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Selective resonant radiation in quadratic crystals via group-velocity dispersion
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We consider the phenomenon of resonant radiation emitted by solitonlike wave packets in quadratic crystals
and demonstrate the key role of the group-velocity dispersions, at the fundamental frequency and second
harmonic, respectively, without any contribution from higher-order dispersions. In particular our approach allows
us to predict a mechanism of primary resonance around the fundamental frequency component. Our theoretically
predicted resonances are found to be in excellent agreement with numerical simulation of the propagation in a

wide range of parameter values.
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I. INTRODUCTION

Nonlinear waves spontaneously emit resonant radiation
(RR), or Cherenkov radiation, when they become phase-
matched to linear dispersive waves. In cubic media, as first
recognized for silica fibers [1,2], phase-matching can be real-
ized close to the zero of the group-velocity dispersion (GVD)
due to the fundamental contributions of higher-order dis-
persions. The RR emission finds its importance mainly in
photonic crystal fiber applications, serving as a tunable source
of coherent radiation extending into the deep ultraviolet [3]
and as a mechanism for spectral broadening in supercon-
tinuum generation [4]. Similarly RR takes place in various
platforms, including soliton-driven microcombs [5,6], line-
defect waveguides [7], and chip-based waveguides pumped
under normal GVD conditions [8]. RR phenomena also arise
in contexts involving four-wave mixing processes [9], shock
waves [10], and rogue waves [11].

RR has also been predicted in quadratic media [12—14]
and experimentally demonstrated in bulk crystals such as g-
barium borate (BBO) [15-17] or periodically poled lithium
niobate [18]. Such results have been interpreted by con-
sidering the third-order dispersion or the full dispersion
relationship (i.e., all higher-order dispersions), overlooking
the role of GVDs. Recent studies have, however, highlighted
the possibility that RR of solitons in second-harmonic gen-
eration (SHG) can arise solely from GVD (i.e., with no
higher-order dispersion) both in the cascading limit [19,20]
or under perfect phase-matching [21], a mechanism that can

*Contact author: lili.bu@hytc.edu.cn
fContact author: trlsfn@unife.it
*Contact author: fabio.baronio @unibs.it

2469-9926/2026/113(3)/033526(5)

033526-1

also be exploited in microresonators [22,23]. This is due to a
pivotal role played by the second-harmonic (SH) component
which drives, through its GVD, the resonance mechanism
with linear dispersive waves, whereas dispersive components
around the fundamental frequency (FF) can be generated
through secondary processes of down-conversion [19-21].

In this article, our aim is to show that RR in SHG can
arise, under proper regimes, also from a primary resonance
around the FF. To this end, we develop resonance conditions
that include the contribution from a possible small deviation
from exact soliton excitation. We show that, depending specif-
ically on the values of the GVDs, such conditions give rise to
primary emission emerging around one of the two harmonic
waves (FF or SH) or coexisting primary RRs around both.

II. THEORETICAL FRAMEWORK AND RR RELATIONS

We start from the dimensionless coupled equations obeyed
by temporal envelopes u; at FF wy and u; at SH 2w in
dispersive quadratic media [19,24]:
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where & = z/z4 = z|B]|/t3 is the normalized propagation
distance, with z; = #3/|B]| being the dispersion length, and
Bi=sen(B)), B=By/IB]l, and B, = d*k/dw?|uy 20,
are the GVDs. Here t = (t — z/v;)/ty stands for time in a
reference frame traveling with the FF group velocity v;, and
v = z4/zy 1S the ratio between the dispersion length and
the temporal walk-off length z, = to/(v3;' —v;"), where
Vi = dk/da)l_' are the (FF, SH) group velocities, and

w0,2w0
tp is a characteristic pulse temporal scale. §k = Akz, is the
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normalized wave number mismatch, with Ak = 2k; — k,
and ki = klyy20,- Moreover, ujp = xzqA12 Wwhere
|A1,2|2 measure the intensities (W/mz) with x =
wo[2/(ceon, now,)]'?d®, and d® is the nonlinear element

