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 A B S T R A C T

This paper presents a formulation for strain localization in softening plasticity based on a 
deformable Cosserat model. The approach enables the direct use of standard elastoplastic 
constitutive models formulated for a classical Cauchy continuum, without any modification of 
the stress update algorithm or the local material consistent tangent operator provided by the 
underlying constitutive routine. The key feature of the proposed framework is a strict separation 
between dissipative and energetic mechanisms: all dissipation is confined to the macro-
continuum, while the micro-continuum contributes exclusively through linear elastic terms 
associated with the director field. As a result, the constitutive structure of the underlying elasto-
plastic model is preserved, and any standard small deformation, thermodynamically consistent 
constitutive model can be employed as a black-box stress-update module. The internal length 
scale arises naturally from the micro-continuum and governs the development, interaction, and 
selection of localization patterns, rather than acting as a diffusive or artificial parameter. The 
formulation is straightforward to implement within standard finite element frameworks: the 
local constitutive integration is left unchanged, while the global residual vector and tangent 
matrix are augmented by the additional linear contributions associated with the director field. 
The performance of the proposed approach is assessed through benchmark problems involving 
shallow foundations on soil, which represent a particularly demanding test due to the onset of 
complex, interacting, and unstable localization mechanisms. Both Tresca and Matsuoka–Nakai 
plasticity models are considered, including cases exhibiting highly unstable post-peak responses. 
Numerical results show that load–displacement responses, dissipated energy, and shear-band 
patterns converge upon mesh refinement, even in the presence of strongly nonlinear and 
interacting localization processes. These findings indicate that the proposed framework provides 
a promising route for mesh-objective analyses of strain localization in softening plasticity, while 
preserving the constitutive structure of the underlying elastoplastic model.

. Introduction

Elasto-plastic constitutive models within the classical Cauchy continuum are widely used for the analysis of structural and 
eotechnical problems. However, capturing key features of material behavior – particularly for geomaterials – often requires the 
ntroduction of strain softening, which leads to severe numerical and theoretical difficulties.
In the presence of strain softening, the governing boundary value problem may lose ellipticity, which manifests itself in 

umerical simulations as pathological mesh sensitivity. In particular, computed responses do not converge upon mesh refinement, 
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and the width of localized deformation bands becomes dependent on the discretization size (see, e.g., de Borst (1991), de Borst 
and Sluys (1991), Sabet and de Borst (2019a)). These issues directly affect both the reliability and the robustness of numerical 
analyses: mesh-dependent localization patterns undermine the mechanical significance of the computed response, while severe 
convergence difficulties may arise and prevent the simulation from being completed as localization develops. These difficulties 
are now understood as a direct consequence of the loss of well-posedness of the governing equations. In quasi-static problems, the 
onset of localization is associated with a loss of ellipticity, which underlies both the observed mesh dependence and the severe 
numerical instabilities (Sabet & de Borst, 2019b).

Several approaches have been proposed in the literature to overcome the pathological mesh dependence associated with strain 
localization in softening materials.

One class of approaches is based on mechanical enrichments of the Cauchy continuum. For example, the Cosserat continuum, 
originally introduced by Cosserat and Cosserat (1909), augments the classical kinematics by introducing independent rotational 
degrees of freedom governed by additional balance equations, thereby incorporating intrinsic length scales into the formulation. In 
this work, this formulation is referred to as a rigid Cosserat model, since the enriched kinematics can be characterized by the rotation 
of a rigid triad of director vectors. In particular, rigid Cosserat models have long been regarded as a natural framework for the 
analysis of shear banding, starting from the seminal work of Mühlhaus and Vardoulakis (1987), which showed that the introduction 
of an intrinsic length scale leads to localization bands of finite thickness. Starting from the pivotal computational studies of de Borst 
(1991) and Perić et al. (1994), the rigid Cosserat model has been widely employed in numerical analyses and benchmark problems 
(Khoei & Karimi, 2008; Khoei et al., 2010; Panteghini & Lagioia, 2022a, 2022b; Sabet & de Borst, 2019a; Sharbati & Naghdabadi, 
2006), as well as in practical applications involving localization phenomena (Ebrahimian et al., 2012; Russo et al., 2020). However, 
it is now well recognized that this regularization is only partial: while objective results can be obtained in problems characterized 
by a single dominant shear band, mesh dependence may reappear when multiple bands nucleate, interact, or evolve sequentially 
(Duretz et al., 2023; Panteghini & Rubin, 2026).

This class further includes micromorphic models (Eringen & Suhubi, 1964; Forest, 2009, 2020b; Forest & Sievert, 2006; Suhubi 
& Eringen, 1964), that are closely related but conceptually distinct from the rigid Cosserat. They introduce a fully independent 
micro-deformation tensor at each material point, thereby allowing for a very general and systematic description of microstructural 
effects and internal length scales.

A second class of approaches aims instead at restoring well-posedness through explicit regularization of the governing equations. 
These include gradient-enhanced plasticity and damage models (Anand, 2026; Jirásek, 2003; Lorentz, 2011; Peerlings et al., 1996, 
1998), viscoplastic formulations (Needleman & Tvergaard, 1992), and nonlocal approaches based on spatial averaging (Bažant & 
Jirásek, 2002; Bažant & Pijaudier-Cabot, 1988). More recently, phase-field formulations (Duda et al., 2015; Miehe et al., 2017; Miehe, 
Hofacker, & Welschinger, 2010; Miehe, Welschinger, & Hofacker, 2010) have gained increasing attention, introducing auxiliary field 
variables governed by additional differential equations to regularize localization phenomena. While these approaches have proven 
effective in controlling mesh dependence, they are typically introduced as mathematical regularization techniques, rather than as 
mechanically enriched continuum models.

A practical difficulty common to many regularized or enriched formulations is that the additional fields often enter directly 
into the constitutive description, requiring dedicated constitutive equations and implementation strategies. As a consequence, these 
formulations are not always readily combined with existing elastoplastic models developed for the classical Cauchy continuum and 
implemented through standard stress-update algorithms.

The framework adopted in this work is based on the deformable Cosserat model recently proposed by Rubin (2025a, 2025b), 
which enriches the continuum with a triad of deformable director vectors. It was previously shown by Panteghini and Rubin 
(2026) that, in the context of elasticity with damage, the original formulation is able to predict the mesh- and rate-independent 
evolution of shear bands, since elastic and total deformations essentially coincide. However, preliminary investigations in the context 
of elastoplasticity revealed that this property is lost when elastic and total deformations are no longer equivalent, and that the 
original formulation does not provide a consistent description of localization in this case. For this reason, a modified version of 
the deformable Cosserat model has been developed for elastoplastic response involving volumetric plastic deformations, and is 
presented in the companion theoretical paper (Rubin & Panteghini, 2026). It is also noted that, as discussed by Rubin (2026), in the 
small-deformation setting adopted here, the resulting formulation exhibits strong similarities with classical microstructural models 
developed by Mindlin (1964). After the reduction to the symmetric director strain, the small-strain formulation employed here can 
be written in the same form as the microstrain tensor model reviewed by Forest (2016). In that model, the free energy contains 
quadratic contributions depending on the relative strain between the macro-strain and an independent microstrain tensor, as well 
as on the gradient of the microstrain. Similar micromorphic or local second-gradient structures have also been used for geomaterial 
localization (Chambon et al., 2001) and for metallic foams (Dillard et al., 2006). This correspondence should be understood at 
the level of the small-strain specialization only. The underlying nonlinear deformable Cosserat theory (Rubin & Panteghini, 2026) 
remains distinct from the nonlinear micromorphic frameworks developed in Forest and Sievert (2006) and Forest (2016, 2020a).

In the deformable Cosserat model, the material comprises two interacting continua: a macro-continuum, which can be described 
by any standard, small-deformation thermodynamically consistent constitutive model, and a micro-continuum, associated with the 
evolution of a deformable director triad. The two continua are constitutively uncoupled: the macro-continuum governs the entire 
dissipative response, while the micro-continuum introduces additional energetic terms associated with the relative deformation of 
the directors with respect to the macro-continuum deformation. These energetic terms become significant in regions of strong strain 
localization and govern the structure of the emerging deformation patterns.
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The key point exploited in the present work is that, in the elastoplastic setting considered here, this microstrain-type reg-
ularization mechanism is obtained without modifying the dissipative macro-constitutive law. The standard Cauchy elastoplastic 
stress-update algorithm and its local material consistent tangent can therefore be retained as black-box constitutive modules, while 
the additional director-related terms are assembled as energetic contributions to the global residual vector and tangent matrix of 
the coupled finite element problem.

It should be noted that the enhanced kinematics of the deformable Cosserat model come at the price of additional degrees of 
freedom compared to the rigid Cosserat model. Nevertheless, the equations associated with these degrees of freedom form a linear-
elastic block of the coupled discrete system. In the benchmark problem here investigated, the computational cost is balanced by a 
substantially stronger regularization capability, since the micro-continuum is activated by strong spatial variations of the deformation 
field itself, rather than only by rotational mechanisms. A more quantitative comparison of the computational cost of the deformable 
and rigid Cosserat models has been reported in the recent paper on damage-induced localization by Panteghini and Rubin (2026). 
Such a comparison is not repeated here, because in the present elastoplastic setting a direct comparison with a rigid Cosserat 
plasticity model is less straightforward.

The term black-box is used here only in this constitutive sense: the macro-constitutive stress-update algorithm and its local 
material tangent are not modified. Although the small-strain structure of the present formulation is related to a Helmholtz-type 
microstrain regularization model, whose properties are well established for suitable quadratic energetic choices (Forest, 2016), this 
should not be interpreted as a model-independent guarantee of regularization for arbitrary softening laws. The effectiveness of the 
regularization, the required spatial resolution, and the selected localization patterns may depend on the macro-constitutive model, 
on the energetic parameters of the director contribution, and on the boundary-value problem.

The objective of the present work is to assess the capability of the deformable Cosserat model to predict strain localization in 
softening plasticity within a mechanically meaningful setting. In particular, the internal length 𝓁 is treated as a constitutive material 
length-scale parameter, rather than as a numerical regularization parameter. Accordingly, it is not adjusted with the mesh size; its 
experimental identification is material- and problem-dependent and may rely, for instance, on measured shear-band thicknesses or 
full-field strain profiles in localized deformation tests. Classical biaxial tests specifically designed to allow the spontaneous formation 
of shear bands in soils, such as those of Vardoulakis and Goldscheider (1981), provide a relevant experimental setting in which such 
information could be obtained.

For a fixed value of 𝓁, the numerical examples considered in this work show mesh-independent solutions converging towards 
well-defined localization patterns. At the same time, for the benchmarks here analyzed, varying 𝓁 can lead to qualitatively different 
responses, both in terms of global behavior and the associated shear band structures. The proposed framework therefore does 
not merely regularize the solution, but provides a mechanically grounded mechanism for the selection and evolution of localized 
deformation patterns, while enabling the direct use of standard constitutive models as true black-box components.

2. The deformable Cosserat model

The formulation adopted in this work is the small-deformation specialization of the thermodynamically consistent deformable 
Cosserat theory developed in the companion paper (Rubin & Panteghini, 2026). The general framework is derived there in an 
Eulerian large-strain setting, whereas the present paper focuses on the simplified small-deformation equations, for the case in which 
prescribed external body director couples and director inertia are neglected. Details of the more general equations can be found in 
Rubin and Panteghini (2026).

The model consists of two interacting continua: a macro-continuum and a micro-continuum. The terms macro and micro are not 
used here in the sense of homogenization or representative volume element theory, and no volume-averaging procedure is involved. 
Rather, in the usual Cosserat sense, macro refers to the standard continuum, whereas micro refers to the additional director-based 
enriched response.

The macro-continuum governs the entire dissipative response and is described by a standard elastoplastic constitutive model. The 
micro-continuum is non-dissipative and contributes only through additional energetic terms associated with the mismatch between 
the directors 𝐝𝑖 and material line elements 𝐚𝑖, as well as through the corresponding director curvatures.

The two continua are constitutively uncoupled: the macro-response remains entirely standard, whereas the micro-response is 
governed by its own elastic energy. Their interaction is therefore not introduced through constitutive coupling terms, but arises 
from the kinematics together with the balance equations and boundary conditions.

This separation between macro- and micro-responses is a key feature of the formulation. All dissipation is confined to the macro-
continuum, while the micro-continuum acts as an energetic mechanism that becomes relevant only when the deformation field 
develops sufficiently strong spatial variations. In this way, the model can influence localization patterns without modifying the 
standard elastoplastic constitutive structure of the macro-continuum.

