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Abstract 1

The paper is devoted to the modelling of nonlocality in continuum physics through constitu- 2

tive functions that depend on suitable gradients. For definiteness the attention is addressed 3

to elastic solids, heat conductors, and magnetic solids. Models are developed where both 4

the requirements of the second law of thermodynamics and the balance equations are satis- 5

fied for the constitutive functions that involve gradients of strain, temperature, heat flux, 6

and magnetization. Concerning elastic and magnetic solids, it is shown that, depending 7

on the chosen variables, the standard symmetry property of the stress holds identically. 8

The models so developed are free from any hyperstress tensor frequently considered in the 9

literature. 10

Keywords: thermodynamic consistency; second law; entropy extra flux; nonlocal models; 11

heat conduction; second-gradient elasticity; magnetization gradients 12

1. Introduction 13

The modelling of materials is often described by allowing for nonlocality in space in 14

that the response at a point x is affected by appropriate fields in a neighbourhood of x. The 15

effect of the neighbourhood may be described by means of convolution integrals [1] or 16

higher-order gradients (see [2] and refs therein). In periodic architectures (metamaterials) 17

the nonlocality describes effective properties that go beyond those of the constituent parts 18

[3,4]. According to the literature on nonlocality, in solids and fluids [2,5,6] there seems to be 19

the need of new concepts for the description of the stress and strain states. It was pointed 20

out in [2] that higher-order gradients involved in nonlocal thermodynamics represent 21

micro-length effects and these phenomena are very important in nanostructures. Moreover, 22

a second-gradient model offers the possibility of describing the adherence interaction of a 23

three-dimensional viscous fluid with one-dimensional structures immersed in it, thanks to 24

the non-classical structure of the stresses which act on the fluid [7]. Accordingly, nonlocal 25

effects can also be viewed as corrections of local descriptions. 26

In this paper we investigate the thermodynamic admissibility of nonlocal models by 27

looking for the requirements placed by the second law of thermodynamics. Despite the 28

wide literature on nonlocality, thermodynamics needs corresponding developments also 29

in connection with the balance of energy. About the balance of energy, most papers on 30

nonlocality use a balance with an additional energy flux associated with the hyperstress. It 31

seems a conceptual improvement to involve the stress through the Cauchy stress tensor 32

and to avoid any recourse to ad-hoc energy fluxes. 33

For definiteness we look at nonlocality for elastic solids, heat conductors, and magnetic 34

materials. The nonlocal description in terms of gradients (often referred to as weakly 35

nonlocal approach) seems to be the most appropriate modelling and the wide variety of 36
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theories of this type in the literature substantiates this view. The key feature of higher- 37

gradient theories is the presence of multiple length scales and the possibility of encompass 38

non-standard interactions. Yet the more involved structure of gradient-type models places 39

problems about the consistency with the balance equations. In particular, from the balance 40

of angular momentum it follows a condition on the symmetry of the stress tensor and often 41

this condition is ignored. 42

Relative to some schemes in the literature, we mention that Eringen [8] in passing from 43

integral-type nonlocality to gradient-type nonlocality arrived to a constitutive equation of 44

the form 45

T := Tnl − `2∆Tnl = C∇u.

where Tnl is the nonlocal stress tensor, ` is a length scale parameter, C is the elasticity tensor, 46

∇ is the gradient operator, ∆ is the Laplacian and u is the displacement field. Next Askes 47

and Aifantis [9] arrived at the dual representation with equation of equilibrium 48

C(∇∇u− `2∇∇∆u) + f = 0,

where f is the body force density. 49

Lately various approaches have modelled the internal structure by starting with a new 50

form of the stress power. The non-classical form of the approach is made formal (see, e.g., 51

[2,10,11]) by accounting for a hyperstress, say G, characterized by the mechanical power in 52

the Eulerian form 53

w = T · L + G · (∇L), (1)

where L = ∇v is the velocity gradient. An analogous formulation in terms of the deforma- 54

tion gradient F has been applied in [11,12] in the Lagrangian form 55

wR = TR · Ḟ + GR · ∇R Ḟ.

Furthermore similar formulations have been investigated in terms of strain rate [13] by 56

assuming 57

w = σ · ε̇− Σ · ∇ε̇,

where ε = 1
2 (∇u +∇uT) denotes the infinitesimal strain. In the corresponding approaches, 58

T, TR, σ denote the stress and G, GR, Σ the hyperstress (see the details in § 2.3). 59

More recently the internal structure has been framed within a Hamiltonian scheme 60

with a strain energy density as a function of strain and strain gradients (see, e.g., [5] and [9] 61

for an overview of formulations). 62

The purpose of this paper is to establish thermodynamically-consistent nonlocal 63

models of elasticity, heat conduction, and magnetism without any appeal to hyperstresses 64

and corresponding powers. The consistency is determined by deriving the restrictions 65

placed by the Clausius-Duhem inequality as the statement of the second law. The novelty 66

of our application of the Clausius-Duhem inequality is to regard the entropy production 67

as a constitutive function as is the case for the entropy flux. Furthermore our procedure 68

avoids the introduction of ad-hoc energy fluxes and merely assumes (for non-polar solids) 69

T ·D as the stress power, where D is the stretching tensor, as is the case for classical local 70

theories. 71

Notation and definitions 72

Let Ω ⊂ E 3 be the time dependent region occupied by the body. The points of the 73

body are labelled by the position vector in a reference configuration R. The motion of the 74

points is described by a twice continuously differentiable function x(X, t) on Ω×R. The 75

displacement of X is denoted by u(X, t) = x(X, t)− X. We let F denote the deformation 76
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gradient, FiK = ∂XK xi, and let J = det F > 0 while E = 1
2 (F

TF− 1) is the Green-Lagrange 77

strain tensor. The symbols ∇,∇R denote the gradient in Ω and in R. For any function 78

φ(x, t) = φ(x(X, t), t) it is ∂XK φ = ∂xi φ∂XK xi whence ∇R φ = FT∇φ. sym and skw denote 79

the symmetric and skew-symmetric parts while Sym and Skw are the sets of symmetric 80

and skew-symmetric tensors. The symbol L denotes the velocity gradient, Lij = ∂xj vi, 81

while D = symL and W = skwL. T is the Cauchy stress tensor and TRR = JF−1TF−T is 82

the second Piola stress tensor. 83

In dealing with magnetization in matter we use the magnetization M, per unit volume, 84

and the magnetic field H, while µ0 is the permeability of free space. The referential 85

description is developed by using the Lagrangian fields MMM = JF−1M and HHH = FTH. 86

2. Balance equations 87

Let ρ be the current mass density and ρR the mass density in the reference configuration. 88

The conservation of mass results in 89

ρJ = ρR, (2)

ρR being possibly dependent on the position X. The balance equations are now revised by 90

considering non-polar and polar media. In particular polar magnetic solids are considered. 91

2.1. Non-polar solids 92

We consider non-polar solids and then neither micro-structures nor surface and body 93

couples occur. Hence by the well-known Cauchy theorem it follows the existence of a stress 94

tensor T such that the motion is governed by 95

ρü = ∇ · T + ρb, (3)

b being the body force. For non-polar solids the balance of angular momentum implies 96

that 97

T = TT . (4)

Consequently, the balance of energy is assumed in the form 98

ρε̇ = T ·D−∇ · q + ρr, (5)

where ε is the specific energy density, while q and r are surface and body terms of non- 99

mechanical nature, say heat flux vector and energy supply. 100

Let η be the specific entropy density and θ the absolute temperature. The balance of 101

entropy is assumed in the form 102

ρη̇ +∇ · j− ρr/θ = ργ ≥ 0, (6)

where j is the entropy flux. Consistent with the principle of increase of entropy, the quantity 103

γ is called the (rate of) entropy production and is assumed to be non-negative. As is 104

standard let 105

j =
q
θ
+ k,

with k the extra-entropy flux. Replacing ∇ · q− ρr from eq. (5) and considering the free 106

energy 107

ψ = ε− θη

we can write eq. (6) in the form 108

−ρ(ψ̇ + ηθ̇) + T ·D− 1
θ

q · ∇θ + θ∇ · k = ρθγ ≥ 0. (7)
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Following the literature we refer to (7) as the Clausius-Duhem (CD) inequality. A thermo- 109

dynamic process is the set of functions ρ, u, T, b, ε, q, r, η, k, γ of (x, t) ∈ Ω×R describing 110

the evolution of the body; b and r are required to be given by (3) and (5). The second law 111

of thermodynamics characterizes the physically admissible processes as follows. 112

Postulate. For every admissible thermodynamic process the inequality γ ≥ 0 is valid at any point 113

x ∈ Ω and time t ∈ R. 114

For later application we consider the referential version of (7). Define the referential 115

fluxes 116

qR = JF−1q, kR = JF−1k (8)

and notice that (Cf. [14], §1.2.2) 117

∇R θ = ∇θ F, Jq · ∇θ = qR · ∇R θ, J∇ · k = ∇R · kR.

Notice that 118

Ė = 1
2 (F

TLTF + FTLF) = FTDF.

Furthermore, since TRR = JF−1TF−T then 119

T ·D = J−1TRR · Ė.

