreveryy € MT(Y) such that u < y. (2.13)

(2) If \Ir : R 5 [0, 00] denotes the 1-homogeneous, convex, perspective function asso-
ciated with \s by
P(z/Dt ift >0,
V(z, 0):=1V>(2) ift=0, (2.14)
+00 ift <0,
then
Fy(ulv) = Fj(w,v) forevery (u,v) € M(Y;R™) x M*H(Y) (2.15)
with ﬁ‘jj defined as in (2.13).

(3) In particular, if y € MT(Y) is a common dominating measure such that @ = uy,
v=uvy,and Y :={x € Y : v(x) > 0} we also have

Zor = [ bty = [ wapway+ [ ¥ ee)
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(4) The functional Fy is convex; if b is also positively 1-homogeneous then
Ty + 1) < Fy(u) + Fy (1)
Ty +u1) = Fp(w) + Fyu) ifp L.
(5) Jensen’s inequality:
G (B), v(B)) + (1 (B)) < Zy(u L Blv L B) forevery Be®B  (2.18)

(2.17)

(with i = u + p* the Lebesgue decomposition of L w.r.t. v).
(6) If U(0) = O then for every u € MY, R™), v,v € M*T(Y)

vV = Fy(ulv) = Fyuh). (2.19)

(7) Fy is sequentially lower semicontinuous in M(Y; R™) x MT(Y) with respect to the
topology of setwise convergence.

(8) IfB is the Borel family induced by a Polish topology ty onY, Fy is lower semicontinuous
with respect to weak convergence (in duality with continuous bounded functions).

Proof The above properties are mostly well known; we give a quick sketch of the proofs of
the various claims for the ease of the reader.

(I)Letussetu:=du/dv, uJ-:=d,uJ-/d|,u| andlet N € 9B v-negligible such that ut =plN.
We also set N:={y € Y \ N : |u(y)| > 0}; notice that v LL N’ < |u|. If v is the Lebesgue
density of || w.r.t. v, since ¢ = ¥ is positively 1-homogeneous and {(0) = 0, we have

Fowm = [ vaws [ vatyauti= [ podnr+ [ vt
N’ N N’ N
=/ vxv(u)/|u|dy+/ v ) dy =/ w(uv/|u|)dy+/ V(v dy
N’ N N’ N

= [ wansay ay + [ wnapay = [ wanan ay = o).

where we also used the fact that [1|(Y \ (N U N’)) = 0, so that du/dy = 0 y-a.e. on
Y\ (NUN).

(2) Since 1 is 1-homogeneous, we can apply the previous claim and evaluate fﬁj (u, v) by
choosing the dominating measure y:=v + .

(3) It is an immediate consequence of the first two claims.

(4) By (2.15) it is sufficient to consider the 1-homogeneous case. The convexity then follows
by the convexity of {r and by choosing a common dominating measure to represent the
integrals. Relations (2.17) are also immediate.

(5) Using (2.15) and selecting a dominating measure y with y(B) = 1, Jensen’s inequality
applied to the convex functional U yields

i 3 d d ~odp d
by =i [ Lo [ Loy (5 5)
Zﬂ\qj(MLB,vLB).

Applying now the above inequality to the mutally singular couples (¢, v) and (u+, 0) and
using the second identity of (2.17) we obtain (2.18).

(6) We apply (2.15) and the first identity of (2.16), observing that if {(0) = O then J; is
decreasing with respect to its second argument.

(7) By (2.15) it is not restrictive to assume that W is 1-homogeneous. If (1), is a sequence
setwise converging to u in M(Y; R™) we can find a common dominating measure y such
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that (2.5) holds. The claimed property is then reduced to the weak lower semicontinuity of
the functional

i / W) dy (2.20)
Y

in L1 (Y, y; R™). Since the functional of (2.20) is convex and strongly lower semicontinuous
in LY(Y, y; R™) (thanks to Fatou’s Lemma), it is weakly lower semicontinuous as well.

(8) It follows by the same argument of [3, Theorem 2.34], by using a suitable dual formulation
which holds also in Polish spaces, where all the finite Borel measures are Radon (see e.g.
[47, Theorem 2.7] for positive measures). O

Concave transformation of vector measures

Let us set Ry :=[0, +-o00[, R} :=(R;)™, and let a : R? — R be a continuous and concave
function. It is obvious that a is non-decreasing with respect to each variable. As for (2.10),
the recession function a® is defined by
t tz) — a(0
a®(z):= lim ot(tz) = inf,>ow, z e RY. (2.21)

t—+00

We define the corresponding map a : M(Y; RY) x MF(Y) — MY (Y) by

du du .
alalyl=o(( )y + o™ (qom )| p e MOGRD, y e300, @2

where as usual p = g—’;y + b is the Lebesgue decomposition of ;o with respect to y; in

what follows, we will use the short-hand uy:=g—’;y. We also mention in advance that, for
shorter notation we will write a[zt1, 2|y ] in place of a[(u1, n2)|y]-

Like for .7, it is not difficult to check that a[u|y] is independent of y if « is positively
1-homogeneous (and thus coincides with a®°). If we define the perspective function & :
Rm-ﬁ-l SR

+ +

. {(x(z/t)t ifr >0, 223

a®(z) ifr=0

we also get a[u|y] = a(u, y).
We denote by a, : R — [—00, 0] the upper semicontinuous concave conjugate of o

o (y):=infpern (v - X — a(x)), D(a):={y € R} : a,(y) > —o0}. (2.24)
The function a, provides simple affine upper bounds for o
a(x) <x-y—oax(y) foreveryy e D(o) (2.25)
and Fenchel duality yields
a(x) = infyepm (y - x — ax(y)) = infyep,) (v - x — ax(y)) . (2.26)
We will also use that
a™(z) = infyep,y - 2. (2.27)
Indeed, on the one hand for every y € D(a) and ¢ > 0 we have that

1

1
a™(2) < 7 (@) —a() = - (v - (t2) = a(0) —a*(y)) ;
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by the arbitrariness of > 0, we conclude that a®°(z) < y - z for every y € D(a). On the
other hand, by (2.26) we have

: a(tz) —a(0) . . - (tz) —a*(y) —a(0)
a®(z) = 1nft>0f = inf,>inf ye p(ar) Y ; Y

—a*(y) — oc(O))
13

=infyepur) (y -z +inf;~0
= infyep@"y - 2

where we have used that —a*(y) — a(0) > 0 since a(0) = inf yep(er) (—a* ().
For every Borel set B C Y, Jensen’s inequality yields (recall the notation i, = g—’;y)

MV(B)
y(B)
alu|yl(B) < a(u(B)) if a = a™ is 1-homogeneous.

aluly)(B) = a( L2 )y (B) +a™ (u* (B)

(2.28)

In fact, for every y, y' € D(ay),

— dl’L / d,LL 1
a[uly](B)—/Ba[MIV]E/B(y-a—oc*(y)>dy+/3(y 'dlull)dw I

=y uy(B) — oMy (B)+y - ut(B).

Taking the infimum with respect to y and y’, and recalling (2.26) and (2.27), we find (2.28).
Choosing y = y’ in the previous formula we also obtain the linear upper bound

aluly] <y -u—ox(y)y forevery y € D(ay). (2.29)

2.4 Disintegration and kernels

Let (X, 2) and (Y, B) be measurable spaces and let (K (x, -))x€ X be a Y-measurable family
of measures in M*(Y), i.e.

forevery B € B, x +— «(x, B) is 2-measurable. (2.30)
We will set
ky (x):=k(x,Y), |kylloc:=sup [|(x, }), (2.31)
xeX

and we say that « is a bounded kernel if ||ky || is finite. If y € M™(X) and
Ky is y-integrable, i.e. / k(x,Y)y(dx) < +oo, (2.32)
X

then Fubini’s Theorem [18, II, 14] shows that there exists a unique measure &, (dx, dy) =
y(dx)k(x,dy) on (X x Y, A ® B) such that

ky(AXB)= /Al((x, B)y(dx) forevery A €2, B e B. (2.33)

If X =Y, the measure y is called invariant if k, has the same marginals; equivalently
Yoy @) = [ k(. dy@n =0 () @), @34)
X
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where y : E — V denotes the projection on the second component, cf. (3.1) ahead. We
say that y is reversible if it satisfies the detailed balance condition, i.e. k,, is symmetric:
Sgk, = k. The concepts of invariance and detailed balance correspond to the analogous
concepts in stochastic-process theory; see Sect. 3.1. It is immediate to check that reversibility
implies invariance.

If f:X xY — Ris a positive or bounded measurable function, then

the map x +— /cf(x)::/ f(x, y)k(x,dy) is A-measurable (2.35)
Y

and

| remeanan = [ ([ reocwan)ran. @0
XxY X Y

Conversely, if X, Y are standard Borel spaces, k € M* (X x Y) (with the product o -algebra)
and the first marginal péf k of k is absolutely continuous with respect to y € M™(V), then
we may apply the disintegration Theorem [9, Corollary 10.4.15] to find a y-integrable kernel
(k(x,))xex such thatk = k.

We will often apply the above construction in two cases: when X = Y:=V, the main
domain of our evolution problems (see Assumptions (V) below), and when X:=1 = (a, b)
is an interval of the real line endowed with the Lebesgue measure A. In this case, we will
denote by ¢ the variable in I and by (¢;);ex a measurable family in M(Y) parametrized by
tel:

if /M,(Y) dr < +oothenweset uy € M(I xY), pw;(dt,dy) = Ar(d)u(dy). (2.37)
I

Lemma24 If u, € M(X) is a sequence converging to |1 setwise and (k(x,-))yex is a
bounded measurable kernel in Mt (Y), then Ky, — Ky setwise in M(X x YV, A ® B).
If X, Y are Polish spaces and k also satisfies the weak Feller property, i.e.

x = k(x,-) isweakly continuous in M*(Y), (2.38)

(where ‘weak’ means in duality with continuous bounded functions), then for every weakly
converging sequence [, — W in M(X) we have K, — Kk, weakly as well.

Proof If f : X x Y — Ris a bounded 2 ® B-measurable map, then by (2.35) also the map
k f is bounded and 2(-measurable so that

li dic,, = i du, = du = dec,,

n—lI-Eoo Xfo “iun n—iI—rFloo‘/XKf Hon /XKf ® /Xfo “u

showing the setwise convergence. The other statement follows by a similar argument. |

3 Jump processes, large deviations, and their generalized gradient
structures

3.1 The systems of this paper

In the Introduction we described jump processes on V with kernel «, and showed that the

evolution equation d;p; = Q*p; for the law p; of the process is a generalized gradient flow
characterized by a driving functional & and a dissipation potential %*.
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The mathematical setup of this paper is slightly different. Instead of starting with an
evolution equation and proceeding to the generalized gradient system, our mathematical
development starts with the generalized gradient system; we then consider the equation to
be defined by this system. In this Section, therefore, we describe assumptions that we make
on & and #* that will allow us to set up the rigorous functional framework for the evolution
equation (1.9).

We first state the assumptions about the sets V of ‘vertices” and E:=V x V of ‘edges’.
‘Edges’ are identified with ordered pairs (x, y) of vertices x, y € V. We will denote by
X,y : E — Vands: E — E the coordinate and the symmetry maps defined by

x(x, y):=x, y(x,y):=y, s(,y):=(y,x) foreveryx,yeV. 3.1

Assumption (Vrrx). We assume that
(V, B, ) is a standard Borel measure space, 7 € M*T(V), (3.2)
(k(x, -))xey is bounded kernel in M+ (V) (see Section 2.4), satisfying the detailed-

balance condition

/ k(x, Bym(dx) = / k(y,A)m(dy) forall A, B €B, (3.3)
A B
and the uniform upper bound
kv lloo = sup k(x, V) < +oo. (3.4)
xeV

The measure w € M7T (V) often is referred to as the invariant measure, and it will be
stationary under the evolution generated by the generalized gradient system. By Fubini’s
Theorem (see Sect. 2.4) we also introduce the measure # on E given by

#(dxdy) = kr(dx,dy) = 7(dx)k(x,dy), P#(AXB) = / k(x, B) m(dx). 3.5)
A

Note that the invariance of the measure 7 and the detailed balance condition (3.3) can be
rephrased in terms of # as

Xz =y, 7, st =1 . (3.6)
Conversely, if we choose a symmetric measure # € M ™' (E) such that
d(xz ¥
X < 7, D) eyl < 400 Toae. (3.7)
b4

then the disintegration Theorem [9, Corollary 10.4.15] shows the existence of a bounded
measurable kernel (« (x, -))yecx satisfying (3.3) and (3.5).
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We next turn to the driving functional, which is given by the construction in (2.11) and
(2.12) for a superlinear density \y = ¢ and for the choice y = .

Assumption (&¢). The driving functional & : M+ (V) — [0, +o0] is of the form

/ q)(d—p) dr if p < 7,
E(p) = Fo(plm) = Jv \dw (3.8)
+00 otherwise,
with
¢ € C([0, +00)) N Cl((O, 400)), min ¢ = 0, and ¢ is convex 3.9)

with superlinear growth at infinity.

Under these assumptions the functional & is lower semicontinuous on M™ (V) both with
respect to the topology of setwise convergence, and any compatible weak topology (see
Lemma2.3). A central example was already mentioned in the introduction, i.e. the Boltzmann-
Shannon entropy function

d(s) =slogs —s + 1, s> 0. (3.10)

Finally, we state our assumptions on the dissipation.

Assumption (#Z* Wa). We assume that the dual dissipation density W* satisfies

U* . R — [0, +00) is convex, differentiable, even, with ¥*(0) = 0, and
lim L& — +00.
e

(3.11)

The flux density map a : [0, +00) x [0, +00) — [0, +00), with a # 0, is continuous,
concave, symmetric:
o(uy, up) = a(ur, uy) foralluy, up € [0, +00), (3.12)

and its recession function o vanishes on the boundary of Rf_:

for every 141,uzeR2+ Couur =0 = a®(ur,ur) =0. (3.13)

Note that since o is nonnegative, concave, and not trivially 0, it cannot vanish in the interior
of R%, i.e.
uiup >0 = a(ug,up) > 0. (3.14)

The examples that we gave in the introduction of the cosh-type dissipation (1.17a) and the
quadratic dissipation (1.17b) both fit these assumptions; other examples are

a(u,v) =1 and o(u,v) =u+v.

In some cases we will use an additional property, namely that o is positively 1-
homogeneous, i.e. a(luyr, Auz) = ro(ug,us) for all A > 0. This 1-homogeneity is
automatically satisfied under the compatibility condition (1.13), with the Boltzmann entropy
function ¢(s) = slogs — s + 1.
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Concaveness of o is a natural assumption in view of the convexity of # (cf. Remark 1.1
and Lemma 4.10 ahead), while 1-homogeneity will make the definition of R independent of
the choice of a reference measure. It is interesting to observe that the concavity and symmetry
conditions, that one has to naturally assume to ensure the aforementioned properties of %,
were singled out for the analog of the function « in the construction of the distance yielding
the quadratic gradient structure of [49].

The choices for W* above generate corresponding properties for the Legendre dual W:

Lemma 3.1 Under Assumption (Z*Va), the function ¥ : R — R is even and satisfies

0=w(0) < W¥(s) <+ooforalls € R\ {0}. (3.15a)

W is strictly convex, strictly increasing, and superlinear. (3.15b)

Proof The superlinearity of W* implies that W(s) < +oo for all s € R, and similarly the
finiteness of W* on R implies that W is superlinear. Since W* is even, W is convex and even,
and therefore W(s) > W(0) = supge]R[—\I/*(é)] = 0. Furthermore, since for all p € R,
argming g (W (s) — ps) = 0W*(p) (see e.g. [77, Thm. 11.8]) and W* is differentiable at
every p, we conclude that argming (¥ (s) — ps) = {(¥*)'(p)}; therefore each point of the
graph of W is an exposed point. It follows that W is strictly convex, and W(s) > 0 for all
s #0. m|

As described in the introduction, we use W, W*, and o to define the dual pair of dissipation
potentials % and Z*, which for a couple of measures p = umr € M (V) and j € M(E) are
formally given by

N L 4 N T
%(p,]).—Z/E\I—’<2dvp>dvp, R (p,s)._Z/Ew (&) dv,, (3.16)
with

v, (dx dy):=o(u(x), u(y)) #(dxdy) = a(ux), u(y)) 7 (dx)x (x, dy). (3.17)

This expression for the edge measure v, also is implicitly present in the structure built in
[30,49]. The above definitions are made rigorous in Definition 4.9 and in (4.20) below.

The three sets of conditions above, Assumptions (Vrrk), (&), and (Z*Va), are the main
assumptions of this paper. Under these assumptions, the evolution equation (1.9) may be linear
or nonlinear in p. The equation coincides with the Forward Kolmogorov equation (1.2) if
and only if condition (1.13) is satisfied, as shown below.

Calculation for (1.13)
Let us call 2[p] the right-hand side of (1.9) and let us compute
__ — ,rdp
—_— — 1 * J— / —_
(2lp). ¢) = (~div| De#* (0. =V () )| )
for every ¢ € Bp(V) and p € M+ (V) with p « 7. Withu = g—ﬁ we thus obtain
(2lp], ¢) = (DeZ* (0, =Vo' W), Vo)

1 4 =,/ —
= 5//15 (W) (=Vo' @) (x, ») Vo (x, y)v,(dx, dy). (3.18)

@ Springer



Jump processes as generalized gradient flows Page250f85 33

Recalling the definitions (3.17) of v, and (1.11) of F, (3.18) thus becomes
(Zlpl, ) // (¢ @) — ¢ @ () Volx, y) aux), u(y)#(dx, dy)
=2 / /E F(u(x), u(») (9 (0) — p(»)) ? (dx. dy)
@ / fE F(u(x), u(y)g(x) #(dx, dy)

= [ v ( [ P umean)ran (3.19)
Vv \4

where for () we used the symmetry of ¢ (i.e. the detailed-balance condition). This calculation
justifies (1.12).
In the linear case of (1.2) it is immediate to see that

(Q%p,9) = (p, Qp) = f [e(y) — ()]« (x,dy)p(dx)
= E/ng(x,y)[/c(x,dy)p(dm — Kk (y, dx)p(dy)]

1 [ —
2 //E Vo, »[u@) —u)]#dx, dy), (3.20)

Comparing (3.20) and (3.19) we obtain that F has to fulfill (1.13).

4 Curves in Mt (V)

A major challenge in any rigorous treatment of an equation such as (1.1) is finding a way
to deal with the time derivative. The Ambrosio-Gigli-Savaré framework for metric-space
gradient systems, for instance, is organized around absolutely continuous curves. These are
anatural choice because on the one hand this class admits a ‘metric velocity’ that generalizes
the time derivative, while on the other hand solutions are automatically absolutely continuous
by the superlinear growth of the dissipation potential.

For the systems of this paper, a similar role is played by curves such that the ‘action’
[ % dt is finite; we show below that the superlinearity of Z(p, j) in j leads to similarly
beneficial properties. In order to exploit this aspect, however, a number of intermediate steps
need to be taken:

(a) We define the class CE(0, T) of solutions (p, j) of the continuity equation (1.23) (Defi-
nition 4.1).

(b) For such solutions, # — p; is continuous in the total variation distance (Corollary 4.3).

(c) We give a rigorous definition of the functional % (Definition 4.9), and describe its
behaviour on absolutely continuous and singular parts of (p, j) (Lemma 4.10 and The-
orem 4.13).

(d) If the action functional [ Z is finite along a solution (p, j) of the continuity equation in
[0, T'], then the property that p; is absolutely continuous with respect to 7 at some time
t € [0, T] propagates to all the interval [0, T'] (Corollary 4.14).

(e) We prove a chain rule for the derivative of convex entropies along curves of finite %-
action (Theorem 4.16) and derive an estimate involving # and a Fisher-information-like
term (Corollary 4.20).
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() If the action [ Z is uniformly bounded along a sequence (p", j") € CE(0, T), then the
sequence is compact in an appropriate sense (Proposition 4.21).

