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 A B S T R A C T

In this paper we propose a methodology to implement gain scheduling strategies for fractional-order 
proportional–integral–derivative controllers. In particular, we use a finite-dimensional approximation of the 
fractional operators and we implement it as a linear parameter varying system. Then, we provide a solution to 
the initialization problem that emerges when the parameters of the FOPID controller change discontinuously so 
that the control action is continuous, thereby avoiding any bump. Experimental results show that this method 
can be used in practice and has industrial relevance.
. Introduction

Fractional control has received substantial attention from the sci-
ntific community in the last decades because it provides significant 
dditional flexibility in the control system design with a moderate 
ncrement of the design effort (Chen, Petráš, & Xue, 2009; Monje, 
hen, Vinagre, Xue, & Feliu, 2010a; Naifar & Makhlouf, 2021; Valerio 
 Sá da Costa, 2011). In particular, the use of fractional differential 
perators allows the designer to improve the robustness of the control 
ystem by exploiting the additional degrees of freedom in the loop 
haping (Oustaloup, 1991; Oustaloup, Lanusse, Melchior, Moreau, & 
abatier, 2006; Oustaloup et al., 2008). Fractional-order controllers can 
e implemented through well-established integer-order approximations 
f fractional-order transfer functions (Oustaloup, Levron, Mathieu, & 
anot, 2000; Vinagre, Podlubny, Hernandez, & Feliu, 2000).
Although there have already been several practical applications 

f fractional control (Abbas, Saleem, Wang, & Yan, 2025; Beschi, 
adula, & Visioli, 2016; Monje, Vinagre, Feliu, & Chen, 2008; Tepl-
akov, Alagoz, Yeroglu, Gonzalez, HosseinNia et al., 2018), a major 
ndustrial impact could be achieved by Fractional-Order Proportional-
nteger-Derivative (FOPID) controllers (Podlubny, 1999), since they are 
he fractional-order extension of the classic PID controllers—the most 
mployed controllers in industry (Åström & Hägglund, 2006). Indeed, 
OPID controllers have been widely investigated, and design method-
logies exploiting the additional parameters have been proposed, for 
xample, to achieve the so-called isodamping property (Beschi, Padula, 
 Visioli, 2017; Chen & Moore, 2005). Further, many tuning rules have 
een proposed in order to support industrial practitioners to obtain the 

∗ Corresponding author.
E-mail address: fabrizio.padula@curtin.edu.au (F. Padula).

required performance in a given application (see, for example, (Chen, 
Bhaskaran, & Xue, 2008; Monje, Vinagre, Calderon, Feliu, & Chen, 
2004; Padula & Visioli, 2011, 2012; Valerio & Sá da Costa, 2006)).

However, the success of PID controllers is also due to the presence 
of many additional functionalities, such as set-point weighting, anti-
windup, filtering of the derivative action, etc., that make the control 
system effective in practice (Visioli, 2006). Thus, to foster the adoption 
of FOPID controllers in industry on a large scale, it is necessary to 
replicate these additional functionalities. With this aim, for example, 
an anti-windup methodology has been proposed in Padula, Visioli, 
and Pagnoni (2012), while the set-point weighting has been addressed 
in Padula and Visioli (2013).

This paper, which is an extended version of Milanesi, Padula, and 
Visioli (2024), deals with the implementation of gain scheduling in 
FOPID controllers. This is a well-known technique used in process 
control that consists of changing the PID controller parameters based 
on the (different) operating conditions. For example, in order to deal 
with process nonlinearities, different sets of parameters can be em-
ployed in different operating zones to maintain the same satisfactory 
performance. Alternatively, gain scheduling can be used by selecting 
different sets of parameters for different tasks. For example, a more 
aggressive controller can be employed to effectively reject load distur-
bances when the set-point is constant and a less aggressive controller 
can be utilized when a set-point change is applied to avoid possibly 
dangerous overshoots.

The implementation of gain scheduling strategies is well established 
for PID controllers, and bumpless commutation is ensured by tracking 
ttps://doi.org/10.1016/j.arcontrol.2025.101007
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Fig. 1. The considered gain scheduling feedback control scheme.

the integrator values. However, for FOPID controllers, a new method-
ology has to be considered because the integral and derivative orders 
can also be adjusted depending on the operating conditions. Only a few 
attempts to solve this problem can be found in the literature. In Tejado, 
Vinagre, and Chen (2011), only the controller gain is modified, not the 
fractional orders, thus making the implementation a straightforward 
extension of the classical PID one. In Pan and Das (2013), all controller 
parameters are altered by a neural network, but the implementation 
details are not given. Finally, Tepljakov, Petlenkov, and Belikov (2014) 
proposes an implementation of gain scheduling that relies on concur-
rently computing control outputs for all possible sets of parameters 
and then computing the control action as a linear combination of the 
formers. While this method can satisfactorily handle variations of the 
fractional orders, it does not address the discontinuity of the control 
action when instantaneously jumping from one set of parameters to an-
other, i.e., it does not address the initialization problem. Furthermore, 
it does not cater for continuous variations of the controller parameters.

In this paper, we propose an implementation technique that uti-
lizes a Linear Parameter-Varying (LPV) state-space realization of the 
Oustaloup high-order integer approximation of fractional operators, en-
abling the initialization of the operators when parameters, particularly 
the fractional order, vary. We consider FOPID controllers both in ideal 
and series form so that the proposed method is general. Further, we pro-
vide experimental results that demonstrate the practical effectiveness of 
the devised approach.

Note that we do not propose a design methodology for the gain 
scheduling strategy or the FOPID controller, namely the tuning of the 
set of parameters of the control system for a given application and 
the switching criteria, which we assume to be given. It is therefore 
assumed that the gain scheduling strategy and the controllers have 
already been designed in order to achieve the required performance and 
robustness, and that stability is guaranteed (Rugh & Shamma, 2000). 
Indeed, the contribution of the paper is to provide a solution to how to 
implement the parameters commutation, which, as mentioned above, 
is not trivial for FOPID controllers. It is also worth stressing that the 
proposed methodology is general in that it can be applied across various 
domains (process control, mechatronics, etc.) where FOPID controllers 
are used.

The paper is organized as follows. The problem is formulated in Sec-
tion 2, while the methodology is explained in Section 3. Experimental 
results are shown in Section 4 and conclusions are drawn in Section 5.

