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Abstract

Given a set T C R” and a nonnegative function r defined on 7', we consider the
power of x € R” with respect to the sphere with center + € T and radius r (¢),
thatis, p, (x,1) = ||x — z‘||2 —r2 (1), with ||| denoting the Euclidean distance. The
corresponding power cell of s € T is the set

Cr(s) :={x e R": py(x,5) < py(x,1), forallt € T}.

We study the structure of such cells and investigate the assumptions on r that allow
for generalizing known results on classical Voronoi cells.
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1 Introduction and Preliminaries

This paper presents a systematic study of the fundamental properties of power cells.
Power cells have been extensively studied in the literature, the main reference being
the seminal paper [2], which contains a detailed theoretical and algorithmic study of
power diagrams and reviews some of its practical applications. Some more recent
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developments can be found in [3, 7, 8, 12—14]. Power cells and power diagrams are
used in several applications. In [4], for example, power diagrams are used to design
contracts to incentivize self-minded agents to provide honest information. Applications
to harvest planning can be found in [15], while in [1, 5, 18] algorithms for assignment
problems are developed based on the concept of power cells.

In this paper we mainly investigate the conditions on the weight function r under
which the basic properties of classical Voronoi cells extend to power cells. Among
other results, we give conditions for power cells to have a nonempty interior and to
be bounded. One of the main results gives sufficient conditions for a closed convex
set to be a power cell with respect to a given weight function. Another main result
states sufficient conditions on a given set of sites and a given weight function, for the
corresponding collection of power cells to make a tesselation of the space.

We will use standard convex analytic terminology and notation, following the clas-
sical reference [17]. We will denote R4, Ry, and R__ the sets of nonnegative,
strictly positive and strictly negative real numbers, respectively. The zero vector, the
open unit ball and the unit sphere in R” are denoted by 0, B and S, respectively.
The Euclidean inner product of x, y € R" and the Euclidean norm of x will be
denoted by (x, y) and ||x]||, respectively. Given C C R”, with intC and clC we
denote the interior and the closure of C, respectively. The convex hull of C, denoted
convC, is the smallest convex set containing C. We denote coneC the convex con-
ical hull of C, that is, coneC := RjconvC. The dimension of C, denoted dim C,
is the one of the affine variety generated by C; if C = §J, we set dim C := 0. The
linearity space of a convex cone K € R” is the largest linear subspace contained
in K, that is, linK := KN(—K). The orthogonal of a linear subspace L € R” is
Lt :={x*eR": (x,x*) =0, forallx € L}.

Let T € R", with n > 1, be a set whose elements are called sites. We consider a
weight function » : T — R on the set of sites. One can interpret r () as the radius
of a sphere centered at #; under such an interpretation, the function p, : R" x T — R
defined by p,(x, 1) := ||x — t||> — r?(¢) assigns to every pair consisting of a point x
and a site ¢ the power of x with respect to the sphere associated to . We recall that
the power of a point with respect to a sphere is the product of the distances from that
point to the two intersections with the sphere of an arbitrary line through the point
that intersects the sphere; a remarkable property, which is nevertheless easy to prove,
says that such a product is independent of the chosen line. In particular, the power
equals the product of the shortest and farthest distances from the point to the sphere.
Moreover, as a limiting case, considering a line through the point that is tangent to
the sphere, the power equals the square of the distance from the given point to the
tangency point. The cell of s € T, denoted by C7.(s), consists of all points for which
the power of x with respect to the sphere centered at ¢ with radius r (¢) is minimized
att =y, i.e.

Cr(s):={x e R": pr(x,5) < pr(x,1), forallt € T} (1)
or equivalently,

Ch(s)={x eR": (t —s5,x) <by(t,5), forallt € T} )
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with |
br(t.5) = 5 (11012 = lIsI> 4+ 72(5) = (1)) 3

In view of the discussion above, the difference between C} (s) and the ordinary Voronoi
cell of s is that, in the latter case, a point x belons to the cell of s when s is the closest
site, whereas, in the former case, the proximity criterion from x to a site t € T
corresponds to the geometric mean of the shortest and the largest distances from x to
a sphere centered at t € T with radius r (¢) .

Clearly, the condition ¢t € T in (1) and (2) can be equivalently replaced with
teT\{s}.

The representation (2) shows that C.(s), being the solution set of a (possibly
infinite) linear inequality system, is a closed convex set and, in the case when T is
finite, is a convex polyhedron.