Once properties (a)—(f) have been established, the next step is to consider finite-action
curves that also connect two given values u, v, leading to the definition of the Dynamical-
Variational Transport (DVT) cost

V(T w,v) = inf{/o Z(prs j)de = (p, J) € CEO, 1), po = p, pr = V} SN CAY

This definition is in the spirit of the celebrated Benamou-Brenier formula for the Wasserstein
distance [8], generalized to a broader family of transport distances [20] and to jump processes
[30,49]. However, a major difference with those constructions is that % also depends on
the time variable t and that #/(t, -, -) is not a (power of a) distance, since W is not, in
general, positively homogeneous of any order. Indeed, when # is p-homogeneous in j, for
p € (1, +00), we have (see also the discussion at the beginning of Sec. 7.1)

W(t, u,v) =

1 1
1 (1, u,v) = de; (r, v), 4.2)

where dy is an extended distance and is a central object in the usual Minimizing-Movement
construction. In Sect. 7, the DVT cost # will replace the rescaled p-power of the distance
and play a similar role for the Minimizing-Movement approach.

For the rigorous construction of %/,

(g) we show that minimizers of (4.1) exist (Corollary 4.22);
(h) we establish properties of # that generalize those of the metric-space version (4.2)
(Theorem 4.26).

Finally,

(i) we close the loop by showing that from a given functional % integrals of the form f f X
can be reconstructed (Proposition 4.27).

Throughout this section we adopt Assumptions (Vr«) and (Z*WVa).

4.1 The continuity equation

We now introduce the formulation of the continuity equation we will work with. Hereafter,
for a given function u : I — M(V), or u : I — M(E), with I = [a, b] C R, we shall
often write u; in place of w(¢) for a given ¢ € I and denote the time-dependent function p
by (t)rer. We will write A for the Lebesgue measure on /. The following definition mimics
those given in [4, Sec. 8.1] and [21, Def. 4.2].

Definition 4.1 (Solutions (p, j) of the continuity equation) Let / = [a, b] be a closed
interval of R. We denote by CE(7) the set of pairs (p, j) given by

e a family of time-dependent measures p = (0;);e; C MT(V), and

e a measurable family (j,);e; C M(E) with fOT |j;I(E)dt < 400, satisfying the conti-
nuity equation
p+divi=0 inl xV, 4.3)

in the following sense:
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/wdptz—/ @ dpy, :// Vodj, forallg € By(V), J =[t;,] C 1. (4.4)
\%4 \4 JXE

where j, (dt, dx, dy):=A(dr) j,(dx, dy).
Given pp, p1 € MT(V), we will use the notation
CEI; po, p1) == {(p. J) € CEU) : p(a) = po. p(b) = p1}.

Remark 4.2 The requirement (4.4) shows in particular that r — p; is continuous with respect
to the total variation metric. Choosing ¢ = 1 in (4.4), one immediately finds that

the total mass p; (V) is constant in /. 4.5)

By the disintegration theorem, it is equivalent to assign the measurable family (j,);cs in
M(E) or the measure j, in M(I x E).

We can in fact prove a more refined property. The proof of the Corollary below is postponed
to Appendix B.

Corollary 4.3 If (p, j) € CE(0, T), then there exist a common dominating measure y €
MFT(V) (ie., py < y forallt € [a,b]), and an absolutely continuous map i : [a, b] —
Li(v, y) such that p; = ii;y <K y foreveryt € [a, b].

The interpretation of the continuity equation in Definition 4.1—in duality with all bounded
measurable functions—is quite strong, and in particular much stronger than the more com-
mon continuity in duality with continuous and bounded functions. However, this continuity
equation can be recovered starting from a much weaker formulation. The following result
illustrates this; it is a translation of [4, Lemma 8.1.2] (cf. also [21, Lemma 4.1]) to the present
setting. The proof adapts the argument for [4, Lemma 8.1.2] and is given in Appendix B.

Lemma 4.4 (Continuous representative) Let (0;);e; C M7 (V) and (j,);e; be measurable
Sfamilies that are integrable with respect to )\ and let T be any separable and metrizable
topology inducing 8. If

T T
- [ ( / C(X)pt(dX)> ar= [ ( [[ Fewnjiaran)ar. @o)
0 14 0 E

holds for every n € C((a, b)) and ¢ € Cy(V, 1), then there exists a unique curve I >
t — p € MY (V) such that p;, = p; for h-a.e. t € 1. The curve p is continuous in the
total-variation norm with estimate

5]
13 — fullrv <2 / UEYdr  forallty < 1o, @7)

3l

and satisfies

n o
[ vwrasn— [ owran = [ [ apanas [ Veas @y
v 1% n Jv JXE
forall g € CY(I; By(V)) and J = [t1, 2] C T.
Remark 4.5 In (4.4) we can always replace j with the positive measure j Ti=(j —suj)y =

(2j")4, since divj = divj* (see Lemma B.1); therefore we can assume without loss of
generality that j is a positive measure.
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As another immediate consequence of (4.4), the concatenation of two solutions of the
continuity equation is again a solution; the result below also contains a statement about time
rescaling of the solutions, whose proof follows from trivially adapting that of [4, Lemma
8.1.3] and is thus omitted.

Lemma4.6 (Concatenation and time rescaling)
(1) Let (p', j') € CE(O, Th), i = 1,2, with p}, = pj. Define (p, j)iefo.11+151 by

PR N O] j o=l reloTl,
¢ = . = .
pry  ift €T, Ti + Tal, il ifteln. T+ .
Then, (p, j) € CE(0, Ty + T2).
(2) Lett: [0, T] — [0 T be strictly increasing and absolutely continuous, wzth inverse
s:[0, 71— [0, T1. Then, (p, j) € CE(0, T) if and only if p = potand j =t (jot)
fulfill (5, j) € CEO, T).

4.2 Definition of the dissipation potential %

In this section we give a rigorous definition of the dissipation potential #, following the
formal descriptions above. In the special case when p and j are absolutely continuous, i.e.

p=ur Knm and 2j=wd KV, 4.9)

we set
E':={(x,y) € E :au(x),u(y)) > 0}, (4.10)

and in this case we can define the functional % by the direct formula

1 w(x,y) S N
P 5/,\v(ia(u(x),u(y)))oc(wx),u(y))#(dx,dw if |71(E\ E') =0,

400 if |jI(E\ E) > 0.
4.11)
Recalling the definition of the perspective function U (2.14), we can also write (4.11) in the
equivalent and more compact form

. 1 - ,
A(p, J) = 5// B (wlx, y), @), u(y) #dx,dy), 2j = wd. 4.12)
E
so that it is natural to introduce the function Y : [0, +00) x [0, +o0) x R — [0, +00],
Y(u, v, w):=¥(w, au, v)), (4.13)
observing that
1
Z(p, j) = 3 [/ Y (u(x), u(y), w(x,y)) #(dx,dy) for2j = wi. 4.14)
E

Lemma 4.7 The function Y : [0, 400) x [0, 400) x R — [0, +00] defined above is convex
and lower semicontinuous, with recession functional

w 00 r 00
g (7()(00(“’ v)) o (u,v) ifa>w,v) >0
0 ifw=20

~+00 ifw # 0and a® (u, v) = 0.
4.15)

T, v, w) = U(w, a® @, v)) =
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For any u, v € [0, o0) with a®(u, v) > 0, the map w +— Y (u, v, w) is strictly convex.
If a is positively 1-homogeneous then Y is positively 1-homogeneous as well.

Proof Note that Y may be equivalently represented in the form

Y (u, v, w) = sup{i—‘w —a(u, v)\IJ*(S)} =:sup fe(u, v, w). (4.16)
§eR teR

The convexity of f; foreach& e Rreadily follows fromits linearity in w and the convexity of
—a in (u, v). Therefore, Y is convex and lower semicontinuous as the pointwise supremum
of a family of convex continuous functions.

The characterization (4.15) of Y follows from observing that Y (0, 0, 0) = \iJ(O, 0)=0
and using the 1-homogeneity of U

lim 'Y (tu, tv, tw) = lim fl\i/(tw,oc(tu,tv)): lim li!(w,tf%c(tu,tv))
o0

t—>+00 t—>+00 t—
= \Il<w, a®™(u, v)) ,

where the last equality follows from the continuity of » +— U(w, r) forallw € R.
The strict convexity of w — Y (u, v, w) forany u, v € [0, co) with a® (u, v) > O follows
directly from the strict convexity of ¥ (cf. Lemma 3.1). O

The choice (4.14) provides a rigorous definition of Z for couples of measures (p, j) that
are absolutely continuous with respect to 7 and #. In order to extend Z to pairs (p, j) that
are not absolutely continuous, it is useful to interpret the measure

v, (dx, dy):=a(u(x), u(y))#(dx, dy) 4.17)

in the integral of (4.11) in terms of a suitable concave transformation as in (2.22) of two
couplings generated by p. We therefore introduce the measures

#;(dx dy):=p(dx)k(x,dy), 0;(dx dy):=p(dy)x(y,dx) = s#ﬂg(dx dy), (4.18)

observing that
x ds, ;
p=ur L = P, <LP, rGy) =), Eey) =uly). (4.19)

We thus obtain that (4.17), (4.11) and (4.14) can be equivalently written as
_ L1 .
vo=ald,, 318, Z(p,j) = Efw(Zjlvp), (4.20)

where a[#,, 9} [#] stands for a[(9#,, 9 ])[#], and the functional .7y (-|-) is from (2.11),
and also

N D .
Hp. J) = 510,05 2j19). @21)

again writing for shorter notation %~ (17;, 19;, 2j|#) in place of fify((t};, l?:;, 2j)|9).

Therefore we can use the same expressions (4.20) and (4.21) to extend the functional #
to measures o and j that need not be absolutely continuous with respect to 7 and #; the
next lemma shows that they provide equivalent characterizations. We introduce the functions
u® : E — R, adopting the notation

u=uox and ut

=uoy,
or equivalently u~ (x, y):=u(x), ut(x, y)=u®). (4.22)

(Recall that x and y denote the coordinate maps from E to V).
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Lemma 4.8 For every p € M* (V) and j € M(E) we have
T8, 975, 2j19) = Fu2)lv,). (4.23)

Ifp=p*+pltand j = j'+ jJ‘ are the Lebesgue decompositions of p and j with respect
to w and ¥, respectively, we have

Fr@,, 05, 2j19) = Fr(® 0. 9,50, 20 19) + Fre (@ 87, 2j). (4.24)

Proof Let us consider the Lebesgue decomposition p = p® + p*, p® = um, and a corre-
sponding partition of V in two disjoint Borel sets R, P such that p = p L R, pt =p L P
and 7 (P) = 0, which yields

+ _ gt + + - 9 + .9t
PE=DL A, <P B =0, LP XV, =LV XP. (425

Since #(P x V) = #(V x P) < |lky|lco(P) =0, ﬂ;i are singular with respect to .

Let us also consider the Lebesgue decomposition j = j* + j* of j with respect to #.
We can select a measure ¢ € M1 (E) such that 0; =zf¢ < ¢ jt<gand¢ L ¥,
obtaining

v, =al?,, ﬂ;lﬂ] = vll) + vf,, vé::a(u’, ut)d, v%::ocoo(z’, zMe. (4.26)
Since j < # + g, we can decompose
2j =wd +w, (4.27)
and by the additivity property (2.17) we obtain
Fy(2jIvp) = T4 2], vp) = Fg (Wb, v,) + Fg,(w's, v))

2// T (). uy). wix. y) #(dx. dy)
v (4.28)
+//E TR (), 2 (s y), w' (2, ) 6 (dx, dy)

= Fr(@ 0, D50, 27 10) + Froe (B 971, 20) = Fr(B,, 05, 2j19).

Indeed, identity (*) follows from the fact that, since U is 1-homogeneous,

d(wd, v)
/w(wﬂv)—// ( )dy

for every y € M™T(E) such that w¢# < y and v}] < vy, cf. (2.13). Then, it suffices to

. dvl .
observe that w# « ¥ and v}) <« ¥ with % = a(u~, u™). The same argument applies to
FgWw's, v%), cf. also Lemma 2.3(3). O

Definition 4.9 The dissipation potential % : M (V) x M(E) — [0, +o0] is defined by
L1 _ 1
%’(,O,J)Zziﬂr(l’p, 2J19) = Jw(2J|vp) (4.29)

where 17?} are defined by (4.18). If o is 1-homogeneous, then Z(p, j) is independent of #.
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Lemma4.10 Let p = p% + pt € MY (V) and j = j* + j* € M(E), with p® = u,
2j% = wd, and p*, j* as in Lemma 4.8, satisfy Z(p, j) < 400, and let P € B(V) be a
n-negligible set such that p+ = p L P.

(1) We have |jI(P x (V\ P)) =[jI(V\ P) x P) =0, j* = jL (P x P), and
1
Rp. ) =R ) + 3 Fr= (@ 8] 250). (4.30)
In particular, if o is 1-homogeneous we have the decomposition

Rp, J) = R(p", j)+ %", jb). (4.31)

(2) If p < 7 or o is sub-linear, i.e. a>° = 0, or k(x, ) K 7 forevery x € V, then j < %
and j* = 0. In any of these three cases, Z(p, j) = Z(p%, j), and setting E' as in
(4.10) we have w = 0 #-a.e. on E \ E’, and (4.11) holds.

(3) Furthermore, % is convex and lower semicontinuous with respect to setwise convergence
in (p, j). If k satisfies the weak Feller property, then % is also lower semicontinuous
with respect to weak convergence in duality with continuous bounded functions.

Proof (1) Equation (4.30) is an immediate consequence of (4.24).

To prove the properties of j, set R = V' \ P for convenience. By using the decompositions
Jj=w?+w'gand 19/:5 = ﬂfa + 17; = 19; + z¥ ¢ introduced in the proof of the previous
Lemma, the definition (4.25) implies that #;;(P x R) =0,sothatz7 =0 ¢-a.e.in P x R;
analogously z~ = 0 g-a.e. in R x P. By (3.13) we find that a®(z~,z") = 0, g-a.e. in
(P x R) U (R x P) and therefore w’ = 0 as well, since Y®(z~, z+, w’) < 400 ¢-a.e (see
(4.28)). We eventually deduce that jl =jLPxP.

(2) When p < w we can choose P = {J so that jl = j L P = 0. When « is sub-linear
then v, < ¥ so that j < ¥ since W is superlinear.

Ifk(x, ) < mforeveryx € V,then y:ﬂ;l < mand Xuﬂ;_ <« m,so that 19:;(P x P) =
0, since P is w-negligible. We deduce that jL(P x P) = 0as well.

(3) The convexity of Z# follows by the convexity of the functional .. The lower semicon-
tinuity follows by combining Lemma 2.4 with Lemma 2.3. O

Corollary 4.11 Let 7y, 1o € M (V) be mutually singular measures satisfying the detailed
balance condition with respect to «, and let %; = Ky, be the corresponding symmetric
measures in M (E) (see Sect. 2.4). For every pair (p, j) with p = p1 + p2, j = j + J»
for pi L mi and j; K ¥, we have

E(p, J)=Z1(p1, J1) + Z2(p2, J2), (4.32)

where %; is the dissipation functional induced by #;. When o is 1-homogeneous, %#; = %.

4.3 Curves with finite Z-action
In this section, we study the properties of curves with finite Z-action, i.e., elements of

b
Aa, b) := {(p, J) € C&(a,b): / R (pr, jp)dt < —I—oo}. (4.33)

The finiteness of the Z-action leads to the following remarkable property: A curve (p, j)
with finite Z-action can be separated into two mutually singular curves (p%, j¢), (p*, j e
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Al(a, b) that evolve independently, and contribute independently to %. Consequently, finite
Z-action preserves m-absolute continuity of p: if p; < m at any ¢, then p; < 7 at all .
These properties and others are proved in Theorem 4.13 and Corollary 4.14 below.

Remark 4.12 If (p, j) € A(a, b) then the ‘skew-symmetrization’ jb = (j —s#j)/20of
gives rise to a pair (p, jb) € A(a, b) as well, and it has lower Z-action:

b b
/%(pt,jbdzs/ Bpr, Jp)dr.
a a

This follows from the convexity of w +— Y (uj, us, w), the symmetry of (uy,uz) +—
Y (uy, uz, w), and the invariance of the continuity equation (4.3) under the ‘skew-
symmetrization’ j — j” (cf. also the calculations in the proof of Corollary 4.20).

As aresult, we can often assume without loss of generality that a flux j is skew-symmetric,
ie.thatsyj = —j.

Theorem 4.13 Let (p, j) € A(a, b) and let us consider the Lebesgue decompositions p; =
of + ,otJ‘ and j, = ji + JtJ‘ of p: with respect to m and of j, with respect to 9.

(1) We have (p%, j*) € A(a, b) with

b b
/ Bt j di < / o j)dr. 4.34)
a a

In particular t — pf (V) and t — th‘(V) are constant.
(2) If ais 1-homogeneous then also (pL, jL) € A(a, b) and

b b b
[ aw i [ at iba = [Caegpa @)
a a a

(3) If a is sub-linear or k(x, ) K w for every x € V, then ,olJ- is constant in [a, b] and
1
j—=0.

Proof (1)Lety € M™*(V)beadominating measure for the curve p according to Corollary 4.3
and let us denote by y = y* + y* the Lebesgue decomposition of y with respect to 7; we
also denote by P € B(V) a m-negligible Borel set such that y - = y L P. Setting R:=V \ P,
since p; < y we thus obtain p¢ = p, LR, p;* = p,|_P.By Lemma4.10 for A-a.e.t € (a, b)
weobtainjf‘ =jL(PxP)and j{=jL(RxR)with|j,[(Rx P)=]j,|(PxR)=0.
For every function ¢ € By, we have V(pxg) = 0 on P x P so that we get

5}
/(pdp,‘;—/ (,od,o,“l :/ ¢dp[2_/§0dpt1 :/ // V(‘P)(R)d(j?"‘J.zJ_)df
1% 1% R R 1 E
t o [5) .
= [ ][ Vexwaira=["[[ Foajtar
1 RxR 1 E

showing that (p“, j*) belongs to CE(a, b). Estimate (4.34) follows by (4.30). From
Lemma 4.4 we deduce that p;' (V) and pf‘(V) are constant.

(2) This follows by the linearity of the continuity equation and (4.31).

(3)If ais sub-linear or k (x, -) < 7 forevery x € V,then Lemma4.10 shows thatjL =0.
Since by linearity (pl, jl) € C&(a, b), we deduce that p} is constant. O

Corollary 4.14 Let (p, j) € A(a, b). If there exists to € [a, bl such that p;, <K 7, then we
have p; K 1 foreveryt € [a, b], jl =0,anddivj, L m for A-a.e.t € (a, b). In particular,
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there exists an absolutely continuous and a.e. differentiable map u : [a, b] — LYV, 7)and
amapw € L'(E, > ® ®) such that

1
2j, =wA®¥, du(x)= > /;/ (w,(y,x) —w(x, ) k(x,dy) forae.t € (a,b).
(4.36)

Moreover there exists a measurable map & : (a,b) x E — R such that w = Ea(u™,u™)
A® P-ae. and

1
FonJ0 =5 / /E W(E (o )ity (0), () B(dx, dy) forace.t € (@.b).  (437)

If w is skew-symmetric, then & is skew-symmetric as well and (4.36) reads as

pus (x) = / w(y, x) k(x,dy) = / & (v, X)ouy (x), u (y) k(x,dy) a.e in(a,b).
v v
(4.38)
Remark 4.15 Relations (4.36) and (4.38) hold both in the sense of a.e. differentiability of
maps with values in L' (V, ) and pointwise a.e. with respect to x € V: more precisely,
there exists a set U C V of full w-measure such that for every x € U the map ¢ — u;(x) is

absolutely continuous and equations (4.36) and (4.38) hold for every x € U, a.e. with respect
to t (0, 7).

Proof The first part of the statement is an immediate consequence of Theorem 4.13, which
yields ,of- (V) = O0foreveryt € [a, b]. We canthus write 2 j = w(A®#) for some measurable
map w : (a, b) x E — R. Moreover Ej L AQm,since spj K sp(A® W) =1 ® P, and
therefore

2 =j—sj KA®P = divj =x:2j) «<x(0®9%) Kri®nr. (439
Setting z; = d(divj,)/dm we get for a.e. t € (a, b)

uy = —z4,

—Z/VWr dm Z//E(w(y)—go(X))wx(x,y)ﬂ(dx,dy)
=//E o (x)(w; (y, x) — w; (x, y)#(dx, dy)

= [ o ([ ity = it yece, ) Jecan,
\%4 \4

The existence of & and formula (4.37) follow from Lemma 4.10(2). O

4.4 Chain rule for convex entropies

Let us now consider a continuous convex function  : Ry — R that is differentiable in
(0, 400). The main choice for § will be the function ¢ that appears in the definition of the
driving functional & (see Assumption (&'¢)), and the example of the Boltzmann-Shannon
entropy function (3.10) illustrates why we only assume differentiability away from zero.

