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Abstract Within the framework of a second-order 
theory, this study revisits classical stability prob-
lems characterized by critical loads associated with 
dynamic instability, previously explored by Feriani 
and Carini (in: Zingoni (ed) Insights and innovations 
in structural engineering, mechanics and computa-
tion, 2016) . The primary focus remains on systems 
exclusively comprising a single lumped mass. This 
simplification, together with the assumption of a neg-
ligible axial strain and the adoption of a second-order 
theory, reduces the analysed systems to problems fea-
turing a single Lagrangian coordinate. Consequently, 
static methods become applicable, facilitating the 
derivation of analytical expressions for stiffness coef-
ficients and enabling an investigation into dynamic 
stability. The study begins by examining a well-estab-
lished case: a cantilever beam with a lumped mass 
positioned at its free end, subjected to a follower load, 
as presented in Panovko and Gubanova (Stability and 
oscillations of elastic systems: models, paradoxes and 
errors, Nunka Press, Moscow, 1967). In this current 
work, a novel lumped mass system is explored. The 
system consists of a straight-axis beam character-
ized by a constant cross-section area and stiffness. 

The distributed mass of the beam is neglected and 
the beam is hinged at one end, simply supported at 
an intermediate point, and left free at the other end, 
where a lumped mass is introduced. Various loading 
scenarios are scrutinized, including: (a) The appli-
cation of a follower force to the free end; (b) The 
imposition of two forces—one conservative and one 
follower—both applied to the free end; and (c) The 
application of a uniformly distributed follower force 
along the length of the beam. As seen in the exam-
ples introduced in Feriani and Carini (2016), the new 
examples considered in the present paper reveal that 
the first asymptote of the stiffness coefficient cor-
responds to the critical load. This critical load cor-
responds to the phenomenon known as divergence 
at infinity, as described by Felippa (Nonlinear finite 
element methods, 2014). It is also confirmed that, in 
all cases, the first dynamical critical load equals the 
minimum value between the static buckling load of 
the original structure and the static buckling load of 
an auxiliary structure. This last differs from the origi-
nal one because the concentrated mass is replaced 
by a constraint fixing the corresponding Lagrangian 
coordinate.
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1 Introduction

The study of the stability of elastic systems subjected 
to non-conservative forces, such as follower and aero-
dynamic forces, has been the focus of extensive theo-
retical and applied research for many years (see, e.g., 
[3–9], [18], [22–31], [36–38]).

Recently, this field has been the subject of renewed 
interest, notably due to the influential work of Prof. 
Bigoni’s school on the concept of follower forces, a 
concept that has faced occasional scrutiny and skepti-
cism [10–16, 34].

It is widely acknowledged that the presence of non-
conservative forces typically prevents the association 
of stability problems with functionals only depend-
ent on generalized displacements, thus precluding 
the formulation of stability problems in classical 
variational terms. Leipholz devoted a considerable 
effort “to reconcile the fact that structural problems 
with follower forces are nonconservative with the fact 
that in some how a variational approach should yet be 
possible” (Leipholz [28], p. 45).

In the wake of the results established by Gurtin and 
Tonti [21, 35], Leipholz [28] introduced a convolutive 
functional, with respect to the spatial coordinates, 
whose quadratic part turns out to be undefined, pro-
viding a variational principle of stationarity, though 
not of extremality, applicable to non-conservative 
systems with uniformly distributed mass such as the 
Beck rod.

Pflüge [33] explored cases where the bar had a 
concentrated mass M at the end, in addition to the dis-
tributed mass m. Numerical solutions of the resulting 

equations are well-documented in the literature on 
structural stability. The two extreme cases, m = 0 
or M = 0 , yield closely related critical loads. When 
M = 0 , the case of Beck’s rod, with a critical load 
P = 20.05EJ∕l2 , is recovered. When the distributed 
mass of the rod is negligible, then the critical load 
becomes P = 20.19EJ∕l2 . In [20] the latter case was 
discussed. It regarded the classical stability problem 
of a cantilever beam with a straight axis, no damping, 
a concentrated mass M at a free end, and subjected to 
various follower loads (see Figs. 1a, b, c). The axial 
strain was disregarded and small displacements were 
assumed.

