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Abstract (IT)

Il Sistema Europeo di Scambio delle Emissioni (EU ETS) svolge un ruolo fon-

damentale nella politica climatica europea, regolando le emissioni di gas a

effetto serra attraverso un meccanismo di cap-and-trade. Questa tesi presenta

tre analisi volte ad approfondire la comprensione del mercato EU ETS. In

primo luogo, una revisione bibliometrica di 367 articoli scientifici (2004-2024)

esamina i modelli di citazione, le reti di co-autori e le tendenze delle parole

chiave per identificare autori, istituzioni e temi fondamentali, oltre a mettere

in luce lacune nella ricerca. Tra i risultati principali si evidenzia un tasso di

crescita annuo del 12,99%, con picchi di produzione scientifica corrispondenti

a cambiamenti normativi, e contributi rilevanti da Germania, Cina e Francia.

La revisione mette in evidenza tematiche emergenti come il carbon pricing e

la volatilità del mercato, con una crescente attenzione agli aspetti finanziari.

Nonostante i progressi, si riscontrano ancora diverse lacune, in particolare

nello sviluppo e nell’applicazione di metodi non parametrici e nello studio

dell’impatto delle variabili macroeconomiche. La seconda e la terza analisi

affrontano tali lacune utilizzando metodologie innovative, non parametriche

e model-free. Il metodo dell’Information Imbalance (II) identifica le variabili

più informative per la previsione dei prezzi dell’EU ETS, rivelando che, men-

tre la Fase 3 risulta influenzata da indici energetici e materie prime, la Fase 4

è dominata da variabili finanziarie, probabilmente a causa di shock economici

come la pandemia di COVID-19 e la crisi energetica. I risultati metodologici

dimostrano che il metodo II seleziona efficacemente la scala temporale setti-

manale come la più informativa per effettuare previsioni accurate. I Gaussian

Processes (GP) vengono utilizzati per affrontare il problema della frequenza

mista integrando le variabili macroeconomiche nell’analisi e migliorando ul-

teriormente l’accuratezza nelle previsioni sia attuali (nowcasting) sia future
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(forecasting). Inoltre, questa tesi introduce il Differentiable Information Im-

balance (DII), un approccio non lineare, basato sull’Information Imbalance,

che rileva relazioni causali tra il mercato EU ETS e variabili finanziarie. Il

DII viene confrontato con il modello Vector AutoRegression (VAR) utiliz-

zando dati sintetici, dimostrando la sua capacità di catturare interazioni non

lineari. Nell’ambito del DII, viene sviluppata una nuova metrica di forza

causale, l’Imbalance Gain (IG), per misurare l’influenza causale delle vari-

abili predittive, in modo analogo alla statistica F. L’analisi empirica dal 2013

al 2024 rivela effetti causali significativi dell’IBEX35 e dei futures sul carbone

sui prezzi delle EUA, evidenziando i legami complessi tra mercati energetici,

finanziari e del carbonio. Attraverso l’impiego di queste metodologie avan-

zate per colmare le lacune nella letteratura, questo lavoro mira a migliorare

i sistemi di scambio delle emissioni e a sostenere politiche climatiche solide

per contrastare il cambiamento climatico.
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Abstract

The European Union Emissions Trading System (EU ETS) plays a crit-

ical role in Europe's climate policy, regulating greenhouse gas emissions

through a cap-and-trade mechanism. This thesis presents three analyses

to deepen the understanding of the EU ETS market. First, a bibliomet-

ric review of 367 research papers (2004-2024) examines citation patterns,

co-authorship networks, and keyword trends to identify pivotal authors, in-

stitutions, and themes, as well as uncovering research gaps. Notable �nd-

ings include an annual growth rate of 12.99%, with research peaks corre-

sponding to policy changes, and key contributions from Germany, China,

and France. The review highlights emerging topics such as carbon pricing

and market volatility, with a growing emphasis on �nancial implications. De-

spite the progress, several research gaps can be identi�ed in the development

and application of non-parametric methods and the impact of macroeco-

nomic variables. The second and third analyses address these gaps using

innovative, non-parametric, and model-free methodologies. The Informa-

tion Imbalance (II) method identi�es the most predictive variables for EU

ETS price forecasting, revealing that while Phase 3 was in
uenced by en-

ergy indices and commodities, Phase 4 is dominated by �nancial variables

and may be due to economic shocks like the COVID-19 pandemic and the

energy crisis. The methodological results demonstrate that the Information

Imbalance method e�ectively selects the most informative weekly timescale

for accurate predictions and addresses the mixed-frequency problem by in-

corporating macroeconomic variables into the analysis. Gaussian Processes

(GP) further enhance prediction accuracy in nowcasting and forecasting sce-

narios. Additionally, this thesis introduces the Di�erentiable Information

Imbalance (DII), a non-linear, model-free approach, based on the Informa-
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tion Imbalance, that detects causal relationships within the EU ETS market.

DII is compared with the Vector AutoRegression (VAR) model using syn-

thetic data, demonstrating its ability to capture non-linear interactions. A

new causal strength metric, Imbalance Gain (IG), is developed within the

DII framework to measure the causal in
uence of predictor variables, similar

to the F-statistic. The empirical analysis from 2013 to 2024 reveals signi�-

cant causal e�ects of IBEX35 and coal futures on EUA prices, highlighting

the intricate linkages between energy, �nancial, and carbon markets. By

leveraging these advanced methodologies to �ll research gaps, this work aims

to enhance emissions trading systems and support robust climate policies to

combat climate change.
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Chapter 1

Introduction

1.1 The EU ETS

The European Union Emissions Trading System (EU ETS), established in

2005, is the world's �rst large-scale carbon market and a cornerstone of the

EU's climate policy. It operates under the cap-and-trade principle, where

a total emission limit is set, and companies receive or purchase allowances

to emit carbon dioxide or other greenhouse gases. Companies that emit

less than their allocation can sell surplus credits, while those exceeding their

limits must buy additional allowances or face penalties. The system covers

sectors such as power generation, heavy industry, and aviation, with plans

for further expansion.

The EU ETS aligns economic incentives with environmental goals, en-

couraging businesses to reduce emissions, invest in low-carbon technologies,

and drive innovation in energy e�ciency and renewables. It is a key compo-

nent of the EU's target to reduce GHG emissions by 55% by 2030, in line

with the European Green Deal and the Paris Agreement. The system is de-

signed to gradually tighten the emission cap to ensure cost-e�ective emissions
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reductions over time.

The EU ETS also serves as a benchmark for other regions considering

similar market-based climate policies, in
uencing global discussions on ad-

dressing climate change.

In both empirical papers included in this thesis, we use the front-month

futures contract (MO1 COMDTY) from Bloomberg as the primary data

source for EUA prices. MO1 COMDTY is a continuous rolling contract that

always references the nearest-expiration EUA futures contract (e.g., CO2Z23

for December 2023, then CO2H24 for March 2024 upon rollover). Since it

tracks the most liquid contract at any given time, it serves as a reliable

benchmark for price analysis.

Front-month contracts are the closest to expiration and typically exhibit

the highest trading volume, minimizing bid-ask spreads and ensuring price

e�ciency. Although speci�c contracts (e.g., CO2Z23) refer to a �xed expiry

month, they share identical price dynamics with MO1 COMDTY while active

as the front-month contract. This is because MO1 COMDTY simply mirrors

the nearest expiry until the roll date, after which it shifts to the next contract

without disrupting the price continuity used in analysis [21].

In the context of the EU ETS market, the spot price represents the im-

mediate cost of purchasing EU Allowances (EUAs) for near-term delivery,

re
ecting current supply and demand conditions. In contrast, the futures

price (as captured by MO1 COMDTY) re
ects the agreed-upon price today

for future delivery, incorporating expectations on regulatory changes, eco-

nomic trends, and market risk premia. The data used in this thesis aligns

with standard market practices, sourced from Bloomberg to ensure consis-

tency with observed EU ETS dynamics.

This chapter introduces the EU ETS, explaining its structure, objectives,
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and signi�cance in international climate policy.

1.2 History and Development of the EU ETS

1.2.1 Early Foundation and Policy Context

The idea of emissions trading emerged in the 1960s and 1970s, when envi-

ronmental concerns began to grow alongside industrialisation and increased

pollution [68]. Early economic approaches to environmental policy focused

on using market-based solutions to address environmental problems, instead

of relying only on government regulations.

The concept ofcap-and-trade systems, where a pollution cap is estab-

lished and emission permits are allocated or traded, was in
uenced by ideas

of economic e�ciency and the belief that market forces could incentivise com-

panies to reduce pollution at the lowest possible cost [72]. The theoretical

foundation for emissions trading was laid in the 1960s by economists such

as Ronald Coase in [45], who argued in his seminal workThe Problem of

Social Cost, that market-based solutions could be used to allocate resources,

or pollution rights, e�ciently.

In the 1970s and 1980s, the concept was further developed as scholars and

policy makers explored how to address the increasing levels of air pollution

in industrialised countries. The �rst major application of emissions trading

was in the US during the 1990s with the implementation of the Acid Rain

Programme under the Clean Air Act Amendments [62, 76]. This programme

allowed for the trade of sulphur dioxide (SO2) emissions, which contributed

to acid rain.

The success of this programme demonstrated the potential of emissions

trading as an e�ective tool to reduce pollution and provided a model for
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future carbon trading systems [147]. The concept of emissions trading, par-

ticularly in relation to CO 2, gained prominence on the global stage in the

early 1990s. Following the 1992 Earth Summit in Rio de Janeiro, where the

United Nations Framework Convention on Climate Change (UNFCCC) was

established, the international community began to seriously address the issue

of climate change [160].

The Kyoto Protocol, adopted in 1997, set binding targets for industri-

alised countries to reduce their GHG emissions [46]. One of the key mecha-

nisms outlined in the Kyoto Protocol to help countries meet their emissions

targets was the use of market-based instruments as emissions trading [94].

The idea of a carbon market, where countries or companies could trade

carbon allowances to meet their emission targets, gained signi�cant traction.

The European Union, already active in international climate negotiations,

sought to implement an emissions trading system that would allow member

states to meet their Kyoto goals in a cost-e�ective manner.

The EU's policy on climate change was formalised through the adoption of

the Burden Sharing Agreement (BSA) in 1997, which established individual

emission reduction targets for EU member states for the period 2008-2012,

in accordance with the Kyoto Protocol. The EU's commitment to achieving

these targets led to the creation of the EU ETS as a key policy tool. The EU

ETS was designed to ensure that emissions reduction across the EU could

be achieved at the lowest possible cost by providing economic incentives for

companies to reduce emissions.

The legislative framework for the EU ETS was �rst proposed in 2001

by the European Commission, and in 2003, the European Parliament and

the Council of the EU adopted Directive 2003/87/EC, establishing the EU

ETS [136]. The �rst trading period began in 2005, and the system initially
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Figure 1.1: EU ETS Price Dynamics (2005-2007) - Phase 1. The plot
illustrates the price evolution of the EU ETS Phase 1 future market over
time. A 30-day rolling average is applied to smooth short-term 
uctuations,
providing a clearer trend. The highlighted region marks the period associated
with the Global Financial Crisis, indicating its potential impact on price
movements.

covered the power generation and heavy industrial sectors [47]. This period

was a crucial moment in the development of carbon markets, marking the

EU's leadership in establishing a market-based approach to climate policy.

1.2.2 Phase 1 (2005-2007): Pilot Phase

The �rst phase of the EU ETS, which spanned from 2005 to 2007, was de-

signed primarily as a pilot phase to establish the trading system and allow

market participants to adjust to the mechanics of emissions trading.

During this period, the EU ETS covered approximately 12,000 power and

industrial installations across the EU, representing about 45% of the total

EU greenhouse gas emissions. The emission cap set for this phase was based

on the anticipated emissions reductions that the participating sectors could
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achieve [75].

However, the �rst phase of the EU ETS was fraught with issues that

hindered its e�ectiveness in driving emissions reductions. The most notable

problem was the overallocation of allowances. Excessive allowances were

allocated to companies than they actually needed, in part due to the lack of

historical emissions data and uncertainties about future emissions.

This overallocation led to a situation in which the carbon price was driven

down by an oversupply of credits, undermining the market's ability to create

a �nancial incentive for companies to reduce emissions [103]. The carbon

price 
uctuated modestly, with a downward trend throughout the phase,

culminating in a signi�cant drop toward the end of 2007, as the market

adjusted to the excessive surplus of allowances; see �gure 1.1.

