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Abstract

We study sufficient conditions for the absence of positive eigenvalues of magnetic
Schrodinger operators in R, d > 2. In our main result we prove the absence of eigen-
values above certain threshold energy which depends explicitly on the magnetic and electric
field. A comparison with the examples of Miller—-Simon shows that our result is sharp as
far as the decay of the magnetic field is concerned. As applications, we describe several
consequences of the main result for two-dimensional Pauli and Dirac operators, and two and
three dimensional Aharonov—Bohm operators.

Mathematics Subject Classification 35Q40 - 35P05

1 Introduction and description of main results
The question of the absence of positive eigenvalues of Schrodinger operators has a long

history. In 1959 Kato proved that the operator —A + V in L2(R?) has no positive eigenvalues
if V is continuous and such that

V() =o(x|™")  |x] = oo, (1.1)
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by deriving suitable lower bounds on solutions of the Schrédinger equation. His lower bound
showed that for positive energies these solutions decay so slowly at infinity that they are not
normalizable, see [24]. It is known that condition (1.1) is essentially optimal since there exist
oscillatory potentials of the Wigner-von Neumann type, decaying as |x|~!, which produce
positive eigenvalues of the associated Schrodinger operator, see [37,44] or [36, Ex. VIII.13.1].

Kato’s result was generalized by Simon [37], who considered, for d = 3, potentials of
the class L2 + L which are smooth outside a compact set and allow there a decomposition
V =V, 4+ Vo with V] = o(|x|™1), Va(x) = o(1), and

wo = limsup x - VV5(x) < o0. (1.2)
|x|]—o00

Under these conditions Simon proved the absence of eigenvalues of —A + V in the interval
(wp, 00). Note that wg > 0 since V2(x) — 0 as |x| — oo. Indeed, since Vo(x) = V(0) +

Om sx-VVa(sX) %S withX = x/|x| one sees that if wy were negative then limy| o V2(x) =
—oo. Later it was shown by Agmon [1] that under similar assumptions the operator —A 4V,
in any dimension, has no eigenvalues in the interval (wg/2, 00).

The use of virial identites to exclude positive eigenvalues for specific potentials V, such
as the Coulomb potential, has a long tradition in theoretical physics. Rigorous results can
be found in [43] and [2], the latter includes also magnetic operators, with strong regularity
conditions on the magnetic field B and the associated vector potential A, the latter being not
invariant under gauge transformations. By exploiting a clever exponentially weighted virial
identity, Froese, Herbst, and the Hoffmann—Ostenhofs proved the absence of all positive
eigenvalues of —A + V under relative compactness conditions on V and x - VV, [15, 16]
in the non—magnetic case. Their conditions on the regularity and decay on V and x - VV
were still global but much more general than the pointwise conditions of Kato, Simon, and
Agmon, or the approaches based on virial identities. The use of virial identities before the
work [16] is nicely explained in [12].

Yet another approach to the problem is based on Carleman estimates in L?-spaces. This
method allows to further weaken the regularity and decay conditions and to include rough
potentials, see the works of Jerison and Kenig [22], Ionescu and Jerison [19], and the article
[26] by Koch and Tataru.

Much less is known about the absence of positive eigenvalues for magnetic Schrodinger
operators of the form

H=(P—-A*+V, P=-iV, (1.3)

in particular in dimension two. In the above equation A stands for a magnetic vector potential
satisfying curl A = B. The results obtained by Koch and Tataru in [26] cover also Schrédinger
operators with magnetic fields. But they impose decay conditions on the vector potential A
which are not gauge invariant and which imply, in the case of dimension two, that the total
flux of the magnetic field must vanish. Therefore they cannot be applied to two-dimensional
Schrodinger operators with magnetic fields of non-zero flux.

Certain implicit conditions for the absence of eigenvalues of the operator (1.3) in R were
recently found by Fanelli, Krej¢ifik and Vega in [13], see also [14]. However, their result
guarantees absence of all eigenvalues of H, not only of the positive ones. Consequently the
hypotheses needed in [13] include some smallness conditions on V and B which are not
necessary for the absence of positive eigenvalues only. In [18] Ikebe and Saito proved a
limiting absorption principle for H under certain pointwise decay conditions on V and B,
see Remark 1.5.
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A particular case with V = 0 was considered by Iwatsuka in [20]. He proved that if B is
smooth, non-constant and translationally invariant in one direction, then the spectrum of H
in dimension two is purely absolutely continuous. We refer to [9, Sec. 6.5] for further reading
on this subject.

In this work we develop quadratic form methods which are an effective tool to rule
out positive eigenvalues for a large class of magnetic Schrodinger operators while at the
same time allowing the existence of negative eigenvalues, which one does not want to rule
out a priori. In addition, intuition from physics and experience from the rigorous study of
Schrodinger operators without magnetic fields clearly show that while eigenvalues depend
on global properties of the potential and the magnetic field, energies in the essential spectrum
depend only on asymptotic properties. Thus, the nonexistence of eigenvalues embedded in
the essential spectrum should depend only on the asymptotic behavior of the potential and
the magnetic field, as long as the local behavior of the potential and magnetic field is not
so singular such that it destroys the self—adjointness of the magnetic Schrodinger operator.
Our results make this intuition rigorous: the local behavior of the magnetic field and the
potential is largely irrelevant for the non-existence of positive eigenvalues. Our results also
cover cases where the magnetic field decays so slowly that no choice of vector potential
satisfies the conditions in [26].

In dimension two we identify the magnetic field with a scalar function which, in turn, can
be interpreted as a vector field in R3 perpendicular to the plane R2. In general dimension
the magnetic field is closed two—form, i.e., d B = 0, in the sense of distributions, with d the
exterior derivative. Hence B can be identified with an antisymmetric matrix—valued function
on R?. The condition d B = 0 then is equivalent to the condition

0jBy; +0B; j+0iBjy=0 Vi, jke{l, ... d}. 1.4)

Here B i (x) denotes the entries of B ata point x € R?.1f d = 3, then B is an antisymmetric
3 x 3 matrix

0 —B3 B
B3 0 —B
—B, By 0

which is in turn identified with a vector field B = (B, B2, B3). Equation (1.4) thus coincides
with the usual divergence free condition

V.B=0 [d=23], (1.5)

dictated by Maxwell’s equations.

It is well known that as soon as B satisfies (1.4) and certain mild regularity conditions, then
there exists a vector potential A, a one—form, such that B = curlA or B = dA, with the
exterior derivative.

1.1 The method

Let us briefly describe our method and its most important novel features. As already men-
tioned above we build upon the technique invented by R. Froese and I. Herbst and M. and
Th. Hoffmann—Ostenhof [16] and further developed in [15]. The latter is based on weighted
virial identities which require working with dilations and their generator. For non-magnetic
Schrodinger operators this is facilitated by the fact that the momentum operator P has very
simple commutation relations with dilations. In particular, the domain of P is invariant under
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dilations. This is not true anymore for the magnetic operators, since the vector potential spoils
the dilation invariance of the domain of P — A.

One of the crucial new features of our approach shows that to overcome this difficulty one
has to work with a vector potential A in the Poincaré gauge and exploit its connection with
the dilations and the virial theorem. This connection, which enables us to develop a quadratic
form version of the magnetic virial theorem, is explained in Sect. 3. We also show that the
rather different conditions of Kato and Agmon—Simon are, in fact, just two sides of the same
coin. Kato’s condition for the absence of positive eigenvalues can be easily recovered from
the quadratic form version of the virial of the potential, see Sect. 3.3 for details.

Moreover, the use of the Poincaré gauge leads to very natural decay conditions on B
required for the absence of positive eigenvalues. The well-known example by Miller and
Simon, see Sect. 5, shows that these conditions are sharp. In particular, it follows from the
Miller-Simon example that no choice of the gauge can provide better decay conditions on B.

1.2 A typical result

In order to describe a typical result with general and easy to verify conditions on the magnetic
field B and the potential V, we need some more notation. We denote by L? = LP(R%),
1 < p < oo the usual scale of Lebesgue spaces. Moreover, we need their locally uniform
versions

locumf_ {V sup / [Vn)IPdy < OO} (1.6)
xeRd Jx—y|<1
with norms
1/p
IVl = sup ( / |V(y>|"dy> (1.7)
oc,uni XERd ‘JC*V|§1

when 1 < p < oo and the obvious modification for p = co. Clearly these spaces are nested,
that is, quoc’umf C Ll’;c,unif when 1 < p < g < oo. Moreover, we need

Definition 1.1 (Vanishing at infinity locally uniformly (in LP)) A function V € Lﬁ)c’unif with
lim [|[I>gVI,r =0 (1.8)
R—o0 loc,unif

vanishes at infinity locally uniformly in Lﬁ)c,unif‘
Here 1>y is the characteristic function of the set {x € R? : |x| > R}. In fact, we will
only need the p = 1, 2 versions of vanishing locally uniformly in L? at infinity.

This definition is inspired by Section 3 in [23]. It allows us to effectively treat magnetic fields
and potentials which can have severe singularities even close to infinity.

Given a magnetic field B and a point w € R let Bw (x):=B(x + w)[x]. More precisely,
By, is a vector—field on RY with components

d
(By)j(x):=Bx +w)x]); = Z Bjmx+w)xy,, j=1,...,d. (1.9)
m=1
Using translations, we will usually assume w = 0, in which case we will simply write B.
In dimension two, identifying the magnetic field with a scalar, the vector field B, is given
by I}w (x) = B(x + w)(—x2, x1) and in three dimensions it is given by the cross product
Ew(x + w) = B(x + w) A x.
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In order to guarantee that there is a locally square integrable vector potential A with
dA = B, we need

Lemma 1.2 Given a magnetic field B and w € R? let Ew be given by (1.9) and assume that

2
R ~
/ |x—w|2_d<10g|x_w|> | By (x)|? dx < 00

|x—w|<R

for all R > 0. Then there exists a vector potential A € LIZOC(]Rd, RY) with B = dA in the
sense of distributions.

In the sequel, given a vector field X on R we write X € Li’oc’umf as a shorthand meaning

that the Euclidean norm of X belongs to Lf’oc nif-

The simplest version of our results is given by

Theorem 1.3 (Simple version) Given a magnetic field B assume that Ew € L;Z)C,uniffor some

p > d and some w € R, Then there exists a vector potential A € leo C(Rd, R?) with

B = dA. Moreover, let V be a potential with V € quoc’um.ffor some q > d /2 that allows a
splitting V.= V| + Va such that xVy € L;{olcyuniffor some q1 > d and x - VV, € qujcyum.ffor
some qy > d /2 and assume that B and x V1 vanish at infinity locally uniformly in L* and V,
Vi, and x - V'V, vanish at infinity locally uniformly in L.

Then the magnetic Schrodinger operator (P — A)? + V, defined via quadratic form
methods, has no positive eigenvalues.

Remarks 1.4 (i) The decay condition on x V7, respectively x - VV,, are generalizations, in
terms of local L? conditions, of the pointwise conditions of Kato [24], respectively
Agmon [1] and Simon [37]. For a generalization using only natural quadratic form
conditions, see Theorems 1.6 and 4.8 below.

(i) Evenin this simplest version the conditions on B and V allow for strong local singularities
and the decay condition at infinity is rather mild: for example, if one splits V in such a
way that V| is compactly supported. Then x V; is zero outside a compact set, so clearly
vanishing at infinity. The condition xV; € L;Iolc,unif for some g1 > d allows for rather
large local singularities. In particular, the virial x - VV has only to exist in a neighborhood
of infinity in order to be able to apply Theorem 1.3. One can also include a long range
part of V in V. Moreover, since Iﬁw (x)| £ |B(x + w)||x|, the magnetic field can have
strong local singularities, in particular at w. The decay of the magnetic field B has to be
faster than (x — w)‘1 , which is, at leas in dimension two, in line of what one expects
from the Miller-Simon examples, see Sect. 5.1.

Let us now briefly describe our main results in full generality.

1.3 Full quadratic form version: absence of all positive eigenvalues

It turns out that the absence of positive eigenvalues depends, in a sense, only on the behavior
of B, xV and x - VV at infinity with respect to the operator (P — A)2. The latter are to be
understood in a weak sense according to the following

Definition 1.5 (Vanishing at infinity) We say that a potential W vanishes at infinity with
respect to (P — A)? if for some Ry > O its quadratic form domain Q(W) contains all
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¢ € D(P — A) with supp(p) € M§O and for R > Ry there exist positive ag, yg with
oR, YR — 0as R — oo such that

(., Wo)| < agll(P — A)l3 + yrllel3 forallg € D(P — A) with supp(g) C Uy
(1.10)

Here Ug = {x e R¢ : |x| < R} and Uy = R \ U is its complement.

By monotonicity we may assume, without loss of generality, that «g and yr are decreasing
in R > Ry.
We then have

Theorem 1.6 Given a magnetic field B assume that it fulfills the condition of Lemma 1.2 for
some w € RY and that Ei given by (1.9) is relatively form bounded and vanishes at infinity
with respect to (P — A)%. Moreover, assume that the potential V is form small and vanishes
at infinity with respect to (P — A)? and allows for a splitting V. = Vi + Va, such that |x Vi |>
and x - V'V are also form small and vanish at infinity with respect to (P — A)2.

Then the magnetic Schrodinger operator (P — A)? + V, defined via quadratic form
methods, has essential spectrum [0, 00) and no positive eigenvalues.

Remarks 1.7 Some comments concerning Theorem 1.6:

(i) We only need relative form boundedness of Ei with respect to (P — A)?. Its relative
form bound does not have to be less than one.

(ii)) While the conditions on the potential V and the magnetic field B with respectto (P — A)?
might be difficult to check, the diamagnetic inequality

|Plol| < |(P — A)p| ae. forallg € D(P — A), (1.11)

see e.g. [25], shows that it is enough to check them with respect to the non-magnetic
kinetic energy P2, see [4].

(iii) One can again absorb strong local singularities of the potential in a suitable choice of V.
Thus the local behavior of the potential V and the magnetic field B is largely irrelevant
for the non-existence of positive eigenvalues. Moreover, the virial x - V5 has to exist
only in a weak quadratic form sense, see Lemma 3.7 and the discussion in Sect. 3.3.

(iv) Aninspection of the proof shows thatin Theorem 1.6 itis enough to assume that x- V'V is
bounded from above at infinity by zero, see Definition 1.8 below for the precise meaning.
Classically the force is given by F = —VV.Thus x - F = —x - VV is negative, i.e., the
force is confining, if x - VV is positive, otherwise the force is repulsive, i.e., it pushes
the particle further to infinity. Thus in order to prevent localization of a quantum particle
only the positive part of x - VV should have to be small at infinity.

(v) We would like to stress that unlike many other results on the absence of positive eigen-
values for magnetic Schrodinger operators that we are aware of, with the exception of
[13] and [18], we impose only conditions on the magnetic field B and not directly on
the vector potential A. Decay and regularity conditions on the vector potential A are not
invariant under gauge transformations and thus unphysical. The conditions of [13], on
the other hand, are quite restrictive. For example, in [13] the authors need that various
global quantities related to the magnetic field B and to the potential V are absolute
form bounded with respect to (P — A)2, i.e. without allowing for lower order terms
in the respective bounds and they need an explicit smallness condition for the various
constants involved in their bounds. Consequently, the resulting assumptions turn out to

@ Springer



Absence of positive eigenvalues of magnetic Schrodinger... Page7of66 63

be so strong that they rule out existence of any eigenvalue.

However, for a large class of physically relevant potentials and magnetic fields one
expects that the corresponding magnetic Schrodinger operator has negative eigenvalues,
while it typically should not have positive eigenvalues, at least when the magnetic field
and the potential vanish in a suitable sense at infinity. This is exactly what our Theorem
1.6 and its generalizations below provide.

(vi) In order to prove invariance of the essential spectrum, one usually assumes that the
potential V is relatively (P — A)? form compact. We do not assume this! In fact, we
show in Theorem 4.8 that if the potential V is form small, i.e., form bounded with relative
bound < 1, and vanishes at infinity with respect to (P — A)2, then O (P— A24V) =
Oess (P — A)?). This shows invariance of the essential spectrum under a large class of
perturbations. In particular, it confirms the physical intuition that local singularities, as
long as they do not destroy form smallness, cannot influence the essential spectrum, at
least as a set. For example, one can have a potential with local Hardy type singularity
and even a sequence of suitably decreasing Hardy type singularities moving to infinity.
Moreover, using ideas of Combesure and Ginibre [6] and Maz’ya and Verbitzky [31],
we can allow perturbations with rather strong oscillations, both locally and at infinity.

(vii) Theorem 1.6 above is the most general formulation of our results, when one considers
magnetic fields and potentials vanishing at infinity, in a suitable sense. We can allow
for much ore general condition on the potential V and the magnetic field B, see the
following section and Sect. 2.3 below for more general assumptions.

1.4 Full quadratic form version: absence of eigenvalues above a positive threshold

If Ez’ [x V1 |2 and x - VV, do not vanish at infinity with respect to (P — A)2, we can still
exclude positive eigenvalues above a certain threshold. For this we need

Definition 1.8 (Bounded at infinity) A potential W is bounded from above at infinity with
respect to (P — A)? if for some Ry > O its quadratic form domain Q(W) contains all
¢ € D(P — A) with supp(p) € L{Igo and for R > Ry there exist positive ag, yg with
limg_ 0o g = 0 and liminfr_, »o Yg < 00 such that

(0. Wo) < agll(P — Al + yrllells forall p € D(P — A) with supp(¢p) C Us.
(1.12)

By monotonicity we may assume, without loss of generality, that og and yg are decreasing
in R > Ry in which case we set )/O'Z(W):= limg_, o yr = infg yg, the asymptotic bound
upper bound of W (at infinity).

A potential W is bounded from below at infinity with respect to (P — A)? if —W is
bounded from above at infinity. We set y (W) = yot (—=W).

A potential W is bounded at infinity with respect to (P — A)? if +W are bounded from
above at infinity. We set

Yoo (W) 1= sup(ys5 (W), v (W),

the asymptotic bound on W (at infinity).

We say that a quadratic form ¢, not necessarily given by a locally integrable potential
W, is bounded from above at infinity w.r.t. (P — A)? if, for all large enough R > 0, its
domain D(g) contains all ¢ € D(P — A) with supp(p) C Uy and a bound of the form (1.12)
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holds with <<p, Wgo) replaced by ¢(¢). We define yJ(¢) similarly as for a potential W and
set Yo (9):=755(—¢) and Yoo (q):=3sup(¥:5(9), Voo (@)

Using the diamagnetic inequality, one can replace (P — A)? by P? in the definition of the
asymptotic bounds yo‘g(W) and Yoo (W). We split V = V| + V, and set

B2 =yoo(B?), 0}i=yoe((xVD?), 2=y (x - VV2). (1.13)

Of course, )/O*o (x . VVQ) is a-priori only defined when the distributional derivative x - VV,
is given by a nice enough function. In the general case, we replace the formal expression
<<p, X - VVzgo) by the quadratic form ¢g,.vy, associated with this distribution. See (2.21),
Lemma 3.7, and the discussion in Sect. 3.3 for the precise meaning of this quadratic form.

Under mild regularity conditions the magnetic Schrodinger operator (P — A)> + V has
[0, oo) as its essential spectrum and our main result, Theorem 4.8, implies that it has no
eigenvalues larger than

2
A(B,V)=A :=i<ﬁ+wl+,/(ﬁ+w1)2+2w2> . (1.14)

While the 8, w1, and wp might be difficult to compute directly from the definition it is easy
to see

B < lim sup |E(x)|, w1 < limsup |x]||V1(x)], wy <limsup x - VVo(x). (1.15)
|x|—o00 |x]—00 [x|—o00

once the limits are well-defined and finite. We would like to point out that Theorem 4.8 can be
applied also in situations in which the limits in (1.15) might not be defined. Morally, yoo (W)
is the bounded part of W at infinity, modulo terms which are small at infinity uniformly
locally in L' (R?): If a potential W is locally uniformly in L” near infinity, with p = 1 for
d =1and p > d/2 ford > 2, and if W — W, vanishes at infinity locally uniformly in
L'(R?) for some bounded function Wy, then

Yoo (W) < [[Whlloo - (1.16)

A similar bound holds for y3(W). These bounds also hold if W is uniformly locally in L?,
or in the Kato—class, outside of a compact set, see Section A. In particular, Remark A.6 and
Propositions A.4 and A.9.