2.1. Kinematics

With reference to Fig.  1, the kinematics is described in terms of a triad of vectors 𝐚𝑖, representing material line elements, and a 
triad of directors 𝐝𝑖, describing the micro-continuum. Under the assumption of small strains and rotations, the vectors 𝐚𝑖 are obtained 
from the displacement gradient as
3 
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Fig. 1. Schematic representation of the kinematics of the deformable Cosserat model in a 2D setting. The vectors 𝐚𝑖 denote the material 
line elements associated with the displacement gradient, whereas 𝐝𝑖 denote the directors describing the micro-continuum. (a) Undeformed 
configuration, for which 𝐝𝑖 = 𝐚𝑖 = 𝐞𝑖 and therefore 𝐓 = 𝐓micro = 𝟎. (b) Homogeneous stretch: although 𝐓 ≠ 𝟎 and 𝐓macro ≠ 𝟎, the directors 
still follow the material line elements, so that 𝐝𝑖 = 𝐚𝑖 and 𝐓micro = 𝟎. (c) Homogeneous shear/distortion: again 𝐝𝑖 = 𝐚𝑖, hence 𝐓micro = 𝟎 and 
the response is entirely governed by the macro-continuum. (d) Non-homogeneous deformation: the directors no longer follow the material line 
elements, i.e. 𝐝𝑖 ≠ 𝐚𝑖, so that a mismatch develops and 𝐓micro ≠ 𝟎. The dashed lines schematically represent non-vanishing director curvatures, 
which generate corresponding micro-couples.

𝐚𝑖 = 𝐞𝑖 +
( 𝜕𝐮
𝜕𝐱

)

𝐞𝑖 , (1)

where 𝐮 is the displacement field and 𝐞𝑖 is a fixed orthonormal triad.
The directors 𝐝𝑖 are determined from a non-symmetric second-order tensor 𝜼̃, as 

𝐝𝑖 = 𝐞𝑖 + 𝜼̃𝑇 𝐞𝑖 . (2)

With the curvature measure and the constitutive equation for the micro-couples adopted in this work, the skew-symmetric part 
of 𝜼̃ is determined algebraically by the director momentum balance, as shown below. Consequently, in the reduced formulation 
used for the numerical implementation, only the symmetric part 𝜼 = sym 𝜼̃ is retained as an independent primal kinematic field. 
Accordingly, each material point is characterized by 9 degrees of freedom in a general 3D setting (three displacement components 
and six components of 𝜼), which reduce to 5 degrees of freedom in a 2D plane strain setting (two displacement components and 
three components of 𝜼).

2.2. Balance laws and boundary conditions

In the quasi-static setting considered in this work, and in the absence of prescribed external body director couples, the balances 
of linear momentum and director momentum respectively read 

div𝐓 + 𝜌0𝐛 = 𝟎 , (3)

𝑖
𝐓micro + div𝐌 ⊗ 𝐞𝑖 = 𝟎 , (4)

4 
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where 𝐓 is the total stress tensor, 𝐛 are the body forces (per unit mass), 𝜌0 is the zero-stress density, 𝐌𝑖 are second-order director 
couple tensors1 having the dimensions of [𝐹 ][𝐿]−1 and 𝐓micro denotes the stress associated with the micro-continuum.  The symmetry 
of 𝐓micro and 𝐓 for the present specialization follows from the skew-symmetric part of Eq. (4), as shown below. Here, div( ⋅ ) is the 
divergence operator with respect to position 𝐱, 𝐚⊗𝐛 denotes the tensor product between two vectors 𝐚, 𝐛, and the usual summation 
convention is used for repeated indices. The director momentum equation (4) determines the director field by relating the micro-
stress to the divergence of the micro-couples. Since the micro-stress and the micro-couples are assumed to be linear elastic functions 
of 𝝌 and the director gradients, Eq. (4) is linear in the enhanced kinematic tensor 𝜼̃ for a given displacement field. This property 
will play a key role in the simplicity of the resulting finite element formulation.

The traction vector 𝐭 and the contact director couples 𝝁𝑖, applied to a material surface 𝜕𝑃  with unit outward normal 𝐧 are given 
by 

𝐭 = 𝐓 ⋅ 𝐧 , 𝝁𝑖 = 𝐌𝑖 ⋅ 𝐧 , (5)

so that their external power on 𝜕𝑃  is 

∫𝜕𝑃

(

𝐭 ⋅ 𝐮̇ + 𝝁𝑖 ⋅ 𝐝̇𝑖
)

d𝑆 , (6)

where d𝑆 is the element of area on 𝜕𝑃 .

2.3. Strain energy, rate of dissipation and constitutive equations

2.3.1. A general macro-continuum
Let 𝛴macro be the specific (per unit mass) strain energy and 𝐓macro be the stress tensor that characterize a general thermody-

namically consistent small-deformation constitutive model for the macro-continuum. In particular, the macro-stress is symmetric, 

𝐓𝑇
macro = 𝐓macro , (7)

and the corresponding rate of material dissipation satisfies 
macro = 𝐓macro ∶ 𝐃 − 𝜌0𝛴̇macro ≥ 0 , (8)

where 𝐃 is the symmetric part of the velocity gradient and 𝜌0 is the constant density. The corresponding constitutive model may 
include elastic anisotropy and may depend on internal variables.

This macro-continuum can be enhanced using the deformable Cosserat model by adopting the specific strain energy 𝛴 in the 
additive form 

𝛴 = 𝛴macro + 𝛴micro , (9)

and the total stress 𝐓 in the additive form 
𝐓 = 𝐓macro + 𝐓micro , (10)

with 𝛴micro being the specific strain energy and 𝐓micro the stress of the micro-continuum.

2.3.2. Micro-continuum energetics and model dissipation
As shown in Fig.  1, the micro-continuum stress 𝐓micro is related to the mismatch between the directors 𝐝𝑖 and material line 

elements described by 𝐚𝑖, which is measured by the non-symmetric second-order tensor2

𝝌 = 𝜕𝐮∕𝜕𝐱 − 𝜼̃𝑇 . (11)

Thus, the micro-stress is driven by the tensor 𝝌 , which accounts for both relative deformation and relative rotation. In the present 
work, 𝛴micro is specified as a quadratic form so that the micro-stress and micro-couples describe linear elastic response of 𝐝𝑖 relative 
to 𝐚𝑖.

The micro-curvature measure 𝜁𝑘𝑖𝑗 (which corresponds to the symbol 𝜒𝑘
𝑖𝑗 in Rubin and Panteghini (2026)) is introduced as 

𝜁𝑘𝑖𝑗 =
(

𝜂̃𝑖𝑗 + 𝜂̃𝑗𝑖
)

,𝑘 , (12)

where ( ⋅ ),𝑘 denotes partial differentiation with respect to the 𝑘th spatial coordinate 𝑥𝑘. The superscript 𝑘 in 𝜁𝑘𝑖𝑗 is retained only to 
follow the notation of Rubin and Panteghini (2026); it labels the Cartesian direction of differentiation, namely the same index 
appearing after the comma, and does not denote a contravariant component. In this paper, the strain energy density of the 
micro-continuum is taken as:

1 Following Rubin and Panteghini (2026), the superscript in 𝐌𝑖 labels the director to which the couple tensor is associated and does not denote a contravariant 
component. All component expressions are written with respect to the fixed Cartesian basis used throughout this work; hence no distinction between covariant 
and contravariant components is made. In this notation, 𝐌𝑖 = 𝑀 𝑖

𝑗𝑘𝐞𝑗 ⊗ 𝐞𝑘. In component form, 𝑖, 𝑗, and 𝑘 are Cartesian component indices, with 𝑖 identifying 
the associated director and 𝑗, 𝑘 denoting the components of the corresponding second-order couple tensor.

2 Using the definition of 𝜒 𝑗 of Rubin and Panteghini (2026), 𝝌 = 𝜒 𝑗 𝐞 ⊗ 𝐞
𝑖 𝑖 𝑗 𝑖

5 
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𝜌0𝛴micro =
𝐺
2

{

𝑘1 (𝝌 ∶ 𝐈)2 + 𝑘2 𝝌 ′ ∶ 𝝌 ′ + 𝓁2𝜁𝑘𝑖𝑗𝜁
𝑘
𝑖𝑗

}

, (13)

where 𝐺 > 0 is the shear modulus, 𝑘1 and 𝑘2 are non-negative dimensionless material constants, and 𝓁 is a constitutive material 
length-scale parameter. Moreover, (⋅)′ denotes the deviatoric part of a second-order tensor and ∶ denotes the inner product between 
two second-order tensors.

Consistently with the small-strain framework adopted here and following (Rubin & Panteghini, 2026), the rate of dissipation of 
the deformable Cosserat model can be written as 

 = 𝐓 ∶ 𝐋 − 𝐓micro ∶ ̇̃𝜼𝑇 +𝑀 𝑖
𝑗𝑘

̇̃𝜂𝑖𝑗,𝑘 − 𝜌0𝛴̇ ≥ 0 , (14)

where 𝐋 = 𝜕𝐮̇∕𝜕𝐱 is the velocity gradient. By considering the stress decomposition (10), recalling that 𝐓macro is symmetric, and using 
the definition of 𝝌 given in Eq. (11), the rate of dissipation can be rewritten as 

 = 𝐓macro ∶ 𝐃 + 𝐓micro ∶ 𝝌̇ +𝑀 𝑖
𝑗𝑘

̇̃𝜂𝑖𝑗,𝑘 − 𝜌0𝛴̇ ≥ 0. (15)

Since the constitutive response of the micro-continuum is taken to be purely energetic (and hence non-dissipative), its mechanical 
power is exactly balanced by the rate of the micro-strain energy: 

𝐓micro ∶ 𝝌̇ +𝑀 𝑖
𝑗𝑘

̇̃𝜂𝑖𝑗,𝑘 − 𝜌0𝛴̇micro = 0 , (16)

for all deformation processes. It follows that the micro-stress 𝐓micro and the micro-couples 𝑀 𝑖
𝑗𝑘 are given by 

𝐓micro = 𝜌0
𝜕𝛴micro
𝜕𝝌

= 𝐺
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑑
)

𝝌 ,

𝑀 𝑖
𝑗𝑘 = 𝜌0

𝜕𝛴micro
𝜕𝜂̃𝑖𝑗,𝑘

= 2𝐺𝓁2𝜁𝑘𝑖𝑗 ,
(17)

where 𝑑 = −(1∕3)𝐈⊗ 𝐈 is the deviatoric projection operator, with  denoting the fourth-order identity tensor. Then, with the help 
of Eq. (16), the rate of dissipation (15) requires 

 = macro ≥ 0 . (18)

This proves that all material dissipation in the present deformable Cosserat model is due to the macro-continuum, whereas the 
micro-continuum contributes only through energetic terms.

2.3.3. Coupling of the macro- and micro-continua
The constitutive equations of the micro-continuum are uncoupled from those of the macro-continuum. Specifically, for a given 

displacement gradient 𝜕𝐮∕𝜕𝐱, the relative elastic measure 𝝌 in Eq. (11), the curvature measure 𝜁𝑘𝑖𝑗 in Eq. (12), and the corresponding 
micro-stress 𝐓micro and micro-couples 𝑀 𝑖

𝑗𝑘 in Eq. (17) are determined by the director field ̃𝜼 through the director momentum equation 
and the associated boundary conditions.

Although the constitutive response of the micro-continuum is uncoupled from that of the macro-continuum, the response of the 
deformable Cosserat model is coupled. Specifically, the total stress 𝐓 entering the balance of linear momentum and the traction 
boundary conditions contains the contribution of the micro-stress through Eq. (10). In this way, the interaction between macro- 
and micro-response is introduced through the kinematics, the balance equations, and the boundary conditions, rather than through 
direct constitutive coupling terms.

2.3.4. Specific macro-constitutive equations used in the present paper
From the standpoint of thermodynamic consistency and of the black-box macro-stress update, the framework introduced above 

requires the macro-continuum to be described by a thermodynamically consistent small-strain dissipative constitutive model.
In the macro-continuum, the stress 𝐓macro is assumed to depend on the symmetric elastic strain 𝜺𝑒. Its evolution is governed by 

𝜺̇𝑒 = 𝐃 − 𝐃𝑝 , (19)

where 𝐃 is the symmetric part of the velocity gradient and 𝐃𝑝 is the symmetric rate of plastic deformation of the macro-continuum. 
This relation has the standard physical meaning of infinitesimal elastoplasticity: the elastic strain of the macro-continuum evolves 
with the total symmetric rate of deformation, while the rate of plastic deformation accounts for the dissipative part of the 
macro-response. Accordingly, the macro-stress is determined by 𝜺𝑒, whereas dissipation is associated with 𝐃𝑝.