The classical Voronoi cell of s € T with respect to 7', defined by

Vi) ={x eR":|lx —s| < |lx —¢|, forallt € T},

corresponds to the particular case of C (s) when r is constant. In such a case, one has
be(t,s) = 5 (llel1> = Is|?)-

The rest of the paper consists of four sections. In Sect. 2, we establish the basic
properties of power cells; in particular, we give conditions on 7" and r that guarantee
their nonemptiness. In Sect. 3, we study the interior of power cells and their properties.
In Sect. 4, we give conditions for a point to belong to some power cell and, as a
consequence, conditions on 7 and r implying that the collection of all the power cells
make a tessellation of the space. Section 5 contains the conclusions.

2 Basic Properties of Power Cells

Unlike in the case of ordinary Voronoi cells, which are always nonempty (since s €
Vr(s)), power cells may be empty, even for very simple sets of sites 7 and a very well
behaved function r. Indeed; consider, for instance, the case when 7' := {0, ¢, —¢},
with t € R"\ {0}, and r := o |-[ljp, with &« > 1. Then C7.(0) = #, since, for
X € C;(O), from (2 ) one gets (t,x) < b,(¢,0) and (—t,x) < b,(—t,0), which
yields the absurd conclusion 0 < b, (, 0) + b,(—t,0) = (1 — &?) ||£]]> < 0.

Using Gale Theorem [9, Propositions 1 and 2 in Table 3.1], one immediately obtains
the characterization of the nonemptiness of power cells provided by the next propo-
sition, in which we make use of the second-moment cone [9] of the linear inequality
system in the representation (2):

K (s) := cone{(t — s, b.(t,5)) : t € T}.

Proposition 2.1 The following statements are equivalent:

i) Ch(s) # 0.
i) (0,—1) ¢ cIK%.(s).
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A sufficient condition for the nonemptiness of power cells, which does not involve
second-moment cones, is provided next.

Proposition2.2 If s ¢ clconv(T \ {s}) and the function b, (-, s) is bounded, then
Cr(s) #9.

Proof Suppose by contradiction that C%.(s) = #. By Proposition 2.1, there exist
sequences A]; >0, t;? e T\{s}, j =1,...,n, such that

n
_ ke _
O_kgn;OZAj(tj 5),
Jj=1
n
1 k k
—1 _klgroloz)\jbr(tj,s). 4)
j=1

Let M > 0 be an upper bound of b, (-, s). Then, by the continuity and subadditivity
of |.|, we have

n n
1< li A% b, (%, ‘<M1' inf ) A%,
< Jim 23] [br 4.9 < Mmint ) X
J= J=

and hence
- 1
.. k
mint 24 = 37 = ©
]:

Without loss of generality, we can assume that the sequence Z’}Il A]; converges, SO
that lim—, 00 3 A% > 4. Dividing both sides of (4) by 3-7_; A% and defining

k
gk
J n k’

we have > "_, [LI; = 1and
n n
0= klirr;oZulj(tf —s) = lim Z(M’;tf) — s € cleonv(T \ {s}) — s,
j=1 j=1
which contradicts the assumption s ¢ clconv(7 \({s}). O
The following proposition establishes a necessary condition for a power cell to be
nonempty.

Proposition 2.3 If C/.(s) # @, then infer(5) 7555 > —oo,
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Proof Taking x € C’ (s) and using (2), we obtain

b,(t,s) . (t —s,x)
n 2 m _—
teT\{s} ||t — s|| ~ teT\ls} ||t —s]|

> —|lx|| > —o0.

O

As mentioned above, the ordinary Voronoi cell of s always contains s, but this is
not the case of power cells. Our next proposition, which follows easily from (2), gives
a necessary and sufficient condition for C7.(s) to contain s.

Proposition 2.4 The following statements are equivalent:

i) s € Cp(s).
ii) r2(t) —r2(s) < ||t — s||?, forallt € T.

Classical Voronoi cells satisfy the obvious equality V7 (s) NT = {s} . The situation
for general power sets is quite different, as shown, for instance, by Proposition 2.4.
Our next result provides an upper estimate for C(s) N 7.

Proposition 2.5 One has
Cr)NT C{teT:||s—t])> <ri(s)—ri)).