2. Problem formulation

The considered control scheme is the standard feedback architecture 
shown in Fig.  1, where 𝑟 is the set-point signal, 𝑦 is the process output, 
𝑒 = 𝑟 − 𝑦 is the control error, 𝑢 is the manipulated variable and 𝑑 is 
the load disturbance. The block 𝑃  is the process and 𝐶 is the FOPID 
controller, which can be implemented either in ideal (non-interacting) 
or in series (interacting) form. In ideal form, the transfer function is 
expressed as 

𝐶(𝑠) = 𝐾𝑝

⎛

⎜

⎜

⎝

1 + 1
𝑇𝑖𝑠𝜆

+
𝑇𝑑𝑠𝜇

1 + 𝑇𝑑
𝑁𝜇 𝑠𝜇

⎞

⎟

⎟

⎠

, (1)

where 𝐾𝑝 is the proportional gain, 𝑇𝑖 is the integral time constant, 𝜆
is the order of the integral action, 𝑇  is the derivative time constant, 
𝑑

2 
𝜇 is the order of the derivative action, and 𝑁 is the parameter of the 
fractional-order filter necessary to make the controller proper. In series 
form, the controller transfer function is 

𝐶(𝑠) = 𝐾𝑝
𝑇𝑖𝑠𝜆 + 1
𝑇𝑖𝑠𝜆

𝑇𝑑𝑠𝜇 + 1
𝑇𝑑
𝑁𝜇 𝑠𝜇 + 1

. (2)

Note that when 𝜆 = 𝜇 = 1 a standard PID controller results (in 
ideal or series form, respectively). Also, note that it is important to 
consider both series and parallel forms because, unlike in the integer 
case, conversion formulae that make the two forms equivalent do not 
exist unless 𝜆 = 𝜇.

In the problem we consider, the parameters of the FOPID controller 
can be changed at any time instant based on a selected strategy imple-
mented in the Scheduling block. For example, a set of parameters can be 
used when the control error is less than a given threshold and another 
set when the control error is larger than this threshold (this strategy 
is called gap control and it can be used to avoid unnecessary strong 
control actions in some applications where a tight control performance 
is not required, such as averaging level control), or the parameters can 
be linearly adapted depending on the absolute value of the control error 
in order to improve transient performance.

The aim of the methodology is to cater for (continuous or discon-
tinuous) changes of the controller parameters without any bump in 
the control action. In other words, we aim to guarantee the continuity 
of the control action despite any possible change in the controller 
parameters.

3. Methodology

While the implementation of a gain scheduling strategy is rather 
straightforward for standard integer-order PID controllers, as it is only 
necessary to track the integrator value in order to obtain a bumpless 
switching between two sets of parameters, this is not trivial for FOPID 
controllers. In fact, the state of the fractional operator is infinite-
dimensional and this poses serious issues when the fractional order 
varies. In order to solve this problem, we propose to use a finite-
dimensional approximation of the fractional operator and we imple-
ment the approximated fractional operators as LPV systems. In case 
the FOPID parameters change continuously, the initialization problem 
is automatically solved (Trigeassou, Maamri, Sabatier, & Oustaloup, 
2012). Conversely, when the FOPID parameters change discontinu-
ously, we include the initialization in the bumpless switching strategy. 
Specifically, among the infinitely many solutions that ensure the con-
tinuity of the control action, we select the one in which the new 
state is determined by appropriately scaling the current state. Thus, we 
first approximate the general infinite-dimensional fractional operator 
𝑠𝛼 by exploiting the Oustaloup approximation (Oustaloup et al., 2000; 
Vinagre et al., 2000), namely, using 𝑁 poles and zeros in such a way 
that they are logarithmically distributed in a user-selected frequency 
range [𝜔𝓁 , 𝜔ℎ]: 

𝑠𝛼 ≈ 𝐾
(𝑠 + 𝜔̄1)⋯ (𝑠 + 𝜔̄𝑀 )
(𝑠 + 𝜔1)⋯ (𝑠 + 𝜔𝑀 )

, (3)

where 𝐾 is determined such that the absolute values of the left and 
right-hand side of the above equation are identical in the logarithmic 
midpoint 𝜔𝑐 =

√

𝜔𝑙𝜔ℎ of the approximation range, that is, 

𝐾 =
|

1
(𝑗 𝜔𝑐 )𝛼

|

|

|

|

|

(𝑗 𝜔𝑐+𝜔̄1)⋯(𝑗 𝜔𝑐+𝜔̄𝑀 )
(𝜔𝑐+𝜔1)⋯(𝜔𝑐+𝜔𝑀 )

|

|

|

|

. (4)

Then, the operator 1
𝑠𝛼  is approximated as 

1 = 𝑠1−𝛼 ≈ 1𝐾
(𝑠 + 𝜔̄1)⋯ (𝑠 + 𝜔̄𝑀 )

. (5)

𝑠𝛼 𝑠 𝑠 (𝑠 + 𝜔1)⋯ (𝑠 + 𝜔𝑀 )
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Fig. 2. Block scheme of the FOPID controller in ideal form.

In order to obtain a state-space realization of the previous transfer 
function, we rewrite (3) as 

𝐾 1
𝑠
(𝑠 + 𝜔̄1)⋯ (𝑠 + 𝜔̄𝑀 )
(𝑠 + 𝜔1)⋯ (𝑠 + 𝜔𝑀 )

=
𝑐0
𝑠

+
𝑐1

𝑠 + 𝜔1
+⋯ +

𝑐𝑀
𝑠 + 𝜔𝑀

, (6)

where the closed-form expressions of the coefficients 𝑐𝑖 (𝑖 = 0,… ,𝑀) 
are

𝑐(0) = 𝐾
𝑀
∏

𝑗=1

−𝜔̄𝑗

−𝜔𝑗
, (7)

𝑐(𝑖) = 𝐾
−𝜔𝑖 + 𝜔̄𝑖

−𝜔𝑖

𝑀
∏

𝑗 = 1
𝑗 ≠ 𝑖

−𝜔𝑖 + 𝜔̄𝑗

−𝜔𝑖 + 𝜔𝑗
. (8)

The state-space approximation of the operator 1
𝑠𝛼 , i.e., the relationship 

between 𝑦(𝑡) and 𝑣(𝑡) in 

𝑦(𝑡) ≈ 𝑦̂(𝑡) = −1
{ 1
𝑠𝛼

{𝑣(𝑡)}
}

, (9)

is 
{

𝑥̇(𝑡) =  𝑥(𝑡) + 𝑣(𝑡)
𝑦(𝑡) =  𝑥(𝑡),

(10)

where  denotes the Laplace transform and

 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 ⋯ 0
0 −𝜔1 0 ⋯ 0
0 0 −𝜔2 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 0 −𝜔𝑀

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,  =

⎡

⎢

⎢

⎢

⎢

⎣

1
1
⋮
1

⎤

⎥

⎥

⎥

⎥

⎦

,

 =
[

𝑐0 𝑐1 ⋯ 𝑐𝑀
]

,  = 0,

𝑣 and 𝑦 are scalar signals, and 𝑥 ∈ R𝑀+1. Note that approximating 
the fractional-order operator is not restrictive as infinite-dimensional 
operators would need to be approximated in any case for control 
purposes, regardless of the implementation of any gain scheduling 
strategy.