This form of constitutive description is consistent with Eulerian formulations of elastoplasticity. As already recognized by Eckart 
(1948) and later developed by Leonov (1976), stress can be characterized through the evolution of an elastic deformation measure 
rather than through an explicit decomposition based on reference or intermediate configurations. In the present small-deformation 
setting, this measure is the symmetric elastic strain 𝜺𝑒 governed by Eq. (19).

Moreover, the specific strain energy function 𝛴macro(𝜺𝑒) is taken to be a function of the elastic strain 𝜺𝑒 only with the macro-stress 
given by 

𝐓macro = 𝜌0
𝜕𝛴macro . (20)

𝜕𝜺𝑒
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Also, 𝐃𝑝 is determined by an associated flow rule using a specified convex yield function, so that the rate of dissipation (18) becomes 

 = macro = 𝐓macro ∶ 𝐃𝑝 ≥ 0 , (21)

which is satisfied automatically.

2.4. Consequences of the chosen curvature measure

The reduction to the symmetric director field follows from the structure of the curvature measure adopted in this work. From 
Eqs. (12) and (17), the director couple tensors are 

𝑀 𝑖
𝑗𝑘 = 2𝐺𝓁2 (𝜂̃𝑖𝑗 + 𝜂̃𝑗𝑖

)

,𝑘 . (22)

Therefore, the divergence term entering the director momentum balance has components 
(

div𝐌𝑖 ⊗ 𝐞𝑖
)

𝑗𝑖 = 𝑀 𝑖
𝑗𝑘,𝑘 = 2𝐺𝓁2 (𝜂̃𝑖𝑗 + 𝜂̃𝑗𝑖

)

,𝑘𝑘 . (23)

This tensor is symmetric. Hence, the skew-symmetric part of the director momentum balance does not contain curvature terms and 
does not provide a differential equation for the skew-symmetric part of 𝜼̃.

Let 
𝜼̃ = 𝜼 + 𝜼𝛺 , 𝜼 = sym 𝜼̃, 𝜼𝛺 = skw 𝜼̃, (24)

and decompose the displacement gradient as 
𝜕𝐮
𝜕𝐱

= 𝜺 +𝜴, 𝜺 = sym 𝜕𝐮
𝜕𝐱

, 𝜴 = skw 𝜕𝐮
𝜕𝐱

. (25)

Using 𝝌 = 𝜕𝐮∕𝜕𝐱 − 𝜼̃𝑇 , one obtains 
𝝌 sym = 𝜺 − 𝜼, 𝝌 skw = 𝜴 + 𝜼𝛺 . (26)

Since the spherical part of the micro-stress does not act on skew-symmetric tensors, the skew-symmetric part of the micro-stress is 
(

𝐓micro
)

skw = 𝐺𝑘2 𝝌 skw. (27)

For the specialization considered in this work, external body micro-couples and director inertia are neglected. The skew-symmetric 
part of Eq. (4) therefore reduces to 

𝐺𝑘2 𝝌 skw = 𝟎. (28)

Thus, for 𝑘2 > 0, 

𝝌 skw = 𝟎, 𝜼𝛺 = −𝜴. (29)

The skew-symmetric part of 𝜼̃ is therefore determined algebraically by the skew-symmetric part of the displacement gradient. Hence, 
it is not retained as an independent primal kinematic field in the formulation used in the numerical implementation. The retained 
director field is the symmetric tensor 𝜼 = sym 𝜼̃. Consequently, 

𝝌 = 𝜺 − 𝜼 = 𝝌𝑇 , 𝜁𝑘𝑖𝑗 = 2𝜂𝑖𝑗,𝑘. (30)

Under the same assumptions, 𝐓micro is symmetric. Since the macro-stress 𝐓macro is symmetric, the total stress 𝐓 = 𝐓macro + 𝐓micro
is symmetric as well. In the more general theory, body micro-couples or director inertia would enter the skew-symmetric director 
balance as additional source terms; the corresponding details are given in the companion paper (Rubin & Panteghini, 2026).

3. Finite element formulation

The internal virtual power 𝛿𝑊 int of a continuum occupying a region 𝑃  is expressed as3

𝛿𝑊 int = ∫𝑃

[

𝑇𝑖𝑗𝛿𝜀𝑖𝑗 −
(

𝐓micro
)

𝑖𝑗 𝛿𝜂𝑖𝑗 +𝑀 𝑖
𝑗𝑘𝛿𝜂𝑖𝑗,𝑘

]

d𝑉 , (31)

where 𝛿𝐮 and 𝛿𝜼 denote arbitrary kinematically admissible variations, with 𝛿𝜼 = 𝛿𝜼𝑇 . Moreover, 𝛿𝜺 is the symmetric strain variation 
associated with 𝛿𝐮, i.e., 

𝛿𝜀𝑖𝑗 =
1
2
(

𝛿𝑢𝑖,𝑗 + 𝛿𝑢𝑗,𝑖
)

,

3 It should be noted that Eq. (31) is a special case, for the simple constitutive assumptions adopted here and in the absence of external director couples and 
director inertia. For a more general expression, the reader is referred to Rubin and Panteghini (2026).
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 and d𝑉  is the volume element.
The adopted FE discretization is isoparametric, such that the same shape functions are employed to interpolate both the reference 

geometry and the displacement field, i.e.

𝑥𝑗 (𝒓) =
𝑛
∑

𝑘=1
𝑁 (𝑘)(𝒓)𝑥̂(𝑘)𝑗 , 𝑢𝑗 (𝒓) =

𝑛
∑

𝑘=1
𝑁 (𝑘)(𝒓)𝑢̂(𝑘)𝑗 ,

where 𝑥𝑗 and 𝑢𝑗 are the 𝑗th components of the coordinates and of the displacement, respectively, 𝑛 is the total number of nodes, 
𝑁 (𝑘)(𝒓) is a standard polynomial shape function referred to the 𝑘th node, 𝒓 is the vector containing the intrinsic coordinates of the 
parent element, and 𝑥̂(𝑘)𝑗  and 𝑢̂(𝑘)𝑗  are, respectively, the 𝑗th coordinate and the 𝑗th displacement component of the 𝑘th node.4

Since the micro-distortion tensor 𝜼 is symmetric, only its independent components are retained as primary variables. These 
components are interpolated through the shape functions 𝑁 (𝑘)

𝜂 (𝒓) and collected, at the element level, in the nodal vector 𝜼̂. 
Accordingly, the interpolated micro-distortion field can be written in array notation as 

𝜼 = 𝜂 𝜼̂, (32)

 where 𝜂 = 𝜂(𝐍𝜂) is the FE interpolation operator5 associated with the micro-distortion field.
The number of nodes used for the interpolation of 𝜼 is denoted by 𝑛𝜂 ≤ 𝑛. The shape functions 𝑁 (𝑘)

𝜂 (𝒓), collected in the vector 
𝐍𝜂 , may be of different order with respect to the displacement shape functions 𝑁 (𝑘)(𝒓).

The matrices 𝐇 and 𝐇𝜂 , respectively containing the derivatives of the shape functions 𝑁 (𝑘) and 𝑁 (𝑘)
𝜂  with respect to the coordinate 

system, can be computed as 
𝐇 = 𝑱−1𝐇𝑟, 𝐇𝜂 = 𝑱−1𝐇𝜂𝑟, 𝑱 = 𝐇𝑟𝐗̂ , (33)

where 𝐇𝑟 and 𝐇𝜂𝑟 are, respectively, the matrices that contain the derivatives of the shape functions 𝑁 (𝑘) and 𝑁 (𝑘)
𝜂  with respect to 𝒓

and 𝑱  is the Jacobian matrix, and 𝐗̂ is a matrix containing the nodal coordinates.
By adopting an array notation6 the fields 𝛿𝜀𝑖𝑗 , 𝛿𝜂𝑖𝑗 and 𝛿𝜂𝑖𝑗,𝑘 can be discretized as functions of the nodal variations 𝛿𝐮̂ and 𝛿𝜼̂

as: 
𝛿𝜺 =  𝛿𝐮̂, 𝛿𝜼 = 𝜂𝛿𝜼̂, 𝛿𝜼,𝑘 = 𝜂𝛿𝜼̂ , (34)

where  = (𝐇), and 𝜂 = 𝜂(𝐇𝜂) are FE operators.
Under these assumptions, the internal virtual power (31) can be discretized as 

𝛿𝑊 int = ∫𝑃

[

𝛿𝐮̂𝑇𝑇𝐓 + 𝛿𝜼̂𝑇
(

𝑇𝜂 𝐌 − 𝑇
𝜂 𝐓micro

)

]

d𝑉 , (35)

which, being valid for any kinematically admissible value of 𝛿𝐮̂, 𝛿𝜼̂, gives the following internal forces: 

𝐅int
u = ∫𝑃

𝑇𝐓 d𝑉 , 𝐅int
𝜂 = ∫𝑃

(

𝑇𝜂 𝐌 − 𝑇
𝜂 𝐓micro

)

d𝑉 . (36)

 The non-standard micro-stress 𝐓micro and the micro-couples 𝑀 𝑖
𝑗𝑘, here collected in the vector 𝐌, are computed directly from the 

nodal variables through the linear elastic relations of the micro-continuum. In particular, considering that 𝝌 is a symmetric tensor, 
from Eq. (17) and (26) it follows that: 

𝐓micro = 𝐺
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

) (

 𝐮̂ −𝜂 𝜼̂
)

,

𝑀 𝑖
𝑗𝑘 = 4𝐺𝓁2𝜂𝑖𝑗,𝑘 → 𝐌 = 4𝐺𝓁2 𝜂 𝜼̂ ,

(37)

4 In this work the hat symbol, ̂( ⋅ ) denotes the nodal values of the corresponding variables.
5 All the FE operators are reported in Appendix for 2D plane strain.
6 In this footnote, square brackets denote the tensor or matrix representation of a quantity before it is collected into the corresponding array used in the 

finite element implementation.  For the 2D plane strain implementation, the symmetric stress and strain-like quantities are stored in four-component arrays. 
Stress-like arrays contain the physical shear stress, whereas strain-like arrays contain the engineering shear component. For instance, 

[𝐓] =
⎡

⎢

⎢

⎣

𝑇11 𝑇12 0
𝑇12 𝑇22 0
0 0 𝑇33

⎤

⎥

⎥

⎦

→ 𝐓 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑇11
𝑇22
𝑇33
𝑇12

⎤

⎥

⎥

⎥

⎥

⎦

, 𝜺 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜀11
𝜀22
0

2𝜀12

⎤

⎥

⎥

⎥

⎥

⎦

, 𝜼 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜂11
𝜂22
0

2𝜂12

⎤

⎥

⎥

⎥

⎥

⎦

.

 Moreover, the tensorial gradients of the symmetric micro-distortion and the corresponding micro-couples are stored as: 

[𝜂𝑖𝑗,𝑘] → 𝜼,𝑘 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜂11,1
𝜂22,1
𝜂12,1
𝜂21,1
𝜂11,2
𝜂22,2
𝜂12,2
𝜂21,2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, [𝑀 𝑖
𝑗𝑘] → 𝐌 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑀1
11

𝑀2
21

𝑀1
21

𝑀2
11

𝑀1
12

𝑀2
22

𝑀1
22

𝑀2
12

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝜂12,𝑘 = 𝜂21,𝑘 .
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where 𝑣
dev denotes the deviatoric projection written in the Voigt notation. The macro-stress 𝐓macro is the only part affected by 

elastoplasticity. It is a symmetric stress that depends on the symmetric elastic strain of the macro-continuum, on the increment of 
the symmetric part of the displacement gradient, 

𝛥𝜺macro = 𝛥𝐮̂ , (38)

and on a set of internal variables 𝐩macro associated exclusively with the standard plastic response.
Accordingly, the macro stress 𝐓macro is obtained from a standard elastoplastic constitutive update as: 

𝐓macro = 𝐓macro
(

𝛥𝜺macro, 𝜺emacro,𝑛, 𝐩macro
)

, (39)

where 𝜺emacro,𝑛 are the (standard) elastic strains of the macro-continuum at the beginning of the increment, i.e., at time 𝑡𝑛. This is the 
central feature of the formulation: both the macro-stress and the corresponding local material consistent elastoplastic tangent can 
be obtained directly from any standard elastoplastic constitutive routine, which can therefore be employed as a black box without 
modifying either the local stress-update algorithm or the local material tangent operator. Hence, the stress 𝐓 can be computed from 
Eq. (10) as: 

𝐓 = 𝐓macro + 𝐺
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

) (

 𝐮̂ −𝜂 𝜼̂
)

. (40)

The FE stiffness matrix is obtained by differentiating the internal forces 𝐅int
u  and 𝐅int

𝜂  with respect to the nodal displacements 𝐮̂
and the nodal tensor 𝜼̂, i.e., 

𝐊 =
[

𝐊uu 𝐊u𝜂
𝐊𝜂u 𝐊𝜂𝜂

]

(41)

where: 

𝐊uu = ∫𝑃
𝑇

[

𝜕𝐓macro
𝜕𝜺macro

+ 𝐺
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

)

]

 d𝑉 , (42)

𝐊u𝜂 = ∫𝑃
−𝐺𝑇 (

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

)

𝜂 d𝑉 , (43)

𝐊𝜂u = ∫𝑃
−𝐺 𝑇

𝜂
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

)

 d𝑉 , (44)

𝐊𝜂𝜂 = ∫𝑃
𝐺
[

 𝑇
𝜂
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

)

𝜂 + 4𝓁2
(

𝑇𝜂 𝜂
)]

d𝑉 . (45)

It is worth noting that, if the material consistent elastoplastic tangent 𝜕𝐓macro∕𝜕𝜺macro of the standard macro-continuum is symmetric, 
then the resulting FE stiffness matrix 𝐊 is also symmetric. 