Proof Lett € C.(s) NT.Then {t — s5,t) < b, (, s), which, using (3), is easily seen
to be equivalent to the inequality ||s — 112 < ri(s) — r2(@). O

Corollary 2.1 Let T C R". If
r2(s) — r2(t) < ||s —t||%, forallt € T\ {s},
then
Cr(s)NT C {s}.

Combining Corollary 2.1 with Proposition 2.4, we obtain the following corollary.

Corollary 2.2 Let T C R". If
r2(s) — r2()| < ||s —t||%, forallt € T \ {s},
then
Cr(s)NT = {s}.
The recession cone of a nonempty closed convex set X € R" is
0"X:={deR":d+ X C X},
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and the normal cone to X atx € X is
Nx (x) := {x* eR": (y—x,x*) <Oforall y € X}
The negative polar cone of X € R" is
X0 :=(x* €eR": (x,x*) <0, forall x € X}.

From the representation (2) of C (s) as the solution set of a linear inequality system,
one immediately gets the following result.

Proposition 2.6 If C7.(s) # U, then O+C§ (s) = (T — $)° = Ngconvt (5).

In view of Proposition 2.6, the recession cone 0T C 7 (s) does not depend on r, as
long as C7.(s) # @. In particular, one has 0+C§ (s) = 0t Vr(s) if Cr(s) #9.

Corollary 2.3 If C%.(s) # 0, then C%.(s) is bounded if and only if s € int conv T .
The particular case of Corollary 2.3 corresponding to ordinary Voronoi cells was
given in [10, Proposition 5].
As we already observed in the preceding section, C7.(s) is a convex polyhedron if
T is finite. More generally, we have the following result.

Proposition 2.7 If clK . (s) is polyhedral, then C’.(s) is a polyhedron.

Proof 1t is sufficient to observe that
Cr(s) ={x e R": (x,x*) < B, forall (x*, B) € clK}(s)}.

Indeed, if c1K}.(s) is polyhedral, then it is the cone generated by a finite number of
vectors (x7, B1), ..., (x,,, Bm), and it is easy to see that

Cr(s)={x eR": (x,x7) < Bi, i=1,..,m}.

m}

The converse implication in Proposition 2.7 does not hold, as the following example
shows.

Example 2.1 Let
S={BeR: a-1)>+B-D*=1,a<1, p<1},

and define

2

T := {(O, 0)}U {m(a, /3) N (Ol,,B) € S} .
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It is not difficult to see that

Vr((0,0) = {(x,y) € R2 :ax + By < 1, forall (a, B) € S}
= {(x,y) e R?: (1 — cos¢)x + (1 —sing)y < 1, forall ¢ [0, %]}

={(x,y) € R?>: min {(cos¢)x + (sing)y} > x +y — 1}.
$€l0, 71

To compute ming¢io, %]{(cos @)x + (sin )y}, we distinguish three cases:

- (x,y) € R%_Jr. In this case,

min {(cos ¢)x + (sin¢)y} = min{x, y, \/x2 4+ y2} = min{x, y}.
#€l0, %]

- (x,y) € R2 . In this case,

min {(cos ¢)x + (sin¢g)y} = min{x, y, —\/x2 +y?%} = —\/x2 + y2.
$el0.3]

- (x,y) ¢ RZ2, UR? _.In this case,

min {(cos¢)x + (sin¢)y} = min{x, y}.
¢€l0.7]

Using these computations, it is easy to see that (2.1) yields
Vr((0,0) = {(x.y) e R*:x < 1,y < 1,

so that C((0, 0)) = V7 ((0, 0)) is a polyhedron.
On the other hand, one has

- 2

clK7 (s) = clcone {m(a,ﬂ, D:(a,B)e S}}
= clcone {(&, B, 1) : (o, B, 1) € S x {1}}
= clcone(S x {1}) = clRconv(S x {1})

= clR4 (conv(S) x {1});
hence (c1K7.(s)) N (R? x {1}) = conv(S) x {1}, which, since
conv(S) ={(e, B) eR*: (@ =1’ + (B-1D* <1, a <1, <1},

shows that the cone cl1K7 (s) is not polyhedral.

We have the following generalization of a result on classical Voronoi cells [10,
Proposition 8], establishing a necessary condition for polyhedrality of power cells;
our proof is much simpler than that of [10, Proposition 8].
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Proposition 2.8 If C’.(s) is a polyhedron, then clcone(T — s) is polyhedral.