Consequently, multiplication of (7) by J results in 120

−ρR(ψ̇ + ηθ̇) + TRR · Ė−
1
θ

qR · ∇R θ + θ∇R · kR = ρRθγ ≥ 0; (9)

hereafter the requirement γ ≥ 0 is understood and not written. 121

It is of interest that 122

T ∈ Sym ⇐⇒ TRR ∈ Sym.

2.2. Polar magnetic solids 123

The mass conservation is expressed by eq. (2). The balance of linear momentum 124

involves the mechanical body force density ρb and the magnetic force density (per unit 125

volume) f and the mechanical stress tensor T. The corresponding equation of motion is 126

ρv̇ = ρb + f +∇ · T.

Often f is assumed to be µ0(M · ∇)H, with M the magnetization (per unit volume), and H 127

the magnetic field. The detailed expression of f is inessential to the present investigation. 128

Since M is not generally collinear to H a body couple vector c appears in the form 129

c = µ0M××H.

Hence the balance of angular momentum leads to the condition 130

skw(T + µ0H⊗M) = 0. (10)

Since T /∈ Sym then the stress power is T · L. Hence the balance of energy is based on the 131

mechanical power T · L and the magnetic power ρµ0H · ṁ, with m = M/ρ. It then follows 132

the equation 133

ρε̇ = T · L + ρµ0H · ṁ−∇ · q + ρr. (11)
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The balance of entropy is assumed in the general form (6). Now, substitution of 134

∇ · q− ρr from (11) and using the free energy ψ = ε− θη we obtain 135

−ρ(ψ̇ + ηθ̇) + T · L + ρµ0H · ṁ− 1
θ

q · ∇θ + θ∇ · k = ρθγ ≥ 0. (12)

Multiplying (12) by J and using the referential fluxes (8) we obtain 136

−ρR(ψ̇ + ηθ̇) + JT · L + ρRµ0H · ṁ− 1
θ

qR · ∇R θ + θ∇R · kR = ρRθγ ≥ 0. (13)

To determine the thermodynamic restrictions it is convenient to describe the magneti- 137

zation through the Lagrangian field (see [15]) 138

MMM = ρRF−1m.

By direct calculation we find 139

ṁ = (1/ρR)[LFMMM+ FṀMM]

and then the CD inequality (13) may be written in the form 140

−ρR(ψ̇+ ηθ̇)+ ρRµ0HHH ·ṀMM+ J(T+ µ0H⊗M) ·L− 1
θ

qR · ∇R θ + θ∇R ·kR = ρRθγ ≥ 0. (14)

2.3. Remarks on the expression of the stress power w 141

Significant differences between the approaches to strain-gradient theories are due 142

mainly to the form of the stress power w. In this paper T is the Cauchy stress. Consequently 143

it is T ∈ Sym for non-polar bodies and hence 144

w = T ·D or Jw = TRR · Ė

according as we follow a Eulerian or a Lagrangian description. For polar bodies (e.g. 145

magnetic) T /∈ Sym and then 146

w = T · L.

Instead, as we see in a while, T is only a part of the stress effect and then the power is 147

taken in various ways. In [11] about second-gradient continua, the power w is expressed 148

via the stress tensor T and the hyperstress tensor G in the form 149

w = T · L + G · (∇∇v);

the present power w is the internal power expenditure in [11]. Consequently there is a 150

power per unit volume 151

(∇ · T̃) · v, T̃ = T−∇ ·G,

and a boundary power density (Gn) · L. 152

With some similarities, in [13] w is viewed as the internal mechanical power and 153

assumed to be in the form 154

w = T · L−∇ ·N, (15)

where N is viewed as a interstitial work flux, first introduced in [16]. Next it is assumed 155

that the stress T /∈ Sym consists of two parts, 156

T = σ +∇ · Σ
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and the stress power is 157

w = σ · L− Σ · (∇∇v) = (σ +∇ · Σ) · L−∇ · (ΣL)

so that eq. (15) holds with N = ΣL. 158

The structure of the elastic stress T in the form T = σ +∇ · Σ is obtained in [17] by 159

starting a CD inequality in the form 160

T · ε̇− ψ̇ + P ≥ 0

where P is the energy residual while ψ = ψ(ε,∇ε). Let σ = ∂εψ, Σ = ∂∇εψ. Then 161

(T− ∂εψ) · ε̇− ∂∇εψ · ∇ε̇ = (T− σ +∇ · Σ) · ε̇−∇ · (Σε̇) + P ≥ 0.

Hence it is concluded that, for elastic deformations, 162

T = σ −∇ · Σ.

Hence in [13,17] the effective stress tensor is a joint effect of σ and the hyperstress Σ. 163

3. Strain-gradient elasticity 164

With the purpose of extending the classical theory of elasticity, nonlocal properties are 165

introduced in various ways in the literature. At first the elasticity theory has been improved 166

by allowing for internal structures. In this sense deformable directors have been introduced 167

in [18] thus allowing for a structured unit cell and generalizing the model of Cosserat 168

continua. Along this line it is worth mentioning the works on linear elasticity with couple 169

stresses where the model is improved by allowing for couple stress and body couple vectors 170

[19]. In [20] the theory is free from couple stress and body couple and accounts for the 171

internal structure by letting the relative deformation and the micro-deformation gradient 172

be among the variables in addition to the macro-strain. The corresponding equations of 173

motion are then derived through Hamilton’s principle upon a proper definition of kinetic 174

and potential energies. 175

Lately various approaches have modelled the internal structure by letting the stress 176

tensor depend on strain gradients. The non-classical form of the approach is made formal 177

by accounting for a hyperstress, say G, dependent on the strain gradient and assuming the 178

stress power to be in the form (1) (see, e.g., [2,10,11]). The corresponding elasticity-gradient 179

theories are called Laplacian-based (see [9]). Other formulations have been developed in 180

terms of the variable F [11,12] or ε [13,17]. More recently the internal structure has been 181

framed within a Hamiltonian scheme with a strain energy density as a function of strain 182

and strain gradients (see, e.g., [5] and [9] for an overview of formulations). 183

In this section we develop three thermodynamic schemes for strain-gradient elasticity 184

without introducing any hyperstress tensor. The difference among the schemes is based 185

on the variable representing the strain gradient, namely the Green-Lagrange strain E, the 186

deformation gradient F, and the infinitesimal strain ε = 1
2 (∇u +∇uT). 187

3.1. Models involving the Green-Lagrange strain E 188

Models of nonlocal elastic solids are investigated by letting the stress tensor depend 189

on strain gradients, in addition to temperature gradients. For definiteness we look for 190
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fourth-grade elastic solids in that the dependence is allowed up to fourth-order gradients1. 191

Hence we let 192

θ, θ̇,∇R θ,∇R θ̇,∇R∇R θ,∇R∇R∇R θ,∇R∇R∇R∇R θ,

E, Ė,∇R E,∇R Ė,∇R∇R E,∇R∇R∇R E,∇R∇R∇R∇R E,

be the variables and 193

ψ, η, TRR, qR, kR, γ

be the constitutive functions. Though we might proceed with a strict application of the rule 194

of equipresence [21], for formal simplicity we let the free energy depend on gradients up to 195

second order, namely 196

ψ = ψ(θ, E,∇R θ,∇R E,∇R∇R θ,∇R∇R E). (16)

Assume the function ψ is continuously differentiable while η, TRR, qR, kR, γ are continuous. 197

Using the Coleman-Noll procedure [22], we now establish the thermodynamic require- 198

ments for fourth-grade materials with a free energy in the form (16). can be proved. Upon 199

computation of ψ̇ and substitution in (9) we have 200

−ρR(∂θψ + η)θ̇ − ρR∂∇R θψ · ∇R θ̇ − ρR∂∇R∇R θψ · ∇R∇R θ̇

−ρR∂Eψ · Ė− ρR∂∇R Eψ · ∇R Ė− ρR∂∇R∇R Eψ · ∇R∇R Ė + TRR · Ė

−1
θ

qR · ∇R θ + θ∇R · kR = ρRθγ ≥ 0. (17)

The values of ∇R θ̇,∇R∇R θ,∇R Ė,∇R∇R Ė cannot be regarded as (arbitrary and) indepen- 201

dent of the other terms in the CD inequality, particularly in the expression of ∇R · kR. 202

Accordingly we divide eq. (17) by θ to have 203

−ρR

θ
(∂θψ + η)θ̇ − ρR

θ
∂∇R θψ · ∇R θ̇ − ρR

θ
∂∇R∇R θψ · ∇R∇R θ̇

+
1
θ
(TRR − ρR∂Eψ) · Ė− ρR

θ
∂∇R Eψ · ∇R Ė− ρR

θ
∂∇R∇R Eψ · ∇R∇R Ė

− 1
θ2 qR · ∇R θ +∇R · kR = ρRγ ≥ 0. (18)

Next we consider the identities 204

−ρR

θ
∂∇R θψ · ∇R θ̇ = −∇R · (

ρR

θ
∂∇R θψθ̇) + [∇R · (

ρR

θ
∂∇R θψ)]θ̇,

205

−ρR

θ
∂∇R∇R θψ∇R∇R θ̇ = −∇R · (

ρR

θ
∂∇R∇R θψ∇R θ̇) + [∇R · (

ρR

θ
∂∇R∇R θψ)] · ∇R θ̇

= −∇R · (
ρR

θ
∂∇R∇R θψ∇R θ̇) +∇R · {[∇R · (

ρR

θ
∂∇R∇R θψ)]θ̇}

− [(∇R ⊗∇R ) · (
ρR

θ
∂∇R∇R θψ)]θ̇

and the analogous ones with E. Now, define 206

δ
(2)
θ ψ = ∂θψ− θ

ρR
∇R · (

ρR

θ
∂∇R θψ) +

θ

ρR
(∇R ⊗∇R ) · (

ρR

θ
∂∇R∇R θψ)

207

δ
(2)
E ψ = ∂Eψ− θ

ρR
∇R · (

ρR

θ
∂∇R Eψ) +

θ

ρR
(∇R ⊗∇R ) · (

ρR

θ
∂∇R∇R Eψ).