The lessons learnt in Phase 1 were crucial to re�ning the EU ETS. It

became clear that a more stringent cap on emissions was necessary to create a

viable carbon market. The excess allowances and low carbon price prompted

the European Commission to reconsider its approach, paving the way for

reforms in the subsequent phases.

1.2.3 Phase 2 (2008{2012): Expansion and Alignment

with Kyoto Protocol

Phase 2 of the EU ETS, which coincided with the commitments of the EU

under the Kyoto Protocol, ran from 2008 to 2012. This phase marked a

signi�cant change, with stricter emission limits and an expansion of the sys-

tem's coverage. The total emission cap was reduced by approximately 6.5%

compared to 2005 levels, in accordance with the objectives of the EU under

the Kyoto Protocol [50]. This tightening was designed to provide a stronger

price signal and drive emission reductions across the sectors covered by the
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Figure 1.2: EU ETS Price Dynamics (2008-2012) - Phase 2. The
plot depicts the evolution of EU ETS Phase 2 prices over time. A 30-
day rolling average is applied to smooth short-term 
uctuations, revealing
broader trends. The highlighted region marks the period of Economic Re-
covery following the Global Financial Crisis and the EU Banking Crisis,
illustrating potential market responses to these events.

system.

In this phase, the EU ETS was extended to cover additional sectors, in-

cluding domestic aviation and certain industrial sectors such as cement and

chemicals. This expansion increased the overall potential for the reduction

of emissions from the system. Furthermore, the allocation method was har-

monised between member states, and a higher proportion of the allowances

was auctioned rather than free allocation. This was seen as a step towards

improving the e�ciency and fairness of the market [77].

However, Phase 2 still faced challenges, particularly due to the global �-

nancial crisis that began in 2008. The economic downturn led to a signi�cant

reduction in industrial output, which in turn caused emissions to fall. As a

result, the demand for allowances decreased, leading to a glut of allowances in
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the market and causing the carbon price to drop signi�cantly [134]. By 2009,

the carbon price had fallen to around 10¿ per tonne, despite the tightened

cap. This volatility highlighted the vulnerability of the EU ETS to external

economic factors, which was a key lesson for future reforms [114].

Despite these challenges, Phase 2 established important groundwork for

future development. The system mechanisms were tested on a larger scale

and the phase demonstrated the need for market stabilisation measures,

which would be introduced in later phases.

The carbon price in Phase 2 
uctuated signi�cantly due to the global

�nancial crisis. Prices started at around 25¿ per tonne in early 2008, then

dropped sharply to 10¿ per tonne by 2009 as industrial activity slowed. Prices

averaged between 10¿ and 15¿ per tonne throughout the phase, with a sig-

ni�cant drop toward the end, see �gure 1.2.

1.2.4 Phase 3 (2013{2020): System Strengthening

Phase 3, which ran from 2013 to 2020, represented a major reform of the

EU ETS. This phase aimed to address the issues of over-allocation and price

volatility that plagued the earlier phases. Several key reforms were intro-

duced during this period, starting with the shift to a centralised cap for the

entire EU rather than allowing each member state to set its own cap. This

created a more uniform approach across the EU and increased the overall

e�ciency of the system.

Alongside these changes, the Market Stability Reserve (MSR) was intro-

duced in 2019 to absorb surplus allowances when demand was low and release

them when demand was high [48]. This measure aimed to address the issue

of surplus allowances that had caused price volatility in earlier phases and

stabilise the carbon market.
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Figure 1.3: EU ETS Price Dynamics (2013-2020) - Phase 3. The
plot illustrates the evolution of EU ETS Phase 3 prices over time. A 30-day
rolling average is applied to smooth short-term 
uctuations, highlighting
overall trends. The shaded region marks the Post-2012 Transition period
and the Brexit event, emphasising their potential impact on price dynamics.

In terms of price dynamics, Phase 3 saw a gradual recovery from the

low prices of earlier phases, but the market remained unstable for much of

the period. Carbon prices began to increase steadily after the MSR was

introduced in 2019, as the reserve began to absorb excess allowances and

reduce oversupply on the market. At the end of Phase 3, carbon prices had

reached around 25¿ per tonne, marking a signi�cant increase compared to

earlier phases; see �gure 1.3.

The introduction of the MSR was a turning point, as it helped stabilise the

carbon market and provided a clearer price signal for companies, encouraging

them to invest in cleaner technologies. However, the phase still faced criticism

for not doing enough to drive emissions reductions at the pace needed to meet

long-term climate goals.

In addition, the New Entrant Reserve (NER 300) was introduced to sup-
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Figure 1.4: EU ETS Price Dynamics (2021-2030) - Phase 4. This plot
illustrates the evolution of EU ETS Phase 4 prices over time. A 30-day rolling
average is applied to smooth short-term 
uctuations and highlight broader
trends. The shaded region marks the period of the Energy Crisis, driven by
the Ukraine-Russia war and escalating geopolitical tensions, re
ecting their
potential impact on carbon market dynamics.

port the deployment of innovative low-carbon technologies, such as carbon

capture and storage (CCS) and renewable energy projects [49].

1.2.5 Phase 4 (2021{2030): Expansion and Ambition

Phase 4, which began in 2021 and will run until 2030, represents the most

ambitious phase of the EU ETS that has been rolled out to date. This phase

aligns with the European Green Deal and the Fit for 55 package, which set the

target of reducing EU emissions by 55% by 2030 compared to 1990 levels. As

part of this e�ort, the EU ETS emission cap will decrease by 2. 2% annually, a

faster rate of reduction compared to previous phases [54, 146]. Furthermore,

the share of emission allowances sold through auctions is increased, reducing

the allocation of free allowances, which aims to eliminate concerns regarding
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overallocation and ine�ciencies that were present in earlier phases [52].

Phase 4 also includes several new developments and improvements. The

Carbon Border Adjustment Mechanism (CBAM) was introduced to address

carbon leakage by imposing a carbon price on imports from countries with

less stringent climate policies, ensuring a level playing �eld for domestic and

foreign producers [57]. The issue of carbon leakage �rst emerged as a policy

concern with the launch of the EU Emissions Trading System (EU ETS) in

the early 2000s, which initially relied on free allowances to prevent industries

from relocating to regions without carbon costs. However, free allowances

were found to weaken decarbonisation incentives, leading to the development

of CBAM as a more e�ective solution [161, 11].

Adopted as part of the EU's Fit for 55 package, CBAM targets high-

emission sectors such as steel and cement, requiring importers to report

embedded emissions during its transition phase (2023-2026) and purchase

CBAM certi�cates from 2026 onwards [57]. By replacing free allowances,

CBAM aligns carbon costs across borders, reducing leakage risks while main-

taining incentives for decarbonisation. Future expansions of CBAM to in-

clude additional sectors, such as chemicals, could further enhance its e�ec-

tiveness in addressing carbon leakage and supporting global decarbonisation

e�orts [28].

Another major aspect of Phase 4 is the expansion of the EU ETS to

additional sectors. While the system has already covered energy and industry,

it now includes maritime transport [53].

In terms of price dynamics, the introduction of more stringent emission

reductions, coupled with the strengthened MSR, has driven carbon prices

higher since 2021. The carbon price has exceeded 50¿ per tonne in early 2023,

re
ecting the market's growing expectations of tighter supply and stronger
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demand for allowances in the future. The EU's increased ambition for emis-

sions reductions and the expansion of the carbon market are expected to

continue driving prices upward in the coming years, creating a stronger price

signal for companies to invest in low-carbon technologies and further accel-

erate the EU's decarbonisation e�orts.

Carbon prices in Phase 4 have been marked by a signi�cant rise in price,

particularly after the market's recovery from the COVID-19 pandemic. By

2023, prices reached levels above 50¿ per tonne, re
ecting both the tighten-

ing of the emissions cap and increasing market con�dence in the long-term

sustainability of the EU ETS, see �gure 1.4.

1.3 Market Organisation and Compliance

1.3.1 How the Market Works

The EU ETS operates as a cap-and-trade system, where a cap is established

on the total amount of greenhouse gas emissions allowed in the covered sec-

tors. This cap gradually decreases over time, leading to a reduction in emis-

sions across the EU.

The market functions by allocating a certain number of European Union

Allowances (EUAs) to companies, which correspond to the right to emit a

speci�c amount of carbon dioxide or equivalent greenhouse gases. These al-

lowances are tradable, meaning companies that reduce their emissions below

their allocated cap can sell their surplus allowances to those who exceed their

emission limit.

The cap-and-trade mechanism operates by imposing a limit on total emis-

sions within the market. Companies are incentivised to reduce their emissions

to avoid purchasing additional allowances, creating a market where unused
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allowances can be traded for �nancial gain. This structure encourages emis-

sions reductions while allowing 
exibility in how companies achieve their

targets. If companies reduce emissions beyond their allocated amount, they

can sell their excess allowances, making emission reduction �nancially attrac-

tive. The trading element of the system creates a 
exible and market-driven

mechanism for emissions reductions, where the price of allowances is deter-

mined by supply and demand. If the supply of allowances is high relative to

demand, prices will fall and vice versa.

In the EU ETS, the primary market involves the initial distribution of

EU allowances (EUA) through auctions conducted by platforms such as the

European Energy Exchange (EEX) or the Intercontinental Exchange (ICE).

These auctions are the �rst point of sale for EUAs, where compliance enti-

ties and �nancial institutions purchase allowances directly. In contrast, the

secondary market encompasses trading on exchanges (e.g., ICE, EEX) and

over-the-counter (OTC) markets, where bilateral trades occur between par-

ties. OTC trading o�ers 
exibility for customised transactions but is less

transparent than exchange-based trading, with trades often reported to reg-

istries to ensure market integrity.

Indeed, allowances in the EU ETS are either allocated for free or sold

through auctions. The method of allocation varies between di�erent sectors

and phases of the programme. Initially, many allowances were assigned for

free based on historical emission levels, but over time the system has increas-

ingly relied on auctions as a method of allocation [56]. Auctioning helps

avoid overallocation and ensures that allowances are priced in a way that

re
ects their scarcity, providing a clear price signal to market participants.

For industries exposed to signi�cant competition from non-EU countries, free

allocation continues to be an option, but the overall share of free allowances
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is decreasing.

The trading of allowances is conducted on various exchanges, such as

the European Energy Exchange (EEX), where companies can buy and sell

allowances. The price of allowances is determined by market forces, with

supply and demand balancing out the cost of carbon emissions. Over time,

market participants, including companies, traders and �nancial institutions,

have developed sophisticated trading strategies, creating a dynamic market

for carbon allowances.

1.3.2 Compliance Mechanism

To ensure the integrity of the EU ETS, the system includes a rigorous com-

pliance mechanism that involves the monitoring, reporting, and veri�cation

(MRV) of emissions. The purpose of the compliance mechanism is to ensure

that all participating entities meet their emission reduction obligations [60].

Under the EU ETS, companies are required to monitor their emissions and

report them annually. Emissions are tracked transparently and the data are

veri�ed by independent third-party auditors. Companies must report their

total emissions for the previous year and provide data on their operations

to ensure accuracy. This reporting is crucial for the European Commission

to determine whether companies comply with their allocated allowances and

achieve their emission reduction targets.

The MRV process is highly regulated and standardised across the EU to

ensure uniformity and consistency. Veri�ed emission data must be submitted

by a �xed deadline, and failure to comply with these deadlines can result in

penalties. The reporting system also ensures that any discrepancies or inac-

curacies are identi�ed and corrected before they cause signi�cant compliance

problems.
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Non-compliance with the EU ETS regulations is met with severe �nancial

penalties to ensure that companies are incentivised to meet their obligations.

If a company does not surrender enough allowances to match its emissions, it

faces a penalty of 100¿ per ton of excess emissions, in addition to the obliga-

tion to cover the shortfall with allowances in the following year. This heavy

penalty serves as a strong deterrent against non-compliance, and penalties

are structured to be higher than the cost of purchasing allowances, ensuring

that companies have a strong incentive to comply with the rules [60].

1.3.3 Market Oversight

E�ective market oversight is essential for the integrity of the EU ETS and

to prevent potential manipulation or fraud. Several regulatory bodies are

involved in the supervision of the EU ETS to ensure its proper functioning

and maintain con�dence in the system.

The main regulatory body overseeing the EU ETS is the European Com-

mission, which sets the overall policy and ensures that the system is aligned

with the EU's climate objectives. The Commission is responsible for over-

seeing the setting of caps, the allocation of allowances, and the overall func-

tioning of the system, including any changes in policy or reform measures.