Proof If C’.(s) is a polyhedron, then its recession cone is polyhedral; since, by Propo-

sition 2.6, one has clcone(T —s) = (T — 5)* = (0t C%. (s))o, and the result follows
from the fact that the negative polar of a polyhedral cone is polyhedral, too. O

Notice that the converse implication fails. Let n > 2, and consider any non-empty
and non polyhedral closed convex set in R” with polyhedral recession cone. Then, by
[10, Theorem 2], it can be written as V7 (s) for some T C R” and some s € T, but
clcone(T —s) = (0+ Vr (s))0 (see the proof of Proposition 2.8), so that clcone(7" — s)
is polyhedral.

For the validity of the converse to Proposition 2.7, one needs extra assumptions on
T and r, as the ones considered in the following proposition.

Proposition 2.9 If T is unbounded and liminf,cr |- o0 it)l = 0, then clK%(s) is

Il
polyhedral if and only if Ci.(s) is a polyhedron.

Proof By Proposition 2.7, if clK % (s) is polyhedral then C’. (s) is a polyhedron. For the
converse implication, we will use [9, Theorem 5.13(i)], according to which, if C(s)
is a polyhedron, then clcone ({(r — s, b, (t, 5))|t € T} U {(0, 1)}) is polyhedral, so the
thesis will follow from the equality

clK7 (s) = cleone ({(t — s, by(t,5)) : 1 € TYU{(0, 1)}), 5)
which we will now prove. To this aim, take a sequence #; € T such that ||t;]| — oo
and \r\(t[kkl)l — 0. Since
5 _ ||sH22 r%g _ r2<rk2>
[k ] [k ] [k ]
———b(t, ) =
s o) TR
[k 12 |2
we have
—(tk - Sab (tks S)) - (07 1)
|ltx — 5112 '
This proves (5), as we needed. O

Let us recall the definition of the Bouligand tangent cone of a set X C R” at
0 .
x'eX:

B(S,xo) ={deR":3x;} C X, x; — %0, Hag}, o — +00 o (xp — 1) - d}.

The following results partially extend [10, Proposition 10].

r2(s)=r2(t)
lls—]12

Proposition 2.10 Iflim sup,c7 ,_, < +o0, then C(s) C s + B(T, 5)°.
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Proof Letx € Ci(s)andd € B(T,s). Thend = lim A, (t —s) for sequences z; € T,
tr — s, and Ay — +00. We have

(1= s.x) = by () = 5 (1l = lIsI? + %) =2 (0)

1
2
hence

(txk =8, x —5) <

(llse = 512 + 1) = r2@0))

| =

Multiplying by A; and passing to the limit for #x — s, Ay — +00, we obtain

lim A (||tk — sl +r3(s) — ”z(fk)) .

N =

(d,x —s) =
By the hypothesis, there exists M > 0 such that, for k large enough,
r2(s) = r(t) < Mlls — 1],

Then

1 I+M
(dx = s) = 5 timag (11 = 5P+ Mls = ) = = tim il — 511> = 0,

which proves that x — s € B(T, s)O or, equivalently, x € s + B(T, s)O. O
r2(9)=r’(t)
[|s—1]|?

i) dim C%.(s) < n —dim linB(T, s).
ii) If, in addition, B(T, s) = R", then Ci.(s) C {s}.

Corollary 2.4 Iflimsup,c7 ,_ < o0, then

Proof Inequality i) follows from the inclusions
Ch(s) Cs+B(T,s)° C s+ 1inB(T, 5))*.

Statement ii) follows directly from Proposition 2.10 and 1). O

According to [10, Theorem 2], every nonempty closed convex set F € R” is a
Voronoi cell; more specifically, for every s € F there exists a (closed) set 7 € R”
suchthats € T and Vr(s) = F. The situation is quite different for general power sets,
when r is not constant. Observe, for instance, that, using (2 ), it is easy to see that, for
T CR"ands € T, one has, Cg”'T(s) = (T — s)0 . Consequently, for a nonempty
closed convex set FF € R”, a necessary and sufficient condition for the existence of

T C R"and s € T such that Cw”(s) = F is that F be a cone. Indeed, if F is a

I .
closed convex cone, one has 0 € FY and C O IFO 0) = F9% — F. We will next address
the problem of finding sufficient conditions for a nonempty closed convex set to be a

power cell. The following translation result will be a useful tool.
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Proposition2.11 Let g € R" and T, :== T — q, and define r, : T, — R by
rg(@t) =71t +q). Then

Crl(s —q) = C7() —q.
Proof 1t is a routine exercise, using the identity

by, (t —q,s —q)+({t —s,q) =br(1,5).
(]

Our next lemma gives a sufficient condition, in terms of support functions, for a
closed convex set to be a power cell. We recall that the support function of F € R”" is
ofF : R" - RU{+o00}, defined by o (x*) := sup, . (x, x*). The condition provided
by the lemma is very difficult to check in practice, but it will be useful to obtain the
much easier to check sufficient condition given in the subsequent theorem.

