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Abstract

‘We are concerned with the nonlinear stability and existence of two-dimensional
current-vortex sheets in ideal compressible magnetohydrodynamics. This is a non-
linear hyperbolic initial-boundary value problem with a characteristic free bound-
ary. It is well-known that current-vortex sheets may be at most weakly (neutrally)
stable due to the existence of surface waves solutions that yield a loss of deriva-
tives in the energy estimate of the solution with respect to the source terms. We
first identify a sufficient condition ensuring the weak stability of the linearized
current-vortex sheets problem. Under this stability condition for the background
state, we show that the linearized problem obeys an energy estimate in anisotropic
weighted Sobolev spaces with a loss of derivatives. Based on the weakly linear
stability results, we then establish the local-in-time existence and nonlinear stabil-
ity of current-vortex sheets by a suitable Nash—Moser iteration, provided that the
stability condition is satisfied at each point of the initial discontinuity. This result
gives a new confirmation of the stabilizing effect of sufficiently strong magnetic
fields on Kelvin—Helmholtz instabilities.

1. Introduction

In this paper, we are focusing on two-dimensional ideal compressible magne-
tohydrodynamics (MHD)(see [15,18,19])

d;p + div(pu) = 0,
3 (o) +diviou®u—-H®H) + V(p + 1H?) =0,

H—V x (ux H) =0, (1.1
3 (pe + SIHI) + div((pe + p)u+H x (u x H)) =0,
supplemented with
divH = 0 (1.2)
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on the initial data for the Cauchy problem. Here density p, velocity u = (u1, uz),
magnetic field H = (Hy, H») and pressure p are unknown functions of time ¢ and
spacial variables x = (x1, x2). p = p(p, S) stands for the pressure, S is the entropy,
e=FE+ %|u|2, where £ = E(p, S) stands for the internal energy. By using the
state equation of gas, p = p(p, ), and the first principle of thermodynamics, we
have that (1.1) is a closed system. We write U = U(z,x) = (p,u, H, T, with
initial data U(0, x) = Uy (x). By (1.2), we can rewrite (1.1) into the form

@ +u-V)p+ pcdiva = 0,
p(0+u-Viu—H-VH4+ Vg =0,
(0 +u-V)H— (H- V)u+ Hdivu =0,
(0 +u-V)S§=0,

(1.3)

where g = p + %|H|2 represents the total pressure, ¢ denotes the speed of sound

and Ciz = g—g(p, S) = pp(p, S). (1.3) can be written in the matrix form as
Ag(U)o,U+ A1 (U)o U 4 A,(U)a,U =0, (1.4)
where

1
Ao(U) = diag| —5. p, p. 1,11},
oc

41 0 0 0

e 0
1 puy 0 0 Hy O
0 0 puy 0 —-H; O
A1(U) = )
1(0) 00 0 u 0 0
0 H —H{ 0 u; O
0O 0 0 0 0 wu
- _ (1.5)
L0 1 0 00
pc
0 pu 0 —H, 0 O
1 0 pup H 0 0
Ar(U) =
2(1) 0 —H, H uy 00
0O 0 0 0 uyoO

0 0 0 0 0u

The quasilinear system (1.4) is symmetric hyperbolic if the state equation p =
p(p, S) satisfies the hyperbolicity condition Ag > 0 :

p(p,S) >0, pplp,S)>0. (1.6)
We suppose that ' := | J T'(¢), where I'(¢) := {x € R2 : x; — @(t, x2) = 0},
1€[0,7]

is a smooth hypersurface in [0, T'] x R2. The weak solutions of (1.1) satisfy the
following Rankine—Hugoniot jump conditions on I (¢):

[j1=0, [Hy]=0,
jlun1+INP*[g1 =0, jlu:]= Hy[H:],
Hylug] = jI7],

e+ LH? _ w) —
Jjle+37-1+[quy — Hy(H-u)] = 0.

(1.7)
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Here we denote [v] = (v — v™)|r the jump of v, with vE = vin Q@) =
{£(x1 — @, x2)) > 0}, and j = p(uy — 9;¢) is the mass transfer flux across
the discontinuity surface. We also denote the tangential and normal components of
velocity and magnetic fields u; =u-t, H =H -7, uy =u-N,Hy =H- N,
where N = (1, —d2¢), T = (dap, 1).

We are focusing on the current-vortex sheets solutions, which obey the following
additional conditions along the interface I'":

j¥Ir=0, Hylr=0.
Then, the Rankine—Hugoniot conditions reduce to the boundary conditions
ho=un, Hy=0, [q]=0 (1.8)

on I'(¢).
The tangential components of the velocity and the magnetic field may undergo
any jumps: [u;] # 0, [H;] # 0. The initial data are given as follows:

UH0,%) = U7 (x), xeQ¥0), ¢0,x)=¢x2), x2eR. (1.9

Itis obvious that there exist trivial vortex sheets (contact discontinuity) solutions
consisting of two constant states separated by a flat surface as

_ O+ — (5+.0. 7% 0. A 59 ifxi >0
O = |0 = 270,13, 0. By 57). iy > 0. (1.10)
U™ = (p 709 u2a09 H2 ,S ), lf.x1 <O,

where on account of (1.8), we require that
pr#EPT. iy #Fuy. HY #Hy, S5 #S;.
_ 1 - I
P SIS P =5+ S 1Hy P

Compressible vortex sheets are fundamental waves in the study of entropy solu-
tions to multidimensional hyperbolic conservation laws, arising in many important
physical phenomena. For the two-dimensional compressible flows governed by the
Euler equations, Fejer and Miles [16,22,23], see also [12,35], proved that vortex
sheets are unstable when M < ﬁ, while the vortex sheets in three-dimensional
Euler flows are always violently unstable (the violent instability is the analogue of
the Kelvin-Helmholtz instability for incompressible fluids).

In their pioneering works [13,14] Coulombel and Secchi proved the nonlinear
stability and existence of two-dimensional vortex sheets when the Mach num-
ber M > /2. The linear and nonlinear stability of vortex sheets has also been
established in [25,26] for two-dimensional nonisentropic Euler flows, in [4] for
two-dimensional relativistic fluids, in [41,42] for three-dimensional steady Euler
flows.

For the three-dimensional compressible flows, various stabilizing effects on vor-
tex sheets have been considered. Taking into account the effect of magnetic fields,
Chen—Wang [5,6] and Trakhinin [38,39] proved that large non-parallel magnetic
fields stabilize the motion of three dimensional current-vortex sheets. Elasticity
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can also provide stabilization of vortex sheets: Chen—Hu—Wang [7,8] and Chen—
Hu—Wang—Wang—Yuan [9] successfully proved the linear stability and nonlinear
stability, respectively, of two-dimensional compressible vortex sheets in elastody-
namics by introducing the upper-triangularization method. More recently, Chen—
Huang—Wang—Yuan [10] confirmed the stabilizing effect of elasticity also on three
dimensional compressible vortex sheets. Another stabilizing effect on vortex sheets
is provided by surface tension: for the three-dimensional compressible Euler flows,
the local existence and structural stability were proved in Stevens [36].

The analysis of three-dimensional current-vortex sheets in [5,6,38,39] does not
cover the two dimensional case. In fact, such a case can be considered as the case
when the third component of magnetic field H = (H;, Hy, H3) is zero, i.e. H3 = 0,
and therefore the non-collinear stability conditions in [5,38,39] fail. As was shown
in Trakhinin [38], the case when either tangential magnetic fields are collinear or
one of them is zero corresponds to the transition to violent instability.

For the two-dimensional compressible flows, Wang and Yu [40] proved the
linear stability of rectilinear current-vortex sheets under suitable stability conditions
by the spectral analysis technique, through the computation of the roots of the
Lopatinski determinant and construction of a Kreiss symmetrizer.

In the present paper we investigate the nonlinear stability and existence of two
dimensional current-vortex sheets. From the mathematical point of view, this is a
nonlinear hyperbolic free boundary problem. Since the Kreiss—Lopatinski condition
does not hold uniformly, there is a loss of tangential derivatives in the estimates
of the solution. The free boundary is characteristic, which yields a possible loss of
regularity in the normal direction to the boundary, and the loss of control of the
traces of the characteristic part of the solution.

Differently from [40], we consider the nonisentropic flows and for the analysis
of linear stability, instead of spectral analysis, we use a direct energy estimate
argument, adapting the dissipative symmetrizer technique introduced by Chen—
Wang [5,6] and Trakhinin [38,39] for the three-dimensional problem. Moreover,
in our linear stability result we study a general case of 2D current-vortex sheets,
while in [40] both states of the background magnetic field are assumed to have the
same strength, see the subsequent Remark 5.2.

First, we introduce a secondary symmetrization of the system of equations
by multiplying by a suitable “secondary generalized Friedrichs symmetrizer” and
impose the hyperbolicity of the new system of equations. Then, we identify a
sufficient stability condition that makes the boundary conditions dissipative for the
new symmetrized system. The new stability condition on the boundary takes the
form

+ —
Ca Ca

cr 2 [N 2
Iy (_> Ly (_>
where cf = |H*|/\/p* stands for the Alfvén speed. This condition indicates that

larger magnetic fields than the jump of tangential velocity play a stabilization effect;
in some sense this corresponds to the “subsonic” bubble in linear stability result

—lu-7]| >0, (1.11)
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of [40], see Remark 5.2. Condition (1.11) is in agreement with the stability result
found for the three-dimensional current-vortex sheets of [5,38,39] that only holds
in the subsonic regime.

We observe that condition (1.11) has a strong similarity with the Syrovatskij
stability condition [3,21,37] that is necessary and sufficient for the linear stability
of the two-dimensional incompressible current-vortex sheets. For our problem we
show that condition (1.11) is sufficient for the linear stability and optimal with
respect to the specific dissipative symmetrizer technique that we use in our proof.
On the other hand, it is likely that (1.11) is not necessary for the linear and nonlinear
stability. Indeed, by taking the incompressible limit as c* — 400 in (1.11), we
formally get the inequality

H"/V/6 +H |/ — I[u-7]| >0,

where, because the incompressible flow has uniform density, p* have been replaced
by aconstant p > 0. This inequality describes somehow the “half” of the whole 2D
neutral stability domain from [21]. Moreover, in Wang-Yu [40] even a “supersonic”
linear stability domain is found for the studied case of particular piece-wise constant
background states; the same kind of “supersonic” region is therefore expected to
appear for a general case of 2D current-vortex sheet; see again Remark 5.2.

Under condition (1.11) for the background state, we show that the linearized
problem obeys an energy estimate in anisotropic weighted Sobolev spaces (see
[11,28,30,31]) with a loss of derivatives. The energy estimate for the linearized
problem takes the form of a tame estimate, since it exhibits a fixed loss of derivatives
from the basic state to the solutions. In order to compensate the loss of derivatives,
for the proof of the existence of the solution to the nonlinear problem, we apply
a modified Nash—Moser iteration scheme. For an introduction to the Nash—-Moser
technique, refer to [2,33].

Compared to [5,39] for the three-dimensional problem, our existence result
shows a lower loss of regularity from the initial data to the solution. This is mainly
due to the use of finer Moser-type and imbedding estimates in anisotropic Sobolev
spaces.

The rest of the paper is organized as follows: In Section2 we formulate the
nonlinear problem for the current-vortex sheets in a fixed domain. In Section3
we introduce the definition of anisotropic Sobolev spaces and then state our main
Theorem 3.1. In Section4 we linearize the nonlinear problem with respect to the
basic state. Then, we introduce dissipative Friedrichs symmetrizer for two dimen-
sional MHD equations. In Section 5 we study the well-posedness of the linearized
problems (4.20), (4.31) and determine the stability condition. In Sects.6 and 7 we
prove the tame estimate in anisotropic Sobolev spaces for the linearized problems
(4.31) and (4.20), respectively. In Section 8 we formulate the compatibility condi-
tions for the initial data and construct the approximate solution. In Section9 we
introduce the Nash—Moser iteration scheme and in Section 10 we prove the exis-
tence of the solution to the nonlinear problem. In this section one important step
is the new construction of the modified state, notably the modified magnetic field,
and the delicate derivation of its estimates. In Appendix Al we recall the trace
theorem in anisotropic Sobolev space H]" and in Appendix A2 we give a detailed
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proof of the well-posedness of the homogeneous linearized problem (4.31) stated
in Theorem 5.1.

2. Reformulate Current-Vortex Sheets Problem in a Fixed Domain

Let us reformulate the current-vortex sheets problem into an equivalent one
posed in a fixed domain. Motivated by Métivier [20], we introduce the functions

dE(r, %) 1= O(r, £x1, x2) = +x1 + V@1, %), UE(, %) 1= x(Fx)o(t, x2),

where x € C°(R), x = lon[—1,1], and ||x|[zo®) < % Here, as in [20],
we use the cut-off function y to avoid assumptions about compact support of the
initial data in our subsequent nonlinear existence Theorem 3.1. The unknowns U*
are smooth in Q*(¢) and can be replaced by

U (1, %) := US(t, @(1, £x1, x2), x2),

after changing the variables, which are smooth in the fixed domain Q = Rf_ =
{x;1 > 0, xp € R}. Dropping ¢ in U;E for convenience, we reduce (1.1), (1.8) and
(1.9) into the initial boundary value problem (IBVP)

LU, ¥F) =0 in[0,7T] x RZ,
BUT,U",¢)=0 on[0,T] xT,

U%0,x) =U;  inRZ, @D
®(0,x2) = ¢o in R,
where I' := {x; = 0} x R, L(U*¥, w#) = L(U*, ¢*)U=,
L(U%, W) = Ag(UH)d, + Ay (UE, UH)d; + Ar(UH)d,, (22)
with
A (U, w) = o (Al(Ui) — Ap(UF)9, W — Az(Ui)azxyi), 2.3)

where 3; ®* = 1 + 9; W*. The boundary condition in (2.1) takes the form

do=ux, l[gl=qg"—g =00n[0,T]x {x; =0} xR,
where uf, = u;—L — uziazgo.
The following Lemma 2.1 yields that the divergence constraints (1.2) and the bound-
ary conditions H §|x1=0 = 0 on I' (that is not included in (2.1)) can be regarded
as the conditions on the initial data. The proof follows by similar calculations as to
those in [39, Proposition 1].
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Lemma 2.1. Let the initial data in (2.1) satisfy
divh* =0, in RZ 2.4)
and the boundary conditions
HEly—0=0, on {x; =0} xR, (2.5)
where
= (HE, Hf0,0%), HF = HF — Hf0,9%, Hl—0 = H |1 0.

If the IBVP (2.1) admits a solution (U, @), then this solution satisfies (2.4) and
(2.5)forallt € [0, T].

3. Properties of Function Spaces and Main Theorem

In this section, we first introduce some notations, then anisotropic Sobolev
spaces are defined. At the end, we are ready to state the main result of this paper.

3.1. Notations

Let us denote Q7 := (—00,T) x Qand 'y := (—o00, T) x I'for T > 0. We
write & = 2,8 = ai i=1,2,V,x = (8,V). DY := a“o(aal)ma”al o=
(oo, a1, 2, @3), || = g + o1 + oy + a3. Here o is an increasing smooth
function, which satisfies o (x;) = x; for 0 < x; < % and o(x1) = 1 for x; > 1.
The symbol A < B represents that A < C B holds uniformly for some universal

positive constant C.

3.2. Anisotropic Sobolev spaces

For any integer m € N and the interval / C R, function spaces H]"(€2) and
H]"(I x Q) are defined by

H™(Q) = {u € L*(Q) : D*u € L*(Q) for (&) := || + a3 < m, with ag = 0},
H"™(I x Q) :={u e L*(I x Q) : D%u € L*(I x Q) for (a) := |a| + a3 < m},

and equipped with the norm || - || ym () and || - || gm (s ) respectively, where
Nl = D IIDfulljag, 3.1)
() <m,ap=0
”u”Hm(]XQ) Z ”D M”LZ(IXQ) (3.2)
(a)<m

Define the norm

m
2 J 2
NG 3= Y18/ a1 ey g (33)
=0
We also write || - ||, «,r := |lul| gm (g, for convenience. Then, from (3.2), we have

t
||u||m*l=/ (IR, ,ds. (3.4)
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3.3. Moser-type calculus inequalities

Now, we introduce two lemmata, which will be useful in the proof of tame
estimates in H]'(27) for the problem (4.20) when m is large enough. We first
introduce the Moser-type calculus inequalities in H™, see [2, Propositions 2.1.2
and 2.2].

Lemma 3.1. Let m € N.. Let O be an open subset of R" with Lipschitz boundary.
Assume that F € C* in a neighbourhood of the origin with F(0) = 0 and that
u,ve H"(O) N L*®(O). Then,

10%u 8P v]1 2 < Hluel [ [0l oo + [l lzoo|[0] |,
E @) am < Cllullgm,

forall a, B € N" with || + | 8] < m and where C depends only on F and ||\u|| .

Next, we introduce the Moser-type calculus inequalities for H)".
Let us define the space

WL (Qr) == {u e L®(Qr): D% e L¥(Qr), (a) < 1},

equipped with the natural norm

lully oo,y = D [IDSulle@), (3.3)

()<l
where D and («) are defined in Section3.1.

Lemma 3.2. ([24,39]) Let m € N.. Assume that F is a C°°—function and u, v €
H!"(Qr) N WL (Qr). Then, hold that

B
IDuDE vl 2y S el w71Vl 10y + 10 s el g (36)

<
e e S M [ (3.7)

for any multi-index o, B € N* with («) + (B) < m. Let My, be a positive constant
such that

Moreover, if we assume that F(0) = 0, then holds that

HF @ lmx, 7 < COM|ullm,,7- (3.8)

For the proof of (3.6) and (3.7), one can check [24]. For (3.8) one can check [39].
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3.4. Embedding and trace theorem

Now, we introduce the Sobolev embedding theorem for H)" (Q27).
Lemma 3.3. [24] The following inequalities hold:
llullzo@r) < Nallssr. llyrog, ) S lllosr. (3.9)
lullyros i@y S Hllsrs llyaos g, S lullosr,  (3.10)
where ||u||W1 %o zs defined by (3.5) and
lully2oe g,y == D IIDSullyioeggy)-
(o)<l

Proof. Using [24, Theorem B.4], we obtain the first inequality in (3.9) in Q7 C R3.
Then, the second one in (3.9) can be obtained by definition. Observing that

lullwioo@py S Z [1DZullLor)

we can obtain the first inequality in (3.10) from the first inequality in (3.9). Similarly
the second one in (3.10) can be obtained by definition. |

For higher order energy estimate, we also need to use the following trace theo-
rem by Ohno, Shizuta, Yanagisawa [27] for the anisotropic Sobolev spaces H" (see
also Appendix Al).

Lemma 3.4. [27] Let m > 1 be an integer. Then, the following arguments hold:
(i) Ifu € H;”‘H (27), then its trace u|y,—o belongs to H™ (I'r), and it satisfies

il =ollam(rry S Ntllmt 1,57
(ii) There exists a continuous lifting operator Rt :
H™('r) — HI"™(Q),

such that (Rru)|x =0 = u and ||Rrullms1,s7 S ullgm ).

3.5. Main theorem

Theorem 3.1. Let m € N and m > 15, and let UF be defined in (1.10). Suppose
that the initial data in (2.1) satisfy

(Ug —[_Ji,QDO) c Hm+11.5(Ri) x Hm+11.5(R)’

and also satisfy the hyperbolicity condition (1.6), the divergence-free constraint
(2.4) for all x € Ri. Let the initial data at x1 = O satisfy the stability condition
(1.11). The hyperbolicity condition (1.6) and the stability condition (1.11) have to
be satisfied uniformly in the sense of (4.2) and (4.4), for suitable k > 0. Assume
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that the initial data are compatible up to order m+10 in the sense of Definition 8.1
and satisfy the boundary constraints (2.5). Assume also that

1
o) < —.
llwoll L (R) 7

Then, there exists a sufficiently short time T > 0 such that problem (2.1) has a
unique solution on the time interval [0, T satisfying

(UF =0, 9) € H"([0, T]1 x RY) x H™([0, T] x R).

Remark 3.1. Since the initial data U have the form UF = U™ + U, with UF e
H™ (R%r) vanishing at infinity (as |[x| — 400), the hyperbolicity and stability
conditions satisfied in the sense of (4.2), (4.4) (see Remark 4.1) yield that the same
conditions hold for the constant states (1.10).

Remark 3.2. We note that Theorem 3.1 implies corresponding results for the origi-
nal free boundary problem (1.1), (1.8) and (1.9), posed in the moving domain, be-
cause Lemma 2.1 and the relation 9; ®T > % and 0;d~ < —% holdin [0, T'] x R%r
for sufficiently small 7 > 0.

Remark 3.3. Compared to [5,39], in Theorem 3.1 there is less loss of regularity from
the initial data to the solution. This is mainly due to the use of finer Moser-type and
imbedding estimates in anisotropic Sobolev spaces.

Remark 3.4. The analysis in this paper could also be applied to prove the nonlinear
stability and existence of two dimensional relativistic current-vortex sheets; see
[4,17].

4. Linearized Problem

4.1. The basic state
Let the basic state
(U, %), §(t. x2)) (4.1)

be a given vector-valued and sufficiently smooth function, where U* = (p*,at,
H*, S%)T are defined in Q7. We assume that we shall linearize the problem (2.1)
around the basic state (4.1), which satisfy the hyperbolicity condition (1.6) in Qr

p(pE, 55 >k >0, p,(p%, §%) =k > 0, 4.2)
the Rankine—Hugoniot jump condition
8 = ity |y=0, 4.3)
where ﬁﬁ = ﬂli — 12%82@, and the stability condition on the boundary

atIHy | +a" | Hy | — |[a2]] = k > 0, (4.4)
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+ A+

A=V

for a suitable constant k, where ¢

4.5)

Remark 4.1. The stability condition (1.11) can be written in uniform form as (4.4)
by making use of (4.3) and the following boundary constraint in (4.10).