In addition to the European Commission, individual member states are

also responsible for regulating and overseeing the activities of companies

within their jurisdictions. National authorities monitor companies' emis-

sions, ensure compliance with reporting and veri�cation requirements, and

enforce penalties for non-compliance. In many cases, national regulatory

bodies cooperate with each other to ensure consistency and e�ective enforce-

ment across borders.

The European Securities and Markets Authority (ESMA) also plays an
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Figure 1.5: Sectoral coverage and emissions. This �gure presents the
distribution of greenhouse gas (GHG) emissions across economic sectors, cat-
egorised using the Common Reporting Format (CRF). It highlights the rel-
ative contributions of di�erent sectors to overall emissions, providing insight
into their role in the emissions trading system. The �gure is sourced from
the International Carbon Action Partnership website,Copyright © 2024 In-
ternational Carbon Action Partnership, accessed 10.07.2024.

important role in the supervision of the �nancial aspects of the EU ETS

[81]. ESMA ensures that the trading of carbon allowances is conducted in a

fair and transparent manner, and monitors the market for potential signs of

manipulation, fraud, or other irregularities [61]. This oversight is crucial to

maintaining market integrity and ensuring that companies have con�dence

in the trading system.

To prevent market manipulation, several safeguards have been put in

place. These include surveillance mechanisms to monitor trading activity

and identify suspicious patterns that might indicate price manipulation or

other illicit behaviour.

1.4 Sectoral Coverage

The EU ETS covers a wide range of sectors, but is primarily focused on in-

dustries that produce signi�cant greenhouse gas emissions. The power sector

and the heavy industry are the largest sectors covered, accounting for the
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majority of emissions within the system. These sectors are highly energy-

intensive and are seen as key to achieving substantial emissions reductions

across the EU. The inclusion of these sectors ensures that the EU can e�ec-

tively target and reduce the largest sources of emissions.

In addition to power generation and industry, the aviation sector was

included in the EU ETS starting in 2012. The inclusion of aviation in the

EU ETS marked a signi�cant expansion of the system, as it addressed the

growing emissions from air travel [59]. Airlines operating in the EU must

surrender allowances based on their emissions, with the number of allowances

allocated to them determined by the total number of 
ights they operate

within the EEA. This inclusion was initially controversial, particularly with

non-EU countries and international aviation organisations, but it re
ects the

EU's ambition to address emissions from all major sectors.

Other sectors included in the EU ETS are those involved in industrial

installations that emit large amounts of greenhouse gases, such as the pro-

duction of cement, steel, chemicals, and paper cited in the previous section.

These sectors have been integral to the EU ETS since its inception, as their

emissions are highly concentrated and di�cult to reduce without signi�cant

changes in technology or operational processes.

Certain exemptions exist in the EU ETS, particularly for smaller emit-

ters or entities that are subject to stringent international competition. These

industries may struggle to compete with counterparts in countries with less

stringent environmental policies. To address this concern, the EU has ex-

plored mechanisms such as carbon adjustment on the border, which would

impose a carbon price on imports from countries without equivalent emission

regulations, ensuring a level playing �eld [77].
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1.5 Future Directions

1.5.1 The EU ETS 2

As the European Union strengthens its climate policies and works towards its

ambitious emission reduction targets, the upcoming EU ETS 2 marks a key

development. This stand-alone market will include new sectors such as road

transport and buildings, which were previously excluded [58]. Their inclusion

is now considered important for achieving the climate objectives of the EU,

particularly the goal of achieving net zero emissions by 2050. The integration

of these sectors into the EU ETS 2 is part of a broader e�ort to enhance the

e�ectiveness of carbon pricing and ensure that emissions from all signi�cant

sources are addressed to meet the EU's ambitious climate commitments.

The transport sector, particularly road transport, is a major source of

emissions, and its inclusion in the EU ETS will help address one of the

largest remaining sources of greenhouse gas emissions in Europe.

Road transport emissions are mainly from passenger vehicles, freight

trucks, and buses, making this a complex sector to regulate. It requires mea-

suring emissions in a large number of vehicles, many of which are privately

owned, and integrating them into a trading system. Similarly, the build-

ing sector is a substantial contributor to emissions, primarily from heating

and cooling systems. The inclusion of buildings in the EU ETS presents

a set of challenges, particularly in terms of measuring emissions from mil-

lions of individual buildings. Policymakers are considering a combination of

approaches, such as requiring large buildings or landlords to purchase car-

bon allowances based on their energy use. However, there are also concerns

about the potential impact on consumers, especially low-income households,

so complementary policies, such as targeted subsidies or energy e�ciency
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programmes, will be necessary to mitigate any social or economic impacts.

The implementation of these new sectoral expansions is not without its

challenges. There are concerns about how to measure and monitor emissions

e�ectively in these sectors and how to ensure that the inclusion of new sectors

does not create excessive administrative burdens.

In sectors such as road transport and buildings, the primary challenge

lies in the indirect economic e�ects of carbon pricing, particularly the cost-

pass-through mechanism. Unlike traditional industries, where carbon costs

are more directly re
ected in product prices, the complexity of supply chains

and delayed price adjustments in these sectors can obscure the link between

carbon pricing and higher costs for consumers and businesses. This lack of

transparency creates uncertainty in market responses and undermines the

e�ectiveness of climate policies [31].

1.5.2 Integration with International Carbon Markets

Another key direction for the future of the EU ETS is its integration with

other international carbon markets. As climate change is a global problem,

the EU recognises that carbon pricing cannot be isolated to Europe alone.

One of the most signi�cant opportunities for expansion is the potential link-

ing with other ETS systems, such as the Swiss ETS.

Switzerland has been in discussions with the EU for years about linking

their systems, and in 2020, the Swiss ETS became o�cially linked with the

EU ETS, enabling the exchange of allowances between the two systems [80].

This was a milestone for the EU ETS, as it laid the groundwork for future

integration with other national or regional carbon markets.

Looking beyond Europe, the EU ETS may potentially link with other

carbon markets globally, especially in regions increasingly adopting emissions
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trading to meet climate targets. For example, countries such as China, Japan,

and South Korea, which have developed or are in the process of developing

carbon markets, could potentially link to the EU ETS in the future.

Moreover, the EU ETS will play a signi�cant role in international cli-

mate agreements, particularly in the context of the Paris Agreement and its

Article 6, which provides mechanisms for countries to cooperate in reduc-

ing emissions [142]. Article 6 allows for the creation of international carbon

markets through which countries can trade emission reductions to meet their

national climate targets. The EU has been a strong advocate for the devel-

opment of such markets and has worked to ensure that emissions trading is

incorporated into the global climate architecture. In this context, the EU

ETS could potentially serve as a model for other countries, o�ering valuable

experience and lessons in the design and operation of carbon markets.

Despite the potential bene�ts of international integration, there are also

signi�cant challenges, including concerns about the uniformity of standards,

the quality of carbon credits, and the fairness in how carbon pricing impacts

di�erent economies. Countries with lower carbon prices might seek to avoid

stricter regulations by purchasing credits from regions with lower costs, po-

tentially undermining the overall e�ectiveness of the system, cherry-picking

e�ect.

The EU will need to address these concerns through careful coordination,

transparent governance, and the establishment of clear rules for linking car-

bon markets to ensure that the expansion of the EU ETS into global markets

is both e�ective and equitable.
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1.6 Thesis Motivation and Objectives

The primary goal of this thesis is to perform a comprehensive bibliometric

and empirical analysis of the literature of the EU ETS market, spanning 2004

to 2024, to assess the extent of scienti�c research on the EU ETS market and

improve the comprehension of the dynamics of carbon pricing, as well as the

factors driving its 
uctuations.

By analysing articles indexed in the Scopus database, this study aims

to identify key trends in the academic literature, track the evolution of re-

search focus, and uncover signi�cant areas of development within EU ETS

research. This includes evaluating the volume of research, identifying in
u-

ential authors, institutions, and countries, and performing citation analyses

to highlight the most impactful studies. In addition, the thesis explores the

evolution of research themes, examining emerging trends and areas of con-

sensus or debate. The creation of a thematic map will further reveal niche,

motor, and emerging topics, providing information on future directions of

research.

On the empirical side, the study seeks to provide a deeper understanding

of the factors driving carbon price 
uctuations, with particular emphasis

on identifying the exogenous variables that in
uence the price of European

Union Allowances (EUA).

In addition, the study aims primarily to explore the dynamics of carbon

pricing, with a focus on identifying the factors that drive its 
uctuations.

This exploration aims to improve the management of market risk for partic-

ipants, enabling them to make more informed decisions.

Furthermore, the research aims to deepen the understanding of strategic

tools available to European policymakers to regulate carbon prices, thereby

enhancing the e�ectiveness of the EUA in the broader e�ort to combat cli-
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mate change.

Moreover, the study introduces a novel non-parametric approach, the

Information Imbalance (II) measure [89], to identify key external variables

in
uencing EUA prices. The II is used to compare the informative variables of

a dataset of di�erent �nancial variables, spanning from January 2014 to April

2023, across two di�erent phases, examining whether there is a di�erence in

price determinants between Phase 3, characterised by relatively stable permit

prices, and Phase 4, which is marked by price volatility due to COVID-19

and energy crises.

Methodologically, the study proposes combining II with Gaussian Process

regression (GP) to integrate mixed-frequency data at the most informative

time scale, creating models for forecasting or nowcasting. Additionally, it

demonstrates how II can help select a small set of highly informative variables

for these predictive models.

Indeed, another objective of this thesis is to enhance the comprehension

of how energy and commodity markets are connected by introducing an inno-

vative technique aimed at identifying non-linear causal relationships within

�nancial time series data. This technique leverages the II metric and uses its

di�erentiable variant called Di�erential Information Imbalance (DII) [168, 5].

The DII o�ers a model-independent novel alternative, providing a contrast to

traditional methods like Vector Autoregression (VAR) models and Granger

causality tests. To evaluate the e�cacy of DII, its application is compared

with that of a conventional VAR model using a dataset of �nancial returns

spanning from January 2013 to April 2024, encompassing a diverse range of

assets and indices pertinent to energy markets. A speci�c aim of this study

is to investigate the causal mechanisms driving the EUA market, examin-

ing how external variables in
uence the �nancial return dynamics of EUA.
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The in
uence of each variable is assessed on the basis of the improvement it

brings to EUA prediction accuracy, in contrast to scenarios where the vari-

able is absent. This is assessed via the F-statistic in multivariate Granger

causality along with the newly introduced Imbalance Gain (IG) within the

DII framework.

This thesis primarily provides an empirical contribution by applying inno-

vative methodologies to the EU ETS market, a context where these methods

have not been previously explored. Although the methodological framework

is not newly developed, its application in this speci�c setting o�ers novel

insights and extends the existing literature.

1.7 Thesis Organisation

The structure of this thesis is organised into several chapters, each focussing

on a speci�c analysis carried out following the European Union Emissions

Trading System (EU ETS) and its dynamics.

Chapter 1, Introduction , begins by o�ering a comprehensive overview

of the EU ETS, its objectives, and its evolution over time. This chapter

also establishes the motivation for the thesis and outlines its main research

objectives. Following this, the structure of the thesis is detailed to guide the

reader through the subsequent chapters.

In Chapter 2, Literature Review , the existing body of research sur-

rounding the EU ETS is examined. This chapter addresses key topics such

as the state-of-the-art of literature reviews, the pricing mechanisms and fore-

casting models related to the EU ETS, as well as the volatility and causality

aspects that have been explored in the literature.

Chapter 3, Methods and Models , outlines the methodological ap-
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proaches used in the analysis of the EU ETS market. This chapter introduces

various analytical tools and models used throughout the research, such as lin-

ear correlation, copulas, the Information Imbalance (II), the Di�erentiable

Information Imbalance (DII) and Gaussian Process regression (GP).

In Chapter 4, Empirical Results I: Bibliometric Insights on the

EU ETS Market , the results of the bibliometric analysis of the EU ETS

are presented. This chapter details the data collection process, the criteria

for selecting relevant literature, and provides both descriptive analysis and

the conceptual structure derived from the data in order to analyse trend,

networks and highlight fundamental contributions and research gaps.

Chapter 5, Empirical Results II: Price Determinants and Fore-

casting in the EU ETS , focusses on the factors that determine prices

within the EU ETS and the forecasting models used to predict future market

trends, using a novel non-linear and non-parametric metric called Informa-

tion Imbalance (II). Includes both the empirical and methodological results

achieved in this study.