3.1. Fractional integrator

The fractional integrator is a component of the FOPID controller in 
both ideal and series form. Denoting as 𝐼𝜆 the fractional integrator of 
order 𝜆, the fractional integral action can be written as (see Fig.  2): 

𝑢𝑖(𝑡) = 𝐼𝜆
(

1
𝑇𝑖
𝑢𝑝(𝑡)

)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝑣(𝑡)

, (11)

it can be straightforwardly approximated with a system whose input is 
𝑢𝑝(𝑡) = 𝐾𝑝 ⋅ 𝑒(𝑡) and whose state-space form is 
{

𝑥̇(𝑡) = 𝑖 𝑥(𝑡) + 𝑖𝑣(𝑡) (12)

𝑦(𝑡) = 𝑖 𝑥(𝑡),

3 
Fig. 3. Block scheme of the FOPID controller in series form.

where 
𝑖 = , 𝑖 =  1

𝑇𝑖
, 𝑖 = . (13)

3.2. Fractional differentiator - ideal form

In the FOPID controller in ideal form, the filtered fractional deriva-
tive action can be expressed as (see Fig.  2): 

𝑈𝑑 (𝑠) = 𝐾𝑝
𝑇𝑑𝑠𝜇

𝑇𝑑
𝑁𝜇 𝑠𝜇 + 1

𝐸(𝑠), (14)

that is, 

𝑈𝑑 (𝑠) =
1
𝑠𝜇

(

−𝑁𝜇

𝑇𝑑

)

𝑈𝑑 (𝑠) +𝐾𝑝𝑁
𝜇𝐸(𝑠). (15)

By applying the inverse Laplace transform, we can write the expression 
in the time domain as 

𝑢𝑑 (𝑡) = 𝐼𝜇
(

−𝑁𝜇

𝑇𝑑
𝑢𝑑 (𝑡)

)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝑣(𝑡)

+𝐾𝑝𝑁
𝜇𝑒(𝑡), (16)

where 𝐼𝜇 is a fractional integrator of order 𝜇. Using the state-space 
system representation of 1

𝑠𝜇  we can therefore write the state-space 
approximation of the filtered fractional derivative action, with 𝑒(𝑡) as 
input, as 
⎧

⎪

⎨

⎪

⎩

𝑥̇(𝑡) = 𝑥(𝑡) + 
(

−𝑁𝜇

𝑇𝑑

)

𝑢𝑑 (𝑡)

𝑢𝑑 (𝑡) = 𝑥(𝑡) +𝐾𝑝𝑁𝜇𝑒(𝑡).
(17)

Substituting the second equation into the first equation yields 
⎧

⎪

⎨

⎪

⎩

𝑥̇(𝑡) =
(

 + 
(

−𝑁𝜇

𝑇𝑑

)


)

𝑥(𝑡) + 
(

−𝑁2𝜇

𝑇𝑑
𝐾𝑝

)

𝑒(𝑡)

𝑢𝑑 (𝑡) = 𝑥(𝑡) +𝐾𝑝𝑁𝜇𝑒(𝑡).
(18)

An alternative (equivalent) realization which avoids that the state of 
the filtered fractional differentiator changes when the proportional gain 
𝐾𝑝 changes is 
⎧

⎪

⎨

⎪

⎩

𝑥̇(𝑡) =
(

 + 
(

−𝑁𝜇

𝑇𝑑

)


)

𝑥(𝑡) + 
(

𝑁𝜇

𝑇𝑑

)

𝑒(𝑡)

𝑢𝑑 (𝑡) = −𝐾𝑝𝑁𝜇𝑥(𝑡) +𝐾𝑝𝑁𝜇𝑒(𝑡).
(19)

Therefore, we consider the following state-space approximation of the 
fractional derivative action to be 
{

𝑥̇(𝑡) = 𝑑𝑥(𝑡) + 𝑑𝑒(𝑡)
𝑢𝑑 (𝑡) = 𝑑𝑥(𝑡) +𝑑𝑒(𝑡),

(20)

where 
𝑑 =  − 𝑁𝜇

𝑇𝑑
, 𝑑 = 𝑁𝜇

𝑇𝑑
,

𝑑 = −𝐾𝑝𝑁𝜇, 𝑑 = 𝐾𝑝𝑁𝜇 .
(21)

3.3. Fractional differentiator - series form

In the FOPID controller in series form, the implementation of the 
fractional integrator remains identical of the one for the ideal form (see 
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Section 3.1). The filtered fractional derivative action changes slightly 
because it no longer includes the 𝐾𝑝 term, and its input is no longer the 
error 𝑒(𝑡), but the sum 𝑢𝑝𝑖(𝑡) of the integral and proportional actions. 
In the series FOPID controller, the filtered fractional derivative can be 
expressed as (see Fig.  3): 

𝑈 (𝑠) =
𝑇𝑑𝑠𝜇 + 1
𝑇𝑑
𝑁𝜇 𝑠𝜇 + 1

𝑈𝑝𝑖(𝑠), (22)

that is, 

𝑈 (𝑠) = 1
𝑠𝜇

(

𝑁𝜇

𝑇𝑑

(

𝑈𝑝𝑖(𝑠) − 𝑈 (𝑠)
)

)

+𝑁𝜇𝑈𝑝𝑖(𝑠). (23)

By applying the inverse Laplace transform, we can write the expression 
in the time-domain as 

𝑢(𝑡) = 𝐼𝜇
(

𝑁𝜇

𝑇𝑑

(

𝑢𝑝𝑖(𝑡) − 𝑢(𝑡)
)

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑣(𝑡)

+𝑁𝜇𝑢𝑝𝑖(𝑡), (24)

where 𝐼𝜇 is a fractional integrator of order 𝜇. Using the state-space 
system representation of 1

𝑠𝜇  we can therefore write the state-space 
approximation of the fractional derivative action (with 𝑢𝑝𝑖(𝑡) as input) 
as 
⎧

⎪

⎨

⎪

⎩

𝑥̇(𝑡) = 𝑥(𝑡) + 
(

𝑁𝜇

𝑇𝑑
𝑢𝑝𝑖(𝑡) − 𝑢(𝑡)

)

𝑢(𝑡) = 𝑥(𝑡) +𝑁𝜇𝑢𝑝𝑖(𝑡).
(25)