The present paper explores a novel lumped mass 
system that consists of a straight-axis beam with a 
constant cross-section area and stiffness. It is devoid 
of distributed mass, hinged at one end, simply sup-
ported at an intermediate point at an arbitrary distance 
a from the hinge, and free at the other end, where a 
lumped mass is present. Three different load cases 
are considered: (a) A follower force P at the free end 
(Fig. 2a); (b) A conservative force Q and a follower 
force P at the free end (Fig. 2b), and (c) A uniformly 
distributed follower force p (Fig. 2c). In the case of a 
uniformly distributed mass, Zorii and Chernukha [39] 
initially studied the system subjected to a follower 
force P at the free end, later followed by Elishakoff 
and Hollkamp  [17]. It is intuitively apparent that 
for a a → 0 , the results align with those obtained in 
[20], while for a a → l , the Eulerian critical load is 
reestablished. This suggests the existence of a transi-
tion value a∗ , such that for a < a∗ , a specific dynamic 
instability, called instability due to divergence at 

Fig. 1  Cantilever beam 
with a lumped mass on 
which a a follower force 
P acts at the free end, b a 
follower force P acts at an 
intermediate point, and c a 
uniformly distributed fol-
lower force p acts
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infinity, occurs, while for a > a∗ , an Eulerian instabil-
ity due to divergence emerges.

Numerous other intriguing problems await future 
research, unaddressed in this study. These include 
structures with two or more concentrated masses or 
systems featuring both distributed and concentrated 
masses.

2  An energetic approach to dynamic stability 
of systems with a single Lagarangian coordinate

Consider an elastic system with a concentrated mass 
M subjected to follower forces. Suppose the system 
has only one Lagrangian coordinate u within a small 

displacement regime (Fig. 3a). Thus, the equation of 
motion takes the form:

where the stiffness coefficient K accounts for second-
order effects. Equation (1) characterises a dynamic 
system that can be modeled as a lumped mass con-
strained by a linear spring (see Fig. 3b). The system 
stability hinges on the sign of the stiffness coeffi-
cient. If K is positive, the motion is oscillatory and 
bounded; if negative, the motion is unbounded and 
non-oscillatory (divergence). Since the system pos-
sesses just one Lagrangian coordinate, unbounded 
oscillatory motion (flutter) is precluded. Indeed, a 
dynamical system represented as a lumped mass 

(1)Mü + Ku = 0

Fig. 2  Beam hinged at 
one end, free at the other, 
simply supported at an 
intermediate point, with 
mass concentrated at the 
free end and subject to a a 
follower force P at the free 
end, b a conservative force 
Q and a follower force P at 
the free end, and c a uni-
formly distributed follower 
force p 

Fig. 3  a Elastic system 
with a concentrated mass M 
and with a single Lagran-
gian coordinate u in small 
displacement regime, sub-
jected to follower forces; b 
equivalent dynamic system 
consisting of a lumped 
mass constrained by a linear 
spring



186 Meccanica (2024) 59:183–192

1 3
Vol:. (1234567890)

constrained by a linear spring necessarily qualifies as 
a conservative system with a total energy E (compris-
ing kinetic and potential components) given by:

This energy remains conserved during the motion. 
The stability of the system can be statically exam-
ined by applying Dirichlet’s theorem which leads to 
determine the sign of K. A positive K implies that the 
potential energy in the undeformed initial configura-
tion is minimum, indicating system stability. Con-
versely, a negative K implies that the potential energy 
in the undeformed initial configuration is maximum, 
signalling instability.

For instance, consider the system in Fig.  1a. The 
stiffness coefficient’s dependence on the applied load 
is non-linear, potentially changing sign due to the 
presence of an asymptote. As the compressive load 
gradually increases from zero, the stiffness coefficient 
increases and, consequently, the vibration frequency 
rises as well. When the load approaches a critical 
value, the stiffness coefficient grows without bounds, 
and the mass displacement shrinks to zero [32]. When 
the critical load is slightly exceeded, the other branch 
of the function is involved and the stiffness coefficient 
becomes negative, indicative of a non-oscillatory, 
unbounded motion.

Such phenomenon is named divergence at infin-
ity [19]. It is a dynamic instability, since it depends 
on the mass properties of the structure. Surprisingly, 
despite its dynamic nature, divergence at infinity in 
single DOF dynamical systems can be studied by 
analysing the sign of the stiffness coefficient, which 
therefore makes possible the use of a static approach. 
The divergence at infinity phenomenon also manifests 
itself in the structures shown in Figs. 1b and c.