Chapter 6,Empirical Results III: Volatility Causality and Interac-

tion with Financial Variables in the EU ETS , focusses on the proposal

of a new non-parametric, model-free methodology for detecting non-linear

causal relationships in �nancial returns data, the Di�erentiable Information

Imbalance (DII) and the related causal metric, the Imbalance Gain (IG). A

comparison with the Vector AutoRegression (VAR) model is provided, along

with methodological insights based on the analysis of two sets of synthetic

data. Furthermore, the empirical �ndings on the EU ETS �nancial returns

causal relationships are presented.
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Figure 1.6: ICAP Eurasia ETS Map. This �gure displays the geographical
distribution of active and emerging emissions trading systems (ETS) across
the Eurasian region. It highlights the expansion of cap-and-trade mechanisms
as a policy tool for addressing climate change. The map provides insight into
regional participation and collaboration in carbon markets. This image is
sourced from theInternational Carbon Action Partnershipwebsite,Copyright
© 2024 International Carbon Action Partnership, accessed 10.07.2024.
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Chapter 2

Literature Review

2.1 Exploring the EU ETS Market: Biblio-

metric and Review Literature

The following section highlights key scienti�c contributions that have shaped

the research landscape of the EU ETS, focusing on market performance,

pricing mechanisms, allowance allocation, and policy implications. These

studies provide valuable information on the evolution of the scheme and

areas for further investigation.

A comprehensive review of the literature on economics and econometrics

on the EU ETS is provided by [39], with a focus on the second phase of

the market. This study summarises key �ndings on the CO2 price mech-

anism, highlighting the in
uence of policy measures, market fundamentals,

and macroeconomic factors. It also highlights gaps in understanding how car-

bon prices adjust during global recessions, calling for enhanced forecasting

techniques and policy-support tools for stakeholders.

Expanding on this, [101] evaluates the performance of the EU ETS us-
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ing �ve criteria: e�ectiveness, e�ciency, coherence, EU added value, and

relevance. Covering 250 publications, this review addresses signi�cant issues

such as allowances over-allocation and investment leakage. The authors iden-

tify 14 research gaps within three thematic areas: methodological, data, and

coverage. They stress the importance of standardised baselines, improved

data collection on investment leakage, and a wider exploration of emerging

trends.

The allocation of allowances and its impact on market behaviour is a key

focus of [174], which examines the overallocation in Phase 1 and its adverse

e�ects on carbon prices. The study investigates the complexity of the price,

highlighting how energy costs and weather conditions in
uence the prices of

EU ETS allowances. Methodological gaps are identi�ed, particularly in un-

derstanding price mechanisms and equilibrium. Future research is suggested

to explore how rising carbon prices could a�ect energy companies' emissions

and operations.

In [107], a bibliometric analysis of carbon pricing within the EU ETS

reveals rapid growth in the �eld, with China and the USA as leading con-

tributors. The study identi�es Energy Policy as the most productive journal

and highlights four main research areas: carbon price dynamics, design of

price mechanisms, policy analysis, and the e�ects of carbon pricing. The

analysis categorises the factors that in
uence policy, emissions levels, energy

prices, weather and climate, and �nancial markets. Key challenges include

low carbon prices, oversupply of allowances, and structural issues in the en-

ergy sector. The study emphasises the need for more quantitative analyses

and improved market mechanisms to strengthen carbon trading systems.

Similarly, [165] explores carbon emission reduction mechanisms across

disciplines like environmental science and economics. In
uential researchers
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such as Pizer W. and Nordhaus W. are identi�ed, and major journals include

Energy Policy and the Journal of Environmental Economics and Manage-

ment. Research topics include uncertainty-based decision making, compar-

isons of carbon taxes and trading systems, and practical design of carbon

markets. The authors note a lack of extensive international collaboration in

this domain.

A detailed scientometric review by [106] examines the origins, mecha-

nisms, and future trajectories of the European carbon market. The study un-

derscores the importance of the ETS framework in addressing climate change

cost-e�ectively. A key challenge is the allocation of carbon allowances. Al-

though free allocation based on historical emissions was appropriate during

the transitional phases (Phases 1 and 2), future systems are likely to adopt

methods such as benchmarking and auctioning to improve e�ciency.

The in
uence of EU ETS on the adoption of low carbon technologies

is evaluated by [158], which reviews 22 empirical studies split into econo-

metric and qualitative analyses. Econometric studies often �nd a positive

correlation between EU ETS and low-carbon patenting or R&D investments

among regulated �rms, although some studies report no signi�cant impact

on emissions intensity. Qualitative studies suggest that while the EU ETS

has spurred some innovation, energy costs and other factors often drive tech-

nological change. The �ndings highlight the modest but important role of

the EU ETS in advancing low-carbon technologies and the regulatory frame-

work's impact on �rms' investment decisions.

Challenges related to overallocation of allowances are explored in depth

by [120], who examine its reduced impact on emissions during economic

downturns. E�ective monitoring and favourable carbon pricing have led to

some emission reductions, but further research and data are essential to re�ne
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methodologies and inform the design of future trading systems. These �nd-

ings underscore the need for an ongoing investigation into the relationship

between free allocation mechanisms and economic performance.

By consolidating these insights, the scienti�c community has signi�cantly

advanced our understanding of the EU ETS, while also identifying critical

gaps to guide future research and policy innovation.

2.2 EU ETS Pricing Dynamics and Forecast-

ing Methods

A key challenge in understanding EU ETS price dynamics lies in identifying

the most informative factors driving market 
uctuations. To address this,

we introduce the Information Imbalance measure, a non-parametric approach

that quanti�es the in
uence of di�erent variables on carbon price movements.

This method provides a fresh perspective on the evolving role of macroeco-

nomic, �nancial, and energy-related factors, o�ering new insights into market

behaviour and forecasting accuracy.

To construct this literature review, we began by analysing the founda-

tional work on Information Imbalance by [89], as well as the study by [17]

on carbon market dynamics. From there, we expanded our review to include

papers that cite and are cited by these key studies, tracing the development

of methods used to interpret EU ETS price behaviour.

The literature on the EU ETS o�ers a diverse array of methods and mod-

els that serve as interpretive tools, aiding in the navigation of the challenges

and opportunities associated with the energy transition.

In their analysis, [18] examined the balance of supply and demand in

the carbon market, identifying policy and regulation as key factors in
uenc-
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ing supply dynamics and noting that carbon prices are determined by the

interaction of allowance supply and demand.

Subsequent studies have found that fuel prices, particularly those of oil,

natural gas, and coal, are signi�cant determinants of permit prices (e.g.,

[128], [3], [114], [102], [38], [65], [30]).

These studies identify economic activity as a key driver of European

Union Allowance (EUA) prices, often measured using stock market indices

as proxies.

In [159], natural gas is identi�ed as a key factor in
uencing EUA prices.

The authors also observed a dependency between the crude oil sector and the

European emissions market. In addition, rising electricity prices are related

to higher allowance prices.

In [1] the determinants of the EUA permit price are studied through a

time series analysis. Companies, by producing goods and reducing emissions,

in
uence the price of permits. Empirical data from 2005 to 2010 show a

strong relationship between the price of permits and fundamentals such as

electricity, gas and coal prices, con�rming the importance of these variables

in determining the price of EUAs.

For example, [97] used a quantile regression approach to examine how


uctuations in oil, natural gas, coal and electricity prices a�ect the distribu-

tion of EUA price. The main conclusions are that an increase in crude oil

prices causes a signi�cant drop in EUA price.

Gas prices negatively a�ect the EUA at low levels, but positively when

those are high. Electricity positively impacts the high end of the distribution,

while coal prices have a negative in
uence on the price of EUA.

In [98], a Bayesian Structural Vector Autoregressive Model (BSVAR) was

used to examine the short-term dynamics of CO2 emission prices in response
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to changes in oil, coal, natural gas and electricity prices. The results show

that a positive shock in crude oil prices initially raises the CO2 allowance

prices, but then leads to a negative impact. An unexpected increase in

natural gas prices reduces CO2 prices, while a positive shock in coal prices

has minimal and statistically insigni�cant e�ects. However, when electricity

prices are excluded from the BSVAR framework, coal prices show a signi�cant

positive e�ect on CO2 allowances. A positive shock in electricity prices nega-

tively impacts CO2 allowance prices. The study also highlights the persistent

e�ects of energy price shocks on CO2 prices, with the most pronounced im-

pacts occurring six months after the shock, particularly for shocks to natural

gas and crude oil prices. However, other authors emphasise the time-varying

relationship between carbon prices and these variables.

[166] and [108] use a VAR model to highlight the signi�cant impact of

Brent oil yields on price returns and volatility of carbon and energy prices.

[33] and [141] explore the correlation between permit and bond prices. Fur-

thermore, [154] used variance decomposition to examine the directional con-

nections in the Carbon-Energy-Finance system, showing that the carbon

market is correlated with both the stock and non-energy commodity mar-

kets. In [38], carbon prices are found in Europe to have a weak negative

association with both oil and natural gas prices during Phases 2 and 3, as as-

sessed through the dynamic relationship between oil, gas, and carbon prices.

Moreover, in [42], the dependency structure between EUA yields and

primary energy price yields (coal, gas, oil, and electricity), modelled through

a Vine copula, shows that EUA prices are only correlated with energy prices,

and the link with oil and gas prices is negative.

Furthermore, the authors use the Granger causality approach not only to

examine the relationship between the stock market and the EUA spot prices
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but also to improve the forecast predictions for future EUA values [111],

highlighting the causality between common factors.

[88] found that CO2 emission allowance prices exhibit signi�cant persis-

tence, with integration orders close to or slightly below 1, indicating that

price shocks tend to have enduring e�ects. It is also observed that the causal

relationship between the stock markets and the EUA spot prices provides

valuable information for decision-makers.

After accounting for structural breaks in the data, the persistence de-

creases, suggesting that recent shocks have become less enduring over time.

However, it is observed that the causal relationship between stock markets

and EUA spot prices provides valuable insight for decision-makers.

This suggests that in earlier periods, stronger and more immediate policy

interventions were required to restore CO2 levels back to normal following

economic or market shocks. In contrast, in more recent periods, the e�ects

of such shocks have become less persistent, meaning that the system has

become more resilient, and CO2 levels return to equilibrium more quickly.

The reduced persistence of these shocks can be attributed to several factors,

including the �nancial crisis, which may have led to structural changes in

markets, as well as the implementation of more active and e�ective climate

and energy policies that help mitigate the long-term impacts of such shocks.

In their study, [108] and [166] examine the asymmetric volatility spillover

e�ect between the EUA carbon market and the prices of WTI oil, Brent

oil, and EU natural gas. They focus on how information connections and

spillover e�ects operate between the carbon and energy markets, analysing

the interaction between returns and volatility within the carbon-energy sys-

tem. Crude oil, clean energy, and coal are identi�ed as key factors that in
u-

ence both return and volatility patterns. Speci�cally, the electricity market is
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highlighted as the primary recipient of information in
uenced by the carbon

market.

Furthermore, in Phase 2, there was a strong coal spillover e�ect on the

carbon market, while in Phase 3, natural gas became increasingly impor-

tant [90]. Furthermore, over
ow e�ects were found to be signi�cantly more

pronounced in the volatility system than in the returns system [173].

From a forecasting perspective, [167] use a Bayesian network to identify

the most informative variables to predict permit prices. They highlight that

natural gas and crude oil have a direct in
uence on carbon prices, while the

S&P 500 and the Global Clean Energy Index a�ect the carbon market indi-

rectly. Moreover, [175] discovered that macroeconomic volatility and energy

disruptions, particularly during the COVID-19 pandemic and the energy cri-

sis, signi�cantly impacted market dynamics. These disruptions made EU

ETS prices more sensitive to energy-related factors, highlighting the growing

in
uence of energy markets on carbon pricing during times of crisis. This

shift underscores the importance of adopting a broader approach to market

analysis to better predict price 
uctuations driven by changes in energy sup-

ply and demand. Using combination MIDAS regression models, the study

forecasts weekly carbon prices based on daily data from the prices of coal,

crude oil, gas, and EUROSTOXX 50. Among these, coal was identi�ed as

the most in
uential long-term predictor.

[2] studied the predictive power of the crude oil, natural gas and coal

prices to forecast the European carbon price. The authors found that changes

in carbon prices are strongly correlated with natural gas prices, while they

are only weakly correlated with changes in coal prices on a weekly basis. The

combined models, which outperform individual predictors, suggest a general

decline in carbon prices over the next month. Additionally, incorporating
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weather and air quality data could enhance prediction accuracy in future

research.