Substituting the second equation into the first equation yields 
⎧

⎪

⎨

⎪

⎩

𝑥̇(𝑡) =
(

 + 
(

−𝑁𝜇

𝑇𝑑

)


)

𝑥(𝑡) + 𝑁𝜇

𝑇𝑑
(1 −𝑁𝜇) 𝑢𝑝𝑖

𝑢(𝑡) = 𝑥(𝑡) +𝑁𝜇𝑢𝑝𝑖(𝑡).
(26)

An alternative (equivalent) realization is 
⎧

⎪

⎨

⎪

⎩

𝑥̇(𝑡) =
(

 + 
(

−𝑁𝜇

𝑇𝑑

)


)

𝑥(𝑡) + (𝑁
𝜇−1
𝑇𝑑

)𝑢𝑝𝑖(𝑡)

𝑢(𝑡) = −𝑁𝜇𝑥(𝑡) +𝑁𝜇𝑢𝑝𝑖(𝑡).
(27)

Therefore the state-space approximation of the fractional derivative 
action is 
{

𝑥̇(𝑡) = 𝑑𝑥(𝑡) + 𝑑𝑒(𝑡)
𝑢𝑑 (𝑡) = 𝑑𝑥(𝑡) +𝑑𝑒(𝑡),

(28)

where 
𝑑 =  − 𝑁𝜇

𝑇𝑑
, 𝑑 = 𝑁𝜇−1

𝑇𝑑
,

𝑑 = −𝑁𝜇, 𝑑 = 𝑁𝜇 .
(29)

3.4. Bumpless switching

We note that the order of the blocks is relevant when the parameters 
of the controller change (i.e., we can no longer rely on linearity). 
For example, ∫ 𝐾𝑝𝑇𝑖𝑒(𝑡)𝑑𝑡 and 𝐾𝑝𝑇𝑖 ∫ 𝑒(𝑡)𝑑𝑡 are not equivalent when 
the parameters 𝑇𝑖 and 𝐾𝑝 change over time. In this paper, of the 
infinitely many possible state-space realizations of the fractional-order 
integral and derivative actions, we have selected those that ensure 
the continuity of the output when 𝑇𝑖 and 𝑇𝑑 change abruptly. In 
particular, it can be noted that a change in the value of the integral time 
constant 𝑇𝑖 and the proportional gain 𝐾𝑝 only affects the input matrix 
𝐵𝑖 and the magnitude of the input signal 𝑣(𝑡), thereby instantaneously 
impacting the slope of the output signal of the fractional integrator, 
but not its value. Similarly, a change in the derivative time constant 
𝑇𝑑 only affects matrices 𝐴𝑑 and 𝐵𝑑 in both the series and the ideal 
implementation, hence guaranteeing the continuity of the output of 
the filtered fractional derivative. Further, the realization (20) naturally 
avoids that the state of the filtered differentiator changes when the 
gain 𝐾𝑝 changes. However, a discontinuity of the proportional gain 𝐾𝑝
would still cause a discontinuity of the output through the proportional 
4 
action and changes in matrices 𝐶𝑑 and 𝐷𝑑 of the derivative action in 
the ideal FOPID controller. Similarly, a discontinuity of the derivative 
filter coefficient 𝑁 would cause a discontinuity of the output through 
changes in both the matrices 𝐶𝑑 and 𝐷𝑑 of the derivative action in both 
ideal and series FOPID controllers. Finally, changes in the fractional 
orders 𝜆 and 𝜇 would cause a discontinuity of the output through 
changes in the output and direct feed-through matrices of integral and 
derivative action, respectively. As such, there is a need to design a 
switching methodology that avoids bumps in the control action when 
the gain scheduling strategy changes the controller parameter.

Assume that at time 𝑡∗ the set of parameters changes from 1 =
{𝐾𝑝,1, 𝑇𝑖,1, 𝜆1, 𝑇𝑑,1, 𝜇1, 𝑁1} to 2 = {𝐾𝑝,2, 𝑇𝑖,2, 𝜆2, 𝑇𝑑,2, 𝜇2, 𝑁2}. Denoting 
as integrator 1 the state-space system with matrices 𝑖,1, 𝑖,1, 𝑖,1 and 
state 𝑥𝑖,1 – corresponding to the set 1 – and denoting as integrator 
2 the state-space system with matrices 𝑖,2, 𝑖,2, 𝑖,2 and state 𝑥𝑖,2 – 
corresponding to the set 2 – a practical solution to avoid to directly 
assign the new value of the state at the switching time 𝑡∗ is to imple-
ment the integrators and the differentiator state-space approximations 
as LPV systems. In particular, we propose to set the matrices 𝑖,2,𝑖,2
of integrator 2 in tracking mode when the set of parameters 1 is used 
so that the state 𝑥𝑖,2 tracks the desired initial state for integrator 2 that 
guarantees a bumpless commutation when switching from 1 to 2. To 
this end, we can set the input signal to the integrator 2 as 

𝑥𝑖,2,𝑡(𝑡) = 𝑓1,2
(

𝑒(𝑡), 𝑥𝑖,1(𝑡)
)

=
(𝐾𝑝,1 −𝐾𝑝,2)𝑒(𝑡) + 𝑖,1𝑥𝑖,1(𝑡)

𝑖,2𝑥𝑖,1(𝑡)
𝑥𝑖,1(𝑡) (30)

and the state and input matrices 𝑖,2,𝑖,2 for the tracking mode can be 
computed as

𝑖,2 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝑘 0 0 ⋯ 0
0 −𝑘 0 ⋯ 0
0 0 −𝑘 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 0 −𝑘

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝑖,2 = −𝑖,2,

where 𝑘 is a positive number to be selected much larger than the abso-
lute value of the largest eigenvalue of 𝑖,1 in such a way that the state 
tracks the desired signal with a fast transient, thereby guaranteeing 
that, at commutation time 𝑡∗,

𝑥𝑖,2(𝑡∗) ≈
(𝐾𝑝,1 −𝐾𝑝,2)𝑒(𝑡∗) + 𝐶𝑖,1𝑥𝑖,1(𝑡∗)

𝐶𝑖,2𝑥𝑖,1(𝑡∗)
𝑥𝑖,1(𝑡∗).

The block scheme of the fractional integrator, including the bumpless 
mechanics, is shown in Fig.  4. Note that matrices 𝑖,2 and 𝑖,2 are 
irrelevant when integrator 2 is in tracking mode.