By setting p’(0) = lim, o p'(r) € [—00, +00), we define the function Ag : Ry x Ry —
[—o0, +o0] by

B'(w) — B'(w) ifu,veRy x Ry \ {(0,0)),

4.40
0 ifu=v=0. ( )

Aﬁ(u,v)::{
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Note that Ag is continuous (with extended real values) in R x R4 \ {(0, 0)} and is finite and
continuous whenever §/(0) > —oo. When p’(0) = —oo we have Ag(0, v) = —Ag(u,0) =
~-o0 for every u, v > 0.

In the following we will adopt the convention

+oo ifa >0,
|[£oo| = 400, a-(400):=10 ifa=0, a-(—00)=—a-(+00), (4.41)

—o0 ifa <0

forevery a € [—o0, +00] and, using this convention, we define the extended valued function
Bg: Ry xRy xR — [—o00, +00] by

Bg(u, v, w):=Ag(u, v)w. (4.42)

We want to study the differentiability properties of the functional .7 (-|7) along solutions
(p, j) € CE(I) of the continuity equation. Note that if B is superlinear and % is finite at a
time #y € I, then Corollary 4.14 shows that p;, < 7 for every ¢ € I. If § has linear growth
then

Folor|) = /V Blur) dr + BX()p (V). pr = i + pit, (4.43)

where we have used that # > p;-(V') is constant. Thus, we are reduced to studying .Z along
(p*, j), which is still a solution of the continuity equation. The absolute continuity property
of p; with respect to = is therefore quite a natural assumption in the next result.

Theorem 4.16 (Chain rule 1) Let (p, j) € A(a, b) with p; = u;m K 7 and let 2jb =
J—sij= w’A ® ¥ as in Corollary 4.14 satisfy

b
/ Blug) dr < +o0, / // (Bﬁ(u,(x), w (v), wl (x, y))) #(dx, dy) dr < 400
v a E +
(4.44)
Then the map t — [, B(u;) A7 is absolutely continuous in [a, b], the map Bg(u™, u™, w?)
is A ® ¥#-integrable and

d 1
& [ punar =3 [[ Butu o). w9 @ ay) soraes e b
tJv 2 E

(4.45)

Remark 4.17 At first sight condition (4.44) on the positive part of By is remarkable: we only
require the positive part of Bg to be integrable, but in the assertion we obtain integrability of
the negative part as well. This integrability arises from the combination of the upper bound
on fV B(ug) dmr in (4.44) with the lower bound p > 0.

Proof Step 1: Chain rule for an approximation. Define for k € N an approximation By of
B as follows: Let B (0):=max{—k, min{B’(c), k}} be the truncation of B’ to the interval
[—k, k]. Due to the assumptions on §, we may assume that § achieves a minimum at the
point sp € [0, +00). Now set B (s):=p(s0) + f;o B;{ (0) do. Note that py is differentiable and
globally Lipschitz, and converges monotonically to $(s) for all s > 0 as k — oo.

Foreach k € Nand ¢ € [a, b] we define

Sk (1) 1=/vﬁk(uz)d7f, S(t) 2=/Vﬁ(uz)dﬂ-
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By convexity and Lipschitz continuity of Bx, we have that

Bre aar (%)) — B (i (%)) < B (aar (x)) (i (x) — w5 (x)) < kluar (x) — ug ()]

Hence, we deduce by Corollary 4.14 that foreverya <s <t <b

Sk(t) — Sk(s) = /V[Bk(ur(X)) — Bie(u (x)) ] (dx)

t
< klluy — wsll 1 ymy < k/ Vel 1y dr-
N

We conclude that the function ¢ +— Si(¢) is absolutely continuous. Let us pick a point
t € (a, b) of differentiability for # + Si(¢): it easy to check that

d V[l
50O =/ B (ur) du; drr = f// VB, (u)w, do
t v 2JJE

which by integrating over time yields

L [! —
Sk(t) — Sk(s) = 3 / // VB;((ur)w? d#dr foralla <s <t <b. (4.46)
s E

Step 2: The limit k — oo Since 0 < B}/ < p” we have
0 < Ag, (u,v) =By (v) — By (u) <PB'(v) —B'(u) = Ag(u, v) whenever 0 <u <v (4.47)

and
By (v) — B ()| < |Ag(u, v)| foreveryu,v e Ry. (4.48)

We can thus estimate the right-hand side in (4.46)
(Bt = (VB w’), < (Ap™,u"w’), = By (4.49)
where we have used the short-hand notation

Bi(r, x,y) = By, (ur (x), ur (y), wl(x, ¥)), B(r, x,):=Bg(u,(x), uy (), w’(x, y)).
(4.50)
Assumption (4.44) implies that the right-hand side in (4.49) is an element of L'([a, b] x
E; A ® ), so that in particular By € R for (A ® #)-a.e. (¢, x, y).
Moreover, (4.46) yields

b b
f /E<Bk)_ as; =f fE(Bk>+ dd, + Se(a) — Si®)

b
= / // (B)4+ d¥; + S(a) < +oo. 4.51)
a E

Note that the sequence k — (By)— is definitely O or is monotonically increasing to B_.
Beppo Levi’s Monotone Convergence Theorem and the uniform estimate (4.51) then yields
that B_ € L'((a, b) x E, A ® #), thus showing that Bg(u~, u™, w’) is (A ® #)-integrable
as well.

We can thus pass to the limit in (4.46) as k — +o00 and we have

lim VB w)w’” =B 1® #-ae.in (a,b) x E. (4.52)
k—+00

The identity (4.52) is obvious if f'(0) is finite, and if p’'(0) = —oo then it follows by the
upper bound (4.49) and the fact that the right-hand side of (4.49) is finite almost everywhere.
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The Dominated Convergence Theorem then implies that

t t
///Vﬁ;{(ur)wfdﬂdr — ///Bdl?dr as k — oo.
K E K E

By the monotone convergence theorem S(¢) = limy_, 400 Sk(¢) € [0, +o0] for all ¢ € [a, b]
and the limit is finite for t = 0. For all ¢ € [a, b], therefore,

t
S(t):S(a)—i—l/ //Bd#dr,
2 a E

which shows that § is absolutely continuous and (4.45) holds. O

We now introduce three functions associated with the (general) continuous convex func-
tion B : Ry — R, differentiable in (0, +00), that we have considered so far, and whose
main example will be the entropy density ¢ from (3.9). Recalling the definition (4.40),
the convention (4.41), and setting W*(+00):=4o00, let us now introduce the functions
Dy, Dy, Dg : R3 — [0, +00]

Dy (u, v):=W*(Ag(u, v))a(u, v)

W (Ag(u, v))a(u, v) if a(u, .v) >0, 4.53a)
0 otherwise,
W (Ag (i, v))a(u, v) if a(u, v) > 0,
Dy (u, v):=10 ifu=v=0, (4.53b)
+00 otherwise, i.e. if a(u, v) =0, u # v,
Dg (-, -):=the lower semicontinuous envelope of Dér in ]R%_. (4.53¢)

The function Dy, corresponding to the choice § = ¢ shall feature in the (rigorous) definition of
the Fisher information functional &, cf. (5.1) ahead. Nonetheless, it is significant to introduce
the functions Dd_> and D;{ as well, cf. Remarks 5.8 and 7.12 ahead.

Example 4.18 (The functions Ddi) and Dy, in the quadratic and in the cosh case) In the
two examples of the linear equation (1.2), with Boltzmann entropy function ¢, and with
quadratic and cosh-type potentials W* (see (1.17a) and (1.17b)), the functions Ddf and Dy,
take the following forms:

(1) If W*(s) = s2/2 and, accordingly, a(u, v) = (u — v)/(log(u) —log(v)) forall u, v > 0
(with a(u, v) = 0 otherwise), then

1 (log(u) — log())(u —v) ifu, v >0,

D, (u,v) =
<I>(u ) 0 ifu=0o0rv=0,
%(log(u) —log(v))(u —v) ifu, v>0,
D¢(u,v)=D$(u,v)= 0 ifu=v=0,

+o00 if u = 0and v # 0, or vice versa.

For this example D(;r and D, are convex, and all three functions are lower semicontinuous.
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(2) For the case W*(s) = 4(cosh(s/2) — 1) and a(u, v) = /uv for all u, v > 0, one finds

2
Dg(u,v): Z(I—\/ﬁ) ifu, v>0,
0 ifu=0o0rv=0,

2
D, v) =2(vir = o) forallu,v =0,

2
D:;(u,v): 2<\/>_\/5> ifu,v>00ru=v=0,
oo ifu =0and v # 0, or vice versa.

For this example, D;)r and Dy, again are convex, but only D; and Dy, are lower semicon-
tinuous.

Other examples of functions Dy, in the case of power means (1.33) with the Boltzmann
entropy function ¢ are discussed in Appendix E.
We collect a number of general properties of Dg and Dét.

Lemma 4.19
- +.
(1) Dy <Dy <Df
(2) Dg and Dg are lower semicontinuous;
(3) Foreveryu,v € Ry and w € R we have

Bp (u, v, w)| < Y (u, v, w) + Dy (u, v). (4.54)
(4) Moreover, when the right-hand side of (4.54) is finite, then the equality
—Bg(u, v, w) =T (u, v, w)+DE(u,v) (4.55)

is equivalent to the condition

a(u,v) =w=0 or [a(u, v) >0, Ag(u,v) € R, —w = (W) (Ap(u, v))a(u, v)].
(4.56)

Proof 1t is not difficult to check that D, is lower semicontinuous: such a property is trivial
where o vanishes, and in all the other cases it is sufficient to use the positivity and the
continuity of W* in [—00, +00], the continuity of Ag in Ri \ {(0, 0)}, and the continuity and
the positivity of a. It is also obvious that D, < Dg, and therefore Dg <Dg < D;’.

For the inequality (4.54), let us distinguish the various cases:

o Ifw=0oru=v=0,then Bg(u, v, w) = 0 so that (4.54) is trivially satisfied. We can
thus assume w # 0 and u + v > 0.

e When a(u, v) = 0then Y (u, v, w) = +00 so that (4.54) is trivially satisfied as well. We
can thus assume a(u, v) > 0.

o If Ag(u, v) € {£o0} then Dg (u, v) = 400 and the right-hand side of (4.54) is infinite.

o It remains to consider the case when Ag(u,v) € R, a(u,v) > 0 and w # 0. In this
situation

B, v, w)| = |Ag(u, v)w| = ’Aﬁ(u, v) au, v)

o(u, v)
< \p(oc(u, U))oc(u, v) + \IJ*(AB(u, v))(x(u, v)

=Y (u,v,w)+ Dg(u, v). 4.57)
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This proves (4.54).

It is now easy to study the case of equality in (4.55), when the right-hand side of (4.54)
and (4.55) is finite. This in particular implies that a(u,v) > 0 and Ag(u,v) € R or
oa(u, v) = 0 and w = 0. In the former case, calculations similar to (4.57) show that —w =
(%) (Ag(u, v))a(u, v). In the latter case, a(u, v) = w = 0 yields that Bg(u, v, w) = 0,
Y(u, v, w) = U(w, a(u, v)) = ¥(0,0) = 0, and D (u, v) = W*(Ag(u, v))a(u, v) = 0.

O

As a consequence of Lemma 4.19, we conclude a chain-rule inequality involving the
smallest functional D, and thus, a fortiori, the functional Dg which, for B = ¢, shall enter

into the definition of the Fisher information 2.

Corollary 4.20 (ChainruleIl) Let (p, j) € A(a, b) withp, = uym K wand2j, = w(AQ9)
satisfy

b
/ B(ug)dmr < 400, / f/ Dg(u,(x), us(y)) #(dx, dy)dr < +oo. (4.58)
\4 a E

Then the map t +— f v B(uy) dr is absolutely continuous in [a, b] and

d
’dt /v Bluy) dm

If moreover

1
< dnty [ /E Dy (s (), () #(dx, dy) for a.e. 1 € (a, b).
(4.59)

d 1
_I/ B(u) dm =e%’(,0uj;)+*// Dy (us (x), u (y)) 9 (dx, dy)
tJy 2)JE

then 2j = j° and
—w;(x,y) = (W) (A (x), ur (y)) oy (x), u; () for #-ae. (x,y) € E.  (4.60)

In particular, w; = 0 #-a.e. in {(x, y) € E a(u(x), u;(y)) = 0}.

Proof We recall that for A-a.e. r € (a, b)

1
Epi Jy) = 3 //E Y (ur (x), ur (y), wi(x, y)) #(dx, dy).

We can then apply Lemma 4.19 and Theorem 4.16, observing that

//E T(uz(X),ut(y),w?(x,y))v?(dx,dy)5//E Y (us(x), u (y), wix, y)) #(dx, dy)
(4.61)

since
1
Y (e (x), us (y), wtb(x, ) = T (us(x), ur (y), E(wt(x» y) — we(y, x)))

=

1
T (s (o) e (), we(x, ) + 5T (e (), 1 (), wi(y, X))

| —

and the integral of the last term coincides with the right-hand side of (4.61) thanks to the
symmetry of #. i
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4.5 Compactness properties of curves with uniformly bounded Z-action

The next result shows an important compactness property for collections of curves in A(a, b)
with bounded action. Recalling the discussion and the notation of Sect. 2.4, we will systemati-
cally associate witha given (p, j) € A(I),I = [a, b],acouple of measures p;, € M+ (I xV),
Ji € M(I x E) by integrating with respect to the Lebesgue measure A in /:
px(dz, dx) = A(d)p(dx), j;(dr, dx,dy) = A(dr)j,(dx, dy). (4.62)
Similarly, we define
9, (de, dx, dy):=(97),(dt, dx, dy) = A(d) D}, (dx, dy) 63
= A1) py (dx)k (x, dy) = 93 (dt, dx, dy). '

It is not difficult to check that

. 1 _ .
/I%(p,,h)dt = EﬁT(ﬂp’A,ﬂ;A,ZJ,\M@ﬂ). (4.64)

Proposition 4.21 (Bounded f Z implies compactness and lower semicontinuity) Lez (0", j™),
C Ala, b) be a sequence such that the initial states p)} are w-absolutely-continuous and rel-
atively compact with respect to setwise convergence. Assume that

b
M:= sup/ Z(p;', j7)dt < 4o0. (4.65)
neNJa

Then, there exist a subsequence (not relabelled) and a pair (p, j) € A(a, b) such that, for
the measures j% € M([a, b] x E) defined as in (4.62) there holds

ol — p setwise in MT(V) forallt € [a, b], (4.66a)
Ji—Js setwisein M(la,b] x E), (4.66b)

where j, is induced (in the sense of (4.62)) by a A-integrable family (j;)c[a,p] C M(E). In
addition, for any sequence (p", j") converging to (p, j) in the sense of (4.66), we have

b b
[ o dpas <timine [ ar (4.67)
a a

Proof Let us first remark that the mass conservation property of the continuity equation yields
pf (V) =ph(V) <M, foreveryt € [a,b], n e N (4.68)

for a suitable finite constant M; independent of n. We deduce that for every ¢ € [a, b] the
measures 0:;,, have total mass bounded by M ||k || s0, SO that estimate (2.29) fory = (¢, ¢) €

D(a) yields
v (E) = oz[ﬂ;rn, 1?;,,|19](E) < M, foreveryt € [a,b], n € N, (4.69)

where M>:=2c M1||kv|lco — @ (c, c)#(E). Jensen’s inequality (2.18) and the monotonicity
property (2.19) yield

1
> -
-2

1 (21'?(E)

%(p,",j;’)z%6(21?(&,%;1(12)) B (2718, M2) = S i )M, (4.70)

2

with U the perspective function associated with W, cf. (2.14). Since W has superlinear growth,
we deduce that the sequence of functions 7 +— |j7|(E) is equi-integrable.
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Since the sequence (p)),, with p]! = ullm < m, is relatively compact with respect to
setwise convergence, by Theorems 2.1(6) and 2.2(3) there exist a convex superlinear function
B : Ry — R, and a constant M3 < 400 such that

Fp(phlm) = / B(uy)dmw < M3 foreveryn € N. 4.71)
\%
Possibly adding M/ to M3, it is not restrictive to assume that §’'(r) > 1. We can then apply

Lemma C.3 and we can find a smooth convex superlinear function w : Ry — R such that
(C.10) holds. In particular

/ oWy dr < M), 4.72)
\%

b b
/ f/ D (! (x), ! (v)) B (dx, dy) dr < / / W) + u () P (dx, dy) dr
a E a E

=2(b —a)Millxy lloo- (4.73)
By Corollary 4.20 we obtain
/;/oo(u;’) dm <M + (b —a)Mi||ky ||lec + My foreveryt € [a, b]. 4.74)
By (4.7) we deduce that
luf —ugllpiv ) <G, t) where ¢(s,t) := ZSugft [JRI(E)dr. 4.75)
neNJs

Since t + | j}|(E) is equi-integrable we have

lim ¢(s,t) =0 forallr € [a,b],
(s,t)—(r,r)

We conclude that the sequence of maps (u});c[q4,] Satisfies the conditions of the compactness

result [4, Prop. 3.3.1], which yields the existence of a (not relabelled) subsequence and of a

LY(V, 7)-continuous (thus also weakly-continuous) function [a, b] > t — u; € LYV, m)

such that u} —u, weakly in LY(V, 7) for every t € [a, b]. By (2.5) we also deduce that

(4.66a) holds, i.e.

ol — pr =umw setwise in M(V) forall ¢ € [a, b].

Itis also clear that for every ¢ € [a, b] we have 19:—; — 0;5 setwise. The Dominated Con-
t
vergence Theorem and (2.4), (2.36) imply that the corresponding measures 1?;7 , converge

setwise to 0; »» and are therefore equi-absolutely continuous with respectto #), = A @ #
(recall (2.7)).

Let us now show that also the sequence (j%), is equi-absolutely continuous with respect
to #,, so that (4.66b) holds up to extracting a further subsequence.

Selecting a constant ¢ > 0 sufficiently large so that a(u1, us) < c¢(14uj +us), the trivial
estimate v, < c(¢ + 9, + 0;) and the monotonicity property (2.19) yield

b
. 1 . . _
M= / Hpy At = S Fe Q) = FulGile"). 6=+ B, +0,0,).
¢ (4.76)
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For every B € 2 ® B, 2 being the Borel o-algebra of [a, b], with #,(B) > 0, Jensen’s
inequality (2.18) yields

(B
\IJ(JQEB;);WB)s%(j’zLBm"l_B)sM. (4.77)
S
Denoting by U : Ry — R, the inverse function of W, we thus find
Ji(B) =s"(B)U M (4.78)
R s"(B)) '
Since W is superlinear, U is sublinear so that
limsU(M/5) = 0. 4.79)
810

For every ¢ > 0 there exists 8o > 0 such that U (M /§) < e forevery § € (0, 8p). Since ¢" is
equi absolutely continuous with respect to #; we can also find §; > 0 such that #, (B) < §;

yields ¢"(B) < 8o. By (4.78) we eventually conclude that j}(B) < ¢.
Itis then easy to pass to the limit in the integral formulation (4.4) of the continuity equation.
Finally, concerning (4.67), it is sufficient to use the equivalent representation given by (4.64).
|

4.6 Definition and properties of the cost

We now define the Dynamical-Variational Transport cost W : (0, +00) x M*(V) x
M+ (V) — [0, +00) by

T
W (t, po, p1) := inf {/0 Z(pr, J)dt 2 (p, J) € Gﬁ(O,r;po,m)} . (4.80)

In studying the properties of W, we will also often use the notation

(0, T; po, p1) := {(p,j) € A0, 1) : p0) = po, p(1) =m}, (4.81)

with A (0, t) the class from (4.33).

For given T > 0 and pop, p1 € MF(V), if the set 7 (0, T; pg, p1) is non-empty, then it
contains an exact minimizer for % (t, pg, p1). This is stated by the following result that is a
direct consequence of Proposition 4.21.

Corollary 4.22 (Existence of minimizers) If pg, p1 € MT(V) and <7 (0, t; po, p1) is not
empty, then the infimum in (4.80) is achieved.

Remark 4.23 (Scaling invariance) Let us consider the perspective function \fl(r, s) associ-
ated wih ¥ as in (2.14), \jl(r, s) = sW(r/s) if s > 0. We call Z,(p, j) the dissipation
functional induced by (-, 5), with induced Dynamic-Transport cost #;. For every t > 0,
00, p1 € MT(V) arescaling argument yields

[
W (z, po, 1) = Wr)o (0, po, p1) = inf {/ PKrjo (o, Jp)dt = (p, j) € CE(O, o; po, ﬂl)} .
0
(4.82)
In particular, choosing o = 1 we find

W (T, po, p1) = W2 (1, po, p1)- (4.83)
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Since W (-, 7) is convex, lower semicontinuous, and decreasing with respect to 7, we find
that T +— # (z, po, p1) is decreasing and convex as well.