The issue of mixed-frequency data arises frequently in econometrics and

time series analysis, referring to situations where data is collected at di�erent

time intervals. For example, in economic and �nancial research, data might

be collected on varying time scales such as daily, weekly, monthly, or quar-

terly. This presents challenges because most traditional time series models

assume that data are recorded at a uniform frequency, making it di�cult to

integrate data with di�erent time intervals e�ectively. As a result, techniques

must be adapted to handle the complexities of combining such disparate data

sources without compromising the accuracy or reliability of the model [143].

MIDAS models [87] are widely recognised in the scienti�c literature as

the most relevant parametric models to combine high-frequency and low-

frequency data. These models are used primarily to analyse and forecast

macroeconomic indicators and to study the e�ects of monetary policy [86].

MIDAS models establish a relationship between variables and estimate pa-

rameters, typically assuming a speci�c functional form, such as a weighted

sum or a regression with lagged terms, to address mixed-frequency data. The

model parameters are estimated using statistical methods like maximum like-

lihood estimation or Bayesian techniques.

To the best of our knowledge, Wavelet decomposition is the only e�ec-

tive methodology for identifying inter-temporal information. However, its

application in the study of parametric �nancial or energy markets is limited.

Wavelet analysis is a mathematical technique that allows for the examination

of signals and time series in both the time and frequency domains. The key

parameters in Wavelet analysis are scale and translation, which correspond

to the width and position of the Wavelet, respectively. The resulting Wavelet
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coe�cients reveal the contribution of di�erent frequency components at var-

ious scales, helping to identify signi�cant features of the signal [152, 163].

In their work, [153] investigate the relationships between the market per-

formance of the renewable energy sector and the fossil fuel energy sector in

Europe. The study applies a multiresolution analysis using Wavelet analysis

tools, which decompose time series into their time-scale components linked to

speci�c frequency ranges. This approach proves valuable for examining the

comovements of fossil fuel and renewable energy index prices across di�erent

time horizons.

2.3 Volatility Patterns and Causal Links in

the EU ETS

Understanding the causal drivers of EU ETS price 
uctuations is crucial

for risk management and decision-making. To this end, we introduce the

Di�erentiable Information Imbalance (DII), a non-parametric tool from the

physics literature, to identify variables causally linked to EUA �nancial re-

turns. Comparing DII with multivariate Granger causality, we reveal both

shared and distinct causal in
uences, highlighting the limitations of linear

methods.

We began this review by examining papers that apply DII and Granger

causality, which guided our decision to extend this methodology to the EU

ETS market. From there, we collected foundational studies on causal in-

ference in �nancial markets, including works by [168], the classical Granger

causality framework [91], and [5] research on causal-information-theoretic

methods. This approach allowed us to trace the development of key method-

ologies and adapt them to the analysis of carbon prices.
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Examining the volatility of the EU ETS market and its links to other

�nancial assets o�ers valuable insights for informed decision-making and ef-

fective risk management. [43] explore the volatility of the 2008 European

Union Allowance (EUA) futures contract, revealing that while daily volatil-

ity appears to follow a normal distribution, deviations occur when returns

are standardised using daily volatility measures. Furthermore, [41] �nd that

options do not have a systematic impact on market stability and may even

contribute to stabilising it. [36] analyse EUA volatility using three measures:

the daily EGARCH model, implied volatility of options, and realised volatil-

ity from intraday data, identifying signi�cant shifts in volatility, especially

in the EGARCH and implied volatility models, linked to compliance events

and post-Kyoto uncertainties.

A related study by [162] reveals that applying the EGARCH(1,1) model

to high-frequency data uncovers signi�cant long memory, power e�ects, and

asymmetry, all of which are important for managing risks in futures contracts.

Similarly, compliance events and post-Kyoto uncertainties contribute to the

volatility instability in carbon prices [63].

Despite the EU ETS market being a closed system, shocks can still indi-

rectly a�ect the market by in
uencing the behaviour and �nancial stability

of participants, such as companies and investors. [131] demonstrate that

the energy crisis and geopolitical shocks, such as the Russia-Ukraine con-


ict, signi�cantly increased extreme risks in the EU ETS market. These

events heightened volatility by impacting industrial activity, emissions, and

allowance demand, with notable spillover e�ects from stock and commodity

markets.

Moreover, industrial �rms tend to increase trading during periods of low

volatility, while �nancial intermediaries exhibit more adaptable trading be-

36



haviours [82]. Understanding these dynamics is essential for evaluating mar-

ket e�ciency, as noted in [176] and [13]. The inclusion of energy-related

indices highlights the growing attention to the e�ects of the energy transi-

tion and sustainability on �nancial markets [139].

[35] examine how economic shocks lead to increased volatility in carbon

futures markets, driven by uncertainty about economic activity and emis-

sions production. [116] show that policy uncertainty leads to mispricing

and increased volatility in carbon markets, with the ongoing Energy Crisis

(2021{2024) exacerbating volatility due to rising energy prices and geopolit-

ical tensions. These �ndings align with [29], who argue that energy prices

and carbon markets are closely interconnected, with higher energy prices typ-

ically leading to increased volatility in carbon prices due to rising emissions

costs. [10] highlight that EUA prices are primarily impacted by volatility in

sectors such as �nance, energy production, energy-intensive industries, and

consumption.

In addition, [9] investigate the correlation between carbon spot and fu-

tures prices within European markets, identifying signi�cant interactions and

volatility spillovers. [74] provide empirical evidence of substantial volatility

co-movement and spillover from the energy markets to the EUA market. In

terms of the connection between the carbon and energy markets, [109] analyse

returns and volatility spillovers, illustrating dynamic patterns with network

diagrams and rolling windows, where electricity markets are found to be the

primary recipients of information. The study uncovers a greater intercon-

nectedness in volatility compared to returns, showing signi�cant time-varying

characteristics.

Concerning the non-linear bidirectional relationship within the EUA volatil-

ity structure, [123] utilise non-linear Granger causality methods to analyse
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both mean and volatility spillovers. They �nd that volatility spillovers in-

crease over time and are especially sensitive to �nancial crises and extreme

events, underscoring their importance for market participants.

To identify key factors that a�ect the volatility of EUA in evolving dynam-

ics, [122] employ the LASSO method in conjunction with a Markov switching

vector autoregression model. This study reveals di�erent impacts of energy

and economic factors on the carbon market during the COVID-19 pandemic,

with the energy markets having a negative in
uence and the stock markets

a positive one. Notably, during low volatility phases, oil markets have a sig-

ni�cant impact on carbon prices, while during high volatility periods, coal

markets take precedence.

Furthermore, [127] examine the correlation between EUA prices and fac-

tors such as energy prices and economic risks, revealing a non-linear rela-

tionship that evolves over time. The high volatility regime is particularly

aligned with periods of economic decline or institutional changes that a�ect

con�dence in emission targets [9]. [110] explore the in
uence of annual veri-

�ed emission announcements in the EU ETS on carbon market returns and

volatility, highlighting their impact on traders' expectations and strategies,

which in turn a�ect carbon prices and volatility. However, the study also

underscores potential market shocks due to early data leaks and stresses the

importance of robust risk prevention measures.

[71] investigate the e�ect of economic policy uncertainty on carbon spot

return volatility in the EU ETS using a GARCH-MIDAS-RV model. Simi-

larly, [156] analyse the volatility of carbon prices in both the EU ETS and

the Clean Development Mechanisms (CDM) markets, identifying in
uences

from market mechanisms, external factors and price trends.

Focussing on heavily traded futures contracts in Phase 2 of the EU ETS,

38



[29] identify a new pricing regime driven by economic growth, energy prices,

and weather conditions. Unlike earlier studies, they emphasise the higher

stability of futures contracts against structural breaks, o�ering insight into

the long-term relationship between determinants and EU carbon allowances.

In [79], the dynamics of EUA Phase 2 and Phase 3 futures prices and volatility

are analysed. Traditional modelling methods face challenges in handling

excessive skewness and kurtosis in return series, mainly due to outliers. To

address this, the study introduces a mixture of Gaussian distributions to

account for endogenously determined jumps in the return process.

Nevertheless, a delicate balance must be maintained between providing

information and ensuring market stability, which underscores the need for

careful information release by regulatory authorities [104, 83]. [67] examine

emission permits as �nancial assets and highlight 11 brief price surges, mainly

in 2009 and 2011, where permit prices spiked rapidly but did not sustain the

increase. Speculative and hedging activities in the European carbon futures

market are associated with signi�cant volatility, as noted by [126].

This research �nds high speculation during Phase II listing, particularly

in the �rst quarter, likely related to EU ETS deadlines. These dynamics

contribute to increased volatility and have implications for EU ETS reforms

and contract design, suggesting the need for adjustments to manage such

volatility. Similarly, [73] focus on forecasting EUA returns and volatility in

all phases of the EU Emission Trading Scheme.

Finally, [135] observe that despite major crises, such as the global �nancial

and European sovereign debt crises, the returns of the carbon market follow

a random walk pattern, indicating that past returns do not predict future

returns.
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Chapter 3

Methods and Models

3.1 The Information Imbalance

3.1.1 Introduction to Information Content and Fea-

ture Selection

Quantifying the information content of datasets plays an important role in

tasks such as feature selection and dimensionality reduction. These methods

aim to identify the most relevant features or to represent data in reduced

dimensions while preserving original structures.

In this context, accurate assessment of the relative informativeness of fea-

ture subsets or distance metrics enables informed decisions regarding data

representation. This section delves into the detailed theoretical foundation

of the Information Imbalance (II), a measure designed to compare distance

metrics using mathematical and statistical tools and concepts such as copu-

las.
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3.1.2 Theory of Copulas in De�ning Information Im-

balance

Consider a data setf x i gN
i =1 sampled from a densityp(x) and two spaces

equipped with distance measuresDX (x; x0) and DZ (x; x0). The joint proba-

bility of sampling a point x0 at distancesdX and dZ from a reference pointx

is given by

p(dX ; dZ j x) =
Z

dx0p(x0)� (dX � DX (x; x0)) � (dZ � DZ (x; x0)) : (3.1)

Although p(dX ; dZ j x) represents the relationship between the two spaces,

practical di�culties arise becauseX and Z may use di�erent units or scales.

These challenges can be addressed using Sklar's Theorem, [151], which de-

composes the joint distribution into a product of marginal distributions and

a copula function.

p(dX ; dZ j x) = p(cX (dX ); cZ (dZ ) j x)pX (dX j x)pZ (dZ j x); (3.2)

wherecX and cZ are the copula variables de�ned as

cX (dX ) =
Z dX

0
dw pX (w j x); cZ (dZ ) =

Z dZ

0
dw pZ (w j x): (3.3)

These variables, which vary uniformly in [0; 1], transform the distance

measures into dimensionless quantities. The copula distributionp(cX ; cZ j x),

therefore, represents the correlation structure betweenX and Z , independent

of the marginal scales [133].
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Distance ranksrX and rZ are statistically equivalent to copula variables

and provide a means of analysing the information structure in spaces.

3.1.3 Connection to Information Theory

Mutual information I (X; Z ) between two spacesX and Z measures the re-

duction in uncertainty about one space given the knowledge of the other

[64].

I (X; Z ) = H (X ) � H (X j Z ); (3.4)

whereH (X ) is the entropy ofX , and H (X j Z ) is the conditional entropy

[149]. However, mutual information is symmetric and does not account for

directional informativeness between spaces.

To address this, mutual information can be expressed in terms of copula

variables

I (X; Z ) = � H (cX ; cZ ) = � H (cZ j cX ): (3.5)

To generalise mutual information and introduce asymmetry, theh-restricted

information is de�ned.

I h(X ! Z ) = �
Z h

0
H (cZ j cX = ~cX ) d~cX : (3.6)

For h = 1, this reduces to the standard mutual information. Forh < 1,

I h(X ! Z ) becomes asymmetric, capturing directional information content.
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3.1.4 The Information Imbalance Metric

The Information Imbalance (II) �( X ! Z ), �rst introduced by [89], quan-

ti�es the asymmetry in information content between two spaces. Unlike

traditional measures, the II is more general and model-free, capturing both

linear and non-linear dependencies. As a non-parametric measure, it does

not rely on any speci�c functional form or distribution of the data, mak-

ing it especially versatile for uncovering complex and unknown relationships

between variables.