Analogously, denoting as differentiator 1 the state-space system with 
matrices 𝑑,1, 𝑑,1, 𝑑,1 and state 𝑥𝑑,1 – corresponding to the set 1 – 
and denoting as differentiator 2 the state-space system with matrices 
𝑑,2 𝑑,2, 𝑑,2 and state 𝑥𝑑,2 – corresponding to the set 2 – we set the 
input of differentiator 2 in tracking mode as 

𝑥𝑑,2,𝑡(𝑡) = 𝑔1,2
(

∗ (𝑡), 𝑥𝑑,1(𝑡)
)

=
(𝑑,1 −𝑑,2) ∗ (𝑡) + 𝑑,1𝑥𝑑,1(𝑡)

𝑑,2𝑥𝑑,1(𝑡)
𝑥𝑑,1(𝑡), (31)

where ∗ (𝑡) = 𝑒(𝑡) for the ideal FOPID and ∗ (𝑡) = 𝑢𝑝𝑖(𝑡) for the series 
FOPID, and the state and input matrices can be selected as

𝑑,2 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝑘 0 0 ⋯ 0
0 −𝑘 0 ⋯ 0
0 0 −𝑘 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 0 −𝑘

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝑑,2 = −𝑑,2.

This guarantees that, at time 𝑡 = 𝑡∗,

𝑥𝑑,2(𝑡∗) ≈
(𝐷𝑑,1 −𝐷𝑑,2) ∗ (𝑡∗) + 𝐶𝑑,1𝑥𝑑,1(𝑡∗)

𝐶𝑑,2𝑥𝑑,1(𝑡∗)
𝑥𝑑,1(𝑡∗).

Finally, when the switching is from the set 2 to the set 1, the same 
method can be applied by swapping the subscripts 1 with 2 in (30) and 
(31). Importantly, every time there is a switch from   to   or vice 
1 2
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Fig. 4. Fractional integrator block scheme with integrator 1 in place and integrator 2 in tracking mode.
Fig. 5. Fractional differentiator block scheme with differentiator 1 in place and differentiator 2 in tracking mode. The ideal form has 𝑒 as input and 𝑢𝑑 as output; the series form 
has 𝑢𝑝𝑖 as input and 𝑢 as output.
versa, the parameters in sets can change. So, our method can cater 
for gain scheduling strategies with arbitrarily many parameter sets 
without increasing the number of required state-space systems above 
two, i.e., we bound the computational complexity. Note that for both 
the FOPID controller in ideal and series form, matrices 𝑖,1 and 𝑖,2 in 
(30) are derived from (13). On the other hand, matrices 𝑖,1, 𝑖,2 𝑖,1
and 𝑖,2 in (31), are derived from (21) if the FOPID controller is in ideal 
form, while are from (29) if the FOPID controller is in series form. The 
block scheme of the fractional differentiator, including the bumpless 
mechanism, is shown in Fig.  5.

In summary, our approach is based on:

• Changing the state of the integrator to compensate for disconti-
nuity due to proportional action and integral order 𝜆.

• Changing the state of the differentiator to compensate for discon-
tinuity in 𝑁 , derivative order 𝜇 (and 𝐾𝑝, only in the ideal FOPID 
controller).

Interestingly, in line with the argument developed above, whenever 
we have variations of exclusively 𝑇𝑖, the function 𝑓1,2 is the identity 
function, i.e., 𝑥𝑖,2,𝑡 = 𝑥𝑖,𝑡. Similarly, when we have variations of 
exclusively 𝑇𝑑 (and 𝐾𝑝 for the series FOPID controller) the function 𝑔1,2
is the identity function, i.e., 𝑥𝑑,2,𝑡 = 𝑥𝑑,𝑡.

Finally, note that, whenever the gain scheduling strategy is such 
that the parameters of the controller change with continuity, the LPV 
implementation of integrator 1 and differentiator 1 is sufficient to carry 
over the current state information when the parameters change, and 
the output remains continuous without requiring integrator 2 and dif-
ferentiator 2 for the bumpless commutation.

4. Experimental results

To demonstrate the effectiveness of the proposed methodology, a 
gain scheduling strategy for both ideal and series forms of FOPID con-
troller has been evaluated in a temperature control application using 
the APMonitor TCLab platform. The TCLab is a portable experimental 
kit that incorporates an Arduino microcontroller, a thermistor and a 
transistor, enabling users to implement and test controllers to track a 
desired temperature set-point (see Fig.  6). The control is implemented 
by modulating the current through the transistor (𝐴1 or 𝐴2) in response 
to temperature deviations measured through the sensor (𝑇1 or 𝑇2). In 
the presented experiments a single-input-single-output process is con-
sidered, where the process variable is 𝑇1 and the actuator is 𝐴1. First, 
an open-loop input step from 0% to 50%, starting from steady-state 
conditions, has been applied to the process to estimate a first-order-
plus-dead-time (FOPDT) transfer function. By employing the Matlab 
function procest, the transfer function 

𝑃 (𝑠) = 0.96 𝑒−16.22𝑠 (32)

1 + 152.079𝑠

5 
Fig. 6. TCLab with actuators 𝐴1 and 𝐴2 and temperature sensors 𝑇1 and 𝑇2.

Fig. 7. Open-loop step response 𝑇1  to an input 𝐴1 of 50%  and the 
response of the identified model .

has been obtained. The comparison between the experimental step 
response and the step response obtained by using the estimated model 
is shown in Fig.  7.

The model (32) has been used to determine two sets of parameters 
for a FOPID controller in ideal form with the multiobjective optimiza-
tion algorithm proposed in Monje, Chen, Vinagre, Xue, and Feliu-Batlle 
(2010b). In particular, the optimization problem is formulated as: 

min IAE =
∞
|𝑒(𝑡)|𝑑𝑡 (33)
𝐾𝑝 ,𝑇𝑖 ,𝑇𝑑 ,𝜆,𝜇 ∫0
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Fig. 8. Results of a 50 ◦C set-point step response for the FOPID in ideal form, using 
two different parameter sets. From top to bottom: set-point signal  and process 
variable 𝑇1 ; control action 𝐴1; first derivative of control action 𝐴1; absolute error 
|𝑒|  with the threshold  used for parameter switching and the switching 
instant ; percentage change in controller parameters.

s.t.

arctan (𝑃 (𝑗𝜔)𝐶(𝑗𝜔)) ≥ −180 + PM,

|𝑃 (𝑗𝜔)𝐶(𝑗𝜔)| ≥ 1
GM ,

|𝑃 (𝑗𝜔)𝐶(𝑗𝜔)| = 0 dB, 𝜔 = 𝜔𝑐 rad/s,
|

|

|

|

𝑃 (𝑗𝜔)𝐶(𝑗𝜔)
1 + 𝑃 (𝑗𝜔)𝐶(𝑗𝜔)

|

|

|

|

≤ −20 dB, ∀𝜔 ≥ 10 ⋅ 𝜔𝑐 rad/s,

|

|

|

|

1
1 + 𝑃 (𝑗𝜔)𝐶(𝑗𝜔)

|

|

|

|

≤ −20 dB, ∀𝜔 ≤ 10−1 ⋅ 𝜔𝑐 rad/s.