1 Sometimes (see, e.g., [2]) the grade of the materials is defined to be the order of the highest velocity gradient in
the internal power.
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Remark 1. The functions δ
(2)
θ ψ and δ

(2)
E ψ can be viewed as the extended versions, via the factor 208

ρR/θ, of the variational derivatives of ψ, of order 2, with respect to θ and E. If ρR and θ are constant 209

then 210

δ
(2)
θ ψ = ∂θψ−∇R · (∂∇R θψ) + (∇R ⊗∇R ) · (∂∇R∇R θψ)

is the standard variational derivative, of order 2, of mathematical analysis [23]. 211

Upon substitution of these identities in (18) we may write 212

−ρR

θ
η̂ θ̇ +

1
θ

T̂RR · Ė−
1
θ2 qR · ∇R θ +∇R · (kR − k̂θ − k̂E) = ρRγ ≥ 0, (19)

where 213

η̂ = η + δ
(2)
θ ψ, T̂RR = TRR − ρRδ

(2)
E ψ,

214

k̂θ =
[ρR

θ
∂∇R θψ−∇R · (

ρR

θ
∂∇R∇R θψ)

]
θ̇ +

ρR

θ
∂∇R∇R θψ∇R θ̇,

215

k̂E =
[ρR

θ
∂∇R Eψ− [∇R · (

ρR

θ
∂∇R∇R Eψ)

]
Ė +

ρR

θ
∂∇R∇R Eψ∇R Ė

Sufficient conditions for the validity of (19) with γ ≥ 0 determine particular thermo- 216

dynamically consistent models. In this sense a simple case arises by letting 217

kR = k̂θ + k̂E,
218

η̂ = −η1θ̇, T̂RR = AĖ, qR = −K∇R θ

where η1 ≥ 0 and A, K are semi-positive definite tensors of fourth and second order. Hence 219

the corresponding expression of the entropy production is 220

ρRγ = η1
ρR

θ
|θ̇|2 + 1

θ
AĖ · Ė +

1
θ2 K∇R θ · ∇R θ.

The vectors k̂θ and k̂E denote entropy fluxes, induced by the time derivatives θ̇ and Ė. 221

Within the first order, the linear dependence of entropy fluxes on the time derivatives θ̇ or 222

Ė is common in the literature (see, e.g., [14, § 8.9.1] and [12,24]). 223

Restrict attention to the non-dissipative part of TRR, say 224

TRR = ρRδ
(2)
E ψ, (20)

In suffix notation, the constitutive equation (20) for the Piola stress TRR takes the form 225

(TRR)HK = ∂EHK ψ− θ

ρR
∂XP(

ρR

θ
∂∂XP EHK ψ) +

θ

ρR
∂XP ∂XQ(

ρR

θ
∂∂XP ∂XQ EHK ψ)

By definition, the Cauchy stress T is then found to be 226

T = J−1FTRRFT = ρFδ
(2)
E ψFT ;

in components 227

Tij = ρFiH[∂EHK ψ− θ

ρR
∂XP(

ρR

θ
∂∂XP EHK ψ) +

θ

ρR
∂XP ∂XQ(

ρR

θ
∂∂XP ∂XQ EHK ψ)]FT

Kj. (21)

We mention that, within the first order, the occurrence of the variational derivative is 228

common in the Ginzburg-Landau modelling of phase fields [25]. 229
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If θ and ρR are constant then 230

Tij = ρFiH[∂EHK ψ− ∂XP ∂∂XP EHK ψ + ∂XP ∂XQ ∂∂XP ∂XQ EHK ψ)]FT
Kj.

As an example, if 231

ψ = Ψ(θ) + 1
2 a|E|2 + 1

2 b|∇R E|2 + 1
2 c|∇R∇R E|2, (22)

then 232

Tij = ρFiH(aEHK − b∆R EHK + c∆R∆REHK)FT
Kj. (23)

The symmetry of TRR and T is apparent from the thermodynamic requirement (20) and, 233

necessarily, in the selected examples. 234

The result (23) for the strain E and the stress T has a simple physical analogue within 235

the one-dimensional model of particles and springs [9]. Denote by xn = nd + un the 236

position of the n-th particle, with d the particle spacing at equilibrium. Letting K be the 237

spring constant and M the mass of the particles we can write the force on the n-th particle 238

in the form 239

Fn = K(un+1 − 2un + un−1).

A formal Taylor’s formula for un+1 and un−1 allows us to write 240

un+1 = un + d∂xu + 1
2 d2∂2

xu + 1
6 d3∂3

xu + 1
24 d4∂4

xu + ...
241

un−1 = un − d∂xu + 1
2 d2∂2

xu− 1
6 d3∂3

xu + 1
24 d4∂4

xu + ...

Hence it follows that 242

F = Kd2(∂2
xu + 1

12 d2∂4
xu + ...) (24)

The correspondence F ↔ ∂xT and ∂xu↔ E yields the formal correspondence between (24) 243

and (23). The main difference between Eqs. (24) and (23) concerns the sign of the strain 244

gradient terms (see [9] for an in-depth discussion). 245

Though the Lagrangian scheme for the strain-gradient is quite unusual in the literature, 246

by analogy with other schemes one might say that ∂Eψ represents the (local) stress, while 247

∂∇R Eψ and ∂∇R∇R Eψ denote hyperstresses (of different order). Apart from the interpre- 248

tation of the tensors ∂Eψ, ∂∇R Eψ, and ∂∇R∇R Eψ here we conclude that the effective stress, 249

entering the equation of motion, involves the strain and even-order derivatives of strain. 250

It is worth remarking that if the dependence on the strain is through E and its gradients 251

then eq. (21) is the form of thermodynamically-admissible stresses where the temperature 252

gradient gives a further contribution. 253

Among the admissible models, we mention the case where 254

η̂ = 0, ∂∇R θψ = 0, ∂∇R∇R θψ = 0

and hence 255

η = −∂θψ.

If the free energy has the form (22) where a, b, c are independent of θ and Ψ = Ψ(θ) then 256

η = −Ψ′(θ).

Consequently, the internal energy ε = ψ + θη is given by 257

ε = Ψ− θΨ′(θ) + 1
2 a|E|2 + 1

2 b|∇R E|2 + 1
2 c|∇R∇R E|2.
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Otherwise, a free energy of the form (22) with a independent of temperature but b, c 258

proportional to θ, say b = b0θ, c = c0θ, gives 259

η = −Ψ′(θ) + 1
2 b0|∇R E|2 + 1

2 c0|∇R∇R E|2

and then 260

ε = Ψ− θΨ′(θ) + 1
2 a|E|2

is independent of strain gradients. 261

3.2. Models involving the deformation gradient F 262

The description of the material in terms of the deformation gradient F might seem 263

similar to the previous one in terms of E. However, as we can see, things are significantly 264

different. The Cauchy stress T has to be symmetric due to the balance of angular momentum 265

(4). For formal convenience we write the stress power in terms of Ḟ. Since T ∈ Sym then 266

T ·D = T · L = T · (ḞF−1) = (TF−T) · Ḟ = J−1TR · Ḟ,

where TR = JTF−T is the first Piola stress. Relative to expected results for TR, the check of 267

the symmetry is through the equality 268

TRFT = FTT
R . (25)

For technical convenience we follow the Lagrangian description. Hence we multiply 269

the CD inequality (7) by J to obtain 270

−ρR(ψ̇ + ηθ̇) + TR · Ḟ−
1
θ

qR · ∇R θ + θ∇R · kR = ρRθγ ≥ 0. (26)

Possible models of strain-gradient elastic solids are now investigated. Here too we 271

look for fourth-grade models. By analogy with the dependence on E we let 272

θ, θ̇,∇R θ,∇R θ̇,∇R∇R θ,∇R∇R∇R θ,∇R∇R∇R∇R θ,

F, Ḟ,∇R F,∇R Ḟ,∇R∇R F,∇R∇R∇R F,∇R∇R∇R∇R F

be the variables and 273

ψ, η, TR, qR, kR, γ

the constitutive functions. For formal simplicity we consider the free energy in the form 274