(m/V). We look for the dynamics of Egs. (1) in the forms
uy =51+ pi, ur =2+ pa, 2)

where s;, are the components of a two-color solitonlike
solution of Eqgs. (1), and p;o, with |pj 2| < [s12], are the
superposition of all the potential linear dispersive waves at
both FF and SH in the systems. By inserting the ansatz (2)
in Eq. (1), and neglecting quadratic terms in p;», one can
obtain that the complex perturbations p; , obey the linearized
equations:

B

iple — 5 Piee = —syple K — 5t prem 0K
ip2e + ivpy — %err = 2511, 3)
Then we assume that p; » consist of two parts
Do =wi2+ Y2, @

where the terms w; » account for perturbations at the same fre-
quency of the soliton components s, » that coexist with it (this
is the typical situation in experiments, where the input pulses
usually slightly differ from the exact soliton solution). The
terms V| » account instead for the RR induced by quadratic
nonlinear waves, and hence behave like ¥ » ~ PASELTELDN
with 7,; =t — v,;& being the retarded time in the soliton
frame traveling with generic velocity v,; [10], w;, being
the RR detuning frequencies, k; = ﬂlw% /2 — w1V, and k, =
Bow3 /2 — wr (v — V).

To find the wave-number matching conditions of the gen-
erated RR waves, we assume that the nonlinear components
s1 and s, and potential perturbations w; and w, are fixed and
constant sources of energy. As we see below, this assumption
allows us to make excellent quantitative predictions of the
frequencies of the generated waves. Substituting the ansatz
(4) into Egs. (3), we find that
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The right-hand side (RHS) of Eq. (5) consists of two parts
serving as driving sources for the wave 1, at the FF. They
originate from the mixing of the nonlinear component s, and
wave wj, and the nonlinear component s; and wave w,. The
RHS of Eq. (6) serves as a driving force for the wave v, at the
SH, and depends on the mixing of the nonlinear component s;
and wave w;. For Egs. (5) and (6) to have dispersive RR wave
solutions, the operators on the left-hand side (LHS) should
have continuum modes that can be excited by the RHS. To
find the frequencies of these continuum modes, we neglect
soliton-RR mixing due to sy products in the LHS. At the FF,

wave-number matching with the two driving terms in the RHS
of Eq. (5) provides

2

£ b — vy = =8k + K, (7a)
2
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Here k, 4, are the nonlinear wave numbers of s;, compo-
nents. Real solutions w; = wgrg of Eqs. (7a) and (7b) yield
RR frequency detuning with respect to FF central frequency.
Similarly, wave-number matching with the driving term in the
RHS of Eq. (6) provides
2

% + (v — vy = Sk + ks, ®)

with real solutions w; = wyrr giving the RR detuning from

SH central frequency.

III. BRIGHT SOLITON SOLUTIONS AND RR EMISSION

In the following, we focus on the case of anoma-
lous GVD at FF and show that Eqs. (7a) and (8) are
effective to predict resonance individually at FF or SH
or both, depending on the relative value of GVDs, in
particular, with zero or normal GVD at SH. First, we high-
light the possibility of radiating exclusively through the
GVD at FE For this purpose, we consider a two-color
bright soliton solution of Egs. (1) [21], with s(7,&) =
sech(v/=y /Bi1)e"¢/2, 52(z.§) = ysie®™, p1 <0, p =0,
v=0, vy =0, and y =[-8k + /4 + 8k%]/2. In this case,
Eq. (7a) gives real solutions a)f:RR =+—Q5k+y)/B1,
whereas neither Eq. (7b) nor Eq. (8) yields real solutions.