Problem (33) has been solved using the FOPID optimization tool of 
the FOMCON toolbox (Tepljakov, Petlenkov, Belikov, & Finajev, 2013). 
Two different sets of constraints have been considered to determine the 
controller parameters. In the first set, the phase margin constraint has 
been specified as PM = 30 deg and the gain margin constraint as GM 
= 6 dB. For the second set, the constraints have been adjusted to PM 
= 42 and GM = 11 dB. The crossover frequency 𝜔𝑐 has been defined 
as four times the dominant pole of the process, yielding 𝜔𝑐 = 4

151.4 =
0.0264 rad/s. The resulting parameter sets are as follows: 

1 = {𝐾𝑝 = 0.83, 𝑇𝑖 = 144.46, 𝑇𝑑 = 69.80, 𝜆 = 0.96, 𝜇 = 0.65, 𝑁 = 10},

2 = {𝐾𝑝 = 1.51, 𝑇𝑖 = 151.21, 𝑇𝑑 = 53.46, 𝜆 = 1.12, 𝜇 = 0.51, 𝑁 = 10}.

(34)
6 
Fig. 9. Results of a 50 ◦C set-point step response for the FOPID in ideal form, using two 
different parameter sets, without bumpless commutation blocks 𝑓1,2 , 𝑓2,1 and 𝑔1,2 , 𝑔2,1. 
From top to bottom: set-point signal  and process variable 𝑇1 ; control action 
𝐴1; first derivative of control action 𝐴1; absolute error |𝑒|  with the threshold 

 used for parameter switching and the switching instant ; percentage change 
in controller parameters.

For both parameter sets, the filter coefficient 𝑁 was manually set to 
10 to ensure effective attenuation of measurement noise. The open-
loop transfer function 𝐿(𝑗𝜔) = 𝑃 (𝑗𝜔)𝐶(𝑗𝜔), where 𝐶(𝑗𝜔) represents 
the controller in (1) substituting either 1 or 2, exhibits the following 
frequency characteristics:

• For the first set of parameters: GM = 12.22 dB, PM = 106.89 
deg, with a crossover frequency of 0.0264 rad/s and maximum 
sensitivity 𝑀𝑠 = 1.41.

• For the second set of parameters: GM = 6.88 dB, PM = 56.64 deg 
with a crossover frequency of 0.0024 rad/s and 𝑀𝑠 = 2.06.

For the FOPID in series form, the tuning rule presented in Padula 
and Visioli (2011) has been employed, with 𝐾 = 0.96, 𝑇 = 152.079 and 
𝐿 = 16.22 of the identified model (32), resulting in the following sets 
of parameters: 

1 = {𝐾𝑝1 = 5.094, 𝑇𝑖1 = 153.89, 𝑇𝑑1 = 6.18, 𝜆1 = 1, 𝜇1 = 1.1, 𝑁1 = 16.25},

2 = {𝐾𝑝2 = 7.64, 𝑇𝑖2 = 154.75, 𝑇𝑑2 = 6.85, 𝜆2 = 1, 𝜇2 = 1, 𝑁2 = 10}.

(35)

Note that in (35) the parameter set 1 is associated with a maximum 
sensitivity of 𝑀𝑠 = 1.4, whereas 2 to 𝑀𝑠 = 2.

Moreover, it should be noted that, for both the ideal and series 
case, 𝑆  corresponds to a more aggressive controller than 𝑆 . For 
2 1
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Fig. 10. Results of a 50 ◦C set-point step response for the FOPID in ideal form, to a 
linear change of the controller parameters during the transient. From top to bottom: 
set-point signal  and process variable 𝑇1 ; control action 𝐴1; normalized 
absolute error |𝑒| ; percentage change in controller parameters.

all the experiments and simulations, conditional integration has been 
implemented to prevent integrator windup (Visioli, 2006). For the 
implementation of the proposed methodology, the FOPID controllers 
have been realized by using the Oustaloup approximation detailed in 
Section 3 with 𝑀 = 8, and 𝜔𝓁 = 10−3 and 𝜔ℎ = 103. Note that 
the selected frequency range contains the gain crossover frequency 
achieved with all controllers used in the experiments. We refer the 
reader to Oustaloup et al. (2006, 2000, 2008) for details on how 
to select the parameters of the Oustaloup approximation for a given 
application. Importantly, the proposed approach works regardless of 
the parameters of choice, although a correct selection ensures that the 
dynamics of the finite-dimensional approximation effectively replicate 
those of a FOPID controller.

The proposed bumpless commutation approach has been assessed 
initially in a set-point tracking task with the FOPID controller in ideal 
form. In particular, a step change in the set-point to 50 ◦C is applied 
from an initial room temperature of 𝑇1 = 25 ◦C. The two sets of FOPID 
parameters defined in (34) are utilized. Specifically, parameter set 2
is applied when the absolute value of the control error |𝑒| exceeds 18 
◦C, while parameter set 1 is employed when |𝑒| ≤ 18 ◦C. To mitigate 
measurement noise in the feedback signal, a second-order filter of the 
form 1  has been applied to the sensor output. The results are 
(15𝑠+1)2

7 
Fig. 11. Results related to a setpoint of 50 ◦C followed by a load disturbance step 
response, resulting in a triple change of the controller parameters. From top to bottom: 
set-point signal  and process variable 𝑇1 ; disturbance actuator 𝐴2
and resulting temperature 𝑇2 ; control action 𝐴1, with two magnified views when 
the parameter switch occurs; absolute error |𝑒|  with the two thresholds 
used for parameter switching and the switching instants ; percentage change in 
controller parameters.

shown in Fig.  8, where the process variable, the control signal, the 
first derivative of the control signal, the absolute value of the control 
error, and the percentage variation of the controller parameters are 
plotted. Despite switching between the two sets of parameters during 
the transient phase, the control action remains continuous, achieving 
temperature regulation without overshoot. This continuity is further 
confirmed by observing the first derivative of the control signal, which 
remains bounded between 0 and −10 ⋅ 10−3.