ψ = ψ(θ, F,∇R θ,∇R F,∇R∇R θ,∇R∇R F); (27)

the dependence on the gradients of F is considered, in a different way, in [26]. The function 275

(27) is continuously differentiable while η, TR, qR, kR, γ are continuous. Compute ψ̇ and 276

substitute in (26) to obtain 277

−ρR∂∇R θψ · ∇R θ̇ − ρR∂∇R∇R θψ · ∇R∇R θ̇ − ρR∂∇R Fψ · ∇R Ḟ− ρR∂∇R∇R Fψ · ∇R∇R Ḟ

−ρR(∂θψ + η)θ̇ + (TR − ρR∂Fψ) · Ḟ− 1
θ

qR · ∇R θ + θ∇R · kR = ρRθγ ≥ 0. (28)
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Since ∇R · kR comprises linear terms in ∇R∇R θ̇,∇R∇R Ḟ we need some rearrangements of 278

(28). Divide by θ the remaining form of the CD inequality (28) to have 279

−ρR

θ
(∂∇R θψ · ∇R θ̇ + ∂∇R∇R θψ · ∇R∇R θ̇)− ρR

θ
(∂∇R Fψ · ∇R Ḟ + ∂∇R∇R Fψ · ∇R∇R Ḟ)

−ρR

θ
(∂θψ + η)θ̇ +

1
θ
(TR − ρR∂Fψ) · Ḟ− 1

θ2 qR · ∇R θ +∇R · kR = ρRγ ≥ 0. (29)

Using the identities 280

−ρR

θ
∂∇R θψ · ∇R θ̇ = −∇R · (

ρR

θ
∂∇R θψ θ̇) + [∇R · (

ρR

θ
∂∇R θψ)]θ̇,

281

−ρR

θ
∂∇R∇R θψ · ∇R∇R θ̇ = −∇R · (

ρR

θ
∂∇R∇R θψ∇R θ̇) + [∇R · (

ρR

θ
∂∇R∇R θψ)] · ∇R θ̇

= −∇R · (
ρR

θ
∂∇R∇R θψ∇R θ̇) +∇R · {[∇R · (

ρR

θ
∂∇R∇R θψ)]θ̇}

−[(∇R ⊗∇R ) · (
ρR

θ
∂∇R∇R θψ)]θ̇

and 282

−ρR

θ
∂∇R Fψ · ∇R Ḟ = −∇R · (

ρR

θ
∂∇R Fψ Ḟ) + [∇R · (

ρR

θ
∂∇R Fψ)]Ḟ,

283

−ρR

θ
∂∇R∇R Fψ · ∇R∇R Ḟ = −∇R · (

ρR

θ
∂∇R∇R Fψ∇R Ḟ) +∇R · {[∇R · (

ρR

θ
∂∇R∇R Fψ)]Ḟ}

−[(∇R ⊗∇R ) · (
ρR

θ
∂∇R∇R Fψ)]Ḟ.

we can write eq. (29) in the form 284

−ρR

θ
(η + δ

(2)
θ ψ)θ̇ +

1
θ
(TR − ρRδ

(2)
F ψ) · Ḟ− 1

θ2 qR · ∇R θ

+∇R · (kR − k̂θ − k̂F) = ρRγ ≥ 0. (30)

where 285

δ
(2)
θ ψ = ∂θψ− θ

ρR
∇R · (

ρR

θ
∂∇R θψ) +

θ

ρR
(∇R ⊗∇R ) · (

ρR

θ
∂∇R∇R θψ),

286

δ
(2)
F ψ = ∂Fψ− θ

ρR
∇R · (

ρR

θ
∂∇R Fψ) +

θ

ρR
(∇R ⊗∇R ) · (

ρR

θ
∂∇R∇R Fψ),

and 287

k̂θ =
[ρR

θ
∂∇R θψ−∇R · (

ρR

θ
∂∇R∇R θψ)

]
θ̇ +

ρR

θ
∂∇R∇R θψ∇R θ̇,

288

k̂F =
[ρR

θ
∂∇R Fψ−∇R · (

ρR

θ
∂∇R∇R Fψ)

]
Ḟ +

ρR

θ
∂∇R∇R Fψ∇R Ḟ.

The CD inequality (30) allows various models of strain-gradient elasticity. The simplest 289

one restricts the dissipative effects to heat conduction and is expressed by the constitutive 290

functions 291

η = −δθ(2)ψ, TR = ρRδ
(2)
F ψ,

292

kR = k̂θ + k̂F, qR · ∇R θ = ρRθ2γ.

The Piola stress TR need not be symmetric but T and TRR are required to be so. Hence 293

we have to check the symmetry condition (25) whence 294

(δ
(2)
F ψ)FT ∈ Sym. (31)
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The dependence of ψ on F might be through the invariant quantities J = det F and ξ = 1
2 |F|2. 295

To begin with we check whether (∂Fψ)FT ∈ Sym. In suffix notation, since 296

∂FiK ψ = ∂JψJF−1
Ki + ∂ξψFiK

then 297

[(∂Fψ)FT ]ij = ∂FiK ψFT
Kj = ∂JψJF−1

Ki FjK + ∂ξ ψFiK FjK = ∂JψJδij + ∂ξψFiK FjK ∈ Sym.

This positive check is not surprising because 298

J = det F = [det(FTF)]1/2 = [det(2E + 1)]1/2,
299

|F|2 = FiK FiK = tr (FTF) = tr (2E + 1),

and the dependence on E provides admissible strains. 300

As to the dependence on ∇R F assume, for simplicity, 301

ψ = Ψ(θ, F) + 1
2 c|∇R F|2.

Hence 302

(∂∇R Fψ)iKQ = c∂XQ FiP,
[ θ

ρR
∇R · (

ρR

θ
∂∇R Fψ)

]
iK
= ∆R FiK +

θ

ρR
∂XQ(

ρR

θ
)(∂XQ FiK).

Consequently, 303[ θ

ρR
∇R · (

ρR

θ
∂∇R Fψ)

]
iK

FjK = (∆R FiK)FjK +
θ

ρR
∂XQ(

ρR

θ
)(∂XQ FiK)FjK,

is apparently non-symmetric. Likewise, the dependence on the second-order derivatives 304

lead to non-symmetric terms. As a consequence the symmetry condition (31) is not fulfilled. 305

3.3. Models involving Eulerian variables 306

As with other models in continuum mechanics, a simpler and more direct description 307

of the elastic properties of a body is thought as being given in the Eulerian description. As 308

a first attempt we might consider the scheme arising from the choice of the displacement 309

u, the gradient ∇u, and the second gradient ∇∇u as the variables along with the thermal 310

variables [27]. 311

The mathematical form of the total time derivative (∇u)̇ much influences the thermo- 312

dynamic consequences on the constitutive properties. For any continuously-differentiable 313

function g(x, t) we have 314

(∂xi g)̇ = ∂t∂xi g + vk∂xk ∂xi g = ∂xi ġ− (LT∇)ig. (32)

If g is replaced with the displacement vector u we have 315

(∂xi uj )̇ = ∂xi u̇j − (LT∇)iuj = Lji − (LT∇)iuj.

Hence we compute 316

∂∇uψ · (∇u)̇ = ∂∂xq up ψ[∂xq u̇p − LT
qr∂xr up] = ∂∂xq up ψ[δrpLrq − Lrq∂xr up]

= [(δrp − ∂xr up)∂∂xq up ψ]Lrq = [(1−∇u)∂∇uψ] · L

where δrp denotes the Kronecker delta. 317
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Then a repeated use of (32) and some rearrangements lead to 318

(∂xi ∂xj up )̇ = ∂xi (∂xj up )̇− (LT∇)i(∂xj up) = ∂xi [∂xj u̇p − (LT∇)jup]− (LT∇)i(∂xj up)]

= (δrp − ∂xr up)∂xi Lrj − (Lrj∂xj + Lri∂xj)∂xr up.

With these relations we might proceed with a model where elastic nonlocality is described 319

by ∇u and ∇∇u. However this would prevent the symmetry of the stress tensor. 320

An Eulerian description of the strain-gradient model, along with the need of a sym- 321

metric Cauchy stress, might suggest that we look for the infinitesimal strain tensor ε as the 322

mechanical deformation variable. Here we ascertain whether this dependence satisfies the 323

requirements of thermodynamics and the symmetry of the Cauchy stress tensor. 324

Observe that, in suffix notation, 325

ε̇ij =
1
2 (∂xj ui + ∂xi uj )̇ =

1
2{∂xj u̇i − (LT∇)jui + ∂xi u̇j − (LT∇)iuj}

= Dij − 1
2 (Lrj∂xr ui + Lri∂xr uj)

As it must be, the expression of ε̇ij is symmetric with respect to the indices i, j. For formal 326

convenience, define the spatial deformation gradient ξ, 327

ξ = ∇u, ξij := ∂xj ui.

Hence we can write ε̇ in the form 328

ε̇ij = Dij − 1
2 (ξirLrj + ξ jrLri), ε̇ = D− sym(ξL).