We have tested the predictions by integrating numerically
Egs. (1), considering such a two-color soliton at input, with
B1=—1, B =0, v =0, and mismatch §k = 4. The initial
soliton condition is perturbed by coexisting small pertur-
bations of the same shape, i.e., w;» = 0.1s;,, equivalent
to launching u; 2(§ =0, ) = 1.1s12(§ = 0, 7). Figures 1(a)
and 1(b) report the resulting spatiotemporal evolutions, char-
acterized by a weak RR emission at the FF. Figures 1(c) and
1(d) show the evolution and the input and output spectral FF
and SH components, where the RR emerges as symmetric
peaks in the FF spectrum that agree well with the expected
frequency wliRR = £2.91 from Eq. (7a). Such agreement is
maintained in a wide range of mismatch values as reported in
Fig. 1(e), where we compare the spectral peak from the nu-
merics with those predicted from Eq. (7a). The SH spectrum
in Fig. 1(d) does not show any primary RR, only peaks origi-
nating from frequency doubling of wfRR (waRR = £5.74).

Next, we want to highlight the possibility to radiate through
the GVDs, individually around either FF or SH, or around
both FF and SH, respectively. For this purpose, we consider
the case of a two-color quadratic cascading bright soli-
tary wave of Eqs. (1), u; = +/2sech(+/2/8kt)es/** and u, =
ue™s /sk, with B; = —1, v = 0, and 8k > 0. We summarize
in Fig. 2 the expected RR frequencies, for this case. Fig-
ure 2(a) shows, as a function of mismatch &k, the branch a)TRR
of the two symmetric peaks a)fRR = +./-2(5k + 1/8k)/B:
expected (regardless of the GVD ratio ;) from Eq. (7a).
Conversely no RR is expected from Eq. (7b) since its roots

033526-2



SELECTIVE RESONANT RADIATION IN QUADRATIC ...

PHYSICAL REVIEW A 113, 033526 (2026)

8
; ) -
+E il Burere @ @ .......................... P 1
3 P o
o |
0 3 ° ? 12 s
ok
FIG. 1. Two-color soliton emitting RR at FF (8 = —1, v =0,

B> =0, §k = 4). (a), (b) Spatiotemporal evolution of FF (a) and SH
(b). (c), (d) spectral evolutions of FF (c) and SH (d), with the top
boxes giving the spectral input (dashed yellow) and output (solid
blue) profiles. In panel (c), the dashed lines labeled by wliRR = 4291
stand for the RR frequencies from Eq. (7a). (¢) RR peaks wjzg
vs mismatch §k: numerical simulations (red dots) compared with
predictions (dotted black) from Eq. (7a).

wTRR = £./4/6kpB, are imaginary. The positive branch of the
symmetric peaks around SH at wi,, = £+/2(5k + 1/5k)/B2
from Eq. (8) are shown in Fig. 2(b) against the GVD ratio $,,
for different mismatches 8k. In Fig. 2 we outline three pilot
examples, A, B, and C, which exhibit qualitatively different
RR pictures, discussing below the outcome of the numerical
integration of Eqgs. (1) when launching the soliton perturbed
by a small (linear) wave of the same shape.

Figure 3 is relative to case A in Fig. 2, i.e., f; = —1, v =
0, B2 = 0.05, 6k = 6, and input perturbations w; , = 0.1s; >
[i.e., u12(6 =0,7) = 1.1512(6 =0, 7)]. The temporal evo-
lutions of the perturbed soliton in Figs. 3(a) and 3(b) display
the emission of RR driven by FF, from both the leading and
the trailing edges. Two distinct and symmetric spectral peaks
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FIG. 2. Dependence of RR frequencies on the system parame-
ters: (a) RR a)erR versus the effective mismatch dk, at fixed 8 = —1,

from Eq. (7a); (7b) RR frequency wjy, versus the GVD ratio f,, at
different mismatch §k, from Eq. (8).