Remark 4.2. Let us observe that, differently from [39], in the Rankine—Hugoniot
conditions we dot not require that the basic state satisfies [¢] = 0. It seems that
this condition could not be helpful to simplify the boundary quadratic form which
appear from the application of the energy method to the linearized problem.

Remark 4.3. Estimate (4.4) implies in particular that at least one among I:I2+ and
1:12_ must be nonzero along the boundary.

Remark 4.4. The presence of the positive constant k in the hyperbolicity and sta-
bility assumptions (4.2), (4.4) is needed in order to ensure the boundedness of
all coefficients, nonlinearly depending on the basic state U=, ¢, appearing in the
arguments of the energy method developed in the sequel.

Let us assume

Ut e w3 (Qr), ¢ e W eIy, 46
||ﬁi||w3,oo(szr) + 1@llwaooryy = K,

where K > 0 is a constant. Moreover, without loss of generality, we assume

R 1
@llLoorr) < 3 (4.7)
This implies
A 1 - 1
Hot >, 9P < -2,
1 =5 1 =73
with

(1, x) 1= 201 + EE ), VEE %) = x(Ex1)@(t, x2).
We also assume the following nonlinear constraints on the background states:
B (VI - V)it ERt) =0, @8)
9 o+
where
Vo @it if =it - it
hE = (A7 A50,0%), A = Af - Ao, 0, (4.9)
WE =9F — (3,9%,0).
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Then, we can obtain that the constraints (2.4) and (2.5), that is,
divh® =0, Hil,—0=0 (4.10)
hold for all times ¢ > O if they hold initially (see Appendix A in [39]), where
£ G+ fEa s
Hy = H" — H; %2¢.
4.2. The linearized equations

The linearized equations for (2.1) around the basic state (4.1) can be defined as
A d
L/(U*%, U%)(6U*, sw™) = gL(Uf, W) =0 = ¥ in Qr,
N _ d _
B'(U*, U, 9)(8U", U7, 8p) = @B(U:, U, @e)le=0 =gonTIr,

where U = UF + e8U%, ¢, = ¢ + e8¢ and
WE(r,x) 1= g (Ex)@et, x2), DL, x) := £x1 + V1, %),
SWE(t, x) 1= x(£x1)30(t, x2).

In the following argument, we shall drop § for simplicity. The linearized operators
have the following form:

L/ (0%, U Uu*, w¥)

A

R A TN 9, U
— L(O*, UF)U* + c0F, ) Ut — (L(0F, qji)\pi}a‘&)t, 4.11)
1
o dp + iy he —uj
B' (U, U™, ) (U, U, @) = | dp+i;he—uy |, (4.12)

9" —q”
where the operator L(ﬁi, \ili) is defined in (2.2), ¢* = p* + H . HT, ufl =
uf — uécaz([), and the matrix C(ﬁi, \ili) is defined as follows:
NI A+ JNEE ~ ot A+
U HY = (v, v, 400 )30 + (v, V, A0, %o, 0

At L+
+ (Y, V,A2(U ))o.U ,
6

L+ 0A(Y)
Y,V,A(U = ; ‘ 1), Y = sttty .
(Y, V,AU7) ;y,( Ty 1.+ Y6)
1=
We introduce the Alinhac’s good unknown [1]
. 3,0
Ut Ut - 2yt (4.13)
91 dF

In terms of (4.13), the linearized interior equations have the following form:

+

LU, U5 U* 4+ c(0F, U™ - L, I =+, 4.19)

9, d*
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Since the zero order terms in W* can be regarded as the error terms in the Nash—
Moser iteration, we drop these terms and consider the effective linear operators

L, (0%, HU* .= L0, §H)UF 4+ cUF, )0t
= Ag(0H)3,U* + A, (0%, ¥*)a, U+ (4.15)
+ Ay (U5, UF + c(OF, ) U™,

Concerning the boundary differential operator B’, we rewrite (4.12) in terms of the
Alinhac’s good unknowns (4.13) to get

o0 + ﬁ;aw - d; - (palﬁ;
B,(U, 9)(U, 9) = | ¢ + i1y o — ity + @01iiy |, (4.16)
Gt =4 +@gt +014)

where L'tﬁ = u]i - u;azgs (recall also that 9 ci>i|x]=() ==+1).

Remark 4.5. Notice that, due to the fact that we have transformed the domains Q% (¢)
into the same half-space Rﬁ_, the jump on the boundary of a normal derivative of a
function a = a(t, x) is defined as follows:

[B1a] == d1aj, o + drap, - (4.17)

This is why the jump of the total pressure g in the last row of (4.16) reduces under
Alinhac’s change of unknowns to

GT =4+ @4t +01g).
In the following, according to (4.17), we will set
(8191 := 891G [x=0 + 814 |x;=0- (4.18)

Denote the operator

. ot eHot
L0, §)0 = | LU VDU (4.19)
L, (U ,v)U
Now, we are focusing on the following linear problem for (UF, @) :
L, (U, 00 =¢ in Qr,
B,(U,9)(U,¢) =g onlr, (4.20)
U,e)=0 fort <O,
where f = (f7,f7) = (f1+, cee, f6+, fi . fg ), andg = (g?', g1 > &2) vanish

in the past. In order to prove the well-posedness of the linearized problem (4.20),
we can state the following Lemma 4.1, that can be proven as in [39, Proposition 2].
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Lemma 4.1. Let the basic state (4.1) satisfy the assumption (4.8) and (4.10). Then,
the solutions of the problem (4.20) satisfy

divh® = r* in Qr, 4.21)
Hiforp — Hi F 901 Hy = g5 on Ty (4.22)

Here

where r¥ = ri(t, X), g3i = ggt (t, x2), which vanish in the past, are determined
by the source terms and the basic state as solutions to the linear equations

1
3 RE + m{@i .VR*) + Ridivoi} = FEinQr, (4.23)
1
083 + ity gy + doily g5 = G on Ty, (4.24)

+ dive* + + + 4+, 2
where RE = g{?’ * = 81&1, 7 = (£, 5, fE=fr - W,

GF = (0 (HFg5) — fFHx =0, with WE and ¥F defined in (4.9).

4.3. Reduction to homogeneous boundary conditions

In this section, we reduce the inhomogeneous boundary condition in (4.20)
to the homogeneous one. We follow the same ideas in Trakhinin [39], that for
reader’s convenience, we recall here. Suppose there exists a solution (U, Q) €
H;(Qr) x H*(I't) to problem (4.20), with a given s € N. We define a vector-
valued function

U= Y, ST, p~, a7, H,57) € HS(Qr)

that vanishes in the past and such that it is a “suitable lifting" of the boundary data
(g, g;', g ) € HST1(I'7). We choose U such that on the boundary I'7, it satisfies
the boundary conditions in (4.20) with ¢ = 0, i.e.

B,(U, $)(U,0) = g,

and both conditions (4.22) and (4.24) with ¢ = 0 (where §, @iy, Hy are defined
similarly to g, uﬁ and H ﬁ). More explicitly we require

o +
“N|x1=O= —81

o+ - —

4" =0 — 4 lxj=0 = &2,
== +
HN|x1:0:_g3

with g3jE solution of (4.24). Then, we define c}i, ﬁf and I:InjE in the interior domain
Q7 by using the lifting operator (that exists thanks to the trace theorem in anisotropic
Sobolev spaces H, see [27] and Appendix Al)

Ry : HTN(Tr) — HT2(Qr)
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which gives
+ ~+ ~4 ~+ 7+ 7+
= RT(q |X]=O)s u, = RT(”N|X1=O)’ Hn = RT(HN |x1=0)~
~+ 7+
Let also u7” and H;~ be such that
~+ ~+ + 7+ 7+ Tta 3 E
u, —ul—uzaz\IJ H =H — Hy V™,
where ﬁiﬁ is arbitrary and can be taken for instance as zero, and where we can
divh*
2 3 o=’
+ = (Hni, H2i 9; d*) (this is possible since we have a freedom in the choice of
“characteristic unknown" ﬁzi ). The last components S* of U can again be taken

where

define 1':12jE in such a way that it satisfies equation (4.23) for RT =

as zero. To sum up, the vector U is defined as

U=t a0, B + B 0", By, 0,57, a,,0, Hy + Hy 0,9, Hy ,0),
where H;" satisfies equation (4.23) for R* = ‘3“’}‘ and h* = (HF, HF9,d%).
We define U? = U — U, then U? satisfies

L,(0, 9)U* =F =f - L,(U, ¥)U in Qr,

e (4.25)
B, (U, ¥)(U*, ) = 0 on 7.

Here F = (F, -- F6+, F;,---, F¢ ). Moreover, in view of equations (4.23) for
R* = ‘;lg condition (4.22) for U with ¢ = 0, and (4. 24) we have, from (4.25),

that (4.23) and (4.24) are satisfied for R = ‘glvg”f ¢f = (Hfe — HY T

@31 Hy)|x, =0 with right-hand sides 7+ = G* = 0. Here h** and Hﬁ,i are defined
similarly to h* and H i Notice that U? = 0, for ¢t < 0. Hence, the conditions

divh™ =0, (Hfdg — H T HE)l =0 = 0 (4.26)

hold for ¢+ < 0. Then, by standard method of characteristic curves, we get that
equations (4.26) are satisfied for all # € (—oo, T']. Notice that from

181 st < 11 - llss2.0.7
we have that
L0, ¥)Ulls.0.7 < ClU|[s32.5.7- 4.27)

By the definition of F, using (4.27) and the definition of U as a lifting of the boundary
data (g, g3+ , &3 ), we obtain that

1l < € (fllee.r + ligllseiy) + 165 gy ). 428)
Using (4.24) and the trace Theorem in the anisotropic Sobolev spaces to estimate

I falei=oll s+ gy < Cllflls42,5.7
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we get
(g3 &) g1y < CIGT, G sy
= C(Ifllss2er + 8T gD N2y ). 429)
Then, from (4.28) and (4.29), we derive

Fllsr < C(1Ells32.07 + gl g2y, ). (430)

We obtain that U” solves the problem
L0, ﬁ/)qa —F in Qr,
B,(U, $)(U%, ) =0 onTr, 4.31)
(U% ¢)=0 fort < 0,

where the source term F satisfies the estimate (4.30) and solutions of (4.31) satisfy
the constraints

=
divh® = 0in Qr, 4.32)
Ao — Hy oo HE =0on Ty (4.33)

‘We have thus proved the following result:

Lemma 4.2. Let problem (4.31) be well-posed and its unique solution (U8, @) be-
longs to H(27) x H’(I't) for F € H} (1), where s € N is a given number.
Then problem (4.20) is well-posed, namely it admits a unique solution (U, @) €
H(Qr) x HS(T'7) for data (f, g) € HT2(Qr) x HST2(I'r).

Remark 4.6. Let us observe that loss of regularity from the data to the solution in
the inhomogeneous problem (4.20) is due to the introduction of lifting function U.

4.4. New Friedrichs Symmetrizer for 2D MHD equations

Motivated by the idea of Trakhinin [39], in the following we will make use
of a new symmetric form of the MHD system. This symmetric form is the re-
sult of the application of a “secondary generalized Friedrichs symmetrizer” S =
(SU), 7 (U)) to system (1.4):

SUA ()3, U+ SU)A1 (1)U + S(U)A2(U)d,U + 7 (U)divH

(4.34)
:= Bo(U)0,U + B1(U)o;U + B>(U)d,U = 0.
The Friedrichs symmetrizer can be written as (see [38])
[ 1 Mg g 0]
02 pc2 1
AHip 1 0 —pA 0 O 0
suy=| M 01 0 =ph 00 gy ol O] sl
0 —» 0 1 00 Hy
0 0 —-» 0 10 %2
0 0 0 O 0 1]
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L AL AMbog g 7]

pc2 2 2
Miop 0 —pr 00
LHy _
Bo=SAg=| @ 0 » 0 —pa0} (4.36)
—px 0 1 0 o0
0 0 —pr O 1 0
L 0 0 0 0 0 1]
where A = A(U) is an arbitrary function.
In order to make system (4.34) symmetric hyperbolic, we need By > 0, i.e.,
2 1
pr < 5 (4.37)
1+ %

Condition (4.37) ensures the equivalence of system (1.4) and (4.34) on smooth
solutions if A(U) is a smooth function of U (see Trakhinin [38] and [39]).

Now let us apply the new symmetrization to the homogeneous linearized problem
(4.31). From now on we drop the index t from the unknown U? of system (4.31).
Multiplying (4.31) on the left by S (U) and adding to the result the vector

divh* +
9ot P

divh—
91D T(U )

(4.38)

we obtain
Bo(0)3,U + B, (U, 1)3,U + B,(0)3,U + C(U, 1)U = FU), (4.39)
where C(U, ¥) = SO0, ¥), F@O) = SO)F,

S(U) = diag(S(U), S(U7)), B, (U) = diag(B,(U"), B,(U7)), a=0,2,
C(U, ¥) = diag(C(U*, UF), c(U~, ¥)),
B (U, ¥) = diag(B, (U, UF), B (U, ¥)),

B (UT, w¥) =

ot (B1U%) = Bo(UH)a, w* — B (UF)0,0%).

5. Stability condition and well-posedness of the linearized problem

In this section, let us introduce the new unknown V = (V*, V™), where

VE = Ty iy Hy Hy LS.
Rewriting system (4.31) in terms of V shows in clear way that the boundary matrix
of the resulting system has constant rank at the boundary (see (5.6)), i.e. the system
is symmetric hyperbolic with characteristic boundary of constant multiplicity (in
the sense of Rauch [29]). Indeed, we obtain that

U=1JV, (5.1
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where J = diag(J ™, J7),

10 0 —Hf -AF0
01,0 0 0 0

JE_ |00 1 0 00 (5.2)
00 0 1 pv*o |’ '
00 0 0 1 0
00 0 0 0 1

with HX = H - %, t* = (W%, 1). In terms of V, systems (4.31) and (4.39)
can be equivalently rewritten as

Ao (U, 9)3,V + A (U, ¥)8; V + A (U, 0)3,V + A3(0, W)V = F(U, ¥),
(5.3)
Bo(U, )8,V + B1 (U, 1)3,V + B, (0, 1),V + B30, )V = £, ¥),
(5.4)
where Ay = JT AgJ, By = JTByJ, a=0,2,
Ar=JTA10, Bi=J'ByJ, F=J'F, F=JTF,
Ay = JT(CJ T Ao T + A1 + A282J),

By = JT(CJ 4 Bod,J + B1o1J + BZBZJ).

In view of constraints (4.3) and (4.10) on the basic state ﬁ, the boundary matrix in
(5.3) has the following form:

. 1 1
A=A+ Ag, A= dlag(8 ci>+5]2’ Egm), A)lx=0 =0. (5.5)
1 1

Here, &;j is a 6 x 6 symmetric matrix, in which (i)th and (ji)th elements are 1
and the remaining elements are 0. The explicit form of .A(q) is of no interest and it
is only important that the all non zero elements of .A(g) are multiplied either by the

function i, — 8,@1 or by the function I;Vn Therefore, the boundary matrix
Altlx =0 = diag(€12, —&12). (5.6)

This is a matrix of constant rank 4 and has two positive and two negative eigenvalues.
Concerning system (5.4), note that By > 0 because of the hyperbolicity condition
(4.37) satisfied for the basic state, hence the symmetric system (5.4) is hyperbolic.
Moreover, considering the boundary matrix B; in (5.4), we will only need its explicit
form on the boundary

Bily=o = diag(BO* 1,200, B0 [=0)).  BOF) = & =205,
which gives

(B1V, V)|y =0 = 2[4 ity — +HN)], (5.7)
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with % := A(0).

Using (4.31) and (4.33) (see also (4.16)) for u; and I-'Ii, (recall that we have
dropped the index f from the unknown) and the boundary constraint [¢] = —¢[914]
(recall the definition of [914] in (4.18)) we obtain that

(B1V - V) =2[iis — AH1¢ ¢ + Lo, on {x; = 0}, (5.8)
with
Lo.t. := —2[d1iy — 201 Hn1gT ¢ — 2[014190r¢ — 200141305 — AHy )y
—2001§1@ity — A~ 01 Hy g, (5.9)

We use “l.o.t." to mean boundary terms that can be manipulated in the energy
estimate by passing to volume integral and using integration by parts, so that they
do not give any trouble in the derivation of the energy estimate, see Appendix A2.
Let us now make a suitable choice of the function A = A(U) We first take A as,
(see [39])

= A0 = nDAE(, x0), (5.10)

with 1(x1) asmooth monotone decreasing function satisfying n(0) = land n(x;) =
0, for x; > ¢, with ¢ > 0O sufficiently small. The functions 2% will be chosen below.

Remark 5.1. The motivation of the definition of A by using the cut-off function n =
n(x1) is that it guarantees that the hyperbolicity condition (4.37), that trivially holds
for A = 0 remains true for the basic state in a small neighborhood {0 < x1 < ¢} of
the boundary, thanks to the continuity of the basic state. Hence, by definition of 7,
the hyperbolicity condition still holds in the whole domain €27; see [39] for more
details.

The functions A= (¢, x2) are chosen in this way: if the jump [i2](¢, x2) = 0, we
define A*(z, xp) = 0; otherwise, if the jump [#2](¢, x2) # 0, we choose AT (¢, x2)
and L7 (¢, xp) satisfying the following relation:

[Giy — AH,] = 0.

The following Lemma ensures the existence of such functions A+ (¢, x2), A~ (t, x2)
satisfying the above equation and the hyperbolicity assumption (4.37) written for
the basic state, see (5.12):

Lemma 5.1. For all (t, x2) € I'r, there exist A\ (t, x2) satisfying
[iis — AH>] = 0, (5.11)
and the hyperbolicity conditions
| < a* (5.12)
if and only if the basic states U+ obey the stability estimate

i)l < |H5at + |Hy la—, (5.13)
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where 4T are defined in (4.5). In particular, under (5.13) we can set
A+ A
AT = sgn(Her) ~ Aj_l [M%] —,
at|Hy | +a~|Hy | (5.14)
a~lis] '

)»‘:—sgn(I:IZ_)A = ——.
at|Hy|+a-|Hy |
Proof. For shortness in the proof we drop the hat and the subscript 2 on the variables,

moreover we do not write the considered variables are restricted along the boundary
{x1 = 0}, that is, we write

u=i3|y—0, HT = Hjly—0, etc..
Let us first note that equation (5.11) can be restated as
[ul=ATHT — 2" H™. (5.15)

Let us consider the simple case H+ # 0 and H~ = 0. Then, from equation (5.15)
we immediately get

_
-

and plugging the above into the constraint in (5.12) for A" gives

)\.+

[u]l <a™|HT, (5.16)

that s, (5.13). In this case A~ can be whatever function satisfying the corresponding
constraint (5.12)

AT <a”

(for instance A~ = 0); it does not yield any condition on the background state in
addition to (5.16). Of course the symmetric case H™ = 0 and H~ # 0 is treated
similarly, by choosing

O]

. At =0
-

)\,_ =
and making the condition
[u]l <a”|H™| (5.17)

to be satisfied on the background state, which is again (5.13).
Let us consider now the case H™ # 0 and H~ # 0. From (5.15), we write A as
a known function of A~ as

+  lul+Ar"H™
AT = g (5.18)
and plug the above into |AT| < a™ to get, after simple manipulations,
-
—at — M < —X <at Lu] (5.19)

H+ ~ HT HY
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We have that A~ must obey simultaneously the two constraints (5.19) and

—a <A <a . (5.20)
Let assume now that % > 0. Then equation (5.19) becomes
by <A~ < by, (5.21)
where
H* [ul H* [u]
B P _ 2 (_ +_
bl_H_ <a H+) and bg—H_( a H+>' (5.22)

A necessary condition for (5.20) and (5.21) to hold simultaneously is that
by > —a~ and a > by. (5.23)

After some calculations, in view of the definition (5.22), the above becomes equiv-

alent to
HT [u] HT
I I o - w1 - .+ -
<Ha +a ><H_<Ha +a .

Assuming H~ < 0 (hence H™ < 0) the above is equivalent to

llull < —(HTa® + H a™)=|H |a* +|H |a",

which is the estimate (5.13). Similar calculation in the case H~ > Oand Ht > 0
still yield to (5.13).

To sum up if % > 0 we get that condition (5.13) is at least necessary in order
to find A~ satisfying (5.20) and (5.21), that is,

max{—a , by} <A~ <min{a", by}.

If such A~ actually exists, then A ™ will be defined by (5.18).

From (5.19), arguing in the same way as above when % < 0 we obtain once
again that (5.13) is at least necessary for the existence of such a A~ satisfying both
(5.19) and (5.20), that in this case are equivalent to

max{—a ,b;} <A~ < min{a", by},

where b and b; are defined in (5.22).

To complete the proof, it remains to show that condition (5.13) is also sufficient for
the existence of functions A* satisfying (5.11) and (5.12).