Currently, proving that any pair of measures can be connected by a curve with finite
action [ % under general conditions on V, W and o is an open problem: in other words, in the
general case we cannot exclude that <7 (0, t; pg, p1) = ¥, which would make % (z, po, p1) =
+00. Nonetheless, in a more specific situation, Proposition 4.25 below provides sufficient
conditions for this connectivity property, between two measures pg, p; € M1 (V) with the
same mass and such that p; < 7 for i € {0, 1}. Preliminarily, we give the following

Definition 4.24 Let g € (1,400). We say that the measures (r, #) satisfy a g-Poincaré
inequality if there exists a constant Cp > 0 such that for every & € L9(V;m) with
[y §(x)m(dx) = 0 there holds

/V GOl (dx) < Cp /E V& (x, )9 (dx. dy). 4.84)

We are now in a position to state the connectivity result, where we specialize the discussion
to dissipation densities with p-growth for some p € (1, +00).

Proposition 4.25 Suppose that
Ipe(l,+00),Cp>0VreR: W) <Cp(l+r|P), (4.85)

and that the measures (w, ¥) satisfy a q-Poincaré inequality for g = #. Let po, p1 €
M™T (V) with the same mass be given by p; = u;m, with positive u; € L'(V; 1)NL>®(V; 1),
for i € {0,1}. Then, for every T > 0 the set </(0, t; po, p1) is non-empty and thus
W (T, po, p1) < 0.

‘We postpone the proof of Proposition 4.25 to Appendix D, where some preliminary results,
also motivating the role of the g-Poincaré inequality, will be provided.

4.7 Abstract-level properties of 7

The main result of this section collects a series of properties of the cost that will play a key
role in the study of the Minimizing Movement scheme (1.26). Indeed, as already hinted in
the Introduction, the analysis that we will carry out in Sect. 7 ahead might well be extended
to a scheme set up in a general topological space, endowed with a cost functional enjoying
properties (4.86) below. We will now check them for the cost # associated with generalized
gradient structure (&, Z, %#*) fulfilling Assumptions (Vrk) and (Z*Wa). In this section
all convergences will be with respect to the setwise topology.

Theorem 4.26 The cost W enjoys the following properties:
(1) Forallt >0, pg, p1 € MT(V),

W (t, po,p1) =0 & po = pi1. (4.86a)
(2) Forall p1, p2, p3 € MY (V) and 71, 72 € (0, +00) witht = 1| + 12,

W (z, p1, p3) < W (11, p1, P2) + W (T2, P2, P3). (4.86b)
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(3) Fort, —» v >0, pyg = p, p} = p1in MWV,

lim inf % (t,, oy, p1) = # (z, po, p1). (4.86¢)
n——+00

(4) Forall t, | 0and for all (pp)n, p € MT(V),

sup # (tn, P, p) < +00 = pp — p. (4.86d)
neN

(5) Forall T, | 0and all (pp)n, (Va)n C MFT(V) with p, — p, v, — v,

limsup # (ty, pn, Vp) < +00 = p=n. (4.86¢)

n—oo

Proof (1) Since W(s) is strictly positive for s # 0 it is immediate to check that Z(p, j) =
0 = j = 0. For an optimal pair (p, j) satisfying fOT Z(pr, j;)dt = 0 we deduce that
Jj; =0fora.e.t € (0, v). The continuity equation then implies pgp = p1.
(2) This can easily be checked by using the existence of minimizers for % (z, po, p1).
(3) Assume without loss of generality that liminf,,— 400 # (74, 0, P]) < 0. By (4.83)
we use that, for every n € N and setting T = sup,, 7,

1
“ ( .
W (tn, 00, 00 = 74, (1, p%, phy < w21, p0, phy 2f (o), j1) dt,
0

where the identity (+) holds for an optimal pair (0", j") € CE(0, 1; pg, o). Applying
Proposition 4.21, we obtain the existence of (p, j) € CE(0, 1; po, p1) such that, up to a
subsequence,

ol — ps setwise in M (V) foralls € [0, 1],

. . . (4.87)
Jj" — J setwise in M([0, 1]xE),

Arguing as in Proposition 4.21 and using the joint lower semicontinuity of W, we find that

n—oo

1 1
liminf/ P, (0}, J7)ds 2/ R (ps. Js)ds = #:(1, po, p1) = # (T, po, p1).
0 0

(4) If we denote by Z the dissipation associated with W (-, 0), given by ¥(w, 0) = +o0
for w % 0 and W (0, 0) = 0, we find

Ho(p, j) < +o0 = j=0. (4.88)

By the same argument as for part (3), every subsequence of p, has a converging subsequence
in the setwise topology; the lower semicontinuity result of the proof of part (3) shows that
any limit point must coincide with p.

(5) The argument combines (4.88) and part (3). ]

4.8 The action functional W and its properties

The construction of # and # above proceeded in the order Z ~» #: we first constructed
2, and then # was defined in terms of Z. It is a natural question whether one can invert this
construction: given %/, can one reconstruct %, or at least integrals of the form | ab Z# dt? The
answer is positive, as we show in this section.
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Given a functional % satisfying the properties (4.86), we define the “# -action’ of a curve
o la,b] = M*T(V) as

M
W(ps la,bl) :=sup { Y "7 (t! —t/7 p/™"), pt?)) + )}y € Brla. b)) ¢
j=1
(4.89)
for all [a, b] C [0, T] where ‘B ¢ ([a, b]) denotes the set of all partitions of a given interval
[a, b].
If # is defined by (4.80), then each term in the sum above is defined as an optimal
version of fttjj,l Z(py, -) dt, and we might expect that W(p; [a, b]) is an optimal version of

pr, -)dt. This is indeed the case, as is illustrated by the following analogue o ,
ab%( )dt. This is indeed th is ill d by the followi 1 f [20
Th. 5.17]:

Proposition 4.27 Let ¥ be given by (4.80), and let p : [0,T] — M (V). Then
W(p; [0, T]) < +oo if and only if there exists a measurable map j : [0,T] — M(E)
such that (p, j) € CE(0, T) with fOT Z(pt, J;)dt < +o00. In that case,

T
Wip: [0, T]) < /0 oy j)d1, (4.90)

and there exists a unique J o such that equality is achieved. The optimal jy is skew-

symmetric, i.e. jon = J Zpl (cf- Remark 4.12).
Prior to proving Proposition 4.27, we establish the following approximation result.

Lemma 4.28 Let p : [0, T] — M (V) satisfy W(p; [0, T]) < +oo. For a sequence of par-
titions P, = (z,{);/’:”o € B£ ([0, T']) with fineness T, = max j—;

to zero, let p" : [0, T] — M (V) satisfy

-1 .
M, & -t converging

yaees

Pty = p(t]) forall j=1,....M, and sup,.W(p";[0,T]) < +oo.
Then p"(t) — p(t) setwise forallt € [0, T] asn — oo.

Proof First of all, observe that by the symmetry of W, also the time-reversed curve
p):=p(T — 1) satisfies W(p; [0, T]) < +oo. Let t, and t, be the piecewise constant
interpolants associated with the partitions P,, cf. (7.5). Fix t € [0, T']; we estimate

W2 — 1), "0 p0) L H (ta — 1. 0700, 5" Ga0)) + # (ta — 1. p (). (1)
=W (6—1.0"0), 0" @) +# (4 —t.0(T —41), 5(T — 1))
SWE" [, 50D + W [T —4(0), T —1])
< sugw(p”; [0, T]) +W(p; [0, T]) =: C < +o0,
ne

where (1) follows from property (4.86b) of . Consequently, by property (4.86d) it follows
that p" (t) — p(t) setwise in M (V) for all t € [0, T]. O
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We are now in a position to prove Proposition 4.27:

Proof of Proposition 4.27 One implication is straightforward: if a pair (p, j) exists, then
4.80) ! .
Wt —=s,ps.pr) = / Z(pr,jp)dr,  foral0 <s <7 <T,
s

and therefore W(p; [0, T]) < 400 and (4.90) holds.

To prove the other implication, assume that W(p; [0, T]) < +o00. Choose a sequence of

partitions P, = (t,,)”ﬁo € B,([0, T]) that becomes dense in the limit n — oo. For each

n € N, construct a pair (p", j*) € CE(0, T) as follows: On each time 1nterval [t” t,,] let
", J" be given by Corollary 4.22 as the minimizer under the constraint p” (;) ) = p(t] )
and p"(t;) = p(t;), namely

) . t
V@6 e, o)) = / ZP!, jhdr. 4.91)
IIZ

By concatenating the minimizers on each of the intervals a pair (p", j") € CE(0,T) is
obtained, thanks to Lemma 4.6. By construction we have the property

T
W(p"; [0, T]) = / Z (o', 1) dr. 4.92)
0
Also by optimality we have

)= =6 @ p@h) < Wps 5 ),

which implies by summing that

Wp"s I

W(p"; [0, T1) < W(p; [0, TD). (4.93)

By Lemma 4.28 we then find that p"(t) — p(¢) setwise as n — oo for each z € [0, T].

Applying Proposition 4.21, we find that j”(dr dx dy):=j (dx dy) dr setwise converges
along a subsequence to a limit j. The limit j can be disintegrated as j(dtdxdy) =
A(dt) j;(dx dy) for a measurable family (j,);c[0,7], and the pair (p, j) is an element of
CE(0, T). In addition we have the lower-semicontinuity property

T
hmlnf/ Z(p}, ji)dt 2/ R(pr, J;)dt. (4.94)
0
We then have the series of inequalities
.93 T .
W(p; [0, T]) > lim sup W(p"; [0, T]) hm sup/ Z(py, ji)de
n—o0 n—oo

(494)
[%(pt,ndr 2 Wip: [0, T,

which implies that [, % (p;, j,)di = W(p; [0, T]).

Finally, the uniqueness of j is a consequence of the strict convexity of Y (u1, uz, -),
cf. Lemma 4.7. Similarly, the skew-symmetry of j follows from the strict convexity of
Y (uy, us, -), the symmetry of Y(-, -, w), and the invariance of the continuity equation (4.3)
under the ‘skew-symmetrization’ j +— j > cf. Remark 4.12. O
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5 The fisher information 2 and the definition of solutions

With the definitions and the properties that we established in the previous section we have
given a rigorous meaning to the first term in the functional . in (1.18). In this section
we continue with the second term in the integral, often called Fisher information, after the
canonical version in diffusion problems [68]. Section 5.2 is devoted to

(a) A rigorous definition of the Fisher information Z(p) (Definition 5.1).

In several practical settings, such as the proof of existence that we give in Sect. 7, it is
important to have lower semicontinuity of 2: this is proved in Proposition 5.3.
We are then in a position to give

(b) arigorous definition of solutions to the (&, Z, #Z*) system (Definition 5.4).

In Sect. 1.2.1 we explained that the Energy-Dissipation balance approach to defining solutions
is based on the fact that .Z(p, j) > O for all (p, j) by the validity of a suitable chain-rule
inequality.

(c) Arigorous proof of this chain-rule inequality, involving % and 2, is given in Corollary 5.6,
which is based on Theorem 4.16).

This establishes the inequality £ (p, j) > 0. Hence, we can rigorously deduce that the
opposite inequality .2 (p, j) < 0 characterizes the property that (o, j) is a solution to the
(&, %, %*) system. Theorem 5.7 provides an additional characterization of this solution
concept.

Finally, in Sects. 5.3 and 5.4,

(d) we prove existence, uniqueness and stability of solutions under suitable convex-
ity/L.s.c. conditions on & (Theorems 5.10 and 5.9). We also discuss their asymptotic
behaviour and the role of the invariant measures .

Throughout this section we adopt Assumptions (Vrr k), (Z*Va), and (&¢).

5.1 The fisher information &

Formally, the Fisher information is the second term in (1.18), namely

— 1
2(0) = #*(p. —Vow) = 3 / / V(=@ @) = ¢ w)))vpdrdy),  p=um.
E
In order to give a precise meaning to this formulation when ¢ is not differentiable at O (as,
for instance, in the case of the Boltzmann entropy function (3.10)), we use the function Dy,

defined in (4.53c¢).

Definition 5.1 (The Fisher-information functional 2) The Fisher information 2 : D(&) —
[0, +00] is defined as

1
@(,0)::5// Dy (u(x), u(y)) #(dxdy)  forp =urm. (5.1
E
Example 5.2 (The Fisher information in the quadratic and in the cosh case) Forillustration

we recall the two expressions for Dy, from Example 4.18 for the linear equation (1.2) with
quadratic and cosh-type potentials W* :
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(1) If W*(s) = s%/2, then

%(log(u) —log(w))(u —v) ifu, v>0,
Dy (u,v) =10 ifu=v=0,
+00 if u =0and v # 0, or vice versa.

(2) If W*(s) = 4(cosh(s/2) — 1), then

2
Dy, v) =2(Vit = Vo) ¥, v) € [0, +00) x [0, +00).

These two examples of Dy, are convex. The convexity of Dy, in the case of potentials W*
generated by the power means (1.33) is discussed in Appendix E.

Let us discuss the lower-semicontinuity properties of 2. In accordance with the
Minimizing-Movement approach carried out in Sect. 7.1, we will just be interested in lower
semicontinuity of & along sequences with bounded energy &. Now, since sublevels of the
energy & are relatively compact with respect to setwise convergence (by part 2 of Theo-
rem 2.2), there is no difference between narrow and setwise lower semicontinuity of 2.

Proposition 5.3 (Lower semicontinuity of &) Assume either that  is purely atomic or that
the function Dy, is convex on ]R%_. Then 2 is (sequentially) lower semicontinuous with respect
to setwise convergence, i.e., for all (p™),, p € D(&)

Pt — psetwise in MT(V) =  2(p) < liminf 2(p"). 5.2)
n—00

Proof When 7 is purely atomic, setwise convergence implies pointwise convergence 7 -
a.e. for the sequence of the densities, so that (5.2) follows by Fatou’s Lemma.
A standard argument, still based on Fatou’s Lemma, shows that the functional

U //E Do (u(x), u(y)) #(dx, dy) (5.3)

is lower semicontinuous with respect to the strong topology in L'(V, ): it is sufficient
to check that u, — u in L'(V, 7) implies (u,,u;}) — @~ ,u*) in L'(E, #). If Dy is
convex on ]Ri, then the functional (5.3) is also lower semicontinuous with respect to the
weak topology in L!'(V, 7). On the other hand, since p, and p are absolutely continuous
with respect to 7, p, — p setwise if and only if dp, /dr —dp/dw weakly in L' (V, 7) (see
Theorem 2.1). ]

5.2 The definition of solutions: %7/ %* energy-dissipation balance

We are now in a position to formalize the concept of solution.

Definition 5.4 ((&, #Z, %#*) Energy-Dissipation balance) We say that a curve p : [0, T] —
M (V)isasolution of the (&, %, %*) evolution system, if it satisfies the (&', %, #*) Energy-
Dissipation balance:

(1) &(po) < +o0;
(2) There exists a measurable family (j,);cf0,77 C M(E) such that (p, j) € CE(0, T') with

t
[ @i+ 260 ar+ o =) fralosssr=T. 54
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Remark 5.5

(1) Since (p, j) € CE(0, T), the curve p is absolutely continuous with respect to the total
variation distance.

(2) The Energy-Dissipation balance (5.4) written for s = 0 and ¢t = T implies that (p, j) €
A(0, T) as well. Moreover, ¢t — & (p;) takes finite values and it is absolutely continuous
in the interval [0, T'].

(3) The chain-rule estimate (4.59) implies the following important corollary:

Corollary 5.6 (Chain-rule estimate IIT) For any curve (p, j) € CE(0, T),

T
21 (p, J')1=/0 (%(pr, § )+ 2(pr)) dr + Eor) — E(po) = 0. (5.5

It follows that the Energy-Dissipation balance (5.4) is equivalent to the Energy-Dissipation
Inequality
Zr(p.j) = 0. (5.6)

Let us give an equivalent characterization of solutions to the (&, 2, Z*) evolution system.
Recalling the definition (1.11) of the map F in the interior of ]Ri and the definition (4.40)
of Ay, we first note that F can be extended to a function defined in R% with values in the
extended real line [—o0, +00] by

(U (Ag(u, v))au(u, v) if au, v) >0,

Fo(u, v):=
o, v) if o, v) = 0.

(5.7)

where we set (U*)(£00):==00. The function Fy is skew-symmetric.

Theorem 5.7 A curve (p;):ejo.1) in MY (V) is a solution of the (&, %, #*) system iff

(1) pr =usm L 7 foreveryt € [0, T] and t — u; is an absolutely continuous a.e. differ-
entiable map with values in L! (V,m),

(2) &(po) < +o0;

(3) We have

fo ' J[ ot w19 a ar < oo (5:)
and
Do (u; (x), ur (y)) = de(ut(x), ur(y)) forr®@d-ae (t,x,y) €[0, T x E. (5.9)
In particular the complement U’ of the set
U:={(t,x,y) € [0, T] x E : Fo(us(x), us(y)) € R} (5.10)

is (A ® #)-negligible and Fy takes finite values (A @ #)-a.e. in [0, T] x E;
(4) Setting
2j,(dx,dy) = —Fo(us (x), u,(y)) #(dx, dy), (5.11)

we have (p, j) € CE(0, T). In particular,

i (x) = /‘/Fo(u,(x), ur(y) k(x,dy) for (A @m)-ae. (t,x,y) €[0,T] x E.
(5.12)
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Proof Let p; = u;m be a solution of the (&', Z, #*) system with the corresponding flux j,.
By Corollary 4.14 we can find a skew-symmetric measurable map & : (0, 7)) x E — R such
that j, = &a(u™, u™)A ® # and (4.36), (4.37) hold. Taking into account that D(; < Dy and
applying the equality case of Corollary 4.20, we complete the proof of one implication.
Suppose now that p; satisfies all the above conditions (1)—(4); we want to apply formula
(4.45) of Theorem 4.16 for B = ¢. For this we write the shorthand u~, u™ for u, (x), u;(y)
and set w = —Fo(u~, u™). We verify the equality conditions (4.56) of Lemma 4.19:
e At (t,x,y) where a(u™,u™) = 0, we have by definition w = —Fo(u~, u") = 0;
o At(A®®)-ae. (t,x,y) wherea(u ,u") > 0,Fy(u", u™) is finite by condition (3), and
by (5.7) it follows that (\IJ*)’(A¢ (u—, u+)) is finite and therefore Ay (u ™, u™) is finite.
The final condition —w = (¥*)’(Ag(u, v))a(u, v) then follows by the definition of w.

By Lemma 4.19 therefore we have at (A ® #)-a.e. (¢, x, y)

By, uT, w) =Y, u", —w) + Dy (u”,u") O, ut, —w) + Dy, u').

In particular By, is nonpositive, and the integrability condition (4.44) is trivially satisfied.
Integrating (4.45) in time we find (5.4). ]

Remark 5.8 By Theorem 5.7(3), along a solution p; = u,7 of the (&, Z, #*) system, the
functions Dy, and D4_> coincide. Recall that, in general, we only have D < Dy, and the
inequality can be strict, as in the examples of the linear equation (1.2) with the Boltzmann
entropy and the quadratic and cosh-dissipation potentials discussed in Ex. 4.18. There, Dy,
and Dd: differ on the boundary of R?. Therefore, (5.9) encompasses the information that the

pair (u;(x), u;(y)) stays in the interior of R2 W @®)-a.e.in[0,T] x E.

5.3 Existence and uniqueness of solutions of the (£, %7, #Z*) system

Let us now collect a few basic structural properties of solutions of the (&, #Z, %#*) Energy-
Dissipation balance. Recall that we will always adopt Assumptions (Vrk), (Z*Va),
and (£¢).

Following an argument by Gigli [34] we first use convexity of & to deduce uniqueness.

Theorem 5.9 (Uniqueness) Suppose that 9 is convex and the energy density ¢ is strictly
convex. Suppose that p', p? satisfy the (&, %, #*) Energy-Dissipation balance (5.4) and
are identical at time zero. Then /o,1 = ,ot2 foreveryt € [0, T].

Proof Let ji € M((0,T) x E) satisfy .Z (o', j©) = 0 and let us set
1 1, .
pi=z (0l + o)), J=5G 4.