20 20
(a) (b)
w10 1.7 w10 0.45
[ oi [us| OQ
0 0
-20 10 0 10 20 -20 10 0 10 20

[ii]* B

5
3

FIG. 3. RR emission from a cascading soliton at 8; = —1, v =
0, B, =0.05, and 6k = 6 (case A in Fig. 2). (a), (b) Numerical
temporal quadratic solitary wave evolution. (c), (d) The correspond-
ing spatiospectral evolutions, with the top boxes giving the spectral
input (dashed yellow) and output (solid blue) profiles, and analytical
prediction for a)liRR (red dashed vertical lines).

appear in the output spectral profile of the FF wave in
Fig. 3(c), in agreement with the expected value i, = +3.51
from Eq. (7a). Importantly, the SH spectrum in Fig. 3(d)
shows only evidence of secondary doubling of wi, (i.e.,
peaks at waRR = £7.02), whereas the primary peaks ex-
pected at wi,, = £17 [see Fig. 2(b)] are too far detuned to
be effectively seeded.

Figure 4 reports the case of a cascading soliton perturbed
by w; 2 =0.05s;pat By = —1,v =0, B, =8, 6k = 15 (case
B in Fig. 2). In this case, a significant emission of RR occurs
at the SH, from both the leading and trailing edges, as shown
in Figs. 4(a) and 4(b). This corresponds to symmetric spectral
peaks in Fig. 4(d) which agree with the prediction a)ziRR =
+1.94 from Eq. (8). Contrary to case A in Fig. 3, RR at the FF

FIG. 4. As in Fig. 3 (8; = —1, v = 0), though with large SH-
GVD B, = 8 and mismatch §k = 15 (case B in Fig. 2). The vertical
dashed blue lines in the output SH spectrum stand for the prediction
¥y, from Eq. (8).

033526-3



BU, WU, CHEN, TRILLO, AND BARONIO

PHYSICAL REVIEW A 113, 033526 (2026)

20 20
(@) (b)

FIG. 5. AsinFig.3 (8, = —1,v = 0), though with 8, =
8k = 4 (case C in Fig. 2). The red (blue) dashed lines in the output
spectra stand for wirr (w2rr) from Eq. 7(a) [Eq. (8)].

1/2and

expected at wi,, = £5.5 is not effectively seeded and does
not grow [see Fig. 4(c)].

Furthermore, we demonstrate the coexistence of RR gen-
eration at FF and at SH (case C in Fig. 2) by exciting again a
perturbed cascading soliton with w; » = 0.05s ». Figures 5(a)
and 5(b), obtained with 8 = —1, v =0, B, = 0.5, and 6k =
4, show that the temporal evolution of the solitons is char-
acterized by the emission of RR, from both the leading and
the trailing edges, driven by FF and SH. Indeed two distinct
and symmetric spectral peaks appear in the output spectral
profile of the FF wave, which agree with the prediction
a)?—LRR = £2.92 from Eq. (7a), whereas two other incommen-
surate symmetric spectral peaks appear in the SH spectrum, in
agreement with the prediction a)fRR = +4.12 from Eq. (8).

In addition to exact solitons or approximated (cascading)
solitary wave solutions of the bright type, Eqgs. (1) admit
similar solutions of the dark type [20,21,24]. We point out
that the resonance conditions in Eqgs. (7) and (8) provide a
valid tool to predict the emergence of RR around the FF and/or
the SH of dark solutions, similarly to the bright cases reported
above and to the case explicitly discussed in Ref. [21] for dark
solitons.

IV. WALKING PEREGRINE SOLITONS AND RR EMISSION

Finally, we show that the coexistence of RRs shown in
Fig. 5 holds also for different situations such as a walk-
ing Peregrine soliton propagating under anomalous-normal
GVDs at FF-SH, respectively [19]. In this case, we ex-
plicitly account for the group-velocity mismatch between
the FF and the SH (v # 0). The walking Peregrine soliton
can be written as s1(§,7)=[1 — 1/92_21:7}/’2‘;;”/4]exp[z(KéE —
Q0)] and 5,(§, 7) = yuje, where K =y —v2/2B;, Q =
V,/B1, 0 =T — vpE, vy = v, = vB1/(B1 — 2B2) is the soli-