We already proved it in the simplest cases H+ # 0 and H~ = 0 or viceversa. Now
let us do the same in the case H™ # 0 and H~ # 0. Thus let us assume that the
background state satisfies condition (5.13). If we assume for a while that AT exist
and satisfy (5.11) and (5.12), we derive that

ll < ATIHY [+ A7 H | <a|H | +a" |H|,
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that is

L]l
at|H*|+a~|H™|

<1 (5.24)

The last inequality (5.24) suggests to take A™ such that

a®|[u]]
at|HY|+a~|H-|

At = (5.25)

Indeed from (5.24) it immediately follows that A* as above satisfy the constraint
(5.12). Formula (5.25) defines A* up to the sign. One can directly check that taking

At = sgn(HjL)& and A~ = —sgn(Hf)L[u]
at|HY|+a"|H™| at|HY|+a~|H™|
(5.26)

makes the equation (5.11) to be satisfied. The above definitions of A* are just equal
to (5.14). This ends the proof. O

Remark 5.2. In order to make a comparison between our stability condition (5.13)
and the subsonic part of the stability condition found in [40], let us consider the
case of background piece-wise constant state

U* .= (6%, 0,45, 0, HyY, §5)T. (5.27)

Then the right-hand side of estimate (5.13) can be restated in terms of sound speeds

A Y+
At ‘ At |HE| |1, |
¢~ and the Alfvén speeds ¢; = = —=—as
A /oE /o
6“'6} ey

at\Hf | +a"|Hy | = +
Iyl I | (G2 @EDDHV2 T (@) +@E)H12
and (5.13) becomes
erel N émé
(D2 + EDHHV2 ()2 +(e)H)1/?

li2]] < (5.28)

In their two dimensional linear stability analysis [40], Wang and Yu are able
to perform a complete normal modes analysis of the linearized problem for an
isentropic flow, when the planar piece-wise constant basic state (5.27) (without
§%) satisfies suitable technical restrictions. Precisely, the constant components of
U= are required to satisfy, besides the Rankine—Hugoniot conditions

(HDH? . (H)?
ke RS o

iy +i, =0, a5 >0, pT+ = PR (5.29)
the additional assumptions
; B A A | Hy|?
|Hy | = |Hy | =t |Ha|, ¢>éa= - (5.30)
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(here the notation of [40] is adapted to our current settingA). Notice in particular that,
since the flow is isentropic, the assumption |H2Jr | = |H, | and the last Rankine—
Hugoniot condition in (5.29) imply 5~ = p* =: / so that the sound speed and the

Alfvén speed take the same value ¢ = c(p) := 1/ p’(p) and ¢4 := % on both

*+-states of the flow.
The linear stability conditions by Wang-Yu [40] read as follows:

2 _ A2
@) <-4
&2 +c5

~

2 _ 2
c 4
A2 Az‘
cc+cy

or  (43)* > &+ ¢ (5.31)
The left inequality in (5.31) identifies a “subsonic” weak stability region, becoming
empty in the absence of a magnetic field (namely for compressible Euler equations),
whereas the right inequality corresponds to the “supersonic” weak stability region of
2D compressible vortex sheets (to which it reduces, when formally setting ¢4 = 0).
With respect to (5.31), our stability condition in (5.28) provides only a subsonic
stability domain. For a planar isentropic background state obeying (5.30), condition
(5.28) reduces to

2 A2
CuC

(&2 + (Ca)*
To compare the left inequality in (5.31) and (5.32), one can easily check that

22 A2 "2 A2
cyC o A |CT—Cy
RT3, Ay SO 07 ~
(©)* + (¢a) 2 +c5

so that our subsonic condition (5.32) is more restrictive than the one in [40].

Let us also note that we are not able, by our approach, to obtain a counterpart of
the supersonic condition in [40] for isentropic flows in the constant coefficients
case (that is the right inequality in (5.31)). On the other hand, our stability condi-
tion applies also to nonisentropic flows and to general (non piece-wise constant)
background states.

@5)? < (5.32)

We are now in the position to state the well-posedness of the “homogeneous”
linearized problem (4.31).

Theorem 5.1. Let all assumptions (4.2)—(4.10) be satisfied for the basic state (4.1)
(note that (4.4) implies the stability condition (5.13)). Then, for all F € H*1 (27)
that vanish in the past, problem (4.31) has a unique solution (0", Q) € H*1 (Q7r) x
H'(I'7). The solution satisfies the a priori estimate

WO, + 1@l oy < ClFIe,7 (5.33)
where C = C(K, T) > 0 is a constant independent of the data F.

The proof of Theorem 5.1 is given in Appendix A2.
As a consequence of Lemma 4.2 we have the following well-posedness result
for the nonhomogeneous problem (4.20):
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Theorem 5.2. Let all assumptions of Theorem 5.1 be satisfied for the basic state
(4.1). Then, for all (f,g) € H3(QT) X H3(FT) that vanish in the past, problem
(4.20) has a unique solution (U Q) € H (Q7) x HY(I'7). The solution satisfies
the a priori estimate

10017 + el < C(Ewr +ligllmey) (6349

where C = C(K, T) > 0 is a constant independent of the data f, g.

6. Higher-order energy estimates for the homogeneous problem (4.31)

In order to get an a priori tame estimate in H; for solution of problem (4.20)
with s sufficiently large, as a preliminary step we derive a tame estimate for the
homogenous problem (4.31), that we state in the that theorem.

For shortness, in all this section we write U =U.

Theorem 6.1. Let T > 0 and s be positive integer, s > 6. Assume that the basic
state (UF, ¢) € HEY4(Qr) x H P (Tr),

WO o7 + 1@l 1o,y < K. where UF := UF — 0. 6.1)

Assumethat F € HY(Q27) vanishes in the past. Then, there exists a positive constant
Ko, that does not depend on s and T, and there exists a constant C(Kg) > 0 such
that lfK < Ko, then there exists a unique solution (U, ¢) € H}(Qr) x H(I')
to homogeneous problem (4.31) satisfying the estimate

10007+ gy < CCKo)(IIF Nl + 1Bl 71 Wllya,e.7)  (62)

for T small enough, where W= (fJ, V;sx\i/).

To prove the above theorem we need to obtain several higher-order energy
estimates.

6.1. Estimate of the normal derivative of the “non-characteristic” unknown

In this section we will prove the estimate of the normal derivative of the “non-
characteristic” unknown
— + +
=V V), Vi =Gty HY).

I‘l’

Let s be positive integer, we need to estimate 01V, in H; —1 obtained from (5.3)
and the divergence constraint (4.32) as follows:

’Cl ]C7
OV, = Ky | oV, = Ks | ©3)
—3(Hy 31 9T) —(Hy 3;97)
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Here KC; € R is the i —th scalar component of the vector

K= ft(f — AoV — AV — A3V — A(O)alv), (6.4)

where A = diag((alc%ﬂgu, (alcir)glz), 919% = +£1 + 9,90, F = JTF.
Now, we are ready to prove the following Lemma, which is needed in the

proof of weighted normal derivatives and non-weighted tangential derivatives; see
Sections 6.2 and 6.4.

Lemma 6.1. The estimate
N Valli_y s < C(KI)M@), (6.5)
with
M@ = IV BIE . + A1 2 g+ IFI 1w MW 200 (6.6)
holds for problem (4.31) forallt < T.

Proof. Using Moser-type calculus inequalities (3.7) and (3.8), we can estimate the
right-hand side of (6.4) as

IAFIE s = COO(IFIE s+ IFIR o W) 67)
For j =0, 2,
IAADVIE 1y S IAAVIE .

< CAY(IVIR ., + 1011 g VIR,

IAASVIE oy = COO(IIVIE e + 012 e IWIE 1) (69)

(6.8)

where C(K) stands for positive constants that depends on K and we used that AJT,
AA; for j = 0,2 and AAj are all nonlinear smooth functions of the basic state

w.
_ Now, we estimate the last term in (6.4), where for simplicity we denote A =
AA ). We get

A
||¢481V| |s—1,>s<,t = ||;Galv||s—l,*,t

A
=< ||;||W*1-°C(Qt)||o—alv||sfl,*,t + ||;||S*1,*,t||o—aIV”W*1~°°(Qt)
< ALz g 1Vl 50t + AL Lot V] 200
< Wil yzee gV st + IW il Vilgzog e (6.10)

where we used that A|,,—o = 0, thus the L>—norm of .A/o can be estimated by

the L>-norms of A and 91 A, see [24, Lemma B.9], [32].
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For the rest of the term in (6.3), using (3.7) and (3.8), we obtain that

102 (H 91 9%)[17 < ||H; 01973

s—1,%,1 KN

< CE)(IVIR s + 01y g IWIE).
(6.11)

The second term in (6.3) can be controlled similarly. Summarizing all the estimates
(6.7)—(6.11) for the terms in (6.3) and (6.4), Lemma 6.1 is concluded. ]

We also need the following estimate, still for d1V,,, which is also essential in
the proof of non-weighted tangential derivatives, see (6.47) in Section 6.4:

Lemma 6.2. The estimate
IEA AT 1+ = C(K)(IIIV(t)III +M(t)> (6.12)

holds for problem (4.31) for all t < T, where s is a positive integer and M(t) is
defined in (6.6).

Proof. Denote the differential operator D¥ = 9, (091)*195%9,", () := |er| + 3.
We estimate the right-hand side of (6.4). Using the elementary estimate

MOy« S el s (6.13)
we get
AR Oy S AT,
= COO(IFIR s +1FIR o [WIRL,)  (6.14)
< C(K)M().
The second term of (6.4) can be controlled as follows:

IAAR VOIS Y I AADEVDII;

L2(R%)
(a)<s—1
+ 2 DA DI AV a e ) + Z 1D (AA)BV(D)I? 5.,
(a)<s—1 =2
= 21 + 22 + 237

where D, denotes any tangential derivative in ¢ or x of order one, and D2 ~! denotes
the derivative of order (o) — 1 obtained “subtracting” D, from D.
We estimate separately each Elf, i =1, 2,3 as follows:

21 S HIW @ IVOIIE . < CEONVOIIIE
25 S W 1 g, VO < CEONVOIIE o

25 < Y IDYAADVIIIE .,
(o)=2
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< D (ID2AADIR, g 1VIE o,
()=2

1D AAD g VIR, 1 )

= COONVIE s + WL AIVIE 2

Adding the above inequalities, we get
HAA VO < CANIVDOIIL . + CEDIVIE ., + ||W||3 LAIVIE WA,
(6.15)

Similarly, the third term can be estimated by

WAALVOIE . < CENVONE, + CENIVIE ., + W] *1||V||220c

)’
(6.16)
Using Moser-type calculus inequalities (3.7) and (3.8), we can estimate
NCAAVIONE . S IAAVI .,
1112 7112
= COO(IVIR s 1012, e g W12 )
< C(K)M(2). (6.17)
Now, we estimate the last term A.A9)d; V as
NAAQI VYOI« S T1+ Ta + s,
where
Si= ) IAADIBVOl g,
(a)<s—1
AAq)
= > I=—o DIV,
o
(a)<s—1
S NAAW) 100 ) VO . S TW 00, VOIS
D.(AA())
Sa= Y Il e DY VOl e
(o) <s—1
S D (AAOD 1.0 VO 1w S INWIT 2 g VO
3= Y IDIAA)IVOIl 5. S Y IIDEAA0)IVIIE .,

(0)=2 ()=2

7112 2 7112 2
S W Iy VIR o + W VIR e,
*

and where we exploit again the vanishing of AA() and D(AA()) along the
boundary {x; = 0} in the estimates of X1 and X, see [24, Lemma B.9], [32].
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Adding the estimates of X;,i = 1, 2, 3 above, we get

CAA@IVIONI_1 . = CEONVDIIIT .+ CEINVIE .+ WL VI 2

Q)"
(6.18)
For the rest of the term in (6.3), using (3.7) and (3.8), we obtain that
o2 (Hy 1 @O, 4, < I1HF 81 9T17
2 112 7112
< C(K)(||V||s,*,, + ||U||W¢,oo(9t)||W||s+z,*,t)
< C(K)M(1). (6.19)

The second term in (6.3) can be controlled similarly. Summarizing from (6.14)—

(6.19), we conclude that (6.12) holds. O

The following lemma gives the estimate of the normal derivative of the entropy,
which is treated differently from the other components of the vector V:

Lemma 6.3. The estimate
|||Si(t)|||§,* < C(K)M() (6.20)

holds for problem (4.31) for all t < T, where s is a positive integer and M(t) is
defined in (6.6).

Proof. The linearized equation for the entropy S is an evolution-like equation
because the coefficient of the normal derivative of the entropy vanishes on the
boundary; this yields that no boundary conditions are needed to be coupled to the
equation in order to derive an a priori energy estimate. Thus, to estimate S*, we just
handle the equation of S* alone by the standard energy method tools. The details
of the proof are similar to those of the following Lemma 6.4. O

Now, we derive weighted derivative estimates.

6.2. Estimate of weighted derivatives

Since the differential operators (od;)*! and ¢! 81’” are equivalent, see [28], in
the following we discuss the term D¢V, with «; > 0 and («) = |a| + a3 < s, in
its equivalent form o®! fo;af“V, where Df‘/x = 0,09]1952 (o' = (w0, 1, @2)).

Lemma 6.4. The following estimate holds for (4.31) forallt < T :

Yo IDIVOIl g, = CEIM®D) (6.21)

(a)<s,01>0

there s is a positive integer and M (t) is defined in (6.6).
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Proof. It is obvious that when 1 > 0, D¥V|,,—0 = 0. Note that
o1t = 9y (c™1 ) — ajolc g,

for some nonnegative integer m. Applying DY to (5.3) and using the standard energy
method, we obtain that

13

f2 (AgD2V - D2V)(1)dx = / (((a,Ao + 31 A + 8, 4) DV +2R) - foV)dxdr,
R+

where

R=D'F+Ro+Ri, Ro=ajo' Ao D a7V,
2
Ri = —[DY, Aold,V — Y [DE, A;j19;V — D (A3V)
j=1
(the brackets [-, -] here denotes the commutator between the operators). Notice that
Ay is positive definite, then

[, ADEV - DEV) 0 = DIV
RZ +

where ¢ depends on the number k in (4.2) and (4.4). Hence, we obtain that

IDIVOI g2y < CE(IVIE ., +IRIE g, ) (6.22)

Now, we estimate ||R | |%2(Q ) in (6.22). Recall that R = D¥F + Ro + R1. Using

Moser-type calculus inequalities (3.7) and (3.8), we can prove that

2 T 2
||D$‘7:||L2(Q;) S ||J F||s,*,t

5 5 - (6.23)
< CR)(IIFIE,, +IIFIZ, o IWIE,).

Using the decomposition of boundary matrix A4; in (5.5), A; = A+ .40, following
arguments similar to those used in Lemma 6.1, we obtain that

Ao
o

S CE) (Il0 7 D3 Vil g, + 110 DIV g )

IR0 2, S A DEAPVIZ, () + I

!
o] o' a3 2
L2(Q;) ~ L2(Q) o Dy 07V

L2(S2)

< COO (0 Val By + IVIE.)
< C(K)M(1), (6.24)
recall here above that the matrix .4 acts only on the noncharacteristic part V,, of

the unknown V.
Now, we estimate the commutators in R : For j = 0, 2, we obtain that

11D, A9 V2 = D IDEADE PoVI g (625)

0<B<a
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For (8) = 1, we get

S LA DI VIR, < CAOIVIE, . (6.26)
(B)=1, p=a

For (8) > 2, we obtain that

S UpfA;DE oV,

(€20
(B)=2, p=a
S > P @EANDIT 0V,
(B)=2.p'<p=a
= COO(IVIE e + 01 e g IWIE.L)- (6.27)

For j = 1, we need to be very careful. We have

DS, Ao VI, S D0 IDEADE P @Vl (608

0<f=<a

For (B) = 1 we get 3 = 0. Therefore, from (5.5) it follows that foh lx;=0 =0
and we use Moser-type calculus inequalities (3.7), (3.8) to obtain

S DDt @V, g, < CONVIE, . (6.29)
(B)=1, B=a

For (8) > 2, we have

Yo IDEADEF @I,

(B)=2, B=a

sy @l AT @I,
(B)=2.p'<p=a

= COO(IVIR s +1101R e g IWIE): (6.30)

Using Moser-type calculus inequalities (3.7), (3.8), we can prove that

1D (AsV)|[72q) S ARV

5 - - 6.31)
= COO(IVIE. + 012 1 g W1 20 )-
Notice that summing up (6.25)—(6.31) gives
IR11172q,) < CIM@). (6.32)

Hence, using (6.23), (6.24) and (6.32), we obtain (6.21). Lemma 6.4 is concluded. O

Now, we are going to estimate the non-weighted normal derivatives.
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6.3. Estimate of non-weighted normal derivatives

Now we perform the differential operator D¢, in the case «; = 0, a3 > 1, that
is DY = 9;°9720]" with (a) < s. Now, we are ready to prove the following:

Lemma 6.5. The estimate

E ||DfZV(t)||22 ) < C(KYM(1) (6.33)
L2(R2)
(o) <s5,01=0,3>1

holds for problem (4.31) for all t < T, where s is a positive integer, M(t) is given
in (6.6).

Proof. Similar as in Lemma 6.4, applying the operator D¢ on (5.3) and using the
standard energy method, we obtain that

/R | (AgDIV - DIV (1)dx
2
= f (((atAo + 314} + A DYV +2R) - Dgfv)dxdr
o}
+ / (A D2V - DYV)|,—odxodT,
Iy

where R is defined as in the proof of Lemma 6.4. Thus

DIV gz, = CEO(IIVIE L+ IRIE 2 g, + MD).

where
M(t) = ‘/ (Angv-DgV)|xl=0dx2dr’ - ’/ (ngz)gan)|xl=0dx2dr’.
Iy 1

When o1 = 0, by definition, R = 0. Hence, we obtain the estimate

IRIIZ, C(K)M(1).

@) =

This yields that

IDEVOII2 g2y = CORNM@) + M@). (6.34)

Using (6.3) and (6.4), we obtain that

~ -1
M) S 1979507 Kl -

where /C is defined in (6.4). Moreover, recalling that fll =0 = diag (5 12, —512>

because 81&)i|x1=0 = +1, wenotice that||A|xl=0||Loo(rt) = 1. Using A(0)|x,=0 =
0 we obtain that
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M@) < c(Elm + Do) + Ta() + 1187095207 (A
+||at0¢0820¢23;131f”i2(rt))’ (635)

where
i) = Y |lA;9095207 V12,
j=0,2

D=y, > D2 A; DL 9, VI 1
J=0,2(g")=1,B'+B"=(a0.2.03—1)

(T't)’

notice that in spite of the notation here Df / and Df ! dot not involve any weighted
derivative 09 (see the beginning of this section); notice also that 8’ + 8/ =
(ag, a2, a3 — 1) implies that (') + (B”) < s — 2;

a/ (Y” 2
50) = Yoo 113820, A0yd Wl ga -
oyt <as.af.05>1

Now, we estimate ¥, (¢) and X3(¢), which can be controlled by using Lemma 3.4
(1) and Moser-type calculus inequalities (3.7) and (3.8) as follows:

20s Y Y (I 0,VIE,, + 1L A0V, )
J=0,2(p")=1 (6.36)
= CEI(IVIE s + 0B poe g VIR )-

In the above estimate it is noted that (8”) < s — 3.Then

23(1) S 1101 A0 VT4 vr + 110101 A0 V4 .,

= COO(IVIE. + 01 g IWIE)-

(6.37)

For the term X (), passing to the volume integral then using Leibniz’s rule, we get
(for shortness, in the sequel we denote D* := 9;°05% whereas D¢ := 9;°9;29;")

() = — Z /Q 3114, D89, V|Pdxdr
j=0,27%

=-2) / ((AﬁD“a;’“‘lajV.DgajV)
; Q
j=0,2 ¢

+ (A D0,V - 01 A D0 0, V) )dxd,
Then integration by parts with respect to d; (for j = 0, 2) gives

Ti(t) = Zi(1) + Jo(t),
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where

1) =2 Z/ A%“ai““a}vagv)
J=

+ ((A0)4; + 8,4, A7) D39,V - DIV)
= (A D0 0,V - 0 A D0 0,V )dxd,
J _ ( 2 o qa3—1 o
o) =—2 [ (A2D*9%"8,V - D*V)(1)dx.
R

Since || + 2 + 2(a3 — 1) < s we obtain that
S1) < CKKIIVIIE - (6.38)

Using Young’s inequality, we obtain that

1
Jo() = CE)(DEVO sy + = IVONIE L), (639)

for small e. Therefore, we conclude from (6.38), (6.39) and elementary inequalities
(6.13) that

1) = CUO (el DIV g + ||V||Y o) (6.40)

The last two terms in (6.35) can be estimated by using Lemma 3.4 (i), Moser-type
calculus inequalities (3.7) and (3.8) as

187085205~ (V) 2o, + 1187005207 FI2, ) < CR)IMU). (641)

Summarizing (6.34)—(6.37) and using (6.40) and (6.41), taking ¢ sufficiently small,
we get the estimate (6.33). Therefore, Lemma 6.5 is proven. O

6.4. Estimate of non-weighted tangential derivatives

Now, we are going to obtain estimates of non-weighted tangential derivatives,
ie.a; = a3z = 0, thatis DY = 9,95 with |a| < s. This is the most important case
because we shall use the boundary conditions. This gives the loss of two additional
derivatives that imply that in final tame estimate we will have the “s + 4, %, " loss
of derivatives from the coefficients, see Theorem 6.1. This loss is caused by the
presence of zero order terms in ¢ (see (4.16)).

Lemma 6.6. The following estimate holds for (4.31) forallt < T :

> IDIVOIR e, = eCE)(HIVOIR L + eI 1 z))

lee|<s, y =03=0

(8 LM+ 1001+ 10122 1),
(6.42)

where s is positive integer, € is a positive constant and M(t) is defined in (6.6).
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Proof. We only need to estimate the highest-order tangential derivatives with |«| =
s, since the lower order terms can be controlled by definition of the anisotropic
Sobolev norm, through the following estimate:

> DIV, < CIIVIE e (6.43)

o] <s—1
Therefore, applying same argument as in Lemmata 6.4 and 6.5, we obtain that

IIDﬁV(l)IIiz(Rb = C(KY(M(1) + T 1)) (6.44)

for o = (g, ap), with |a| = s, where
() = ‘ (B DYV - D?V)|,, _odxadr|.
I

Taking into account the boundary conditions (4.31) and (4.33), and also the impor-
tant dissipative structure (5.8), the explicit quadratic boundary term in the integral
can be rewritten in a suitable form: let us denote

£ _ o3k e gk sk .k Sk
= > DYAEDY HE, wF =uf - AFHE
o’ [+]e |=s, |’ |>1
where

[01G] = (314 + 311G )0, WEly=0 = @5 — AEHE) |0

and AT were defined in (5.10); see also Lemma 5.1.
The boundary quadratic form becomes

(B1 D2V - D2V)|x,—o = 2[(D%ity — ADE Hy)D% ] = 2[cD%¢] + 2[ Db D §]
=2[cD¢G] + 2D% W™ |y, =0l DL G] + 2D%G " | =0l DX 0]
=2D%4 " |y, =0 D% (dapliia — AHL]) + Lo, (6.45)

where lower order term 1.0.t can be expressed by

2[¢D%¢] — 2D |y, =0 D% ([01G1¢) — 2D 1y =0 D2 ([d1diy — 701 Hy19).