By the linearity of the continuity equation we have that (p, j) € CE(0, T) with pg = pé =
pé, so that by convexity

t
£o) = Epo) /0 (#or, ) + Do) dr
1 [ 1 [
> 8Go0) ~ 5 /0 (20} i+ 7o) dr — 5 /0 (@2, ) + D(pD) dr

1 1 1 2
= ig(pt)‘i‘ 55’(/0;)
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Since & is strictly convex we deduce p! = p2. O

Theorem 5.10 (Existence and stability) Let us suppose that the Fisher information functional
2 is lower semicontinuous with respect to setwise convergence (e.g. if w is purely atomic,
or Dy is convex, see Proposition 5.3).

(1) Forevery pg € M (V) with &(pg) < +00 there exists a solution p : [0, T] — MT(V)

of the (8, Z, Z*) evolution system starting from pg.

(2) Every sequence (p}'):co,1] of solutions to the (&, Z, Z*) evolution system such that
sup &(pg) < 400 (5.13)
neN

has a subsequence setwise converging to a limit (p;)¢(0,] for every t € [0, T].

(3) Let (p]')ie0,1] IS a sequence of solutions, with corresponding fluxes (j}):c0,11- Let pf'

converge setwise to p; for every t € [0, T, and assume that

Jim_&(pg) = &(po)- (5.14)

Then p is a solution as well, with flux j, and the following additional convergence
propetrties hold:

T T
limf Z(p!, jMdt = lim/ Z(py, j,)dt, (5.15a)
n—oo 0 n—oo 0
T T
lim/ 2(pl) dt = lim/ Dpr, j,)dt, (5.15b)
n—oo 0 n—oo 0

lim &(p;) = &E(py) foreveryt € [0, T]. (5.15¢)
n—oo

If moreover & is strictly convex then p" converges uniformly in [0, T] with respect to the
total variation distance.

Proof Part (2) follows immediately from Proposition 4.21.

For part (3), the three statements of (5.15) as inequalities < follow from earlier results:
for (5.15a) this follows again from Proposition 4.21, for (5.15b) from Proposition 5.3, and
for (5.15¢) from Lemma 2.3. Using these inequalities to pass to the limit in the equation
Zr(p", j™) = 0 we obtain that 27 (p, j) < 0. On the other hand, since .Zr(p, j) > 0 by
the chain-rule estimate (5.5), standard arguments yield the equalities in (5.15).

When & is strictly convex, we obtain the convergence in L! (V, ) of the densities u} =
dp;!/dm for every t € [0, T]. We then use the equicontinuity estimate (4.75) of Proposition
4.21 to conclude uniform convergence of the sequence (o, ),, with respect to the total variation
distance.

For part (1), when the density up of pg takes value in a compact interval [a, b] with
0 < a < b < o0, the existence of a solution follows by Theorem 6.6 below. The general case
follows by a standard approximation of uq by truncation and applying the stability properties
of parts (2) and (3). ]

5.4 Stationary states and attraction
Let us finally make a few comments on stationary measures and on the asymptotic behaviour

of solutions of the (&, Z, %#*) system. The definition of invariant measures was already given
in Sect. 2.4, and we recall it for convenience.
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Definition 5.11 (Invariant and stationary measures) Let p = um € D(&) be given.

(1) We say that p is invariant if «,(dxdy) = p(dx)k(x,dy) has equal marginals, i.e.
X#ICp == y#Kp.

(2) We say that p is stationary if the constant curve p; = p is a solution of the (&, #Z, Z*)
system.

Note that we always assume that 7 is invariant (see Assumption (Vrr«)). It is immediate
to check that

pisstationary <= Z(p)=0 <= Dou(x),u(y)) =0 d-ae. (5.16)
If a measure p is invariant, then u = dp/dx satisfies
u(x) =u(y) ford-ae.(x,y)€E, (5.17)

which implies (5.16); therefore invariant measures are stationary. Depending on the system,
the set of stationary measures might also contain non-invariant measures, as the next example
shows.

Example 5.12 Consider the example of the cosh-type dissipation (1.17a),
a(u, v):=vuv, W*(&):=4(cosh(§/2) — 1),

but combine this with a Boltzmann entropy with an additional multiplicative constant 0 <
y <L

d(s):=y(slogs —s + 1).

The case y = 1 corresponds to the example of (1.17a), and for general 0 < y < 1 we find
that
F(u,v) = uFTvaTV - uHTvaTV,

resulting in the evolution equation (see (1.12))
-y Ity Ity -y
8,u(x)=/ [u(x) T u(y) 2 —u(x) 2 u(y)? ]K(x,dy).
yeV

When 0 < y < 1, any function of the form u(x) = 1{x € A} for A C V is a stationary
point of this equation, and equivalently any measure 7w L A is a stationary solution of the
(&, #, %) system. For 0 < y < 1 therefore the set of stationary measures is much larger
than just invariant measures.

As in the case of linear evolutions, (&, Z, #Z*) systems behave well with respect to
decomposition of 7 into mutually singular invariant measures.

Theorem 5.13 (Decomposition) Let us suppose that 1 = gl + 72 withn!, 72 e MT(V)
mutually singular and invariant. Let p : [0, T] — M¥(V) be a curve with p; = u;m <
and let pf::u,n’i be the decomposition of p; with respect to ' and w2 Then p is a
solution of the (&, %, #*) system if and only if each curve p', i = 1,2, is a solution of the
(& R, (R)*) system, where &' (n):=Fy (u|7?) is the relative entropy with respect to the
measures ©' and and %", (%i)* are induced by 7t

Remark 5.14 1Itis worth noting that when o is 1-homogeneous then Z' = % and (%#')* = %*
donotdepend on r*, cf. Corollary 4.11. The decomposition is thus driven just by the splitting
of the entropy &.
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Proof of Theorem 5.13 Note that the assumptions of invariance and mutual singularity of 7 !
and 772 imply that # has a singular decomposition # = #' + 192::lc7,| + k2, where the k i
are symmetric. It then follows that & (p;) = &! (,ot1 Y+ &2 (,0,2) and 2(p,) = 9! (,0,1 Y+ 92 (ptz),
where

o 1 .
7' (p") = 3 //1.5 Dy (u(x), u(y)) #' (dx, dy).

Finally, Corollary 4.11 shows that decomposing j as the sum j 4 J % where Jji <« ¥, the
pairs (p', j') belong to €E(0, T) and Z(py, j,) = %' (0}, J}) + Z* (0}, J7)- O

Theorem 5.15 (Asymptotic behaviour) Let us suppose that the only stationary measures are
multiples of w, and that 9 is lower semicontinuous with respect to setwise convergence. Then
every solution p : [0, 00) — MT(V) of the (&, %, #*) evolution system converges setwise
to ct, where c:=po(V)/m (V).

Proof Let us fix a vanishing sequence 7, | 0 such that ), 7, = +00. Let ps be any limit
point with respect to setwise convergence of the curve p; along a diverging sequence of
times #, 1 400. Such a point exists since the curve p is contained in a sublevel set of &. Up
to extracting a further subsequence, it is not restrictive to assume that t,, 41 > t,, + 7.

Since

th+1Tn
S [ (0o 20 a
th

neN
+oo
<[ (#dp + 700) < sy < o0

and the series of t, diverges, we find

1 th+1T, h+Th

lim inf —/ P(pr)dt =0, lim / Z(pr, j,;)dt =0.
n——4o00o Tn I n— o0 Iy

Up to extracting a further subsequence, we can suppose that the above lim inf is a limit and

we can select 7, € [#,, t, + T,] such that

f
lim Z2(py) =0, lim / Z(p;, j,)dt =0.
n— 00 n n—>o0 f,

Recalling the definition (4.80) of the Dynamical-Variational Transport cost and the mono-
tonicity with respect to T, we also get lim,, o0 # (T4, 01, , ,0,’;) = 0, so that Theorem 4.26(5)
and the relative compactness of the sequence (oy ), yield oy — poo setwise.

The lower semicontinuity of & yields Z(px) = 0 so that p, = cm thanks to the
uniqueness assumption and to the conservation of the total mass. Since we have uniquely
identified the limit point, we conclude that the whole curve p; converges setwise to ps, as
t — +o00. O

6 Dissipative evolutionsin L' (V, 1)
In this section we construct solutions of the (&, Z, #*) formulation by studying their equiv-

alent characterization as abstract evolution equations in L'(V, 7). Throughout this section
we adopt Assumption (Vrk).
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6.1 Integro-differential equations in L'

Let J C R be a closed interval (not necessarily bounded) and let us first consider a map
G : E x J? — R with the following properties:

(1) measurability with respect to (x, y) € E:
for every u, v € J the map (x, y) — G(x, y; u, v) is measurable; (6.1a)

(2) continuity with respect to u, v and linear growth: there exists a constant M > 0 such
that
forevery (x,y) € E (u,v) — G(x, y; u, v) is continuous and
IG(x, y;u,v)| < M(1 4+ |u| + |v]) foreveryu,v e J, (6.1b)

(3) skew-symmetry:
G(x, y;u,v) = —G(y, x;v,u), forevery (x,y) € E, u,veJ, (6.1¢)

(4) {-dissipativity: there exists a constant £ > 0 such that for every (x, y) € E,u,u’,v € J:

/

u<u = G, y;u,v) =G, y;u,v) < —u). (6.1d)

Remark 6.1 Note that (6.1d) is surely satisfied if G is £-Lipschitz in («, v), uniformly with
respect to (x, y). The ‘one-sided Lipschitz condition’ (6.1d) however is weaker than the
standard Lipschitz condition; this type of condition is common in the study of ordinary
differential equations, since it is still strong enough to guarantee uniqueness and non-blowup
of the solutions (see e.g. [41, Ch. IV.12]).

Let us also remark that (6.1c) and (6.1d) imply the reverse monotonicity property of G
with respect to v,

/

v=v = G, y;u,v) =G, y;u,v) <L —1), (6.2)

and the joint estimate
u<u,v=v = G y;u' v)—=Glx, y;u,v) <@ —u)+@—-v)]. (63)
Letusset LI(V,m; J):={u € LYV, 7) : u(x) € J forr-a.e. x € V}.

Lemma 6.2 Letu : V — J be a measurable 1 -integrable function.

(1) We have
/ |G(x, y;u(x), u(y))| k(x,dy) < 400 form-ae x €V, (6.4)
Vv

and the formula

Glul(r)i= /V Glx. y: @), u(y)) e (x, dy) 6.5)

defines a function Glu] in L'(V,m) that only depends on the Lebesgue equivalence
class of u in LYV, ).
(2) The map G : LYV, 7:J) = LYV, 7) is continuous.
(3) The map G is (£ ||ky ||co)-dissipative, in the sense that for all h > 0,
| @i = u2) = h(Glur] = GluaD || 1y ) = (1= 2Ly Ioe W)U — u2ll 1y )
(6.6)

for every uy, us € Ll(V, m; J).
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(4) If a € J satisfies

0=G(x,y;a,a) <G(x,y;a,v) forevery(x,y) € E, v>a, 6.7)
then for every function u € LY (V, 7t; J) we have
1
u>an-ae. = Lli‘% A y (a —(u+ hG[u]))errr =0. (6.8)

If b € J satisfies
0=G(x,y;b,b) > G(x,y; b,v) forevery(x,y)e E, v<b, (6.9)

then for every function u € L'(V, ; J) we have
1
u<br-ae = lim ff (u+hGlu1—b) dz =0. (6.10)
hioh Jy +

Proof (1) Since G is a Carathéodory function, for every measurable u and every (x, y) € E
the map (x, y) — G(x, y; u(x), u(y)) is measurable. Since

//E |G<x,y;u(x),u(y»w(x,dy)n(dx)=//E IGCx. v: u(x), u(y)| #(dx. dy)

< MllKvlloo<1 +2/ Iuldﬁ>,
v

the first claim follows by Fubini’s Theorem [18, 11, 14].

(2) Let (un)nen be a sequence of functions strongly converging to u in L'(V, 7; J). Up to
extracting a further subsequence, it is not restrictive to assume that u, also converges to u
pointwise -a.e. We have

(6.11)

||G[un] - G[M]HLI(V,T[) = //; ’G(.X, ya un(x), Mn(Y)) - G(X, yv M(X), ”()’)) #(d-x7 d)’) .

(6.12)
Since the integrand g, in (6.12) vanishes #-a.e.in E asn — 00, by the generalized Dominated
Convergence Theorem (see for instance [27, Thm. 4, page 21] it is sufficient to show that
there exist positive functions 4, pointwise converging to / such that

gn < h, ¥-ae.in E, lim // h,,dl?://hdﬂ.
n—0o0 E E

We select hy (x, y):=M Q2 + |u, ()| + |un(y)| + ()| + |u(y)]) and h(x, y):=2M (1 +
lu(x)| 4 |u(y)]). This proves the result.
(3) Let us set

1 ifr >0,
s(r):= .
-1 ifr <0,

and observe that the left-hand side of (6.6) may be estimated from below by
@y = w2) = h(GLur] = GluaD) | 1y oy = s = w2l 1y
- h/Vs(ul —u2)(Glu1] — Gluz]) dr
for all &2 > 0. Therefore, estimate (6.6) follows if we prove that

51=/ s(ur — u2)(Glui] = Gluzl) dm < 2¢lliev lloo lur — u2llz1 (y ) (6.13)
Vv
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Let us set

Ag(x, y):=G(x, y; u1(x), u1(y)) — G(x, y; uz(x), u2(y)),

and
Ag(x, y)i=s(ui(x) —uz(x)) — sui(y) — ua(y)). (6.14)

Since Ag(x, y) = —Ag(y, x), using (6.1c) we have
s = /Vﬁ(m —u2) (Glui] — Gluz]) dr = //Eﬁ(ul(X) —uz(x))Ag(x, y) #(dx, dy)

1
_ 5/[ As(x, ¥)AG(, ) B (dx, dy).
E

Setting A(x):=u1(x) — uz(x) we observe that by (6.3)
Ax) >0, A(y) >0
A(x) =0, A(y) =0
Ax) <0, A(y) >0
A(x) >0, A(y) <0

Ag(x,y) =0,

Ags(x,y) =0,

As(x, y) = =2, Ag(x,y) = —£(A() — A())
As(x,y) =2, Ag(x,y) < L(A(X) = AY)).

L

We deduce that
5 < Z/f (10100 = w2001 + 1 () = w2 ) || B @, dy) = 200Ky oo Nt = w2l 1y -
E

(4) We will only address the proof of property (6.8), as the argument for (6.10) is completely
analogous. Suppose that u > a w-a.e. Let us first observe that if u(x) = a, then from (6.7),

Glu](x) = /‘/G(x,y;a,u(y))fc(x,dy) >0.

We set f, (x):=h~V(a —u(x)) — Glu](x), observing that fj(x) is monotonically decreasing
to —oo if u(x) > a and fj,(x) = —Glul(x) < 0if u(x) = a, so that limy o (fh()c))+ =0.
Since ( fh) L= (— G[u])  we can apply the Dominated Convergence Theorem to obtain

li dx) =0,
hli%/v (fn(x)) . 7(dx)
thereby concluding the proof. |
In what follows, we shall address the Cauchy problem
iy = Gluy] in LI(V, m) forevery t > 0, (6.15a)
Uj,_y = Uo- (6.15b)

Lemma 6.3 (Comparison principles) Let us suppose that the map G satisfies (6.1a,b,c) with
J=R

(1) Ifu € R satisfies
0=G(x, y;u,u) <G(x,y;u,v) forevery(x,y) € E, v>u, (6.16)
then for every initial datum uy > u the solution u of (6.15) satisfies u; > u mw-a.e. for

everyt > 0.
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(2) Ifu € R satisfies
0=G(, y;u,u) > G, y;u,v) forevery(x,y) € E, v<u, (6.17)

then for every initial datum uy < u the solution u of (6.15) satisfies u; < u mw-a.e. for
everyt > 0.

Proof (1) Let us first consider the case i = 0. We define a new map G by symmetry:
G(x, y; u, v):=G(x, y; u, |v|) (6.18)
which satisfies the same structural properties (6.1a,b,c), and moreover
0 = G(x, y;0,0) < G(x, y;0,v) foreveryx,yeV, velR. (6.19)

We call G the operator induced by G, and i the solution curve of the corresponding Cauchy
problem starting from the same (nonnegative) initial datum u¢. If we prove that i, > 0 for
every t > 0, then i, is also the unique solution of the original Cauchy problem (6.15) induced
by G, so that we obtain the positivity of u;.

Note that (6.19) and property (6.1d) yield

G(x,y;u,v) > G(x, y;u,v) —G(x,y;0,v) > Lu  foru <0. (6.20)

We set B(r):=r_ = max(0, —r) and P;:={x € V : u;(x) < 0} for each r > 0. Due to the
Lipschitz continuity of B, the map 7 +> b(t):= |, v B(ity) drr is absolutely continuous. Hence,
the chain-rule formula applies, which, together with (6.20) gives

d — _
dfb(t) = —/ Glu;](x) m(dx) = —// G(x, y; u;(x), u;(y)) #(dx, dy)
t P, PyxV

<t f[ i pasan = ¢ [ pne)sar.dy) < e b,

Since b is nonnegative and b(0) = 0, we conclude, by Gronwall’s inequality, that b(t) = 0
for every t > 0 and therefore u; > 0. In order to prove the the statement for a general i € R
it is sufficient to consider the new operator a(x, y;u,v):=G(x, y;u + u,v + u), and to
consider the curve i;:=u; — u starting from the nonnegative initial datum #o:=uo — i.

(2) It suffices to apply the transformation G(x, y; u, v):=—G(x, y; —u, —v) and set il;:=—u;.
We then apply the previous claim, yielding the lower bound —u. O

We can now state our main result concerning the well-posedness of the Cauchy prob-
lem (6.15).

Theorem 6.4 Let J C R be a closed interval of R and let G : E x J*> — R be a map
satisfying conditions (6.1). Let us also suppose that, if a = infJ > —oo then (6.7) holds,
and that, if b = sup J < 400 then (6.9) holds.

(1) For every ugy € LYV, 7 J) there exists a unique curve u € C' ([0, 00); LY (V, 7t J))
solving the Cauchy problem (6.15).

(2) fv u;dm = fv uog dm foreveryt > 0.

(3) If u, v are two solutions with initial data ug, vy € LYV, 7: J) respectively, then

2y Hoclt|

”M[ — Vs ”L](VJT) <e |M() — UO”L‘(V,n) for everyt > 0. (621)

(4) If a € J satisfies condition (6.7) and ug > a, then u; > a for every t > 0. Similarly, if
b € J satisfies condition (6.9) and uy < b, then u; < b for everyt > Q.

@ Springer



Jump processes as generalized gradient flows Page 57 of 85 33

(5) If £ = O, then the evolution is order preserving: if u, v are two solutions with initial data
ug, vo then
up <vo = u; <v foreveryt >0. (6.22)

Proof Claims (1), (3), (4) follow by the abstract generation result of [50, §6.6, Theorem
6.1] applied to the operator G defined in the closed convex subset D:=L'(V, x; J) of
the Banach space L!(V, 7). For the theorem to apply, one has to check the continuity of
G : D — LY(V,m) (Lemma 6.2(2)), its dissipativity (6.6), and the property

li?lionf h_linfvepllu +hGlu]l —vllpiy - =0 foreveryu € D.

When J = R, the inner infimum always is zero; if J is a bounded interval [a, b] then the
property above follows from the estimates of Lemma 6.2(4), since for any u € D,

infveD/ u + hGlu] — v| dr §/<a—(u+hG[u])) dn+/<u+hG[u]—b) dr .
% v + % +

When J = [a, 00) or J = (—o00, b] a similar reasoning applies.

Claim (2) is an immediate consequence of (6.1c). Finally, when ¢ = 0, claim (5) follows
from the Crandall-Tartar Theorem [14], stating that a non-expansive map in L' (cf. (6.21))
that satisfies claim (2) is also order preserving. |

6.2 Applications to dissipative evolutions

Let us now consider the map F : (0, +00)? — R induced by the system (U™, ¢, a), first
introduced in (1.11),
F(u, v):=(¥*)(¢'(v) — ¢'(u)) a(u, v) forevery u,v >0, (6.23)

with the corresponding integral operator:
Flul(oi= [ P, u() . dy). (6.24)
14

Since W*, ¢ are C! convex functions on (0, +00) and « is locally Lipschitz in (0, +00)? it
is easy to check that F satisfies properties (6.1a,b,c,d) in every compact subset J C (0, +-00)
and conditions (6.7), (6.9) atevery pointa, b € J.Inorder to focus on the structural properties
of the associated evolution problem, cf. (6.28) below, we will mostly confine our analysis to
the regular case, according to the following:
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Assumption (F). The map F defined by (6.23) satisfies the following properties:
F admits a continuous extension to [0, c0), (6.25)

and for every R > 0 there exists £ > 0 such that

!/

v<v = Fu,v)—Fu,v)<Llg@ —v) foreveryu,v,v' €[0, R]. (6.26)

If moreover (6.26) is satisfied in [0, +00) for some constant £+, > 0 and there exists a
constant M such that

[F(u,v)| <M +u+v) foreveryu,v >0, (6.27)
we say that (F) holds.