It should be noted that, once 𝐓macro and the local material consistent elastoplastic tangent 𝜕𝐓macro∕𝜕𝜺macro are obtained from a 
standard constitutive update, the entire formulation reduces to the assembly of the additional linear contributions associated with 
the micro-continuum. The complete FE algorithm is summarized in Algorithm 1.

4. Benchmark problem: shallow strip footing

A shallow rigid strip footing has been analyzed under plane strain conditions by employing either the Tresca or the Matsuoka–
Nakai (Matsuoka & Nakai, 1974; Panteghini & Lagioia, 2014) plasticity models. Whilst the former is typically adopted to reproduce 
the behavior of soils in undrained conditions, the latter class of models is more appropriate for frictional geomaterials in drained 
regimes.

The considered benchmark is well known to be particularly demanding from a numerical standpoint (de Borst & Vermeer, 1984), 
as it involves the development of highly localized deformation patterns beneath the footing, often associated with the interaction of 
multiple failure mechanisms. Such features make it especially suitable for assessing the ability of a numerical formulation to capture 
strain localization in a mesh-objective manner.

The footing has a total width 2𝐵 = 2m and is subjected to vertical and centered loading conditions. The out-of-plane thickness ℎ
is equal to 1m. Owing to symmetry, only half of the domain is modeled, corresponding to a footing width 𝐵 = 1m. The soil domain 
extends over a 50m × 50m region, which is sufficiently large to avoid any spurious influence of the boundary conditions on the 
computed response.

Boundary conditions, schematically reported in Fig.  2, are prescribed as follows. Along the axis of symmetry, the horizontal 
displacement is constrained, 𝑢1 = 0, and the off-diagonal component of the symmetric director field is set equal to zero, 𝜂12 = 0, 
consistently with symmetry. No other essential boundary conditions are imposed on 𝜼; hence, on the remaining boundaries, the 
additional kinematic degrees of freedom are left free and the corresponding natural condition is a vanishing contact director couple. 
Along the right boundary, only the horizontal displacement is constrained, whereas along the bottom boundary only the vertical 
displacement is constrained. The rigid strip footing is modeled by prescribing the vertical displacement of the soil nodes located 
beneath the footing. The horizontal displacement of the same nodes is also constrained, 𝑢1 = 0, so as to prevent tangential relative 
motion between the soil and the footing.
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Algorithm 1 Algorithm for the FE formulation
At the element level, the formulation is expressed in terms of the nodal variables 𝐮̂ and 𝜼̂, together with the standard constitutive 
variables of the macro-continuum at the beginning of the increment.
ASSEMBLE the FE operators , 𝜂 , and 𝜂 from the shape functions and their derivatives;
COMPUTE the macro (standard) strain increment 𝛥𝜺macro from the nodal displacement increment using Eq. (38): 

𝛥𝜺macro = 𝛥𝐮̂ ;

CALL the standard elastoplastic routine to compute the response of the macro-continuum:
 GIVEN
  the (standard) elastic strain 𝜺emacro,𝑛 (at the beginning of the increment, i.e., at time 𝑡𝑛),
  the (standard) state variables 𝐩macro,𝑛 (at the beginning of the increment, i.e., at time 𝑡𝑛),
  the macro strain increment 𝛥𝜺macro,
 COMPUTE
  the (standard) macro-stress 𝐓macro,
  the (standard) elastic strain of the macro-continuum 𝜺emacro,
  the (standard) local material consistent elastoplastic tangent 𝜕𝐓macro∕𝜕𝜺macro,
  the updated (standard) state variables 𝐩macro of the macro-continuum.
COMPUTE the (symmetric) micro stress 𝐓micro and the micro-couples 𝐌 using Eq. (37): 

𝐓micro = 𝐺
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

) (

𝐮̂ −𝜂 𝜼̂
)

, 𝐌 = 4𝐺𝓁2 𝜂 𝜼̂ ;

COMPUTE the internal forces 𝐅int
u  and 𝐅int

𝜂  using Eq. (36): 

𝐅int
u = ∫𝑃

𝑇 (

𝐓macro + 𝐓micro
)

d𝑉 , 𝐅int
𝜂 = ∫𝑃

(

𝜂𝑇𝐌 −𝜂
𝑇𝐓micro

)

d𝑉 ;

COMPUTE the FE stiffness matrix 𝐊 using Eqs. (41)–(45): 

𝐊 =
[

𝐊uu 𝐊u𝜂
𝐊𝜂u 𝐊𝜂𝜂

]

,

where: 

𝐊uu = ∫𝑃
𝑇

[

𝜕𝐓macro
𝜕𝜺macro

+ 𝐺
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

)

]

 d𝑉 , 𝐊u𝜂 = ∫𝑃
−𝐺𝑇 (

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

)

𝜂 d𝑉 ,

𝐊𝜂u = ∫𝑃
−𝐺 𝑇

𝜂
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

)

 d𝑉 , 𝐊𝜂𝜂 = ∫𝑃
𝐺
[

 𝑇
𝜂
(

𝑘1𝐈⊗ 𝐈 + 𝑘2 𝑣
dev

)

𝜂 + 4𝓁2
(

𝑇𝜂 𝜂
)]

d𝑉 .

The above algorithm is written in a compact operator form and is also valid for the fully three-dimensional formulation once the 
corresponding three-dimensional FE operators are introduced. The FE operators , 𝜂 , and 𝜂 are detailed in Appendix for the 
2D plane strain case.

Depending on the constitutive model and loading scenario, the analyses are performed either starting from an unstressed initial 
configuration or from an initial geostatic state induced by self-weight. The latter case is particularly relevant for frictional soils, 
where the stress field generated by gravity plays a crucial role in the subsequent development of failure mechanisms. The specific 
assumptions adopted in each case are detailed in the following subsections.

The mechanical behavior of the macro-continuum is described by an isotropic elastoplastic model with linear elasticity and 
associated plasticity, based on the General Yield Criterion proposed by Lagioia and Panteghini (2016). The yield function is expressed 
as 

𝑓 = 𝑞 𝛤𝑓 (𝜃) −𝑀(𝜀̄𝑝) 𝑝 − 𝜅(𝜀̄𝑝), (46)

where 𝑞 =
√

3
2𝐓

′
macro ∶ 𝐓′

macro denotes the equivalent von Mises macro-stress, 𝑝 = −(𝐓macro ∶ 𝐈)∕3 is the mean macro-stress, and 

𝜃 = 1
3
arcsin

(

−27
2

det 𝐓′
macro

𝑞3

)

(47)

is the Lode angle. The scalar variable 𝜀̄𝑝 represents a measure of accumulated plastic strain.
The function 𝛤𝑓 (𝜃) controls the shape of the yield surface in the octahedral plane and is defined as 

𝛤𝑓 (𝜃) = 𝑎𝑓 cos

[

arccos
(

−𝑏𝑓 sin 3𝜃
)

− 𝑐𝑓
𝜋
]

. (48)

3 6
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Fig. 2. Geometry (not to scale) and boundary conditions for the footing benchmark. Due to symmetry, only a half of the domain, shown gray, 
has been simulated. The footing is subjected to a prescribed vertical displacement 𝑢̄ and zero horizontal displacement. The vertical dashed line 
denotes the symmetry axis.

Fig. 3. Plot of the adopted yield criteria in the octahedral plane. (a) The solid line is the Matsuoka–Nakai criterion. For comparison the dashed 
line is the Mohr–Coulomb yield criterion for the same shear resistance angle 𝜙 = 20◦; (b) The solid line is the Rounded Tresca criterion based 
on the parameters reported in Table  1. For comparison the dashed line is the sharp Tresca criterion and the dotted line is the von Mises circle.

By appropriate selection of the parameters 𝑎𝑓 , 𝑏𝑓 , and 𝑐𝑓 , this formulation can reproduce a variety of classical yield criteria, including 
rounded Tresca and Matsuoka–Nakai (Matsuoka & Nakai, 1974; Panteghini & Lagioia, 2014), as well as Lade and Duncan (1974) 
and von Mises.

In the case of criteria exhibiting corners in the octahedral plane, the adopted parameters smooth the apexes while preserving 
convexity of the yield surface. In the present study, the shape of the octahedral section is kept constant throughout the analysis, 
i.e. the parameters 𝑎𝑓 , 𝑏𝑓 , and 𝑐𝑓  do not evolve with plastic deformation. The values adopted to reproduce the rounded Tresca and 
Matsuoka–Nakai criteria are reported in Table  1, and the corresponding shape functions are shown in Fig.  3.

The material parameter 𝑀(𝜀̄𝑝), defined as a function of the shear resistance angle 𝜙 as 

𝑀(𝜀̄𝑝) =
6 sin𝜙(𝜀̄𝑝) , (49)

3 − sin𝜙(𝜀̄𝑝)
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Table 1
Material parameters adopted for the shape function 𝛤𝑓 , with 𝜙
being the shear resistance angle.
 Model 𝑎𝑓 𝑏𝑓 𝑐𝑓  
 Outer smooth Tresca 1.151579 0.9999 1.0 
 Matsuoka–Nakai, 𝜙 = 30◦ 1.442221 0.746712 0.0 
 Matsuoka–Nakai, 𝜙 = 20◦ 1.328450 0.552093 0.0 

Table 2
Meshes for the strip footing problem.
 Mesh Number of Number of Characteristic DoFs  
 Elements Nodes Element Length 𝓁𝑒  
 1 7916 24,028 13.4 ⋅ 10−2 m 72, 222  
 2 31,664 95,550 6.715 ⋅ 10−2 m 286, 927  
 3 126,656 381,082 3.358 ⋅ 10−2 m 1, 143, 801 
 4 506,624 1, 522, 098 1.679 ⋅ 10−2 m 4, 567, 405 

Fig. 4. Mesh 1 (coarse mesh). The arrow indicates the edge of the shallow footing.

represents the slope of the meridional section in triaxial compression conditions (𝜃 = 𝜋∕6), whereas 𝜅(𝜀̄𝑝) defines the intercept of 
the meridional section with the deviatoric stress axis in triaxial compression. Their evolution laws, which are responsible for the 
onset of softening in the considered problems, are specified separately for each constitutive model in the following subsections.

The numerical integration of the elastoplastic constitutive model is fully described by Panteghini and Lagioia (2014, 2018), 
and is employed here without any modification of the local constitutive integration, consistently with the black-box nature of the 
proposed formulation.

Four different meshes have been employed. The coarsest one is depicted in Fig.  4. Each subsequent mesh (Mesh 2, Mesh 3, Mesh 
4) has been obtained by subdividing each element of the previous mesh into four elements. This deliberate choice avoids introducing 
preferred mesh orientations and allows for a systematic assessment of the mesh objectivity of the formulation.

The adopted finite elements are quadratic in the displacement field 𝐮 and linear in the director field 𝜼 (i.e., 𝑛 = 8, 𝑛𝜂 = 4). 
The internal force vector and the FE stiffness matrix are evaluated using four Gauss integration points. The main properties of the 
adopted meshes are summarized in Table  2.

All analyses have been performed using the commercial finite element code Abaqus (Dassault Systèmes, 2024). The proposed 
finite element formulation has been implemented through a user-defined element (UEL) subroutine.