Since the boundary conditions are dissipative, it is noted that first term on the right-
hand side of (6.45) vanish by Lemma 5.1. The boundary terms can be estimated
separately,as

4
MOEDIDINAGE (6.46)

+ =1

where

3

7w = | [ (D odraae
T



Arch. Rational Mech. Anal. (2023) 247:50 Page 35 of 83 50

T = | | (D%~ DY (9d1G%)) | —odx2d |,
Iy

NGO f (D24 H D (pd10)) | —0dx2dt |,
I

TiEw = | | (D2t DY @iF Al zodxadr .
Iy

Recall that |¢| = s > 2. We denote DS = 9;DY, DV = at}/oa;z for y =
(0, ¥2), lyl =5 —1 > 1, where

0, ifayg=s.

[ {2, if g # s,
In the ensuring estimate of Jf’ (1), we separate the analysis into two cases.
Case A: When g = s, then /[ = 0, D¢ = 9,D". Using the normal derivative

estimates (6.5), (6.12) for non-characteristic variables, the elementary inequality
(6.13) and integration by parts, we obtain that

NGRS ( (8¢t DY gt — et D¢ T)dxd —/ c+31D”c}+dx‘
Q R

sc(||q'+||§*t+||alq'+||§,1*t+||a,c+||iz(9,)
1016 H 12, + - ||c+(r>||L2(Rz ellng g2 )
= C(NGF 1R+ 100G TR s + 11001 g

1 .
+1016H 12, + <11 O g, + D17 Oy L)

< eCE)IVOIIIZ, + L/‘/l(f) (6.47)

Here, ¢ is an arbitrary fixed constant. Similar argument also holds for J,” (7).

Therefore, we obtain that

T+ T @) <eCENIVOLIT . + (—)M(l)

Case B: When o # s, then/ = 2, DY = 9, D?. Using integration by parts, we
could deduce that

1T (0] < CR)M@). (6.48)
Next, we estimate j; and separate this term into two parts,

T3 < Jo(t) + Ta(1),
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where

Jo(t) = ) / (DGt D314, |, —odx2d7 |,

S= Y || (0t ey b
It

dxzdt‘.
1=0

lo/ |4+’ |=s,|a’|>1

For the term Jy(t), after integrating by parts, we obtain that

B0 = [ @razihen it - @prifent*

[—2
+ 8 D%i;F 393 DY ¢ Tdxdt — T/ (1 DS )pd DY ¢ dx|.
R}

We note that to estimate 37 D4, we need W with regularity s + 4. For the term

Jo(t), using Moser-type calculus inequalities (3.7), (3.8), (6.5) and (6.12) we get

Fo(0) = eCUNNNVOIR + 2 (MO + 101y W ).

Now, we start to estimate X4. It is noted that for |o/| > 1, we can isolate one
tangential derivative in the differential operator

DY =D"@;9), ly|<s—1, j=0orj=2.
Using (A.54) and (A.42) we obtain that
Vine = HU, )V,ly =0 + G(U, §)o. (6.49)

Here H(ﬁ, @), G(fJ, @) depend on ﬁ| x1=05 81fJ| x;=0 and second order derivatives
of .

Using (6.49), we can write the derivatives of ¢ by using the non-characteristic
unknown V,,. We insert these derivatives DY ¢ = DY (---), with |y’| < s — 1, into
>4 to obtain

T4(1) = > ] / (D%G* DY (HV, + Gp) DY’

o |+ |=s, e/ | > 1

dxpdt]|,
=0

X1=

which can be controlled by the right-hand side of (6.42). Indeed, by passing to the
volume integral on €2;, we note that the highest order of regularity for Dg”a%ﬁj
is s + 3 because |y’| + |o”| = s — 1 (since || = |y’| + 1 and || + |&”]| = s).
Similar estimates also hold for J5, jzi, jf. Using (6.43), (6.44), (6.46), (6.47),
(6.48), we obtain the estimate (6.42). Therefore, Lemma 6.6 is concluded. O
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6.5. Estimate of front

Now, we are going to estimate the front ¢(¢) in H® “L(R) and its tangential
derivatives V; ,¢ in Hs~T)).

Lemma 6.7. Given the solution ¢ of (4.31), for allt < T and positive integer s,
the following estimate holds:

2 2
|||‘P(z)|||Hs—1(R) + ||Vt,xz‘P||Hs—1(pt)

= COO(IVIE o + 011y + WO e )+ 1012 e o DWW I 2 )-
(6.50)

Proof. Applying tangential derivatives on the first boundary conditions in (4.31),
we obtain that

|||<o(z)|||i,x_l(R)sC<K>(||an|xl=o||§,s_l(m+||<p||§,,s_.(r,)+ > ||ga||iz(m),
Jr]<s—1

6.51)

where
X . 1. .
Go = D% (pdiit}y) — (ID, i3 1029 + Eazu;D;‘fgo).

For the first term on the right-hand side of (6.51), using trace Theorem in Lemma 3.4,
we obtain that

it ey =0l1 351y S VI e (6.52)

For the third term on the right-hand side of (6.51), when |¢| < s — 1, we obtain
that

Gl Za i,y S Nodiig |y, + 1IDS, 4310201175 . ) + 102683 DS 1721
< COO (110110, + 101y W12 )- (6.53)

Hence, we obtain the estimate of the first term in the left-hand side of (6.50).

For the estimate of the second term in the left-hand side of (6.50), we use
the relation (6.49), ||| gsr,) S ||\i/||s,*,, < ||@l|Hs(r,), and Moser-type calculus
inequalities (3.7) and (3.8) to obtain that

1V: 0011y < IH, @)Vl <ol ) + 16, @0l 31 1
2 2 1112 2 o)
=< C(K)<||V||;,*’t + ||¢||H37|(Ft) + (||U||W*IOO(Q,) + ||¢||W1~°°(F,))||W||S+2,*J>'
Therefore, Lemma 6.7 is concluded. a

Collecting all the previously established higher order estimates, we can prove the
following lemma:
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Lemma 6.8. The solution of the homogeneous problem (4.31) satisfies the following
a priori estimate

NO12 .7 + el < CEITECEOTN(T) (6.54)
for positive integer s, where
N@) = FIE 7+ A0 2o )+ 1012y + 1FI e g W a7

Proof. Combining the estimates (6.21), (6.33), (6.42) choosing & small enough and
(6.50), we obtain that

t

() < C(K)(N(T)+ /O I(r)dr), (6.55)

where
Z(t) = IIVOIIZ . + MOy -
Notice that
Z(0)=0.
Then, using Gronwall’s lemma to (6.55), we obtain
Z(t) < C(K)eC®TN(T), forO0 <t <T.
Integrating (6.55) with respect to t € (—oo, T], we get

IVIE o7 + 0l < CAEDTCEOTN(T). (6.56)

Notice that U = JV. Then, using the decomposition J = J (W) =1+ JO(W),
where Jy satisfies Jyp(0) = 0, we apply the Moser-type calculus inequalities (3.7)
and (3.8) and derive

101120 = IV + JVIIZ, 7
= COO(IVIr + N0 IWIE. 1) 6.57)
< CEONVIE w7+ TCENNOI 1 g W17
and, using (6.50) witht =T,
Vel sty
< (||V||§,*,T el st pgy + W01 1 + ||<p||€vl.m(rr)>||W||§+2,*,T)

S (V2 + 101y, + TCE)NUI 10 g, + 1011y NIW I 307 )
(6.58)



Arch. Rational Mech. Anal. (2023) 247:50 Page 39 of 83 50

In the proof of last inequalities in (6.57), (6.58), we have used the following relation
by applying Sobolev imbedding:

s T s
17112 R 2 Ry 2
WWIZ = Zfo 16} Wl dt < Z T max 116/ WOl
Jj=0 j=0
< - ’ J 1 2 g J+13 2
STY | W WoIRdt+ | 18] Wl de
=0 Jo 0
r BT 2 7112

< T/O S W1 dt S TUWIZ e
Using (6.56) and (6.57), we obtain

NOIZ. 7 + @I ), < CUVTCETN(T). (6.59)
Similar to (6.57), we can get

IVIE sz < CEONUIE 7+ TCENUIR, 1o W 107 (6:60)

Adding (6.58) and (6.59), and using (6.60), we conclude Lemma 6.8. O

Using (6.54), we are ready to prove the tame estimate for the homogeneous
problem (4.31).

Proof of Theorem 6.1. Using Lemma 6.8, the Sobolev inequalities (3.9), (3.10) for
s > 6, we obtain

. 1 .
1017 + Il ) < CEOT 2R (11l 1+ (10]]6,0,7

R (6.61)
+ Il gzsqrpy + Fllaw, DIW Il 7 )
Taking T sufficiently small and s = 6, using (6.1), we obtain that
[0]l6,5,7 + Hellger,y < C(Ko)IIF|l6x7- (6.62)

Hence, (6.61) and (6.62) implies (6.2). The existence and uniqueness of the solution
comes from Theorem 5.1. The proof of Theorem 6.1 is complete.

7. Higher order energy estimate for problem (4.20)

Now, we are ready to obtain an a priori tame estimate in H; for the nonhomo-
geneous problem (4.20).
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Theorem 7.1. Let T > 0 and s be an integer, s > 6. Assume that the basic state
(U, §) satisfies (4.2)~(4.10), and (U%, ) € HST4(Qr) x HSY3(Tr) satisfies (6.1).
Assume that £ € HT>(Qr), g € H*Y2(U'r) vanish in the past. Then, there exists a
positive constant Ko, that does not depend on s and T, and there exists a constant

C(Ko) > 0 such that if K < K, then there exists a unique solution U, p) €
H; (Qr) x H*(I'r) to the problem (4.20) that allows the tame estimate

Oy, + @l 15y

= COKO) (1IFlls27 + lgl o2y + (IElls.e.r + 1l s )W 4t ),
(7.1)

for T small enough, where W= (fJ, Vt’x\il).

Remark 7.1. The lower regularity in (6.1) and low norms in (6.2) and (7.1), for both
the even and odd case, differ from Trakhinin [39], see Theorem 3 and Theorem 4,
due to finer Sobolev imbeddings (3.9), (3.10).

Proof. Using the Moser-type calculus inequalities (3.7) and (3.8), we obtain a
refined version of estimate (4.27) in tame form

L0 D)0l = COO (012007 + 101l y2 g 110, Pllss7).
Then, using Sobolev embedding inequalities (3.10), we get
ILL(0, DTl = CE) (1013207 + 1016010 Pllss7)-

Using the above estimate, (4.30) and recalling the definition of fJ, see Section4.3,
it holds that

I1F 5,57
= COO (L2t + lgllsarpy + (IFlls.e.r + gl s )10, $llrz,er ).
(7.2)
Using the assumption (6.1) and (7.2) with s = 6, we get
Flloe7 < CCKO) (11Flls,0.7 + lgllzscry))- (7.3)

Combining the estimates (6.61), (7.2) and (7.3), we obtain the tame estimate (7.1).
O
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8. Construction of Approximate Solutions

Suppose the initial data
UG, 90) = (UF + U7, 90) = (py» ui g 00 Hi g Hygr Sg» #0)

satisfy the stability condition (4.4) and restriction (2.5) at x; = 0 for x» € R. Since
H2 o #0or H2 o 7 0atx; = 0, see also Remark 4.3, from (2.5) we can solve dr¢
as follows (we drop the sub-index 0 for simplicity):

+ 7+ o
H'"H,” + H H,

00 = w(U) |y, =0 = , 8.1
where U := (U™, U™). Then, using the boundary condition (4.3), we have
9 = n(U)|x,=o0, (3.2)

with
n(U) = uy —uz p(U).
By using the hyperbolicity condition (1.6), we can write the system in (2.1) as

3, U = —(Ao(U))~! (Al(U, W)U + Az(U)32U>, (8.3)

where W := (W1, W), and the matrices Ag, Ao, Al are defined by (1.5) and (2.3).
The traces

— + g+ oot - o = - i et Y
U (PJ u1] uzj H Hz’j,Sj,Pj7M1,j,M2’j,H1’j,H2’jaSj)—8;U|t:0
and
9j=0/¢lizo, Jj=1

can be defined step by step by applying operator 8,j o (8.2) and (8.3), for j > 1
and evaluating 3/ U and 8/ ¢ at t = 0 in terms of the initial data. Notice that

W = 0] W oo = x(Ex1)g;.
Define the zero-th order compatibility condition as

|Hol?

[u1,0] — [u2,010200 = 0, [po + I=0. (8.4)
Taking (8.1), (8.2) evaluated at = 0, and using (8.4), we obtain that
o1 = ufy — ukodago| . (8.5)
x1=0
Denote (H )j = 81Hi’ . Using (8.3) and (8.5), taking # = 0, we obtain that

(Ho1 = = (1002 (H3Do + b2k (0| -
-
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Therefore, (H§)0|x,=0 = 0 implies (H§)1|x,=0 = 0. Once we have defined
Ui, ¢1, we can deduce U;, ¢ and so on. Moreover, at each step, we can prove
that

(H)jly=0=0, j=>2,

provided that U, ¢; satisfy the compatibility condition (see Definition 8.1).

The following Lemma 8.1 is necessary for the approximate solutions; we refer to
[14] and [20, Lemma 4.2.1]. Differently from [39], we take the initial data in the
standard Sobolev spaces.

Lemma8.1. Let p € Ny > 3, Up := Up — U € HSR2) and ¢y €
HH*FL5(R). Then, we can determine ﬁj e HHtH15—J (Ri) and @; € HH*HL5=J(R)

by induction and set U; = ij +U, for j =1,---, u In addition, we prove
M ~
Y U0l sy + 11971 usis—s ) < C(Mo), (8.6)
=0

where C > 0 depends only on u, ||Uo||W1.OO(R2+) and ||go|w1.00(r), and

Mo = 1100l v w2, + 1ol gusis ). (8.7)

Definition 8.1. Let © € N, 1 > 3. The initial data (Uo, 99) € HFFIS([R2) x

HH**15(R) are defined to be compatible up to order u if (INJ./, @;) satisty (8.4) for
j =0and

Z,j:()([ul,j—l] — [uz,j—1192¢1) = 0,
i—1
[pi1+ 12y Cij—1l(H, Hj—)] =0, on {x; =0},
for j =1,---, u, where C; ;| are suitable constants.

To use the tame estimate for the proof of convergence of the Nash—Moser iteration,
we should reduce our nonlinear problem to that whose solution vanishes in the
past. This is achieved by the construction of the so-called “approximate solution"
that allows to “absorb" the initial data into the interior equation. The “approximate
solution" is in the sense of Taylor’s series at t = 0.

Below, we will use the notation

LU-,¥)

L(U, W) := [L(U+’ w)} :

Lemma 8.2. Let © € N, u > 3 and let § > 0. Suppose the initial data (Uo, ©o) €
HHFLS (]R_%_) x HH*FT15(R) are compatible up to order i arzd satisfy the assumptions
(1.6), (2.4), (2.5), (4.4). Then, there exist T > 0 and (U, ¢%) € H*2(Qr) x
H*t2(Tp) such that

LU, W) ,_o=0in Q, for j € {0, -+, u— 1}, (8.8)
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where
U =09+ 0, ¥*F = y(Ex)e".

We call (U?, %) the approximate solution to problem (4.20). Moreover the approx-
imate solution satisfies the estimate

10N 2y + 110 sz <9, (8.9)
the stability conditions (4.4) on U'r, the hyperbolicity condition (4.2) on Q7.

Proof. Let us first denote ®“* = +x1 + \If’lf, U = (fJ“j“,fJ“:)T, Pt =
(ﬁa+,ﬁa_)T, it = @*, 4, H* = (H*F, H)T, §¢ = (§F, 547)T. Con-
sider U € HM2(R x R?), p¢ € H*T2(R?), such that

0 = 0y € HO IR, forj = 0.
3] ¢%i=0 = pj € H*IT2(R), forj=0,---,u,

where U j and @; are given by Lemma 8.1. Since (0, %) satisfies the hyperbolicity
condition (4.2) and the stability condition (4.4) at t = 0, by continuity (fJ“, o)
satisfy (4.4) at x; = 0 and (4.2) for small times. By multiplication of (fJ“, p*) by a
cut-off function in time supported on [—7', T'] we can assume that (4.2), (4.4) hold
for all times (in this regard, recall Remark 3.1). Given any § > 0, by taking 7 > 0
sufficiently small, we can assume that ﬁ“, @? are small in the sense of (8.9). O

Remark 8.1. Let us remark that we do not require any constraint (that is interior
equations or boundary condition) to be satisfied by the approximate solution con-
structed above. This allows us to the use of cut-off argument making the hyper-
bolicity condition (4.2) and the stability condition (4.4) to be satisfied globally in
time, without any trouble.

Remark 8.2. In the sequel, in the proof of the main Theorem 3.1, estimate (8.9) will
be used with © = m + 10, being m an integer as in the statement of that theorem.

We assume that

1
oo < -,
[lpollLeom®) 5

then we fix T > 0 sufficiently small so that ||@?|| (0, 7]xR) < % Hence, we get
1 1
N>~ 90T < ——
2 2

(recall that || x/||z~®) < 1/2, see Section2).
The approximate solution (U“, ¢?) enables us to reformulate the original problem
(2.1) as a nonlinear problem with zero initial data. Set

—L(UY, W9, ¢ >0,
e b ), 1> (8.10)
0, t <O.
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From U € H**2(Q7) and ¢* e~H“+2(FT), we have F¢ € H* Q7).
Given the approximate solution (U4, ¢%) of Lemma 8.2 and F¢ defined in (8.10),
we see that (U, ¢) = (U?, ¢*)+(V, ¥) is a solution of the original problem (2.1) if
V=Vt V)T =+ v)T W|, _:= y satisfy the following problem:
LNV, V) =LU*+V,¥*+W¥)—-LWU% ¥ =F* inQr,
B(Vlx =0, ¥) == BU"|y;=0 + V=0, ¢* +¥) =0, onTr, (8.11)
V,¥) =0, fort < 0.

The original nonlinear problem on [0, T'] x ]Ri is thus reformulated as a problem
on 27 whose solutions vanish in the past.

9. Nash—Moser Iteration

In this section, we recall the Nash—Moser iteration for reader’s convenience.
First, we introduce the smoothing operators Sy and describe the iterative scheme
for problem (8.11). For more details refer to [5, 14,39].

Lemma 9.1. Let n € N, with u > 4. Fi(Qr) = {u € H{(Qr) : u = 0fort <
0}. Define a family of smoothing operators {Sp}e>1 on the anisotropic Sobolev
space from }';:’(QT) to ﬂsz3 F3(871), such that
1Souller < COCDH N ulljr, forallk, j e {l, - u), O
1Sou = ullis,r < CONlulljrs foralll <k < j < p, 9.2)

d i ;
175 Soullis.r = CO I Nullj . forallk, j e {1, . pu},  (9.3)

where C is positive constant and k, j € N, (k— j)4 := max{0, k— j}. In particular,
ifu =vonTr,then Sgu = Spv on U'r. The definition of F*(I'r) is entirely similar.

Now, we begin to formulate the Nash—Moser iteration scheme.
The iteration scheme starts from (Vq, ¥o, ¥o) = (0,0, 0), and (V;, ¥;, ;) is
given such that

Vi, Wi, Yi)lico =0, W |y —0 = ¥ |,—0 = Vi (9.4)
Let us consider
Vieir =V +0Vy, Vi =V + 0V, ¥ =¥ + 8, 9.5)

where the differences (8V;, §;) will be determined below. First, we can obtain
(8Vi, 8v;) by solving the effective linear problem

Lo(U* + V1 W+ W, 1)V = f; in Qr,
Bo(U 4+ Vi W+ W )@V 8y = g on T, 9.6)
(8Vi.891) =0 fors <0,
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where operators L), B/, are defined in (4.15) and (4.16),

(U + V1)

01 (P4 4+ W,

SW; (9.7)
l+%)

8V :=8V; —
is the Alinhac *“good unknown" and (V; +1s v, +1 ) is a smooth modified state such
that (U4 + Vl.+%, v 4 \IJZ.+%) satisfies (4.2)—(4.8) and (4.10). The source terms

(fi, i) will be defined through the accumulated errors at step i. Sg, is the smoothing
operator with 6; defined by

o> 1, 6; = /02 +i. 9.8)

The errors at step i can be defined from the decompositions

LVigt1, Yir1) — LV, V)
=L'(U" 4+ Vi, ¥ + ¥,)(8V;, §¥;) + e,
=L"(U* + So, Vi, W9 + Sp, ;) (8V;, 8¥;) + e,f + ef’
=L (U* + Vl.+%, e 4 \I/H%)(&Vi, SW) +e +e +e
=Lo(U" +V, 1. 0 + \pi+%)av,~ +ej+ef e + D18V
9.9)

and

B(Vittl=0, Yir1) — B(Vilxy =0, ¥i)
=B (U + Vi) lx,=0. ¢* + ¥i)(8Vilx,=0, 8¥i) + €
=B'((U" + S5, Vi) lx,=0. ¢ + S6, Wilx,=0)(8Vilx,=0, 8vi) + & + &

~/I!

= BL((U" + V, Dla=0, @ + ¥ DO Vily=0, 89) + & + &+’

1

(9.10)
where we write
® — a a
Di+% = —81(<I>“ n ‘Pi+1)81L(U +V,+%, e+ \IJH%), 9.11)
2
and have used (4.14) to get the last identity in (9.9). Denote
e =¢ +e +e + D 189, & := e el +e. 9.12)

We assume fy := Sg, F¢, (Eo, Ey, go) :=(0,0,0) and (fx, gk, ek, €x) are already
given and vanishin the pastfork € {0, - - - , i —1}. We can calculate the accumulated
errors at step i, > 1, by

i—1 i—1
Ei=) e Ei=) &. 9.13)
k=0 k=0
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Then, we obtain f; and g; fori > 1 from the equations

i i
D fi+ S Ei =S5 > gk +SgEi =0. (9.14)
k=0 k=0
Then, given suitable (V, +1s v, +1 ), we can obtain (av,», ;) as the solutions of
the linear problem (9.6), 6V; from (9.7), (Vit1, WYit+1, ¥iy1) from (9.5). Since

Se; — I as i — oo, we can formally obtain the solution to problem (8.11) from
LNV, V) — F* B(Vily,=0, ¥i) — 0, as error terms (¢;, €;) — 0.