1.5 Relation to previous works

If B = 0, then by choosing Vi = V and V, = 0 we obtain a generalization of the result
of Kato [24]. On the other hand, by choosing V; such that V| (x) = o(|x|’1), and setting
Vo =V — Vi we get A = wp/2, see Eq. (1.2), and recover thus the results of Agmon [1]
and Simon [37]. Moreover, Theorem 4.8 extends all the above mentioned results to magnetic
Schrodinger operators with magnetic fields which decay fast enough so that 8 = 0, see
Appendix A for more details.

Vice-versa, if V = 0, then we have A = B which is in agreement with the well-known
example by Miller and Simon [32], cf. Sect. 5 if one corrects a calculation error in their
examples. The Miller—Simon examples show that our condition on the magnetic field for
absence of eigenvalues above a threshold is sharp.

It is tempting to split V. = sV 4 (1 — s)V and to optimize the resulting expression for
the threshold energy (1.14) with respect to 0 < s < 1. This minimization problem can be
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explicitly done. It turns out that the minimum is always given by the minimum of the two
extreme cases s = 0 and s = 1, see Corollary C.2 in Appendix C.

Ikebe and Saito proved in [18] a limiting absorption principle, and hence also the absence
of eigenvalues of H under the condition that V allows the same decomposition as above
with [Vi(x)| < Clx|7!178, [Va(x)| < Cx|7%, |x - VVa(x)| < Clx|™%, and that B is
continuous and satisfies |B(x)| < C |x|~'7%. Here C and § are positive constants. Note that
these pointwise conditions are covered by Theorem 4.8. Indeed, if V and B satisfy these
upper bounds, then 8 = w1 = wy = 0, see (1.15).

Remarks 1.9 In [7] it was proved that if the magnetic fields has the form

b6
B(x) = 5O o (rcos, rsing), beL™(Sh),
r
then the operator H 4, has no eigenvalues above ||b ||ioo sl Note that in this particular setting
- 2
A=1b12 g

Remarks 1.10 One of the authors of the present paper established in [27] dispersive estimates
for the propagator e /' in weighted L?—spaces under the condition that A has no positive
eigenvalues, see [27, Assumption 2.2]. Theorem 4.8 implies that the latter assumption can
be omitted. This was, in fact, one of the main motivations for the present work.

1.6 Essential spectrum
In Sect. 6 we establish new sufficient conditions on B under which
Oess (P — A)?) = [0, 00).

Roughly speaking we require that B(x) — 0 not uniformly, but only along a certain path
connecting to infinity, see Theorem 6.5 and Definition 6.3 for details. For example, in R? it
suffices that B(x) — 0 in a sector of positive opening angle. As a consequence of this result
we show that under the assumptions stated in Sect. 2.3 we have oegs((P — A)?) = [0, 00),
cf. Corollary 6.8. We also show that if the potential V is form small and vanishes at infinity
w.rt (P — A)2, then oess (P — A)2 + V) = 0ess (P — A)?), see Theorem 6.10. For this
one usually assumes that V is relative form compact w.rt. (P — A)? which is a considerably
stronger assumption, excluding, for example, Hardy—type singularities. Our result proves
invariance of the essential spectrum under a conditions which includes all physically relevant
examples, even exotic ones with strong singularities or oscillations.

1.7 Organization of the paper

The article is organized as follows. In Sect. 2 we prove some preliminary results on the
properties of the Poincaré gauge and its relation to magnetic Schrodinger operators. In Sect.
3 we establish a magnetic virial theorem together with a weighted version, which is our key
technical tool. The main results are stated and proved in Sect. 4. In Sect. 5 we present various
examples of applications including Pauli and Dirac operators. Auxiliary material is collected
in Appendices.
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2 Magnetic Schrodinger operators and the Poincaré gauge

First let us fix some notation. Given a set M and two functions fi, f» : M — R, we write
f1(x) < fa(x) if there exists a numerical constant ¢ such that fj(x) < ¢ fo(x) forallx € M.
The symbol f(x) 2 f>(x) is defined analogously. Moreover, we use the notation

i)~ L(x) & i) S L A L) S filx),
and

lim f(x)=L <% rl_i)noloesssup|f(x)—L|:O. 2.1

he|—>o0 lx|>r

The quantities lim sup),|_, o, f(x) and liminf}y| o f(x) are defined in a similar way. We
will use 9; = % for the usual partial derivatives in the weak sense, i.e., as distributions.
; J

Forany u € L” (R9) with 1 < r < oo we will use the shorthand
Neellr == llull - ey
for the L"-norm of u and
ITNr—r == Tl Lr Ry L7 (RE)

for a norm of a bounded linear operator T : L"(R?) — L"(R?). The space Lioc(R?) is
the space of all complex valued functions f such that f1x € L"(R¥) for all compact sets
K C RY. Here 1k stands for the indicator function of K. By L} (R4, R?) we denote the

loc

space of all vector fields v which are locally in L, that is, |v| 1=(Z§= | vf)‘/zﬂ xisLi (RY).

The space C;° = C§° (R?) is the space of all complex valued test—functions f which are
infinitely often differentiable and have compact support. Given measurable complex valued
functions f, g € L>(R?) we denote by

o) = [ T swax

the usual scalar product on L2(R?). By the symbol
Ur(x) ={y eR? : [x —y| < R}
we denote the ball of radius R centered at a point x € R4 If x = 0, we abbreviate

Ur = UR(0).

2.1 The magnetic Schrodinger operator

2

toc (R4, R?), the magnetic Sobolev space is defined

Given a magnetic vector potential A € L
by

Hyi=HLRY):=D(P — A) = {u € L’ RY) : (P — A)u e L*R))}, (2.2)

equipped with the graph norm
1/2
lullyg, = <||<P — Aull3 + ||u||%) : (2.3)
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Here P = —iV is the momentum operator. It is well-know that
q4,0(¢, ¥):=((P — A)g, (P — A)¥) 2.4

is a closed sesqui-linear form on Hk X H}{, for any magnetic vector potential A €
L} (RY,RY), and that C°(RY) is dense in 1}, = D(P — A), and CP(R?) x C5°(RY)
is dense in HL X Hl‘. see [39, Thm. 2.2]. By a slight abuse of notation, given a sesqui-linear
form ¢ with domain Q x Q, we will use the notation g(¢) = q(p, ¢), ¢ € Q, for the
associated quadratic form. Hence

44.0(9) = qa.0(@, 9):=((P — A)p, (P — A)g) = (P — A)gll3 (2.5)

is a closed quadratic form on !, for any magnetic vector potential A € L2 (R4, R?), and
that C§° (RY) is dense in D(P — A). We will only consider symmetric sesqui—linear forms
q:9x Q0 — C,ie,q(p,¥) =qy, ¢) forall g, ¥ € Q. Thus the associated quadratic
forms will be real-valued.

Since every closed positive quadratic form on a Hilbert space corresponds to a unique
self-adjoint positive operators [35] [42, Theorem 2.14], the quadratic form g4 ¢ defines an
operator, which we denote by Hy = Ha o0 = (P — A)2. Note that for u € D(P — A) one
has Au € L} (R, R?). So we only know that Pu € L} (R?) for a typical u € D(P — A),
which is one of the sources for technical difficulties of Schrodinger operators with magnetic
fields. Nevertheless, Kato’s inequality shows |¢| € D(P) for any ¢ € D(P — A) and the
diamagnetic inequality (1.11), see also [17, 37], yields

(P = A2 + 17 ol < (PP + 1) gl (2.6)
forall A > 0 and ¢ € L2(RY).

Apotential V is alocally integrable, measurable function V : R¢ — R.Hence its quadratic
form domain Q(V) = D(|V|/?) contains (e (R?). The quadratic form gy corresponding
to V is given by

av(@) = (IVI'¢,sen(V)[V]'?g). @7
With a slight abuse of notation, we will often write gy (¢) = <<p, V(p).

A quadratic form g with domain D(g) is form bounded w.r.t. (P — A)? if its domain D(q)
contains D(P — A) and there exists a, C, < o0 such that

lg(@)| < all(P — A)pll3 + Callpll; forallp € D(P — A). (2.8)
The infimum
ap = inf{a > 0 : there exists C, < oo such that (2.8) holds for all ¢ € D(P — A)}
is called the (relative) form bound of ¢ with respect to (P — A)2.
We say that ¢ is (relative) form small w.r.t (P — A)?if o < 1, i.e., the bound (2.8) holds
forsome 0 < o < 1 and Cy, < 0. If g = 0 one says that V is infinitesimally form small

w.rt. (P — A)2.
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In a similar way this extends to other pairs of operators and their associated quadratic
forms. For example, a potential V is form bounded w.r.t (P — A)? if the associated quadratic
form gy (p) = <<p, V<p> = (sgn V|V|1/2<p, |V|1/2<p> with domain D(qy) = Q(V) is form
bounded w.r.t. (P — A)2. The potential V is form small, respectively, infinitesimally form
bounded, w.r.t. (P — A)2 if gy is form small, repectively, infinitesimally form bounded, w.r.t.
(P — A2,

If a quadratic form ¢g; is form small with respect to (P — A)?2, the KLMN Theorem, see
e.g. [42, Theorem 6.24], [36], shows that the sum

4a.q,(@):=I(P — A)gll3 + q1(9) = (P — A)p, (P — A)g) + q1(p) (2.9)

with domain D(g4 4,):=D(P — A) defines a closed quadratic form which is bounded from
below. It corresponds to a unique self-adjoint operator Hya g4, , which is called the form sum
of (P — A)? and ¢q.

In case g1 = gy is the quadratic form associated to a potential V € LllOc (RY), we write

qa.v(@):=I(P — Agll5 + qv(p) = (P — A, (P — A)p) + (¢, V) (2.10)

forthe formsumandand Hy vy = (P— A)%+V for the associated operator. We will sometimes
drop the dependence of Hy v and simply write H for the full magnetic Schrodinger operator.
The diamagnetic inequality implies that if a quadratic form ¢ is form bounded, respectively
form small w.r.t. P2, then it is also form bounded, respectively form small w.r.t. (P — A)2
with the same constants, see [4].
Except for Tiktopoulos’ formula (2.12), the following is well-known.

Lemma 2.1 Let g be a (real-valued) quadratic form with domain D(q) D D(P — A). Then
q is form bounded w.r:t. (P — A)? if and only if for any A > 0 the quadratic form given by
-1/2

Clx(¢)¢=6]<((1’ — A +1) / w) (2.11)
corresponds to a bounded linear operator C,4 () such that <g0, Cy (k)(p) = ¢, (p) for all
@ € L2 The bound (2.8) holds with

a=Cllana  and =1 Cila-2,

and the relative form bound ag of g w.rit. (P — A)? is given by

oo = lim [|Cylloss -
A—00

Ifq(p) = qy(p) = (sgn(V)|V|1/2<p, |V|1/2<p)f0r some potential V € Llloc(Rd), then

Cri=((P = A + )72V (P — A)? + )72 2.12)

Moreover, if ag < 1 denote by Hy = (P — A)? and by H the self-adjoint operator given
by the form sum of the quadratic forms g4 0(¢) = ((P — A)p, (P — A)p) and q. Then
Tiktopoulos’ formula for the resolvent

(H+2)"" = (Hy+ 0" (1 4+ C,0) ™" (Hy + 1)~ 2.13)
holds for all large enough ).

Proof This is well-known, see [36], [38, Chapter I1.3], and, in particular, [42, Theorem 6.30].
Tiktopoulos’ formula (2.12) holds once A > 0 and —A € p(H), the resolvent set of H (i.e.,
the resolvents (H + 1)~ ! and (Hy + 1)~ ! are defined) and ICqM)2—2 < L. O
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One could extend the above setting by allowing a splitting V = V, — V_, where the
positive and negative parts of V are given by Vi = max(£V, 0). The discussion in [39]
shows that for arbitrary V; € L]IOC, the quadratic form

aav, @, @):=lI(P — Aol3 + (¢, Vig) = (P — A)gll3 + IV Viel3 (2.14)

is well defined and closed on the form domain D(Q 4,v,) = D((P — A)) N Q(V,), where
Q(Vy) = D(/V;) and that CgP is still dense in D(Q4,v, ) in the graph norm @[, v, =
(Qa,v, (@ +lel %) 172, Again this closed quadratic form corresponds to a unique self—adjoint
operator Hy v, and in order to define a self—adjoint operator H,, v via the KLMN theorem.
It is enough to assume that V_ is form small w.r.t. Ha v, .

More important for us is the observation due to Combescure and Ginibre [6] that rather
singular potentials V can be form bounded with respect to P2, and by the diamagnetic
inequality then also with respect to (P — A)2.

Lemma 2.2 Assume that V = V - X + W, where ¥ € LIZOC(R‘Z; RY), and W is locally
integrable. Suppose that £* and W are form bounded w.r.t. (P — A)?, respectively P*. Then
the quadratic form

(@, V)= —2Im(Zg, (P — A)p) + (p, Wo) (2.15)
is also form bounded w.rt. (P — A)?, respectively P2.

Proof For ¢ € C§°, an integration by parts shows
(0. (V- 2)p) = —2Im(Ze, Pp) = —2Im (¢, (P — A)g).
Thus, foralle > 0
. (V- 2)g)l <20l |1Poll < el Poll> + e IZel* < (@ +o)l|Poll* + e~ ' CallZol?
when ||E(,o||2 = ((p, Ez(p) < oz||P<p||2 + Ca||2g0||2. The claim follows. ]

In the non—magnetic case, the beautiful work of Maz’ya and Verbitsky [32] shows that all
potential V which are relatively form bounded w.r.t. P? are of the form (2.15).

2.2 The Poincaré gauge

The magnetic field at the point x € R? is given by an antisymmetric two-form B(x) :
R? x R? — R, which we identify with a matrix valued function B given by

B(x) = (Bj,m (-x))?,m:l ’

which is antisymmetric, B ;,(x) = — By, j(x) forall 1 < j,m <d,x € R4,

Any vector potential A, or more precisely a one form, generates a magnetic field via
the exterior derivative B = dA, in the distributional sense. In matrix notation, B, =
0jAy — 0, Aj. In three space dimensions, one can identify the two form B with a vector
valued function B = curlA.

For a given magnetic field B and a point w € R? we define the vector field By, by equation
(1.9), and put
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1 1
Aw(x):=/0 Ew(tx)dr=/o B(tx + w)[tx]dt, (2.16)

which is the vector potential in the Poincaré gauge. Using translations, it is no loss of gener-
ality to assume w = 0, in which case we will simply write A for the vector potential given by
(2.16). By going to spherical coordinates, one easily checks at least for nice, say continuous
or even smooth, magnetic fields B, that the above vector potential is well defined and that
dA = B in the sense of distributions.

Since B is antisymmetric the vector B (x) = B(x)[x] is orthogonal to x. Hence, when
w = 0 the vector potential A given by (2.16) satisfies the transversal, or Poincaré, gauge

x-Ax)=0 VxeR?, (2.17)

which will be very important in our discussion of dilations and the virial theorem for magnetic
Schrodinger operators in Sect. 3. It is easy to see that for A given by (2.16) one has A €
leoc (R4, R?) for bounded magnetic fields B and this extends to a large class of singular
magnetic fields, see Lemma 2.12 below. Except otherwise noted, we will always use the
Poincaré gauge in the following. For a nice discussion of the Poincaré gauge from a physics
point of view see [21] and from a more mathematical point of view, but still for rather regular
magnetic fields, see [41].

2.3 Hypotheses

Recall that we identify the magnetic two form B at a point x with an antisymmetric matrix
B(x) and define By, (x) = B(x + w)[x] in the sense of the matrix vector product. We will
use the following hypotheses on B and V:

Assumption 2.3 The magnetic field B is such that for some w € R and

R ~
R? 3 x > |x —w]* ™ log? <m> B, (x)?* € L. (Ur(w)) (2.18)

for all R > 0, where Ug (w) = {x € R? : |x — w| < R} is the open ball of radius R around
w.

As already remarked, there is no loss of generality assuming w = 0 by using translations.
Together with Lemma 2.12 the above mild integrability condition then assures that the corre-
sponding vector potential in the Poincaré gauge is locally square integrable, which is essential
in order to define the magnetic Schrédinger operator. The magnetic field B can have severe
local singularities, while Assumption 2.3 still holds.

Assumption 2.4 The scalar field |1§|2 is relatively form bounded w.r.t. (P — A)?, where A is
the Poincaré gauge vector potential corresponding to B, That is,

(0. 1BPPg) = 1Bol} < I(P — ADepld + gl VYeeDP—4). (219

Assumption 2.5 The potential V is relatively form small w.r.t. (P — A)z, that is, there exist
constants &g < 1 and y > 0 such that

o, Vo)l < a0 (P — Aepl} +vllell3 Vo e HL®RY. (2.20)
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We also need similar conditions on the virial x - VV of the potential. Since we don’t want
to impose strong differentiability conditions on V, one has to be a bit careful: The virial
x - VV is, at first, a distribution. When ¢ € C§° (R?), an formal integration by parts argument
similar to the one in the proof of Lemma 2.2 shows that

qevv(p) = (@, x - VVg) = —d(p. Vo) — 2Re (x Vg, Vo)
= —d((p, V<p> —2Im <ng0, P<p> = —d<<p, V(p) —2Im <xV<p, (P — A)<p>
(2.21)

since (x Vo, Aga) is real for all A € LIZOC(]R", R9). We assume that the form gx.vy extends
to a quadratic form whose domain contains all D(P — A) and, by a slight abuse of notation,
will write g,.vy for this extension. A careful discussion when ¢g,.vy is form bounded w.r.t.
(P —A)?is given in Lemma 3.7 and in Sect. 3.3.

For the assumptions which give us control of virial x - VV, we decompose the potential
V = V1 4 V,. How one splits V = V| + V; is quite arbitrary, as long as the conditions below
are met.

Assumption 2.6 If the potential is split as V = Vj 4 V3, then V7, x2 V12 and x - VV, are
relatively form bounded w.r.t. (P — A)2.

The above assumptions are all we need to prove a quadratic form version of the virial
theorem, see Theorem 5.3. In particular, Bg) and the virial x - VV do not have to be form
small but only form bounded w.r.t (P — A)?, for the virial theorem to hold.

Behaviour at infinity

We need to quantify the notion that the magnetic field B, the potential V and the virial x - VV
are bounded, or even vanish, at infinity.

From physical heuristics, one expect that ‘smallness’ should not be measured pointwise,
but only relative to the kinetic energy (P — A)?. The following conditions make this physical
intuition precise.

Assumption 2.7 (Vanishing at infinity) The potential V vanishes at infinity w.r.t. (P — A)?
in the sense of Definition 1.5. Moreover, if we split V = V| + V5 as in Assumption 2.6, then
also V; vanishes at infinity w.r.t. (P — A)? in the sense of Definition 1.5.

To state the precise conditions on the magnetic field B and the potential V for being bounded
at infinity w.r.t. (P — A)? we use Definition 1.8.

Assumption 2.8 (Boundedness of the magnetic field and the virial at infinity) The scalar field
|§w |2 is bounded at infinity w.r.t. (P — A)? in the sense of Definition 1.8. Moreover, splitting
the potential V = V| + V; as in Assumption 2.6, we assume that xzvﬁ and x - VV,, more
precisely, the quadratic form corresponding to x - VVa, are bounded from above at infinity

w.rt. (P — A)2.
With the notation from Definition 1.8 we set
~ 1/2 1/2
B=(roo1Bu)"” 01:=(roex2V))"* and wp:=yE(x - VV2).  (2.22)

The quantities 8, w1, and w, give a quantitative notion on how large the magnetic field B,
respectively, the virial x - VV/, are at infinity, relative to (P — A)2. Their definition is inspired
by Section 3 in [23].
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Unique continuation at infinity
For a unique continuation type argument at infinity, we also need a quantitative version of
relative form boundedness.