4.1. Tresca cohesive soil

The elastic response of the soil under undrained conditions is modeled by assuming a shear modulus 𝐺 = 416.7MPa and a bulk 
modulus 𝐾 = 55560MPa, corresponding to an elastic modulus 𝐸 = 1247MPa and a Poisson ratio 𝜈 = 0.4963. Since the undrained 
𝑣
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Fig. 5. Strip footing on a Tresca soil under perfect plasticity: normalized load–displacement curves. The Cauchy response (obtained by enforcing 
𝜼 = 𝟎 and 𝑘1 = 𝑘2 = 𝓁 = 0) coincides with Prandtl’s solution. Results for the deformable Cosserat continuum are shown for 𝑟 = 𝓁∕𝐵 = 6 ⋅ 10−4, 
10−3, and 2 ⋅ 10−3, highlighting the recovery of the classical solution and the emergence of a mild size effect as 𝑟 increases.

plastic response is pressure-independent, the parameter 𝑀 is set equal to zero. Accordingly, the plastic rate tensor is traceless, 
i.e., 𝐃𝑝 ∶ 𝐈 = 0. The accumulated plastic strain is defined as 

𝜀̄𝑝 = ∫

√

2
3
𝐃𝑝 ∶ 𝐃𝑝 d𝑡. (50)

Two constitutive responses are considered for the macro-continuum, namely perfect plasticity, 𝜅 = 𝜅0, and isotropic softening, 
defined as

𝜅 = 𝜅∞ + (𝜅0 − 𝜅∞) exp(−𝑎ℎ𝜀̄𝑝).

The softening parameters are chosen as 𝜅0 = 980 kPa, 𝜅∞ = 9.8 kPa and 𝑎ℎ = 10.
All analyses are carried out under displacement control using the standard nonlinear static solver of Abaqus (Dassault Systèmes, 

2024). The initial and maximum time increments are set equal to 10−4 𝑡0 and 5 ⋅ 10−3 𝑡0, respectively, where 𝑡0 is the (dummy) load 
time. The imposed normalized vertical displacement is 𝑢̄∕𝐵 = 0.1. No geostatic initial state and no lateral surcharge are considered, 
and a rough footing-soil interface is assumed. Unless otherwise specified, the micro-continuum parameters are set to 𝑘1 = 𝑘2 = 0.1.

Fig.  5 shows the normalized load–displacement curves obtained under perfect plasticity. In this case, only Mesh 1 and Mesh 2 
are considered, since no mesh dependence is expected in the absence of softening. The classical Cauchy solution is recovered by 
enforcing 𝜼 = 𝟎 at all nodes and setting 𝑘1 = 𝑘2 = 𝓁 = 0, and coincides with Prandtl’s solution (Prandtl, 1920). The deformable 
Cosserat results are obtained for 𝑟 = 𝓁∕𝐵 = 6 ⋅10−4, 10−3, and 2 ⋅10−3, showing that the proposed formulation correctly recovers the 
classical response in the limit case. Increasing 𝑟 leads to a slightly stiffer response and a modest increase in the peak load, indicating 
the emergence of a size effect when the internal length becomes non-negligible with respect to the footing width.

The results obtained with exponential softening are reported in Fig.  6, in terms of load–displacement curves, total dissipated 
energy as functions of the applied displacement, and profiles of the accumulated plastic strain 𝜀̄𝑝 along the upper boundary of the 
domain. A clear convergence of the global response is observed upon mesh refinement, both for the load–displacement curves and 
for the total dissipated energy. The convergence of the entire dissipation history (and not only of its final value) further supports 
the consistency of the numerical results. The rate of convergence depends on the ratio 𝑟 = 𝓁∕𝐵: for 𝑟 = 2 ⋅ 10−3, Mesh 2 and Mesh 3 
already provide essentially coincident results, and Mesh 4 is therefore not considered; for 𝑟 = 10−3, convergence is very good for all 
three meshes, while for 𝑟 = 6 ⋅ 10−4, Mesh 2 is not yet converged and Mesh 3 and Mesh 4 are required to approach convergence. 
This behavior reflects the fact that smaller values of 𝑟 lead to finer localization patterns, which require a higher spatial resolution. 
This is also confirmed by the profiles of 𝜀̄𝑝 reported in Fig.  6(c), plotted as functions of the normalized coordinate 𝑥1∕𝐵 with 𝑥1 = 0
corresponding to the symmetry axis of the footing. The profiles provide a local representation of the regularized plastic zone and 
show that, for a fixed value of 𝑟, the spatial distribution of accumulated plastic strain becomes essentially mesh-independent upon 
refinement.

Before discussing the local fields, it was verified that, for the converged meshes considered in the contour plots reported below, 
the dominant shear bands are resolved by a sufficiently large number of elements across their thickness, without spurious jumps 
appearing when contour averaging is disabled. For this reason, the contour plots are reported without superimposing the full 
underlying mesh, since for the finest discretizations this would make the figures largely unreadable without improving the evaluation 
of the localization pattern.

Fig.  7 shows the normalized displacement magnitude, |𝐮|∕𝐵, for the Tresca model at the last loading increment. Results are 
obtained with Mesh 3 for 𝑟 = 6× 10−4 and 𝑟 = 2 ⋅ 10−3. The contours are plotted on the deformed configuration with a displacement 
scale factor equal to one and show a smooth displacement field without spurious discontinuities or interpenetration.
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Fig. 6. Strip footing on a Tresca soil with exponential isotropic softening: (a) normalized load–displacement curves, (b) total dissipated energy 
as a function of the applied displacement, and (c) profiles of the accumulated plastic strain 𝜀̄𝑝 along the upper boundary of the domain, plotted 
against the normalized horizontal coordinate 𝑥1∕𝐵, at the final step. The coordinate 𝑥1 = 0 corresponds to the symmetry axis of the footing. 
Results are reported for different values of 𝑟 = 𝓁∕𝐵 and for multiple meshes, showing convergence of both the global response and the dissipation 
history upon mesh refinement, together with the regularized spatial distribution of accumulated plastic strain along the upper boundary.

Fig. 7.  Normalized displacement magnitude |𝐮|∕𝐵 for the strip footing on Tresca soil with exponential isotropic softening at the last loading 
increment (Mesh 3). Results are plotted on the deformed configuration with a displacement scale factor equal to one: (a) 𝑟 = 6 ⋅ 10−4 and (b) 
𝑟 = 2 ⋅ 10−3.

The localization patterns are analyzed by considering the spatial distribution of 𝜅, which is a monotonically decreasing quantity 
and therefore allows a direct identification of the shear bands as regions of minimum 𝜅. For 𝑟 = 2 ⋅ 10−3 (Fig.  8), the pattern 
closely resembles the classical Prandtl mechanism, with two dominant shear bands and a slightly diffuse region between them. 
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Fig. 8. Spatial distribution of 𝜅 (in kPa) for the strip footing on Tresca soil with exponential softening, 𝑟 = 2 ⋅ 10−3. (a)–(b) Mesh 2 and Mesh 3 
at peak load; (c)–(d) Mesh 2 and Mesh 3 at the end of the analysis (𝑢̄∕𝐵 = 0.1). The localization pattern, consisting of two dominant shear bands 
with a slightly diffuse intermediate zone, is essentially coincident across meshes, indicating mesh objectivity.

Table 3
Numerical performance for the strip footing on Tresca soil with exponential softening, in terms of number 
of load increments and total iterations. Comparable values across meshes confirm the robustness of the 
formulation, with slightly higher computational effort for smaller values of 𝑟 = 𝓁∕𝐵.
 𝑟 Mesh 2 Mesh 3 Mesh 4
 Loading Total Loading Total Loading Total  
 steps iterations steps iterations steps iterations 
 6 ⋅ 10−4 241 930 250 1124 260 1314  
 10−3 222 725 229 877 238 1057  
 2 ⋅ 10−3 211 566 216 650 ∕ ∕  

The results obtained with Mesh 2 and Mesh 3 are essentially coincident, indicating mesh objectivity. For 𝑟 = 10−3 (Fig.  9), the 
localization pattern becomes significantly richer, with the development of a network of secondary shear bands. Both primary and 
secondary bands are almost perfectly coincident across meshes, showing that the formulation captures even fine-scale features in 
a mesh-independent manner. It is important to emphasize that 𝓁 is a material parameter, not a smoothing parameter. The value of 
𝓁 for a given material depends on microstructure, and should therefore be regarded as a constitutive length scale controlling the 
regularized localization pattern, rather than as a numerical parameter adjusted to obtain mesh convergence.

For the smallest value 𝑟 = 6 ⋅ 10−4 (Fig.  10), the pattern becomes even more intricate, with a dense network of secondary 
bands. The main shear bands are well captured and essentially coincident, whereas some differences persist in the finer secondary 
structures, indicating that an even finer mesh would be required to fully resolve all details. It is worth noting that the convergence of 
local fields is more demanding than that of global quantities such as load–displacement curves or dissipated energy, which converge 
faster with mesh refinement.

These results highlight that the internal length scale does not merely enforce mesh objectivity, but also governs the emergence 
of different localization mechanisms, leading to qualitatively different failure patterns as the ratio 𝑟 = 𝓁∕𝐵 is varied.

The numerical performance of the simulations is summarized in Table  3. The number of load increments and total iterations 
remain comparable across different meshes, confirming the robustness of the formulation. The most demanding case corresponds to 
𝑟 = 6 ⋅ 10−4, where the average time increment remains close to the maximum allowable value (76.9% of the maximum allowable 
time increment) and the average number of iterations per increment is approximately 5.05, indicating a stable nonlinear solution 
process even in the presence of strong softening.
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Fig. 9. Spatial distribution of 𝜅 (in kPa) for the strip footing on Tresca soil with exponential softening, 𝑟 = 10−3. (a)–(b) Mesh 3 and Mesh 4 at 
peak load; (c)–(d) at 𝑢̄∕𝐵 = 0.02; (e)–(f) at the end of the analysis (𝑢̄∕𝐵 = 0.1). In addition to the main shear bands, a network of secondary bands 
develops. Both primary and secondary structures are nearly coincident across meshes, demonstrating mesh-independent prediction of complex 
localization patterns.

Finally, Fig.  11 shows the influence of the micro-elastic parameters 𝑘1 and 𝑘2 for 𝑟 = 10−3 and 𝑟 = 2 ⋅10−3. Notice that increasing 
𝑘1 = 𝑘2 tends to increase the peak load but has little effect on the final load. The results indicate that the global response is only 
moderately affected by these parameters and tends to saturate for larger values. No significant changes in the localization patterns 
are observed, suggesting that the internal length plays a dominant role in governing the structural response.

4.2. Matsuoka–Nakai soil subject to self-weight

These analyses are conducted using the Matsuoka–Nakai criterion (Matsuoka & Nakai, 1974; Panteghini & Lagioia, 2014), a 
constitutive model commonly adopted to describe drained soil behavior. The elastic response is assumed to be linear, with shear 
modulus 𝐺 = 41.67MPa and bulk modulus 𝐾𝑣 = 55.56MPa.

The soil is dry, with unit weight 𝛾0 = 18 kN∕m3. Two sets of material parameters are considered, namely: (i) perfect plasticity, 
with no cohesion (𝜅 = 0) and constant angle of shearing resistance 𝜙 = 𝜙0 = 30◦, and (ii) a softening response, associated with a 
constant cohesion (modeled by assuming 𝜅 = 8 kPa) and a decreasing angle of shearing resistance. For the latter case, 𝜙 is assumed 
to evolve according to a piecewise linear law as a function of the accumulated plastic strain 𝜀̄ . In particular, 𝜙 decreases linearly 
𝑝
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Fig. 10. Spatial distribution of 𝜅 (in kPa) for the strip footing on Tresca soil with exponential softening, 𝑟 = 6 ⋅ 10−4. (a)–(b) Mesh 3 and Mesh 4 
at peak load; (c)–(d) at 𝑢̄∕𝐵 = 0.02; (e)–(f) at the end of the analysis (𝑢̄∕𝐵 = 0.1). The main shear bands are well captured and essentially 
coincident, whereas minor differences remain in the finer secondary structures, indicating that a finer discretization is required to fully resolve 
all localization features.

from 𝜙0 = 20◦ to 𝜙𝑢 = 10◦ over the interval 0 ≤ 𝜀̄𝑝 ≤ 𝜀̄ 𝑢
𝑝 = 0.1, and remains constant thereafter: 

𝜙(𝜀̄𝑝) =

⎧

⎪

⎨

⎪

⎩

𝜙0 −
𝜙0 − 𝜙𝑢

𝜀̄ 𝑢
𝑝

𝜀̄𝑝, 0 ≤ 𝜀̄𝑝 ≤ 𝜀̄ 𝑢
𝑝 ,

𝜙𝑢, 𝜀̄𝑝 > 𝜀̄ 𝑢
𝑝 .

(51)

The corresponding evolution of the material parameter 𝑀 is obtained from the current value of 𝜙 through Eq. (49).
Since volumetric plastic deformations may occur, a different definition of the accumulated plastic strain is adopted with respect 

to the Tresca case, i.e., 

𝜀̄𝑝 = ∫ 𝜆̇ d𝑡, (52)

where 𝜆̇ is the plastic multiplier, as defined by Panteghini and Lagioia (2018).
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Fig. 11. Influence of the micro-elastic parameters 𝑘1 and 𝑘2 on the load–displacement response for the strip footing foundation on Tresca soil 
with exponential softening. Results are shown for Mesh 3, (a) 𝑟 = 10−3 and (b) 𝑟 = 2 ⋅ 10−3. The response is only moderately affected and tends 
to saturate for increasing values of 𝑘1 and 𝑘2, while no significant changes in the localization patterns are observed.