It may seem strange that a structure subjected to 
non-conservative forces can be associated with a 
potential. Yet this association holds true for the sys-
tems under examination because they have only one 
degree of freedom. For systems with two or more 
degrees of freedom (two or more Lagrangian coor-
dinates), an energy formulation in the classical sense 
becomes impossible because, in these systems, the 
equations of motion entail asymmetric stiffness matri-
ces, precluding energy formulations. An energy for-
mulation is only feasible when the stiffness matrix is 

(2)E =
1

2
Mu̇2 +

1

2
Ku2.

reduced to an order-1 matrix, as in the presence of a 
single Lagrangian coordinate. This allows us to asso-
ciate an energy to the problem and employ an energy-
based approach to determine the critical load. In the 
case of a single Lagrangian coordinate, the dynamic 
instability typical of systems subjected to follower 
forces shifts from flutter to divergence at infinity.

3  Appication of a static method for detecting 
dynamic instability in single‑degree‑of‑freedom 
systems

3.1  The case of a follower force applied at the free 
end

Consider the example in Fig. 2a: an elastic straight-
axis beam with length l, constant cross-section, 
moment of inertia J, negligible distributed mass, 
hinged at one end, simply supported at an interme-
diate point at a distance a from the hinge, and free 
at the other end. A concentrated mass M is present 
at the free end, and a follower force P acts upon it. 
The equation of motion, arising from an initial per-
turbation, takes the form of Eq. (1). Here, we deter-
mine the stiffness coefficient K by neglecting the 
mass and applying a transverse static force F at the 
free end, producing a unit displacement in the direc-
tion of F. By choosing the hinged end as the origin 
for the z-coordinate along the beam axis, denoting 
Young’s modulus as E, the deflected curve v(z) can be 
obtained by prescribing:

with boundary conditions:

and with continuity conditions:

By solving the equation of the deflected curve, it is 
possible to determine K:

(3)
EJv

����

i
+ Pv

��

i
= 0 with i = 1 for 0 ≤ z ≤ a and

i = 2 for a ≤ z ≤ l

(4)v1(0) = 0, v
��

1
(0) = 0, v2(l) = 1, v

��

2
(l) = 0

(5)
v1(a) = v2(a) = 0, v

�

1
(a) = v

�

2
(a), v

��

1
(a) = v

��

2
(a).

(6)

K = −EJv
���

2
(l)

= P�
a sin(�a)

�a2 sin(�l) − �al sin(�l) + l sin(�a)[cos(�a) sin(�l) − cos(�l) sin(�a)]
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Fig. 4  Dimensionless stiffness Kl3∕EJ versus �l when a c = 0 , b c = 0.25 , c c = 0.5− , d c = 0.5+ , e c = 0.75 , f c = 1
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with �2 = P∕EJ . Assuming c = a∕l , Fig. 4 shows the 
dimensionless stiffness coefficient Kl3∕EJ as a func-
tion of �l for various values of c. When c = 0 , a well 
known case is found [32]. In this case, asymptotes 
occur as

The first asymptote corresponds to Kl3∕EJ = 20.1934 , 
indicating divergence at infinity. When c = 1 , another 
familiar case is obtained: the pinned-pinned Euler rod 
to which the Eulerian critical load Kl3∕EJ = 9.8696 
corresponds. Analysing Fig. 4 for increasing values of 
the ratio c from zero to one, it emerges that the type 
of stability goes from divergence at infinity to Eule-
rian divergence, the shift occurring at c = 0.5.

3.2  Comparison of the critical load due to divergence 
at infinity with the Eulerian critical load due to 
divergence of an auxiliary structure

Consider c = 0 . As widely recognized, Eq. 7 matches 
the equation determining the Euler buckling load of 
a clamped-pinned beam. This correspondence arises 
because as the critical load is approached by gradu-
ally increasing the applied follower load, the stiff-
ness coefficient approaches infinity (Fig. 4a), and the 
displacement of the free end tends to zero. This phe-
nomenon prevails for all c values between 0 and 0.5, 
where divergence at infinity occurs. For c ≥ 0.5 , the 

(7)tan �l = �l.

dynamical critical load coincides with the Eulerian 
critical load of the massless beam.