To further illustrate the role of the commutation block, the exper-
iment of the first example was repeated with the commutation block 
𝑓1,2, 𝑓2,1 and 𝑔1,2, 𝑔2,1 disabled. The corresponding results are shown in 
Fig.  9, where the same variables are plotted for comparison. In this 
case, when there is a switch between the two sets of parameters during 
the transient phase, an abrupt change in the control signal occurs. 
This is clearly reflected in the first derivative of the control action, 
which exhibits an impulsive behavior instead of remaining bounded as 
previously observed. 

In a third experiment (again with the FOPID controller in ideal 
form), a continuous variation in the parameters is considered. The same 
two sets of parameters defined in the initial example are considered. 
Subsequently, the parameters are linearly adjusted according to the 
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Fig. 12. Results of a 50 ◦C set-point step response for the FOPID in series form, using 
two different parameter sets. From top to bottom: set-point signal  and process 
variable 𝑇1 ; control action 𝐴1; absolute error |𝑒|  with the threshold 
used for parameter switching and the switching instant ; percentage change in 
controller parameters.

following equations: 
𝐾𝑝 = 𝐾𝑝1 + (𝐾𝑝2 −𝐾𝑝1)(1 − |𝑒|),
𝑇𝑖 = 𝑇𝑖1 + (𝑇𝑖2 − 𝑇𝑖1)(1 − |𝑒|),
𝜆 = 𝜆1 + (𝜆2 − 𝜆1)(1 − |𝑒|),
𝑇𝑑 = 𝑇𝑑1 + (𝑇𝑑2 − 𝑇𝑑1)(1 − |𝑒|),
𝜇 = 𝜇1 + (𝜇2 − 𝜇1)(1 − |𝑒|),
𝑁 = 𝑁1 + (𝑁2 −𝑁1)(1 − |𝑒|),

(36)

where |𝑒| is the absolute value of the error normalized between 0 and 
1. Results are shown in Fig.  10. Also in this case, there are no issues 
with the control variable.

In the fourth experiment, we consider the load disturbance rejec-
tion. After achieving the set-point 𝑇1 = 50 ◦C, a load disturbance is 
introduced at 𝑡 = 20 minutes by activating the actuator 𝐴2 at 100% 
capacity. As a result, the transistor reaches a steady-state temperature 
of 𝑇2 = 80 ◦C. In this scenario, three parameter switching events are 
implemented. During the set-point regulation phase, the threshold for 
switching between parameter sets is defined as in the first example, 
occurring when |𝑒| ≤ 18 ◦C, while during the load disturbance rejection 
phase, the switching threshold is reduced to |𝑒| ≤ 3 ◦C, resulting in two 
8 
Fig. 13. Results of a load disturbance rejection for the FOPID in series form, utilizing 
two distinct parameter sets and a manual switch. From top to bottom: set-point signal 

 and process variable 𝑇1 ; disturbance actuator 𝐴2  and resulting 
temperature 𝑇2 ; control action 𝐴1; percentage change in controller parameters.

switching events during the transient response. The same parameter 
sets used in the first two examples are also used in this case; however, 
a more aggressive filtering approach is adopted, with the filter being 

1
(25𝑠+1)2 . Results are shown in Fig.  11. To provide a clearer visualiza-
tion, a magnified view of the control variable is presented. This view 
highlights that, despite changes in controller parameters during the 
transient phase, the control variable remains continuous.

The fifth experiment is related to the FOPID controller in series 
form, using the two parameter sets defined in (35). Initially, the second 
set of parameters 2 (the more aggressive configuration) is applied. 
When |𝑒| ≤ 15 ◦C, the FOPID controller switches to the first set of 
parameters. A second-order filter of the form 1

(15𝑠+1)2  is applied to the 
feedback signal to filter the measurement noise. Fig.  12 shows the 
result of a set-point tracking task and Fig.  13 illustrates the results of 
a load disturbance rejection task. In this case, the switching between 
parameter sets is manually executed at 𝑡 = 19 min. It appears that 
there are no bumps also for the FOPID controller in series form. Indeed, 
the control action remains continuous despite discontinuous parameter 
changes, whether occurring automatically or manually.

5. Conclusions

In this paper we have proposed a methodology for the implemen-
tation of gain scheduling for FOPID controllers. Our approach relies 
on implementing finite-dimensional approximations of the fractional 
operators as LPV systems. A solution to the initialization problem is 
provided so that the control action remains continuous despite possi-
bly abrupt change in the controller parameters. FOPID controllers in 
both ideal and series forms have been considered and experimental 
results have proven the effectiveness of the method with various gain 
scheduling strategies.



M. Milanesi et al. Annual Reviews in Control 60 (2025) 101007 
Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to 
influence the work reported in this paper.

References

Abbas, F., Saleem, O., Wang, L., & Yan, Y. (2025). A self-adaptive fractional-order 
PID controller for the particle velocity regulation in a pneumatic convey-
ing system. Transactions of the Institute of Measurement and Control, Article 
01423312241277592.

Åström, K. J., & Hägglund, T. (2006). Advanced PID control. Research Triangle Park, 
USA: ISA Press.

Beschi, M., Padula, F., & Visioli, A. (2016). Fractional robust PID control of a solar 
furnace. Control Engineering Practice, 56, 190–196.

Beschi, M., Padula, F., & Visioli, A. (2017). The generalized isodamping approach 
for robust fractional PID controllers design. International Journal of Control, 90, 
1157–1164.

Chen, Y. Q., Bhaskaran, T., & Xue, D. (2008). Practical tuning rule development for frac-
tional order proportional and integral controllers. ASME Journal of Computational 
and Nonlinear Dynamics, 3, Article 021403.

Chen, Y. Q., & Moore, K. (2005). Relay feedback tuning of robust PID controllers with 
Iso-damping property. IEEE Transactions on Systems, Man, and Cybernetics - Part B: 
Cybernetics, 35(1), 23–31.

Chen, Y. Q., Petráš, I., & Xue, D. (2009). Fractional order control - A tutorial. In 
Proceedings of the American control conference (pp. 1397–1411).

Milanesi, M., Padula, F., & Visioli, A. (2024). On the implementation of gain scheduling 
in FOPID controllers. IFAC-PapersOnLine, 58(12), 330–335, 12th IFAC conference 
on fractional differentiation and its applications ICFDA 2024.

Monje, C. A., Chen, Y., Vinagre, B. M., Xue, D., & Feliu, V. (2010a). Fractional-order 
systems and controls. London (UK): Springer-Verlag.

Monje, C. A., Chen, Y., Vinagre, B. M., Xue, D., & Feliu-Batlle, V. (2010b). Fractional-
order systems and controls: fundamentals and applications. Springer Science & 
Business Media.