10. Proof of the Main Result

Now, we prove the local existence of solutions to (8.11) by a modified iteration
scheme of Nash—Moser type. From the sequence {6;} defined in (9.8), we set A; :=
0;+1 — 0;. Then, the sequence {A;} is decreasing and tends to 0 as i goes to infinity.
Moreover, we have

1 1
— <A =,6*4+1-6<—, VieN.
36, - TV T = o

l

10.1. Inductive analysis

Given a small fixed § > 0, and an integer & that will be chosen later on, we
assume that the following estimate holds:

10Uar,07 + 11961 gassqryy + 1F Nasanr < 6. (10.1)
We may assume that (10.1) holds, by taking 7 > 0 sufficiently small.
Given the integer «, our inductive assumptions read as
@ OVi. 8Os + 8Vl s rp) < 865" Ag.,
Vke{0,---,i—1}, Vsef6,---,a}.
®) LV W) = Flsr =< 286,77,
Vke{0,---,i—1}, Vsef6,---,a—2}.
© 11BVelu=0, villmerr) < 8677,
Vkef0,.--,i—1}, Vse{6,---,a—2}.

(Hi—1) (10.2)

Our goal is to show that (Hp) holds and (H;_1) implies (H;), for a suitable choice of
the parameters «, &, for § > 0 and T > 0 sufficiently small, for 6y > 1 sufficiently
large. Then, we conclude that (H;) holds for all i € N.

Lemma 10.1. If T > 0 is sufficiently small, then (Hy) holds.
Proof. The proof follows as in [39, Lemma 17]. O

Now we prove that (H;_1) implies (H;). The hypothesis (H;_1) yields the
following lemma:



Arch. Rational Mech. Anal. (2023) 247:50 Page 47 of 83 50

Lemma 10.2. /39, Lemma 7], [14, Lemma 7] If 0y is large enough, then, for each
k €{0,--- i}, and each integer s € {6, --- , a},

56 (S 0‘)-%—’ lfS#Ol

(10.3)
Slogby, ifs=a,

Vi, Wlls,, 7 + Wil asaopy S {

(I = S6.) (Vie, Wlls,s,7 + 11U = Se) ¥l lgsrpy S 8607 . (10.4)

Furthermore, for each k € {0, - - - , i}, and each integer s € {6, --- , & + 8},

560 (5 “)Jr’ lfS#Ol

(10.5)
ologby, ifs=ca.

[1(So, Vies So. Vills, .7 + 11So Vil s arpy S {

10.2. Estimate of the error terms

To derive (H;) from (H;_), we need to estimate the quadratic error terms e,
and ¢ ek, the first substitution error terms e " and ¢ e , the second substitution error
terms ¢;” and ¢/ and the last error term D, o Sy (cf. (9.9)—(9.11)).

First, we denote the quadratic error terms by

el = L(Vis1, Vi) — LV, W) — L (Vie, W) 8V, 8Wp), (10.6)
&, = B(Vig1lx1=0, Y1) — B(Vily=0, ¥i) — B (Vicle1=0, Y1) (8 Vi |x, =0, $¥).
(10.7)
Then, we get
1
e,’< = / L"(U% + Vi + 18V, W + Wy + 18W) ((8 Vi, W),
0

(8Vi, 8W0))(1 — 1)dr,
1
& = E]B”((SVk, 8Y1), 8V, 8vn)),

where I/, B” denote the second order derivatives of the operators I and B. To be
more precise, we define

A ~ o~ d ~ ~ A -
LU, ¥)((V, V), (V,¥)) := &L/(U + eV, ¥ +eW)(V, \Il)’ o
e=

L d . . .
B"((V,¥), (V,¥)) == 5153'(U +eV, 0 +ey)(V, Iﬂ)L:O,
where " and B’ are defined in (4.11) and (4.12). Simple calculations yield that
ﬁ;azllf + 821/714;r
B'((V,¥), (V,¥) = | iy 009 + dapu; |- (10.8)
H" H"-H -H-
To estimate the error terms, we need to estimate the operators . and B”. Applying
the Moser-type calculus inequalities in Lemma 3.1 and Lemma 3.2 and the explicit

forms of I.” and B”, we can obtain the necessary estimates. Omitting the detailed
calculation, we have the following Lemma 10.3:
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Lemma 10.3. Let T > 0, and s € Nwiths > 6. Assume that (Ij, liJ) € Hj+2(QT)
satisfies

||(U1 \IJ)“W,%’OC(QT) =< K,

(recall that U=U+ U) for some constant K > 0. Then, there exists a positive C
depending on K, but not on T, such that if (Vi, &) € HS+2(QT) and (Wi, ¥;) €
HS(T'r) x HYW(y), fori = 1,2, then

L (U, ¥)(V1, W1), (V2, ¥2)| 547
S C| | (ﬁv ‘:I\I) | |S+2,*,T | | (Vl ) \I’l)| | WEQO(QT) | |(V2v lIj2)| |WEOO(QT)

+CY NV D207 1V WPy 2o g
i#]

and
IIB" (W1, ¥1), (Wa, Yo )|l s (ry)

<C Z (IIWiIIHS(FT)Ilelwl.oo(rT) +IWilleeawp 1Vl gs+1 oy
i#]j

+ ||Wi||HS(FT)||Wj||L°°(FT))~
10.2.1. Estimate of the quadratic errors We now apply Lemma 10.3 to prove

the following estimate for the quadratic error terms:

Lemma 10.4. Let o > 7. There exist§ > 0 sufficiently small and 6y > 1 sufficiently

large such that, for allk € {0, --- ,i — 1}, and all integers s € {6, --- ,a — 2}, we
have
lleg st < 8260 97 A, (10.9)
e ms ) < 82607 A, (10.10)

where L1(s) := max{(s +2 — )+ + 10 — 2; s + 6 — 2¢}.

Proof. Using (10.1), the hypothesis (H;_1) and the estimate (10.3), we use the
Sobolev inequalities (3.10) to get

(U, Vi, 8Vie, W, W, W) |2 ) S 1.

Then, we apply Lemma 10.3 and use Sobolev inequalities (3.10), the assumption
(10.1) and the hypothesis (H;_1) to give
lleplls, e S 8260072 AF+11(Vi, Wi lls42,0,7 + 86T 74 Ap)
+ 1OVi, SV lls+2,%,11(6Vk, SWi)ll6,, 7
S 826072 AT+ 11 (Vi W) l[s42,6,7) + 826, 7O AL,
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foralls € {6, --- ,a@—2}.If s +2 # «, then it follows from (10.3) and 26, A < 1,
that

272, ,06+2—a)++10—2a s+6—2
||e;c||s,*,T S, ) Ak(gk * +9/§+ a)

<8207 Ay
If s + 2 = «, then it follows from (10.3) and o > 7, that

11-2 4—
leplls e S 82AZO 2 + 67

<8201 @ITIA

Therefore, we obtain (10.9). Now, we prove (10.10). Using Lemma 10.3 and trace
Theorem Al.1, we obtain

el as @y S N8Vl as @18kl lwroerpy + 18Vl lLoe ) 18Wk|l gs+1.rp
+ 18 Villms mp 18 VillLoo(ry)
S 829[{[41(3)*1Ak.

This completes the proof of Lemma 10.4. O

10.2.2. Estimate of the first substitution errors We can estimate the first substi-
tution errors eZ , éZ of the iteration scheme, defined in (9.9) and (9.10). We rewrite

ep =L (Vi, W) (8 Vi, 8W) — L (Sg, Vie, So Vi) (6 Vi, 8W¥), (10.11)
& =B (Vilx=0, ¥&) 8 Vilx,=0, 8¥i) — B'(So, Vi|x1=0, Sop Vi) 8Vl x, =0, 8¥x)-
(10.12)

Lemma 10.5. Let o > 7. There exist§ > O sufficiently small and 6y > 1 sufficiently
large, such that for all k € {0, --- ,i — 1} and for all integer s € {6, --- ,a — 2},
we have

e lls 7 S 820297 Ay, (10.13)
ey < 8267797 A, (10.14)

where Ly(s) := max{(s +2 —a)+ + 12 — 20; s + 8 — 2}

Proof. In view of (10.11) and (10.12) we have

1
e = / L"(U* + Sp, Vi + (I — Sg) Vi, V¢ + So, Wi + t(I — Sg,) Vi)
0

((BVk, 8Wi), (I — Sg) Vi, (I — Sg.)Wi))dr,
& =B"((8Vilxy=0, 8¥1), (I — Sg) Viclxy=0, (I — So)¥k))-

Using (10.4) and (10.5), we have

11(Sa Vies Vies S Wies Wil 2.0, S 11086 Vi Vies So Wi Wille s S 1
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Next, we apply Lemma 10.3, use Sobolev inequalities (3.10), (10.1), the Hypothesis
(H;—1) and (10.4) to get that

e lls.er < 826 2 A1+ 11(So, Vieo So, Wi lls42,07) + 82677720 A,

forall s € {6,---,a — 2}. Similar to the proof of Lemma 10.4, we can discuss
s +2 # a and s + 2 = « separately. Hence, using (10.5), we can obtain (10.13)
and (10.14). The proof of Lemma 10.5 is completed. O

10.2.3. Estimate of the modified state We need to construct a smooth modified
state (V, 1 Vi 1 ) such that (U +V, 1 s 1 ) satisfies the nonlinear con-
straints (4.2)—(4.8), (4.10) and (6.1). In this regard, we remark it is crucial that the
sum of the approximate solution (U“, ) and the modified state (V;, +1 'z +1 ), in-
stead of the latter two separately, satisfies the aforementioned nonlinear constraints;
indeed it is just this sum which plays the role of basic state around which we need to
linearize problem (2.1) in the iteration scheme leading to its solution, see problem
(9.6). In the construction of some components of the modified state we follow an
approach similar to that of [1,14,34], while for the magnetic field we are inspired

by [34,39].

Lemma 10.6. Let o > 10. There exist some functions Vi+%’ \IIH_%, WH-% vanishing
in the past, such that (U +V, 1 e+ 1 Y 1 ) satisfy the constraints
(4.2)—(4.8), (4.10) and (6.1); moreover,

\yi% =S¥, Y1 = (S5 ¥)=o, (10.15)
+ + + + + L
pi+% = S@,-pi ’ uZ,H—% = SQi”Z,i’ Si-i-% = S@,- Si , (1016)

WVig1 = SaVillssr S 86; T4 fors € (6, @ +4},  (10.17)
for sufficiently small 5 > 0 and T > 0, and sufficiently large 6y > 1.

Proof. To shortcut notation, in the proof the & indices are omitted. Let us define
Wi 1172, ¥it1/2> Pi+1/2 Si+1/2 and the tangential component u3 ; 41,2 of the velocity
as in (10.15), (10.16); this is similar as in [1], [14, Proposition 7], [34, Proposition
28]. It is easily checked that all these functions vanish in the past.

Construction of the modified normal velocity.

In order to construct the normal component u ;11,2 of the velocity, we follow the
idea of [1,14]. We first introduce the following function G:

G =0 (¢ + Yiy12) — W] + Sg;u1,i)|x,=0 + u5|x,=0020"
+ U5 4+ u2,i11/2) 1 =002¥it 172 + U2, 117206, =0020".

The normal component of the velocity u1 ;1,2 is defined by

uriy12 = Squ1i +RrG, (10.18)
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where R is the lifting operator H~Y(Tp) > H; (Qr),s > 1,see[27]. Itis easily
checked that u ;41,2 vanishes in the past.

Let us note that, by construction, uy ;11,2 satisfies the following equation on
the boundary:

O (" + Viv172) — W +uriv12) + g +u2,iv1/2)02(0" + Yit1/2)
=0, on {x; =0} (10.19)
We prove the estimate (10.17) for the part regarding u; /2. We have
172 = Soills,e.7 = IRTGs.1 S G ps-1(10p)-
Now we rewrite G in a more convenient form, by using the error &' defined by
&' =0 — un,iln=0 + Bp" — uflx1=0 + u3 15120920 + (U + u2,)lx,=0929i

+u2,ilx =020 = B(Vilx;=0, ¥i)1.
(10.20)

In view of (10.16), by means of &l we may rewrite G as
G = Sp.e" =[S, 01 + (I — Sg) (B0 — u + ugdrg) — Sg, (U + u2,1) i)
— Sp; (u2,i020%) + (W5 + Sp,u2,:)02%i 1172 + So;u2,i 020
= Se" — [Sg;, Wi + (I — S5) (09" — uf + u§d29")
— (S5 (WG 02i) — u5 9286, Vi) — (So,u2,i 9286, Wi — Se,; (u2,i02V11))
— (Spu2,i 020" — Sp, (u2,029%)) . (10.21)

To estimate the first term Sy, &' on the right-hand side, we use the decomposition

el = (B(Vi, ¥i)1 — B(Vie1, Yi—)1) + B(Vi_1, Yi—1)1
= 0,01 — Suri—1 + s +u2i—1)028Vi_1 + 8uz i—192(¢" + 8vi_1 + ¥i—1)
+ BV, ¥i-1)1.

Then we exploit point (c) of (H;_1) and the properties of smoothing operators, to
get

1180, 1| gs—10py S e N sty S 8657471 (10.22)

In order to make an estimate of the commutator term [Sy, , 9;]v;, we use different
arguments for large and small orders s.
Forall s € {6, ..., o} we write the commutator as

(8¢, So; 1ri = 0:(Se; — Dri + (I — Sg;) 04,
then we use estimates (9.2), (10.3) and (10.4) to get
[108;, S 1Wills.«7 < C86; 7%, s ef{6,...,a}. (10.23)

In order to get the similar estimate as (10.23) fors € {a¢+1, ..., &+ 6}, we directly
estimate the two terms of the commutator [9;, Sy, |v; = 0;Sq, ¥i — Sp, 0;¥;, using
(9.1) and (10.5).
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To estimate the third term in the right-hand side of (10.21), we proceed as above
by applying different arguments to small and large orders s.
For integers s € {6, ..., a}, we apply (9.2) to get

(I — So,) (39" —uf + Mgazfpa)HHsfl(rT) = Cef_“llarw" —uf+ ugaﬂﬂanﬂwl(rr)
=< Cef_a(H‘PaHHa*l(rT) + U lax.1) < CS@;Y_O[,

in view of (10.1).
Forintegers s € {4+ 1, ....@ + 6}, we use (9.1) and (10.1) to estimate directly

(I — Sp.) (B0 — uf +u320 gs—1(rpy < NE N gs—1rp) + 1186, El gs=1rp)
(a1 -
< HE“l g1y + €O T NE  gar ey < €O E g oy
< COT (e Nlmsrpy + Nulls,e,7) < C86;77,

where E¢ 1= 0;¢0% — u{ 4+ u§d¢“ has been set.

Let us now estimate the fourth term — (Sg, (u§92%;) — u$02Sg, ¥; ); once again
we need to argue separately on different values of s.

For small integers s € {6, ..., &} we rewrite the above in the form

u3 0280, 9i — So, W302i) = u50:(S, — Dbi + (I — So,) (u327), (10.24)

which takes advantage of the appearing of the difference I — Sp,; thus estimate
(10.4) and Moser-type calculus inequalities of Lemma 3.1 yield

u332(So; — DVillgs—1 )y S NusllLoe@wm U = Se)Vill sy
F 1w s, 71U = So)Will g2 ryy < C36;7%, for s € {6,...,a).
(10.25)

As for the second term in the right-hand side of (10.24), a further splitting of
the range of s covered by estimate (10.25) is required. For integers s such that
6 <s <a+1, weapply (9.2), Moser-type calculus inequalities of Lemma 3.1 and
(10.3) to obtain

—1- 1
(I = So.) w5029 gs—1(ryy < CO; @t )||U§321/fi||H“+1(1“1~)
—a—2
< COT T {lu N oo Wil ot gy 4 M a2 7 1Vl 3 }

< COT (86, +8) < C86: 77!, for 6<s <a+ 1. (10.26)
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On the other hand for integers s such thata +1 < s < &, we use (9.1), Moser-type
calculus inequalities and (10.3) to get

(I = So) W32Vl gs—1rpy < CllU3RYi | s (ry)
< C{llu® oo opy 1¥illasop) + N s Wil g3 )
SCGi(S_a)++C8§C89iS_“, for e +1<s<a (1027

Gathering (10.25)—(10.27) we end up with
[|u§ 0286, Yri — Se; (ugazw,-)nm_l(m < C86§_“, for s € {6, ..., a}.
(10.28)
For higher integers s € {&¢ + 1, ..., @ + 6}, we estimate separately the two terms of

the difference uf 0> Sp, ¥; — Sp, (5 02v;); using again estimates (9.1), (10.3), (10.5)
and Moser-type calculus inequalities, we obtain

3280, Vill gs—1(rpy S Mgl Loe o [1So; il s gy + g e, 71180, il 13 0y
< cs057

1S, g 29 | gs—1.(0py < €O G020l ey

_1-
< o= [l oo Wil e o)

a1 71 e

< COTIT (86 + €8) < €567,
fora+1<s<a-+6.

Adding the last two inequalities we end up with
||M38259i1ﬁ,' — Sy, (u‘zlazlﬂi)HHsfl(FT) < C(Sé)f“", for sef{a+1,...,a+6}.
(10.29)

Gathering estimates (10.28) and (10.29) provide the estimate for all integers s €
{6,...,a+6}.

For the last two terms in the right-hand side of (10.21) we use the same ar-
guments as above, where we still separate small and large orders s; in the case of
small s we manage to rewrite the expression in order to make advantage from the
boundedness properties (9.2), (10.4) of I — Sg,; for large s we estimate separately
each term of the difference using Moser-type calculus inequalities and (9.1), (10.3),
(10.5). Doing so, we derive the following:

|16, u2,:2 S0, Wi — So, 2,020 | g1 ppy < €805 7*H for s € {6,.... G +6);
||Sg;u2,i 920" — So; (u2,i 920" | pps-1(rpy < C86; 7%, for s € {6,...,a +6}.

Gathering all the previously found estimates we end up with

ig12 = SoWillssr S G ps-1(ryy < €867, for s € {6,....a&+6}.
(10.30)
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In the above estimate it is fundamental that s < &+ 6 in order to prove the following
(10.40). Let us recall that the above estimate holds under the smallness assumption
(10.1).

Construction of the modified magnetic field.

Let us see now how to define the modified magnetic field H; /2, following
[34, Proposition 28], [39, Proposition 12].
Let us denote the nonlinear equation satisfied by the magnetic field in (2.1) by

Ly(u, H,¥) =0, in Q.
The field H; 11> should be such that H* + H; > satisfies (4.8), that is,
Ly@® + w12, B + Hip10, ¥ + W 110) =0, in Q7. (10.31)

We note that equation (10.31) is linear in H* + H;;1,2 and does not need to be
supplemented with any boundary condition; in fact, the coefficient of d;(H* +
H; 1 1,2) is zero along the boundary because of (10.19) (the left-hand side of (10.19)
is nothing but wj |y, —o, computed for u® + w; 1,2 and ¥¢ + ;> instead of u
and W respectively).

Therefore, for given u; 1,2, Wi y1,2, U and ¥¢, (10.31) has a unique solution
H', from which we derive the existence of a unique H; 1/, = H' — H?, vanishing
in the past.

In order to estimate H; 112 — Sp, H;, we first observe that (10.31) yields

La@® 4+ w12, Hip1o — So. Hi, W + Wi q)2)
=Ly +uipi2, H +Hip10 — So.Hi, W + Wiy q)2)
— Ly +uyp0, HY WO+ Wity )2)
=Ly + Ujt1/2, H + Se, H;, v 4+ Se; ¥i).

Then H; 11,2 — Sg;H; solves the equation

Ly + w12, Hig12 — SoHi, W + W1 10) = F;IH/Z, (10.32)

where
Fi'? = A+ 8 — Sy Ly (@ +up, B+ Hy, W7+ W);
Ay =S Lg® + v, HY + H;, W9 + ;) (10.33)
—Ly@® + AR TS H? + Se, H;, v 4+ So,¥i);
Ay =Ly’ + Sgu;, H* + So,H;, W + S5, ¥))
— ]LH(lla + uit1/2, H* + Sgl.Hi, w4 Sgi ;).
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Let us first write the explicit form of A. Using the definition of the nonlinear
operator Ly (u, H, W) we have

Ay =S5, {0 (" + H)) + ((Whu® + ui] - V)(H + Hy)

1
01 (P + ;)
— (h[H’ + Hi] - V)’ + ) + (H + H)divviu® +u1)) |

— o + 5, H) + (Wu + Sg w1 - V) (H + S Hy)

01 (D4 + Sp, ;)
— (h[H" 4 Sy, H;] - V)(u” + Sp,u;) + (H? + S, H;)div(v[u” + Se,-lli]))},

where

V[u® 4 ;] = ((u“ +up) - (10207 + W), @ + 101 (9 + w,»)),
wiu + u;] == v[u® + ] — (at(\p“ ), 0),

h[H + H;] = ((H“ +H) - (1L =020 + W), (H + Hy)d) (0 + \If,->>.

The vectors v[u® + Sp,u; |, wlu® + Sp, u; |, h[H? 4- Sy, H; ] are defined by completely
similar expressions with Sy, u;, Sp, H;, Sp, ¥; instead of u;, H;, W;.