Furthermore, for later purposes we consider some identities. First we notice that 329

∂εψ · ε̇ = ∂εij ψ Dij − (∂xr ui∂εij ψ)Lrj = ∂εψ ·D− (ξT∂εψ) · L. (33)

Next, by 330

(∇ε)̇ = ∇ε̇− (LT∇)ε

we have 331

∂∂xk εij
ψ(∂xk εij )̇ = ∂∂xk εij

ψ(∂xk ε̇ij)− (∂xq εij∂∂xp εij
ψ)Lqp

or 332

∂∇εψ · (∇ε)̇ = ∂∇εψ · (∇ε̇)− (∇εij ⊗ ∂∇εij ψ) · L. (34)

Let 333

θ,∇θ, ε,∇ε,∇∇ε, ξ, L (35)

be the variables and 334

ψ, η, T, q, k, γ

the constitutive functions. To save writing we let the free energy ψ take the form 335

ψ = ψ(θ, ε,∇ε);

the independence of ψ of∇θ,∇∇ε, ξ and L, when the set of variables is (35), can be proved 336

using the Coleman-Noll procedure. For the moment we ignore the requirement T = TT
337

and then establish whether this follows from thermodynamics; accordingly we let T · L, 338

instead of T ·D, be the stress power. Consequently, the CD inequality (7) results in 339

−ρ(∂θψ + η)θ̇ − ρ∂εψ · ε̇− ρ∂∇εψ · (∇ε)̇ + T · L− 1
θ

q · ∇θ + θ∇ · k = ρθγ ≥ 0.
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Using the identities (33) and (34) we have 340

T ·L− ρ∂εψ · ε̇− ρ∂∇εψ · (∇ε)̇ = [T− ρ∂εψ− ρξT∂εψ+ ρ(∇ε⊗ ∂∇εψ)] ·L− ρ∂∇εψ · (∇ε̇)

and then the CD inequality can be written in the form 341

−ρ(∂θψ + η)θ̇ + [T− ρ∂εψ− ρξT∂εψ + ρ(∇ε⊗ ∂∇εψ)] · L− ρ∂∇εψ · (∇ε̇)

1
θ

q · ∇θ + θ∇ · k = ρθγ ≥ 0.

The linearity and arbitrariness of θ̇ implies that ∂θψ + η = 0. Divide by θ the remaining 342

relation to have 343

1
θ
[T− ρ∂εψ− ρξT∂εψ + ρ(∇ε⊗ ∂∇εψ)] · L− 1

θ
ρ∂∇εψ · (∇ε̇)

− 1
θ2 q · ∇θ +∇ · k = ργ ≥ 0.

Notice that 344

−1
θ

ρ∂∇εψ · (∇ε̇) = −∇ · [ρ
θ

∂∇εψε̇] +∇ · [ρ
θ

∂∇εψ] · ε̇

= −∇ · [ρ
θ

∂∇εψ(D− sym(ξL))] + [∇ · (ρ

θ
∂∇εψ)] · [D− sym(ξL)].

We might take k in the form 345

k =
ρ

θ
∂∇εψ(D− sym(ξL)). (36)

Yet, since ξL = ξ(D + W), the condition (36) on k is allowed provided we let k be a non- 346

objective quantity. Based on the assumed non-objectivity of k, we can write the remaining 347

CD inequality in the form 348

TTT · (D + W)− 1
θ

q · ∇θ = ρθγ ≥ 0, (37)

where 349

TTT := T− ρδεψ− ρξTδεψ + ρ∇ε⊗ ∂∇εψ, δεψ = ∂εψ− θ

ρ
∇ · (ρ

θ
∂∇εψ)

The linearity and arbitrariness of W implies that 350

skwTTT = 0, (38)

and then (37) reduces to 351

TTT ·D− 1
θ

q · ∇θ = ρθγ ≥ 0. (39)

While the reduced CD inequality (39) allows for non-dissipative properties modelled by 352

the stress and the heat flux, the condition (38) yields 353

skwT = ρ skw{ξTδεψ− ρ∇ε⊗ ∂∇εψ}.

The tensor ∇ε⊗ ∂∇εψ is symmetric whenever ∂∇εψ is a scalar times ∇ε. While this 354

is true for a number of models, the requirement skw{ξTδεψ} = 0 looks very restrictive. 355

Accordingly, strain-gradient elastic solids are not consistent, in general, with the joint 356
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validity of the second law of thermodynamics, expressed by the CD inequality, and the 357

symmetry of the Cauchy stress tensor arising from the balance of angular momentum. 358

If, however, strain-gradient models are considered in the Eulerian description in terms 359

of the infinitesimal strain ε then a justification might be the observation that for small 360

strains (|ε| � 1 and then |ξ| � 1) in linear models, where 361

δεψ = α1ε− α2∆ε, ∂∇εψ = α3∇ε,

the constitutive function 362

T̃ = ρδεψ− ρ∇ε⊗ ∂∇εψ +TTT,

where TTT is symmetric and subject to (39), can be used as a symmetric approximation. With 363

the same condition |ξ| � 1, the approximate extra-entropy flux 364

k̃ =
ρ

θ
∂∇εψ D

is objective. 365

We now examine why some approaches in the literature lead directly to results analo- 366

gous to 367

T = ρδεψ,

possibly to within a dissipative stress TTT. 368

3.4. Relation to other approaches 369

Other approaches in the literature involve modified general principles as the frame- 370

work of the strain-gradient models. Here we sketch the main distinctions among some 371

approaches. 372

• Balance equations through the hyperstress 373

The starting point is the generalization of the stress power. A possibly non-symmetric 374

Cauchy stress T is considered and, in addition to the classical stress power T · L, an 375

analogous power G · ∇L is considered, G being a third-order tensor (hyperstress). Hence 376

the internal stress-power, say w, is assumed in the form [2] 377

w = T · L + G · ∇L.

By using the principle of virtual power, whereby the external and internal powers are 378

equal, upon a proper definition of both powers the balance of linear momentum is found 379

to involve an effective stress tensor 380

T̂ = T−∇ ·G, T̂ij = Tij − ∂xk Gijk,

with T ∈ Sym. 381

• Use of the infinitesimal strain ε or the displacement gradient ∇u as a variable 382

The approach in [27] follows the main ideas in [2] though it addresses the attention to 383

the Eulerian variable ∇u. The power w is taken in the form 384

T · ∇u̇ + G · ∇∇u̇.

Furthermore, with ψ(∇u,∇∇u) the derivative ψ̇ is taken in the form 385

ψ̇ = ∂∇uψ · ∇u̇ + ∂∇∇uψ · ∇∇u̇
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thus following the approximation (∇u)̇ = ∇u̇, (∇∇u)̇ = ∇∇u̇. Hence the terms ξTu and 386

ξT∇u are ignored. Anyway, the stresses T or T̂ need not be symmetric. 387

In [17] different representations of the stress are considered as defined by 388

σ(0) = ∂εψ, σ(1) = ∂∇εψ,

and letting the stress power have the form 389

(σ − σ(0)) · ε̇− σ(1) · (∇ε̇),

with σ the stress tensor. Again, by the definitions of σ(0) and σ(1), the procedure amounts 390

to the approximation (∇ε)̇ ' ∇ε̇. 391

•Modelling based on the action principle 392

There are approaches where the constitutive equations are defined through a strain en- 393

ergy while the evolution (or balance) equations are established through the Euler-Lagrange 394

equations of an appropriate action integral [5,6]. The Cauchy stress tensor σ and the hyper- 395

stress (or double stress tensor) τ are defined through a strain energy densityW(ε,∇ε) in 396

the form 397

σ = ∂εW , τ = ∂∇εW .

The evolution equation is the EL (Euler-Lagrange) equation associated with the Lagrangian 398

density L = −W −V where V = −u · f is the potential of the body force f. The EL equation 399

reads 400

∂uiL− ∂xj ∂∂xj ui
L+ ∂xk ∂xj ∂∂xk ∂xj ui

L = 0

and results in the equilibrium condition 401

∂xj(σij − ∂xm τijm) + fi = 0,

which indicates σ̂ = σ − ∇ · τ as the effective stress. The choice of W specifies the 402

equilibrium condition. 403

It is of interest that in general a variational approach leads to an EL equation that 404

looks similar to what happens in thermodynamics thanks to the extra-entropy flux. Yet, in 405

thermodynamics the variational derivative involves the temperature while the EL equations 406

are not affected by the temperature. 407

4. Nonlocality in heat conduction 408

Heat conduction in solids may exhibit nonlocal effects in that the conduction is affected 409

by higher-order gradients of the temperature. However nonlocality may occur and be 410

suitably described by involving higher-order derivatives of the heat flux vector. Differently 411

from the strain-gradient elasticity, we show that the nonlocal properties are induced directly 412

by the entropy flux and the heat production rather then by the free energy. For simplicity 413

we let the body be rigid and then the reference configuration is identified with the current 414

configuration. The CD inequality simplifies to 415

−ρ(ψ̇ + ηθ̇)− 1
θ

q · ∇θ + θ∇ · k = ρθγ ≥ 0. (40)

4.1. Nonlocality through temperature gradients 416

Consider a heat conductor described by the variables 417

θ, θ̇,∇θ,∇∇θ,∇∇∇θ.
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Let ψ, η, k and γ ≥ 0 be the constitutive functions. Upon computation of ψ̇ and substitution 418

into (40) we have 419

−ρ(∂θψ + η)θ̇ − ρ∂θ̇ψθ̈ − ρ∂∇θψ · ∇θ̇ − ρ∂∇∇θψ · ∇∇θ̇ − ρ∂∇∇∇θψ · ∇∇∇θ̇

−1
θ

q · ∇θ + θ∇ · k = ρθγ ≥ 0. (41)

The linearity and arbitrariness of θ̈,∇∇θ̇ and ∇∇∇θ̇ imply that 420

∂θ̇ψ = 0, ∂∇∇θψ = 0, ∂∇∇∇θψ = 0,

so that the free energy is allowed to depend on θ and ∇θ. Hence we divide the remaining 421

equation by θ and use the identity 422

−ρ

θ
∂∇θψ · ∇θ̇ = −(ρ

θ
∂∇θψ θ̇) + [∇ · (ρ

θ
∂∇θψ)]θ̇

to obtain 423

−ρ

θ
(η + δθψ)θ̇ − 1

θ2 q · ∇θ +∇ · (k− ρ

θ
∂∇θψ θ̇) = ργ ≥ 0,

where 424

δθψ = ∂θψ− θ

ρ
∇ · (ρ

θ
∂∇θψ).