Assumption 2.9 If V = V| + V,, then we assume

&2 2 O‘i . 2 2
1Boll3 + IxVigls < —F 1P — A)l3 + Cillgl3, (2.23)
(0.6 VV29) < 2 |(P = Dgl3 + C2llgll3. (2.24)
llo. Vig)l < a3 (P — Aol + Cslloll3 (2.25)

forsome aj,C; >0, j=1,2,3,all¢p € D(P — A), and
o) +oay +doaz < 1. (2.26)

The factor d in front of o3 comes from the Kato form of the virial x - VV7, see Lemma 3.12.

Remarks 2.10 Let us make two comments concerning the above list of conditions. First, all
the above hypothesis are either physically motivated or required to be able to define the
relevant objects. Secondly, the required conditions are quite weak. In Appendix A we show
that Assumptions 2.3-2.9 are satisfied under certain mild and easily verifiable regularity and
decay conditions on B and V, see Remark A.6 and Proposition A.2.

Remarks 2.11 In the conditions above, one can use the diamagnetic inequality in order to

replace P — A by the nonmagnetic momentum operator P in all relative form boundedness
conditions, see [4].

2.4 Regularity of the Poincaré gauge map
Note that the Poincaré gauge map (2.16) is a-priori only well-defined when the magnetic
field B is sufficiently regular, say, continuous. Our first result shows that the map (2.16) can

be continuously extended to all magnetic field satisfying Assumption 2.3.

Lemma 2.12 Let B be the vector space of vector fields B satisfying

R 2
/ |x|2*d<1og—> |B(x)|*dx < o0
Ur |X|

for all R > 0. The continuous vector fields are dense in B and the map B — A:=T(l~3)
given by

1
A(x) = T(E)(x):=/ B(tx)dt forx e RY,
0

extends to a continuous map from B into leOC (R4, RY). In particular, the Poincaré gauge map
given in (2.16) is well defined for all magnetic fields satisfying Assumption 2.3. Moreover,

2
R ~
f x> AP dx < 4/ |x|>~¢ (1og—) |B(x)|>dx , 2.27)
Ur Ugr

x|

forany R > 0.
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Proof Given B € Band R > 0 let

R 2 1/2
IBlls,r:= f |x|2—d(log—> IENE I
U x|

Also let A be the space of vector potentials A for which

1/2
A4 g:= </ x|~ |A<x>|2dx>
UR

is finite for all R > 0. This makes .4 and B locally convex metric spaces and by construction,
A C L12OC (Rd , ]Rd). The metrics consistent with the topologies on .4 and B are, for example,

A1 — Azl a2
I+ A1 — Azl

oo
dA(Ar, Ay) =) 27"
n=0

2I1B; — Ballg.on
1+ 2||B1 — BallB,on

o0
dp(By, By) = ZZ_"
n=0

The standard arguments show that .A and 55 are complete metric spaces, see e.g. [35, Sec. V.].
Moreover, the usual cutting and mollifying arguments show that the continuous functions
are dense in B. In addition, since the map 0 < s +—> 1%” is increasing, T(E) is well defined
and locally bounded when Bis continuous, so 7' (B) € A, when B is continuous. Assuming

temporarily (2.27) then gives

T (Bi — Ba)ll a2
1+ | T(B1 — B2)|lam

da(T(B), T(By)) =Yy 27" <dp(B1. By)
n=0

so T is uniformly continuous, thus it extends to a map from B into .4 which we continue to
denote by 7. This shows that the Poincaré gauge map (2.16) is well defined for all magnetic
fields B satisfying Assumption 2.3.

Hence it is enough to prove the bound (2.27) and by density, it is enough to prove it for
continuous vector fields B. Let g be a radial function, which is positive and finite for almost
all x| < R. Since A(x) = fol E(tx) dt, we have using symmetry

1 pl
/ g(|x|)|A(X)|2 dx = / / / g(x|)B(t1x) - B(tox)dxdt dty
Ug o Jo Jus
N 2// / g(x)B(t1x) - B(tax) dxdndt,
0<n1<n<1Jx|<R

1 1 - -
=2 / / f g(yl/Ot' ™ B(uy) - B(y) dydudt
0 0 U g

1 ~
—2 f ( f g(Iyl/ni' dr) AWB () dy
Ur |yl/R

1,2
<2 (/ g(|y|)|A<y>|2dy>
UR

1 2
(/ g<|y|>*1</ g(lyl/ne' dz) |B(y)|2dy)
Ugr [yI/R

1/2
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where we also used the substitution #1; = uty and y = f,x and then the Cauchy-Schwarz
inequality. Thus as soon as f‘ Y|<R g(|x|)|A(x)|2 dx is finite, we arrive at the a-priori bound

1 2
fg<|x|>|A<x)|2dxs4/ g(lx)~! (f g(|x|/r>r1—"dr> BeolPde. (228
Ur Ur |x|/R

It remains to choose g in such a way that the integral weight on the left hand side coincides
with the expression in (2.27). Hence we set g(s) = s274_and calculate

1 2 2
g(lxh! ( / g(xl/ne' dz) = |x|z—d<10g 5) .
Ix|/R |x]

Plugging this into (2.28) gives (2.27). We note that A(x) = fol E(tx) dt is locally bounded
as long as B is locally bounded. Thus for the above choice of g

/ x> |A(x)* dx
Ugr

is, as required, finite for all continuous B. Hence the a-priori bound (2.27) holds for all
continuous B and extend by density to all of 5. O

For future purposes we will need also a translated and generalized version of inequality
(2.27);

Corollary 2.13 Let assumptions of Lemma 2.12 be satisfied and let h : Ry — Ry be a
non-increasing bounded function. Then

/ lx = x0>™ h(lx — x0]) [ Agy (x — x0)|* dx
UR (x0)
2
2—d R = 2
<4/ Iyl log— ] h(lyDIBx ()" dy, (2.29)
UR |)’|
holds for any xg € R4. Recall that Ay, (x — x0) is given by (2.16).

Proof Since h(]y|/t) < h(]y]) forall y € R? and 7 < 1, the result follows from (2.28) upon
setting g(s) = s274 p(s) and translating. O

Together with the quadratic form Q 4,y we will also need the associated sesqui-linear form
qay @, v) = ((P — A u, (P — A)v)+ (u, Vo) = gao(u, v) +{u, Vo), u,veHy R
(2.30)

and denote by H = Hy,y the self-adjoint operator associated with Q4,y.

3 Dilations and the magnetic virial theorem

As already mentioned in the introduction, the aim of this section is to establish a weighted
virial theorem for weak eigenfunctions which will be needed later in the proof of absence of
positive eigenvalues. This is done in Sects. 3.2 and 3.4 . We will write Hy vy = (P — A2+V,
even though, strictly speaking, the operator is only defined via the sum of the corresponding
quadratic forms.
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3.1 Dilations and the Poincaré gauge

In this subsection we will study the behavior of the magnetic Schrodinger form Q 4 v under
the action of the dilation group.
Let Dy be the operator defined on C° R?) by

Dy = %(p x+4x-P),  2(Do) = CCRY. 3.1)

Remarks 3.1 Note that Dy = % ((P—A)-x+x-(P—A)), when A is in the Poincaré
gauge (2.17). This is one of the reasons why dilations and the Poincaré gauge work well
together.

Lemma 3.2 Dy is essentially self-adjoint.

Proof For t € R define the unitary dilation operator U; by
U )Hx) =2 fe'x) x eR™ (3.2)

It is easy to see that U; is unitary on LZ(R") and forms a group, U, Us = U(t + s), for all
t, s € R.In particular, the adjoint is given by U = U_;. Moreover, each U; leaves C° (RY)
invariant and a direct calculation shows that t — U, is strongly differentiable on C§° (RY)
with

d
— =iD v S (RY). :
(m sz> |, =iPofi Y feCF®Y (3:3)
The claim now follows from [35, Thm. VIII.10]. O

We denote by D the closure of Dy, which is self-adjoint, and by D, the operator given by

U, —U_
iD, = % (3.4)

D; is bounded and symmetric. We will use it to approximate D in the limit ¢t — 0.
Let ¢ € D(P). Itis easy to check the commutation formula

UPU =¢'P, (3.5

since (PU@)(x) = —iV(e'2¢(e'x)) = —ie'e'2(Vp)(e'x) = e (U;(Py))(x). In a
similar way, one checks that for a multiplication operator V

Vo =UV(QOU = V(e ™) (3.6)

holds on its domain, i.e., for all ¢ € D(V) we have (V(U;9))(x) = €'4?V (x)p(e'x) =
(Ui (VF9))(x) for almost all x € R4, A similar result also holds for vector valued
multiplication operators, for example,

A_;=UFACMU, = A(e™"). 3.7)

For the virial theorem, we want to define the commutator [Hya,y, i D], where D is the
generator of dilations. Since the two operators involved are unbounded, this usually leads
to involved domain considerations. Even worse, in our case we do not know the domain
D(Ha,v) exactly, nor do we intend to know it, since we prefer to work only with quadratic
forms. This seems to make a usable virial theorem impossible to achieve, however, a quadratic
form approach turns out to be feasible.
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Assume that u € D(Hy,y) and approximate the unbounded generator of dilations D by
the bounded approximations D;. A slightly formal calculation, for u € D(H4,v) NCG° which
might be the empty set, however, gives

(u,[Ha,v,iDilu) = (Ha yu,iDu) + (iDiu, Hy yu) = 2Re({Ha,vu,iDu)) (3.8)

since i D, is antisymmetric. Assume that D(P — A) is invariant under dilations. Theni D;u €
D(P — A) and the right hand side of (3.8) can be identified with 2 Re(ga,v (4, i D;u)), where
qa,v is the quadratic form given by (2.10), which defines the magnetic Schrédinger operator
Hy v. Since D(Hy,v) is dense in D(qa,v) = Q(Ha,v), the latter expression extends to
all of Q(Hjy,v), the quadratic form domain of Hy y. So we simply define the commutator
[Ha,v,iD,] as the quadratic form with domain Q(H4,y) given by

(u,[Ha,v,iDlu):=2Re (qa,v(u,iDu)), u€ Q(Hay). (3.9
Moreover, we can define the commutator [ H, i D], again in the sense of quadratic forms, by

(1, i H, DY uj=lim (u, [Ha,v. i DeJu):= lim 2Re (qa,y (u. D) . (3.10)

provided the limit on the right hand side exists. In the remaining part of this section, we will
deal with the proof that the limit in (3.10) exists for all ¢ € D(P — A), the calculation of this
limit, and, in particular, the claim that D(P — A) is invariant under dilations under natural
conditions on the magnetic field.

By (3.5), the Sobolev space D(P) is invariant under dilations. To see how one can also
get this for the magnetic Sobolev space D(P — A) let ¢ € D(P — A). Then, as distributions,

(P—A)Uip =e'UPp—UAip=e'U(P—Ap+U(A—A_)p. (3.11)

Since U; : L2(RY) — L*RY) is unitary and (P — A)p € L2(RY), we have ' U, (P —
A)g € L>(RY) for all t € R. So in order that U;¢p € D(P — A) we have to check if
(e'A — A_)g € L?(RY). This is the content of the next proposition.

Proposition 3.3 Suppose that the magnetic field B satisfies Assumption 2.3, the vector poten-
tial A corresponding to B is in the Poincaré gauge, and B2 is relatively form bounded
wrt. (P — A)2

Ifp € D(P — A) = H}{(Rd), then (e!A — A_))p € L3(RY) forallt € R and the map
R >t (e'A— A_,))g is continuous. In particular, D(P — A) is invariant under dilations.

The main tool for the proof of Proposition 3.3 is the following

Lemma 3.4 Under the assumptions of Proposition 3.3, if o € D(P — A) = Hl‘ (RY), then

zC
le'A—A_Dgll < e (e —1)(P - gl + C—izl(e“zi”"‘ —1)lell (3.12)
Z

forallt € R and 7 > 0, where the + sign holds for t > 0 and the — sign fort < 0 and the
constant C, is given by

C. =V |B((P - 42 +2)7[,,.

Remarks 3.5 In the above bound we use the convention %(e(cz_l) I — 1) = |t| when
C,=1. )

@ Springer



Absence of positive eigenvalues of magnetic Schrodinger... Page210of66 63

Given Lemma 3.4, the proof of Proposition 3.3 is simple.

Proof of Proposition 3.3 Given ¢ € D(P — A), Lemma 3.4 shows that (/A — A_,)p €
L2(R?) for all ¢+ € R and then (3.11) shows that U;p € D(P — A) for all t+ € R. Thus
D(P — A) is invariant under dilations.

Moreover, the bound (3.12) shows that the map ¢t — (e’ A— A_,)g is continuous at t = 0.
Since, for any s, t € R,

ETA—A i =€ ('A—A)+ A — (A
=e'(A—A_)+ U (e"A— (A_))U; (3.13)

and U;p € D(P — A) for any ¢ € D(P — A), continuity of 1 > (¢!A — A_;)p att =0
implies continuity at all ¥ € R. O

Proof of Lemma 3.4 Firstofall, itis enoughtoprove (3.12)forp € C§° (R?), since this is dense
in D(P — A) in the graph norm: If (3.12) holds for ¢ € C§° (RY), then given ¢ € D(P — A),
choose a sequence ¢, € Cgo(Rd) such that (P — A)g, — (P — A)p and ¢, — ¢. By
taking a subsequence, if necessary, we can also assume that ¢, — ¢ almost everywhere,
hence (¢!A — A_;)p, — (e' A — A_;)p almost everywhere, in particular, |(e'A — A_;)¢p| =
lim, 00 |(e" A — A_{)@y| = liminf,_ o |(e' A — A_;)@,| almost everywhere. Then Fatou’s
Lemma and (3.12) imply

I(e'A — A_pell = | liminf [(¢'A — A_)gu || < liminf [[(e'A — A_)g@yll
n—o0 n—oo

zC
< (S =1IP = gl + 7 (M =1 el

forall ¢ € D(P — A).

Let t € R. Since A is in the Poincaré gauge, using the change of variables t = ¢™*, we
have
o0 ~ o0 ~
A= / e *B(e *)ds = / e U BUsds. (3.14)
0 0
From the definition of A_; and (3.14) we get
o0 ~ o0 ~
dfA—A = ef/ e *UfBUsds — / e UMUS BUU, ds
0 0
o0 ~ o ~
= e’/ e P U BUsds — e’/ U BU,ds
0 '
4 ~
:et/ e " U BUsds. (3.15)
0
Let g € C° (RY). The above identity then gives
t
V(1) = ('A—A_)p = ef/ e U BU; g ds. (3.16)
0
Define the operator R, : D(P — A) — D(Hp)¢ by
R, :=((P—A?+d>)" " (P-A—iz). (3.17)

Here (P — A — iz) is a vector operator, which maps ¢ € D(P — A) to the vector function
(P—A—-igp= ((Pj —Aj —i2)@)j=1,..a- Then R,(P — A+iz)p = ¢, 50
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BUig=BR,(P-A+i2)Uyp=BR,Uge(P—A) g+ (A~ A_)p+izg]
= ERZ US[eS(P —A) g +uv(s)+ izq)],

which in view of (3.16) implies
t
v(t) = f e USB R, Us(e (P — A) g +v(s) + izg) ds. (3.18)
0

Note that the map t — v(t) € L2(R?) is continuous due to the presence of ¢. Hence, if
t >0,

A

t
w(n):=llv@)| = KZ/O e (e II(P — A) plla + wis) + zllgll) ds

'
E@) + Kz/ e w(s)ds,
0
where
K. :=|BR:l22. (3.19)
and

t
E(r) = KZ/O (NP~ Al +zllgll2) ds .

We will derive a suitable bound on K at the end of this proof. The Gronwall-type Lemma
B.1 in the Appendix yields

t
w(r) < E(t)—{—KZ/ K= E(5) ds . (3.20)
0

Note

t
/ eUHKIE=9) B () ds
0

=K /f KN dsds [[(P — A) gl

O<s<s'<t
+ 2K, // KI5 sds! ||l
O<s<s’'<t
t
€ Kt t (K4t t
= — d—1)—t P—A < —1)— —1
(Kz(e ) e)ll( )¢|I2+Z(Kz+l(e ) — (e ))II(pIIz

and a straightforward calculation gives
E(t) = K:te'[(P — A)gll2 + 2Kz (e — 1) llgll2.

Inserting this into (3.20) gives
zK
I'A = A_ngll = w(t) = e (' = IP = A gl + 2= (T = 1)llell
4

which gives (3.12), at least for ¢ € Cg° (RY).
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Ift < 0, then setting T = —¢ > 0, we get from (3.18)
T
w(r):=lv-l2 < Kz/ ST (e IP = A) gl + wis) +zllgll2) ds
0
T
=E(t) + KZ/ T w(s)ds,
0
with
~ T
E(f)i=Kz/(; T (e IP = A) gl + zllpll2) ds
and the second Gronwall-type bound from Lemma B.1 now gives
T
w(r) < E(r) + Kz/ eKmDE=9) F(g)ds . (3.21)
0

Similarly as above one calculates

T
/ KT DE=9) Froyds
0

=K f/ eKemDT=K dsds! ||(P — A) gl

O<s<s'<t

+ ZKZ // e(K:*l)IfKZS/JrS dsds/ ||§0||2

O<s<s'<t

_ (%@Kﬂ —1- re—f) IP = A) el

e =) = (1= ) ol
and
E@) = K:1e T (P = A) gl +2K:(1 = ¢ D]l
and plugging this back into (3.21), using t = —7 < 0 we arrive at

le'A—A_Dplr = W(z) < e (5 = 1) (P = A) gl

zK,
2 (K=l _
s (e )ielo .

Recalling that we can replace K, by any upper bound in the above arguments, this proves
(3.12), we only have to bound K. Let € C§° (RY). From the definition (3.19) one easily
gets
B B 2 2\—1 2 a1
K: =B R:ll2»2 = IB((P = A)" +dz") 2|22 (P — A)" +dz") "2
(P —A—i2)l2-o2.
On the other hand, letting 7 = ((P — A2+ dz2)_%(P — A —iz) one sees
TT* = (P~ A)? +de®) " 3(P — A—i2) - (P — A+i2)((P — A)? +dz2)*%(3 »)
— (P = A’ +d2) (P — A +d)(P— A2 +d) 2 =1.
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Hence by duality [|((P — A)2 +dz®)"2(P — A — i7)|lass = | T 22 = 1 and thus
~ 1
K. < IB(Ho 4+ 2% 2|22 =C, . (3.23)
O
Since we have defined the commutator [ H, i D] as the limit of [H, i D;], see (3.10) and (3.4),
we have to calculate the terms appearing in the latter. The next result concerns the calculation
of % (Ne’ A— A,,)golfzo for ¢ € D(P — A). Recall that given a magnetic field B, the vector
field B is given by B = B(x)[x], see also Eq. (1.9).
Proposition 3.6 Suppose that the magnetic field B satisfies Assumption 2.3, the vector poten-
tial A corresponding to B is in the Poincaré gauge. Suppose moreover that B? is relatively

form bounded w.r.t. (P — A)?, i.e. B- € Lo(D(P — A), L*(RY)). Then forall ¢ € D(P — A)
themapR >t — (¢! A — A_;)g is differentiable and

d 1 ~
T A= Ag| o =lim (' A~ A)g =By (3.24)

where the limit is taken in L*(R%).