Fig. 12.  Strip footing on Matsuoka–Nakai soil under perfect plasticity (𝑁𝛾 problem). (a) Normalized load–displacement curves for different 
values of 𝑟 = 𝓁∕𝐵, showing convergence to the classical Cauchy solution. (b) Influence of the micro-elastic parameters 𝑘1 and 𝑘2 for 𝑟 = 10−4, 
Mesh 2: the curves are practically coincident, indicating a negligible effect of these parameters on the global response.

A geostatic initial stress state is introduced to account for the soil self-weight. The vertical stress 𝑇22 is in equilibrium with the 
body forces due to the soil weight, while the initial horizontal and out-of-plane stresses are assumed as: 

𝑇11 = 𝑇33 = 𝑇22
(

1 − sin𝜙0
)

. (53)

The load is applied by prescribing the vertical displacement of the footing nodes. No lateral surcharge is applied, and a rough 
footing–soil interface is assumed. Unless otherwise specified, the micro-continuum parameters are set equal to 𝑘1 = 𝑘2 = 0.1.

The perfect plastic case corresponds to the classical 𝑁𝛾 problem. This benchmark is known to be particularly demanding from 
a numerical standpoint: in the absence of cohesion and lateral confinement, the yield condition is satisfied at the ground surface, 
while the elastic domain develops with depth due to the geostatic stress field. As a result, very steep stress gradients arise in the 
vicinity of the footing–soil interface. The analyses of the 𝑁𝛾 problem are performed using the standard nonlinear static solver of 
Abaqus (Dassault Systèmes, 2024). The initial and maximum time increments are set equal to 10−4 𝑡0 and 5 ⋅ 10−3 𝑡0, respectively, 
where 𝑡0 is a dummy load time. The imposed normalized vertical displacement is 𝑢̄∕𝐵 = 0.1.

Fig.  12a shows the normalized load–displacement curves obtained under perfect plasticity. The dimensionless load is defined as 

𝑁𝛾 =
𝐹2 , (54)

𝐵 𝛾0
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Fig. 13. Comparison between |𝐮̇| (in m∕s) obtained with Mesh 2 for the Cauchy continuum (a-c-e) and for 𝑟 = 10−4 (b-d-f) at different loading 
levels for the 𝑁𝛾 problem. (a) Cauchy, 𝑢̄∕𝐵 = 0.05, (b) 𝑟 = 10−4, 𝑢̄∕𝐵 = 0.05. (c) Cauchy, 𝑢̄∕𝐵 = 0.07, (d) 𝑟 = 10−4, 𝑢̄∕𝐵 = 0.07. (e) Cauchy, 
𝑢̄∕𝐵 = 0.1 (end of the analysis), (f) 𝑟 = 10−4, 𝑢̄∕𝐵 = 0.1 (end of the analysis).

where 𝐹2 is the resultant vertical reaction per unit depth at the footing.
Only Mesh 1 and Mesh 2 are considered, since no mesh dependence is expected in the absence of softening. The classical Cauchy 

solution is recovered by enforcing 𝜼 = 𝟎 at all nodes and setting 𝑘1 = 𝑘2 = 𝓁 = 0. The reference solution is obtained from limit 
analysis using the method of characteristics, computed with the 𝐴𝐵𝐶 code developed by Martin (2003, 2004) and extended to 
general yield criteria following Lagioia and Panteghini (2017).

The deformable Cosserat results are reported for 𝑟 = 𝓁∕𝐵 = 10−6, 10−5, and 10−4. The results show that the proposed formulation 
recovers the classical response in the limit 𝑟 → 0. Increasing 𝑟 leads to a slightly stiffer response and to a modest increase in the peak 
load, indicating the emergence of a size effect when the internal length becomes non-negligible compared to the footing width.

Fig.  12b shows the influence of the micro-elastic parameters 𝑘1 and 𝑘2 for 𝑟 = 10−4. The curves are essentially coincident, 
indicating that the global response is weakly affected by these parameters under perfect plasticity.

Fig.  13 shows the spatial distribution of the velocity magnitude at different loading stages, for both the Cauchy continuum and 
the Cosserat model with 𝑟 = 10−4. Since the response is rate-independent the magnitude of the velocity is a relative quantity. In 
the Cosserat case, the magnitude of the velocity is approximately two orders of magnitude smaller than in the classical solution, 
indicating a more distributed deformation process and a reduced tendency towards instantaneous localization.

The softening response is characterized by a pronounced loss of strength associated with the reduction of the angle of shearing 
resistance (see Fig.  14). As a result, the global load–displacement response exhibits a non-monotonic behavior with a distinct 
post-peak regime, including an unstable region. For this reason, the analyses cannot be performed using a standard displacement-
controlled procedure and are instead carried out using an arc-length method (de Souza Neto et al., 2008). In particular, the Riks 
algorithm available in Abaqus (Dassault Systèmes, 2024) is adopted. The initial arc-length increment is set equal to 1 ⋅ 10−4, with a 
maximum increment equal to 5 ⋅ 10−3. The analyses have been stopped at the first increment in which 𝑢̄∕𝐵 ≥ 0.05.

The convergence properties of the proposed formulation are first assessed by considering the smallest value of the normalized 
internal length adopted in this study, namely 𝑟 = 𝓁∕𝐵 = 4.5 ⋅ 10−4. This choice corresponds to the most demanding case in terms of 
localization, as smaller values of 𝑟 lead to increasingly complicated deformation patterns and sharper strain gradients.

It should be noted that the values of 𝑟 adopted in the present softening analyses are larger than those used for the 𝑁𝛾 problem 
under perfect plasticity. This is intentional: in the absence of softening, very small values of 𝑟 can be employed to recover the 
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Fig. 14. Convergence of the solution for the strip footing on Matsuoka–Nakai soil with softening, obtained using the Riks procedure for 
𝑟 = 4.5 ⋅ 10−4: (a) load–displacement curves, (b) dissipated energy as a function of the normalized footing displacement, and (c) profiles of 
the accumulated plastic strain 𝜀̄𝑝 along the upper boundary of the domain, plotted against the normalized horizontal coordinate 𝑥1∕𝐵, at the 
final step. The coordinate 𝑥1 = 0 corresponds to the symmetry axis of the footing, and the prescribed footing displacement is applied over the 
footing width only. The global responses in (a) and (b) exhibit a non-monotonic evolution with a pronounced post-peak regime associated with 
unstable behavior, while showing clear convergence upon mesh refinement; the profiles in (c) illustrate the corresponding spatial distribution of 
accumulated plastic strain along the upper boundary.

classical Cauchy solution, whereas in the presence of strong strain softening, the choice of 𝑟 must ensure an adequate resolution of 
the localization mechanisms within a feasible mesh discretization.

Fig.  14 shows the convergence of the solution in terms of load–displacement curves (a), dissipated energy as a function of the strip 
footing displacement (b), and profiles of the accumulated plastic strain 𝜀̄𝑝 along the upper boundary of the domain (c). The two global 
responses in Fig.  14(a,b) exhibit a non-monotonic response with a pronounced post-peak regime due to the unstable behavior. Despite 
the presence of an unstable behavior, the load–displacement curves obtained with Mesh 3 and Mesh 4 are essentially coincident, 
indicating convergence of the global response. The same conclusion can be drawn from the dissipated energy, reported as a function 
of the strip footing displacement in Fig.  14(b). The entire dissipation history converges with mesh refinement, further confirming 
the consistency of the formulation. The profiles of 𝜀̄𝑝 reported in Fig.  14(c), plotted as functions of the normalized coordinate 
𝑥1∕𝐵 with 𝑥1 = 0 corresponding to the symmetry axis of the footing, provide a local measure of the regularized plastic zone. The 
close agreement between Mesh 3 and Mesh 4 shows that the spatial distribution of accumulated plastic strain is also essentially 
mesh-independent upon refinement.

The spatial distribution of 𝜙, reported in Fig.  15, shows that the localization patterns are also fully converged between Mesh 3 
and Mesh 4. In particular, both the primary and secondary shear bands are coincident during all their evolution, indicating that, 
in the present benchmark, the proposed formulation is able to capture complex localization mechanisms in a mesh-independent 
manner even in the presence of strong softening and unstable structural response.

It is worth emphasizing that, compared to the Tresca case discussed in the previous section, the convergence behavior is 
improved, despite the more severe nonlinear response. This further supports the robustness of the proposed approach for the class 
of problems investigated here.
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Fig. 15. Convergence of the 𝜙 profiles (in degrees) for 𝑟 = 4.5 ⋅ 10−4. (a) Mesh 3, stress peak (point 𝑃  of Fig.  14a), (b) Mesh 4, stress peak (point 
𝑃  of Fig.  14a). (c) Mesh 3, point 𝐴 of Fig.  14a, (d) Mesh 4, point 𝐴 of Fig.  14a. (e) Mesh 3, point 𝐵 of Fig.  14a, (f) Mesh 4, point 𝐵 of Fig.  14a. 
(g) Mesh 3, point 𝐿 of Fig.  14a, (h) Mesh 4, point 𝐿 of Fig.  14a.

The computational cost of the analyses is summarized in Table  4. The average number of iterations per increment is 2.23 for 
Mesh 2, 2.35 for Mesh 3 and 2.36 for Mesh 4. The average arc-length increment is 4.88 ⋅ 10−3 for Mesh 2 and 4.84 ⋅ 10−3 for Mesh 3 
and Mesh 4. It is worth noting that the average number of iterations per increment remains low, and that the arc-length increment is 
very close to the maximum allowable value, set equal to 5 ⋅10−3. These results indicate a very stable nonlinear solution process, even 
in the presence of a pronounced softening response related to an unstable behavior. Moreover, the computational cost is essentially 
independent of the mesh refinement, further confirming the robustness of the proposed formulation.

The influence of the internal length is further investigated by considering different values of the normalized parameter 𝑟 = 𝓁∕𝐵, 
namely 𝑟 = 4.5 ⋅ 10−4, 6 ⋅ 10−4, 8 ⋅ 10−4, and 10−3. Fig.  16 shows the corresponding load–displacement curves. A strong dependence 
of the global response on the internal length is observed. For the smallest values, 𝑟 = 4.5 ⋅ 10−4 and 𝑟 = 6 ⋅ 10−4, the response 
exhibits a pronounced softening behavior with an unstable post-peak regime. In contrast, for larger values of 𝑟, the response becomes 
progressively smoother, with reduced softening and more stable post-peak evolution.

Fig.  17 shows the normalized displacement magnitude, |𝐮|∕𝐵, for the Matsuoka–Nakai model at the last computed equilibrium 
state of the Riks analysis. Results are obtained with Mesh 3 for 𝑟 = 4.5 ⋅10−4 and 𝑟 = 10−3. The contours are plotted on the deformed 
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Table 4
Numerical performance for the strip footing on 
Matsuoka–Nakai soil with linear softening of the 
angle of shearing resistance, in terms of number 
of load increments and total nonlinear iterations, 
for 𝑟 = 4.5 ⋅ 10−4 using the Riks procedure. The 
results are very similar across meshes, indicating 
mesh-independent computational cost and a robust 
solution procedure despite the presence of an un-
stable behavior.
 Mesh Loading Total Total arc 
 steps iterations length  
 2 358 799 1.75  
 3 361 850 1.75  
 4 361 855 1.75  

Fig. 16. Influence of the internal length 𝑟 = 𝓁∕𝐵 on the load–displacement response for the Matsuoka–Nakai model with softening (Mesh 3). 
Smaller values of 𝑟 lead to a more pronounced softening and to an unstable post-peak response, whereas larger values produce a smoother and 
more stable behavior.

Fig. 17. Normalized displacement magnitude |𝐮|∕𝐵 for the strip footing on Matsuoka–Nakai model with softening at the last computed 
equilibrium state of the Riks analysis (Mesh 3). Results are plotted on the deformed configuration with a displacement scale factor equal to 
one: (a) 𝑟 = 4.5 ⋅ 10−4 and (b) 𝑟 = 10−3.

configuration with a displacement scale factor equal to one and show a smooth displacement field without spurious discontinuities 
or interpenetration.