Assume k, q, and γ are independent of θ̇. Hence the linearity and arbitrariness of θ̇ 425

imply that 426

η = −δθψ. (42)

Otherwise we might assume the constitutive equation (42) and examine the possible 427

thermodynamic restrictions on the other constitutive functions. 428

Likewise we might take k = (ρ/θ)∂∇θψ θ̇. This is a possible selection but, as we see in 429

a moment, it would result quite restrictive. 430

Now we are left with the CD inequality in the form 431

− 1
θ2 q · ∇θ +∇ · (k− ρ

θ
∂∇θψ θ̇) = ργ ≥ 0. (43)

Also on the basis of the Guyer-Krumhansl model [28], we check the thermodynamic 432

admissibility of the constitutive equation 433

q = −κ(θ)∇θ + h0θ2∇ · [∇∇θ + 2∆θ1], (44)

where κ(θ) > 0, h0 > 0. Notice that 434

1
θ2 q · ∇θ = −κ(θ)

θ2 |∇θ|2 + h0∇ · [(∇θ · ∇)∇θ + 2(∆θ)∇θ]− |∇∇θ|2 − 2|∆θ|2.

Substitution in (43) yields 435

∇ ·
{

k− ρ

θ
∂∇θψ θ̇ − h0

[
(∇θ · ∇)∇θ + 2(∆θ)∇θ

]}
+

κ(θ)

θ2 |∇θ|2 + h0|∇∇θ|2 + 2h0|∆θ|2 = ργ ≥ 0.
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Consistent with the requirement γ ≥ 0 we conclude that (44) satisfies the CD inequality 436

with entropy production 437

γ =
κ(θ)

ρθ2 |∇θ|2 + h0

ρ
|∇∇θ|2 + 2h0

ρ
|∆θ|2 ≥ 0

and extra-entropy flux 438

k =
ρ

θ
∂∇θψ θ̇ + h0[(∇θ · ∇)∇θ + 2(∆θ)∇θ].

In words, the function (44) is thermodynamically consistent in that the quantity q · ∇θ/θ2
439

is split in two parts, one providing an entropy flux, the other determining the entropy 440

production. 441

We remark that, here and in the following, the free energy ψ is allowed to depend on 442

the temperature gradient. Apparently this dependence contrasts with some classical results 443

by Coleman et al. [21,29] where the CD inequality is used to show that the free energy and 444

the entropy are independent of the temperature gradients. However, as devised by Müller 445

in [30], we account for the dependence of the free energy on the temperature gradient by 446

adding an extra term of entropy flux as constitutive quantity. 447

4.2. Nonlocality through gradients of the heat flux 448

To emphasize how the availability of k and γ as constitutive functions makes the 449

thermodynamic analysis extremely flexible, we now investigate a model of heat conduction 450

where the nonlocality is modelled through gradients of the heat flux [28,31]. 451

Let 452

θ, θ̇,∇θ,∇∇θ, q,∇q,∇∇q

be the set of variables and ψ, η, q̇, k, and γ the constitutive functions. Compute ψ̇ and 453

substitute in (40) to obtain 454

−ρ(∂θψ + η)θ̇ − ρ∂θ̇ψθ̈ − ρ∂∇θψ · ∇θ̇ − ρ∂∇∇θψ · ∇∇θ̇ − ρ∂qψ · q̇

−ρ∂∇qψ · ∇q̇− ρ∂∇∇qψ · ∇∇q̇− 1
θ

q · ∇θ + θ∇ · k = ρθγ ≥ 0. (45)

First we observe that θ̈, ∇∇θ̇, and ∇∇q̇ occur linearly. Their arbitrariness implies that 455

∂θ̇ψ = 0, ∂∇∇θψ = 0, ∂∇∇qψ = 0.

Again, divide by θ the remaining equation and notice that 456

−ρ

θ
∂∇θψ · ∇θ̇ = −∇ · (ρ

θ
∂∇θψ θ̇) + [∇ · (ρ

θ
∂∇θψ)]θ̇,

457

−ρ

θ
∂∇qψ · ∇q̇ = −∇ · (ρ

θ
∂∇qψ q̇) + [∇ · (ρ

θ
∂∇qψ)] · q̇,

Consequently, we can write the CD inequality in the form 458

−ρ

θ
(η + δθψ)θ̇ − ρ

θ
δqψ · q̇− 1

θ2 q · ∇θ +∇ · (k− ρ

θ
∂∇θψ θ̇ − ρ

θ
∂∇qψ q̇) = ργ ≥ 0. (46)

For definiteness and based on the Guyer-Krumhansl model we consider the evolution 459

equation 460

q̇ = − 1
τ(θ)

q− k(θ)
τ(θ)
∇θ +

h(θ)
τ(θ)

[∆q + 2∇(∇ · q)], τ > 0, (47)
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and wonder whether and how eq. (47) is consistent with (46). Upon substitution of q̇ in 461

(46) we have 462

ρ

θτ
δqψ · q + (− 1

θ2 q +
kρ

τθ
δqψ) · ∇θ − hρ

τθ
δqψ · [∆q + 2∇(∇ · q)]

−ρ

θ
(η + δθψ)θ̇ +∇ · (k− ρ

θ
∂∇θψ θ̇ − ρ

θ
∂∇qψ q̇) = ργ ≥ 0. (48)

Equation (48) is satisfied by requiring that the left-hand side be non-negative. Furthermore 463

we follow some assumptions that make the results sufficient conditions for the validity of 464

(48). 465

First we let 466

η = −δθψ;

as is common, we neglect a possible dissipative term −κ(θ)θ̇,κ > 0, which would be 467

thermodynamically admissible. Next we assume 468

∂∇qψ = 0,

and hence δqψ = ∂qψ. Furthermore we assume 469

kρ

τθ
∂qψ− 1

θ2 q = 0,

whence 470
ρ

θτ
∂qψ · q =

1
kθ2 |q|

2.

Thus the remaining part of the CD inequality is 471

1
kθ2 q2 − h

kθ2 q · [∆q + 2∇(∇ · q)] +∇ · (k− ρ

θ
∂∇θ θ̇) = ργ ≥ 0. (49)

The further assumption that 472

α :=
h

kθ2

be constant and the identity 473

q[∆q + 2∇(∇ · q)] = ∇ · [(∇q2/2) + 2(∇ · q)q]− |∇q|2 − 2|∇ · q|2

allow us to write the CD inequality (49) in the form 474

1
kθ2 q2 + α|∇q|2 + 2α|∇ · q|2 +∇ · [k− ρ

θ
∂∇θψθ̇ − α∇q2/2− 2α(∇ · q)q] = ργ ≥ 0.

Consequently, it follows that γ ≥ 0 is satisfied by letting 475

k > 0, α ≥ 0, k =
ρ

θ
∂∇θψθ̇ + α∇q2/2 + 2α(∇ · q)q.

To sum up, the constitutive equation (47) is thermodynamically consistent if 476

ψ =
τ

2kρθ
q2 + f (θ,∇θ), k(θ) > 0,

h
kθ2 > 0 is constant.

Remark 2. Since ∆q + 2∇(∇ · q) = ∇ · [∇q + 2(∇ · q)1], if β := h(θ)/τ(θ) is constant then 477

the evolution equation (47) may be written in the form 478

q̇ +
1
τ

q +
k
τ
∇θ = ∇ ·Q, Qij := β∂xj qi + 2β(∇ · q)δij.
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This divergence form of the evolution equation is analogous to the structure of the balance equations 479

in [32]. 480

4.3. Nonlinear models of nonlocal heat conduction 481

Based on nonlocal models of heat conduction in nanosystems [33,34] we generalize 482

the nonlocality of the Guyer-Krumhansl model by allowing for nonlinear effects. For 483

definiteness we look for the thermodynamic consistency of the constitutive equation 484

q̇ = − 1
τ

q− k∇θ + λ[∆q + 2∇(∇ · q)] + µ[2(q · ∇)q + (∇ · q)q]. (50)

By analogy with with the previous procedure we let 485

θ, θ̇,∇θ,∇∇θ, q,∇q,∇∇q

be the variables and ψ, η, q̇, k, and γ the constitutive functions. Upon substitution of ψ̇ in 486

the CD inequality (45) we find that 487

∂θ̇ψ = 0, ∂∇∇θψ = 0, ∂∇∇qψ = 0,

and assume that ∂∇qψ = 0. Hence the CD inequality simplifies to 488

−ρ

θ
(η + δθψ)θ̇ − ρ

θ
∂qψ · q̇− 1

θ2 q · ∇θ +∇ · (k− ρ

θ
∂∇θ θ̇) = ργ ≥ 0.