Note that (6.25) is always satisfied if ¢ is differentiable at 0. Estimate (6.26) is also true
if in addition a is Lipschitz. However, as we have shown in Sect. 1.3, there are important
examples in which ¢'(0) = —o0, but (6.25) and (6.26) hold nonetheless. All of the examples
given in Sect. 1.3 indeed provide families of maps F that satisfy Assumption (F).

Theorem 6.4 yields the following general result:

Theorem 6.5 Consider the Cauchy problem
iy = Flu;] t>0, |, _g = Uo. (6.28)

for a given nonnegative ug € L'(V, ).

(1) For every ug € LYV, 7 J) with J a compact subinterval of (0, 400) there exists a
unique bounded and nonnegative solution u € Cl([0, 00); LY(V, 73 1)) of (6.28). We
will denote by (S;):>0 the corresponding C'-semigroup of nonlinear operators, mapping
ug to the value u; = S[uo] at time t of the solution u.

(2) [y urdm = [, uodn for everyt > 0.

(3) Ifa <ug <bm-ae. inV,thena <u, <bm-ae. foreveryt > 0.

(4) The solution satisfies the Lipschitz estimate (6.21) (with £ = {g) and the order preserving
property if {g = 0.

(5) If Assumption (F) holds, then (5;);>0 can be extended to a semigroup defined on every
essentially bounded nonnegative uy € L'(V, ) and satisfying the same properties
(1)—(4) above.

(6) If additionally (Fxo) holds, then (S;);>0 can be extended to a semigroup defined on every
nonnegative ugy € LYV, %) and satisfying the same properties (1)—(4) above.

We now show that the solution u given by Theorem 6.5 is also a solution in the sense of
the (&, Z, #*) Energy-Dissipation balance.

Theorem 6.6 Assume (Vrrk), (#*Wa), (). Let ug € L'(V;m) be nonnegative and -
essentially valued in a compact interval J of (0, 00) and let u = S[ug] € cL([0, 400);
LY(V, 7 J)) be the solution to (6.28) given by Theorem 6.5. Then the pair (p, j) given by

pr(dx) == u,(x)m (dx) ,
2j(dxdy)=w;(x, y) #(dxdy), wilx,y):=—Fu(x), u:(y)),
is an element of CE(0, +00) and satisfies the (&, #,%*) Energy-Dissipation balance (5.4).

@ Springer



Jump processes as generalized gradient flows Page 59 0f85 33

If F satisfies the stronger assumption (F), then the same result holds for every essentially
bounded and nonnegative initial datum. Finally, if also (F~o) holds, the above result is valid
for every nonnegative ugy € LYV, ) with po = ugmw € D(&).

Proof Let us first consider the case when u satisfies 0 < a < ug < b < +oo mw-a.e.. Then,
the solution u = S[ug] satisfies the same bounds, the map w; is uniformly bounded and
a(ur(x), us(y)) > ala,a) > 0, so that (p, j) € A(0, T). We can thus apply Theorem 5.7,
obtaining the Energy-Dissipation balance

T T
@@(po)—g(pT)Z/ %’(pt,jt)dt—l—/ P(p)dt,  orequivalently Z(p, j) = 0.
0 0

(6.29)

In the case 0 < up < b we can argue by approximation, setting uf‘):: max{ug, a},

a > 0, and considering the solution u{:=S; [ug] with divergence field 2j{(dx, dy) =

—Fu{ (x), uf(y))#(dx, dy). Theorem 6.5(4) shows that u{ — u, strongly in LYV, 7)

asa | 0, and consequently also j§ — j, setwise. Hence, we can pass to the limit in (6.29)

(written for (p¢, j) thanks to Proposition 4.21 and Proposition 5.3), obtaining £ (p, j) < 0,
which is still sufficient to conclude that (p, j) is a solution thanks to Remark 5.5(3).

Finally, if (Fs) holds, we obtain the general result by a completely analogous argument,

approximating uo by the sequence ug:: min{ug, b} and letting b 1 +o00. O

7 Existence via minimizing movements

In this section we construct solutions to the (&, Z, #*) formulation via the Minimizing Move-
ment approach. The method uses only fairly general properties of #, &, and the underlying
space, and it may well have broader applicability than the measure-space setting that we
consider here (see Remark 7.8). Therefore we formulate the results in a slightly more general
setup.

We consider a topological space

(X, o) = MT(V) endowed with the setwise topology. (7.1)

For consistency with the above definition, in this section we will use use the abstract notation

s to denote setwise convergence in X = M ™' (V). Although throughout this paper we adopt
the Assumptions (Vrrk), (Z*Wa), and (&), in this chapter we will base the discussion only
on the following properties:

Assumption (Abs).

(1) the Dynamical-Variational Transport (DVT) cost # enjoys properties (4.86);
(2) the driving functional & enjoys the typical lower-semicontinuity and coercivity
properties underlying the variational approach to gradient flows:

& >0 and & is o-sequentially lower semicontinuous; (7.2a)

Jp* € X suchthat V1 >0, (7.2b)
the map p — # (z, p*, p) + &(p) has o-sequentially compact sublevels.
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Assumption (Abs) is implied by Assumptions (Vrk), (Z*Wa), and (£¢). The proper-
ties (4.86) are the content of Theorem 4.26; condition (7.2a) follows from Assumption (&'¢)
and Lemma 5.3; condition (7.2b) follows from the superlinearity of ¢ at infinity and
Prokhorov’s characterization of compactness in the space of finite measures [9, Th. 8.6.2].

7.1 The minimizing movement scheme and the convergence result

The classical ‘Minimizing Movement’ scheme for metric-space gradient flows [4,17] starts
by defining approximate solutions through incremental minimization,

1
p" € argmin (—d@”—‘, 0)* + é’(m) .
» 2t

In the context of this paper the natural generalization of the expression to be minimized is
W (t, p”_] , p) + &(p). This can be understood by remarking that if Z(p, -) is quadratic,
then it formally generates a metric

1 , ! : —_
Ed(,u, v)? = 1nf=/ R (pt, j)dt @ 0pr +divj, =0, po =, and p; = v}
0

T

:rinf{/ (1, j,)dt @ 0rp; +Ej, =0, po =, and p; = v}
0

=T (T, 1, v).

In this section we set up the approximation scheme featuring the cost #'.

We consider a partition {f = 0 < ¢! < ... < < ... < Nl o < iy,
with fineness T := max;—, N, (tf—t;‘_l), of the time interval [0, T']. The sequence of
approximations (o), is defined by the following recursive minimization scheme. Fix p° €
X.

Problem 7.1 Given p%:=p°, find p!, ..., o2 € X fulfilling

P e argmin{W(tf N I é"(v)} forn=1,...,N;. (7.3)
veX

Lemma 7.2 Underassumption (Abs), foranyt > 0 Problem 7.1 admits a solution {p}! }flv;] C
X.

We denote by p, and P, the left-continuous and right-continuous piecewise constant

interpolants of the values { p’;}flv;l on the nodes of the partition, fulfilling o, (¢}) = o, ) =
plforalln=1,..., N, ie,
) =p} Vee@ i), p0=pr" Veel i), n=1,...,N.. (74

T T

Likewise, we denote by t; and t, the piecewise constant interpolants t; (0) := t(0) :=0,
& (T):=t(T):=T,and

t)y =" vee@ L', vt =" Vel . (7.5)

We also introduce another notion of interpolant of the discrete values {0} ,Ilv;o introduced
by De Giorgi, namely the variational interpolant p; : [0, T] — X, which is defined in the
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following way: the map 7 +> p; (¢) is Lebesgue measurable in (0, 7') and satisfies

0:(0) = p°, and, forr = t;’_] +re (z;‘_l, ],

P (1) € argmin {7/ (r, p7 7", 1) + £}
neX

(7.6)

The existence of a measurable selection is guaranteed by [15, Cor. III.3, Thm. IIL.6].

It is natural to introduce the following extension of the notion of (Generalized) Minimizing
Movement, which is typically given in a metric setting [4,5]. For simplicity, we will continue
to use the classical terminology.

Definition 7.3 We say that a curve p : [0, T] — X is a Generalized Minimizing Movement
for the energy functional & starting from the initial datum p° € D(&), if there exist a sequence
of partitions with fineness (tx)x, tx | 0 as k — o0, and, correspondingly, a sequence of
discrete solutions (o, )x such that, as k — o0,

Py () > p(t)  forallt [0, T]. (1.7)

We shall denote by GMM(&, #; p°) the collection of all Generalized Minimizing Move-
ments for & starting from p°.

We can now state the main result of this section.

Theorem 7.4 Under Assumptions (Vrik), (Z*Va), and (8¢), let the lower-semicontinuity
Property (5.2) be satisfied.

Then GMM(&, #; (0, T), p°) # B and every p € GMM(&, #; (0, T), p°) satisfies the
(&, Z, #*) Energy-Dissipation balance (Definition 5.4).

Throughout Sects. 7.2-7.4 we will first prove an abstract version of this theorem as The-
orem 7.7 below, under Assumption (Abs). Indeed, therein we could ‘move away’ from the
context of the ‘concrete’ gradient structure for the Markov processes, and carry out our anal-
ysis in a general topological setup (cf. Remark 7.8 ahead). In Sect. 7.5 we will ‘return’ to the
problem under consideration and deduce the proof of Theorem 7.4 from Theorem 7.7.

7.2 Moreau-Yosida approximation and generalized slope

Preliminarily, let us observe some straightforward consequences of the properties of the
transport cost:

(1) the ‘generalized triangle inequality’ from (4.86b) entails that for all m € N, for all
(m —+ D)-ples (¢, 11, ..., ty) € (0, +00)"*! and all (0o, p1, ..., pm) € X", we have

m

m
Wt 0o o) < D W (ks pr-to i) i1 =)t (7.8)
k=1 k=1

(2) Combining (4.86a) and (4.86b) we deduce that
W (t,p,n) <H#(s,p,u) forallO <s <tandforall p,u € X. (7.9)

In the context of metric gradient-flow theory, the ‘Moreau-Yosida approximation’ (see
e.g. [11, Ch. 7] or [4, Def. 3.1.1]) provides an approximation of the driving functional that is
finite and sub-differentiable everywhere, and can be used to define a generalized slope. We
now construct the analogous objects in the situation at hand.
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Given r > 0 and p € X, we define the subset J,(p) C X by

Jr(p)::argmin{W(r, 0. 1) + (sa(u)}
neX

(by Lemma 7.2, this set is non-empty) and define
& (p):=infyex (W (r,p, ) + W} =W (r, p, pr) +E(0r) Ypor € Jr(p). (7.10)
In addition, for all p € D(&’), we define the generalized slope

&) = &) _ Jim sup sup,ex {&(p) = (r, p, u) — EW}

r rl0 r

< (p):=lim sup . (7.11)
rl0

Recalling the duality formula for the local slope (cf. [4, Lemma 3.15]) and the fact that
W (t, -, ) is aproxy for %d 2(., -), it is immediate to recognize that the generalized slope is a
surrogate of the local slope. Furthermore, as we will see that its definition is somehow tailored
to the validity of Lemma 7.5 ahead. Heuristically, the generalized slope .¥(p) coincides with
the Fisher information 2(p) = %2*(p, —D&(p)). This can be recognized, again heuristically,
by fixing a point py and considering curves p,:=py — tdiv j, for a class of fluxes j. We then
calculate

Z*(po, =D& (po)) = sup {=D&po) - j — Z(po. j)}
j

.1 ! .
=SUP11m*{é‘7(po)—éa(pr)—/ %(pt,J)dt}-
j r=or 0

In Theorem 7.9 below we rigorously prove that . > & using this approach.
The following result collects some properties of &, and .~.

Lemma 7.5 Forall p € D(&) and for every selection p, € J,(p)

En(p) < &, (p) < E(p) forall 0 <ry < ry; (7.12)
pr = pasr 0, éa(p)zliﬂ)lé‘}(p); (7.13)
r
d
d—ef’,(p) < —S(pr) forae r>0. (7.14)
P

In particular, for all p € D(&)
Z(p) =0 and (7.15)
W (ro, p, pry) + /Oro S (pr)dr = E(p) — & (pry) (7.16)
for every ro > 0 and pr, € Jyy(0).
Proof Letr > 0, p € D(&), and p, € J-(p). It follows from (7.10) and (4.86a) that
&) =W (r,p,pr) +E0r) W (r,p,p)+E()=E(p) Yr>0,peX; (7.17)

in the same way, one checks that forall p € X and 0 < r| < rp,

7.9
Er,(p) — & (p) = W (r2, prys )+ E(pr) — W (r1, pry, ) — E(0r) = 0,
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which implies (7.12). Thus, the map r — &-(p) is non-increasing on (0, +00), and hence
almost everywhere differentiable. Let us fix a point of differentiability » > 0. For 7 > 0 and
pr € Jr-(p) we then have

M = %infuex!W(r +h,p,v)+EW) =W (r, p,pr) — @@(pr)}

1.
<= mfvex[W(h, prov) + EW) — é”(p,.)},

the latter inequality due to (4.86b), so that

d 1
46 (@) < liminf infuex [#h, pr.0) + 6@) = £(p)]

1
= —limsup — sup[—W(h, Pr, V) — E(V) + (5’(,0,)},
hl0 veX
whence (7.14). Finally, (7.17) yields that, for any p € D(&) and any selection p, € J-(p),
onehassup,_o # (r, p, pr) < +00. Therefore, (4.86d) entails the first convergence in (7.13).
Furthermore, we have

&(p) = limsup &, (p) > liminf (% (r, p, pr) + &(0r)) = liminf &(p,) > &(p),

r0 ri0 rl0
where the first inequality again follows from (7.17), and the last one from the o-lower
semicontinuity of &. This implies the second statement of (7.13). |

7.3 Apriori estimates

Our next result collects the basic estimates on the discrete solutions. In order to properly state
it, we need to introduce the ‘density of dissipated energy’ associated with the interpolant p,,
namely the piecewise constant function W; : [0, T] — [0, +00) defined by

W(t-}[/l - t;l717 10-’[171’ 10-}:)

m— !

W, (1):= te@ M, n=1,..., Ny,

t;’ n
Yy k k—1 k—1 k .
50 that /tj_lwf(z)erE Wtk — = o by foralll < j <n < N.. (7.18)
T k=j

Proposition 7.6 (Discrete energy-dissipation inequality and a priori estimates) We have

Wt —t(1), p (1), (1))

t

+ (e () dr + E(pr (1)) < céa(&(t)) forall0 <t <T, (7.19)
L@
&)
W, (r) dr
t.(s)
& (1)
+ (B (r))dr + E(p, (1)) < éa(ﬁt (s)) forall0<s<t<T, (7.20)

t(s)

and there exists a constant C > 0 such that for all T > 0

T T
/ W, (r)dr < C, / L(p(1)dt < C. (7.21)
0 0
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Finally, there exists a o -sequentially compact subset K C X such that

P (1), p (1), pr(t) e K Vte[0,Tlandt > 0. (7.22)
Proof From (7.16) we directly deduce, for ¢ € (trj _1, trj 1,
W -t el ) + ft (B (1) dr + E(B (1) < E(pi. (7.23)
which implies (7.19); in particular, for t = zrj one has

i i , ,
[, W [ s Goa el < s, (7.24)
1~ 1~

The estimate (7.20) follows upon summing (7.24) over the index j. Furthermore, applying
(7.8)—(7.9) one deduces for all 1 < n < N; that

o 4
W (nz, po, py) + & (%) 5/0 Wr(r)dr+/0 S (pe(r))dr + E(p7) < E(po). (7.25)

In particular, (7.21) follows, as well as sup,_

sup,cio.71 6 (Pr (1)) < C.
Next we show the two estimates

N, &(pl) < C. Then, (7.23) also yields

,,,,,

W QT, p*, 5 (1) + £, (1)) < C, (7.26)
WQ2T, p*, e () + (e (1) < C. (7.27)

Recall that p* is introduced in Assumption (Abs).
To deduce (7.26), we use the triangle inequality for /. Preliminarily, we observe that

W (t, p*, po) < +oo forall t > 0. In particular, let us fix an arbitrary m € {1, ..., N;} and
let C* := w (17", p*, po). We have for any n,

o)
WQ2T, p*, p7) < W QT —t2, p*, po) + # (1, po, p2) < W (2, p*, po) + # (t2, po, PT)
< C*+ W, po, p¥) forallne(l,..., N},

where for (1) we have used that #' (2T — 17}, p*, po) < # (tI', p*, po) since 2T — 1! > t".
Thus, in view of (7.25) we we deduce

WQT, p*, 0 (1) + E(P (1) < C* + W (& (1), po, pr (1)) + E (P, (1))
<C*+&(p) <C forallt €[0,T], (7.28)

i.e. the desired (7.26).
Likewise, adding (7.23) and (7.24) one has % (¢, po, p; (1)) + &(p: (1)) < &(po), whence
(7.27) with arguments similar to those in the previous lines. |

7.4 Compactness result

The main result of this section, Theorem 7.7 below, states that GMM (&, #; (0, T), p°) is
non-empty, and that any curve p € GMM(&, #; (0, T), p°) fulfills an ‘abstract’ version
(7.31) of the (&, #, #*) Energy-Dissipation estimate (5.6), obtained by passing to the limit
in the discrete inequality (7.20).
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We recall the # -action of a curve p : [0, T] — X, defined in (4.89) as

M
W(ps [a.b]) :=sup 3 Y " #/(t/ =t/ ptI™), p(t)) = ()M € By ([a. b))
j=1
forall [a, b] C [0, T'], where B 7 ([a, b]) is the set of all finite partitions of the interval [a, D].
We also introduce the relaxed generalized slope ¥~ : D(&) — [0, +00] of the driving
energy functional &, namely the relaxation of the generalized slope . along sequences with
bounded energy:

S (p) = inf{lim inf Z(0,) : pn 2 P, sup &(py) < +oo} . (7.29)
n—oo nEN
We are now in a position to state and prove the ‘abstract version’ of Theorem 7.4.
Theorem 7.7 Under Assumption (Abs), let p° € D(&). Then, for every vanishing sequence

(T )k there exist a (not relabeled) subsequence and a o -continuous curve p : [0, T] - X
such that p(0) = p°, and

AONRONAG Zop(t)  forallt €10, T, (7.30)

and p satisfies the Energy-Dissipation estimate
t
W(p; [0, 1]) +/ S (pr)dr + &) < E(po)  forallt €[0,T]. (7.31)
0

Remark 7.8 Theorem 7.7 could be extended to a topological space where the cost # and the
energy functional & satisfy the properties listed at the beginning of the section.

Proof Consider a sequence tx | 0 as k — oo.

Step 1: Construct the limit curve p. We first define the limit curve p onthe set A := {0}UN,
with N a countable dense subset of (0, T']. Indeed, in view of (7.22), with a diagonalization
procedure we find a function p : A — X and a (not relabeled) subsequence such that

Py () > p(1) forallt € A and () € K forall 7 € A. (7.32)

In particular, p(0) = p°.
We next show that p can be uniquely extended to a o-continuous curve p : [0, T] — X.
Lets,t € A with s < t. By the lower-semicontinuity property (4.86c) we have

o 718 . [wO_
Wt —s,p(s), p(t)) < liminf #'(t — s, 0y, (5), Py, (1)) < hmmf/ W, (r) dr
k— o0 k— 00 Ek(s)

oo @
< liminf & (o, (t1)) < &(po).
k— 00

where (1) follows from (7.20) (using the lower bound on &), and (2) is due to the fact that
1+ &(py, (1)) is nonincreasing.