Proof Assume that for ¢ € D(P — A) the map t > (e’A - A,,)go is differentiable int = 0
with derivative given by (3.24). Then (3.13) shows that it is also differentiable in any point
t € R with derivative

d ~
E(e’ A—A_Dp=('A—A_ )+ UBUyg (3.25)

By assumption, B: D(P — A) — L%(R?) is bounded. Thus the right hand side of (3.25) is
in L2(R%) by Proposition 3.3. Hence it is enough to show differentiability at r = 0. We will
prove, for all ¢ € D(P — A),
. 1
lim
t—0 |ef — 1]

[ A—A_)p— ('~ 1) Bg| =0 inL*®R), (3.26)
which is equivalent to (3.24). First assume that ¢ € Cgo (RY). Using (3.15) we have
t
S =" A—A_, — (¢ — 1)B)<p=/ e UfBUspds — (¢ —1)Byg
0

= /Ot ¢~ (U BUs — B)gds. (3.27)
Using (3.11) we rewrite the integrand on the right hand side as
(UfBUs — B)p = UB(Us — Do + (U — By
= UBR.((P — A+i)U, — (P — A+i2))p + (U — 1)Be
= US*ERZ[UX(es(P —A)+eEfA—A+iz)p—(P—A+ iz)tp] + U —1)By
= US*ERZ[US((eS — (P —A)¢+ (e —1)Bp+8)+ U — 1)(P— A+ iz)ga]
+ Uy — By .

Setting w(s):=||8 |2, and recalling | BR.|l»2 < ~d||B(P — A)? + 22)"1/2|=:C,, see
(3.23), we get

I(Uf BUs — B)gll2

@ Springer



Absence of positive eigenvalues of magnetic Schrodinger... Page250f66 63

< cz[|ef —1(I(P = A)gll2 + 1Boll2) + w(s) + I(Us — D(P — A + iz)<p||z]
+ I(Us — 1)Bola.

This implies the integral inequalities
t
w(t) < E@) + Cz/ e w(s)ds fort >0
0
and
I1]
w(t) < E(t) + cz/ e w(—s)ds fort <0,
0
where now

t ~
E(t) = /0 6’_S[CZII(US = D(P = A+idel2+ (Us - 1)B<p||2] ds

t
+f (e = DC(IP = Agllz + [|Boll2) ds .
0

fort > 0, and

It ~
E@ = [ [ = 0P - A+ il + 1V~ DByl ] ds

It ~
+/ &5 (1 =) C.(I(P — Myglla + 1 Bolla) ds
0
for # < 0. Lemma B.1 then yields the upper bounds
1
w(t) < E(1) +CZ/ eIFCN=9) B (syds fort >0 (3.28)
0
and
It ‘
w(t) < E(t) + CZ/ V=) B(—5)ds forr <0. (3.29)
0

To continue it is convenient to use, for T > 0,

k(1) := sup [|(Uy — Boll2 + C. sup [|(Us — (P — A+i2glla,

Is|<t Is|<t

so that for ¢t > 0

t

E(r) < /Otet_SK(S)dS + (P = Apll2 + ||§<p||2)/0 e (e = 1ds
<k@(e =1+ (I(P = Al + 1Bolla) (' — 1)?,
since « is increasing. Analogously, for # < 0 we have
E(r) = fotl e*ie(s)ds + (II(P — A)glla + 1Bol) /Oltl e (1 —e)ds
<k(th(d =) + (1P — A)glla + 1Boll2) (1 — ¢)?.

So by monotonicity, for ¢ > 0,

t
/ U= p(syds < (x(r)(e’ — D+ (I(P = Apl2 + |1 Bol2) (e — 1)2)
0
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t
/ LIH+CI=5) 4o
0

B (e(H'Cz)t _ 1)(6’ )
B 1+C,

[cO+E =D (I(P=A)gl2+1Bol) |

and, similarly, for ¢ < 0 we have

1— e(szl)t)(] _ et)
C,—1

[t + = eH(1P = Apllz + 11 Belz)

]
/ G p(_s)ds < (
0

which in combination with (3.28) and (3.29) implies

w(t) _‘e’A—A_,
let —1] I er —1

§0—B§0H

Cz|e(C;:|:1)t _ | -

< (1 - T)[Km) +le' = (1P = Aollz + 1 Bell2) |, 3:30)
4

where the + sign holds when ¢ > 0 and the — sign when ¢ < 0. Since P — A : D(P — A) —

L2(R?) and B : D(P — A) — L2(R?) are bounded, (3.30) extends to all ¢ € D(P — A),

by density. Since k() — 0 as ¢t — 0, this proves (3.26). ]

We will need a version Proposition 3.6 for the electric potential. Recall that i D, = (U; —
U_))/(@2t), cf. (3.4).

Lemma3.7 Let A, B, and B satisfy the same assumptions as in Proposition 3.6 and let V be
any electric potential, with form domain D(P — A) C Q(V), such that the distribution x -VV
extends to a quadratic form qx.vy which is form bounded with respect to (P — A)2. Then with
Vo = UVU; = V(e™") and qv, respectively, qv_,, the quadratic form corresponding to
V, respectively, V_;, we have

1
lim — (qv(@.¥) —qv_, (9. ¥)) = gxvv (@, ¥) (3.31)

and
tli_r)%2Re qv (@, iDip) = —qx.vv (e, ) (3.32)

forall p, ¥ € D(P — A).

Proof We always have V € Llloc(Rd). Since V_; = U}VU;, we have the identity
qv_, (@, ) = (o, Vo) = (Ui, VU ) = qv (Usp, Ui).

If V is a nice differentiable function, e.g., V € Cg"(Rd), then %V_, = —e'x -
VV(e™)=—e'US(x - V)U; so

d
E(% Vo) = —e Uip. x - VVU ) = —e ' qevv U, Ury) . (3.33)

Given ¢ € C°(RY), the map C°(R?) > ¥ > gv_, (¢, ¥) yields a distribution. Approxi-
mating V in LllOC by Cy° functions and using (3.33) shows that the distributional derivative
W12=% V_; is given by

d
(o, W) = E(‘P, Vo) = —e_t‘Ix-VV(Ut(P, Uiy
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forall ¢, ¥ € C° (RY), with gx.vy the sesqui—linear form corresponding to the distribution
x-VV.

By assumption, the sesqui—linear form g,.vy extends to sesqui—linear form, again denoted
by ¢x.vv, which is relatively form bounded with respect to (P — A)?.
We claim that for any ¢, ¥ € D(P — A) the map

R > s+ gv.vy(Usp, Ugr) is continuous. (3.34)

Assuming this for the moment, the fundamental theorem of calculus shows

t d t
v (@) —av., (@, ) = — /O v (. ) ds = /0 = vy (Usg, Usp)ds (3.35)

for any ¢, ¢ € Cgo(Rd) C D(P — A). Since C(‘)’O(Rd) is dense in D(P4) with respect to
the graph norm and the involved quadratic forms are form bounded w.r.t (P — A)?, equation
(3.35) extend to all ¢, Yy € D(P — A). But then (3.35) implies

d 1
274v- (@ Wli=o = lim — (qv(e.¥) —qv_,(@.¥)) = gxvv (@, ¥)

which proves (3.31). For (3.32) we note
2t Reqy (9. iD;p) = Re (qv (¢, Uip) — qv (9. U_19)) = Re (qv (Uip. ) — qv (9. U_19))
=Re (qv_, (9. U_19) — qv (9. U_;9))

and

t
qv_, (@, U_1¢) —qv(p,U_1p = —/ e qevv(Usp, UsU_1 ) ds
0

again by (3.35). By a simple continuity argument this shows

. 1 [,
2Re(p, ViD;p) = —;/ e *Reqr.vv(Usp, U U_i¥) ds — qxvv(@, ¢)
0

ast — 0, which yields (3.32).
It remains to prove (3.34): Lemma 2.1 the sesqui—linear form g.vy being relatively (P — A)?
form bounded is equivalent to the fact that the sesqui-linear form

-1/2

0, ¥ > qevv (P — A2 +d2?) ", (P — A +d2%) Py

extends, for z > 0, to a bounded sesqui—linear form to all (¢, ¥) € L?(R?). Recalling the
definition (3.17) for R, and (3.22), this is equivalent to

0. ¥ > qgevy (R, Ry)=:q(p. V)

being a bounded quadratic form, more precisely, extending to a bounded quadratic form on
all of L2(R%), for all z > 0. Using sesqui-linearity, it is easy to see that for all continuous
maps § — @, 8 > Yy € L2(R?) the map s —> ¢(@s, V) is continuous for any bounded
sesqui—linear form § on L2 (R%).

For ¢, ¥ € D(P — A) we have

qUs, Usyr) =q((P — A —iz)Usp, (P — A — i)Us¥)
and

Usp = Ry(P — A — i2)Uyp = RU (¢ (P — A) + (€A — A_y) — D).
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The map s +— e*(P — A)g is clearly continuous for all ¢ € D(P — A) and so is the map
s — (e A — A;)g by Proposition 3.3. Thus s &Y::(es(P —A)+(A—A_) —iz)pis
continuous for all ¢ € D(P — A). Using s — Uj being strongly continuous and unitary, and
UI(ZI - Usas = U, — Us)&t + Us(at - %)
one sees that the map s — ¢;:=U,@;, is continuous. Similarly when ¢ is replaced by ¥ €
D(P — A). Thus
R 35 qUsp, Us¥r) = G(ps, ¥s)

is continuous, since ¢ is a bounded sesqui-linear form. This proves (3.34) and hence the
lemma. o

3.2 The commutator as a quadratic form

This section deals with one of our main results, the rigorous identification of the right hand
side of (3.10).

Theorem 3.8 (Magnetic virial theorem) Let B and V satisfy Assumptions 2.3-2.5 and A be
the vector potential in the Poincaré gauge corresponding to the magnetic field B. Assume
also that the distribution x - VV extends to a quadratic form which is form bounded with
respect to (P — A)2. Then for all ¢ € D(P — A), the limit lim,_,o2Re (qA,V(q), iD,(p))

exists. Moreover,
(¢, [H,iD]g):=1im 2Re (qa.v (¢, iD;p))
=0 , ~ (3.36)
=2||(P — A)gll3 +2 Re(Bg, (P — A) p) — (p.x - VVg).

In particular, for any weak eigenfunction ¥ of Ha vy with eigenvalue E, i.e., <(p, Evy, > =
qa.v(p, V) forall ¢ € D(P — A), we have the virial identity

21(P — AY I3 +2 Re(By, (P — A y)— (Y, x - VVy¥)=0. (3.37)

Remarks 3.9 See the proof of Lemma 3.7 for the precise meaning of the quadratic form
(‘p! X - vv‘p)'

Proof Recall that, as a quadratic form, we defined (¢, [Ha,v, i D;]1¢):=2Re qa v (¢, i D;p),
using the notation from (2.30). See (3.9) and the discussion before it. Once one knows this
limit, and its existence, the proof of (3.37) is straightforward. Since v is a weak eigenfunction
we also have (Ev, ) = ga,v (¥, ¢) forall ¢ € D(P — A). Since multiplication with E € R
and i D, are bounded operators and multiplication with a constant commutes with any bounded
operator, 2Re(ga,v (¥, i D)) = 2Re((Ev, i D) = 2Re (v, [E, i Dy ]y) = 0.

Now we will show that the limit in (3.36) exists for all u € D(P — A) and is given by the
right hand side of (3.36). By (3.11)

(P— AU,u=eU(P—Au+ X, u, (3.38)
where
Xeu=U(e A—A_)u, (3.39)
where we recall A_; = U AU; = A(e™"-). Since

2tRe (qa,v (¢, iDip)) =Re (qa,v (@, Uip) — qa,v(U—1 ¢, 9)),
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and

qa,0(p, Urp) = (P — A)p, Ue' (P — A)g) + ((P — A)g, X;¢) ,
gaoU—1¢,9) = (P — A)p, Uie ™' (P — A)p) + (X_1, (P — A)p),
we get

t_ ot

1
2Reqa0(p,iDp) = %((P —A)p, Ui(P — A)p) + <(P - A)p, ;Xt<p>

1
- <;X,t(p, (P— A)§0>
— 2((P — A)p, (P — A)p) + 2Re(By, (P — A)g)
ast — 0, because by Proposition 3.6 we have
1 ~

lim = X4, u =+Bu in L*(RY).

t—0t
Lemma 3.7 gives lim;_.o Re qv (¢, i D;¢)) = —qx.vv (@, ¢)=: — (¢, x - VV¢) and since

q4.v(@,iD1@) = qa0(@. iDip) + qv (9, iD;¢)

this finishes the proof. O

Remarks 3.10 Equation (3.36) is known for smooth magnetic and electric fields, see e.g. [2].
As for its physical interpretation, we note that the virial theorem in classical mechanics states
that

2T +x-F)=0 (3.40)

where T denotes the kinetic energy, F denotes the external force, and ( ) stands for an average
over (infinitely) large times. The identity (3.40) holds for all initial conditions for which the
velocity and position of the system stay bound in time, i.e., the classical version of a bound
state.

In our case F is given by the Lorentz force, hence F = —qgVV + qv A B, and therefore

x~F=—qx~VV+qx'(v/\B)=—qx~VV—|—qv~(B/\x)=—qx~VV+qv~§,

where we have used the vector identity a- (b Ac) = b-(c Aa). Since we have v = %(P —qA)
and T = ﬁ(P — gA)?, the quantum analog of (3.40) reads

q

1 ~
0=—|I(P —qA)el3 + - Re((P — A) ¢, Bo) —(p.x - VVg),

which in our system of units, where ¢ = 1 and m = % coincides with (3.36) when the
commutator vanishes.
A proof of (3.40) follows immediately from the observation
d d
2M=mv?=x%-p=—@x-p)—x-p=—(x-p)—x-F
p=_&-p) p=_(p)
where v is the velocity, p = mv the momentum and p = F by Newton’s equation.

An immediate consequence of our magnetic virial theorem is
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Corollary 3.11 Let the assumptions of the magnetic virial Theorem 3.8 above be satisfied. If
Y € D(P — A) is a normalised weak eigenfunction of the magnetic Schrodinger operator
Ha,v corresponding to the energy E € R, in the sense that y € D(P — A), ¥ # 0, and

E{p, V) =qav(p, ¥) (3.41)
forall p € D(P — A), orall p € C(‘)’O(Rd), then

0=2E(Y, ¥)+2Re((P — A) ¥, By)— (¥, @V +x - VV)¥) (3.42)

Proof This follows immediately from (3.37) since ||(P—A)1//||% =qav, 1,0)—(1#, VW) =
(v, Ev) = (v, VY. 0

Now, of course, the question is for what class of potentials V one can calculate the virial
x - VV in a simple way. A typical example is given in the next section.

3.3 The Kato form of the virial

Our standing assumption is that the virial of the potential, given by the distribution x - VV,
yields a quadratic form g,.vy which is form bounded w.r.t. (P — A)%. If x - V'V is given by
a function which corresponds to a nice quadratic form, then g,.vy is given by the classical
expression (¢, x - VV¢). On the other hand, the virial given by the formal expression (¢, x -
VV(p) can exist even if V is not at all classically differentiable.

Our next result shows that this can be the case, even without any kind of differentiability
of V. Lemma 3.12 result also identifies the quadratic form ¢,.yy with an expression similar
to one already used by Kato in his proof of absence of positive eigenvalues.

Lemma 3.12 Assume that the magnetic field B satisfies Assumptions 2.3 and 2.4, A is the
magnetic vector-potential in the Poincaré gauge, and V and |x|*V? are relatively form
bounded with respect to (P — A)2. Then the quadratic form qc.vy corresponding to the
distribution x - VV extends from C§° (RY) to a quadratic form which is form bounded w.r.1.
(P — A)2. It is given by

(@, x - VVo):=grvv(p.9) =2Im(xVe, (P — A)g) —d(p, Vo)

(3.43)
=2Im(p, (P — A)p) — dqy (¢, ¢)

forall p € D(P — A).

Remarks 3.13 Since x2V? is form bounded w.r.t. (P —A)2, |x|Vp € L?forallg € D(P—A).
We call (3.43) the Kato form of the virial. Kato did not consider magnetic fields and used the
pointwise conditions V bounded and lim,_,  |x|V (x) = 0 to conclude absence of positive
eigenvalues for non-magnetic Schrodinger operators. Lemma 3.12 allows us not only to
extend this to magnetic Schrodinger operators but to replace Kato’s pointwise condition by
a rather weak and natural smallness condition on the quadratic form (¢, |x |2 V2<p) at infinity.

Of course, since the vector potential is in the Poincaré gauge x - A(x) = 0, so <x Vo, (P—
A)p) = (Vo, x - Pg), hence the right hand side of (3.43) does not depend on vector potential
A. In fact, since A is a real-valued vector function and V is real-valued <x Vo, Ago) is real for
any function ¢ € Cg° (R?). Keeping P — A in the right hand side of (2.21) is useful, however,
see the proof of Lemma 4.4, in particular, the proof of (4.15).
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Proof By definition, the virial is given by (p,x - VVeli= — gryy(p,¢) =
lim;—.o Reqy (¢, iD;p) with gy the quadratic form corresponding to the multiplication
operator V. We will calculate this limit slightly differently than in Lemma 3.7. As distributions

t

t t d
2itD,<p:/ U_YiDgods:/ UJx-P(pds—i-E/ Uspds
—t —t —t
and

t t

eU(lx| (p)dS:i/ eU(lx| (P—A)(p)ds

—t

1 t
— Uxix~P<pds=i/
—t

|x] —t

since any vector potential in the Poincaré gauge is transversal, that is, x - A(x) = 0 for all
x e R4, Altogether, we have

iDip = 2[|x|/ |x\ (P — A)(/))ds +*/ Uspds

at least when ¢ € C§° (Rd ). Thus, in this case,

t

, , (R d 1
qv(p.iDg) = i{1xIVe, — | eUs(m-(P—A)fp)ds +5\Ve. 5 | Useds

—t
. 1 d I
=i{|x|Vo, % _te SU (IXI (P —A)(p)ds —|—5qv @, > Uspds
(3.44)

Since 7 - (P — A)g € L*(R?) for all ¢ € D(P — A), the maps s > Us(7(P = A)p)
and s — Ujsp are continuous. Moreover, the map s — Uy is continuous in the graph norm
corresponding to P — A for any ¢ € D(P — A) by a similar argument as in the proof of
Lemma 3.7. Also |x|Vg € L2(R?) for any ¢ € D(P — A), since xV is relatively P — A
bounded, that is, |x|2V2 is relatively (P — A)? form bounded, by assumption. But then (3.44)
also extends to all ¢ € D(P — A) by continuity.

Since for<p € D(P—A)themaps — U is continuous in the graph norm of P — A, we also
have - o j Usp ds — ¢ in the graph norm. In addition, - o f e Us (Ix\ (P — A)ga) ds —

I x‘ -(P—A)pin L?*(R9) as t — 0. Then (3.44) and continuity of the quadratic form gy in
the graph norm of P — A yields

. . . d
lim(g, ViDig) = i(1x|Ve, f7 - (P — A)g) + Zav (@, 9)
which, taking real parts, finishes the proof of Lemma 3.12. O

Remarks 3.14 Slightly informally, an alternatively way to derive (3.43) is as follows: For
u, w € C(RY), which is dense in the domain of P — A, the quadratic form (u, x - VVw)is
given as a distribution by
(. x - VVw) = (u, x - V(Vw) = Vx - Vw) = —(V - (xu), Vw) — (Vu, x - Vw)
= —d(u, Vw) — <Vu,x . Vw) — (x -Vu, Vw) (3.45)
= —d(u, Vw) = i((xVu, (P — A)w) — (P — A)u, xVw))

since the vector potential A is in the Poincaré gauge and P = —i V. Under the conditions on
V this extends to all ¢ € D(P — A).
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Corollary 3.15 Assume that the magnetic field B satisfies Assumptions 2.3 and 2.4, A is the
magnetic vector-potential in the Poincaré gauge, and the potential V splitsas V =V, + V;
where Vy and |x|? V12 are relatively form bounded with respect to (P — A)? and the distribution
x - V'V, extend to a quadratic form which is form bounded with respect to (P — A)2. Then,
with a slight abuse of notation,

- (ga,x . VVga) = —2Im (lego, (P — A)go) +d(g0, V1g0) — (go,x -V, <p> (3.46)
forall ¢ € D(P — A).