The localization patterns are shown in Figs.  18–21 in terms of the spatial distribution of the angle of shearing resistance 𝜙, at 
different loading stages (point 𝑃  peak load, point 𝐴, point 𝐶 and final step 𝐿). A qualitative change in the deformation mechanisms 
is observed as the internal length varies. For the smallest values of 𝑟, the localization pattern is characterized by the development 
of multiple shear bands, which appear approximately parallel to those associated with the classical limit analysis solution. These 
bands form a complex network of interacting localization zones, indicating a highly localized deformation process. For larger values 
of 𝑟, the deformation pattern becomes significantly simpler. The response is dominated by two main shear bands, consistent with 
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Fig. 18. Spatial distribution of the angle of shearing resistance 𝜙 (in degrees) for different values of 𝑟 = 𝓁∕𝐵, at peak load (point 𝑃  in Fig.  16), 
for Mesh 3. (a) 𝑟 = 4.5 ⋅ 10−4, (b) 𝑟 = 6 ⋅ 10−4, (c) 𝑟 = 8 ⋅ 10−4, (d) 𝑟 = 10−3. Smaller values of 𝑟 lead to the development of multiple shear bands, 
approximately parallel to the limit analysis solution, while larger values promote simpler mechanisms with two dominant shear bands and a 
more diffuse intermediate region.

Fig. 19. Spatial distribution of the angle of shearing resistance 𝜙 (in degrees) for different values of 𝑟 = 𝓁∕𝐵, at intermediate load (point 𝐴 in 
Fig.  16, at 𝐹2∕(𝐵ℎ𝜅0) ≈ 18.75) for Mesh 3. (a) 𝑟 = 4.5 ⋅ 10−4, (b) 𝑟 = 6 ⋅ 10−4, (c) 𝑟 = 8 ⋅ 10−4, (d) 𝑟 = 10−3.

the classical limit analysis mechanism, with a relatively diffuse deformation field developing in the region between them. These 
results clearly indicate that the internal length does not merely affect the thickness of the shear bands, but fundamentally controls 
the selection of the deformation mechanisms. In particular, decreasing 𝑟 promotes the activation of multiple competing localization 
modes, whereas larger values of 𝑟 favor the emergence of simpler, more classical failure mechanisms.

The computational cost associated with different values of the internal length is reported in Table  5 for Mesh 3. In contrast to 
the previous table, which considered the effect of mesh refinement for a fixed value of 𝑟, the present data compare different values 
of 𝑟 = 𝓁∕𝐵 on the same mesh. The results do not show a systematic increase of the computational cost as 𝑟 decreases: the number 
of loading steps remains between 357 and 378, the total number of iterations remains between 795 and 850, and the total arc 
length varies only mildly. These results indicate that, despite the different localization patterns and the unstable post-peak behavior 
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Fig. 20. Spatial distribution of the angle of shearing resistance 𝜙 (in degrees) for different values of 𝑟 = 𝓁∕𝐵, at intermediate load (point 𝐶 in 
Fig.  16, at 𝐹2∕(𝐵ℎ𝜅0) ≈ 14), for Mesh 3. (a) 𝑟 = 4.5 ⋅ 10−4, (b) 𝑟 = 6 ⋅ 10−4, (c) 𝑟 = 8 ⋅ 10−4, (d) 𝑟 = 10−3.

Fig. 21.  Spatial distribution of the angle of shearing resistance 𝜙 (in degrees) for different values of 𝑟 = 𝓁∕𝐵, at the last increment (𝑢̄∕𝐵 ≈ 0.05, 
point 𝐿 in Fig.  16), for Mesh 3. (a) 𝑟 = 4.5 ⋅ 10−4, (b) 𝑟 = 6 ⋅ 10−4, (c) 𝑟 = 8 ⋅ 10−4, (d) 𝑟 = 10−3.

observed in the Matsuoka–Nakai softening problem, the Riks procedure remains stable and computationally efficient for all internal 
lengths considered.

Overall, the results obtained for the Matsuoka–Nakai model with softening highlight the capability of the proposed formulation 
to robustly capture highly nonlinear responses, including pronounced softening and unstable behavior. The convergence of both 
global quantities and localization patterns confirms the mesh-objective nature of the approach, even in the presence of complex 
and evolving deformation mechanisms. At the same time, the analysis of different values of the internal length 𝓁 shows that the 
model does not merely regularize the solution, but actively governs the selection of the deformation modes. In particular, smaller 
values of 𝓁 promote the activation of multiple interacting shear bands and a strongly unstable response, whereas larger values lead 
to simpler mechanisms, closer to the classical limit analysis solution.

These findings demonstrate that, for the constitutive models here considered, the proposed framework provides a consistent and 
efficient tool for the analysis of strain localization in softening plasticity, combining robustness, mesh objectivity, and the ability to 
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Table 5
Computational cost for the Matsuoka–Nakai model with 
softening of the angle of shearing resistance, obtained 
using the Riks procedure for Mesh 3 and different values 
of 𝑟 = 𝓁∕𝐵. The solution procedure remains stable and 
very efficient.
 𝑟 Loading Total Total arc 
 steps iterations length  
 4.5 ⋅ 10−4 361 850 1.75  
 6 ⋅ 10−4 378 846 1.85  
 8 ⋅ 10−4 357 795 1.74  
 10−3 369 817 1.80  

reproduce a wide range of regularized deformation patterns controlled by the constitutive length scale without modifying standard 
constitutive models.

5. Discussion: How the model works

The mechanism by which the deformable Cosserat model influences localization can be understood by examining when the 
micro-continuum is activated and how it affects the response.

The additional (i.e., non-standard) micro-stress 𝐓micro does not depend on macroscopic deformation alone, but on the mismatch
between the directors 𝐝𝑖 and the material line elements 𝐚𝑖. This mismatch is described by the symmetric second-order tensor 𝝌 , 
which measures the corresponding relative strain between the macro and micro-continua. Thus, the deformable Cosserat model can 
be considered as the dual of the standard rigid Cosserat model, where the micro-stress depends only on the relative rotation between 
a rigid director triad (Panteghini & Lagioia, 2022b) and the macro-continuum.7 A further analogy with the rigid Cosserat model 
concerns the higher-order kinematics. In the rigid setting, the curvature measure is defined by the gradient of the total director 
rotation. Similarly, in the present formulation, the curvature is determined by the gradient of the total director field 𝜼. Thus, in 
both cases, the micro-stress is governed by a relative measure, whereas the micro-couples are determined by the gradients of the
total micro-kinematic fields.

The rigid and deformable Cosserat models share the same director-based philosophy and, in this sense, both are axiomatic-
deductive continuum models, just as is the classical Cauchy continuum. The essential difference lies in the constitutive choices 
made possible by the richer kinematics of the deformable model. In the present formulation, this richer kinematics makes it possible 
to adopt a purely energetic micro-continuum, while still obtaining a strong coupling through the balance of linear momentum 
and boundary conditions, and a robust regularization of localization. The additional degrees of freedom should therefore not be 
viewed as an unnecessary complication, but as the price paid for this stronger interaction between macro- and micro-response. 
This interpretation is also consistent with the numerical results: in the perfectly plastic benchmark problems, the introduction of the 
internal length does not dramatically alter either the main collapse mechanisms or the global load–displacement response relative to 
the classical Cauchy solution, while in the softening regimes investigated here it introduces a constitutive length scale that controls 
the regularized deformation field and predicts localization patterns whose evolution is mesh-independent for fixed values of the 
internal length.

If no explicit constitutive coupling is introduced, the interaction between the macro- and micro-continua is governed only by the 
balance of linear momentum and the corresponding boundary conditions. In both models, the balance of director momentum couples 
the micro-stress to the divergence of the micro-couples, whereas the balance of linear momentum involves the total stress. In the rigid 
Cosserat case, since the micro-stress is purely skew-symmetric, the coupling enters the balance of linear momentum only through the 
skew-symmetric part of the total stress.  In the deformable Cosserat case, by contrast, the micro-stress is symmetric, which couples 
directly with the symmetric macro-stress to obtain the symmetric total stress. The resulting stronger coupling through the balance 
equations is sufficient, in the present model, to make it possible to retain a completely standard macro-elastoplastic description, 
in which dissipation depends only on the symmetric macro-stress and on the corresponding symmetric plastic deformation rates, 
while, in the numerical examples considered, still avoiding mesh-dependent localization.

In the rigid Cosserat case, the weaker coupling through the kinematics and the balance equations typically makes it necessary, 
in softening elastoplasticity, to formulate constitutive models in which the micro-stress, and especially the micro-couples, enter 
explicitly into the yield function and plastic potential (Mühlhaus & Vardoulakis, 1987; Panteghini & Lagioia, 2022b; Russo et al., 
2020) in order to activate gradient effects (Russo et al., 2020) and mitigate mesh dependence when localization occurs. In contrast, 
the stronger coupling between macro- and micro-continua in the deformable Cosserat model can provide an effective regularizing 
mechanism without introducing plasticity in the micro-continuum, as shown by the benchmark problems considered in this work.

A further important feature of the deformable Cosserat model concerns the behavior of the micro-continuum under homogeneous 
deformation. In this case, the micro-continuum becomes inactive: the balance of director momentum (4) enforces 𝐝𝑖 = 𝐚𝑖 and hence 
𝝌 = 𝟎, while the balance of linear momentum involves only the macro-stress. The response, therefore, coincides with that of the 
standard macro-continuum.

7 It should be noted, however, that the deformable Cosserat model adopted here does not include the rigid Cosserat model as a special case, although both 
reduce to the classical Cauchy continuum in the limit as the material length 𝓁 → 0 (Panteghini & Rubin, 2026).
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Fig. 22.  Spatial distribution of the modulus of the micro-stress √𝐓micro ∶ 𝐓micro (in kPa) at the end of loading, for 𝑟 = 10−3. (a) Tresca soil 
with softening. (b) Matsuoka–Nakai soil with softening. In both cases, the micro-stress is negligible in the bulk of the domain and becomes 
significant only in narrow regions localized along the edges of the shear bands. Since 𝐓micro is linearly related to the symmetric relative strain 
tensor 𝝌 = 𝜺 − 𝜼, the figure provides a direct indication of the regions where 𝝌 ≠ 𝟎, i.e., where the directors 𝐝𝑖 differ from the material line 
elements 𝐚𝑖.

This is exactly what is observed in Fig.  22: the micro-continuum becomes significant only in localized zones, where strong spatial 
variations of the strain field induce non-zero values of 𝝌 , i.e., a mismatch between the directors 𝐝𝑖 and the material line elements 
𝐚𝑖. Accordingly, 𝐓micro is negligible in the bulk and becomes significant only in narrow regions near the shear bands.

To better understand the role of the micro-stress in regularizing solutions, it is useful to relate the present reduced formulation to 
the Helmholtz-type micromorphic regularization mechanisms discussed by Forest (2016). Motivated by that work, it is convenient 
to separate the tensors (𝜺,𝝌) into their spherical and deviatoric parts 

𝜺 = 1
3
𝜀v𝐈 + 𝜺′ , 𝜀v =𝜺 ∶ 𝐈 ,

𝝌 = 1
3
𝜒v𝐈 + 𝝌 ′ , 𝜒v =𝝌 ∶ 𝐈 .

(55)

Then, with the help of (11), (12) and (17) and recalling that, in the reduced formulation, 𝜼 = 𝜺 − 𝝌 , it can be shown that 

div𝐌𝑖 ⊗ 𝐞𝑖 =
4
3
𝐺𝓁2∇2(𝜀v − 𝜒v)𝐈 + 4𝐺𝓁2∇2(𝜺′ − 𝝌 ′) . (56)

and that the balance of director momentum (4) requires

∇2𝜒v −
(

3𝑘1
4𝓁2

)

𝜒v = ∇2𝜀v , ∇2𝝌 ′ −
(

𝑘2
4𝓁2

)

𝝌 ′ = ∇2𝜺′ ,

where ∇2(⋅) = (⋅),𝑘𝑘 is the Laplacian operator. These equations show that the spherical and deviatoric parts of the relative strain 𝝌
are governed by Helmholtz-type relations driven by the Laplacian of the corresponding parts of the macro-strain. As discussed by 
Forest (2016), the positivity of (𝑘1, 𝑘2,𝓁) is an essential property of the model for obtaining a regularizing Helmholtz-type response. 
Accordingly, under homogeneous deformation and in the absence of boundary-induced microstructural effects, 𝝌 = 𝟎 and the micro-
stress vanishes. During localization, instead, strong spatial variations of the strain field act as source terms in the above equations, 
activating 𝝌 and hence the micro-stress 𝐓micro.

This provides a direct interpretation of the plots of 𝐓micro: the micro-continuum remains essentially inactive in regions where the 
variations in the strain field are small, whereas it becomes significant near localization zones, where strain gradients and director 
curvatures develop.