Monje, C. A., Vinagre, B. M., Calderon, A. J., Feliu, V., & Chen, Y. Q. (2004). On 
fractional PI𝜆 controllers: some tuning rules for robustness to plant uncertainties. 
Nonlinear Dynamics, 38, 369–381.

Monje, C. A., Vinagre, B. M., Feliu, V., & Chen, Y. Q. (2008). Tuning and auto-tuning 
of fractional order controllers for industry applications. Control Engineering Practice, 
16(7), 798–812.

Naifar, O., & Makhlouf, A. B. (2021). Fractional order systems – Control theory and 
applications. London, (UK): Springer Cham.

Oustaloup, A. (1991). La Commande CRONE:Commande Robuste d’Ordre non entier. Paris 
(F): Hermes.

Oustaloup, A., Lanusse, P., Melchior, P., Moreau, X., & Sabatier, J. (2006). The CRONE 
approach: theoretical developments and major applications. In Proceedings of the 
2nd IFAC workshop on fractional differentiation and its applications (pp. 324–354).
9 
Oustaloup, A., Levron, F., Mathieu, B., & Nanot, F. M. (2000). Frequency-band 
complex noninteger differentiator: characterization and synthesis. IEEE Transactions 
on Circuits and Systems I: Fundamental Theory and Applications, 47(1), 25–39.

Oustaloup, A., Sabatier, J., Lanusse, P., Malti, R., Melchior, P., Moreau, X., & Moze, M. 
(2008). An overview of the CRONE approach in system analysis, modeling and 
identification, observation and control. In Proceedings of the 17th IFAC world congress 
(pp. 14254–14265).

Padula, F., & Visioli, A. (2011). Tuning rules for optimal PID and fractional-order PID 
controllers. Journal of Process Control, 21(1), 69–81.

Padula, F., & Visioli, A. (2012). Optimal tuning rules for proportional-integral-derivative 
and fractional-order proportional-integral-derivative controllers for integral and 
unstable processes. IET Control Theory & Applications, 6(6), 776–786.

Padula, F., & Visioli, A. (2013). Set-point weight tuning rules for fractional-order PID 
controllers. Asian Journal of Control, 15(3), 678–690.

Padula, F., Visioli, A., & Pagnoni, M. (2012). On the anti-windup schemes for fractional-
order PID controllers. In Proceedings of 2012 IEEE 17th international conference on 
emerging technologies & factory automation.

Pan, I., & Das, S. (2013). Gain and order scheduling for fractional order controllers. In 
Intelligent fractional order systems and control (pp. 147–157). Berlin: Springer-Verlag.

Podlubny, I. (1999). Fractional-order systems and PI𝜆D𝜇 controllers. IEEE Transactions 
on Automatic Control, 44(1), 208–214.

Rugh, W. J., & Shamma, J. S. (2000). Research on gain scheduling. Automatica, 36(10), 
1401–1425.

Tejado, I., Vinagre, B. M., & Chen, Y. (2011). Fractional gain scheduled controller for 
a networked smart wheel: experimental results. IFAC Proceedings Volumes, 44(1), 
15043–15048, 18th IFAC World Congress.

Tepljakov, A., Alagoz, B. B., Yeroglu, C., Gonzalez, E., HosseinNia, S. H., & Petlenkov, E. 
(2018). FOPID controllers and their industrial applications: A survey of recent 
results. IFAC-PapersOnLine, 51(4), 25–30, 3rd IFAC conference on advances in PID 
control.

Tepljakov, A., Petlenkov, E., & Belikov, J. (2014). Gain and order scheduled fractional-
order PID control of fluid level in a multi-tank system. In ICFDA14 international 
conference on fractional differentiation and its applications 2014 (pp. 1–6). IEEE.

Tepljakov, A., Petlenkov, E., Belikov, J., & Finajev, J. (2013). Fractional-order controller 
design and digital implementation using FOMCON toolbox for MATLAB. In 2013 
IEEE conference on computer aided control system design (pp. 340–345).

Trigeassou, J. C., Maamri, N., Sabatier, J., & Oustaloup, A. (2012). State variables and 
transients of fractional order differential systems. Computers & Mathematics with 
Applications, 64(10), 3117–3140.

Valerio, D., & Sá da Costa, J. (2006). Tuning-rules for fractional PID controllers. In 
Preprints IFAC workshop on fractional differentiation and its applications (pp. 28–33).

Valerio, D., & Sá da Costa, J. (2011). Introduction to the single-input, single-output 
fractional control. IET Control Theory & Applications, 5(8), 1033–1057.

Vinagre, B. M., Podlubny, I., Hernandez, A., & Feliu, V. (2000). Some approximations 
of fractional order operators used in control theory and applications. Fractional 
Calculus and Applied Analysis, 3(3), 945–950.

Visioli, A. (2006). Practical PID control. London (UK): Springer.

http://refhub.elsevier.com/S1367-5788(25)00022-7/sb1
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb1
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb1
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb1
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb1
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb1
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb1
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb2
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb2
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb2
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb3
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb3
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb3
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb4
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb4
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb4
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb4
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb4
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb5
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb5
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb5
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb5
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb5
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb6
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb6
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb6
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb6
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb6
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb7
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb7
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb7
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb8
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb8
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb8
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb8
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb8
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb9
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb9
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb9
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb10
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb10
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb10
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb10
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb10
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb11
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb11
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb11
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb11
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb11
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb12
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb12
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb12
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb12
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb12
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb13
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb13
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb13
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb14
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb14
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb14
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb15
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb15
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb15
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb15
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb15
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb16
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb16
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb16
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb16
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb16
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb17
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb17
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb17
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb17
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb17
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb17
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb17
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb18
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb18
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb18
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb19
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb19
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb19
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb19
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb19
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb20
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb20
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb20
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb21
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb21
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb21
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb21
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb21
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb22
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb22
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb22
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb23
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb23
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb23
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb24
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb24
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb24
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb25
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb25
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb25
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb25
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb25
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb26
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb26
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb26
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb26
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb26
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb26
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb26
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb27
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb27
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb27
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb27
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb27
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb28
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb28
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb28
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb28
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb28
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb29
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb29
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb29
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb29
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb29
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb30
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb30
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb30
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb31
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb31
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb31
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb32
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb32
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb32
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb32
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb32
http://refhub.elsevier.com/S1367-5788(25)00022-7/sb33

	Practical implementation of gain scheduling strategies with FOPID controllers: A bumpless LPV approach
	Introduction
	Problem formulation
	Methodology
	Fractional Integrator
	Fractional Differentiator - Ideal Form
	Fractional Differentiator - Series Form
	Bumpless Switching

	Experimental Results
	Conclusions
	Declaration of competing interest
	References