Proof Simply combine Lemmas 3.7 and 3.12. O

3.4 The exponentially weighted magnetic virial

The proof of our main result, see Theorem 4.8 below, is based on finding two different
expressions for the commutator (eF v, [H,i Dle* Y¥), when F is a suitable weight function
and ¥ is a weak eigenfunction, see (3.41). This is done in

Lemma 3.16 Assume that the magnetic field B and the electric potential V satisfy Assump-
tions 2.3, 2.4, and 2.5, and A is the vector potential corresponding to B in the Poincaré
gauge. Moreover assume that the distribution x - VV extend to a quadratic form, which is
form bounded with respect to (P — A)2. Let F : RY — R be a smooth and bounded radial
function, such that V F (x) = g(x)x, and assume that g > 0 and that the functions V(IVF%),
1+ |2)g, x-Vgand (x- V)zg are bounded. Let r € D(P — A) be a weak eigenfunction
of the magnetic Schrodinger operator Hay, ie., E{(p, ¥) = qa v (@, ¥) for some E € R
and all ¢ € D(P — A), where q .y is the sesqui—linear form corresponding to the magnetic
Schrodiner operator Hyy and set Yr = ef . Then

(e, [H,iD1yF) = (Yr. (E+ |VF?) ¥r)+2Re((P — A) ¥r. Byr)
+ 1P = AYrl3 — (Y. (V +x-VV)p), (3.47)

and
(W, [H,iD1yF) = =4 1/g DYrl3+ (¥r, ((x - V)2g —x - VIVF)yp).  (3.48)

Remarks 3.17 Of course, (gu, (V+x-VV) (p) is given by the sum gy + g,.vy of the quadratic
forms. Rearranging the terms in the derivation of (3.47) a little bit also shows that

(Wr, (H,iD1yr) = (W, 2(E + |VFI?) YF)+2Re((P — A) yr, Byr)
- <1//F, QQV +x-VV) 1/fF).

Thus (3.47) and (3.48) are a quadratic form version of the bounds of [16], in which the authors
considered only the nonmagnetic case. Also note that the conditions in [16] are stronger, since
they work with operators and not with forms.

To get an idea why the bounds from Lemma 3.16 are useful for excluding eigenfunctions
for positive energies E > 0, think of<wp, (E + |VF|2) I/IF), respectively —4 ||,/g D Vel
as the main terms in (3.47) and (3.48), and the other terms as lower order. Then (3.47) and
(3.48) contradict each other when E > 0 unless ¥ = 0.

Before we prove Lemma 3.16 we first collect some auxiliary results, to simplify the
calculations. First note that as distributions,

(P—AWr=el(P—AW —ief VFy . (3.49)
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Hence since F' and VF are bounded we have v € D(P — A) for any v € D(P — A), so
(Wr.i[H, D]yr)is well-defined.

Secondly, note that the operators VF - P and P - VF are well defined on D(P — A).
Indeed, since F is radial we have VF = gx for some function g depending only on |x|. This
implies VF - A = 0, see also (2.17). Hence, as distributions,

VF.-Pu=gx-Pu=gx (P—AueclL*RY (3.50)
for all u € D(P — A). Similarly,

P-VFu=P- -(gx)u=gP -xu—i(x-Vgu
=gx - (P—Au—igdu—i(x-Vgue L>RY),

(x)_lDu = L()c~P—|—P')c)u = i~Pu— l—u
2(x) (x) 2(x)
— ) (P = A)u— ——u e L2RY),
2(x)
gDu:%(x-P—i—P-x)u (35D
:gx~Pu—%u:g}b(P—A)u—%ueLZ(Rd),
i
JeDu=/gx- (P —A)yu— ¥u e L*(RY),
(x)gDu = (x)gx - (P — A)u — @u c L2RY),
and
1 .
Dypu=3(VF P+ P-VF)u=gDu - %(x Ve)u € LARY) (3.52)
for all u € D(P — A), by the assumptions on g. Note also that Dy is symmetric.
The next result is needed also later, so we single it out.
Lemma 3.18 Under the conditions of Lemma 3.16 we have
gav,v) = qav(e Fu,efv) +2i(Dypu,v) +(VFu, VF v) (3.53)

forallu,v € D(P — A). In particular, if ¥ is a weak eigenfunction corresponding to the
energy E of the magnetic Schrodinger operator Hy v, then

aavWr, ¥r) = (VrF, (E+|VFP)YE). (3.54)
Proof A straightforward calculation using the above equations and (3.49) yields
gaole Fu,efv)y = (P —A+iVF)u, (P — A—iVF))
=qa0,v) —i((VFu, (P — A)v)+((P — A)u, VFv))

—(VFu, VFv)
=qa0,v) —2i({Dyru,v)—(VFu, VFv).

(3.55)

In particular, since (e‘F u, Ver v> = <u, Vv) and g4 0(u,v) = qao(,v) + (u, Vv) this
gives (3.53).
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If ¥ is a weak eigenfunction of Hy,y then g4,y (¥, v) = E(yr, v) for all v € D(P — A).
Since Dy F is symmetric, (Dvp v, 1//p> s real and (3.53) implies
qav(Wr. Wr) =Reqay(Wr, ¥r) =ReqavWr.e" Yr) + Re(VFyp, VFYF)
=Re E(yr, 6FWF> +Re(VFyp, VEYr)=Re(Vr, (E + |VF|2)WF>
O

Proof of Lemma 3.16 From (3.49) we know that Yy € D(P — A) = Q(Hjy,v). Thus for any
Y € Q(Hy,v) our magnetic virial Theorem 3.8 shows

(. [H,iD1YF)=2qa0(r. ¥r) +2 Re(BYr, (P — A)u) — (Yr.x - VVr).
withga o(YF, ¥F) = <(P —A)YrF, (P— A)WF). If v is a weak eigenfunction of Hy v with
energy E, then

(Wr,i[H,DIYr)=qavWr. ¥r) —(¥F, VVE)+ qa0r, ¥F)
+2Re(Byr, (P — A ) — (Yr, x - VVYF)
= (Vr. (E+|VFYE) +qa0(r, F)
+2 Re(BYr, (P — A)Yr) = (Yr, (V+x - VV)yr)
by (3.54). This proves the first claim of Lemma 3.16.

Applying (3.53) with u = Y and v = i D;{/F one sees

qr.iDr) = q, e"iDiyp) 4+ 2i(Dyprp, iDYr) + (VF yrp, VF iDyrr)

= E(Yr. iDiY) = 2Dvrvr, Doyr) +(Vr, IVFPiDiyr),

where we againused g4 v (¥, v) = E(y, v) forallv € D(P —A) and any weak eigenfunction
Y with energy E. Notice that (Yr, i DiYyr) = i(YF, DiF) is purely imaginary since Dy
is symmetric, so taking the real part above shows

2Req(YF, iDiyr) = —4Re(Dvr Vi, Diyr) + 2Re(yr, [VFPiDyr).  (3.56)

Lemma 3.7 gives 2Re(Yr, [VF2iDiyr) — —(Yp, x - V(VF|?)¥r) as t — 0. Hence
(3.56) implies (3.48) as long as

. 1
lim Re(Dy Y7, Dir) = IV/gDVrl3 — FWr (G V)’ ) Vr). (3.57)
Using Dyru = gDu — %(x -Vg)uforallu € D(P — A), we get
1
(Dvru, Dyu) = (gD u, Dyu) + E((x - Vg)u,iDyu)

and we already know from Lemma 3.7 that 1 Re ((x - Vg)u, i Dju) — —4(u, ((x - V)?g)u)
as t — 0. Moreover,

Lt (e'y)
), (%)

(x)"'Dyu = %f’ (x)"'Us(Du) ds Us ((x) ™" Du) ds

initially for u € C{°(RY), but by density and since (x)~!D : D(P — A) — L?*(R?) is

bounded, this extends to all u € D(P — A). Thus, by continuity, x)"'Dju - (x)"'Du in
L*(R%) ast — 0 and
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(gD u, Dyu) = ((x)gDu, (x)~' D) = ((x)gDu, (x)~' Du) = || /g Dull3
ast — Oforall u € D(P — A). This completes the proof of (3.57) and of the Lemma. 0O

For a type of unique continuation at infinity argument, we will also need the following

Lemma 3.19 Let B and V satisfy Assumptions 2.3,2.5, and 2.9. Assume that \ and F satisfy
conditions of Lemma 3.16. Then there exists k > 0 and ¢, > 0 such that

(Wr, [H,iD1YF) > k(Yr, [VFP? ) — cellvrl} . (3.58)

Proof In what follows the value of a constant ¢ might change from line to line. Since ¥/ €
HL (R?), Lemma 3.16, the Cauchy-Schwarz inequality and Assumption 2.6 give

(Wr. [H.iD1yF) = |(P = A)Yrl3 —21(P — Ayrl2(1BYrla + [xVivrela)
— (@2 +daz)|(P = Ayrll —clyrls.
Therefore using (3.54) and Assumption 2.5 we find that for any x > 0
(Wr. [H,iD1yF) = (1 = OI(P = AYrl3 +x (r, IVFI Yr)
— (a2 +da3 + ko) | (P — A)yrl3
—21(P — AYr2(1BYFl2 + IxVivrelz) — clvel3.
On the other hand Assumption 2.6 implies that

201(P = Arl2(1BYrlz + IxVivel) < er|(P — A)yrll3
+2c1ll(P = AYrl2Vrll

2, €l 2
< (a1 + ) I(P—A)yrl; + < 1¥Fllz.
Hence

(Yr, [H,iD1yr) = (1 = 2 — kg — o1 — iy —d 3) [|(P — A)Yr |3
+ (Y, IVFPYr) = (e + 7 en) [9rl3,
and the result follows upon setting
1-— o] — oy — dot3
K = >0,
2+«
see (2.26). O

4 Absence of positive eigenvalues
We will give the proof of absence of positive eigenvalues in two steps. The first is that putative

eigenfunctions corresponding to positive energies have to decay faster than exponentially. In
a second step, we prove that any such eigenfunction has to be zero.

4.1 Ridiculously fast decay

We set (x)r:=v/A + |x|2 forx € RY, A > 0. For A = 1, we write simply (x); = (x). We
have
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Proposition 4.1 (Fast decay) Assume that B and V satisfy Assumptions 2.3-2.8 and that the
magnetic field A corresponding to B is in the Poincaré gauge. Furthermore, assume that
is a weak eigenfunction of the magnetic Schrodinger operator Hy vy corresponding to the
energy E € R, and that there exist it > 0 and A > 0 such that x — eP by (x) € L2(RY).
IfE + % > A with A given by (1.14), then

x> e y(x)ye L2RY) V>0 Vi=>o0. (4.1)
Before we start with the proof, we make some preparations. Obviously it suffices to prove

the statement for A = 1. We will first consider the case ;& = 0, i.e., we only know that
¥ € D(P — A) C L2(R?). The choice

Fue(x) = % (1 e m) , (4.2)

for the weight function, for some . > 0 and ¢ > 0, will be convenient. We have F, . (x) —
uix)as e — 0. Also, since

VFye=px) e My (4.3)
we have
8u.e () = plx)lemo 4.4)

Moreover, let
[ = sup {M >0 Wy e Lz(Rd)] ,

the maximal exponential decay rate of the weak eigenfunction . The bound (4.1) is equiv-
alent to s = 00, so we have to exclude 0 < . < 00. If 0 < uyx < 00, then there exist
sequences i, \( U« & \ 0 asn — 00, i.e., both sequences are decreasing and p, — iy,
&g, — 0,as n — oo, with

Fy

ap :=|le"" Y|l - oo as n— oo, (4.5)

where we put F,,:=F),, .,. Moreover, we let g,(x):=gy, ., and define ¢, by

et v
= 4.6
= ey *0)
Since
Fy(x) < pn{x), @7

the function e is bounded uniformly in n € N on compact subsets of R?. This implies that
for any compact subset K C R? one has

((Pna ]1K§0n> — 0 asn— oo

where 1k is the characteristic function of K. In turn, this implies that for any bounded
function W with W(x) — 0 as x — oo one has

(gon, W(pn> — 0 asn — oo. 4.8)

The last equation is the central point of the argument used in the proof of Proposition 4.1. It
will allow us to show that in the virial identity applied to ¢, certain terms vanish as n — oo.
This turns crucial when applying 3.16 to prove Proposition 4.1 by contradiction.
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Lemma4.2 Let F,, g,, ¥, and ¢, be given as above. If 0 < u, < 00, then
lim (ef"yr, &, (x)ef ") = 0. 4.9)

n—oo

Moreover, if 0 < wy < 00, then

lim (VF,@n, VFup,) = 11 (4.10)
n—o0o
and
lim (g, ((x- V)20 —x - VIVE,[*)pn) = 0 @.11)
n—oo

Remarks 4.3 If j1,. > 0, then ¥ decays exponentially and since F}, is bounded for fixedn € N
we have (ef"yr, (x)efryr) < oo for all n.

Lemma4.4 Let 0 < puy < oo and F,, g,, and @, be given as above. If the potential V is
relative form small and vanishes at infinity w.r.t (P — A)?, i.e satisfies Assumptions 2.5 and
2.7, then

lim (@,, Vg,) =0 4.12)
n—oo
lim (P — A)gn, (P — A)pn) = E + 415 (4.13)

Moreover, if the magnetic field B satisfy Assumptions 2.4, and 2.8, then
limsup (B ¢n, (P — A) ga)l < BCE + D)/ (4.14)
n—oo

and if one splits V.= V| + Vo, with V| and V; satisfying Assumptions 2.6 and 2.8 then
lim sup (@n, x - VV@,) < 201 (E + 12)'? + ). (4.15)
n—oo
Here B, w1, and wy from (1.13) measure the strength of the magnetic field and the virial of
the potential near infinity.

Remarks 4.5 For the proof of similar results in [16], the assumption that V and x - VV are
relatively form compact with respect to P is made. Thus they only deal with potentials which
are relatively form bounded with relative bound zero. They also do not consider conditions
on the Kato form of the virial x - VV.

We will prove these two Lemmas later in this section.

Proof of Proposition 4.1 Assume that 0 < 12 < oo. It is easy to check that F,, and g, satisfy
the assumptions of the exponentially weighted magnetic virial Lemma 3.16. Thus Lemmas
3.16 and 4.2 show

limsup (@, [H,iD]g,) <0. (4.16)

n—oQo

On the other hand the first equality from Lemma 3.16 together with Lemma 4.4 shows
iminf (g, (H,iD]¢a) = 2(E + pd) = 208 + 01)(E + i)' =

B+ wi 2 B+ wi 2 w) &.17)
— 2 _ _ =
_2|:( E+u 2 ) < 2 > 2i|>0

if VE + puZ > 5H(B+wi+v/(B + w1)? + 2w;) = +/A. Clearly, (4.16) and (4.17) contradict

each other. Thus u, = oo, which is equivalent to (4.1). O
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It remains to prove Lemmas 4.2 and 4.4.
Proofof Lemma 4.2 Clearly, for any § > 0
<§0na &n <x>§0n) = <<pn7 Tie, (x) <8 (Pn> + <(Pn» L, (x)=8) €n <x>(Pn)
<+ <(ﬂn» 1{8,,(x)>8} &n (x>§0n>

l—e !
1

One easily checks that the mapping ¢ +— is decreasing on (0, co). Thus

_ 1—e! 1—e?
Ysi=sup = <1 (4.18)
1>8 4 )
which shows
F, =1 (x) (1 —e ™)y <, 7s(x) forall x with g, (x) > 8.
en(x)

Given 6 > 0 choose any x with Y5 < k < 1. If 0 < u, < oo then ¥ decays exponentially
with any rate p with Ky < (&t < [y, by the definition of .. Thus

lim sup (eF”I/f, L, (x)>8) (x)eF”l//> < lim sup (e“”75<x>1/f, (x)e""75(")w)
n—00 n—oo

< (eKM*<x>1/l, (x)e'{“*<x>1/f> < 00

since, Wnys — Vslh+ < Ky as n — 00. In view of (4.5) this implies (4.9).
For the proof of the remaining part of Lemma 4.2, we note that from (4.3) one gets

IVE, | = pu2(1 — (x)72)e 200, (4.19)
Since ¢, is normalized this gives
12 — (VFun, VE@u) = (00, (12 — IVEy*) )
= i1 (fon: (1= 27 gu) + [pu. (1) 2215, ))

Recall that u, \( i« If i = 0, then (4.20) shows

(4.20)

|1z = (VEu@n, VFagu)| <202 - 0 asn — .
If 0 < s < 00, thenusing 0 < 1 — ™) < 2¢,(x) in (4.20) gives

ity = (VFu@n. VFu@n)| < i (200 €0 (X)@n) + (@n. (x) *@n)) > 0 asn — oo

due to (4.9) and (4.8). This proves (4.10).
Using the definitions of F, and g, a relatively short calculation shows

|(x - V)2gn —x - VIVF | < pn(ptn + D [(x) 72+ (1) 7! + & (x) + e2(x) ] e 7o)
4.21)

Since 0 < t > te~" is bounded, (4.21) implies, if 4 = 0,
l{@n. ((x - V)2gn —x - VIVFP)@u)| S tta(in +1) > 0 asn — oo.

If 0 < ws < 00, then (4.21) shows
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l(@n: (- V)28 = x - VIVF )| S (. (<x)‘2 + (X)_l>(/)n>
+ (Qon’ Sn<x><,0n> — 0 asn —> o

using again (4.9) and (4.8). This proves (4.11). O
In the proof of Lemma 4.4 we need the following auxiliary tool.

Lemma 4.6 Assume that the potential V is relatively form bounded w.r.t (P — A)2. Then for
any family of real-valued bounded function &; € C°*(RY), j € I, for which sup e 11§ lloo
and SUp g V€l are finite, we have

sup sup [[(P — A)§ |l < 00. (4.22)
jel neN

where @y is the sequence defined in (4.6). Moreover, if ¢ € Cg° (R?) is a real-valued function
with compact support, then

limsup [[(P — A)ég,| = 0. 4.23)

n—oo

We give the proof of this Lemma after the

Proof of Lemma 4.4 One easily checks that if £ is an infinitely often differentiable cut—off
function with bounded derivative, then £¢ € D(P — A) for any ¢ € D(P — A).

Let x; : [0,00) — R4, = 1,2, be infinitely often differentiable on (0, co) with
x1(r)y=1forO0<r <1, xi(r) > 0forr <3/2, x1(r) =0forr > 7/4,and x2(r) = 0 for
r <5/4, x2(r) > Oforr > 3/2, xo(r) = 1 for r > 2. Then inf,>o(x7(r) + x3(r)) > 0 and
thus

X1 X2
fli=—— &=

Jxt+ 53 Jxi+x3

are infinitely often differentiable with bounded derivatives and & 12 + 522 =1.Given R > 1
we set

E<r():=E1(Ix|/R), &=r(x):=82(|x|/R)

which yields a family of infinitely often differentiable real-valued localization functions on
R with bounded derivatives. Note that £_g has compact support and supp(é=g) C U k=
{x e R?: |x| > R}. By construction, we have

(@ns Veou) = (E2 g on. Vou) + (E2 g o, Viou)
and, recalling that V is form bounded with respect to (P — A)z, we have for fixed R > 1

&2 R 00 VO) = [(E<k @n, VE<R @n)l S (P —A)E<g @ull3 + lE<r @nll3 — 0, asn— o0

by Lemma 4.6 and (4.8), since £-g has compact support. Since V vanishes at infinity
w.rt. (P — A)Z2, there exist ag, yr with ag, yg — 0 as R — oo such that

(E2% @ne Vou)l = (E=r @n. VE=r @)l < arll(P — A= @ull3 + YRIE= RT3 -

Lemma 4.6 then shows
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limsup [(£2 @n. Vou)l Sar +yr — 0, as R — 00,

n—oo

which proves (4.12).
Moreover, from Lemma 3.18, we get

(P = A)gn, (P — A)gn) = E + (VEFu0u, VE.0u) — (00, Veou)

—>E+Mi asn — 0o

usin&also (4.12) and (4.9). This proves (4.13).
For B? one can argue exactly the same way as above for V to see that for fixed R

lim sup ((pn, |§|2¢n) < lim sup (E;R Ons |§|2¢>n> < Cegp+ ﬁ,ze
n—>oo

n—oo

where we also used Assumption 2.8 and put C = SUP jeN limsup,,_, o, I(P — A)éj(p,,H%,
which due to Lemma 4.6 is finite. Since eg — 0 and fg — B, as R — oo, we get

lim sup IIE(pnII <8,

n—oo

Because of [(B ¢y, (P — A) gu)l < 1B ¢ulll(P — A) @l and (4.13) this proves (4.14).
If the potential splits as V = V| + V, with V], V, satisfying Assumptions 2.6 and 2.8, then
one can argue exactly as above to see that

lim sup [(x Vi@, (P — A)gy)l < )
n—o0

and

lim supl(gan,x . VVz(pn)l < w.

n—oo

Moreover, if Vi and (xV;)? are form bounded w.r.t. (P — A)% and ¢ € D(P — A) with
supp(¢) C {|x| > R}, then
e, Vio)l = {IxI . 1xIVig)l < x| elllllx | Vigl
_ 1/2
SR el (1P = Aell; + llell3) !