We split the range of s into small and large values (in order to take advantage
of the continuity estimates of / — Sg,, see (9.2) and (10.4)). For small values of s,
by using (10.3), (10.4), the smallness assumption (10.1) and Moser-type calculus
inequalities we get

Ut (40 2,

IV[u® + u;]llg 7 < C82 1 7 ef6,....a—2}
0; s+2=aqa,
(10.34)
[IV[u® + Sg,w;] — viu® +willlyr < C865T27% s€(6,...,6 -2}, @ =9,
(10.35)

Adding (10.34), (10.35) gives an estimate of v[u? 4 Sgu;]. We obtain similar
estimates for wlu® + wu; ], h[H* 4+ H; ], w[u® + Sp,u;] and h[H* + Sy, H; ].

We decompose A as sum of terms with differences I — Sy, putin evidence. Mak-
ing repeated use of estimates (9.1), (9.2), (10.3)—(10.5), the smallness assumption
(10.1), Moser-type calculus inequalities of Lemmata 3.1, 3.2, we get, fora > 9,

Al < C807T4%, for s € {6,...,a — 3}. (10.36)
For large values s > « — 3 we use (9.1), (10.5) to obtain

ei(s+27a)+ s+2 7& a,

6,...,a -+ 6},
0; s+2=aqa, s €l +06)

||V[ua + SQ,-ui]”s,*,T =< C32{

(10.37)
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with similar estimates for w[u“ 4 Sg,u; ] and h[H* + Sy, H;]. With a direct estimate
of the terms in A we extend (10.36) to the cases s > « — 2 and finally obtain

A g7 < C86ST4%, for s € {6,...,a +4). (10.38)

In the above estimate (10.37) it is fundamental that s < & + 6. This is used for the
estimate (10.38) of A, where the estimate of the normal derivative of v[-] in the
anisotropic space H}, for s < & + 4, requires an estimate of v[-] in H;f*z.
As for Aj, we have the explicit expression
. 1
01 (D + Wit1,2)
— (h[H" 4 S, H;]- V)(Sg;u; — 0 11/2)
+(H" + S5, H)div(v[Ssu; —uit12])}

A [wH12 vy @ + 5, 1)

where

V[Se i —w;12] := v[u? + Sgu;] — v[u® +u; 4 2]

= ((59,- v = wi1y2) - (10200 + i),

(Sg;u; —Wj11/2)201 (P + \Ifi+1/2)>,
Wi+1/2 = wlu® + SG,-ui] — wlu? + ui+1/2] = V[SGiui — ui+l/2]~ (1039)

From the definition (10.39), using Moser-type calculus inequalities, (10.1), (10.5),
(10.15), and the estimate (10.30), we obtain

IVISa i — i1 2]lls7 < C80SH7Y s €{6,...,&+6}, & >9. (10.40)

Again in (10.40) we need s < & + 6 in order to get the following estimate (10.41)
of A,, where the estimate of the normal derivative of v[-] in the anisotropic space
H}, for s < & + 4, requires an estimate of v[-] in Hj*z.

Making repeated use of Moser-type calculus inequalities, (10.1), (10.5), (10.15),
the estimates (10.30) and (10.40), we get for « > 9

A2lls 7 < C86537%, for s € {6,...,a +4). (10.41)

To estimate the last term of F lifl/ 2 we write

So, L (u® +w;, H + H;, ¥ + W) = Sy, (L (up, H, ;) + Ly (u, HY, ¥))
= Sg, (Lo (u, H, V) — Ffy)
= So, (L (ui—y + 8wy, Hi_y +8H;_1, Wi + 8Wi_1) — Ly (ui—, Hi—, ¥i_)))
+ S, (Lr iy, Hioy, W) — Fpy), (10.42)

where Ly, ]—"1‘21 are the H-component in (8.11), (8.10), respectively. From (9.1),
(H;—1)(b) we readily obtain
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1186, (L iy, Hi— 1, Wi 1) — Fp)|[sr < C86;7%7" for s €{6,....a —2).
(10.43)

For the first difference in (10.42) let us denote

Az :=Lp(ui—; + 6w, Hi—1 +0H;—1, Wi +8Wi—1)
= Lpui—y, Hi—y, Wip).

Hence we have

1186, A3lls w7 < COTON A6 07 < COT0 5687 = C867T27%, for 5 > 6,
(10.44)

where, in particular, for the estimate of |[|A3||e « 7, we have used (H;—1)(a), (10.3),
(10.34) and

||V[ua +ul—1 + 8“1—1] - V[ua +ui—1]||S,*,T S C(Sei“_a5 s € {65 LRI & - 2}5

used in the cases s = 6, s = 8 and a similar estimate for w[u® 4+ w; _; + du;_;] —
w[u? +u;_] in case s = 6. Collecting (10.38), (10.41), (10.43), (10.44) we get

WE P lwr < C860ST474, for s €146, ..., & +4). (10.45)

Equation (10.32) solved by H; 11,2 — Sy, H; has the form

2
oY+ Dib)3;Y + Q)Y = Fy? (10.46)
j=1
forY = H,‘.;,.]/z —SoH;, b = (u° +uit1/2, ye +\I-’,'+1/2), and where 'Dj and Q are
some matrices. The matrices D; are diagonal and, more important, D; vanishes at

the boundary. This yelds that system (10.46) does not need any boundary condition.
A standard energy argument applied to (10.46) gives, in view of (10.45),

His1/2 = So.Hillsr < ClIFy P llssr < C367747% for s €{6,...,& + 4).
(10.47)

Collecting (10.30), (10.47) gives (10.17).
Using (8.9), (10.5), (10.12) for s = 6, and taking § > O sufficiently small
we have that ¢“ + ¢, 1 and U* +V, 1 are sufficiently small. Then, ¢ + ;1

satisfies (4.7) and, recalling Remark 3.1, IZJ” +Vi+% satisfies (4.2), (4.4), (4.6), (6.1 )2
H + H; + satifies (4.8) by construction, see (10.31); the initial value at t = 0
of H* + H; 1 satisfies (4.10) since H“ _o = Ho satisfies (4.10) by assumption,
and H; 1= = 0 for # < 0 by continuity. In conclusion, U* 4V, +1 satisfies all the
constralnts (4.2)—(4.8), (4.10) and (6.1) for the background state O
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10.2.4. Estimate of the second substitution errors In the following Lemma,

we can estimate the second substitution errors e,/{” , E,Z’ of the iterative scheme. We

define

e,/(” = ﬂl(Sngk, So, Vi) 6V, W) — E/(VkJr%, \IJH%)(SV;(, SWy),
(10.48)
&y :=B'(Sg, Vi|x;=05 So, 1) (BVi) [x, =0, 8k
— B V1= Yiep DGV 0. 8950,

‘We can write (10.48) and (10.49) as follows:

(10.49)

1
el = /O LU + Vi + 7080, Vi = Viy ), W9+ 85,05
((SVks 5\1‘!1{)7 (Seka - Vk+% ) O))df,
& = B"((0Vily=o. 9. (85, Vi = Vi, 1)ly=0. 0)).

Lemma 10.7. Let o« > 10. There exist § > 0 sufficiently small and 6y > 1 suf-
ficiently large such that, for all k € {0,---,i — 1} and for all integers s €
{6,---,a — 2}, we have

e sar S 820397 Ay, (10.50)
ey sy S 87009 A (10.51)

where L3(s) := max{(s +2 — o)+ + 16 — 205 s + 12 — 2a}.

Proof. Using (10.17) and Lemma 10.3, similar to the proof of Lemmata 10.4 and
10.5, we obtain (10.50) and (10.51). Here, we can calculate the explicit form of &;”
as
0
& = . Lo 0 - |. (052
SH," - (So H — Hk+%) —0H, - (SeH, — Hk+%)
O

10.2.5. Estimate of the last error term We now estimate the last error term
(9.11):
Sy

Ry, (10.53)
l( + k+%)

Dk_i_%S\IJk =
where Ry := 01 [L(U* +V; 1, W+ ¥ 1)]. Itis noted that
2 2

1
|81(<D“+\I’k+%)| =|:i:1+81(\11a+\11k+%)| > ok

for § > O sufficiently small.
The following Lemma 10.8 can be proved by direct calculations:
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Lemma 10.8. Let « > 10, @ > o — 4. There exist § > 0 sufficiently small and
0o > 1 sufficiently large, such that, for all k € {0, --- ,i — 1} and for all integers
s €6, --,a—2}, we have

1Dy, 48kl S 87674907 A (10.54)
where L4(s) :=s + 14 — 2a.
Proof. Using (3.7) and (3.9), we obtain that

||Dk+%8\pk||s,*,T S8kl a s 7| Rl 5,57+ [18Wk 55,7 || Ricl 4,5, 7

+ ||5qjk||4,*,T||Rk||4,*,T||\I’a + \Ijk+%||s+2,*,T- (10.55)

Using (8.10) and (8.11), we can write
Ry = 01(L(Vy, W) — F*+ 1), fort > 0, (10.56)

where

1
7= / L' (U + Vi —}-‘E(VkJr% — V), W4 + ¥y —}-‘E(\IJkJr% —\Uy))
0
(Vk-i-% — Vi, ‘I’k_’_% — Wp)dr.
Ifs € {4,---,a — 4}, then using Hypothesis (H;_), we obtain that
LV, W) = Flsp2007 < 286717 (10.57)

Using (10.3), (10.4), (10.15)—(10.17), (10.56),(10.57), Sobolev inequalities (3.10)
and Moser-type calculus inequalities in Lemma 3.2, we have

R lsw S 808 40070+ H1079) por g e (4, @ — 4.
(10.58)

Ifs € {& —3, @ — 2}, then, for@ > o« — 4, using (10.3), (10.5) and (10.15)—(10.17),
we can deduce directly from (10.56) that

Rkl 7 S 867572

Therefore, (10.58) holds for all s € {4,---,a& — 2}. Using Hypothesis (H;_1),
(10.58), (10.5), (10.3) and (10.15)—(10.17) into (10.55), we can obtain (10.54). O

Using Lemmata 10.4—10.8, we can conclude the following estimates of the error
terms ey, ey, defined by (9.12):

Lemma 10.9. Let « > 10, @ > o — 4. There exist § > 0 sufficiently small and
0o > 1 sufficiently large, such that for all k € {0, --- ,i — 1} and for all integers
s €6, --,a—2}, we have

~ La(s)—1
lells o7 + el < 8205407 Ay, (10.59)

where L4(s) is defined in Lemma 10.8.
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From Lemma 10.9, we obtain the estimate of the accumulated errors E;, E;, E iy
which are defined in (9.13).

Lemma 10.10. Let « > 16,& = o + 5. There exist § > 0 sufficiently small and
6o > 1 sufficiently large, such that

WEillat3,67 + IEill gatsr,y S 8%6;. (10.60)
Tr)

Proof. Using La(a + 3) < 1 if ¢ > 16, it follows from (10.59) that

i—1 i—1
Eillatanr S Y llellasanr S Y87 Ax S 826,
k=0 k=0
if @ +3 < a — 2. Similar arguments also hold for ||Ei||Ha+3(FT). The minimal
possible & is o + 5. O

10.3. Convergence of the iteration scheme

We still need to estimate the source terms f;, g;.

Lemma 10.11. Let @ > 16 and & = o + 5. There exist § > 0 sufficiently small and

6o > 1 sufficiently large, such that for all integers s € {6, - - - , & + 2},
1 fillser S Ai(@’_“(llf“llwz,*,r +6%) + azef“(”‘l), (10.61)
lgillmsy S 82A (0;“"3 + 9,.“(“)*‘). (10.62)

In the above inequalities we need the exponent s —« — 3 of 6; to compensate the loss
of 2 derivatives for the data in (10.64), in order to recover the exponent s — o — 1
in the corresponding terms of (10.68).

Proof. Asin [14,34,39], using (9.1)~(9.3), (9.14), (10.59), (10.60), we obain that
1 fills,er < 11(Se; = S, )F* — (So; — So,._ ) Ei—1 — Se,€i—1lls 1
S A T3 NF a2t + 07 NEi—tllats ) + 1S €i—1lls..7
S 80T T UIF a2 + 82 + 8767407,
Using (10.59) and (10.60) we can obtain (10.62). .

Similar to the proof of [14,34,39], we can obtain the estimate of (8V;, §W;) by
(10.17) and the tame estimate (7.1) applied to problem (9.6).

Lemma 10.12. Let o > 16 and & = o« + 5. If § > 0 and ||F*||q+2.,7/8 are suffi-
ciently small and 6y > 1 is sufficiently large, then for all integers s € {6, - - - , &},

Vi, 8W)ls .7 + ISVillasry) < 59,1970‘71&' (10.63)
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Proof. Let us consider problem (9.6) that will be solved by applying Theorem 7.1.
We first notice that (U + 'V, +1s e+ +1s e+ Y 1 ) satisfy the constraints
(4.2)—(4.8), (4.10), (6.1). Thus we may apply our tame estimate (7.1) and obtain

8Vills, o7 + 18%ill 15y
= (Il fillsszmr + llgillsy)

+ (fillser + 18ill sy IO + Vi 1 VO U, D)l )
(10.64)

On the other hand, from (9.7) it follows that
18Villsos,7 < [18Vills + ClSWi s 71107 + Vi1 W 4+ W, D)l6,s,7
+ C|18W; ||4.4.711 (T + Vi1 U W D42, (10.65)

From

0Wills .7 < |18Willas (rp)s (10.66)

(10.64) for s = 4 and (6.1) we have

NOWilla, 7 < 18l o ryy < C(Hfi“ﬁ,*,T + 118l zory)
+ (fills w7 + 11gill s 11O + Vip1, V¥ + ‘IJ,-_,_%))HS,*,T)
< CUlfills.«, 1 + gl gsry)-
Then, from (10.64) and (10.65) we obtain
8Vills,« 7 + 118YillHsry)
< C(Ilfillss2mr + llgill ey
+ (1 fillgoe7 + 11gill s oy 110 + Vip1, V¥ + \Ili+%))||s+4,*,T)
+ 18l s o |1 (U + Vit WO+ D67

Using (8.9), (10.5) and (10.17) for s = 6, taking § > O sufficiently small, we can
absorb the last term in the right-hand side above into the left-hand side to get

18Villoo.r + 1189l sy
= C(I fillswzoer + lgill ey

+ (1 fillg,«,7 + ||gi||H8(rT))||(I~Ja + Vi+%’ V(¥ + \yi+%))||s+4,*,T>'
(10.67)

The remaining part of the work is to estimate the right-hand side of (10.67).
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Using Lemma 10.11, (10.5), Lemma 10.6 and (10.66), (10.67) becomes
Vi, SW)lls, .7 + 18VillHs(ry)
= CA(0; 7 U1 F sz + 69 + 67010 TD )
+ CAL (O UF arer +8%) + 826772 ) (567457 4600+,
(10.68)

One checks that, for @« > 16 and 6 < s < &, the following inequalities hold true:

Li(s +2) <s—a, S5—a+(G+6—a)y <s—a—1,
s+13—-2a0<s—a-—1, 21 - 2a+s+8—a<s—a—1,
21 - 20+ (s+6—0a)y <s—a—1.

From (10.68) we thus obtain (10.63), provided § > 0 and ||F¢||y+2..7/5 are
sufficiently small and 6y > 1 is sufficiently large. O

Finally, similar to the proof of [14,34,39], we can obtain the remaining inequal-
ities in (Hj;).

Lemma 10.13. Let « > 16. If § > 0 and || F*||a42.+.7 /8 are sufficiently small and

if 6g > 1 is sufficiently large, then for all integers s € {6,--- ,a — 2}

L(Vi, W) — F s < 28077471 (10.69)
Moreover, for all integers s € {6, --- ,a — 2}

IB(Vilxi=0, W)llmsry) < 86; 7. (10.70)

Proof. Recall that, by summing the relations (9.9), we have
LNV, V) —F'=(Sp_, —DF* +U—Sp_))Ei—1 +ei—1. (10.71)

The proof of (10.69) then follows by applying (9.2), (10.59), (10.60), provided that
8 > 0 and ||F%||q+2.%.7/8 are sufficiently small and 6y > 1 is sufficiently large.
The proof of (10.70) is similar. ]

We are now in the position to prove the main theorem for the existence of the
solution to the nonlinear problem (2.1).

Proof of Theorem 3.1. Let the initial data (U(j)ﬁ, @o) satisfy all the assumptions of
Theorem 3.1. Leta =m + 1 > 16, @ = o + 5, u = m + 10. Then the initial data
U§ € H*15(R2) and ¢y € H*T!3(R) are compatible up to order x and there
exists an approximate solution (0, oY) € H*T2(Qr) x H*2(I'7) to problem
(2.1). Observe that u + 2 = & + 6 as required in (10.1). We choose § > 0,7 > 0
sufficiently small, 6y > 1 sufficiently large as in the previous lemmata. We also
assume 7 > O small enough so that ||F“||y42,+,7/8 is sufficiently small. Then
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in view of Lemmata 10.1, 10.12, 10.13, property (H;) holds for all integers i. In
particular, we have

o0 [o¢]
D U@V, 89D lsowr + 18Vil o) S Y072 <00, for 6<s<a—1
i=0 i=0

Thus, the sequence (V;, ¥;) converges to some limit (V, V) in H:j‘_l(QT), and
sequence ; converges to some limit i in H*~!(I'z). Passing to the limit in
(10.69) and (10.70) for s = m = a — 1, we obtain (8.11). Therefore, (U, ®) =
(U% 4+ V, &% 4+ W) is a solution on 27 of nonlinear system (2.1).
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Appendix
Al. Trace theorem in anisotropic space

In this Appendix let us recall the following trace theorem in the anisotropic space by Ohno,
Shizuta, Yanagisawa [27].

Theorem A1l.1. ([27]) Let s > 2 be an integer. Then the mapping

COOMR2) 5 u > (3 uly—0, j=0,...[s/21— 1} € CF®R) x ... CFR)

[s/2] times
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extends by continuity to a continuous linear mapping of

[s/2]-1
HIRD) > [] #7%'®).
j=0

This mapping is surjective and there exists a continuous linear right-inverse

(vg, .- U[s/2]—1) — R(vo, .., U[s/2]—1)
of
[s/2]-1
[T #7%'® - 5 ®
j=0
such that

¥ (Ro. ..., Vs 2= ey=0 = v, j=0,...,[5/2] — 1.

A2. Proof of Theorem 5.1

Here we focus only on the proof of the energy estimate (5.33); the existence and uniqueness
of the solution can be shown by standard methods.

Let V = V(,x) = (VH, V™), ¢ = @(t,x3), where vE = (c}i, 1,2,?, l,.tzi, I:I,,i,
I-'Izi, $%), be sufficiently smooth vector fields respectively on Q7 and I'7, satisfying the
linear system (5.3), or its equivalent form (5.4), together with the boundary and the “initial"
conditions from (4.31), that is,

b + i3 0p — ity F @diiy =0, ¢ —¢~ +¢[1G1=0 on I'r,
(A.1)
V,9)=(0,0) for t <O. (A2)

Recall from Section4 that ¥+ = \ili(t, x) are defined through the basic front function
¢ = ¢(t, x2) by

BE %) = x(Ex)P( x2), VxeRL, 1€ (—00,T],
where x € C(‘)’O(R) satisfies x = 1 on [—1, 1], so that Bl‘ilibq:o = 0. We set
u,jf = uit — 32®iﬁ§t, HnjE = Hl:t — az‘ilil-lét;
notice, in particular, that
u,jl: = uﬁ = u?: — 32@23:, H,?: = Hf\l,: = Hli — 82¢Hi, on I'r.
Recall that (V, ¢) as above must also satisty the interior and boundary constraints
divh® = 0in Q7 and A o9 — HY F 98 Hy =0onT7, (A.3)
where

bt = (#E, 90FHF) and dF (@, x) = £x1 + TE(, %),
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In the forthcoming calculations we will make use of the shortcut notation

1O = IVE O 22, + IV O g2 ) (A4)
To@ =1V O 2 + 10V Ol g2 (A.5)
I @) = 100V O g2 ) + 101V Ol g2 ) (A.6)
lo@) = o0 VIOl g2 ) + 00V O g2 (A7)
B =16V Ol g, + 12V O g (A-8)
and we set
L (@) = 1() + Io(t) + 15 (1) + I2(1). (A.9)

In (A.6), V,% denote the noncharacteristic part of the solution V=, that is,

= ¢*, ik, H).

For all integers m > 0, we will also write Cy, to denote a generic positive constant depending

(nonlinearly) on ||ﬁi lwm.oe (@) and || Ve, x, @llwm.oo () and the positive number k from
(4.2) and (4.4), that is,

Cim = Con(10F [lwmeoo (@), 1V2,x, @l wimoo (1 KD,

which might possibly be different from an occurrence to another even within the same
sequence of inequalities.
From the notation above and in view of (A.2), it straightforwardly turns out that

”U(’)”HI(R2 =IO+ 1IsM)+ b)) < C1||U(t)||H1(Rz)

fIIIU(t)Illl*_11*(t)<C1|||U(t)|||1*, (A.10)

t

1112 1112
— < I «(s)ds < s
o Loz, _/0 L@)ds < Cr013,,

forallt € (0, T'], see (3.3), (3.4) and (5.1).

The estimate of Theorem 5.1 will be obtained by applying classical arguments from the
energy method in order to get a control of the LZ%-norm of the solution V¥ and the front @,
as well as its tangential space time derivatives, corresponding to the different expressions
listed in (A.4)—(A.8).

A2.1. Estimate of 1 (t)

We scalarly multiply both sides of system (5.4) and integrate by parts in ; to get the energy
identity

/ (BoV - V)(t)dx —/ (81V~V)|Xl:0dx2ds:2/ F - Vdxds
R% Iy 2

(0; By + 0181 + 280 — B3)V - Vdxds, (A.11)
192

where, to shorcut notation, we write hereafter 3 instead of By (fJ, U) fork =0,1,2,3.
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From Cauchy-Schwarz and Young inequality, the right-hand side above is estimated by

2| F-Vdxds + / 0By + 9181 + 3.8, — B3)V - Vdxds
Q Q

= 2||ﬁ||L2(Qt)||V||L2(QI) + ||3tBO + 8131 + 8262 - B3||L°°(Q,)||V||%2(Qt)

< IF N2, + V172, + 1380 + 8181 + 8285 = Bsll o) IVI72 g,
- - t
< IFl7 20, + C1IVIT2q,) < CollFI72(q,, + C1 /O 1(s)ds

t
2
< ol g, +C1 [ 1205, A1)

where
F=JTF and F=SO)F (A.13)

are used, together with (A.4), to make the last inequality above.