Lemma 2.1 Let F C R" be nonempty, convex and closed, ¢ : R* — R, ands € R".
If, for every x* € SN a;l (R) , there exists o« > 0 such that

1
e or () = (o) = 3 (0 + 026 — @' +9). ©

then there exists T C R" such thats € T and C?lr (s) =F.
If, moreover, F is a polyhedron, then we can take T finite.

Proof We first consider the case when s = 0. Since F is closed and convex, we have
F={xeR": (x* x) <op(x"), forall x* € U}

forsome U C SﬂaEl (R) . Multiplying both sides of the inequality (x*, x) < o (x*)
with the strictly positive number o+ defined by (6) and setting 7, := o xx™*, we see
that that inequality can be equivalently written (r,+, x) < 3 ([lte[1* 4+ ¢% (0) — ¢? (1)) -
Hence, by (2), we have F = C ? (0) for

T :={0}U {ty: x* € U}

We now consider an arbitrary s € R”, and define F := F — s and ¢, : R" — R, by
¢s(1) 1= r(t + 5). Then, (6) yields ayop, (x*) = % (a2 + ¢2(0) — p2(axx™)),
so we obtain the existence of 7/ C R” such that 0 € T’ and C?i’ 0) = F;.
Setting T := T’ + s, we have T’ = Ty, so that, by Proposition 2.11, we have
Cs)=CPO) +s5=F +s=F.

Notice that if F is a polyhedron and U is minimal in the definition of F, then U is
finite and, as a consequence, T is finite. O
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Our main sufficient condition for a nonempty closed convex set F' to be a power
cell will be expressed in terms of the oriented distance function. The oriented distance
function to a nonempty proper subset F € R” is the function Ar : R” — R defined
by Ap(x) :=dp(x) —drn\r(x), withdr : R" — R denoting the Euclidean distance
function to F, given by dr(x) := infscr ||x — s|| . It is well known that, if F is a
convex set, then A is a convex function [11, Proposition 4]. Furthermore, as proved
in [6, (10) and Remark 4.2], one has Ap(x) = max,«cs {{x, x*) — op(x™)}.

Theorem 2.1 Let F C R" be convex and closed, s € R", and ¢ : R" — Ry. If ¢ is
continuous and satisfies

2 42
imint &0 =) oA () )
1= 1t — sl

and

. t
lim sup — < 1,
=00 1211

then there exists T C R" such thats € T and C?lT(s) =F.
If, moreover, F is a polyhedron, then one can take T finite.

Proof We first consider the case when s = 0. According to Lemma 2.1, it will be
enough to prove that, for every x* € S, the equation

fl@) =op(x"), ®)

2 2 *
with f() := % (a + M) , has a strictly positive solution « > 0. Because
of (7), we have

1 2(0) — ¢2(ax* 1 2000 _ 42
lim sup f(@) = —limsup 22 =97 @) _ 1y & O =970
a—0F 2 a—0F o 2 50 [171]

< —Ap(0) = minop(y*) < op(x).
y*eS

On the other hand, from

2 * 2 * 2
lim inf (1 — W) =1 — limsup ¢~ (ax) >1— <1jm sup M)

a—+00 o a—>~+00 o? [|£]]—00 21|

2 *
we deduce that, for « large enough, 1 — mzx)
o

hence

is bounded below by a positive number;

a——+00 2 a—+o0 o2

2 *
liminf £(@) = ~ liminfa (1 - M) = +o0.
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Since ¢ is continuous, from the inequalities

limsup f(a) < op(x*) < +o0 = lim f(x),
a0+ oa—>+00

using the imtermediate value theorem we deduce the existence of a solution « > 0 to
equation (8), as we wanted to prove.