’

so V1 vanishes at infinity w.r.t. (P — A)2. Thus lim,,_ oo <¢’n, Vi <,0n) = 0 and using the mixed
form of the virial from Corollary 3.15 yields

lim sup ((p, X - VV(p) <2w(E + Mi)l/z +w;.
n—oo

Remarks 4.7 Note that A < B + w as soon as w > 0.

Now we give the

Proofof Lemma 4.6 Lety € D(P — A) be a weak eigenfunction of the magnetic Schrédinger
operator H, vy with eigenvalue E and Fy,, ¥, = ey and @, = ¥, /|1, as in (4.6). In
particular, we have sup,, |V F,| < sup, u, < oo. Since V is relatively form bounded with
respect to (P — A)2

1P — A)oll3 = gav (@, ) — (0, Vo) < gav (@, 9) + a0l (P — A)gl} + Cliol3
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forsome 0 < g < 1,C > 0,and all p € D(P — A). Thus

I(P = Aol < (1 —ap) ™! (gav (@, ¢) + Clel3)
From the IMS localization formula (D.1) we get
qavEVn, ) = Reqa v (EX*y, ) + (v, [V (Ee™)*y)
< EEynl3 +20(VE) Y13 + 21V EDEVL I3

since V¥ is a weak eigenfunction with energy E. Thus

(P — A)&j0ull3 S IIE@nll3 + I(VEN @Ml

where the implicit constant is independent of j € I and n € N. Since ¢, is normalized, this
proves the first claim.

On the other hand, if £ has compact support then so does VE&. Thus, from (4.8) we get
léEpnll = Oand || (VE)g,|| — 0,as n — oo. Hence,

(P — A)Eal3 S 1E@al3 + I(VE)@all3 — 0,

asn — OQ. ]

4.2 Absence of positive eigenvalues

Now we are in position to prove our main result.

Theorem 4.8 Let B and V satisfy Assumptions 2.3-2.8. Then the magnetic Schridinger
operator Hy v has no eigenvalues in the interval (A, 00), where A is given by (1.14).
Moreover, if E < A is an eigenvalue of Ha v then any weak eigenfunction  with energy

E cannot decay faster than e¥2~EW1 in the sense that if x — ™l (x) € L2(R?) for some
w > A — E, then v is the zero function.

Proof Let g4,v be the quadratic from corresponding to H4 v and assume that E <<p, ¢> =
qa.v(p,¥) for all ¢ € D(ga,v) = D(P — A). Furthermore, assume that either E > A or
E+7%2 > A forsome T > 0 and x — ey (x) e L2(RY). Then from Proposition 4.1 we
know that

x> ey (x)ye LPRY) Yu>0 Vi>0.

where (x), = (A + x2)1/2,
Letu > 0,e > 0, A > 0, and define

F(x) = Foea(x) = % (1 et <x>x) 7

so that

/dceﬂ? (x)a
VFuenx) =x8uer(x), guerlx) = —=.
VA +|x|?

Denote ¥, ¢ 5 = e . Lemma 3.19 and Eq. (3.48) then give

K (w/L,S,)w |VF;L,£,A|2 WM,E,A> =< <w;1,a,)u ((x : v)zgu_,s,)» - X V|VF/L,8,)»|2)I/[/L,8,)»>
+C el (4.24)
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for all u,e,A > 0 and some constant C independent of u, A and &. Moreover, a direct
calculation shows

lim x - VIVFy e (0 = 20 (1) (4 = ()37 >0 (4.25)
and
lim (x - V)%gye.(0) = =22 (x)31x” < 0. (4.26)
Since
glgr}) Fiea(x) :i= Fy(x) = p{x)s,

in view of Proposition 4.1 we can pass to limit ¢ — 0 in (4.24) to obtain

|x|?
i 12 (Y, PR Yua) < Cllyuals  Yuoa>0, (4.27)

where

Yo (x) 1= e g (x).

Using Proposition 4.1 again and the monotone convergence theorem we finally obtain, by
letting A — O,

K 12 1Yl < Clyulls Y0, (4.28)

where ¥, (x) = ey (x). This is of course impossible for u large enough. Hence v, = 0.
The the first part of the claim, i.e. the absence of eigenvalues above A, thus follows from the
case E > A. The second part of the claim is covered by the case E + > > A for some
w > 0. O

Remarks 4.9 Notice that in view of Corollary 6.8 we have (A, 00) C oess(H). Hence
Theorem 4.8 excludes the presence of all embedded eigenvalues of H above A.

On the other hand, the possibility of A being an eigenvalue of H cannot be in general
excluded. Indeed, if B is continuous and compactly supported with | fRZ B| > 2m, and if
V = — B, then by the Aharonov-Casher theorem, seee.g. [9, Sec. 6.4], A = O is an eigenvalue
of H = (P — A)?> — B. Sufficient conditions for the absence of positive eigenvalues of the
Pauli operator are proved in Sect. 5.4 , see 5.5.

5 Examples

We recall a couple of examples which show that the decay assumptions on B and V stated
in Theorems 1.3, 1.6, and 4.8, and Proposition A.2 cannot be improved.

5.1 Miller-Simon revisited

In [32] Miller and Simon considered, in dimension two, the case V = 0 and radial magnetic
field B(x) = b(r), r = |x|. They proved that

(D) Ebr)=r*4+ 0@ 1"¥) with0 < o < 1 and & > O then the spectrum of H is dense
pure point,

@ Springer



Absence of positive eigenvalues of magnetic Schrodinger... Page430of66 63

(2) Ifb(r) = bor— Y+ O0(—17%) for some ¢ > O then the spectrum of H is dense pure point
in [0, b%) and absolutely continuous in [b(z), 00),

(3) Ifb(r) = O(r~*) with & > 1 then the spectrum of H is purely absolutely continuous in
(0, 00).

Remarks 5.1 Note that 8 = lim SUP|x|— 00 |E(x)| = +o00 in the case (1). On the other hand,
Theorem 4.8 guarantees the absence of eigenvalues in the interval (b2, 00) for the case (2),
in which case 8 = by, and in the interval (0, co) for the case (3), even for non-radial
magnetic fields. In particular, the Miller—Simon examples show that our result on absence of
eigenvalues is sharp. These examples even have dense point spectrum in [0, bé].

Since there is a calculation error in the original Miller-Simon paper and also in the book
[9], we sketch their argument: Assume that the radial magnetic field b is reasonable, e.g.,
bounded and use x, y as coordinates in R? and r = (x% + y2)!/2.

The first observation of Miller and Simon is that if the magnetic field, radial or not, B goes
pointwise to zero at infinity, then oegs((P — A)?) = [0, 0o) (this is sharpened in Theorem
6.5).

For radial magnetic fields we have E(x) = (—y,x)b(r), so the Poincaré gauge the
magnetic vector potential is

(_y’x)

r

1
Ax,y) = (—y,x)/ b(tr)tdt = h(r)
0

with h(r) = r=! [ b(s)s ds. Expanding (P — A)? one sees

h
(P — A = (P — A%+ (P, — AP = P+ h(ry? — 2" 1

r
where L = x Py — y P, is the angular momentum in the plane. It is well-known that L has
eigenvalues (0, =1, £2, ...) and it commutes with P? and with the radial potential h(r)?.
So restricted to the angular momentum channel {L = m}, the operator (P — A)? is given by

. 2mh(r)
Hy=(P = A?|( ) = (P + Vi)l with Vi (r) = h(r)? = =——

Due to the angular momentum barrier the divergence of V,, for small »r when m # 0 is
irrelevant.

If bo = lim, ¥ b(r) = oo, then h(r) — o0, so V,, is trapping and all operators H,,
have discrete spectrum. But if also b(r) — 0 as r — 00, then oess(Ha) = [0, 00), so
(P — A)? has necessarily dense point spectrum in [0, o0), proving the first claim (1) above.

If bg = lim, oo ¥ b(r) < o0, then h(r) — by and V,,(r) — b% as r — 00, so H,; has
only discrete spectrum below b% for any m € Z. Since b(r) — 0 for r — oo, the operator
has essential spectrum [0, co], which must be dense point spectrum in [0, b%].

For any reasonable choice of radial magnetic field b, the effective potential V,, is smooth
with decaying derivatives for large r, so the spectrum of H,, above b(z) is absolutely continuous
for all m € Z. Thus (P — A)? has absolutely continuous spectrum in (b2, 00), which proves
the last two claims.

Remarks 5.2 In [32] the choice of the vector potential contains a wrong factor of 1/2 and
in the example in [9] there is a mistake in the calculation of the magnetic field. Thus in
their examples they concluded incorrectly that the effective potential has the asymptotic
Vin(r) — b§/4 for large r.
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5.2 Wigner-von Neumann potential

Suppose that B = 0. Wigner and von Neumann showed that the operator —A + V in L2(R3)
with the radial potential

32sinr[g(r) cosr — 3g2(r) sin® r + g(r) cos r + sin’ ()]

(1+gr)H?
g(r) =2r —sin(2r), 5.1

V(r) =

’

has eigenvalue +1, see [37, 44] and [36, Ex. VIII.13.1]. As pointed out in [37] for large r

V() = - 25n@r) S“;Qr) +0(). (5.2)

Theorem 4.8 implies that —A + V = —A + V| 4+ V, has no eigenvalues larger than

1
A = §<a)1 +a)2+,/w]2+2w1w2>,

with @ and w; defined by Eq. (1.15). We can thus optimize the splitting V = V| + V;
in order to minimize A. A quick calculation using (5.2) shows that the optimal choice is
Vi =0, V, =V, see also Lemma C.1. With this choice we get A = 8 which coincides with
[1, Thm. 4]. Note that [37, Thm. 2] implies absence of eigenvalues in the interval (16, co).

The Wigner-von Neumann example was further generalized in [3] where Arai and Uchiyama
constructed, for each |k| > 2, bounded radial potentials which are asymptotically of the form

_ ksin(2|x])

w +0(x]7'7%) as|x| > o0 (5.3)
X

V(x)

for some & > 0 such that P2+ V has eigenvalue 1. In these examples also x - VV is bounded
and ) = lim sup|y_, oo (x - VV(x))4+ = 2|k|. Thus we can conclude that P2 + V has no

eigenvalues E > |k|2/2.

5.3 Aharonov Bohm vector potentials

In two dimensions the prototypical Aharonov Bohm magnetic vector potential is given by

_ (=yx)
x2 +y2

A% (x, y) By, (5.4)

for some By € R. This yields a locally square integrable vector potential on R? \ {0}, it
corresponds to a singular magnetic field, which is concentrated in zero, i.e., B = 8XA;‘,b —

0y Aﬁ‘cb = 0in R?\ {0}, but for any smooth curve S circling once around zero, the line integral
along S is given by

/(Axdx + Aydy) = 2n By

s

that is, the ‘magnetic field’ corresponding to A has total flux 2w By. The corresponding
magnetic Schrédinger operator Hé”’ is now defined as the closure of the quadratic form g4 0

defined first on C° (R?\ {0}) as

Gab,0(@, 9) = (P — AP)g, (P — A")p))
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and for any potential V' which is form small w.r.t. Hgb , the operator H“}b is defined as the
form sum

Gab.v (9. ©):=qap.0(¢. @) + (0. Vo).

For such type of singular magnetic Schrédinger operators we still have a virial theorem and
a result on absence of positive eigenvalues for the following simple reasons:

For dilation, it makes no difference if one works on R? or on R? \ {0}. Thus we can still
use dilations to derive a virial theorem. In fact, this is easy.

The first thing one has to check if D(P — A%?) is invariant under dilations. Recall Eq.
(3.11), which for the Aharonov Bohm vector potential reads

(P — AU, = ' U Po — U, A% = ' U (P — A)p + Uy (' AP — A7)
='U (P — A%)g (5.5)

since, the Aharonov Bohm vector potential is homogeneous of degree —1, we have ¢ A%? —
A”_}} = Oforalls > 0. Thatis, the Aharonov Bohm magnetic momentum operator P — A%® has
the same commutation properties with dilations as the free momentum P, which drastically
simplifies the analysis!

Theorem 5.3 (Aharonov Bohm magnetic virial theorem) Let A% be the Aharonov Bohm
vector potential and V satisfy Assumptions 2.5. Assume also that the distribution x - VV
extends to a quadratic form which is form bounded with respect to (P — A®?)2. Then for all
¢ € D(P — A the limit lim,—02 Re (qab (p, iD;ga)) exists. Moreover,

(o, [H", i D] g):=lim 2Re (qan,v (¢, i D)) = 2/|(P = A)pl3 — (¢, x - VV ). (5.6)

This is proven exactly as Theorem 3.8, the extra term from the magnetic field disappears
because of the scaling of the Aharonov Bohm vector potential.

Of course, this theorem then also implies absence of positive eigenvalues under the same
conditions on the potential V as in Theorem 4.8, now with 8 = 0. For the Aharonov—Bohm
Hamiltonian H“}b no eigenvalues £ with

1 2
E> 7 (a)l + ot +2a)2> (5.7

exist.

Remarks 5.4 (i) One can also allow for an angular dependence in the Aharonov—Bohm type
potential as in [29].

(i) Inaddition to the Aharonov—Bohm potential, one can also allow for an additional regular
magnetic field B satisfying Assumptions 2.3 and 2.4. One has to modify the right hand
sides of (5.6) and of (5.7) accordingly.

(iii) On can also consider the Aharonov—Bohm effect in R3 where the magnetic field is
singular along a line / through the origin.
We leave the straightforward modifications of the technical details to the interested reader.
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5.4 Pauli and magnetic Dirac operators

In this section we state two consequences of Theorem 4.8 and Proposition A.2. Let B : R? —
R be given and consider the Pauli operator

_((V+A)?+B 0
P(A)_( 0 (N+A)2—B)

in L*(R?, C?). Itis well-known that the operator P (B) is non-negative, and that if | [, B| >
27, then zero is an eigenvalue of P (B), see also Remark 4.9.

Corollary 5.5 Assume that B € L{;C(Rz) for some p > 2 and that B(x) = o(x|™Y as
[x] > o0. Let A € LIZOC(RZ) be such that curl A = B. Then the operator P(A) has no
eigenvalues in the interval (482, 00), with B given by (1.15).

If moreover there exists a compact set K C R? such that B € C'(R*\ K), then the operator

P(A) has no eigenvalues in the interval (Ap, oo), with

Ap := min {4,32, %(ﬂ+w+\/(ﬂ+w)2+2w)2} (5.8)

and

w = max { limsup x - VB(x), —liminf x - VB(x)} .
| x‘ —00 |X\~>OO

Proof The first part of the statement follows from Theorem 4.8, the definition 1.13 of the

asymptotic bounds and Proposition A.2, applied to the components of the Pauli operator with

the splitting Vi = £B, V> = 0. The second part follows from the first part and from the

application of Theorem 4.8 and Proposition A.2 with the splitting V| = 0, V, = +B. O

Remarks 5.6 A couple of comments are in order:

(i) The example of Miller and Simon [32], see Sect. 5.1, applies to two-dimensional Pauli
operators as well. In particular, a quick inspection shows thatif B(r) = by r o),
then the spectrum of P (A) is dense pure point in [0, bg) and absolutely continuous in
[b2, 00). Note that in this case Corollary 5.5 guarantees the absence of eigenvalues for
P(A) in the interval (b2, 00), so this result is sharp.

(i1) Under the hypotheses of Corollary 5.5 the essential spectrum of P (A) coincides with
[0, 00), see Corollary 6.8 below.

(iii) Using the main results of our paper, one can significantly relax the regularity assumption
on the magnetic field B. We leave this to the interested reader.

(iv) Absence of positive eigenvalues of the Pauli operator in R? will be treated elsewhere.

The second application of Theorem 4.8 concerns magnetic Dirac operators in LZ(R2, C?)
which in the standard representation have the form

Q* —m

where m is the mass of the particle. We have

D=<’" Q), Q= (P — A1) +i(Py— ). (5.9)

Corollary 5.7 Let B satisfy the assumptions of Corollary 5.5 and let A € L% (R?) be such

loc

that curl A = B. Then the Dirac operator D defined on D(P — A) has no eigenvalues in

(—oo, —VAp +m2) U (\/Ap + m?2, oo)
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Proof Note that
D? = P(A) + m’1 (5.10)

in the sense of sesqui-linear forms on D(P — A)  D(P — A). Hence if Dy = E for some
Y € D(P —A)@D(P — A), then v is a weak eigenfunction of P (A) relative to eigenvalue
E? — m?. In view of Corollary 5.5 we thus have E? —m? < Ap. O

Remarks 5.8 Sufficient conditions for the absence of the entire point spectrum of Pauli and
Dirac operators with electromagnetic fields where recently found in [8], see also Remark
1.7.(v).

6 The essential spectrum

We have the following dichotomy.

Lemma6.1 (Dichotomy) Let A € L (RY RY). Then either inf o (P — A)*) > 0 or
o ((P = A)*) = [0, 00).

Remarks 6.2 The Landau Hamiltonian, where the vector potential A corresponds to a constant
magnetic field, provides an example where inf o ((P — A)?) > 0, see [28].

Proof Write Hy = (P — A)Z. It suffices to prove the implication
0co(Hy = o(Hy =][0,0). (6.1)

Let D(Hp) denote the domain of Hy. To prove (6.1) suppose that 0 € o (Hp). Hence there
exits a sequence {@, }nen C D(Hp) such that ||@, |2 = 1 forall n € N and

[Ho@ullz — 0 n— oo, (6.2)
Now we define
bn(x) = ™ Gy (x), (6.3)
where k € R? is arbitrary. Then ¢, € D(Hp) for every n € N, and we have
(P = A)du(x) = " (P — A+ k) G (x),
and
Ho ¢n(x) = (P — A)? ¢ (x) = € Ho §y(x) + 26"k - (P — A)@ (x) + [k > (x).

with the derivatives meant in the sense of distributions. Since ||@,|2 = 1, it follows that
Hy ¢, € L2(RY). Hence ¢, € D(Hp). Moreover the above calculations and the Cauchy-
Schwarz inequality show that

A

I(Ho — [k1*) nllz < I1Ho @nllz + 21K (P — A)@nlla = | Ho @ ll2 + 21k| /(@0 Ho &)

~ ~ 1/2
1 Ho B ll2 + 21k Il Ho @3>

By (6.2) we thus have ||(Hy — k%) ¢ull2 — O for any k € R?. Hence [0, 00) C 0ess(Ho)
and since Hy > 0, we conclude that o (Hy) = oess(Hy) = [0, 00). m]

IA

Next we formulate a condition on B under which o (P — A)?) = [0, co) for any locally
square integrable vector potential A with B = d A.
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Definition 6.3 (Vanishing somewhere at infinity) We say that the magnetic field B vanishes
somewhere at infinity if there exist sequences {R,},en C R and {x,},en C R? such that
R, — o0, |x,| > oo asn — o0, and

lim R;d/ <|y|>2_d <1 - |y|>2 <log R”)2 1B, (»)|>dy = 0. (6.4)
n—00 Ug, Rn Rn |)’|

Remarks 6.4 This vanishing condition is quite weak. For example, if d = 2 and if B decays
uniformly in a cone S, with an opening angle € (0, 7r), meaning that sup g, | B(r, 6)| —
0 asr — oo, then B vanishes somewhere at infinity. Indeed, given a sequence R,, — oo one
can choose x, = (x{, 0) with x{ growing fast enough, depending on B and R, such that
UR, (xp) C S, for all n, and such that

2

R ~

Rn’d/ (log—") |an(y)|2dy < R,%( sup |B|2) -0, n— oo
Ug, (0) [yl Ug, (i)

Also, we do not require that the magnetic field B = d A exists as a classical vector field
outside the sequence of balls Ug, (x,).