Now we need to get an estimate of the quadratic form (31V - V) under the second boundary
integral in the left-hand side of (A.11).

From (5.7), a direct calculation gives (5.8), (5.9), where we have made use of the boundary
conditions in (A.1) and (A.3). In (5.8) the initials “l.o.t” are used to mean “lower order terms”
with respect to the leading part [iip — iﬁz]q+32¢) of the boundary quadratic form (5.8). All
terms appearing in (5.9) are products of the form ¢ 9; ¢, with i = 0, 2, or v]j.:| x1=0 @, with
j=1,...,6,up to some coefficients. To make uniform notation, here we have set 9y = 9,
and VT = (vli, vzi, v3i, vf, vgc, véc).

As already shown in Section 5, the major advantage to settle the functions At = A(ﬁi)
as prescribed in Lemma 5.1 is making the leading term in the boundary quadratic form
(B1V - V)|, =0 to be identically zero. Under this choice, the latter reduces indeed to

1 A P, A
7BV - Vlx=0 =lot. = —[duy - 21 HN1G 9 — (0191909

— 10141, — LH; )ie — 014101ty — ™01 Hy)e™.
(A.14)
We now focus on the estimate of the boundary integral of the different quadratic terms in

(A.14). Because the explicit form of the coefficients involved in the different quadratic terms
appearing in (A.14) is useless, hereafter we adopt the custom to denote as ¢ = ¢(¢, xp) a

generic function on I'7 represented by some nonlinear smooth function of ﬁi| x1=0 and
V:.x, @ only, that may be possibly different from a line to another within the same formula.
From (A.14)

t t
/ (B]V~V)|X1:0dx2ds=//6q+(pdx2ds+//5(p8,<pdx2ds
r; 0J/R 0J/R

' '
+//6¢82¢dx2ds+//6¢2dx2ds
0J/R 0J/R

follows at once.
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Hence Cauchy—Schwarz and Young’s inequalities together with Leibniz’s rule and integra-
tion by parts yields

t
‘ [ [itodsds| < et {1ta-olRs, + ot |

t 1 t

’//Egoa,(p dxyds| = ‘f //E’Bt(goz) dxpds

0JR 2 JoJr

L. ., | A R

— 0r(Cop”)dxrds — = 0, co” dxads
2 JoJr 2 JoJr

| Y L (. .

— | c)p“(t)dxr — = 0;Cp” dxods
2 Jr 2 JoJr

1 ~ 2 1 ~ 2
< SOl @ IO + 10w el r,):

t 1t 1t
‘//E(paggodxgds = ‘7//682((p2)dxzds = ‘—7‘//82&02 dxyds
0JR 2 JoJr 2 JoJr

1
A 2 .
=< E||32C||L°°(1",)||¢||L2(I~I),

t
//&pz dxods
0JR

Then we sum up the preceding estimates to get

A 2
= lellzeanlielya,-

‘/]" (B1V - V)| =0 dxods
t

= {19 =022y +I0ORag | + Collolda ) (A15)

Because functions AT chosen in Lemma 5.1 make By to be positive definite, we also have
2
/Ri BV - V)(t)dx > co||V(t)||L2(R2+) =col (1), (A.16)

with some constant ¢y > 0 (depending on the number £ in (4.2) and (4.4)).
Combining the latter with (A.11), (A.12) and (A.15) then leads to

1(1)

IA

1 t
f‘/ (B1V - V)|, =0 dxods +c0||F||iz(Q)+01/ I(s)ds
co |Jr, i 0

IA

t
2 . 2 2
COHF”LZ(Qt) + Cl { ”q |x1:0“L2(F1) + ”(p(t)“LZ(R) + ,/() I(s)ds}
+Callell72 - (A.17)
Notice that in the right-hand side of (A.17) the L%-norm of the trace of ¢t on the boundary
I'; needs for a control of the normal derivative of q"" in the interior of the domain €2;: indeed,
we apply to g1 the following trace type inequality

I lei=0l1Z 2y < 11172, +181F 172, (A.18)

which holds true for an arbitrary sufficiently smooth scalar/vector-valued function f =
f(t,x) over ;. The above estimate (A.18) follows by passing from a boundary integral on
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R to a spatial volume one on R%_, at fixed ¢, as

+oo
[ 15 @hmoPdrs == [ [0 (150 =0P) dxidxa
R RJO

= —/RZ 2fNFOdX S 1F O 252 )+ 191f Oz g2

+

(A.19)
)

from which (A.18) follows at once from integrating over (—oo, ).

This clearly shows that inequality (A.17) cannot provide a closed L2 -estimate of the vector
unknown V, since a control of the normal derivative of ¢* on €; is needed in the right-
hand side. Fortunately, the component ¢ of V belongs to the noncharacteristic components

V,T = (qi, ﬁ,T, Hni), whose normal derivative can be expressed directly from linear system
(5.3) as a function of tangential derivatives of V only and the source term F. Thus estimating

the L2—norm of BlVf reduces to estimate the L2 —norm of tangential derivatives of V and

the L2—norm of F , as it will be detailed in the next section.
Applying (A.18) to f = g7, from (A.17)

t
1) < CollF}5 g, +C1 {nso(z)niz(R) + /0 I+ 11,n>(s>ds}

t
401 [ IO ds (A20)

follows at once; see (A.6).

A2.2. Estimate of I} ,,(t)

In this section we manage to find an “explicit" expression of the normal derivative of the
noncharacteristic component V,jf of the unknowns directly from linear system (5.3). The
key step is taking advantage of the form of the normal derivative coefficient .41 in (5.5) and
noticing that from Aq) |y, =0 = 0 the identity

AV =HpodV (A.21)
. . . A, %) .
easily follows, where the matrix coefficient Hg) = H ) (7, X) := T e L7 (27)
o(xg
provided that Ay, 8149y € L°(Qr) and obeys the estimate
IHoyllLoe (@) < 191 A©) Lo (@,)s
see [24, Lemma B.9] for details.
After (A.21), from (5.3) we derive
AV =F — ApdrV —Hyo 1V — A200V — A3V in Qr, (A.22)

where the matrix A involved in the left-hand side above only applies to components q'i, 1 ,jf
of the noncharacteristic part V,, of V, in view of (5.5); indeed an explicit calculation gives

1
A81V=( = 51281V+, = 51281V_>
0ot 1P~
1 | | (A.23)
I 51231Vi=< — oyt —— al'i,o,o,o,o).
9, d* 90t " 9,9% 1
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By gathering (A.22), (A.23) we derive the announced explicit form of normal derivatives
of the noncharacteristic components (cji, ﬂ,j,:) of VE as a function of space time tangential
derivatives of V¥ and F* alone, namely

0% = 0 dF (FE - AFoVE - M)

dpiy = 0 dF (fi — ATUVE —HE 00 VE — AT VE — Aiﬂvﬂt)2 in Qr,
(A24)

+ + + +yE
o0 VE = AT VE — AFVE)

where the subindices 1, 2 appearing above are referred to the first and the second components
of the vectors. )

As regards to the normal derivative of the noncharacteristic components H,fc, they can be
still cjlterived from the first condition in (A.3) as a known function of tangential derivatives
of V

WHE = —0r(H; 0,9%) = — H3F0,9% — HF9,019% in Q7. (A25)

The estimate of 17 ,, () then follows at once from (A.24) and (A.25); we get that

1 (0) = ColF O + CL U +T00) + Io (1) + (1))

= ColFOI 7>, + C1lL4(0).

(A.26)

After estimate (A.26), it appears that the L% —estimate of the normal derivative of the non-

characteristic part V,T of the solution is reducted to control the LZ—norm of the tangential
space time derivatives of V, thatis 15 (¢), I>(¢) and I(¢), which naturally leads to establish
an H, —estimate for V. The subsequent sections will be devoted to obtain the H,! —estimate.

A2.3. Estimate of 1, (t)

We set for shortness Vi, := 001 V. Applying the conormal derivative o d; to both sides of
system (5.4) we get a similar linear system satisfied by V. We compute

Bpd; Vo + B109101V 4+ 0018101V + B232 Vs + B3V

=001 F —001BydV — 001 B2,V — 09, B3V. (A.27)
From Leibniz’s rule,
Ve =01(001V) =00101V+0'01V;
plugging the latter into (A.27) and rewriting 0918101V = 9181V, gives
Byd: Vo + B191Ve + Boha Vo + (B3 + 31 B1)Vo = Fo, (A.28)

where
Fo =001 F — 001 BV +0'B131V — 00 B3V — 591 B3V. (A.29)

Performing on system (A.28) the same standard energy arguments as done for system (5.4)
in Section A2.1, leads to the following energy identity for V:

/ (BoVo - Vo) (t)dx — / (B1 Vo - Vo)lgy—odxads =2 | Fy - Vodxds
R%r Fr Qt

+ (0:Bo + 028y — 0181 — B3)Vs - Vodxds.
92
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However, because o |y, = = 0, the quadratic form (31 V¢ - V) under the boundary integral
in the left-hand side above vanishes and the energy identity reduces to

/ (BoVo - Vo) (t)dx =2 .7‘10 - Vgdxds
R} o

+ / (0:By + 0,8, — 9181 — B3)Vy - Vodxds.  (A.30)
Q

The second integral in the right-hand side of the identity above is trivially estimated as in
(A.12)

/ (0:Bo + 9282 — 0181 — B3)Vg - Vodxds < C1||Vo II%z(Q )
Q !
Now we focus on the estimate of the first integral
2| Fs-Vodxds (A31)

Q

in the right-hand side of (A.30). Substituting the explicit form (A.29) of Fo, using, similarly
to A (see (5.5)), that

B = BgO) + B, where B%O)lxlzo =0, (A.32)

while 3 only “applies” to the noncharacteristic components V,jf of V£, and denoting ICEO) =

(0)
1

—— > we have from Cauchy—-Schwarz and Young’s inequalities

’2 Fo - Vodxds
Q

- ‘2/ (c0nF — o0 Both V + 'K\ otnV + o' BV — 01 BraV — 01 B3V ) Vo dxds
Q

<2 {||0317}||L2(Q,) + C1 (19: V2@, + Vol L2y + 1181 Vall 220y
182Vl 20,) + 1VIl2 @)} Vo ll 2,

t
<100 F gy + €1 [ U+ T+ 1+ 1y ) 0)ds

t
=C {||F||iz(9,)+ ||oalF||iz(9,)+/o (11,*+11,n)(s)ds}.

Finally, estimating from below the space integral in the left-hand side of (A.30) as in (A.16)
(with V¢ instead of V) we end up with

t
Ig(z)fcl{nFniz(Q,ﬁ||aalF||iz(Q,)+ fo (11,*+11,,,>(s)ds}. (A.33)

A2.4. Estimate of I>(t)

We set for shortness Vy, := d,V. Applying 9> to both sides of system (5.4) we get a similar
linear system satisfied by Vy,, that is,

BV, +B101Vy, +B202Vy, + (0282 + B3)Vy, = .7}2, (A.34)
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where
Fyi= 00 F — 0By V — 028191V — 0283V.

As usual, from the above linear system we derive, by scalar multiplication by Vy, and
integration by parts in €2, the energy identity

/ (BoVx, - Vi) (1)dx —f (B1Vx, - Vi) lx =0 dxods = 2/ P - Vy,dxds
Ri F[ Qr

+ f (0 Bp 4+ 9181 — 20283 — B3)Vy, - Vy,dxds.
Q
(A.35)

The second integral in the right-hand side of the above identity is estimated as usual as

/ (0¢Bp + 0181 — 20,82 — B3)Vy, - Vy,dxds
Q

t
< ClIV g, =C1 [ B6)ds (A36)

whereas to estimate the first integral in the right-hand side we still use the decomposition of
B in (A.32) and repeat the same arguments used in the estimate of (A.31) and use (A.13),
to get

2| F5-Vy,dxds
o}

=2 {1027 2, + €1 (1Yl 200 + 1001 VI 20, + 191 Vall 20,
+”V”L2(Qr)) } IV, “Lz(Q;)

t
=C {nFniz(m + 102F 172, + /0 (I + 11,,1)<s>ds} : A37)

Now we need to get an estimate of the quadratic form (31 Vy, - Vyx,) under the second
boundary integral in the left-hand side of (A.35). The explicit expression of this quadratic
form is in principle the same as the one for V in (5.7), that is,

(B1Vxy, Vi)l =0 = 2[024 (dpity — 202 Hy)], (A.38)

with 4 := A(0).

As done to treat the quadratic form (5.7) for V, now we make use of the boundary conditions
in (A.1) and the boundary constraint in (A.3), differentiated with respect to x,, to rewrite
(A.38) as the sum of the same leading part as in (5.8), vanishing as a consequence of the

choice of ii, and lower order terms. We compute
(B1 Vs, Viy)lxy =0 = 2lita — AH2182 T 9200 + Loct, (A.39)
where

Lot := —2[d1iiy — 201 Hy — daiin + A Ha 92T g
—2[8p81iN — 20231 Hn182 T ¢
—2[0141020 (Dt — A~ Hy) — 202 ([019 D@0ty — A~ 02 Hy).  (A.40)
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As already announced the leading quadratic term 2[ip — if}z](j)}; dr¢ in (A.39) vanishes

because of the chosen A%. We now focus on the estimate of the boundary integral of the
different lower order quadratic terms in (A.40). Here below we denote again by ¢ = ¢(z, xp)
the different coefficients of those boundary lower order terms, which are all smooth functions

of UF lx;=0 and V¢ x,¢ and their derivatives and whose explicit form is useless.
From (A.40), we get

./1; (B] V.X2 : VXZ)lX]:O dxzds
t

t t
=//5326}+32(pdx2ds+//532(j+(pdx2ds
0/R 0J/R

t t
+//5 Oty d2¢p dxpds +//5 02 Hp 0r¢ dxods
0J/R 0JR

t t
+//€ Ot @ dxods +//£ 0 Hy @dxyds. (A41)
0JR 0JR

To estimate the boundary integrals above, we follow similar arguments to those of [38].
The first step is to write dr¢ as a linear combination of Hﬁ |x;=0 and @; this can be done by

making use of boundary constraints (A.3) and exploiting that ﬁzi are never simultaneously
zero on the boundary as a consequence of the stability condition (4.4), see Remark 4.3. From
the boundary conditions (A.3) we have

Aoy = HY, + 901 Y, and Hy ¢ = Hy, — ¢ Hy,  on I'r.

Then multiplying the first one by ﬁ2+|x1=0 and the second one by ﬁz_ lx;=0, then adding
the results we get

A HY + Ay Hy + (Hy o1 HY, — Hy 91 Hy)e
(H7)2 + (H5)? (A.42)
=d\Hy +dHy +d3¢, on I'r,

e =

where c?i = c?i (t, xp) are suitable functions depending only on the boundary values of H*,

a1 H? and second order derivatives of @, whose esplicit form could be easily deduced from
above.

Let us start to estimate the first term in the right-hand side of (A.41). Inserting the expression
of dr¢ provided by (A.42), we find

t t
/ / gt orpdxrds = / / g Hy dxyds
0J/R 0/R

t t
+//6324+H];dx2ds+//é 9q T @ dxads
0/R 0/R

=11 +1r +13.

Let us estimate 7. Here the trick of passing from a boundary integral over R to a volume
integral over Ri is used as already done to get the trace inequality (A.18). In the following
we will adopt the notation ¢ = ¢(¢, X) to mean a suitable lifting from I'; to 2; of a boundary
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coefficient ¢ = ¢(¢, x2). Then we have
t . t .
s} ://6324+H;dx2ds = —// 31 (€ 02¢ T HNdxds
0JR 0JR2

t t
:—// aléazq'+H,fdxds—// ¢3¢ H M dxds
0JRZ 0JR2

t
—// ¢ g oy H dxds
0JR2

=Ti1+Zip+7113.

71,1 and 7 3 can be easily estimated by Cauchy-Schwarz and Young’s inequalities by

Z11 + 131 < Calldag 2o 1 Hi lr2¢0,) + Cilld2d ™ M2 191 Hy N2,
! (A.43)
=G {/O (I, + 11,,1)(s)ds}.

Recall that V,:,t = (c}i, I,.t,:ﬁ:, I:I,ft) are the noncharacteristic components of the solution VE,
see also (A.6).

As regards to Zj », differently from above, we cannot immediately end up by Cauchy-
Schwarz and Young’s inequality, because this should require a control of the L% —norm
of the second order derivative of ¢, preventing to close the H*} —estimate. Instead, here
integration by parts with respect to the tangential space variable x> and Leibiniz’s rule are
used to further rewrite Z1 » as

t t
Tip = —//zé 3100¢ T H,F dxds = //zag(éHj)alfdxds
0JR% 0JR%

t t
/f azéH,jfalq'dexder// ¢y H, 091G dxds;
0JR2 0JR2

then we observe that the last two integral above are similar to 7 ; and Z; 3, and therefore
can be estimated in the same way by

(A.44)

T1l = G201 200, (1 gy + 102 Hif 1 12(c,))
t
< {./O (11,* + [l,n)(s)ds} .

Adding (A.43) and (A.44) gives the estimate of 7|

t
IZ11 < Cy {/0 (11,4 +11,n)(S)dS}~

t

It is clear that 7, := / / ¢ qu""H ydx2ds can estimated by repeating exactly the same
0JR

arguments applied to Z7.

t
Concerning 73 = / / ¢ 92T @ dxods, we are reduced to applying the same arguments as

above by first integrating by parts and then using Leibniz’s rule and replacing, once again,
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0 by the expression in the right-hand side of (A.42):

t t
I; = //c g Todxads = —//82(8(p)q'+dx2ds
0J/R 0J/R
t t
= —//326¢q+dx2ds — //6 9pg T dxads
0/R 0/R

t t t
=/fé¢q+dx2ds+fféH;qudxgds+//6H1;q'+dx2ds.
0J/R 0J/R 0/R

Since all the boundary traces under the integral are of noncharacteristic components of V,
we end up by Cauchy-Schwarz, Young’s inequalities and trace type inequality (A.18) to get

t 13
|23|562{ / (I + 1) (s)ds + / ||w(s>||iz(R)ds}. (A.45)
0 0

To complete the estimate of the remaining boundary integrals involved in the right-hand
side of (A.41), it is then sufficient to notice that the second boundary integral is exactly the
same as 73, while the other boundary integrals are the same as the first and second ones,
where 324+|X1=0 is replaced by 91t 5|y, =0 or by 32H1;|X1=0 (but 1, and I-.I,f are still
noncharacteristic components of the vector solution V, so that they are treated along the
same arguments as to ¢ ). Therefore we end up with

‘/ (Blvxz : VX2)|X]=0 deds
I

t t
<C {fo (I + 11,n)(s)ds +f0 ||</J(S)|Iiz(R)dS}-
(A.46)

Using (A.36), (A.37) and (A.46) together with the counterpart of (A.16) with Vy, instead
of V, from (A.35) we obtain

b = C1{IFI3, ) + 102FI122 g, |

t t
s [t nads+ [ oogas]. a4
0 0

A2.5. Estimate of Iy(t)

We set for shortness V; := 9, V. Applying 9; to both sides of system (5.4) we get a similar
linear system satisfied by V;, that is,

Bod Vi + B1d1 Vi + Bado Vi + (3B + B3)V; = Fi, (A.48)
where
Fr=0.F — 8101V — 08202V — 8; B3 V.

As usual, from the above linear system we derive, by scalar multiplication by V; and inte-
gration by parts in €27, the energy identity

/ (BoV: - Vi) (t)dx — f (B1Vy - Vo)l —0dxads =2 | Fy - Vidxds
Ri F[ Qt

+/ 0181+ 0xB> — 9:By — B3) Vs - Vedxds.
Q

(A.49)
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The second integral in the right-hand side of the above identity is estimated as usual as

t
(8181 + 9,8y — 9By — B3)Vy - Vydxds < C1||Vs||?5, . = C1 | Iop(s)ds,
Qt L (Qt) 0

whereas to estimate the first integral in the right-hand side we still use the decomposition
of B1 in (A.32) and repeat the same arguments used in the estimates (A.31), (A.37) and use
(A.13), to get

2 .7:} - Vydxds
Q

<2 ||3s-7:—||]_29 +C1 ||(781V||LZQ +||81Vn||LZQ
(€2) (€21) (€21)

(A.50)
Hid Vi 2, + HVlle(Q,))} IVellz2,)

t
<C {HFH";Z(Q,) +185F15 g, + fo (T + Il,n)(s)ds} :

Now we need to get an estimate of the quadratic form (31 V; - V;) under the second boundary
integral in the left-hand side of (A.49), whose explicit expression is

(B1Ve, Vo)l =0 = 204 Briiy — 28 Hy)), (A51)

with & := A(0).
As in the case of the quadratic form (A.38), we make use of the boundary conditions in
(A.1), differentiated with respect to #, to rewrite (A.51) as the sum of the same leading part

as in (A.39), vanishing as a consequence of the choice of AE, and lower order terms. We
compute

(B1Vi, Vo)l =0 = 2lia — AH218:¢ T 8:8290 + Lo, (A.52)

where

Lot:=—2[d1in — Ad  Hy10:GT0r0 + 2[0ri10 — A3 Ha19200;g
—208;01iy — A0;91 HN10:4 ™ ¢ — 2[01G100 (9t y — 270 Hy))
— 20, (014D Byity — A~ 3 Hyy)
=204 o+ hedgt +20gT o + 000y +E 0100 Hy
+é @ity + o Hy, . (A.53)

We solve the first boundary condition in (A.1) (we choose the + side) with respect to ;¢
and replace d¢ by (A.42) to get

dp = il + D1HY + DyHy + D3, (A.54)

with suitable coefficients ﬁi = 135 (t,x2),i =1, 2, 3, smoothly depending on the boundary

traces of &+, HE, § 1ﬁ £, 9141 and second order derivatives of ¢, whose explicit form is
useless for the subsequent calculations.
Now we insert (A.54) and (A.42) in the expression (A.53) to rewrite the latter as

Lot:=¢ 3Tl + DiHY + DyHy + D3g) + & (dyHy + doHy + d39)dig ™
+E&0g T+ & iy + DiHY + DaHy + D3p)dyiy
+ Gk + DiHY + DyHy + D3¢)oi Hy + ¢ gdyiiy + Cpd Hy,
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(A.55)

From the resulting expression above, it appears that the lower order terms above are reduced
to a sum of two types of quadratic terms, namely,

lLot=c¢oiaB+coap, on Iy,
where o = a(z, X) and 8 = B(t, x) are used to mean any component of the noncharacteristic
part V,T = (q'i, 12,?, Hni) of the solution, while ¢ = ¢(z, xp) denotes, as usual, suitable
functions on I';, smoothly depending on space-time derivatives of U* and Vi,x,§ up to
second order.