By the property (4.86e) of 7, this estimate is a form of uniform continuity of p, and we
now use this to extend p. Fix r € [0, T] \ A, and choose a sequence t,, € A, t,, — t, with
the property that p(#,,) o-converges to some p. For any sequence s, € A, s;, — t, we then
have

sup ¥ (Itm — Sml, p(sim), p(tm)) < +00,
m
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and since |t,,, — s;,| — 0, property (4.86e) implies that p(s,,) = 0. This implies that along
any converging sequence t,,, € A, t,, — t the sequence p(f,,) has the same limit; therefore
there is a unique extension of p to [0, 7], that we again indicate by p. By again applying the
lower-semicontinuity property (4.86c) we find that

W (It —sl,p(s), p(t)) = &(po)  forallz,s €[0,T], s #1,

and therefore the curve [0, T'] > t — p(t) is o -continuous.
Step 2: Show convergenceatallt € [0, T]. Now fix ¢ € [0, T']; we show that o, (?), Py, (1),
and pr, (1) each converge to p(t). Since Pr, (1) € K, there exists a convergent subsequence

P, (1) 2 j.Take any s € A with s # ¢. Then
W (|t —s|, p, p(s)) < liminf #' (|t — 5|, 0y, (), Py, (5)) < E(po) < C,
]—)OO J J

by the same argument as above. Taking the limits — ¢, property (4.86¢) and the continuity of
p imply p = p(t). Therefore p,, (7) A p(t) along each subsequence T, and consequently
J

also along the whole sequence .
Estimates (7.19) & (7.20) also give ateach ¢t € (0, T']

limsup 7'(t — &, (1), p, (1), P (1)) = &' (po),

k— 00

limsup 7' (t — t, (1), 2, (), P, (1)) < E(po),
k— 00
so that, again using the compactness information provided by (7.22) and property (4.86e) of

the cost #, it is immediate to conclude (7.30).
Step 3: Derive the energy-dissipation estimate. Finally, let us observe that

@
lim inf/ ‘ Wy, (r)dr > W(p; [0,¢]) forallt € [0, T]. (7.33)
k—oo Jo

Indeed, for any partition {0 = O <. <th<...<tM= t} of [0, 7] we find that

M M

. . . . (D _ . _ . . .
Y oW =1 @, p()) < liminf Y A G () =t (771, (071, Py (1))
= k—o00 =

)
= liminf / W, (r) dr,
0

k—00

with (1) due to (4.86¢). Then (7.33) follows by taking the supremum over all partitions. On
the other hand, by Fatou’s Lemma we find that

() !
lim inf/ S (P, () dr > / S (p(r))dr,
0 0

k—00

while the lower semicontinuity of & gives
liminf & (o, (1)) = &(p(1))
k—00

so that (7.31) follows from taking the lim inf;_, o, in (7.20) for s = 0. O
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7.5 Proof of Theorem 7.4

Having established the abstract compactness result of Theorem 7.7, we now apply this to the
proof of Theorem 7.4. As described above, under Assumptions (Vr«), (Z*Va), and (&¢)
the conditions of Theorem 7.7 are fulfilled, and Theorem 7.7 provides us with a curve p :
[0, T] — M™ (V) that is continuous with respect to setwise convergence such that

t
W(p: [0, 1]) +/ S (p(r)dr + &E(p(1)) < E(po)  forallz € [0, T (7.34)
0

To conclude the proof of Theorem 7.4, we now show that the Energy-Dissipation inequality
(5.6) can be derived from (7.34).

We first note that Corollary 4.22 implies the existence of a flux j such that (p, j) €
CE,T) and W(p; [0, T]) = fOT Z(pr, j;)dt. Then from Corollary 7.11 below, we find
that &~ (p(r)) = Z(p(r)) for all r € [0, T]. Combining these results with (7.34) we find
the required estimate (5.6).

It remains to prove the inequality .~ > &, which follows from the corresponding
inequality . > 2 for the non-relaxed slope (Theorem 7.9) with the lower semicontinuity
of 7 that is assumed in Theorem 7.4. This is the topic of the next section.

7.6 The generalized slope bounds the fisher information

We recall the definition of the generalized slope . from (7.11):
. 1
7 (pr=timsup sup —{£(p) = £00) = 7, p. ]
rd0 pex '

Given the structure of this definition, the proof of the inequality . > & naturally proceeds
by constructing an admissible curve (p, j) € CE(0, T) such that Pleg = P and such that
the expression in braces can be related to Z(p).

For the systems of this paper, the construction of such a curve faces three technical
difficulties: the first is that p needs to remain nonnegative, the second is that ¢’ may be
unbounded at zero, and the third is that the function Dy, (, v) in (4.53c) that defines 2 may
be infinite when u or v is zero (see Example 5.2).

We first prove a lower bound for the generalized slope . involving D, . under the basic
conditions on the (&, #Z, Z*) system presented in Sect. 3.

Theorem 7.9 Assume (Vrk), (Z*V ), and (). Then
S (p) > %// Dq:(u(x), u(y)) #(dx, dy) forall p =urx € D(&). (7.35)
E

Proof Let us fix pg = upmw € D(&), a bounded measurable skew-symmetric map
EE—->R withé(y,x) =—&(x,y), [E(x,y)| <E <oo forevery (x,y) € E,

the Lipschitz functions ¢ (r):=min(r, 2(r — 1/2)4) (approximating the identity far from 0)
and i (r):=max (0, min(2 — r, 1)) (cutoff for » > 2), and the Lipschitz regularization of o

ae (u, v):=eq(a(u, v)/e).
We introduce the field G, : E x Ri_ — R

Gé‘(-xv y» u, U)::S(.X, y)gé‘(ua U) ’ (736)
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where
ge(u, v):i=a,(u, v) h(e max(u, v))g(min(1l, min(u, v)/€)),

which vanishes if a(u, v) < /2 or min(u, v) < &/2 or max(u, v) > 2/¢, and coincides
with a if @ > &, min(u, v) > ¢, and max(u, v) < 1/e. Since g, is Lipschitz, it is easy
to check that G, satisfies all the assumptions (6.1a,b,c,d) and also (6.7) for a = 0, since
0= g:(0,0) < g:(0, v) forevery v > 0 and every (x, y) € E.

It follows that for every nonnegative ug € L'(X, ) there exists a unique nonnegative
solution u® € C!([0, o0); L' (V, 7)) of the Cauchy problem (6.15) induced by G, with initial
datum uo and the same total mass. Henceforth, we set pf = u;m forall ¢ > 0.

Setting 27 (dx, dy):=wy (x, y)#(dx, dy), where wy (x, y): =G (x, y; u; (x), u; (y)), it is
also easy to check that (p¢, j¢) € A(0, T), since g¢(u, v) < a(u, v) and

lwy (x, )| < [ la(u; (), u; Y Xv, @y (x,y)  for (x,y) € E,
where Uq (1):={(x, y) € E : ge(u (x), uf(y)) > 0}, thereby yielding
Y (uf (x), ug (v), wy (x, y)) < W(E)a2/e, 2/e).
Finally, recalling (4.40) and (4.42), we get
1B (g (x), u (), wy (x, )| < E(¢'(2/e) — ¢/ (6/2))a(2/e, 2/e).

Thus, we can apply Theorem 4.16 obtaining

l T
£(o0) — 60 =~ /0 f /E By (u (x), uf (), wix, y) #(dx. dy)dr, (737

and consequently
T
7 (po) = lim sup ™! (£ (00) — £ (%) — / Ao}, J7) dr)
740 0

1
=5 f /E (Bo (o), (), wh(x, ) = Yo, wo(v), wi(x, y))) #(dx, dy).

(7.38)
Let us now set A to be the truncation of ¢’ (ug(x)) — ¢'(ug(y)) to [—k, k], i.e.

AxGr, yyi=max| —k, min[k, ¢/ (wo(0) — o' (o] |

and & (x, y):=(¥*) (Ax(x, y)) for each k € N. Notice that & is a bounded measurable
skew-symmetric map satisfying |&x (x, y)| < k for every (x, y) € E and k € N. Therefore,
inequality (7.38) holds for wg(x, y) = &(x,y) ge(uo(x), uo(y)), (x,y) € E. We then
observe from Lemma 4.19(3) that

(@' (uo(x)) — " (wo(¥)) - & (x, ¥) = Ax(x, )& (x, y)

. (7.39)
= W (& (x, y)) + U (Ar(x, ),
and from g, (u, v) < a(u, v) that
c o 5k ¥)8e (o (x), uo(y))
T (ug(x), up(y), wy(x, y)) =¥ < o). 10(y)) )Ot(uo(x), uo(y)) (7.40)

= Wk (x, y)a(uo(x), uo(y)) -
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Substituting these bounds in (7.38) and passing to the limit as ¢ | 0 we obtain

1
S(p) = 5 //E WH(Ax(x, y))a(uo(x), uo(y) #(dx, dy) . (7.41)
We eventually let k 1 co and obtain (7.35). m|

In the next proposition we finally bound . from below by the Fisher information, by
relying on the existence of a solution to the (&, Z, Z*) system, as shown in Sect. 6.

Proposition 7.10 Let us suppose that for p € D(&) there exists a solution to the (&, %#, #*)
system. Then the generalized slope bounds the Fisher information from above:

Z(p) > D(p) forall p € D(&). (7.42)

Proof. Let p; = u;m be a solution to the (&, Z, Z*) system with initial datum py € D(&).
Then, we can find a family (j,);>0 € M(E) such that (p, j) € CE(0, +00) and

t
E(pr) +/ [%(pr. j,)+ P(pr)]dr = E(pg)  forallz > 0.
0
Therefore

1
7 (po) = lim inf ;[3(/00) — 8P = (1.0, )

1 ! 1 [!
> lim inf — [é”(pg) — E(p) — / R(pr. J)) dr] — lim inf — / P(op) dr .
10t 0 10t Jo
Since u; — ug in L' (V;m)ast — 0 and since Z is lower semicontinuous with respect to
L' (V, m)-convergence (see the proof of Proposition 5.3), with a change of variables we find

1
(o) = tim nt / Do) ds = D(po). .
t 0

We then easily get the desired lower bound for .7~ in terms of 2, under the condition that
the latter functional is lower semicontinuous (recall that Proposition 5.3 provides sufficient
conditions for the lower semicontinuity of 2):

Corollary 7.11 Let us suppose that Assumptions (Vrck), (Z*WVa), (§) hold and that D is
lower semicontinuous with respect to setwise convergence. Then

L 7(p) = D(p) forall p € D(&). (7.43)

As discussed in Example 4.18, the cosh and the quadratic case provide examples in which
the Fisher information functional & is lower semicontinuous. When 7 is purely atomic, then
2 is lower semicontinuous for all the examples mentioned in Sect. 1.3. In the case when 7 is
not purely atomic, the lower semicontinuity of 2 is related to the convexity of the function Dy,
(4.53). We show in Appendix E that all the power means in (1.34) for p € [—oo, —1]U][O0, 1),
together with W* in (1.35), do lead to Dy ’s that are convex and lower semicontinuous, and
ultimately to the lower semicontinuity of 2.

Remark 7.12 The combination of Theorem 7.9, Proposition 7.10, and Corollary 7.11 illus-
trates why we introduced both Dy, and de. For the duration of this remark, consider both
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the functional 2 that is defined in (5.1) in terms of Dy, and a corresponding functional 2~
defined in terms of the function de:

1
@*(p)::E//ED;(u(x),u(y))0(dxdy) for p = urm .

In the two guiding cases of Example 4.18, Dy, is convex and lower semicontinuous, but D,
is only lower semicontinuous. As a result, 2 is lower semicontinuous with respect to setwise
convergence, but 7~ is not (indeed, consider e.g. a sequence p, converging setwise to p, with
dp,/dm given by characteristic functions of some sets A,,, where the sets A,, are chosen such
that for the limit the density dp /dr is strictly positive and non-constant; then 2~ (p,) = 0 for
alln while 27 (p) > 0). Setwise lower semicontinuity of & is important for two reasons: first,
this is required for stability of solutions of the Energy-Dissipation balance under convergence
in some parameter (evolutionary I'-convergence), which is a hallmark of a good variational
formulation; and secondly, the proof of existence using the Minimizing-Movement approach
requires the bound (7.43), for which Z also needs to be lower semicontinuous. This explains
the importance of Dy, and it also explains why we defined the Fisher information & in terms
of Dy and not in terms of Dy.

On the other hand, de is straightforward to determine, and in addition the weaker control
of Dcl_> is still sufficient for the chain rule: it is Dd: that appears on the right-hand side of (4.59).

Note that if Dd: itself is convex, then it coincides with Dy,.
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Appendix A: Derivation of the cosh-structure from large deviations

‘We mentioned in the introduction that the choices

d(s) =slogs —s+1,  W*E) =4(cosh(£/2) — 1), and a(u,v) =+uv (A.l)
arise in the context of large deviations. In this section we describe this context. Throughout this
section we work under Assumptions (Vrrk), (&¢), and (Z*Wa), and since we are interested
in the choices above, we will also assume (A.1), implying that

vo(dx dy) = Vux)u(y) m(dx)x (x, dy), if p=umr K m.
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Consider a sequence of independent and identically distributed stochastic processes X*,
i=1,2,... onV, each described by the jump kernel «, or equivalently by the generator Q
in (1.3). With probability one, a realization of each process has a countable number of jumps
in the Fime interval [0, +00), and we write t,i for the kth jump time of X i 'We can assume
that X' is a cadlag function of time.

We next define the empirical measure p” and the empirical flux j” by

1 n
p" [0, T] — MHT(V), pf::; ZSX;,
i=1
n o0
. + . e . X X
J" e MT((0, T) x E), J"drdxdy)=- ;;(S%(dt)&(xbx;)(dx dy),

where t,i is the k™ jump time of X', and X f_ is the left limit (pre-jump state) of X at time ¢.
Equivalently, j” is defined by

) 1 n 0o . ) i
(" o)== DO el Xy X;]i), for ¢ € Cp([0, T] x E).
i=1 k=1

A standard application of Sanov’s theorem yields a large-deviation characterization of the
pair (p", j") in terms of two rate functions Iy and I,

Prob((o", j") ~ (p, J)) ~ exp[—n(Io(po) +1(p, j))], asn — oo.

The rate function Iy describes the large deviations of the initial datum pyj; this functional
is determined by the choices of the initial data of X ’0 and is independent of the stochastic
process itself, and we therefore disregard it here.

The functional / characterizes the large-deviation properties of the dynamics of the pair
(p", j™) conditional on the initial state, and has the expression

T
1o, j) =/0 Fa(G 197 dr. (A2)

In this expression we write ﬂ;t for the measure p;(dx)x(x,dy) € M(E) (see also (4.18)
ahead). The function v is the Boltzmann entropy function that we have seen above,

n(s):=slogs —s + 1, for s > 0,

and the functional .%;, : MF(E) x MY (E) — [0, oo] is given by (2.11). Even though the
function m coincides in this section with ¢, we choose a different notation to emphasize that
the roles of ¢ and n are different: the function ¢ defines the entropy of the system, which
is related to the large deviations of the empirical measures p" in equilibrium (see [59]); the
function 1 characterizes the large deviations of the time courses of p” and j".

Remark A.1 Sanov’s theorem can be found in many references on large deviations (e.g. [24,
Sec. 6.2]); the derivation of the expression (A.2) is fairly well known and can be found in
e.g. [56, Eq. (8)] or [43, App. A]. Instead of proving (A.2) we give an interpretation of the
expression (A.2) and the function 1) in terms of exponential clocks. An exponential clock with
rate parameter r has large-deviation behaviour given by rn(-/r) (see [24, Exercise 5.2.12] or
[57, Th. 1.5]) in the following sense: for each ¢ > 0,

Prob(r“\: Bnt firings in time nt) ~ exp[—ntr n(ﬂ/r)] asn — oo.
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The expression (A.2) generalizes this to a field of exponential clocks, one for each
edge (x, y). In this case, the rescaled rate parameter r for the clock at edge (x, y) is equal to
pr(dx)k (x, dy), since it is proportional to the number of particles o, (dx) at x and to the rate
of jump « (x, dy) from x to y. The flux n j,(dx dy) is the observed number of jumps from x
to y, corresponding to firings of the clock associated with the edge (x, y). In this way, the
functional 7 in (A.2) can be interpreted as characterizing the large-deviation fluctuations in
the clock-firings for each edge (x, y) € E.

The expression (A.2) leads to the functional . in (1.18) after a symmetry reduction,
which we now describe (see also [43, App. A]). Assuming that we are more interested in the
fluctuation properties of p than those of j, we might decide to minimize /(p, j) over a class
of fluxes j for a fixed choice of p. Here we choose to minimize over the class of fluxes with
the same skew-symmetric part,

Aj={j e M0, T1x E) : j —sgj' = j —suj}.

By the form (1.23) of the continuity equation and the definition (1.6b) of the divergence
we have divj’ = divj for all j* € A}, so that replacing j by j’ preserves the continuity
equation.

Formal Lemma A.2 The minimum of I1(p, j') over all j' € Aj is achieved for the ‘skew-
symmetrization’ j° = %(J — sy j), and for j° the result equals %ﬁ,ﬂ

infjrea 1o, J') =infjres, 320, J') = 320, 7). (A3)
Consequently, for a given curve p : [0, T] — M (V),
infj{l(,o, J)iap+divj = 0] - infj[%f(p, J)idp+divj = 0],
and in this final expression the flux can be assumed to be skew-symmetric:
- infj{%f(p, J):p+divj = 0andssj = —j}.

This implies that the two functionals 7 and .£ can be considered to be the same, if one
is only interested in p, not in j. By the Contraction Principle (e.g. [24, Sec. 4.2.1]) the
functional p > inf;I(p, j) = inf; %f(p, J) also can be viewed as the large-deviation rate
function of the sequence of empirical measures p".

The above lemma is only formal because we have not given a rigorous definition of the
functional .. While it would be possible to do so, using the construction of Lemma 2.3 and
the arguments of the proof below, actually the rest of this paper deals with this question in
a more detailed manner. In addition, in the context of this paper, this lemma only serves to
explain why we consider this specific class of functionals .#. Therefore here we only give
heuristic arguments.

Proof We assume throughout this (formal) proof that all measures are absolutely contin-
uous, strictly positive, and finite where necessary. Note that writing p; = u,;7 we have
ﬂ;r (dx dy) = u;(x)¥#(dx dy), and using (A.1) we therefore have

,/19; 5#1?;, (dx dy) = vus(x)u;(y) #(dx dy) = v, (dx dy), and

dspdt
log # 7pt (.X, y) — log “t(Y)
dﬂp, uz (x)

= Vo' (ur)(x, y).
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For the length of this proof we write 1| for the perspective function corresponding to 1 (see
(2.14) in Lemma 2.3)

alog%—a—l—b ifa,b >0,
fi(a, b):= 0 ifa =0,
+00 ifa>0, b=0.

We now rewrite infjr €A; I(p,j')as

d 1d
inf/eA/ // ( J’)dﬂ dr = 1nf/€A/ // m( d{;)dﬁdz
Uz

T
=infjr:w€Aj/(; fLﬁ(g‘,(x,y),ut(x))#(dx,dy) dr

1 T
= Sinfj_cy e, /0 [ /E (60 3, 10 0) + (5 00, 0 (0)) | 2, dyy .

Since ¢ (x, y) — ¢(y,x) = d(j’ — sj’)/d¥ is constrained in A ;, we follow the expression
inside the second integral and set

¥R x [0, 400)% — [0, 400, (s e, d)::infa,bzo{[ﬁ(a, O+ Ak d)]a—b= 25},

for which a calculation gives the explicit formula (for ¢, d > 0)

o Nd 2s d d
W(s,c,d)_T {w<m>+w (—logz>}+s log;,

in terms of the function ¥* (&) = 4(cosh E/2— 1) and its Legendre dual W. This minimization
corresponds to minimizing over all fluxes for which the ‘net flux’ j —sgj = 2j ® is the same;
see e.g. [43,75] for discussions.

Let w’(x, y):=(w(x, y) — w(y, x)) = d(21 )

and o;:=a, (x, y) = Jus(x)u;(y). We find

T
inf / Fo(ji197,) dr
0

j/EAj

Lt 1.b
=7/ // Y (qwi (e, ¥) 5 ur(x), ur (v)) B (dx, dy)dr

OLt w; s !
/ //{ ( ) 2 <v¢(”’)>+ w’w(ut)}dﬂdt
2d < ! !
/// { ( Jf)+\p*<_v¢/<u,>>}dvp,dz+5£(pr)—5£<po>.