Theorem 6.5 Suppose that A is a locally square integrable magnetic vector potential such
that the magnetic field B = d A vanishes somewhere at infinity in the sense of Definition 6.3.
Then

o ((P — A)?) = 0ess (P — A)?) = [0, 00).

Remarks 6.6 In case that the magnetic field goes to zero pointwise at infinity, the above result
was already shown by Miller and Simon, [9, 32]. As pointed out in [32] the invariance of
the essential spectrum is quite remarkable, since the the vector potential A corresponding to
the magnetic field B might not have any decay at infinity, i.e., the magnetic kinetic energy
(P — A)? is not a small perturbation of the non—magnetic kinetic energy P2, in general.

Proof Let R, and x, be the sequences defined in Definition 6.3 and let

1
Ap(x) = f B(xp +1(x — xp)) [t(x — x,)]dt (6.5)
0

be the vector potential related to B via the Poincaré gauge centred at x,. Then curl A, =
curl A = B for all n € N, and therefore there exits a scalar gauge field x, € HILC (R%; R)
with Vi, € L?(R?) such that

Ap=A—= Vi, (6.6)

and for all ¢ € L%(R?) with (P — App € L?(R?) we have eXg € D(P — A) and
(P — A)elXnp = el Xn (P — A,)p, see [30]. To simplify the notation we denote

Uy = U, (xpn).

Due to the Dichotomy Lemma 6.1 we only have to show that 0 € o ((P — A)?). To this
end we will construct a sequence {¢,}, C D(P — A) with supp(¢, € U,) and ||¢, ]2 = 1
such that

(P —A) ¢l - 0 n— . 6.7)
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We choose ¢,, = €' %" ¢,,, where

2—d
4 x—x,\ lx — x|
=CysR,’ 1-— ,
®n(x) d Ity < R, ) R, N

where the constant C; depends only on d and is chosen such that ||¢, || = |l¢,|| = 1. Then
by the above gauge invariance
2
1P = A) ¢ull3 = I(P = A @ullz < (IP@all + 1Anganll)". 6.8)
We have

Poal3 < RZ = 0 n— oo

~

Hence by setting h(s) = (1 — s/R)ﬁ_ in (2.29) we obtain, in view of (6.5),

2
_ [x — x| _
I Angnll3 < Rﬂ/ (1— - Ix — x, 274 A, () dx
Z/ln

n

2—d 2
< 4R fu o (%) (1—'15—') log*(Ra/Iy1) [ By, 0)[*dy.  (6.9)
Ry n n

Thus the assumption that B vanishes somewhere at infinity implies ||A,@,ll2 — O as
n — 00. By (6.8) this shows

(P — A)¢all} — 0

as n — 00, which proves (6.7). Since ||¢nll2 = llgull2 = 1 for all n € N, it follows that
0 € 0 (Hp) and applying Lemma 6.1 then gives oess((P — A)?) = [0, 00). O
To prove that the magnetic B vanishes somewhere at infinity it is convenient to impose

following additional condition.

Assumption 6.7 Suppose that there exist x > 0 and sequences {x,} C R? {R,} C
Ry, {an} € R4 and {y,} C Ry such that |x,| — oo, R, — 00,0, — 0, v, — 0,
and such that

~ 2
(@ 1+ =xal“|Bi, - —x)|" 0) < aull(P — A)gll3 + yulloll3 (6.10)
forall p € D(P — A) with supp ¢ C Ug, (x,).

Corollary 6.8 Suppose that the magnetic field satisfies Assumptions 2.3 and 6.7. Then for any
locally square integrable magnetic vector potential A with dA = B we have

Oess (P — A)?) =0, 00) . (6.11)

Proof Let I?,,, Xn, oy and y, be the sequences given by Assumption 6.7. We define

2—d+

—d — T — -
un = Ry ('x f”') (1 bk ﬁx”') log., (Ru /I = )
+

Rn n

and
Co = R (. |- =l ™ | B, ¢ — )" ).
Note that u, € L>(R?), |Vu,| € L*>(R?) and
lunllz = 0O1),  Punll=0OR ") n— oo.

@ Springer



63  Page 50 of 66 S. Avramska-Lukarska et al.

Hence by (6.10) and (6.5)
Cn < 2R 0y | P unll3 + 2RE anll Apttn 13 + RS yullun 3
S RS2 ay + RE v + RS anll Apun 13- (6.12)

Now, the bound sup,_,_; s“| log s|*> < 0o in combination with inequality (2.29) implies

2—d+k
A d |x — x5
| Anunll3 = =
Z’{En Rn
2

=) 2
(1_ < ) <log+(Rn/|x xn|)> [AGxy + y)|~dy

2
SR ( _x”') (1— 'x;f““') |AGe + )2 dy
2
= |)’| 5 2 ..~
sk [ (2 log; (Ru/Iy) ) 1By, ()P dy = C .
”Rn Ry

Inserting this into (6.12) gives

™

< ~"_2an+§rf Y +§,’fo¢n C,.

n o~ n

At this point we redefine
Ry = min{ﬁnv an i }’ (6.13)

and

2—d
-4 (lx=—x|\ 7 |x — xn
¢n(x) =R, * (Tn) (1_ R ! 10g+(Rn/|x_xn|)-
+

n n

Note that R,, — 0o as n — 00. Repeating the above bounds with I?,, replaced by R, and u,
replaced by ¢, then leads to

Cp = <‘pn» Exn(' _xn)(/)n) < Rffiz On +erl< Vn +erf o Cp
< Ry 4 /Vn 4 A C,

where, in the second step, we have used RS o, < /ot and RY y,, < ./¥,, which follows
from (6.13). Hence C,, — 0 as n — o0, and since

- v\ v\ R\ % 2
C:Rd/ (7 11— = log— ) |By, ()| dy,
" " Ug Ry Ry g|Y| |xy| Y

n

the claim follows from Theorem 6.5. O
Remarks 6.9 The condition imposed by Assumption 6.7 rather weak. Indeed, if we set

W () = Tgq, (x) [x — x| ™ | By, (x —

then by the discussion in Section A.4 it follows that (6.10) holds if W, is, uniformly for large

n,in Lf;c unif (R?) and vanishes at infinity locally uiniformly in L'. The discussion in Section

A.4 also shows that (6.10) holds with
an = P>+ 07 Walloo,  va = AI(P? + 27" Walloo,
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and any A > 0. Hence Assumption 6.7 is satisfied whenever

lim [[(P? + 1)~ Wy oo = 0.
n—0o0
This allows for strong local singularities of the magnetic field near infinity.

Theorem 6.10 Suppose that A is a locally square integrable magnetic vector potential and
the potential V is form small and vanishes at infinity w.r.t (P — A)2. Then

Oess(HA,v) = Tess (P — A)?). (6.14)

Proof Since V is form small with respect to (P — A)?, the quadratic form g4,y is closed and
bounded from below on the form domain D(P — A). Hence there exists A > 1 such that the
operators Hy o + A and Ha, vy + A are invertible in Lz(Rd). We are going to prove that the
resolvent difference

(Hao+2) "' — (Hay +2)7" is compactin L>(RY). (6.15)

for some large enough s > 1, which by Weyl’s theorem implies that the essential spectra of
Hav and (P — A)? coincide.

In the following, we will abbreviate Hy = H4.0. Let C(A\):=(Ho + 1)~ /2V (Hy + 1),
more precisely, C (1)) is the bounded operator associated with the bounded form

@@, 9):=qv ((Ho + 1) "12¢, (Ho + 1) "1?¢),

and the relative form bound of V w.r.t (P — A)2 is given by lim)_, [|[C(V) |22 < 1, see
Lemma 2.1. Choose A large enough, such that || C(A)|| < 1. Then Tiktopoulos’ formula (2.12)
shows

(Hay +0) 7' =Ho+020—con~ (Ho+ 172,
Hence
(Ho+ 07" = (Ho+ 27" = (Ho + 2721 = €))7 Co(Ho + 172
so we only have to show that
C(W)(Ho 4 1)1 = (Hy+ 1) "V2V(Hy 4+ 1)7!

is a compact operator. For this let £ g, &> g the smooth partition from the proof of Lemma
44withE2 . +£2, = 1,supp(E<r) C Uag, supp(E=r) C Ug. and | VE-glloo, |VE=rllco S
R~!. With
Jori=(Ho+2)""2&2,V(Hy + 1) (6.16)
Jgi=(Ho + 1) "V2E2,V(Hy + 1) (6.17)
we obviously have (Hy 4+ A) ™2V (Hy + 1)~ = J_g + Jok .
We will show that limg_, oo || J>r|l2—2 = 0. So (Ho + 1)~/2V (Hy + A)~! is the norm

limit of J_g as R — 00, in particular, it is a compact operators if J-r is compact for all
large R. Since

[J>Rll2—2 = o (f. J=r f)I (6.18)

and with ¢ = (Hy + A)~V2f
(f. J=rf)l = l{E=re. VE=r@)| < arll(P — A)é=rell3 + vrlIE= R0
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2
< aR<||(P — Aol + ||vszR||||<p||> + yrllel3
< (ar(1+R7H? +yR)I£I13

since (P — A)ézrp = E>r(P — A)p —i(VE=R)@, | (P — A)g|l < || flland [lp]| < 27| £1I.
From this and (6.18) one immediately gets || J>r[2-2 < ag(l + R™1)? + yg — 0 for
R — oo.

To prove that J_g is compact, we first note that the domain of Hy = (P — A)? is given
by all ¢ € D(P — A) for which with ¥ = (P — A)¢ the distribution (P — A)V is also in
L2(R%). Thus for all ¢ € D((P — A)?) we have

(Hy+2) 7' (P—A+is) - (P—A—is)p = (Ho+ 1) "(Hy+dsHp=¢

when A = ds2. Moreover, when ¢ € D(P — A)?) and X is a bounded C2 function such that
Vx and A x are bounded, then
(P—A—is)xg=x(P—A—is)p—i(Vx)g € L*R?),
(P—A+is)- (P—A—is)xyp=x(P—A+is)- (P—A—is)p—2i(Vy)-
(P —A)p—(Ax)e
= X(Ho +ds*)e—2i(Vx) - (P—A)p — (Ax)p e L*(RY)
so also x¢ € D((P — A)?).
Use ¢ = (Ho + 1)~ f with f € L2(R%) and choose ds? = A. Then the last equality
yields
X(Ho+M)7'f=xp=Ho+1"(P—A+is) (P—A—is)xp
= (Ho+ M)~ xf = 2i(Hy+ 2~ (Vx) - (P — A)(Ho+ 1) ~" f
— (Ho+ 0" (Ax)(Ho+ 2" f .

Setting x = SiR one sees that J_ can be written as
Jog=C) (11 —2iJy- (P —A)(Hy+ M)~ — J3(Hy + /\)—1> . (6.19)

where we abbreviated J; = (Ho + A)~2x, Jo» = (Hy + 1)~ Y?(Vx), and J3 = (Hy +
W2 A x).

Note that C (1) is bounded and so are (P — A)(Ho+1)~! and (Hy+1)~!. Moreover, since
x =& i & has compact support, it is well-know that the operators x (PE4+20)"V2 (v )()(P2 +
1) 712 and (A x)(P? + 2)~'/2 are compact operators on L2(R?), see [10, Thm. 5.7.3], for
example. The diamagnetic inequality and the Dodds—Fremlin—Pitt theorem [11, 33] then
imply that the operators y (Ho + WV2 (V) (Hy+2)"12, and (A x)(Hy + 1)~ /2 are also
compact, and by duality so are J1, J2, and J3. Thus by (6.19) the operator J_ g is a compact
operator for all R > 0. O

Corollary 6.11 Suppose that B satisfies Assumptions 2.3, 6.7, and that V satisfies Assump-
tions 2.5 and 2.8. Then

Oess(Ha,v) = [0, 00). (6.20)

Proof Combine Theorem 6.5 and Corollary 6.8. O

@ Springer



Absence of positive eigenvalues of magnetic Schrodinger... Page530f66 63

Acknowledgements We thank Rupert Frank and Semjon Wugalter for useful discussions. Hynek Kovaiik
has been partially supported by Gruppo Nazionale per Analisi Matematica, la Probabilita e le loro Appli-
cazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM). Dirk Hundertmark has been
partially funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID
258734477 — SFB 1173.

Appendix A. Pointwise conditions and the Kato-class

Below we show that Assumptions 2.3-2.9 are satisfied under mild explicit regularity and
decay conditions on the magnetic field B and the potential V. In particular, we give local L?
conditions, which in a natural way extend the pointwise bounds on the potential from in [1,
37].

A.1. Uniformly local LP conditions

Recall that the space L[po cunif (RY) of uniformly local real-valued L? functions is given by

(measurable) functions f : R? — R U {—00, 0o} such that for 1 < p <o

1/p

Ifllpp = sup (/ If(y)lpdy> <00, (A1)
focunif verd \J|x—y|<1

with the obvious replacement for p = oo, L%, unif(Rd ) = L®(RY).

We note that unlike the L? spaces, the spaces Lf;c unif (R?) are nested in the sense that for

l<g<p=<ooonehas L . ..(RN) CLL ..RHCLL @R

loc,uni

Proposition A.1 Let p = 1ifd = land p > d/2 whend > 2. If|B|*> € L?__.(RY) then

loc,unif

Assumptions 2.3 and 2.4 are satisfied. If V € L]’;C’unif(Rd) then Assumption 2.5 is satisfied.
Moreover, assume that one can split V = Vi + Va, where the distributional derivative x - V'V,
is given by a function and V1, x2 Vlz, x-VVy e Lﬁ)c,unif(Rd) then Assumptions 2.6 and 2.9

are satisfied.

Before we prove this, we give a simple additional pointwise condition on |§ [, Vi, V2
which guarantees that the remaining assumptions on being bounded at infinity are satisfied.

We say that V is bounded at infinity, if there exists a compact set K C R? such that
V e L®(R? \ K). We also say that V goes to zero pointwise at infinity, if it is bounded at
infinity and lim sup, _, . |V (x)| = 0.

Proposition A.2 Assume that V goes to zero pointwise at infinity and that V splits as V =
V1 + Vi where V| goes to zero pointwise at infinity. Then Assumption 2.7 is satisfied.

Moreover, if the distribution x - V'V, is given by a function and |§ I, szlz, x - VV, are
bounded from above at infinity, then Assumption 2.8 is satisfied and we have the bounds

B < lim sup|§(x)|, w1 < limsup |x V] (x)|2, wy < limsup x - VVa(x) . (A.2)
|x|]—o00 |x]—o00 [x]—o00

Remark A.3 So, under the assumptions of Propositions A.1 and A.2 all our Assumptions
2.3-2.9 are satisfied and the upper bounds from (A.2) hold for 8, w1, and w,.

Of course, the above pointwise conditions are in general way too strong. Below we
show how some of the assumptions of Proposition A.2 can be relaxed for potentials
vVelLl (RY), or even potentials in the Kato-class, see Remark A.6 and Propositions

loc,unif

A4 and A.9.
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Proof of Proposition A.2 Let W be bounded at infinity and set M:=lim sup,._, ., W (x). Given
8 > 0 there exists R = Rs < oo such that

(@, Wo) < (M +8)llgll* (A3)

for any ¢ € L*(R?) with supp(p) C Uy, - From this observation, the claims of Propostion
A.2 follow straightforwardly. O

Proof of Proposition A.1 Of course, magnetic fields exist only in dimensions d > 2. Never-
theless, for any d > 1 and w € R, Assumption 2.3 follows from |1'§|2 € L{Z)C(Rd), with
p=1ifd =1and p > d/2 when d > 2, by a simple application of Holder’s inequality.

In the following, let p > 1 ford = 1 and p > d/2 when d > 2. It is well-know, at least
for specialists, that a potential V € L?(R9) is infinitesimally form bounded with respect to
P2, That is, for any choice g > 0 there exists C; < oo such that

o, Vo)l < (@, IVIp) < ellPol* + Cellgl*  forall p € D(P). (A4)
Using the diamagnetic inequality this also implies
e, Vo)l < (lol, IVIgl) < el (P — A)gl* + Csllol*  forall g € D(P — A), (A.5)

for any magnetic vector potential A € leoc (R4, RY).

Less known is the fact that (A.4), hence also (A.5), continue to hold for V € Lf:)c,unif (RY).
This follows, for example, from the fact that under the above conditions on p in terms of the
dimension d one knows that Llpoc’lmif (RY) ¢ Ky, where K is the Kato—class of potentials,
and all potentials V € K, are infinitesimally form bounded w.r.t. P2, see [9, 40] .

Given this observation, one sees that Assumption 2.5 is satisfied when V € Lﬁ)wnif (RY)
and Assumptions 2.6 and 2.9 are satisfied when we split V = V14V, with Vi, x2 Vlz, x-VV, €
LlpOC unif (R9). This proves all claims of Proposition A.1.

However, in order to derive a simple local L? condition for a potential to vanish at infinity
w.r.t. P2 we need a quantitative bound for dependence of the constant C, in the bounds (A.4)
and (A.5) depends on ¢ and on the norm || V|| L For this reason, and the convenience of
the reader, we sketch the derivation of a quantitaﬁve version of (A.4):

If p>1ford =1and p > d/2 whend > 2, an argument similar to the proof of
Theorem X.20 in [36] shows that there exists a function G : Ry x Ry — [0, co), with
G(s1, s2) separately increasing in (s1, s2) € R_%_ and limg, 0 G(s1,s2) = O for all 57 > 0,
such that

lte, Vo)l < (9. IVIp) < el Pl + G (™", [IVII,)lll®  forallg € D(P). (A6)

Indeed, Holder’s inequality gives (g, |V]p) < [V, ||<p||227pl. Since % > 2 the Hausdorff—
=

Young inequality shows (¢, |V]|p) < ||V|| p||$||§ with @ the Fourier transform of ¢ and

=1- pz—;] =1+ ﬁ < 1.Letr > 0 and write = (1 + t52)~Y2(1 + t9*)1/2%. Since

= ﬁ + % we can use again Holder’s inequality to get

Q= =

1215 < 1A+ ) 25,0 + ) 215 < Cp gt =P (] Poll; + llell3)

with Cp 4 = [|(1+7*)~"/2||3,,. Note that R 5 5 = (1+2)~"/* € L2 (RY) forany p > 1
ifd =1and p > d/2ifd > 2. Altogether we have

(@, IV1g) <2C, allVIpt= /PP 1| Pol* + llgll*)
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for any r > 0 and all ¢ € D(P). Rescaling in t > 0 one sees that a bound of the form (A.6)
d_ 2p—d

holds with G(s1, 52) = Csl_z”i_ds2 *” for some constant C depending only on d and p.
Now we extend this to potentials V' € L{;C unif(]Rd). Let x € C§° (RY) with 0 < x < 1

and x(x) = 1 for ||x]loc < 3/2 and x(x) = O when ||x|lcc > 2. For j € 74 define
xjx) = x(x —j)forx € R?. Then Xj € Cgo(Rd) for all j € Z4. Since the supports
of the x; have the finite intersection property, there exist a constant ¢ > 1 such that 1 <
> jend ij < c. Moreover, } ;74 xf € C®°(R?) and all partial derivatives of 3" ; xf are

bounded functions. We define

- X
(ZkeZ" sz) 172

Since 1 < ;74 xZ < c1 the cutoff functions &; are well-defined and &; € C3°(R?). By
construction

£ (A7)

2
doE=1. (A.8)
jezd
Hence the family of cutoff functions (§;) jcza is a smooth quadratic partition of unity. Using
again that the supports of the x; have the finite intersection property, it is also easy to see
that there exists a constant 0 < L < oo such that

> IvgP <L (A9)

jezd
Lastly, let K; = supp(§;) = supp(y ;) and notice that there exist 0 < ¥ < oo such that

sup 1k, VIl <kl (A.10)
jezd '
forall V e L]’Z)C’unif(Rd). In fact, it is straightforward to show that the two norms in (A.10)
are equivalent.