The concept is deeply rooted in copula theory, which provides a frame-

work for modelling and measuring dependence between random variables.

By using copulas, the II quanti�es the degree of dependence between vari-

ables in a manner that is independent of their marginal distributions, thus

e�ectively capturing both linear and non-linear relationships without distri-

butional assumptions.

For small h, the derivative of I h is related to the entropy ofp(cZ j cX = � )

dIh(X ! Z )
dh

�
�
�
h=0

= � H (cZ j cX = � ): (3.7)

By approximating p(cX j cZ = � ) with an exponential distribution, its

entropy can be expressed as:

H (cZ j cX = � ) � 1 + loghcZ j cX = � i ; (3.8)

which leads to:

�( X ! Z ) � h cZ j cX = � i : (3.9)

Alternatively, the entropy of the conditional copula distribution can quan-
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tify the dispersion ofp(cX j cZ = � ). The entropy is related to the conditional

mean:

H (cX j cZ = � ) = 1 + log hcX j cZ = � i : (3.10)

Since the mean and entropy are monotonically related, either metric pro-

vides consistent results regarding the relationships of equivalence, partial

equivalence, inclusion, or independence between spaces.

Given a variable X and two points, or statistical units, i and j , the

rank r X
ij of point j with respect to point i is de�ned by sorting the pairwise

distances betweeni and all other points in ascending order. The rankr X
ij

represents the position of the distance between the pointsi and j in the

ordered sequence. For example, if pointj is the closest to point i , then

r X
ij = 1. Similarly, the rank r Z

ij measures the relative position of pointj

with respect to point i based on the distances computed from variableZ .

Generally, r X
ij 6= r Z

ij , re
ecting the di�erences in how X and Z are spatially

organised in the dataset.

The II from X to Z , denoted �( X ! Z ), is then de�ned over a dataset

with N data points, where the joint values for bothX and Z are recorded.

The Information Imbalance is formulated as

�( X ! Z ) =
2
N

E [rZ j rX = 1] ; (3.11)

where the expectation is taken only over the nearest neighbour points

according to variableX . This measure quanti�es the extent to which the

proximity of points in X -space can be used to predict the proximity of points

in Z -space. In the limit asN ! 1 , the II is constrained to the interval (0; 1),

where a value of �( X ! Z ) � 0 indicates that X provides almost all the
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Figure 3.1: The Information Imbalance. This �gure illustrates the con-
cept of Information Imbalance for various intuitive relationships between
independent variables (X ) and a dependent (target) variable (Z ). Panel A
presents speci�c datasets, with each dataset corresponding to markers of the
same colour in PanelB . The Information Imbalance metric e�ectively cap-
tures di�erent types of relationships: the trivial dependencies inA1 and A2 ,
the non-linear (quadratic) relationship in A3 , and the multivariate depen-
dency in A4 , where the linear correlation coe�cient (� ) is not applicable.
This highlights the advantage of Information Imbalance in detecting com-
plex dependencies beyond simple correlation measures.

predictive information for Z , and �( X ! Z ) � 1 suggests thatX o�ers no

useful information for predictingZ .

This limiting behaviour can be understood from Equation 3.11. When

the variablesX and Z are identical, the expected rank evaluates to 1, and

the Information Imbalance approaches 2=N, which is close to zero for large

N . On the other hand, for completely unrelated variables, the expected rank

is approximately N=2, and the Information Imbalance reaches a value of 1,

re
ecting the lack of predictability.

The Information Imbalance plane is a two-dimensional graph where �(X !

Z ) is plotted against �( Z ! X ). Each point in the plane corresponds to a
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speci�c pair of variablesX and Z and represents the directional predictive

relationships between them. This is illustrated in �gure 3.1, which shows the

results of analysing four types of synthetic datasets through the II plane.

In Panel A1, X and Z are purely related by Gaussian noise, resulting in a

Pearson correlation� = 0. Both the II values �( X ! Z ) and �( Z ! X ) are

equal to 1, placing the point at the top-right of the II plane. This suggests

that there is no predictive relationship betweenX and Z .

Panel A2 shows a scenario in which a correlation exists between the two

variables. As the strength of the linear relationship increases, both the Pear-

son correlation� and the II change. The point moves diagonally from the

top-right toward the bottom-left of the plane, re
ecting a gradual decrease

in II as the variables become more predictively related. In this case, lower

noise levels in the linear relationship result in a point closer to the origin of

the plane. Notably, the II captures these linear relationships e�ectively, but

its real power lies in identifying more complex dependencies.

In Panel A3, a non-linear (quadratic) relationship exists betweenX and

Z . Despite having a zero Pearson correlation� , which fails to capture the

non-linearity, the II detects a meaningful relationship. Speci�cally, it shows

that Z can be predicted byX better than the reverse, as re
ected in the low

value of �( X ! Z ) and the high value of �( Z ! X ).

Panel A4 illustrates a more complex multivariate relationship, wherex1

and x2 together are much more e�ective in predictingZ than each variable

individually. The linear correlation � would fail to capture this multivariate

interaction, but the II shows a signi�cant reduction in �( X ! Z ) when

both x1 and x2 are included in the model, as compared to when onlyx1 is

used. This re
ects how the II can capture the value of multivariate predic-

tors, revealing dependencies that are not detectable using traditional linear
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correlation alone.

The II framework, rooted in the statistical theory of copulas, o�ers a

robust and interpretable measure of the directional information content be-

tween distance measures. By focussing on local neighbourhoods and leverag-

ing rank distributions, this approach is particularly well-suited for analysing

non-linear data manifolds, enabling e�ective feature selection and dimension-

ality reduction.

3.1.5 Beyond Linear Correlation

The Information Imbalance (II) metric may initially appear similar to linear

correlation, as both quantify relationships between two datasets or feature

spaces. However, fundamental di�erences highlight the distinctive strengths

of II in capturing complex relationships.

Linear correlation is a well-established measure of the strength and direc-

tion of a linear relationship between two variables. For two random variables

X and Z , the Pearson correlation coe�cient, [138],� X;Z is formally de�ned

as:

� X;Z =
Cov(X; Z )

� X � Z
;

where Cov(X; Z ) is the covariance betweenX and Z , and � X and � Z are

their standard deviations.

The covariance, given by Cov(X; Z ) = E[(X � E[X ])(Z � E[Z ])], measures

the extent to which the deviations ofX and Z from their respective means

are proportional. The Pearson correlation coe�cient is bounded between� 1

and +1, where values near� 1 indicate strong linear relationships, and values

near 0 indicate weak or no linear relationship.
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Linear correlation focusses on linear dependencies and is symmetric, as-

signing equal signi�cance to both variables regardless of directionality. This

limits its use in non-linear or asymmetric scenarios.

In contrast, II, accounts for non-linear, asymmetric relationships between

distance measures in two spaces. By evaluating conditional rank distributions

and their deviations, II o�ers a richer framework for analysing information

content and dependencies, surpassing the limitations of linear correlation.

Pearson correlation assumes a strictly linear relationship, failing to cap-

ture non-linear dependencies between variables. In contrast, II focusses on

preserving the local neighbourhood structure of one spaceX in another space

Z , using the copula distributionp(cZ j cX ), where cX and cZ are cumulative

distribution functions of distances in their respective spaces. While Pearson's

correlation quanti�es symmetric global linear relationships (� X;Z = � Z;X ), II

captures asymmetric relationships by analysing the conditional distribution

p(cZ j cX = � ) for small � , emphasising local structures and information trans-

fer at in�nitesimal scales. II ranges from 0 to 1, indicating equivalence, partial

inclusion, or independence between spaces. For example, �(X ! Z ) = 0

implies that Z is completely contained inX , and �( X ! Z ) = 1 indicates

independence.

Unlike correlation, which treats X and Z symmetrically, II captures di-

rectional asymmetries, making it suitable for identifying dominant represen-

tations or dependencies in high-dimensional, non-linear, or manifold-based

data representations.
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3.2 The Di�erentiable Information Imbalance

3.2.1 Introduction to Causal Discovery and Relation-

ships: Moving Beyond Granger Causality

Understanding causal relationships is essential for uncovering the mechanisms

driving complex systems, especially in �nancial markets where dynamic inter-

actions between variables play a critical role in decision making, monitoring,

and forecasting.

Granger causality (GC), de�ned by [91], captures the idea of a direc-

tional in
uence between two variables, where past values of one variable (the

cause) help predict future values of another (the e�ect). This approach does

not imply true causality, which touches on a more philosophical aspect of

understanding cause-and-e�ect relationships, but highlights predictive rela-

tionships, which are particularly useful in economics and �nancial analysis,

where establishing true causality is often hindered by system complexity and

confounding factors.

Traditionally, causality was studied through controlled experiments, al-

lowing direct manipulation of variables to observe outcomes. However, in

real-world scenarios such as �nancial markets, direct experimentation is im-

practical or unethical, making observational data crucial for inferring causal

relationships [85]. This has led to the development of statistical methods to

detect causality in time-ordered observational data [105, 137].

Conventional methods such as GC, mutual information, and other causal

inference techniques have been widely used to identify causal relationships

from observational data. However, these approaches can face challenges when

dealing with complex, high-dimensional, or non-linear systems, which are

common in �nancial markets [93]. Given the growing complexity of these
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systems, it becomes important to explore methodologies that can more ef-

fectively capture non-linear dependencies and intricate interactions.

To address these challenges, a novel, non-parametric, and non-linear met-

ric is proposed for detecting causal relationships in �nancial data, o�ering

an alternative to traditional models like the VAR (Vector AutoRegression)

model. Our approach introduces the Di�erentiable Information Imbalance

(DII) as a potential method for modelling causal relationships in dynamic,

high-dimensional systems, o�ering a parametric-free framework for causal

discovery. Additionally, the Imbalance Gain (IG) metric is proposed as a

relative measure of causal strength within the DII framework, which pro-

vides a non-linear, non-parametric approach similar to the F-statistic used

in Granger causality.

3.2.2 Linear Causal Discovery: VAR and Granger's F-

statistic

Vector AutoRegressive (VAR) models are frequently employed alongside the

Granger causality (GC) test in the analysis of �nancial datasets to assess

causal relationships quantitatively. These models are particularly useful for

representing the dynamic interconnections between dependent and indepen-

dent variables over a temporal framework.

To illustrate, let us consider a VAR(p) model, with p denoting the quan-

tity of time lags included, and the structure of the system of equations can

be expressed as follows

v t =
pX

i =1

A i v t � i + u t ; (3.12)

In this context, v t denotes a vector of variables at a given timet. The
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matrix A i serves as the weight matrix corresponding to thei -th lag, and

the term u t represents a white Gaussian random vector. The fundamental

concept of a VAR model is that each variable present in the vectorv t is

expressed as a linear combination of both its own historical values and those

of the other variables within the vector [96]. Typically, v t is assumed to

incorporate not only a target variable, designated aszt , but also possible

predictor variables formulated asxT
t =

�
x1

t ; � � � ; xD
t

�
. Therefore, without

loss of generality,v t can be expressed as (zt ; x1
t ; � � � ; xD

t )T . To determine

the causal weightw� linked to the predictor x � at a given lag i , one can

calculate it as the absolute magnitude of the (1,� )-entry in the matrix A i .

It is important to note that according to our notation, the �rst row of the

matrix A i includes the weights that dictate the in
uence of all predictors at

lag i on the target variablez.

The Akaike Information Criterion (AIC) is utilised to identify the opti-

mal lag for the VAR model by minimising the balance between model �t

and complexity. Hence, the lag corresponding to the lowest AIC score is

considered the optimal choice.

Granger's F-statistic For each speci�ed time lag, the GC test is used to

determine to what extent the historical values of a particular predictorx �
t

(where � is an element of the setf 1; � � � ; Dg) contribute to the prediction of

the target variable zt [92].

The procedure involves testing the null hypothesis that there is no causal

link between the predictor and the target. This is accomplished by �tting

and contrasting two distinct models: the �rst VAR model incorporates the

lagged values ofx �
t as part of the potential predictorsx t , and is known as

the unrestricted model, while the second VAR excludesx �
t , keeping all other
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predictors constant, is known as the restricted model. Should the test result

in rejecting the null hypothesis, it implies the existence of a causal connection

between the predictorx �
t and the target variablezt .