For the general case when s € R" is arbitrary, by replacing s, ¢ and F with 0,
¢s : R" — R, defined by ¢(¢) := ¢ (¢ + s) and F — s, respectively, we obtain the
existence of 7/ € R” such that 0 € 7"’ and C?‘f (0) = F—s.;then, setting T := T’ +s,
by Proposition 2.11 we get C5(s) = C3 (0) +5 = F.

As in the proof of Lemma 2.1, notice that if F is a polyhedron and U is minimal in
the definition of F, then U is finite and, as a consequence, T is finite. O

Remark 2.1 The assumptions of Theorem 2.1 are satisfied when s € intF and r is
constant; therefore, one obtains the particular case when s € intF of [10, Theorem 2]
as a direct consequence of Theorem 2.1.

3 The Interior of Power Cells

The following expression for the interior of power cells is an easy consequence of (2).

Proposition 3.1 One has

b (t,s) — {t —s,
intc;(s)z{xeR": I /AGL el U 1L 0}
teT\{s} [t — s]|

As in the case of Theorem 2.1, a straightforward application of Gale Theorem
[9, Propositions 1 and 2 in Table 3.1] yields the following characterization of the
nonemptiness of the interior of power cells.

Proposition 3.2 The following statements are equivalent:

i) intC’.(s) # 0.
ii) (0,—1) ¢ (.o clcone{(r — s, by(t,s) — ||t —s|]) | € T\{s}}.

A proof almost identical to that of Proposition 2.2, with obvious changes and using
Proposition 3.2, yields the following sufficient condition for the nonemptiness of the
interior of power cells.

Proposition 3.3 If's ¢ clconv(T \ {s}) and there exists € > 0 such that the function
by (-, 5) — €||- — sl is bounded, then intC7.(s) # #.

Corollary 3.1 If T is finite and s is an extreme point of convT, then

intCl (s) # 0.
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Proof Since s is an extreme point of convT and T is finite, we have
s ¢ conv ((convT) \ {s}) 2 conv(T \ {s}) = clconv(T \ {s}),

so that the assumptions of Proposition 3.3 are satisfied. O

By strengthening the inequalities in Proposition 2.4.ii, one gets a characterization
of the inclusion s € intC7.(s).

Proposition 3.4 One has s € intC7.(s) if and only if there exists € > 0 such that
2 2 2
re(t)y —r=(s) < ||t —s|| — €|t = s]||, forallt € T 9)
More specifically, the inequalities (9) hold if and only if
€
s+ EB C Cr(s).

Proof The inclusion s € intC’.(s) is equivalent to the existence of § > 0 such that
s + 8y € Cy(s) forall y € B, which means that

(t—s,8)+8(t —s,y) <by(t,s), forallt € T\ {s}and y € B,

and this can be easily seen to be equivalent to (9) with € := 26. O

Condition (9) can be weakened when K7.(s) is closed. The following result gener-
alizes [10, Proposition 15(ii)].

Proposition 3.5 If r2(1) — r2(s) < ||t — s||® forall t € T\ {s} and K7.(s) is closed,
then s € intC(s).

Proof 1Itis easy to check that the inequalities r2(t)—r(s) < ||t—s||* forallt € T\ {s}
mean that s satisfies with strict inequality all the inequalities in the representation (2 )
except the trivial one corresponding to ¢t = s, that is, s is a Slater point. Hence, since
K (s) being closed implies that the linear inequality system in the representation (2)
is locally Farkas-Minkowski in the sense of [16], by [16, Corollary 4.1(i)] we conclude
that s € intC7.(s). O

The assumption that K7.(s) is closed is not superfluous in Proposition 3.5. Consider,
for instance, the case when 7' := R"; then, for every s € R" one has Vr(s) = {s}.
Notice that, in this case, K7.(0) = (R" x (0, +00)) U {(0, 0)}.

4 Conditions for Power Cells to Make a Tessellation of R"
A covering of R” is said to be a tesselation if every two members of the covering

have their intersection contained in the intersection of their boundaries. We begin this
section by proving that power cells satisfy this intersection condition.
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Proposition 4.1 If s, 52 € T with s1 # s, then C.(s1) NintCY.(s2) = 9.

Proof If x € C.(s1) NintC (s2), then, by (2 ), we have (s — 51, x) < b, (s2, 51) and
(s1 — s2, x) < by (51, $2) , which contradicts the equality

br (SZ, Sl) +br (Sl» 52) = 0

O
Recalling that intA N intB = int(A N B), one obtains the following corollary.
Corollary 4.1 If 51, 52 € T with s # s, then int (C.(s1) N Cy(s2)) = 9.
Proof We have
int (CrT(sl) N C;(sz)) = intC%(s1) NintCy (s2) S C(s1) NintCY (s2) = 9.
O

Recalling that a real-valued function is upper semi-continuous (u.s.c.) when its
hypograph is closed, the following results give sufficient conditions for a point to
belong to some power cell.