In view of the preceding manipulations, to get an estimate of the boundary integral of the
quadratic form (A.51) we only need to estimate the following types of boundary integrals:

t t
T = // Cosa Bdxpyds and Jp = // ¢ dsa g dxods.
0JR 0JR

Asitwas done in Section A2.4, in [J] we pass to a volume integral over R%_ and use Leibniz’s
rule to get

t t
T = —// 91 (€ 05 B)dxds = —// 91€¢ 0y B dxds
0JR2 0JR%

t '
—// éB]Bsa,deds—// Cosadifdxds =TJ11+ T2+ T3
0JR? 0JR?

= +

By Cauchy—Schwarz and Young’s inequalities, 1,1 and [J] 3 are estimated by

11+ T30 = G {IVIZaq,) + 105 VIR, + 101 Valag, |
t (A.56)
= C3/0 (I % + I p)(s)ds.

The middle integral 7 7 is the most involved one, because the second order derivative 91 d;«
prevents from directly estimating 7 » similarly to (A.56).
From Leibniz’s rule with respect to time (notice that «|;—¢ = 0 and B|;—o = 0), we rewrite

J1,2 as

t t t
jl,zz—// a\v(éalaﬁ)dxds—i—// aséalaﬂdxds—f—// ¢ djox ds B dxdss
0JR2 0JRZ 0JR3

T

t t
= —f ¢(t) Bla(l),B(t)dx—F/f 3$681a/3dxds+// ¢ 0y dgB dxds.
R% 0JR% 0J/RY
(A.57)

The last two integrals above are estimated exactly by the same right-hand side of (A.56).
Concerning, instead, the first spatial integral

_/RZ ¢(1) dra(r) B(1) dx,

+

in view of estimates (A.20), (A.26) (recall that « is a noncharacteristic component of V), the
use of Cauchy—Schwarz and weighted Young’s inequalities gives

‘_/Rz &) M) B0 dx| < Cala®ll 22, 1O 22,

+
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C
< el Oz g + 1O g

&) 2 2
= Sll,n(l) + ? {”F”LZ(Q[) + ||(P(l)||L2(R)

t t
0112
- fo (L + 1) (s)ds + /O ||w(s>||L2(R)ds} ,
(A.58)

where ¢ > 0 will be chosen to be small enough.
Adding (A.58) and the analogous of (A.56) for the second and third integral in the right-hand
side of (A.57) finally yields

&) 2 2 ! 2
|\7],2| = 811,}1(1) + 7 {”F”LZ(Q,) + ||§0(f)||L2(R) + 0 ||‘P(S)||L2(R)ds
C3 (!
+7 A (I + I p)(s)ds (A.59)
and adding the latter and (A.56) we get
i < eln@+ 2 IR, o 4 10012 + [ 106 g d
11 =&l e LZ(Q,) @ LZ(R) o (4% LZ(R) s

C t
+?3/0 (I + 11 ) (s)ds. (A.60)

The boundary integral 7 is treated along the same lines as 7] 2. After Leibniz’s rule with
respect to time, we first rewrite

t ' t
T :// as(éago)dxgds—// Bséotgodxzds—// Cadspdxpds
0J/R 0J/R 0JR

! t

:f E(t)a(t)(p(t)dxz—// aséa(pdxzds—// Cadspdxpds
R 0/R 0/R

=D+ Do+ T3

The middle integral 73 7 is estimated at once by Cauchy—Schwarz, Young’s inqualities and
the trace type inequality (A.18)

'
[72,2] :‘_// dséapdxads
0JR

= C3{IVIZ2q,, + 101 Val2aq,) + 9132, |

t t
= { [[ao s naonas s [o@ Rt asn

Concerning [ 3, we substitute d;¢ with the right-hand side of (A.54) to rewrite it as

t
Jrs = _/O/Réa(u; + DIHY + DaHy + D3g) dxads

! t
// 6aﬂdx2ds+// capdxyds
0JR 0JR

where the second type of boundary integral above is exactly the same as [/ 7 and the first
one is trivially estimated by using once again the trace type inequality, hence we get the

112
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same estimate (A.61)

t t
2
17231 < C3 {/0 (1(s) +11,n(s))ds+f0 ||<p(s)||Lz(R)dS}~ (A.62)

Concerning, instead, the first spatial integral 7> 1, the use of Cauchy—Schwarz and weighted
Young’s inequalities and the trace type inequality (A.19) gives

G
17211 < lle@ly =0l + — IOl 72
2 2 % 2
<e {||a<r)||L2(Rz+) + ||ala<r>||Lz(Rz )} + o172

_€{I(t)+11,n(l)}+ ||‘/’(t)||L2(R) (A.63)

Gathering (A.63), (A.61) and (A.62) we get
| 2] 58{1([)+1],n(t)} ||<P(t)||L2(R)

t
2
e [t naoas + [ 10 gas) Aot

Summing the estimate of 71 and /> above, we end up with the following estimate of the
boundary integral of the quadratic form (A.51)

1
I A(Blvs,vs>|x1:odxzds\ =171+ 2l

<e{I)+ 1,0} + [||F||L2(g2 AL Ol

C3 t 2
+7{/0 (11,*+11,n)<s)ds+/0 ||<P(S)||L2(]R)d5}~ a6

Using (A.50), (A.50) and (A.65) together with the counterpart of (A.16) with V; instead of
V, from (A.49) we obtain

Io(t) <7 {”F” Z(Q ) + ”8 F”LZ(Q ) +/ (11 * + 11 n)(S)dS +/ ||</’(S)||L2(R) }

(&) 2
+€{I(l‘)+11‘n(l)}+?“w(t)“Lz(R) (A66)

A2.6. Estimate of the front ¢

To estimate the L2 —norm of the front we multiply by ¢ the first boundary condition in (A.1)
(we choose the + side) and integrate by parts over I'; to get

t t
/ |(p(t)|2dx2 —// (Bzﬁ;r)(pzdm ds —2// ﬂ;(pdxzds
R 0/R 0/R

t
—2// @1if)¢? dxp ds = 0, (A.67)
0/R
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from which, by Cauchy—Schwarz and Young’s inequalities, and the trace type inequality
(A.18)

t
O3z = €1 [ 10y ds + 1 10l
t
2 +112 +12
= C] A ”gD(S)HLZ(R) dS + ”alvn ”LZ(QT) + ”V ”Lz(Qt)

t t
2
< CI/O o172, ds+/0 (1,n + D(s)ds. (A.68)

Using the expressions of dy¢ and d;¢ in (A.42) and (A.54) we can recover an estimate of the

L2 —norms of those derivatives from the estimate (A.68) and (A.18). Precisely, integrating
over R (A.42) and (A.54) and using (A.18) we get

1020 (1172 gy < C2AIVa@®)]x =007 2 ) + 9D 72 @)

) (A.69)
< Co{I(0) + N () + 917 2 ) -
see (A.4), (A.6), and analogously
100172y < C2LD) + 1) + 10O 72 5))- (A.70)

A2.7. H)!—estimate
We add estimates (A.20), (A.33), (A.47), (A.66) and (A.68) to get
14 + o017
=10 + o) + Io () + L(O + 0D 725
< O s + n®) + 106 Pa e )d
=% J 1,%(S 1,n(S (4% L2(R) s
C2 2
e {10+ a0} + =20l ]2,

G3
+ 2 {IFI g, + 1001 FIZs g )+ 102F132 o + 13:F 132, |

C t
<< fo (U1 5) + 110+ 19(5) 22 g s
(&) 2 C3 02
+e {10+ 1O} + 210 o + 2IFIZ g

2

Then using (A.68) to estimate ||¢(t)]| I2®)

equality reduces to

in the right-hand side above, the previous in-

C t
) + IO 2 ) < /0 () + 11,0 () + 197 2 ) s

C3 2
+e{IO+aO} + —1Fl g,
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Then we use (A.26) to get a control of the normal derivatives of V,jf involved in the term
Iy j, in the right-hand side above to get

C t
11 *(t) + ||¢(1)HL2(R) / (11 *(S) + ”(/J(Y)“LZ(R))d‘
- Cre {10 + PO, 0§+ S 12
1 1,% LZ(RZ) P H*I(Q,)

In order to estimate the spatial L2 —norm of the source F(¢) in the right-hand side above we
use the following argument

t
2 je 2
IFOI72 ez /R , IFOPdx = fR . /0 05 (IF(s)P)ds dx

t
= / / 2F (5)95F(s) ds dx
R% Jo

t t
5/ /|F(s)|2dsdx+/ /IasF(s)lzdsdx
R% JO R% Jo

= IFI72q,) + 15Fl72 g,

so that

1) + 100132 ) < / (T1,4(8) + 19 ()% 2 )5 + Creli (o)

“F” Hl (Q ) i
hence taking & > 0 small enough in order to absorb Cy&/; ,(¢) in the left-hand side above,

we end up with

1140 + 1912 2 =C3 / (11,(5) + 191172 ) s + C3FIZ

Applying Gronwall’s lemma, we obtain

a0 + 1901172 g < C3IFIF g, ¢

and integrating on ¢ over (0, T'),
IVIR a7 + 101720,y < CIFIG1 ;- (A71)

where C is a positive constant depending only on 7" and K from (4.6).
From the use of estimates (A.69), (A.70) we can manage to include the LZ(FT)—norms of

Vi,x, ¢ in the left-hand side of (A.71), so as to get a control of the H 1 (I'r)—norm of the
front ¢.
From integration of (A.69), (A.70) with respect to ¢ over (0, T') and the use of (A.26) we get

IVl < C2 {/ (1) + I a(0)dt +/ ||(/’(l)||Lz(R)dt}

IA

T T
2 2
Cz{ fo I () di + /0 RO gt + fo ||<p(t>||L2(R)dr}

= IV g + 1P 0, + 10022, )
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where, in the last inequality, it is used that

T
/O L dt Z V|3, 7.

Using (A.71) to estimate the right-hand side above, we end up with

Vel 720y < CIFIG1 g, - (A72)

Then adding the latter to (A.71) we get

IVIT s+ N0l ) < CIFIG g (A.73)

which is just the estimate (5.33), in view of (5.1) (recalling that to shortcut notation we have
set U=U%and U = JV, see (5.1)).

10.

11.

12.

13.

14.

15.

References

. ALINHAC, S.: Existence d’ondes de raréfaction pour des systemes quasi-linéaires hy-

perboliques multidimensionnels. Commun. Partial Differ. Egs. 14(2), 173-230, 1989
ALINHAC, S., GERARD, P.: Pseudo-differential Operators and the Nash—Moser Theorem.
American Mathematical Society, Providence (2007)

AXFORD, W.I.: Note on a problem of magnetohydrodynamic stability. Canad. J. Phys
40, 654-655 (1962)

CHEN, G.-Q., SEccHI, P, WANG, T.: Nonlinear stability of relativistic vortex sheets in
three dimensional Minkowski spacetime. Arch. Ration. Mech. Anal. 232, 591-695,2019
CHEN, G.-Q., WANG, Y.-G.: Existence and stability of compressible current-vortex
sheets in three-dimensional magnetohydrodynamics. Arch. Ration. Mech. Anal. 187,
369-408 (2008)

CHEN, G.-Q., WANG, Y.-G.: Characteristic discontinuities and free boundary problems
for hyperbolic conservation laws, In: Nonlinear Partial Differential Equations, In: Abel
Symp., vol.7, Springer, Heidelberg, pp. 53-81 (2012)

CHEN, R.M., Hu, J., WANG, D.: Linear stability of compressible vortex sheets in two-
dimensional elastodynamics. Adv. Math. 311, 18-60 (2017)

CHEN, R.M., Hu, J., WANG, D.: Linear stability of compressible vortex sheets in 2D
elastodynamics: variable coefficients, Math. Ann. 1-50 (2019)

CHEN, R M., Hu, J., WANG, D., WANG, T., YUAN, D.: Nonlinear stability and existence
of compressible vortex sheets in 2D elastodynamics. J. Differ. Equ. 269, 6899-6940
(2020)

CHEN, R.M., HuanG, EM., WANG, D., YUAN, D.: Stabilization effect of elasticity on
three-dimensional compressible vortex sheets. J. Math. Pures Appl. 172(9), 105-138,
2023

CHEN, S.: Initial boundary value problems for quasilinear symmetric hyperbolic systems
with characteristic boundary. Translate from Chinese Ann. Math.3(2) (1982), 222-232.
Front. Math. China 2(1), 87-102 (2007).

COULOMBEL, J.-F., MORANDO, A.: Stability of contact discontinuities for the nonisen-
tropic Euler equations. Ann. Univ. Ferrara Sez. VII (N.S.) 50, 79-90 (2004)
COULOMBEL, J.-F.,, SEccH]I, P.: The stability of compressible vortex sheets in two space
dimensions. Indiana Univ. Math. J. 53, 941-1012 (2004)

CoULOMBEL, J.-F., SEccHI, P.: Nonlinear compressible vortex sheets in two space di-
mensions. Ann. Sci. Ec. Norm. Super. 41, 85-139 (2008)

DarerMoOs, C.M.: Hyperbolic Conservation Laws in Continuum Physics. Third Edition,
Grundlehren der Mathematischen Wissenschaften (Fundatmental Principles of Mathe-
matical Sciences), vol. 235, Springer-Verlag, Berlin (2010)



50 Page82of 83 Arch. Rational Mech. Anal. (2023) 247:50

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

FEJER, J.A., MILES, W.: On the stability of a plane vortex sheet with respect to three
dimensional disturbances. J. Fluid Mech. 15, 335-336 (1963)

FREISTUHLER, H., TRAKHININ, Y.: Symmetrizations of RMHD equations and stability
of relativistic current-vortex sheets. Class. Quantum Gravity 30(8), 85012-85028(17)
(2012)

GOEDBLOED, J.P., POEDTS, S.: Principles of Magnetohydrodynamics with Applications
to Laboratory and Astrophysical Plasmas. Cambridge University Press, Cambridge
(2004)

Lanpau, L.D., LirsHiz, E.M., PITAEVSKIL L.P.: Electrodynamics of Continuous Media.
Pergamon Press, Oxford (1984)

METIVIER, G.: Stability of multidimensional shocks. In: FREISTUHLER, H., SZEPESSY, A.
(eds.) Advances in the Theory of Shock Waves, pp. 25-103. Birkhéuser, Boston (2001)
MicHAEL, D.H.: The stability of a combined current and vortex sheet in a perfectly
conducting fluid. Proc. Camb. Philos. Soc. 51, 528-532 (1955)

MiLEs, J.W.: On the reflection of sound at an interface of relative motion. J. Acoust.
Soc. Am. 29, 226-228 (1957)

MILES, J.W.: On the disturbed motion of a plane vortex sheet. J. Fluid. Mech. 4,538-552
(1958)

MORANDO, A., SECCH], P., TREBESCHI, P.: Regularity of solutions to characteristic initial-
boundary value problems for symmetrizable systems. J. Hyperbolic Differ. Equ 6(4),
753-808 (2009)

MoranDO, A., TREBESCHI, P.: Two-dimensional vortex sheets for the nonisentropic
Euler equations: linear stability. J. Hyperbolic Differ. Equ. 5(3), 487-518 (2008)
MORANDO, A., TREBESCHI, P., WANG, T.: Two-dimensional vortex sheets for the non-
isentropic Euler equations: nonlinear stability. J. Differ. Equ. 266(9), 5397-5430, 2019
OHNO, M., SHIZUTA, Y., YANAGISAWA, T.: The trace theorem on anisotropic Sobolev
spaces. Tohoku Math. J. 46, 393401 (1994)

OHNO, M., SHIZUTA, Y., YANAGISAWA, T.: The initial boundary value problem for linear
symmetric hyperbolic problems with boundary characteristic of constant multiplicity.
J. Math. Kyoto Univ. 35, 143-210 (1995)

RAuUCH, J.: Symmetric positive systems with boundary characteristic of constant multi-
plicity. Trans. Am. Math. Soc. 291, 167-187 (1985)

SEccHI, P.: The initial-boundary value problem for linear symmetric hyperbolic systems
with characteristic boundary of constant multiplicity. Differ. Integ. Equ. 9(4), 671-700
(1996)

SEeccHI, P.: Well-posedness of characteristic symmetric hyperbolic systems. Arch. Ra-
tion. Mech. Anal. 134, 155-197 (1996)

SEccHI, P.: A higher-order Hardy-type inequality in anisotropic Sobolev spaces. Int. J.
Differ. Equ. Art. ID 129691 (2012)

SEeccHI, P.: On the Nash-Moser iteration technique. In: AMANN, H., GiGa, Y., KozonNo,
H., Okamoro, H., YAMAZAKI, M. (eds.) Recent Developments of Mathematical Fluid
Mechanics, pp. 443—457. Birkhiduser, Basel (2016)

SEccHI, P.,, TRAKHININ, Y.: Well-posedness of plasma-vacuum interface problem. Non-
linearity 27, 105-169 (2014)

SERRE, D.: Systems of Conservation Laws.2. Geometric Structure, Oscillations, and
Initial-Boundary Value Problems. Cambridge University Press, Cambridge (2000)
STEVENS, B.: Short-time structural stability of compressible vortex sheets with surface
tension. Arch. Ration. Mech. Anal. 222(2), 603730 (2016)

Syrovatskw, S.1.: The stability of tangential discontinuities in a magnetohydrodynamic
medium. Zhurnal Eksper. Teor. Fiz. 24, 622—-629 (1953)

TRAKHININ, Y.: Existence of compressible current-vortex sheets: variable coefficients
linear analysis. Arch. Ration. Mech. Anal. 177(3), 331-366 (2005)

TrRAKHININ, Y.: The existence of current-vortex sheets in ideal compressible magneto-
hydrodynamics. Arch. Ration. Mech. Anal. 191, 245-310 (2009)



Arch. Rational Mech. Anal. (2023) 247:50 Page 83 of 83 50

40.

41.

42.

WANG, Y.-G., YU, F.: Stabilization effect of magnetic fields on two-dimensional com-
pressible current-vortex sheets. Arch. Ration. Mech. Anal. 208, 341-389 (2013)
WANG, Y.-G., YU, E.: Stability of contact discontinuities in three-dimensional compress-
ible steady flows. J. Differ. Equ. 255, 1278-1356 (2013)

WANG, Y.-G., Yu, E.: Structural stability of supersonic contact discontinuities in three-
dimensonal compressible steady flows. SIAM J. Math. Anal. 47, 1291-1329 (2015)

ALESSANDRO MORANDO AND PAOLO SECCHI & PAOLA TREBESCHI
DICATAM, University of Brescia,
Via Valotti 9,
25133 Brescia
Italy.
e-mail: alessandro.morando @unibs.it
e-mail: paolo.secchi@unibs.it
e-mail: paola.trebeschi @unibs.it

and

DIFAN YUAN
School of Mathematical Sciences,
Beijing Normal University and Laboratory of Mathematics and Complex Systems,
Ministry of Education,
Beijing
100875 China.
e-mail: yuandf@amss.ac.cn

(Received February 19, 2023 / Accepted March 9, 2023)
© The Author(s) (2023)



	Nonlinear Stability and Existence of Two-Dimensional Compressible Current-Vortex Sheets
	Abstract
	1 Introduction
	2 Reformulate Current-Vortex Sheets Problem in a Fixed Domain
	3 Properties of Function Spaces and Main Theorem
	3.1 Notations
	3.2 Anisotropic Sobolev spaces
	3.3 Moser-type calculus inequalities
	3.4 Embedding and trace theorem
	3.5 Main theorem

	4 Linearized Problem
	4.1 The basic state
	4.2 The linearized equations
	4.3 Reduction to homogeneous boundary conditions
	4.4 New Friedrichs Symmetrizer for 2D MHD equations

	5 Stability condition and well-posedness of the linearized problem
	6 Higher-order energy estimates for the homogeneous problem (4.31)
	6.1 Estimate of the normal derivative of the ``non-characteristic'' unknown
	6.2 Estimate of weighted derivatives
	6.3 Estimate of non-weighted normal derivatives
	6.4 Estimate of non-weighted tangential derivatives
	6.5 Estimate of front

	7 Higher order energy estimate for problem (4.20)
	8 Construction of Approximate Solutions
	9 Nash–Moser Iteration

	10 Proof of the Main Result
	10.1 Inductive analysis
	10.2 Estimate of the error terms
	10.2.1 Estimate of the quadratic errors
	10.2.2 Estimate of the first substitution errors
	10.2.3 Estimate of the modified state
	10.2.4 Estimate of the second substitution errors
	10.2.5 Estimate of the last error term

	10.3 Convergence of the iteration scheme 

	Acknowledgements.
	A1 Trace theorem in anisotropic space
	A2 Proof of Theorem 5.1
	A2.1 Estimate of I(t)
	A2.2 Estimate of I1,n(t)
	A2.3 Estimate of Iσ(t)
	A2.4 Estimate of I2(t)
	A2.5 Estimate of I0(t)
	A2.6 Estimate of the front 
	A2.7 H1ast-estimate

	References