The statistical test is based on the construction of an F statistic that

assesses the joint signi�cance of the weights associated with the predictor

variable within the complete VAR model. Speci�cally, for each predictor

variable x �
t , the F-statistic tests whether the weights associated with the

lagged values ofx �
t across all lags are jointly di�erent from zero. A high F-

statistic value indicates that the past values of the predictor have signi�cant

explanatory power for the target variable, suggesting the presence of a causal

relationship [92].

The F-statistic is calculated as:

F =
(RSSr � RSSu)=q

RSSu=(N � k)
: (3.13)

The equation referenced earlier containsRSSr , which stands for the re-

stricted residual sum of squares. This value is derived from a model in

which speci�c causality constraints are applied, meaning certain weights are

assigned a value of zero.

Conversely, RSSu indicates the unrestricted residual sum of squares,

which is computed using the complete model where all weights are estimated

without any imposed constraints. The symbolq signi�es the total num-

ber of restrictions, equivalent to the number of weights assigned to zero in

the restricted model. Typically, in standard implementations, the restricted

VAR is created by nullifying all lagged values of one speci�c potential causal

variable, henceq equalsp.

To further clarify, let us de�ne N as the total number of observations

and k as the number of parameters estimated within the unrestricted model
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framework. The expression in the numerator (RSSr � RSSu)=qquanti�es the

reduction observed in the residual sum of squares attributed to applying the

restriction; in other words, it re
ects the extent to which the unrestricted

model provides a better �t relative to the restricted model, with this im-

provement being adjusted by the number of constraints imposed.

Conversely, the denominatorRSSu=(N � k) signi�es the mean squared

error for the unrestricted model, representing an estimation of the variance

associated with the error terms.

Beyond merely deciding whether the null hypothesis should be accepted

or rejected at a speci�ed signi�cance level, the F-statistic, as illustrated in

Eq. (3.13), also serves as a valuable tool for comparing the causal impacts of

various variables on the same target.

3.2.3 Non-Linear Causal Discovery: the Di�erentiable

Information Imbalance and Imbalance Gain

Di�erentiable Information Imbalance (DII) generalises the Information Im-

balance (II) measure, introduced in [89], to allow for a more 
exible evalua-

tion of the predictive relationship between a set of variablesx and a target

variable z.

Although II quanti�es predictivity by comparing the relative distances

between the data points inx and z, it assumes that all features are equally

scaled. The DII extends this approach by introducing a weight vectorw ,

which scales each feature inx based on its relevance. This modi�cation en-

ables the optimisation of feature contributions through gradient-based meth-

ods, making the DII framework more adaptable to datasets where feature im-

portance varies. The following paragraph details the DII framework, which

builds upon the foundational concepts of II.
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From the Information Imbalance to a Di�erentiable version. The

methodology employed in this work is a generalisation of the Information

Imbalance measure, introduced in [89] and reviewed in the following.

Given a dataset ofN points, the Information Imbalance allows to quantify

how much a set of variablesx can predict a given target variablez.

In this context, x is assumed to be multi-dimensional andz one-dimensional,

as this setting is most relevant for the application, but it is important to stress

that the method can be applied regardless of the dimensionality of the two

sets.

The Information Imbalance measure is based on the idea thatx is pre-

dictive with respect to z when data points that are close inx remain close

in z.

In practice, Euclidean distance functionsdx and dz are used, allowing the

distances between two pointsi and j to be expressed asdx
ij = jx i � x j j and

dij z = jzi � zj j, wherex i and zi represent the coordinates of pointi in spaces

x and z, respectively. For each pointi , the distances betweeni and all other

points j (6= i ) are sorted from smallest to largest. The distance rankr x
ij (r z

ij )

is de�ned as the position ofdx
ij (dz

ij ) in the list of sorted distances.

For example,r x
ij = 1 if j is the closest point toi according to the distance

dx , and r z
ij 0 = 5 if j 0 is the �fth nearest neighbour of i according todz.

The Information Imbalance fromx to z is written as:

�( x ! z) =
2
N

E [r z j r x = 1] =
2

N 2

NX

i;j =1
( i 6= j )

r z
ij � r x

ij ; 1 ; (3.14)

where� denotes the Kronecker delta function, which restricts the sum to

pairs of points satisfyingr x
ij = 1.

As Eq. (3.14) shows, �(x ! z) is directly proportional to the average
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distance rank in spacez, conditioned over pairs of points that are nearest

neighbours inx. The prefactor 2=N allows an asymptotic normalisation of

the Information Imbalance to 1, as a function ofN , in the case of minimum

predictivity, namely when x carries no information aboutz. Indeed, in this

caseE [r z j r x = 1] = N=2, as the conditional distance ranks in spacez will

be uniformly distributed between 1 andN � 1.

In the opposite regime, namely whenx is maximally predictive of z,

E [r z j r x = 1] = 1, as all nearest neighbour points inx will also be near-

est neighbours inz. In this second limit case, �( x ! z) = 2 =N, which

approaches 0 in the limit of largeN . Therefore, �( x ! z) � 0 sug-

gests that variablesx are highly informative in predicting variable z, while

�( x ! z) � 1 indicates that variablesx provide little to no predictive infor-

mation about variable z.

The DII framework. The capacity of predictor variablesx to mimic the

neighbourhood structure determined by a target distancedz is based on the

choice of distance metricdx . Although the Euclidean distance is reason-

able since the data manifold appears approximately 
at on small scales, the

scaling of variables is relatively arbitrary.

[168] addressed this issue by creating a di�erentiable adaptation of the

Information Imbalance, known as the Di�erentiable Information Imbalance

(DII).

To introduce it, the weighted spacex(w ) = w � x must be de�ned �rst,

where� represents the element-wise multiplication between a vector of arbi-

trary weights and the set of predictor variables. In the functionx(w ), every

variable is adjusted by multiplying it by the elements of a weight vector.In

conclusion, the distance is speci�ed asdx
ij (w ) = jw � (x i � x j )j, representing
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Figure 3.2: The Di�erentiable Information Imbalance. This �gure
demonstrates the application of the Di�erentiable Information Imbalance
(DII) to three spiral datasets with varying levels of noise. The �rst row dis-
plays the datasets in three-dimensional space, while the second row presents
two-dimensional projections to highlight the marginal relationships between
the target variable z and the predictors x1 and x2. The third row shows
the evolution of the weightswx1 and wx2 assigned by the DII tox1 and x2

during the gradient descent process across di�erent epochs. The left panels
illustrate that the DII considers both x1 and x2 as equally important for
predicting z, with weights satisfying wx1 � wx2 � 1. In contrast, the middle
and right panels show that as the noise level increases betweenz and x2, the
DII assigns a smaller weight tox2, with wx2 approaching zero.

the Euclidean distance computed within the space weighted byw .

The DII from x(w) to z is de�ned as

DII ( x(w ) ! z) =
2

N 2

NX

i;j =1
( i 6= j )

cij (�; w ) r z
ij ; (3.15)

where the weightscij are de�ned as:

cij (�; w ) =
e� dx

ij (w )2=�

P
m(6= i ) e� dx

im (w )2=�
: (3.16)
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In this context, � serves as a small, positive parameter that determines the

scale of neighbourhoods within the spacedx (w ). Speci�cally, as� approaches

zero, the softmax weights in Equation (3.16) converge to the Kronecker delta

in Equation (3.15). This limits the selection to just the nearest neighbour,

thereby restoring the usual Information Imbalance scenario. To facilitate

optimisation, � is typically maintained at a magnitude comparable to the

average squared distance from the nearest neighbour. The advantage of the

formulation in Eq. (3.15) is that derivatives of the DII with respect to weights

w can be explicitly computed. This allows minimising DII(x(w ) ! z) via

gradient descent, namely following an update rule of the form:

w t+1 = w t � � r w DII( x(w ) ! z) ; (3.17)

until convergence.

In this context, � represents a hyperparameter referred to as the learning

rate, while r w DII signi�es the gradient of DII concerning the weight vec-

tor. Consequently, employing gradient descent for the optimization of the

DII inherently determines the weighted combination among the potentialD

variables that best forecasts the target variablez.

An illustrative example is presented in �gure 3.2. Further details on the

DII optimisation are reported in A.2.

The Imbalance Gain. In [157], the authors applied the standard In-

formation Imbalance method to identify causal relationships between high-

dimensional dynamical systems. This approach extends the predictability

criterion of Granger causality (GC) into a non-linear framework.

Given two one-dimensional time seriesx t and zt , it can be said that x0 at

time t = 0 improves the prediction of z at a future time t = � if a distance
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measure built with both x0 and z0 is more informative about z� than a

distance where onlyz0 appears. This is satis�ed when there exists a value of

� > 0 such that the following inequality holds [157]:

min
w

� ([ wx0; z0] ! z� ) < � ( z0 ! z� ) ; (3.18)

In this context, the two-dimensional space [wx0; z0] is de�ned by the

scaled variablewx0 and the target variable z0. The weight w serves to en-

hance the expressiveness of the space that includes bothx0 and z0. By min-

imising overw, the aim is to identify the space that o�ers the most informa-

tive representation regardingz� . Distances are calculated between separate

realisations of the dynamics. These realisations can be derived from a single

stationary time series by sampling time frames, which are subsequently used

as independent initial conditions.

In systems where long-memory e�ects are observed, analysing time lags

� > 1 can improve the identi�cation of dynamical interactions. This is

because the in
uence of a causal relationshipx ! z often becomes more

evident after a certain time interval after the interaction.

The aforementioned inequality can be reformulated in terms of the rela-

tive di�erence known as Imbalance Gain (IG):

IG(x ! z) = 1 �
� ( z0 ! z� )

minw � ([ wx0; z0] ! z� )
; (3.19)

which can be expressed as a percentage variation.

Eq. (3.18) is essentially equivalent to the condition IG(x ! z) > 0.

Moreover, both of these equations can be extended to a multivariate context

similarly to multivariate GC as shown in [157]. Nevertheless, this extension

requires additional optimisation parameters, which results in a computation-

58



ally intensive minimisation on the right-hand side of Eq. (3.18).

Following the same notation presented in Sec. 3.2.2 for GC, the general-

isation of Eq.(3.18) in a multivariate setting reads:

min
w

DII ( w � v0 ! z� ) < min
w 0

DII ( w 0 � (v0 n x �
0 ) ! z� ) ; (3.20)

where v0 = ( z0; x1
0; � � � ; xD

0 )T , w and w 0 are vectors ofD + 1 and D

optimisation parameters, respectively, andv0 n x �
0 denotes the vectorv0

without variable x �
0 .

Equivalently, the multivariate version of the IG can be written as:

IG(x � ! z) = 1 �
minw 0 DII ( w 0 � (v0 n x �

0 ) ! z� )
minw DII ( w � v0 ! z� )

; (3.21)

such that a causal e�ect ofx � on z is detected when IG(x � ! z) > 0 for

some� > 0.

Importantly, while the optimal weights minimising the DII depend on the

variances of the (unscaled) input variables, the minimum value of the DII, and

consequently the IG measure, are independent of such original scales. Thus,

deciding to standardise the input variables or not leads to distinct optimal

weights. However, it does not in
uence the �nal estimate of the Imbalance

Gain, as long as equivalent global minima are obtained. Consequently, in this

context, the Imbalance Gain serves as a more dependable metric compared

to the optimal weights for assessing the true e�ect of a predictor variable on

the target variable.

Causal Su�ciency. Our analysis presupposes the condition known as

causal su�ciency [144], implying that no variables, �nancial or otherwise,
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acting as common in
uencers of European Union Allowance (EUA) and other

predictors in the dataset are omitted. This assumption is important in both

the DII method and the conventional Granger causality analysis. Although

this condition may not hold perfectly in practice, it can be considered reason-

ably valid in the context of our study, given the comprehensive and diverse

set of �nancial variables included in the analysis. These variables help miti-

gate the potential impact of omitted in
uences, making the assumption more

plausible within the scope of our research.

3.2.4 Two Case Studies on Synthetic Data

In this section a comparison of the linear approach described in Sec. 3.2.2

with the novel non-linear methodology described in Sec. 3.2.3 on two syn-

thetic datasets with a known data-generating process is proposed.

Both data sets were created by generating time series forx1, x2, and

z, initialising the state of the system with three Gaussian random variables

of unit variance. The �rst 5000 steps were discarded to avoid equilibration

artifacts. Subsequently, theN = 2800 time steps were selected after equili-

bration, aligning the number of observations with those used in the empirical

analysis of returns with the DII (see A.2). VAR models of orderp = 1 and

DII models with time lag � = 1 are considered.

False negatives from linear causal discovery. The �rst synthetic dataset

is intended to illustrate how the linear causal discovery method can miss im-

portant causal predictors that are non-linearly related to a target variable.