Lemma 4.1 Let T be unbounded and closed, r be u.s.c., and x € R". If

lxl < ~liminf ) - 20
< —limin - —,
= et T

llz]] = oo

then x € |J intCJ(s).

seT

Proof Notice that, fors € T, we have x € C 7 (s) if and only if s is a global minimum
of p, (x,-) over T, and that, if x satisfies the inequality in the statement, so does every
point sufficiently close to x. Thus, it will suffice to prove that, if the limit condition in
the statement holds, then p, (x, -) is coercive. This coercivity condition is proved as
follows.

. . 2
Take a € <||x||, %hmlnftef, [[¢]]= 00 <||t|| — r”t(‘t‘))) . We have p, (x,1) = |x||* +

21l (—2 <x, ”;—H> el — ’fl;‘")) - hence, if ||¢]| is large enough,

t

pr (e, 1) > x| + D] (—2 <x, T

=l +2 (@ = [lxI) li7ll

>+ Za) > lxl* = 2 llx I el + 2 Jiz]]

Therefore, if x # 0, we have lim;c7| |1||— 00 Pr (X, 1) = 400, as we had to prove. On

the other hand, p, (0, 7) = ||¢]| <||t|| _ o

W) ; hence, since for ||¢|| large enough we
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(0)
Tl

pr (09 t) = +Oo,

lim
teT, ||t]]—>o0
that is, p, (0, ) is coercive. This ends the proof. O
Proposition 4.2 Let T be unbounded and closed, r be u.s.c., and g € R". If x € R"

satisfies
ﬂ0+qv

10
It 44l 1o

|
[lx —qll < EhmlnftEqu, [1£]]— 00 (llt +4qll —

then
x e [ JintChs). (11)

seT

Proof Set T’ := T + ¢, and define r’' : R* — Ry by r’ (t) := r (t +¢q) . Then,
making the change of variable ' := ¢ 4 ¢ in (10), we obtain

[lx —qll —11‘ inf — ]| — /2(”
X < 1m int ’
q B t'eT, ||t'||—o00 ||t T

hence, by Lemma 4.1, we have x —q € |J intC”, (s"—q) = U intC}.(s) — g, which
seT seT

proves (11). O

Corollary 4.2 Let T be unbounded and closed, r be u.s.c., and g € R". If

2
o (t +Q)
lim inf, 7 ! 0
mMint;e7—q, ||t||—>o0 (H +all = ||t+ [l

then g € |J intC/.(s).

seT
Our last results generalize [10, Proposition 1] .

Theorem 4.1 Let T be closed and r be u.s.c. If either T is bounded or

2

. re(t
lim <|| ||—L> 00,

teT, ||t||—>o00 [lz]]

then {C.(s)}ser is a tesselation of R".
Proof This is an immediate consequence of Lemma 4.1 and Proposition 4.1. O

Corollary 4.3 Let T be closed and r be u.s.c. If T is unbounded and

r(r)

lim sup <1,
(€T, ||t]]~>o00 1lel]

then {CY.(s)}ser is a tesselation of R".
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Proof 1t follows directly from Theorem 4.1, noticing that

2 2
el =29 gy (1 ! (t)>.

|21l |I112

5 Conclusions

There is an extensive literature on power cells (see, e.g. [2]), but, to the best of our
knowledge, a systematic study of their fundamental properties has not been carried
out so far. In the current paper, we have undertaken such a study, focusing mainly
on obtaining conditions on the weight function r under which power cells preserve
the main properties that classical Voronoi cells have. As is the case of Voronoi cells
induced by the Euclidean distance, power cells corresponding to the Euclidean norm
are closed convex sets. We have obtained conditions for their nonemptiness as well as
for that of their interiors, and we have studied other properties, including boundedness
and polyhedrality. We have also proved that, under simple assumptions (for instance,
when the set of sites is finite), the power cells make a tessellation of the space. We have
illustrated the fact that power cells may behave quite differently from their classical
counterparts; for example, even when they are nonempty, they do not necessarily
contain the site they are associated with.
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