A general conjecture highlighted in [20] is here 
confirmed: when instability arises due to divergence 
at infinity, in order to compute the associated load it 
is possible to consider an auxiliary structure differ-
ing from the original one in that the lumped mass 
is replaced by a constraint fixing the corresponding 
Lagrangian coordinate; a statical calculation can then 
be performed. If the critical load of this new structure 
is due to divergence, meaning independent of mass 

Fig. 5  a Auxiliary structure, b real beam without lumped 
mass

Table 1  Beam of Fig. 2a. Critical loads for different values of c for a the real beam, b the auxiliary beam, and c the real beam with-
out the lumped mass

c =
a

l

0 20.19342097 20.19342097 ∞

0.1 23.22477944 23.22477944 986.96044011
0.2 27.05331941 27.05331941 246.74011003
0.3 31.75504645 31.75504645 109.66227112
0.4 36.79994680 36.79994680 61.68502751
0.5 39.47841374 39.47841760 39.47841760
0.6 27.41556778 36.79994680 27.41556778
0.7 20.14204980 31.75504645 20.14204980
0.8 15.42125688 27.05331941 15.42125688
0.9 12.18469679 23.22477944 12.18469679
1 9.86960440 20.19342097 9.86960440
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distribution, then it coincides with the critical load by 
divergence at infinity of the original structure.

This finding holds true for the beams in Figs. 2b 
and c. Hence, to determine the dynamic critical load 
of a linear elastic structure subjected to follower 
forces in the small displacements regime, it is gener-
ally sufficient to identify the minimum critical load 
between the one obtained from the introduced aux-
iliary structure (Fig.  5a) and the statically derived 
critical load (looking for equilibrium configura-
tions other than the trivial) of the actual structure 
(Fig.  5b). Table  1 presents the critical load values 

derived from this approach. It can be seen that for 
0 ≤ c ≤ 0.5 the correct critical loads are those of the 
auxiliary structure, while for 0.5 ≤ c ≤ 1 the correct 
critical loads are those statically derived from the 
actual structure.

3.3  The case of a conservative force and a follower 
force both applied at the free end

Consider the case of the combined action of a fol-
lower force P and a conservative “dead” force Q 
(see Fig. 2b). As in the previous case, the stiffness 

Table 2  Beam of Fig. 2b. Case P = Q . Critical loads for different values of c for a the real beam, b the auxiliary beam, and c the 
real beam without lumped mass

c =
a

l
P = Q

0 (P+Q)cr l
2

EJ
=9.866812 20.193421 9.866812

0.1 10.557424 23.224779 10.557424
0.2 11.285784 27.053319 11.285784
0.3 12.004017 31.755046 12.004017
0.4 12.621084 36.799947 12.621084
0.5 13.003321 39.478418 13.003321
0.6 13.012767 36.799947 13.012767
0.7 12.593363 31.755046 12.593363
0.8 11.825351 27.053319 11.825351
0.9 10.869127 23.224779 10.869127
1 9.869604 20.193421 9.869604

Table 3  Beam of Fig. 2b. Case P = 1.5Q . Critical loads for different values of c for a the real beam, b the auxiliary beam, and c the 
real beam without the lumped mass

c =
a

l
P = 1.5Q

0 (P+Q)cr l
2

EJ
=20.190719 20.193421 1.013006 × 1015

0.1 23.224779 23.224779 986.960440
0.2 27.053319 27.053319 115.479420
0.3 31.755046 31.755046 94.568172
0.4 36.799947 36.799947 76.718834
0.5 18.714629 39.478418 18.714629
0.6 15.813116 36.799947 15.813116
0.7 14.060247 31.755046 14.060247
0.8 12.528197 27.053319 12.528197
0.9 11.128291 23.224779 11.128291
1 9.869604 20.193421 9.869604
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coefficient K is determined by applying a transver-
sal static force F at the free end of the beam that 
produces a unit displacement in the direction of F. 
In this case, by following the procedure described 
in Sect. 3.1, the following expression of the stiffness 
coefficient K is obtained:

For Q = 0 , the case analysed in Sect. 3.1 is recovered. 
The critical load is reached when the stiffness K is 
no longer positive. The critical loads are given in the 

(8)K =
P�a sin(�a) + Q[�a sin(�l) − sin(�a)(cos(�a) sin(�l) − cos(�l) sin(�a))]
�a2 sin(�l) − �al sin(�l) + l sin(�a)(cos(�a) sin(�l) − cos(�l) sin(�a))

.

first column of Tables  2,  3, and  4 for different P/Q 
ratios, particularly for P∕Q = 1 , 1.5, and 10. The crit-
ical loads for the case of a hinged free end (auxiliary 
beam) and an unrestrained massless free end beam 
are derived by solving the equations:

with, for the first case (auxiliary beam), the boundary 
and continuity conditions, respectively:

(9)
EJv′′′′

i + (P + Q)v′′

i = 0 with i = 1 for
0 ≤ z ≤ a and
i = 2 for a ≤ z ≤ l

Table 4  Beam of Fig. 2b. Case P = 10Q . Critical loads for different values of c for a the real beam, b the auxiliary beam, and c the 
real beam without the lumped mass

c =
a

l
P = 10Q

0 (P+Q)cr l
2

EJ
=20.193420 20.193421 1.013006 × 1015

0.1 23.224779 23.224779 986.960440
0.2 27.053319 27.053319 246.740110
0.3 31.755046 31.755046 104.574488
0.4 36.799947 36.799947 65.450961
0.5 39.478418 39.478418 39.478418
0.6 25.757606 36.799947 25.757606
0.7 18.921044 31.755046 18.921044
0.8 14.778474 27.053319 14.778474
0.9 11.943393 23.224779 11.943393
1 9.869604 20.193421 9.869604

Table 5  Beam of Fig. 2c. Critical loads for different values of c for a the real beam, b the auxiliary beam, and c the real beam with-
out the lumped mass

c =
a

l

0 (pcrl
3)∕EJ =57.0162 57.0162 ∞

0.1 69.4495 69.4495 1262.9830
0.2 82.4450 82.4450 276.1083
0.3 88.7741 88.7741 129.0508
0.4 76.9404 80.0298 76.9404
0.5 52.3994 65.6796 52.3994
0.6 38.8634 53.8126 38.8634
0.7 30.6110 45.1049 30.6110
0.8 25.2281 38.7692 25.2281
0.9 21.5499 34.0918 21.5499
1 18.9567 30.5741 18.9567
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while, for the second case (unrestrained massless 
free end), the fourth condition should be replaced 
by EJv���

2
(l) = −Qv

�

2
(l) . The values of the critical 

loads are given in the second and third columns of 
Tables 2, 3 and 4, respectively. As highlighted by the 
bold shaded areas, the dynamic instability is either an 
instability due to divergence at infinity or an Eulerian 
instability. More precisely, as in the previous case, the 
dynamic critical load is the minimum between the 
two static critical loads by divergence.

3.4  The case of a uniformly distibuted follower force

The same analysis applied to the problems in Fig. 2a 
and b can be extended to the problem in Fig.  2c. 
Unfortunately, this last problem requires a numeri-
cal analysis, typically involving the finite element 
method. The beam is subdivided into standard 
straight finite elements with two nodes, neglecting 
the axial strain. Each node has only two degrees of 
freedom (transverse displacement and rotation), with 
cubic interpolation functions. Each element features 
constant cross-section and homogeneous material. 
Stiffness and mass matrices are computed dividing 
the beam into 10 finite elements to ensure accuracy.

In Table 5 the results of the dynamic analyses are 
compared to the results obtained by the static analy-
ses of the auxiliary beam and of the real beam with-
out the lumped mass. When 0 ≤ c ≤ 0.3 , the correct 
critical loads correspond to those of the auxiliary 
structure, while for 0.4 ≤ c ≤ 1 , the correct critical 
loads are statically derived from the actual structure.

4  Conclusions

Within the context of second-order theory, a static 
method is detected in order to determine the dynamic 
critical loads in single-degree-of-freedom systems 
subjected to follower forces, with mass modelled as a 
lumped mass.

This study focuses on a specific lumped mass sys-
tem: a straight-axis beam with a constant cross-sec-
tion area and stiffness, devoid of distributed mass, 

(10)

v1(0) = 0, v
��

1
(0) = 0, v2(l) = 0, v

��

2
(l) = 0

v1(a) = v2(a) = 0, v
�

1
(a) = v

�

2
(a), v

��

1
(a) = v

��

2
(a)

hinged at one end, simply supported at an intermedi-
ate point, and free at the other end, where a lumped 
mass is present. Various loading scenarios are consid-
ered: (a) A follower force applied to the free end; (b) 
Two forces, one conservative and one follower, both 
acting at the free end; and (c) A uniformly distributed 
follower force on the beam.

It is shown that, in all cases, the critical load equals 
the minimum between the buckling load of the given 
structure and the buckling load of an auxiliary struc-
ture, where, in this last case, the concentrated mass 
is replaced by a constraint fixing the corresponding 
Lagrangian coordinate.
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