The preceding relations make the regularization mechanism explicit. In a standard softening continuum, no comparable energetic 
mechanism opposes the collapse of localization into an arbitrarily narrow zone, so that the computed band thickness is ultimately 
governed by the discretization. Here, by contrast, sharply localized kinematics require non-zero relative strain 𝝌 and non-zero 
director curvatures, each of which carries an energetic cost. The collapse into a zero-width zone therefore becomes energetically 
unfavorable, and the localization pattern develops over a finite width controlled by the constitutive length-scale parameter 𝓁 rather 
than by the mesh.

It is emphasized that the present mechanism is fundamentally different from approaches in which an internal length is introduced 
at the constitutive level through a length-dependent effective measure governed by additional differential equations, such as phase 
field, gradient plasticity or other nonlocal models.

This also clarifies the role of the internal length 𝓁. Rather than acting as a numerical regularization parameter, 𝓁 governs the 
characteristic width and spatial extent of the regions where these gradients are energetically penalized. For a fixed value of 𝓁, the 
numerical results presented here show convergence towards well-defined localization patterns upon mesh refinement, while varying 
𝓁 leads to qualitatively different responses in both the global behavior and the associated shear band structures. Thus, the role of 
𝓁 is not merely to smooth the numerical solution, but to control a mechanically meaningful localization width and, consequently, 
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a mesh-objective regularized response in the boundary-value problems considered. These observations support interpreting 𝓁 as a 
constitutive material length-scale parameter, to be identified from experimental measurements of shear-band thickness and spatial 
deformation patterns. Classical biaxial tests specifically designed to allow the spontaneous formation of shear bands in soils, such as 
those of Vardoulakis and Goldscheider (1981), provide a relevant experimental setting in which such information could be obtained. 
A direct calibration of 𝓁 against such experimental shear-band data is beyond the scope of the present numerical study and is left for 
future work. The extension of these conclusions to other softening laws, constitutive models, and boundary-value problems should 
be assessed on a case-by-case basis.

The stronger regularization capability of the deformable Cosserat model is not obtained for free. Compared to the rigid Cosserat 
model, the present formulation introduces additional degrees of freedom and requires constitutive choices for the micro-continuum, 
including the identification of the parameters (𝑘1, 𝑘2,𝓁). Moreover, for small values of the internal length, converged localization 
patterns may require very fine spatial resolution. In this respect, adaptive meshing strategies guided by the magnitude of the micro-
stress 𝐓micro appear to be a natural direction for future work. More generally, the present study has been carried out within the 
small-strain setting, and the numerical implementation of the corresponding finite-strain theory of Rubin and Panteghini (2026) 
remains an important open step for the analysis of fully developed localization.

The role of the internal length also deserves a precise interpretation. Different values of 𝓁 may affect the detailed structure 
of the localization pattern, in particular in terms of the number and richness of secondary shear bands. Specifically, once the 
value of 𝓁 is sufficiently small to predict the dominant shear bands, further reduction of 𝓁 leaves these dominant shear bands 
relatively unchanged, while exposing a finer structure of evolving patterns. In this sense, the internal length should not be viewed 
as introducing arbitrary mechanisms, but rather as controlling the scale at which the localization process is resolved.

Finally, the computational cost of the present approach should not be judged only in terms of the additional degrees of freedom. 
One of its main practical advantages is that the underlying macro-constitutive model can be used as a true black-box component, 
without modifying the stress update algorithm or the consistent tangent operator. In a computational environment involving 
many constitutive models, this may substantially reduce development, implementation, and debugging effort, even if the final 
boundary-value problem remains more expensive at the discrete level.

6. Conclusions

This paper has investigated strain localization in softening plasticity by means of the small-strain specialization of the deformable 
Cosserat model proposed by Rubin and Panteghini (2026), and has presented a finite element implementation of the resulting 
formulation.

The deformable Cosserat model consists of two interacting continua: a macro-continuum and a micro-continuum. Their 
constitutive responses are uncoupled, whereas their interaction is governed by the balances of linear and director momentum 
and by the associated boundary conditions. The macro-continuum governs the entire dissipative response and is described by a 
standard elastoplastic constitutive law. The micro-continuum is non-dissipative and contributes only through additional energetic 
terms associated with the mismatch between the directors and material line elements, as well as with the corresponding director 
curvatures. It therefore becomes relevant only when sufficiently strong spatial variations of the strain field develop, and governs 
the structure of the resulting localization patterns.

The main advantage of the proposed approach is that, because of this constitutive structure, standard elastoplastic constitutive 
laws developed for the classical Cauchy continuum can be employed for the macro-continuum without any modification of either 
the local stress-update algorithm or the local material consistent tangent operator.

A key aspect of the proposed formulation is that the stronger kinematic coupling provided by the deformable-director setting 
is sufficient to influence localization without introducing plasticity at the micro-level. This distinguishes the present approach both 
from the rigid Cosserat model, where the coupling is weaker and typically requires a more direct constitutive involvement of micro-
stresses and micro-couples, and from gradient-enhanced or nonlocal formulations, in which the internal length is introduced directly 
through the constitutive description.

The resulting finite element implementation is particularly simple. The macro-response is obtained from a standard constitutive 
update driven by the symmetric part of the displacement gradient rate 𝐃, exactly as in a standard Cauchy continuum. All the 
quantities associated with the micro-continuum, namely the symmetric relative strain tensor 𝝌 , the director curvatures, the micro-
stresses, and the micro-couples, are then determined explicitly from the nodal values of 𝐮 and the symmetric tensor 𝜼 through the 
finite element operators and linear elastic relations. Hence, once the macro-stress and the corresponding local material consistent 
elastoplastic tangent have been obtained from a standard constitutive routine, the remaining part of the formulation reduces to 
the assembly of linear contributions. A general finite element algorithm has been presented, together with the corresponding FE 
operators for the plane strain case. This opens the possibility of extending the approach to a broad class of standard constitutive 
models without reformulating their constitutive integration algorithms.

The performance of the proposed approach has been assessed through a boundary value problem known to be particularly 
demanding, namely the shallow foundation problem under plane strain conditions. Tresca and Matsuoka–Nakai plasticity models 
have been considered, including both perfectly plastic and softening responses. In the softening regime, for the two constitutive 
models considered and for a fixed value of the constitutive material length-scale parameter 𝓁, the proposed formulation yields mesh-
independent solutions with localization patterns that converge upon mesh refinement. In particular, for the Matsuoka–Nakai model, 
convergence is also obtained in cases exhibiting unstable post-peak behavior. At the same time, varying 𝓁 leads to qualitatively 
different responses, both in terms of global behavior and of the associated shear-band profiles.
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The present study has been carried out within the small-strain setting. This is sufficient for assessing  in the considered setting, 
whether the proposed deformable Cosserat framework can regularize localization and produce converged mesh-independent patterns 
while preserving a standard macro-elastoplastic constitutive structure. However, once localization is fully developed, the deformation 
inside the narrow localized regions may become too large for the small-strain approximation to remain quantitatively accurate. In 
such cases, the appropriate framework is the nonlinear finite-strain theory developed in the companion paper (Rubin & Panteghini, 
2026), whose numerical implementation is outside the scope of the present work.

The numerical results support the conclusion that the proposed model is a mechanically meaningful framework for the description 
of evolving strain localization patterns in softening plasticity, while preserving the practical simplicity of standard elastoplastic 
constitutive updates at the macro-continuum level.
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Appendix. Finite element operators for the plane strain formulation

The matrix 𝐇𝑟 that contains the derivatives of the shape functions for displacements and geometry with respect to the intrinsic 
coordinate system 𝒓, can be expressed as 

𝐇𝑟 =
⎡

⎢

⎢

⎣

𝜕𝑁 (1)

𝜕𝑟 .. 𝜕𝑁 (𝑛)

𝜕𝑟
𝜕𝑁 (1)

𝜕𝑠 .. 𝜕𝑁 (𝑛)

𝜕𝑠

⎤

⎥

⎥

⎦

. (A.1)

In the same way, the matrix 𝐇𝜂𝑟 that contains the derivatives of the shape functions for the tensor components 𝜂𝑖𝑗 with respect to 
the intrinsic coordinate system 𝒓, can be expressed as 

𝐇𝜂𝑟 =

⎡

⎢

⎢

⎢

⎣

𝜕𝑁 (1)
𝜂

𝜕𝑟 ..
𝜕𝑁

(𝑛𝜂 )
𝜂
𝜕𝑟

𝜕𝑁 (1)
𝜂

𝜕𝑠 ..
𝜕𝑁

(𝑛𝜂 )
𝜂
𝜕𝑠

⎤

⎥

⎥

⎥

⎦

. (A.2)

The Jacobian can be computed as 
𝑱 = 𝐇𝑟𝐗̂ , (A.3)

where 

𝐗̂ =

⎡

⎢

⎢

⎢

⎣

𝑥̂(1)1 𝑥̂(1)2

.. ..

𝑥̂(𝑛)1 𝑥̂(𝑛)2

⎤

⎥

⎥

⎥

⎦

. (A.4)

The nodal displacements are ordered in the vector 𝐮̂ of 2𝑛 components

𝐮̂ =
[

𝑢̂(1)1 𝑢̂(1)2 .. 𝑢̂(𝑛)1 𝑢̂(𝑛)2

]𝑇
.

Since the micro-distortion tensor 𝜼 is symmetric, only its symmetric components are retained as independent primary variables. In 
the plane strain formulation the Voigt-type array has been employed: 

𝜼̂ =
[

𝜂̂(1)11 𝜂̂(1)22 2𝜂̂(1)12 .. 𝜂̂
(𝑛𝜂 )
11 𝜂̂

(𝑛𝜂 )
22 2𝜂̂

(𝑛𝜂 )
12

]𝑇
. (A.5)

 The second-order identity tensor, in array notation, has the form 
𝐈 =

[ ]𝑇 , (A.6)
1 1 1 0
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 while the operator 𝑣
dev denotes the deviatoric projection written in the Voigt notation adopted for strain-like arrays: 

𝑣
dev =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

2
3 − 1

3 − 1
3 0

− 1
3

2
3 − 1

3 0

− 1
3 − 1

3
2
3 0

0 0 0 1
2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (A.7)

 The standard strain–displacement operator  is obtained from the derivatives of the shape functions with respect to the physical 
coordinates. It maps the nodal displacement vector into the engineering strain array 

𝜺 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜀11
𝜀22
𝜀33
2𝜀12

⎤

⎥

⎥

⎥

⎥

⎦

= 𝐮̂, (A.8)

 where 

 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

(𝐇)11 0 ⋯ (𝐇)1𝑛 0

0 (𝐇)21 ⋯ 0 (𝐇)2𝑛
0 0 ⋯ 0 0

(𝐇)21 (𝐇)11 ⋯ (𝐇)2𝑛 (𝐇)1𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (A.9)

 The operator 𝜂 maps the shape functions 𝐍𝜂 into a 4 × 3𝑛𝜂 matrix, which is defined by 

𝜂 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑁 (1)
𝜂 0 0 .. 𝑁

(𝑛𝜂 )
𝜂 0 0

0 𝑁 (1)
𝜂 0 .. 0 𝑁

(𝑛𝜂 )
𝜂 0

0 0 0 .. 0 0 0

0 0 𝑁 (1)
𝜂 .. 0 0 𝑁

(𝑛𝜂 )
𝜂

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (A.10)

 The operator 𝜂 maps the components of 𝐇𝜂 into a 8 × 3𝑛𝜂 matrix, which is defined by: 

𝜂 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(𝐇𝜂)11 0 0 ⋯ (𝐇𝜂)1𝑛𝜂 0 0

0 (𝐇𝜂)11 0 ⋯ 0 (𝐇𝜂)1𝑛𝜂 0

0 0 1
2 (𝐇𝜂)11 ⋯ 0 0 1

2 (𝐇𝜂)1𝑛𝜂
0 0 1

2 (𝐇𝜂)11 ⋯ 0 0 1
2 (𝐇𝜂)1𝑛𝜂

(𝐇𝜂)21 0 0 ⋯ (𝐇𝜂)2𝑛𝜂 0 0

0 (𝐇𝜂)21 0 ⋯ 0 (𝐇𝜂)2𝑛𝜂 0

0 0 1
2 (𝐇𝜂)21 ⋯ 0 0 1

2 (𝐇𝜂)2𝑛𝜂
0 0 1

2 (𝐇𝜂)21 ⋯ 0 0 1
2 (𝐇𝜂)2𝑛𝜂

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (A.11)

 Thus, 

𝜂 𝜼̂ =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜂11,1
𝜂22,1
𝜂12,1
𝜂21,1
𝜂11,2
𝜂22,2
𝜂12,2
𝜂21,2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝜂12,𝑘 = 𝜂21,𝑘. (A.12)

Data availability

Data will be made available on request.
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