(A4)

In the last identity we used the fact that since divj, = —d, p;, formally we have

T 1. T o T
/ / f Ew? Vo' (uy) dddr = / / / Vo' (u) dj, di = / (&' ), dpr) dt = E(pr) — E(po).
0 E 0 E 0
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The expression on the right-hand side of (A.4) is one half times the functional . defined
in (1.18) (see also (1.21)). This proves that

1
inf I(p, ') =32 (p.J").

J €A

From convexity of W and symmetry of v, we deduce that £ (p, j Yy < Z(p, j) for any j;
see Remark 4.12. The identity . (p, J > ) =inf ¢ A,f (p, j) then follows immediately;
this proves (A.3).

To prove the second part of the Lemma, we write

in_f{l(p,j):a,p +Ej=o} :in_f{[ inf 1(p, j )]:a,p+ﬁj=0},
J JEA

[ mf 1.,2”(,0 J )]:8,,0-}-@]’:0},

inf|
in f{%f(p 7Yt dp +divj _0}
in f[lz(p 7% 80 +divy® _o].

This concludes the proof. i

Appendix B: Continuity equation

In this Section we complete the analysis of the continuity equation by carrying out the proofs
of Lemma 4.4 and Corollary 4.3.

Proof of Lemma 4.4 The distributional identity (4.6) yields that for every ¢ € Cp(V, 1) the
map

t— p:(¢) = / ¢(x)p;(dx) belongs to Wl’l(a,b),
1%

with distributional derivative

d — _

ap,(;) = f/ vedj, = —/ ¢ ddivj, foralmostallt € [a,b]. (B.1)

E 1%

Hence, setting 0,:=|divj,| € MT(V), we have

d

dt

where we used the fact that

=< /v 1£1dd; < I¢llcyvldivi [(V) < 20¢llcyv i 1 (E), (B.2)

0 = x¢(Jy = Sed )l = Xed s = Yed ol = IXe gyl + 1y
which implies
0, (V) <2]j,I(E).
Hence, the set L, of the Lebesgue points of ¢ — p,(¢) has full Lebesgue measure.

Choosing ¢ = 1 one immediately recognizes that p;(V) is (essentially) constant: it is not
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restrictive to normalize it to 1 for convenience. Let us now consider a countable set Z =
{¢k }ken of uniformly bounded functions in C, (V') such that

a1 duoi= 27 [ qdtu— )
k=1 v

is a distance inducing the weak topology in M (V) (see e.g. [4, § 5.1.1]). By introducing the
set Lz:={";cz L¢, it follows from (B.2) that

t
d(ps. pr) <2 / 1, (E) dr (B3)

showing that the restriction of p to Lz is continuous in M+ (V). Estimate (B.2) also shows
that for all s, € Lz with s <t we have

13 t
e (E)=ps (O] 5/ /VICIdDrdr §2||§||ch<v>/ lj - [(E)dr  forall € Co(V).

(B.4)
Taking the supremum with respect to ¢ we obtain

t
lor = pslity < Zf lj-[(E)dr  andalls,z €Lz, s <t, (B.5)
s

which shows that the measures (p;)ser, are uniformly continuous with respect to the total
variation metric in M (V) and thus can be extended to an absolutely continuous curve
p € AC(I; M*(V)) satisfying (B.5) for every s, € I.

When ¢ € C,(V), (4.4) immediately follows from (B.1). By a standard argument based
on the functional monotone class Theorem [9, §2.12] we can extend the validity of (4.4) to
every bounded Borel function.

If¢ € C'([a, b]; Bp(V)), combining (B.1) and the fact thatthe map t fv o(t, x) pr(dx)
is absolutely continuous we easily get (4.8). i

Proof of Corollary 4.3 Keeping the same notation of the previous proof, if we define

T
Vi=p0 +/ 0, dt
0
then the estimate (B.2) shows that
pt1(B) < y(B) forevery B € B,
thus showing that p; = i1,y for every t € [0, T'] and
t
lor = psllrv 2/ la, — usldy < 2/ 7 I(E)dr forevery0<s<r=<T. (B.6)
|4 s
O

We conclude with a result on the decomposition of the measure j — sgj = 2j ® into its
positive and negative part.
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LemmaB.1 If j € M(E) and we set

Jr=G=sed+ T =) - (B.7)
then we have
JT =T, divjt =divj. (B.8)
When j is skew-symmetric, we also have
JitT=2j., j=-2j_. (B.9)
Proof By definition, we have j© = Zji, j~ = 2j°. Furthermore, j° = —syj° =

Suj b_ —suj i, where the first equality follows from the fact that jis skew-symmetric. Since
suj’ L suj’ we deduce that syj’ = j, s¢j’ = j and j* = j’. — suj’;, so that
divj = divj” = 2divj’, = divj+. O

Appendix C: Slowly increasing superlinear entropies

The main result of this Section is Lemma C.3 ahead, invoked in the proof of Proposition
4.21. It provides the construction of a smooth function estimating the entropy density ¢ from
below and such that the function (r, s) — W*(A, (7, s))a(r, s) fulfills a suitable bound, cf.
(C.10) ahead. Prior to that, we prove the preliminary Lemmas C.1 and C.2 below.

Lemma C.1 Let us suppose that o satisfies Assumptions (Z*Va). Then for every a > 0

fim “CY i

r——400 r r—-+400 r

ala,r) _

=0. (C.1)

Proof Since o is symmetric it is sufficient to prove the first limit. Let us first observe that the
concavity of a yields the existence of the limit since the map r +— r~alr, a) — a(0, a)) is
decreasing, so that

. oa(r,a) . a(r,a) —a0,a) . a(r,a) —a0,a)
lim = lim = inf .
r—+00 r r—+00 r r>0 r

Let us call L(a) € R4 the above quantity. The inequality (following by the concavity of o
and the fact that a(0, 0) > 0)

a(r,a) < ra(r/ir,a/r) forevery A > 1 (C.2)
yields
. a(r,a) . a(r/Aa/M)
L(a) = lim < lim ————— = L(a/rx) forevery A > 1. (C.3)
r—-+00 r r—-+00 r/A

For every b € (0, @) and r > 0, setting A:=a/b > 1, we thus obtain
,b) —a(0,b
r
Passing first to the limit as b | 0 and using the continuity of a we get

Lia) < a(r,0) —a(0,0)
- r

for every r > 0.

Eventually, we pass to the limit as r 1 +o00 and we get L(a) < a°°(1,0) = O thanks to
(3.13). O
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Lemma C.2 Let f : Ry — Ry be an increasing continuous function and fy > 0 with

_1}51_100 f(@r) =sup f = +o0, limiionf M € (0, +o0]. (C4)

Then for every go € [0, fol there exists a C*° concave function g : Ry — Ry such that

VreRiig) S f(), g =g  lim g(r)=+oo. (©3)

Proof. By subtracting fy and go from f and g, respectively, it is not restrictive to assume
fo = go = 0. We will use a recursive procedure to construct a concave piecewise-linear
function g satisfying (C.5); a standard regularization yields a C*> map.

We set

1
az=3 lim inf SO = sup [x € (0,1]: f(r) > 2ar forevery r € (O,x]}, (C.6)
r r

and 8:=ax1. We consider a strictly increasing sequence (x,),eN, 7 € N, defined by induction
starting from xg = 0 and x; as in (C.6), according to

Xpp1:=min {x > 2%y — xn_1 2 ) > F(xn) +8], n= 1. .7

Since lim;_ 400 f(r) = 400, the minimizing set in (C.7) is closed and not empty, so that
the algorithm is well defined. It yields a sequence x,, satisfying

Xntl — Xn = Xp — Xp—1, Xp+1 > X, +8 foreveryn >0, (C.8)

so that (x,),en is strictly increasing and unbounded, and induces a partition {0 = xg <
X] < X1 < --- < x, < ---}of Ry. We can thus consider the piecewise linear function
g : Ry — Ry such that

gxp):=ns, g((1 —t)x, +txy41):=(n+1)5 foreveryn e N, t € [0, 1]. (C.9)

We observe that g is increasing, lim,_, y, g(r) = 400 and it is concave since

g(xny1) — g(xp) N ) (C<'8) ) _ g(xp) — gxp—1)
Xn+1 — Xn Xntl —Xn  Xp — Xp—1 Xn — Xn—1 .
Furthermore, g is also dominated by f: in the interval [xg, x1] this follows by (C.6). For

X € [xn, xp + 1] and n > 1, we observe that (C.7) yields f(x,4+1) > f(x,) + & so that by
induction f(x,) > (n + 1)3; on the other hand

forevery x € [xp, Xpr1] 0 g(x) < glut1) =+ 18 < f(xp) < f(X). O

Lemma C.3 Let V¥, o be satisfying Assumptions (Z2*Va) and let p : Ry — R be a convex
superlinear function with p/'(r) > B, > 0 for a.e. r € Ry. Then, there exists a C* convex
superlinear function o : Ry — Ry such that

o) <), V(') —o'@)als,r)<r-+s foreveryr,s € Ry. (C.10)

Proof By a standard regularization, we can always approximate f by a smooth convex super-
linear function f < B whose derivative is strictly positive, so that it is not restrictive to assume
that § is of class C2. Letus setrg:=inf{r > 0 : ¥*(r) > O}andlet P : (0, +00) — (rg, +00)
be the inverse map of W*: P is continuous, strictly increasing, and of class C'.
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Since a is concave, the function x — a(x, 1)/x is nonincreasing in (0, +-00); we can thus
define the nondecreasing function Q(x):=P (x/a(x, 1)) and the function

x 1
¥ (x):=2g0 +/1 min(B”(y), Q'(y))dy forevery x > I, g0:=> min(By, O (1)) > 0.

By construction y (1) = 2go = min(B;,, (1)) < p'(1) so that y (x) < min(p’(x), Q(x)) for
every x > 1. We eventually set

t

f):=

© t>0
y(e")
Clearly, we have f(0) = 2g¢. Furthermore, we combine the estimate y (e') < Q(e') =
P(e'Ja(e’, 1)) with the facts that e /a(e’, 1) — +oo as t — +oo, thanks to Lemma C.1,
and that P has sublinear growth at infinity, being the inverse function of W*. All in all, we
conclude that

lim £(r) = +o0.
—+00

Therefore, we are in a position to apply Lemma C.2, obtaining an increasing concave function
g : Ry — Ry such that g9 = g(0) < g(t) < f(¢) and lim;_, 1 g(#) = +00. Since
g(0) > 0, the concaveness of g yields g(”) — g(t') < g(t” —t') forevery 0 < ¢’ <1t”, s0
that the function A (x):=g(log(x Vv 1)) satisfies h(x) = go < p’(x) for x € [0, 1], and

h(z) <min('(z), Q(z)) foreveryz >1, h(y) —h(x) < h(y/x) forevery0 < x <y.
(C.11)

In fact, if x < 1 we get

h(y) —h(x) = h(y) — go < h(y) < h(y/x)

and if x > 1 we get

h(y) = h(x) < g(logy) — g(logx) =< g(logy —logx) = g(log(y/x)) = h(y/x).

Let us now define the convex function w(x):= f(f h(y)dy with ®(0) = 0 and o' = h. In
particular w(x) < B(x) for every x > 0.

It remains to check the second inequality of (C.10). The case r,s < 1 is trivial since
®'(s) — o'(r) = h(r) — h(s) = 0. We can also consider the case w'(r) # w'(s) and
a(r, s) > 0;since (C.10) is also symmetric, it is not restrictive to assume r < s; by continuity,
we can assume r > 0.

Recalling that a(s, r) < ra(s/r,1)if0 < r <s,and (r +s)/r > s/r, (C.10) is surely
satisfied if

U (w'(s) — o' (r))a(s/r, 1) <s/r forevery0 <r <s. (C.12)

Recalling that o’ (s) — o' (r) < /(s/r) by (C.11) and ¥* is nondecreasing, (C.12) is satisfied
if
U (w'(s/r))a(s/r, 1) <s/r forevery0 <r <s. (C.13)

After the substitution #:=r/s, (C.13) corresponds to
o' (1) < P(t/a(t, 1)) = Q(t) foreveryt >1, (C.14)

which is a consequence of the first inequality of (C.11). |
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Appendix D: Connectivity by curves of finite action

Preliminarily, with the reference measure 7 € M, (V) and with the ‘jump equilibrium rate’
¥ from (3.5) we associate the ‘graph divergence’ operator Eﬂ,,, :LP(E;9) — LP(V; ),
p € [1, +00], defined as the transposed of the ‘graph gradient’ V : LY(V; ) — LI(E; @),
with ¢ = p’. Namely

forc e LP(E;®), &= —divy3(¢) ifand onlyif

/ EX)w(x)m(dx) = / (x, YVaolx, y)#(dx,dy) forallw e LY(V;x)
1% E

or, equivalently, o
Er = —div(¢d) (D.1)

(with div the divergence operator from (1.6)) in the sense of measures.
We can now first address the connectivity problem in the very specific setup

oa(u,v) =1 for all (u, v) € [0, +00) x [0, +00). (D.2)

Then, the action functional f Z is translation-invariant. Let us consider two measures pg, p1 €
M4 (V) such that for i € {0, 1} there holds p; = u;m with u; € Li(V; ) for some
p € (1, +00). Thus, we look for curves p € &7 (0, t; po, p1), with finite action, such that
pr K m, with density u,, for almost all € (0, 7). Consequently, any flux (j,)se(0,r) shall
satisfy j, <« # fora.a.t € (0, ) (cf. Lemma 4.10). Taking into account (D.1), the continuity
equation reduces to

i = —divy 3(g) forae. t € (0,71) (D.3)

with ¢ = %. Furthermore, we look for a connecting curve p; = u;m with u;, =
(1—=t)ug + tuy, so that (D.3) becomes —Eﬂ,ﬁ({,) = u; — ug. Hence, we can restrict
to flux densities that are constant in time, i.e. {; = ¢ with ¢ € LP(E; ). In this specific
context, and if we further confine the discussion to the case ¥ (r) = %|r|” for p € (1, +00),
the minimal action problem becomes

inf {%/ lw|? #(dx,dy) : w=2¢ € LP(E; ®), —divy s () =u; — uo} (D.4)
E

Now, by a general duality result on linear operators, the operator — divy g : LP(E; ®) —
LP?(V; m) is surjective if and only if the graph gradient V : LY(V; 7)) — LY(E; #) fulfills
the following property:

3C >0 V& e LY(V; ) with / £m(dx) = 0 there holds ||€]la(v:x) < CIIVE | La(E:9),
v

namely the g-Poincaré inequality (4.84). We can thus conclude the following result.

Lemma D.1 Suppose that o = 1, that ¥ has p-growth (cf. (4.85)), and that the measures

(7w, #) satisfy a q-Poincaré inequality for ¢ = % Let po, p1 € MT(V) be given by

pi = u;jm, with positive u; € LP(V; ), fori € {0, 1}. Then, for every t € (0, 1) we have

W (T, po, p1) < +oo. If U(r) = %|r|1’, q-Poincaré inequality is also necessary for having

W (T, po, p1) < +00.

We are now in a position to carry out the
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Proof of Proposition 4.25 Assume that po(V) = fv uo(x)m(dx) = w(V). Hence, it is suffi-
cient to provide a solution for the connectivity problem between ug and #; = 1. We may also
assume without loss of generality that a(u, v) > ag(u, v) with ag(u, v) = comin(u, v, 1)
for some ¢g > 0, so that

P

) ao(u, v)

w w
% (a(u, v)) o(u,v) < W <0L0(u, v)) ao(u,v) < Cp <1 + w00 v)

< Cpco + Cplw| (a0 (u, v))' 77,
(D.5)
where the first estimate follows from the convexity of W and the fact that ¥ (0) = 0, yielding
that A — AW (w/A) is non-increasing. It is therefore sufficient to consider the case in which
co = Cp = 1, 09(u, v) = min(u, v, 1), and to solve the connectivity problem for \fJ(r) =
%|r|1’. By Lemma D.1, we may first find w € LP(E; #) solving the minimum problem

(D.4) in the case a = 1, so that the flux density { = %w is associated with the curve
u; = (1—=tug + tuy, t € [0, t]. Then, we fix an exponent y > 0 and we consider the
rescaled curve u; = u,r, that fulfills 9;u, = —divy 3 () with ¢ = %IZ); = %yt”’lw
Moreover,

oo (i (x), i1, (y)) = min{(1—1")uo(x) + 17 w1 (x), 1—tMuo(y) + 1 ui(y), 1}
> min(tV, 1) =¢7

since u1(x) = u1(y) = 1. By (D.5) we thus get

Wy (x, y) - .
/E v (m) (@ (x). 7 ()9 (dx. dy)

< Cpeo?(E) + / y 1PV (x, )PP (dx, dy) = Cpeo? (B) + v P wll] gy -
: ;

Choosing y > p — 1 we conclude that
Wy (x, - -
/ / ( o ) )a(u,(x),u,(y))l}(dx,dy) < +00
iy (x), iy (y))
hence 7 (0, t; po, p1) # . |

Appendix E: Convexity of D, induced by power means

Here, we prove the claim that Dy, is convex when ¢ is the Boltzmann entropy (1.5) and
the pair (o, ¥*) is induced by the power means m,, (see Example 1 in Sect. 1.3), for p €
[—o0, —1]U [0, 1). More precisely, we consider the case, a(u, v):=m,(u, v) = vf,u/v),
p € [ — 00, 1), where §, is the concave generating function

27VPP 4 1)VP if p e (—o0, 1)\ {0},
fp(r)= 1 VF if p=0, =0
min(r, 1) if p = —o0,

and
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expé . _ 1 d
w}‘,(é):zzl/l’/ T ser

L )

We consider here only the case p < 1 since m,, is not concave for p > 1 and \Il; is not
superlinear for p = 1. We have for u, v > 0

Dp ¢ (u,v) = vK,(u/v) where Kp(é)::fp(é)\ll;’;(lng) &>0,
so that

ufv r—1 dr

Granr , Tp e e DAL

Dp7¢(u, v) = Wwf + vp)l/Pf
1

Do o (1, v) = 2(v/it — v/v)7,

D_oo, ¢, v) = lu — v| — min(u, v)| Inu — Inv|.

D, ¢ takes a more explicit and remarkable form also in the case of the harmonic mean
p=—1:
(u —v)?

u+v
It is also interesting to note that D, ¢ has a natural lower semicontinuous extension to the
boundary {0} x (0, co) U (0, co) x {0} = a(0, 00)2\ {(0, 0)} given by

D_1,¢(u,v) =

+00 if p >0,
Dy p(u,v) ={2u+v) if p=0, (u, v) € (0, 00)% \ {(0, 0)}.
u—+v if p<0

The main result of this section is summarized in the following lemma (where we just consider
the range p € [ — o0, 1)).

LemmakE.1 D, ¢ is convex on (0, 00)?2 if and only if p € [—o0, —1] U [0, 1).

Proof The cases p = 0 and p = —oo can be easily checked, so that we assume p €
(=00, 1)\ {0}. It is not difficult to see that the convexity of D), 4 on (0, 00)? is determined
by the convexity of K, on (0, 00).

Hence, it suffices to check that K ]’J’ (&) >0for& > 0.

Elementary computations yield

§ —1 dr
Vo ep—2 1/p—2 1=1/p (- _ =t a
Ky© =£P2Er + nl/? {(é”+1) PETTHE) ”/1 (rp+1>1/pr}

=:Hy(§)

Therefore the assertion holds if and only if H,(§) > 0 for & > 0. Notice that H,(1) =
22-1/P > (0. We now show that if p € (—o00,—1]U (0, 1) then H) takes its minimum at
& = 1. Since

51/2 _ 5*1/2 §p+1/2 _ 5*(ﬂ+1/2)
2 2 ’

Hy (&) =2p@E" +1)7/re712 [ +

=:Gp(§)

we can make a change of variables & = exp(n), n € R, to obtain
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Gp(e") = G,(n) = sinh(n/2) + sinh((p + 1/2)1).

Since Gp(n) is an odd function, H), takes its minimum at § = 1 if Gp(n) >0 forn > 0.

This property clearly holds if p € (0, 1). On the other hand, if p < 0, G p(n) > 0if and only

if (1 + p)n <0 forall n > 0, i.e. the cases p < —1 apply. Altogether, we conclude that

H,(&) > Hp(1) > 0 and therefore K[/)’(S) >0 forevery& > 0if p e (— o0, —1]U (0, 1).
If p € (—1,0) then

E+ DTV (ETP +E) =8 o) asE — +oo

and

£ r—1 dr
[ oy mEko® me v

so that
Hp(§) = p§ +0(§) > —o0 as§ — +oo.

It follows that K ;)’ takes strictly negative values in (0, +00) and therefore it is not convex.
|
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