_ _ 2 _ 2
ton velocity, and y = vup—hidk iﬁﬁ(w" Prok) (see Ref. [21]

for details). In this case, we expect primary resonances

around the FF at iz = [vp £ vV —2B,(8k + y) + 2021/ B
from Eq. (7a) and around the SH at wfRR =[v, —

-7.I64 i5.22 2,9|9 5|.41

1o —W2RR

—worc

i dB

I~}
S

FIG. 6. As in Fig. 3 for a walking Peregrine soliton with param-
eters By = —1, B, = 0.4, v =1, and 6k = 8. The red (blue) dashed
lines in the output FF (SH) spectra stand for asymmetric a)liRR (wfRR)
from Eq. (7a) [Eq. (8)]. The remaining dashed lines labeled a)]ti
and w3, stand for peaks associated with secondary mixing processes
(see text).

v£V2B:(8k +y) + (v, — v)> — v;B2/B1l/ 2 from Eq. (8),
whereas, again, Eq. (7b) does not give real solutions.
We have tested the predictions by integrating numeri-
cally Eqgs. (1) with launching conditions u;,(§ =0,7t) =
1.05s512(& =0, 1), i.e,, a two-color Peregrine soliton per-
turbed by terms w; , = 0.05 s;1,. An example for g, = —1,
v=1, B, =04, and 6k = 8 is displayed in Fig. 6. The
temporal evolutions in Figs. 6(a) and 6(b) clearly show that
the FF and SH components travel with locked velocity v, =
5/9 (black dashed lines). The spectra in Figs. 6(c) and 6(d)
show that the central frequencies of the FF and SH com-
ponents are red-shifted by Q =v,/8; and 2Q2 = 2v,/B;,
respectively. The generated RR spectral peaks are symmet-
rically located with respect to such central frequencies (€2
at FF, 2Q at SH). The peaks in the numerical spectra agree
well with the prediction of RR frequencies that yield w zr =
—4.66 and a)fRR = 3.55 [red dashed lines in Fig. 6(c)],
and w;pp = —7.64 and a);’RR = 5.41 [blue dashed lines in
Fig. 6(d)]. Additionally, other spectral peaks are visible, due
to secondary frequency conversion processes. In Fig. 6(d)
the mixing Q2 + wlRR = wch [corresponding to real world
sum frequency generation (wo + 2/fy) + (wo + w]RR /to) =
2w + (Q + wizr)/to] gives additional peaks wp- = —5.22
and wjpc = 2.99. Similarly, the mixing wfRR Q= a)EEFC
[corresponding to real-world difference frequency genera-
tion (2wy + wirg/f0) — (o + /1) = wo + (Wipg — R)/10]
gives the peaks wj. = —7.08 and w/p = 5.97 in Fig. 6(c).

V. CONCLUSION

In summary, we have shown that perturbed quadratic soli-
tons can resonantly radiate linear dispersive waves thanks to
phase matching relying solely on GVDs at FF and SH without
contributions from higher-order dispersion. The main interest
here, with respect to previous works [19-21], is the exten-
sion to conditions with a primary resonance around the FF.
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Depending on the values of the GVDs and mismatch, primary
emission can occur around one of the harmonics (FF or SH),
or coexist around both harmonics. We remark that our study
considers the dimensionless model and quantities identifying
different regimes of RR emission in quadratic crystals and
within these different regimes many real experiments can be
realized in BBO, LiNbO3, and KTP crystals.

Finally, we emphasize that, while Eqs. (7) and (8) give
accurate predictions of RR, as a matter of fact, in all cases
shown, good estimates of such RR frequencies can be ob-
tained by neglecting the soliton parameters (velocity and
nonlinear shift), thus approximating Egs. (7) as fiw?/2 =
—&k and Eq. (8) as ﬁgwg/z + vw, = 8k, which can be effec-
tively used as a rule of thumb in most experiments.
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