The dataset is constructed by simulating the following stochastic process,

with one target variable z and two causal predictorsx1 and x2:
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Figure 3.3: False Negatives from Linear Causal Discovery. This �gure
compares the performance of the VAR/multivariate Granger Causality (GC)
model and the Di�erentiable Information Imbalance (DII) method applied
to a stochastic process de�ned by Equations (3.22), withx1 and x2 tested as
potential causal variables for the target variablez. The left panel shows the
true causal relationships among the three variables:x1 and x2 evolve inde-
pendently, while bothx1 and x2 in
uence z. The central bar plot displays the
multiplicative weights assigned to the variables by the unrestricted VAR(1)
model (blue bars) and the optimized DII ([x0; z0] ! z1) (orange bars). The
right panel shows the F-statistics for each variable, calculated within the
multivariate GC framework, alongside the Imbalance Gain computed using
the DII approach.

x1
t = u1

t ; (3.22a)

x2
t = u2

t ; (3.22b)

zt = 0:5zt � 1 + x1
t � 1 + ( x2

t � 1)2 + uz
t : (3.22c)

Here, u1
t , u2

t and uz
t are independent Gaussian white noise terms, sampled

from N (0; 1).

According to Eq. (3.22c), variablez is driven by both x1 and x2, since

the state of z at time t is determined by both variables in the previous step.
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Figure 3.4: False Positives from Linear Causal Discovery. This �gure
compares the performance of the VAR/multivariate Granger Causality (GC)
model and the Di�erentiable Information Imbalance (DII) method applied
to the stochastic process described by Equations. (3.23), withx1 and x2

tested as potential causal variables for the target variablez. The left panel
illustrates the true causal relationships:x2 acts as a common driver for both
x1 and z, highlighting the structure of the underlying process.

Importantly, the causal relationship x1 ! z is linear, while the link x2 ! z

involves a non-linear (quadratic) coupling.

The results of both methods applied to this simple stochastic process are

shown in �gure 3.3. As anticipated, the linear causal relationshipx1 ! z

is identi�ed by both approaches, as evident from the variable weights (left

panel) and the F-statistic and Imbalance Gain measures (right panels). How-

ever, the non-linear relationshipx2 ! z is not detected by either the VAR

weights or the F-statistic, while the DII method successfully identi�es it. This

example illustrates that standard multivariate GC methods are susceptible

to false negatives when dealing with non-linear relationships.

False positives from linear causal discovery. The second synthetic

dataset is intended to illustrate how the linearity assumption of VAR models

62



and multivariate GC can lead to incorrect detection of false causal relation-

ships.

The dataset is constructed by simulating the stochastic process:

x1
t = 0:1x1

t � 1 + ( x2
t � 1)2 + u1

t ; (3.23a)

x2
t = 0:7x2

t � 1 + u2
t ; (3.23b)

zt = 0:5zt � 1 + ( x2
t � 1)2 + uz

t : (3.23c)

In this second case study,u1
t , u2

t , and uz
t are independent Gaussian white

noise terms with standard deviations of 0.2, 0.5, and 1.0, respectively. In

the system described by Equations. (3.23),x2 acts as a common driver for

both x1 and z, in
uencing both variables through a non-linear quadratic

relationship.

Figure 3.4 shows the results of applying multivariate GC (blue bars) and

the DII method (orange bars) to the system, withz selected as the target

variable. As in the previous example, it is observed that the linear methodol-

ogy fails to detect the non-linear couplingx2 ! z, whereas both the optimal

weight from the DII optimisation and the Imbalance Gain associated withx2

are signi�cantly non-zero. Additionally, the linear method detects a spurious

causal link x1 ! z, as seen from the magnitudes of the VAR weight forx1

and its corresponding F-statistic from the GC test. In contrast, both the

DII weights and the Imbalance Gain for thex1 ! z direction show that the

impact of x1 on the dynamics ofz is negligible.

This second example demonstrates that linear methodologies may suf-

fer from false positives in the presence of common drivers and non-linear
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relationships, while the DII method appears to be robust to this issue.

The two examples illustrated above motivate the introduction of non-

linear generalisations, such as the DII, for analysing real-world time series

in which the assumption of linear relationship may be, to di�erent extents,

violated.

3.3 Gaussian Processes

A Gaussian Process (GP) is a powerful and versatile statistical tool used in

various �elds, including machine learning [169], statistics [150], and Bayesian

optimisation [170]. GPs have gained signi�cant popularity due to their 
ex-

ibility, ability to model complex, non-linear relationships, and e�ectiveness

in quantifying uncertainty. These properties make GPs an ideal choice for

tasks such as function approximation, regression, and time-series forecasting,

where understanding the underlying structure and uncertainty of the data is

crucial.

A Gaussian Process can be viewed as an in�nite-dimensional generalisa-

tion of a multivariate Gaussian distribution. In simpler terms, a GP de�nes a

distribution over functions, where each function is drawn from a multivariate

Gaussian distribution at any �nite subset of points. More precisely, a GP

is a collection of random variables where any �nite subset of them follows a

multivariate Gaussian distribution. This 
exibility makes GPs particularly

well-suited for modelling continuous functions in a non-parametric manner.

To de�ne a Gaussian Process, a mean function must �rst be selected� (x),

which provides the expected value of the modelled function

� (x) = E[f (x)]: (3.24)
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In practice, the mean function is often assumed to be zero, especially when

the data have been standardised. This assumption simpli�es the GP model

without loss of generality. Throughout this work, this common practice is

adopted for simplicity and consistency. The second and crucial component

of a GP is the covariance function (or kernel), which characterises the rela-

tionships between di�erent points in the function's domain. The covariance

function quanti�es the similarity or correlation between function values at

di�erent input points, and it plays a central role in shaping the properties of

the modeled function.

3.3.1 Kernel Function

The choice of the kernel function is crucial, as it determines the properties of

the GP and how it models the dependencies between data points. A widely

used kernel is the Radial Basis Function (RBF), which is commonly chosen

for its smoothness properties. Other commonly used kernels include additive,

multiplicative, and Matern kernels. For this work, the focus is on the Matern

kernel, de�ned as:

kMatern (x; x0) =
1

�( � )2� � 1

� p
2�

kx � x0k
l

� �

K �

� p
2�

kx � x0k
l

�
; (3.25)

where � controls the smoothness of the function andl is the length scale

parameter, which governs how rapidly the function varies with respect to

changes in the input. The functionK � (�) is the modi�ed Bessel function

of the second kind, which provides a mathematically tractable solution to

the covariance. The Matern kernel is particularly useful because it provides

a 
exible trade-o� between smoothness and the scale of variations in the
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function, making it a good �t for many real-world datasets.

Once the kernel is selected, a GP can be used as a prior distribution in

Gaussian Process regression, a form of Bayesian regression. Given a dataset

D = f (x i ; yi )gN
i =1 , where x i are the input features andyi are the observed

values, the GP model infers a posterior distribution over functions that �t

the observed data. Importantly, the posterior distribution in GP regression

is also a GP, and the posterior mean provides the best estimate of the un-

derlying function at any point in the input space.

3.3.2 Prediction and Uncertainty Estimation

The posterior mean of a GP provides a predictive mean function that is used

for forecasting. Given a test pointx � , the predictive mean� (x � ) is calculated

as:

� (x � ) = kT
� (K + � 2

n I )� 1y; (3.26)

where K is the kernel matrix with entries K ij = k(x i ; x j ), k � is the

vector of kernel values between the test pointx � and the training data, and

� 2
n represents the noise variance in the data. The matrixI is the identity

matrix, and y is the vector of observed output values.

In addition to the predictive mean, GPs also provide a measure of uncer-

tainty through the predictive covariance. The variance at a test pointx � gives

an indication of how con�dent the model is in its predictions. This feature

is particularly useful in applications like forecasting and decision-making,

where not only the prediction but also the uncertainty of that prediction is

essential.
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3.3.3 Applications in Forecasting, Imputation, and Ag-

gregation

Gaussian Processes (GPs) are widely used in time-series forecasting, where

the goal is to predict future values based on historical data.

In addition to forecasting, GPs are also used in imputation tasks, where

missing or incomplete data need to be estimated. Since GPs model dependen-

cies between data points, they can predict missing values based on observed

relationships in the data. This property is particularly useful in �elds such as

epidemiology, economics, and �nance, where incomplete data are common.

Another important application of GPs is in aggregation, where multiple

sources of information or data points need to be combined. GPs can e�ec-

tively aggregate information by treating each source as a di�erent realisation

of a latent function and using the covariance function to model the rela-

tionships between these sources. This allows for the construction of more

robust and reliable models when data from multiple sources or domains are

available.
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Chapter 4

Empirical Results I:

Bibliometric insights into the

EU ETS market

4.1 Data Collection and Selection Criteria

The data set used in this study is derived from the Scopus database, chosen

for its comprehensive coverage of peer-reviewed scholarly articles and its

advanced citation tracking capabilities.

The documents collected span from 2004 to 2024, facilitating an in-depth

examination over a period of nearly 20 years.

Prede�ned search terms related to the EU ETS are selected, includingEu-

ropean Union Emissions Trading System, EU ETS, emissions trading, carbon

trading, and carbon pricing. (AND, OR) Boolean operators helped re�ne our

search results to ensure a broad yet targeted collection of relevant literature.

The initial search in Scopus returned 475 documents which were exported

in BibTeX format. A custom Python script was developed to re�ne the
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Figure 4.1: Data Processing Work
ow. This diagram illustrates the
sequential phases involved in selecting and processing research documents,
from initial data collection to �nal inclusion, highlighting key decision points
and criteria used throughout the process.

dataset by automatically identifying and removing duplicates, errors, and

encoding issues. As a result, the dataset was reduced to 464 documents. Fur-

thermore, a manual review ensured that only papers speci�cally addressing

the EU ETS market from an economic or �nancial standpoint were included,

resulting in a �nal selection of 367 papers, as shown in �gure 4.1.

The relevance and quality of the included literature is guaranteed by se-

lecting only articles from peer-reviewed journals classi�ed as articles. To

maintain a clear focus on the �nancial and economic dimensions of the EU

ETS market, studies from speci�c �elds, such as Chemistry, Materials Sci-

ence, Medicine, Physics and Astronomy, Multidisciplinary areas, Arts and
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Humanities, Biochemistry, Genetics and Molecular Biology, Pharmacy, Psy-

chology, Neurosciences, Agriculture and Biological Sciences, Civil and Struc-

tural Engineering, Engineering, Sociology and Political Science, Earth and

Planetary Sciences, Decision Sciences, Mathematics, and Computer Science,

were excluded.

Furthermore, only articles written in English were included to ensure

accessibility and clarity.

4.2 Bibliometric Tools

Bibliometric analysis was performed using the Bibliometrix R package [8].

The analysis started with descriptive statistics to examine the distribution

of publications over time, revealing trends in research activity and the growth

rate of publications in the EU ETS �eld.

Venue analysis was performed to identify the key journals that published

economic and �nancial research on the EU ETS, focussing on the leading

journals according to the volume of publications and the impact of citations.

In addition, citation analysis was performed to explore the most frequently

cited articles, the most in
uential authors, and the leading institutions within

the �eld. This analysis provided a deeper understanding of the impact and

reach of speci�c studies, highlighting the contributions of key researchers and

institutions, and shedding light on the broader scope and signi�cance of their

work within the context of economic and �nancial EU ETS research.

Co-authorship and collaboration networks were mapped to investigate

patterns of cooperation among researchers and institutions. This network

analysis revealed prominent research networks, highlighting key collaborative

connections, and identifying in
uential groups of scholars working together
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in the �eld of economic and �nancial research on EU ETS.

In addition, a keyword analysis was performed to identify the most preva-

lent research themes and topics within the EU ETS literature. By analysing

the co-occurrence of keywords, related terms were grouped and clustered,

uncovering key thematic trends and highlighting emerging areas of research

in the �eld.

Finally, the conceptual structure of the EU ETS research �eld was mapped

through co-word analysis, which visualised the interrelationships between

various research themes. This analysis helped identify and illustrate the

main research clusters, providing a clearer understanding of how di�erent

topics are connected and the key areas of focus within the �eld.

Figure 4.2: Country Scienti�c Production. This plot shows the volume
of scienti�c publications related to the EU ETS across various countries. It
provides a comparative view of publication output by country. For more
detailed �gures and data on each country's contributions, refer to Table 4.1.
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