Substitution of q̇ from (50) results in 489

−ρ

θ
(η + δθψ)θ̇ +

ρ

θτ
∂qψ · q + (

kρ

θ
∂qψ− 1

θ2 q) · ∇θ − λ
ρ

θ
∂qψ · [∆q + 2∇(∇ · q)]

−µ
ρ

θ
∂qψ · [2(q · ∇)q + (∇ · q)q] +∇ · (k− ρ

θ
∂∇θ θ̇) = ργ.

Again we let 490

η + δθψ = 0,
kρ

θ
∂qψ− 1

θ2 q = 0, (51)

whence 491

1
kτθ2 q2 − λ

kθ2 q · [∆q + 2∇(∇ · q)]− µ

kθ2 q · [2(q · ∇)q + (∇ · q)q]

+∇ · (k− ρ

θ
∂∇θ θ̇) = ργ.

(52)

We determine sufficient conditions on k and γ ≥ 0 for the validity of (52) by assuming that 492

c1 =
λ

kθ2 , c2 =
µ

kθ2

are constant. Hence we observe that 493

q · ∆q = ∇ · (∇q2/2)− |∇q|2, 2q · ∇(∇ · q) = 2∇ · (q∇ · q)− 2|∇ · q|2,
494

2q · (q · ∇)q + q2∇ · q = ∇ · (q2q).

Equation (52) can then be given the form 495

1
kτθ2 q2 + c1

(
|∇q|2 + 2|∇ · q|2

)
+∇ ·

(
k− ρ

θ
∂∇θψ θ̇ − 1

2 c1∇q2 − 2c1q∇ · q− c2q2q
)
= ργ.

(53)
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Hence it follows that γ ≥ 0 is satisfied by letting 496

k, τ > 0, c1 ≥ 0,
497

k =
ρ

θ
∂∇θψ θ̇ + 1

2 c1∇q2 + 2c1q∇ · q + c2q2q).

The second requirement in (51) is a relation between the conductivity k and the free 498

energy ψ. For definiteness, select ψ in the form 499

ψ = ψ0(θ,∇θ) + Ψ(θ, ξn), ξn = |q|n, n ≥ 2.

Hence (51) gives 500

1
k
= ρθ∂ξn Ψ n|q|n−2.

When n = 2 the simple case 501

ρΨ(θ, ξ) = β(θ)ξ2

results in 502
1
k
= 2θβ(θ)

and establishes a relation in a finite form between k and β. 503

In an evolution problem we have to fix the fluxes at the boundary, namely q · n and 504

k · n. Letting ∂∇θψ = ν∇θ we might have 505

q · n = qn, ν
ρ

θ
θ̇∂nθ + 1

2 c1∂nq2 + [2c1∇ · q + c2q2]q · n = κn,

at ∂Ω, with ∂n = n · ∇, while the fluxes qn and κn are assigned on the boundary. 506

5. Nonlocality in magnetization 507

We examine thermodynamic restrictions on the dependence of constitutive functions 508

on gradient fields in polar media. For definiteness we consider effects of temperature and 509

magnetization gradients in polar magnetic solids. In addition to be of interest on their own, 510

these dependencies look of basic importance in detailed models of dynamics of magnetic 511

domains. 512

We describe the continuum through the variables 513

θ, F,MMM, θ̇,∇R θ, Ḟ,∇R F,∇R MMM,∇R∇R θ,∇R∇R MMM

and let ψ, η, T, qR,HHH,ṀMM, kR, and γ be given by constitutive functions. The free energy, as 514

well as η and γ, has to be Euclidean invariant and then so has to be the dependence on 515

F,∇F. 516

Upon computation and substitution of ψ̇ in (14) we find 517

−ρR(∂θψ + η)θ̇ + (µ0HHH− ρR∂MMMψ) · ṀMM− ρR∂Ḟψ · F̈− ρR∂θ̇ψθ̈ + J(T + µ0H ·M) ·W
−ρR∂Fψ · Ḟ + J(T + µ0H⊗M) ·D− ρR∂ṀMMψ · M̈MM− ρR∂∇R MMMψ · ∇R ṀMM

−ρR∂∇R∇R θψ · ∇R∇R θ̇ − ρR∂∇R∇R MMMψ · ∇R∇R ṀMM− ρR∂∇R θψ · ∇R θ̇ − ρR∂∇R Fψ · ∇R Ḟ

−1
θ

qR · ∇R θ + θ∇R · kR = ρRθγ ≥ 0

First we observe that θ̈, F̈,M̈MM,∇R∇R θ̇,∇R∇R ṀMM occur linearly and can take arbitrary 518

values. Hence it follows 519

∂θ̇ψ = 0, ∂Ḟψ = 0, ∂ṀMMψ = 0, ∂∇R∇R θψ = 0, ∂∇R∇R MMMψ = 0.
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The remaining equation has the form 520

−ρR(∂θψ + η)θ̇ + (µ0HHH− ρR∂MMMψ) · ṀMM+ J(T + µ0H⊗M) ·W
−ρR∂Fψ · Ḟ + J(T + µ0H⊗M) ·D− ρR∂∇R MMMψ · ∇R ṀMM

−ρR∂∇R θψ · ∇R θ̇ − ρR∂∇R Fψ · ∇R Ḟ− 1
θ

qR · ∇R θ + θ∇R · kR = ρRθγ ≥ 0.

(54)

We now consider the three analogous terms in ∇R ṀMM,∇R θ̇,∇R Ḟ. In this regard, divide 521

(54) by θ an observe that 522

−ρR

θ
∂∇R Fψ · ∇R Ḟ = −∇R · (

ρR

θ
∂∇R FψḞ) + [∇R · (

ρR

θ
∂∇R Fψ)] · Ḟ.

Analogous identities hold for the terms with ∇R θ and ∇R ṀMM. Furthermore 523

[∇R · (
ρR

θ
∂∇R Fψ)] · Ḟ = [∇R · (

ρR

θ
∂∇R Fψ)] · (LF) = {[∇R · (

ρR

θ
∂∇R Fψ)]FT} · (D + W).

Hence we can write (54), upon division by θ, in the form 524

−ρR

θ
(η + δθψ)θ̇ +

1
θ
(µ0HHH− ρRδMMMψ) · ṀMM+

J
θ
(T + µ0H⊗M− ρδFψ FT) ·W

+
J
θ
(T + µ0H⊗M− ρδFψFT) ·D− 1

θ2 qR · ∇R θ

+∇R · (kR −
ρR

θ
∂∇R θψθ̇ − ρR

θ
∂∇R FψḞ− ρR

θ
∂∇R MMMψṀMM) = ρRγ ≥ 0,

(55)

where 525

δMMMψ = ∂MMMψ− θ

ρR
∇R · (

ρR

θ
∂∇R MMMψ),

and the like for δθ and δF. The linearity and arbitrariness of W implies that 526

T + µ0H⊗M− ρδFψ FT ∈ Sym. (56)

Furthermore we let 527

η = −δθψ, µ0HHH = ρRδMMMψ

and 528

kR =
ρR

θ
∂∇R θψθ̇ +

ρR

θ
∂∇R FψḞ +

ρR

θ
∂∇R MMMψṀMM.

Dissipative effects are described in terms of D and ∇R θ. Viscous effects are represented by 529

letting 530

T + µ0H⊗M− ρδFψ FT = ΛD,

where Λ is a positive definite tensor function. The heat flux qR is then subject to 531

qR · ∇R θ = ρRθ2γq, γq = γ−D ·ΛD.

We assume γq ≥ 0 and express the function qR through the representation formula, 532

qR = − ρRθ2γ

|∇R θ|2∇R θ + (1− ∇R θ ⊗∇R θ

|∇R θ|2 )g,

where g is a generic vector function of the variables under consideration. 533
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The thermodynamic result (56) differs from (10) by the term skw(ρδFψFT). In order to 534

analyze this contribution, for definiteness we let ψ depend on F and ∇R F through 535

J = det F, ξ = 1
2 |F|

2, ζ = 1
2 |∇R F|2.

The dependence on F through the Green-Lagrange tensor E = 1
2 (F

TF− 1) will be com- 536

mented upon later on. 537

Now, if ψ depends on F and ∇R F through J, ξ and ζ then 538

δFψ = ∂JψJF−T + ∂ξψF− θ

ρR
[∇R · (

ρR

θ
∂ζ ψ∇R F)]

whence 539

δFψFT = ∂JψJ1 + ∂ξψFFT − θ

ρR
[∇R · (

ρR

θ
∂ζ ψ∇R F)]FT .

Consequently 540

skw(δFψFT) = − θ

ρR
skw{[∇R · (

ρR

θ
∂ζ ψ∇R F)]FT} 6= 0.

We now show that the contrast with the condition (10) is removed if the free energy 541

depends on F and ∇R F through E and ∇R E so that ψ depends on 542

θ, E,MMM, θ̇,∇R θ, Ė,∇R E,∇R MMM,∇R∇R θ,∇R∇R MMM.

We compute ψ̇ and substitute in the CD inequality (14). The linearity and arbitrariness of 543

θ̈, Ë,∇R∇R θ̇,∇R∇R ṀMM imply that 544

∂θ̇ψ = 0, ∂Ėψ = 0, ∂∇R∇R θψ = 0, ∂∇R∇R MMMψ = 0.

Divide by θ the remaining expression of the CD inequality to have 545

−ρR

θ
(∂θψ + η)θ̇ − ρR

θ
∂∇R θψ · ∇R θ̇ − ρR

θ
∂Eψ · Ė− ρR

θ
∂∇R Eψ · ∇R Ė +

ρR

θ
(µ0HHH− ∂MMMψ) · ṀMM

−ρR

θ
∂∇R MMMψ · ∇R ṀMM+

J
θ
(T + µ0H⊗M) · L− 1

θ2 qR · ∇R θ +∇R · kR = ρRγ ≥ 0.

Using the standard identities for the terms with ∇R θ̇,∇R Ė, and ∇R ṀMM we may write 546

−ρR

θ
(η + δθψ)θ̇ − ρR

θ
δEψ · Ė +

ρR

θ
(µ0HHH− δMMMψ) · ṀMM+

J
θ
(T + µ0H⊗M) · L

− 1
θ2 qR · ∇R θ +∇R · k̃R = ρRγ,

(57)

where 547

k̃R = kR −
ρR

θ
∂∇R θψ θ̇ − ρR

θ
∂∇R Eψ Ė− ρR

θ
∂∇R MMMψṀMM,

and, e.g., 548

δEψ = ∂Eψ− θ

ρR
∇R · (

ρR

θ
∂∇R Eψ).

We then let 549

k̃R = 0.

Assuming η is independent of θ̇, by the linearity and arbitrariness of θ̇ we conclude that 550

η = −δθψ.
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Furthermore we restrict attention to stationary conditions and then assume 551

µ0HHH− δMMMψ = 0.

Since Ė = FTDF and 552

FTδEψ F ∈ Sym

then the CD inequality (57) simplifies to 553

J
θ
(T + µ0H⊗M) ·W +

J
θ
(T + µ0H⊗M− ρFTδEψ F) ·D− 1

θ2 qR · ∇R θ = ρRγ ≥ 0.

The arbitrariness of W implies the validity of the condition (10), 554

T + µ0H⊗M ∈ Sym.

Furthermore 555

T = −µ0H⊗M + ρFTδEψ F +TTT

where TTT is the possible dissipative stress subject to the reduced inequality 556

JTTT ·D− 1
θ

qR · ∇R θ = ρRθγ ≥ 0.

Notice that ∇R θ̇ and ∇R ṀMM can occur also in ∇R · kR in that 557

∇R · kR = ∂θ̇kR · ∇R θ̇ + ∂ṀMMkR · ∇R ṀMM+ ...

the dots denoting terms originated by the other dependencies. To determine kR it is 558

convenient to divide the remaining equation by θ to have 559

1
θ
{−ρR(∂θψ + η)θ̇ + (µ0HHH− ρR∂MMMψ) · ṀMM− ρR∂∇R θψ · ∇R θ̇ − ρR∂∇R MMMψ · ∇R ṀMM}

+
J
θ
(T + µ0H⊗M− ρFT∂EψF) ·D− 1

θ2 qR · ∇R θ +∇R · kR = ρRγ ≥ 0
(58)

We now use the identities 560

−ρR

θ
∂∇R θψ · ∇R θ̇ = −∇R · (

ρR

θ
∂∇R θψθ̇) + [∇R · (

ρR

θ
∂∇R θψ)]θ̇,

561

−ρR

θ
∂∇R MMMψ · ∇R ṀMM = −∇R · (

ρR

θ
∂∇R MMMψṀMM) + [∇R · (

ρR

θ
∂∇R MMMψ)] · ṀMM,

and define 562

δθψ = ∂θψ− θ

ρR
∇R ·

(ρR

θ
∂∇R θψ

)
, δMMMψ = ∂MMMψ− θ

ρR
∇R ·

(ρR

θ
∂∇R MMMψ

)
.

Hence equation (58) may be given the form 563

−ρR

θ
(δθψ + η)θ̇ +

1
θ
(µ0HHH− ρRδMMMψ) · ṀMM+

J
θ
(T + µ0H⊗M− ρFT∂EψF) ·D

− 1
θ2 q · ∇R θ +∇R · (kR −

ρR

θ
∂∇R θψθ̇ − ρR

θ
∂∇R MMMψṀMM) = ρRγ ≥ 0.

(59)

Consequently we let 564

kR =
ρR

θ
∂∇R θψθ̇ +

ρR

θ
∂∇R MMMψṀMM.
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The entropy η and the magnetic field HHH might depend on θ̇ and ṀMM thus providing non- 565

zero entropy production terms. Since we are eventually interested in stationary solutions it 566

is appropriate to assume 567

∂θ̇η = 0, ∂ṀMMη = 0, ∂θ̇HHH = 0, ∂ṀMMHHH = 0.

Hence the linearity and arbitrariness of θ̇,ṀMM imply that 568

η = −δθψ, µ0HHH = ρRδMMMψ. (60)

Define 569

T := T + µ0H⊗M− ρFT∂EψF.

Equation (59) then reduces to 570

JT ·D− 1
θ

qR · ∇R θ = ρRθγ ≥ 0.

Though T and qR might result in cross-coupling effects we assume T is independent of 571

∇R θ and qR is independent of D. Hence we let 572

γ = γD + γ∇R θ , γD ≥ 0, γ∇R θ ≥ 0,

where γD is independent of ∇R θ and γ∇R θ is independent of D. It follows 573

T ·D = ρθγD, qR · ∇R θ = ρRθ2γ∇R θ .

The representation formulae for T and qR read 574

T =
ρθγD

|D|2 D +
(
I− D⊗D

|D|2
)

G, qR =
ρRθ2γ∇R θ

|∇R θ|2 ∇R θ +
(

1− ∇R θ ⊗∇R θ

|∇R θ|2
)

g,

where G is a second-order tensor function (independent of ∇R θ) and g is a vector-valued 575

function (independent of D) . The expressions of T and qR simplify if the entropy produc- 576

tion rates are selected in the form 577

γD =
1
ρθ

G ·D, γ∇R θ =
1

ρθ2 g · ∇R θ,

where the constitutive functions G and g are subject to 578

G ·D ≥ 0, g · ∇R θ ≥ 0.

The result would be T = G and qR = g. 579

6. Conclusions 580

This paper is devoted to the modelling of nonlocality in continuum physics through 581

constitutive functions that depend on suitable spatial gradients. For definiteness, attention 582

is addressed to elastic solids, heat conductors, and magnetic solids. The presentation of 583

the various models is based on the view that the set of constitutive functions obeys the 584

requirements of the second law of thermodynamics and satisfies the balance equations. 585

As to the balance equations, the stress tensor, in elastic and magnetic solids, is subject 586

to a well-known symmetry condition arising from the balance of angular momentum. While 587

the symmetry is often ignored in the literature, here emphasis is given to the connection 588

between the validity of the symmetry and the selection of independent variables. For 589
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nonpolar media no body couple vector occurs and then the stress tensor is taken to be 590

symmetric. Instead, for polar materials the stress is subject to appropriate symmetry 591

restrictions; for definiteness the modelling is established for magnetic materials in terms of 592

the Lagrangian magnetic field HHH = FTH. 593

Usually the approaches developed in the literature are based on different schemes. 594

There are cases where a form of the principle of virtual power is used conceptually in 595

place of the second law of thermodynamics. In many approaches the standard Cauchy 596

stress is abandoned in favour of a pair of stress tensor T and hyperstress G with power 597

in the form (1). In a deeply different approach the evolution equations are derived as the 598

Euler-Lagrange equations of a suitable functional (of strain and strain gradient). 599

This paper provides models of nonlocality by following a systematic analysis, through 600

the second law inequality, of functions of strain gradients or temperature gradients. It 601

is then shown that nonlocal models that satisfy the balance equations can be established 602

without any modification of the basic principles, namely within the balance equations and 603

the second law inequality. 604

Among the results we mention that within the strain-gradient elasticity with a free 605

energy function of the strain E and the gradients ∇R E,∇R∇R E, the Cauchy stress proves 606

symmetric and involves gradients up to the fourth order. As to heat conduction, nonlocal 607

models are given in terms of both temperature gradients and heat-flux gradients. Next 608

models of magnetic materials are established with the magnetic field HHH in terms of the 609

gradients of the magnetization MMM (eq. (60)). 610
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