Given ¢ € Cf° (RY), we have ¢ = > jezd éjzw because of (A.8). Note also that we can
arbitrarily rearrange this sum, and similar sums below, since supp(&;) N supp(¢) # ¥ for
only finitely many j € Z4. In particular, we have (¢, |V|p) = Zj (€jp,|Vjl&jp) with
V; =1k, V. Using (A.6) one gets

(e, Vo)l < (g, IVIp) < Y (elPE)l5+ G IVillp)IEjll3) . (AD)
jezd

Because of (A.10) and since G is increasing in its second variable, we have
supjeze G 1Vjllp) < G(a’l,KIIVIILﬁ)C unif) for some constant 0 < ¥ < oo and all

Ve Lf;c’unif (R?). Moreover, because of (A.8) we have
D lIE el =g, E0) = (0, Y &) = llol*.
jezd jezd

The IMS localization formula D.1 together with (A.8) and (A.9) yields

SIPEOIR = Y (PEe). PE) = Y (Re(PED0). Po) + (9. 18, %0) )

jezd jezd jezd

= Re<P(Z £70). P<p>+<¢, > |V$j|2¢> < 1Pl + Llll3 -

jezd jezd
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Using (A.11) we arrive at
(9, Vo)l < (. IVIg) < el Pol3 + (L + G IV ))IelB (A12)

for all ¢ € C§° (R?) and all ¢ > 0, as soon as a local bound of the form (A.6) holds. Since
(G (R?) is dense in D(P) with respect to the graph norm, the bound (A.12) extends to all
¢ € D(P). This shows that any potential V € Lﬁ)c,unif (RY) is infinitesimally form bounded
w.r.t. P2. The bound (A.12) also holds with P replaced by P — A and ¢ € D(P — A) for
any vector potential A € L2 _(R?, R¢) thanks to the diamagnetic inequality (1.11). O

loc

A.2. Potentials vanishing at infinity

Recall the Definitions 1.5, respectively 1.8, for a potential V' to vanish, respectively being
bounded, at infinity w.r.t. (P — A)2. Assume that V can be split as V = Wj 4+ W, with
the quadratic form domains Q(W;) and Q(W>) containing, for all large enough R > 0, all
¢ € D(P — A) with supp(p) C Uy. Then it is straightforward to see that

YR(V) < yr(W1) + yr(W2) and v (V) < v (W) + v (Wa)

for all large enough R > 0. Hence

0 < y0(V) = Rli_)moo YR(V) < Yoo (W1) + Yoo (W2) (A.13)
and
Yo (V) = Rli_>mOo Y (V) < vEWD) +yEWa). (A.14)

If W1 and W; vanish at infinty w.r.t. (PA)2, then Yoo (W1) = Yoo (W2) = 0. Thus y (V) =0,
that is, V vanishes at infinity w.r.t (P — A)2. Moreover, the bound (A.14) shows that V is
bounded from above at infinity w.r.t. (P — A)? with upper bound y;(Wl) + yjo(Wz). This
simple observation proves the first part of

Proposition A4 a) If V = W| + W, and W and W, vanish at infinity, respectively, are
bounded from above at infinity, w.r.t. (P — A)?, then V vanishes at infinity, respectively,
is bounded from above at infinity, w.r.t. (P — A)2. Moreover, in the latter case (A.14)
holds.

b) If V = V- X for some real-valued vector field ¥ and if £ is form bounded respectively
vanish at infinity w.r.t. (P — A)?, then V is form bounded respectively vanishes at infinity
wrt (P — A)2

Remark A.5 (i) Again, the diamagnetic inequality implies that one only has to check form
boundedness and vanishing w.r.t. P2.
(i) It is not true, in general, that £2 bounded at infinity implies that V - £ is bounded at
infinity w.r.t (P — A)2.
(ili) The choice ¥ (x) = x(x)~¢sin(e!/l) = O ((x))~*, for some ¢ > 0, yields a potential
V =V - X with

V(x) = —|x| e/ (x) " cose!Mh) + 0 ((x) %) (A.15)

which has a severe singularity at zero. Since X2 is infinitesimally for bound and van-
ishing at infinity w.r.t P2, the above result shows that so does V. That V vanishes at
infinity w.r.t. P2, which might not be too surprising, since the singularity is local.
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(iv) The choice ¥ (x) = x(x)~¢sin(e) = O({x))~¢, for some ¢ > 0, yields a potential
V =V .X with

V(x) = |x|e™(x) 78 cos(e™) + 0 ((x)75) (A.16)

which has again severe oscillations, now at infinity. Nevertheless, it is infinitesimally
form bounded and vanishes at infinity w.r.t. P2 since ¥ does. In particular, despite the
severe oscillations of V at infinity, our Theorem 6.10 below shows that the perturbation
V does not change the essential spectrum.

Proof The first claim was already proven in the discussion just before the proposition. For
the second claim let ¢ € C(C)’o , and note that Lemma 2.2 shows that the distribution V - X
yields the quadratic form

(0, V- 2g)=-2Im(Z¢, Pg)=—2Im(Z¢, (P — A)yp)

since (Z(p, A<p> is real. Thus the right hans side above extend to all ¢ € D(P — A) if £?
is form bounded w.r.t. (P — A)? and |(go, \ Ego)| < 1Ze[lI(P — A)p]l. So if ||E(p||% <
al|(P = A3 + 7 lgl3, then

o, V- Zg)l < 2(ll(P — Ael3 + yleld)' 2P — Al

1 | ) (A.17)
s a+olP —Aely+e viel:

for all ¢ > 0, which proves that V - X is form bounded w.r.t. (P — A)z. If W is also form
bounded w.r.t (P — A)2, then sois theirsum V =V - + W.

Lastly, because of the first part, we only have to show that V - ¥ vanishes at infinity as soon
as %2 vanishes at infinity w.r.t (P — A)2. So assume that there exist ag and yg decreasing
with ag, ypg — 0as R — oo and

IZ¢l3 < arl(P — Al + vrlel}

for all p € D(P — A) with supp(¢) € Ug. Setting ¢ = max(ag, yr)'/? in (A.17) yields

¢, V - Zg)| < max(ag, yr)'/? (2||<P — Aol + ||¢||§>

forall ¢ € D(P — A) with supp(¢) C Uy and large enough R. This shows that V - & vanishes
at infinity w.r.t. (P — A)2. ]

Remark A.6 The two bounds (A.13) and (A.14) also show that

Yoo (V) = inf{yoc(V — W) 1 Yoo(W) = 0} (A.18)
and

yE(V) =inf{y(V — W) : yI(W)=0}. (A.19)

As upper bounds these statements follow immediately from (A.13) and (A.14). The reverse
inequality follows by choosing W = 0. Thus when trying to calculate the asymptotic bounds
B, w1, wr from (1.13), see also Assumption 2.8 one can modify the involved potentials by
arbitrary vanishing potentials. Efficient criteria for this are derived in the next two sections.
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A.3. A local L? condition for vanishing at infinity

We say that V' is locally uniformly L? near infinity, or V € L{;C.umf near infinity if there
exists a compact set K C R such that TxcV € Lﬁ)c,unif(Rd).

In the following we will always assume that p = 1 ford = 1 and p > d/2 ford > 2. If
Ve Lﬁm’unif near infinity, then (A.12) and the diamagnetic inequality shows that the quadratic
form domain Q(V) contains all ¢ € D(P — A) with supp(¢) C US = {x € R? : |x| > R}
as soon as R > 0 is large enough.

Recalling the notation of Definition 1.5, the bound (A.12) also shows that for any R large
enough and all ¢ > 0 we have

ap <ecand ygr <eL + G(e_l, k| VrIlLp

loc,unif

) (A.20)

with Vg = Ilu;ev'
Now assume that V vanishes at infinity locally uniformly in L7, that is,
Lim [[Vgll,» =0. (A.21)
R—o0 loc, unif
Since limg, .0 G(s1, s2) = 0 for any s; > 0 we can, for any n € N, inductively choose
R, — o0 such that G(n, KIIVRIILI;Q ‘f) — 0 as n — oo. Clearly, (A.20) shows that
ag, — 0and yg, — 0asn — oo. Since we can also assume, without loss of generality,
that o g and yp are decreasing in R > Ry, once they exist for some Ry > 0, this shows that
V vanishes at infinity w.r.t. (P — A)? as soon as it vanishes at infinity locally uniformly in
LP.
With an additional trick it turns out that it is enough to only assume that V is locally
uniformly L? at infinity and vanished at infinity locally uniformly in L!.

Proposition A.7 Let p = 1 ford = 1 and p > d/2 for d > 2. Assume that the potential
W e Lf;c’unif near infinity and that it vanishes at infinity locally uniformly in L', that is,

with ]lufe the characteristic function of U, = {x € R? : |x| > R} and WR::]IM;é W we have

li W =0. A22
Jim | Wellyy (A22)
Then W vanishes at infinity w.r.t. P in the sense of Definition 1.5.

Moreover, if V.=V - X + W for some vector field ¥ € le()c and a potential W € Llloc
and X% and W satisfy the above assumptions, then V also vanishes at infinity w.r.t. P2 in the

sense of Definition 1.5.

Proof The discussion just before Proposition A.7 shows that W vanishes at infinity w.r.t. P2
in the sense of Definition 1.5 if we use the norm || - || 2 - instead of the norm || - ||, it
in (A.22). If p = 1, i.e.,d = 1, then there is nothing to prove.

Soassume d > 2 and p > d/2 > 1. Pick Ry > 0 so large that Wg, € LI . (R?).
Since p > d/2 > 1, there exist | < d/2 < g < p. Replacing p by ¢ in the discussion just
before Proposition A.7 shows that W vanishes at infinity w.r.t (P — A)? as soon as one knows

limg_ o0 ||WR||L11 L= 0. This is easy. Since 1 < d/2 < g < pthereexists(0 < 0 < 1
withg =61+ (1 —0) p- Thus for all R > Rp Holder’s inequality implies

1-6 6 1-6 4
IWrllzs < IWrll,»" Wl =< IWI,," IWrll;; ~—0asR—o0
loc, unif loc, unif loc, unif loc, unif loc, unif

The second claim of Proposition A.7 follows from the first and the second part of
Proposition A.4. O
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A.4.Vanishing at infinity for potentials in the Kato—class

To get a replacement for the borderline case p = d/2 one can use the Kato—class, which we
recall.

Definition A.8 (Kato—class) A real-valued and measurable function V on R? is in the Kato—
class K if

lim sup / ga(x —YIV(y)ldy =0 (A.23)
=0 cra Jix—y|<a
where
| xifd >3
8d(x):= { In|x||ifd =2 ° (A.24)

One also defines the Kato—norm

) supiera fio_y<y =y EIV(DIdY,  if d =3
IVlk,:= Y= :

. A.25
Pz <12 10X = YDVl dy . if d =2 (A29)

Itis well-known that any Kato—class potential is infinitesimally form bounded with respect
to P2, see e.g. [5, Thm. 1.4], thus also with respect to (P — A)? for any vector potential
Ae leoc (R4, RY). 1t is also clear that Ky C Llloc,unif(]Rd ) and using Holder’s inequality one
easily sees Llléc,unif(Rd) C Ky forall p > d/2.

Lastly, we say that a potential V is in the Kato—class outside a compact set, if there exists
a compact set K C R? such that 1<V € K. Here 1 ge is the characteristic function of the
complement of K.

For potentials which are in the Kato—class outside of a compact set we also desire a simple

criterium for vanishing.

Proposition A.9 Given a potential W assume that it is in the Kato—class outside a compact
set and that it vanishes at infinity locally uniformly in L', that is,

Jim L=k Wy =0 (A.26)

with 1> g the characteristic function of {x € R? : |x| = R}. Then W vanishes at infinity
w.r.t. P% in the sense of Definition 1.5.

Moreover, if V.=V - X + W for some vector field ¥ € leoc and a potential W € Llloc
and $?* and W satisfy the above assumptions, then V also vanishes at infinity w.r.t. P2 in the

sense of Definition 1.5.
In the proof of Proposition A.9 we need

Lemma A.10 Given a potential W in the Kato-class assume that there exist Ry > 0 and
aRr.xs YR > 0 for Ry > 0 and R > Ry, A > 0 such that

(@, Wo) < arill(P — A)el3 + yrallel3 (A27)

for all ¢ € D(P — A) with supp(¢) € Ug. Moreover, assume that Ry < R > aR ., YR
are decreasing for fixed .. > 0 and lim; _, o ag ) = 0 for fixed R > Ry.
Then W is bounded from above at infinity w.r.t (P — A)? with asymptotic bound

Ya&H(W) < liminf lim yg; . (A.28)
A—>00 R—00
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RemarkA.11 The order of the limits in (A.28) is important, since typically one has
liminf;_, « Yr,1» = oo for any fixed R.

Givenany ag ., Vg, for which (A.27) holds, one can, by a simple monotonicity argument,
replace them with a;e,/\::infRofLER ap ;. and y,/e’}\::infRofoR, YL 1.€., the required
monotonicity in R in Lemma A.10 is not a restriction.

Proof Let 95 = limg_,o Vg5 Pick any A9 > 0 and given R,, A, for n € Ny choose
inductively A,41 > A, + 1 with g, | andthen R, y1 > R, + 1 withyg, 2, <
1 ~
k1 T Vhg -
Take a subsequence n; with 77j::)7,,j — liminf,_ o 7, as j — oo and set ag:=

hnrl = pFT

1
anrl
and yg:=;-47 + 7j for R € [Ru;. Ryy,,). With this choice Definition 1.8 is satisfied, so
W is asymptotically bounded at infinity w.r.t. (P — A)? and Yoo (W) = limgr_ 00 YR =
llm,_>oo ]7/' = liminf; o limg_, VYR - ]

Proof of Proposition A.9 Given a locally square integrable magnetic vector potential A we
abbreviate Hy = (P — A)? for the free magnetic Schrédinger operator defined by quadratic
form methods. Given a potential W in the Kato—class, ¢ € D(P — A) = Q(Hp),and A > 0
let f = (Hp+ A)'/2¢ € L?. Then
e, Wo)l <o, IWlg) = (f, (Ho+ 1) /2 IWI(Ho + 1)~/ f)

< |I(Ho + 2™ IWI(Ho + 1)~ 2l £13

= l(Ho + 1)~ IWI(Ho + 27" lla—2 (I((P = A¢l5 + Alel3)
By duality, || (Ho+2) "2 W [(Ho+1)""? a2 = IW]'/2(Ho+2) "' [W['/?[|22. Assume
that |W | is bounded, then for 0 < Re(z) < 1 the operator family 7, = |W |*(Ho+1) "' |/W|!—2

is analytic and bounded.
Using the diamagnetic inequality and duality we have

IWI(Ho + 1) i1 = 1(Ho +2) 7 [ Willeosoo = II(Ho + 1)~ W]l
< I(P*+ 2" W]loo

which is finite for any A > 0 and bounded W. Thus 7} is bounded from L' — L! for
Re(z) = 0 and from L*°® — L* for Re(z) = 1 and as in [9] one can use the Stein
interpolation theorem [35] to see

I(Ho + 2) "YW (Ho + 1) am2 < 1P+ 1) Wllso -

at least for bounded W. If supp(¢) C U5, one can replace W by Wr = 1>z W. Thus

|<§0, W‘P)| = |(<ﬂ, WR(P)| <agall(P— A)‘P”% + VR,)\||<.0||%
for all ¢ € D(P — A) with supp(¢) C U%, choosing

ary = I(P2+ )7 Wellloo
YR = AMI(P? + 1) [ Wellloo -

If Wk is unbounded, replace Wg by min(|Wg|, n) and take the limit » — oo to see that the
above bounds work also for unbounded W, as long as the right hand side of (A.29) is finite.

Clearly, ag ; and yg , are decreasing in R for fixed A > 0. One even has lim; _, « I(P%+
L) W]|leo = 0 if and only if W is in the Kato—class, which is well-known, see [9, 40].
However, we also clearly have limy_, o Yr.2 = [|Wrlloo, Which is finite, if and only if Wg

(A.29)
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is bounded. Nevertheless, if Wk is in the Kato class for some, hence all, large enough R and
limp_s o ||WR||L11 = 0 then

lim [[(P? + )" [Wgllleo =0, (A.30)
R—o0

which together with Lemma A.10 shows ys, (W) = 0. This proves the first part of Proposition
A.9. The other claim of Proposition A.9 follows from the above since by Proposition A.4
W = V - X vanishes w.r.t (P — A)? as soon as £2 does.

For the proof of (A.30), we claim that for any potential W and any 0 < o < 1

2 —1 emVheld
(P2 421" [ Wllleo S sup / ga(x —IWWIdy + ———
xeRd J|x—y|<a a

where the implicit constant depend only on d. This clearly proves (A.30), since replacing W
by Wr = 1>p W it yields

” W”L]loc unif (A31)

limsup (P2 +2) "' [Wlllw < Ci,a sup [ ga(x — Y)|Wg, ()
x—y|=a

R—o00 xeRd

for any fixed Rg, A > Oand all0 < « < 1 as soon as limg_, || WR||L11 — 0. Since Wg,

is in the Kato—class, we can then take the limit @ — 0 to get (A.30).
It remains to prove (A.31). Note

I(P2 4+ Wlloo = sup/ G(x, y, DIWO)| dy
xeRd R4

where G(x, y), A = (P2 + A)_l (x, y) is the Green’s function, i.e., the kernel of (P2 + A)_l.
We split the integral above in the two regions [x — y| < « and |x — y| > «. The bounds

Gx,y,0) SA 7V x — y|~dem V12 (A32)

and for [x —y| <1/2and A > 1

lx —y|> 4 ifd >3
<
G(x’y’A)N{|ln|x—y||ifd=2 (4.33)
are well-know. The second bound immediately gives
sup / G(x,y, VIW(y)ldy < sup / ga(x — V)IW)ldy
xeRd Jx—y|<a xeRd J|x—y|<a
at least for all 0 < o < 1/2 and the first one shows
/ G(x, y, MIWldy S~ / = y| eV 2w () dy
[x=y|>a lx—y|>a
Integrating over shells an < |x — y| < a(n + 1) leads to
o d d
1 —_
sup / G,y DIW)|dy S A1 Y e Vinp & 2 DY Z @)y o
xeRd J[x—y|>a =1 (otn) loc,unif
o —Vra/2 e—Vha/4
<! eﬂﬁ"‘”/2 w L w < — W
~ r; ” ”Llloc,unif )\‘(1 _ e—ﬁa/2) ” ”Llloc,unif ~ \/Xa ” ”Llloc,unif

te—r/z
1—e™!

since ) <t —~ is bounded. This proves (A.31).
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We sketch the proof of the bounds (A.32) and (A.33), for the convenience of the reader:

. . 2
The kernel of the heat semigroup is e~ "/ (x, y) = (dt)~4/2¢~ 7 Since P24+~ =
fooo e~ P?=25 g5 we have

* ap ol
G(x,y, M) =/ (4rrs)~ e T e ds
0
o0 1 2
=|x — y|2_df (Aru) =2~ a M1 gy
0

Moreover, ﬁ +Alx — y2u > N y| forall u > 0, so

G(x,y,A)

IA

o
Ix — y|2—de—ﬁ|x—y\/2/ (47”{)—(1/26—ie—x\x—yﬁu/z du
0

_ y|~dp=VAx=yI/2 oo d
X e | u
_ =l d / (4nu)_d/2e_8iu}\|x B y|2ue_)”|x_)\2”/2 dau
0 u
- lx — y|—de—\/X\X—)’|/2
~ A

since 0 < t > te~ ! is bounded and ¢; = f0°°(4nu)’d/2e_417 du—” < oo forall d > 1. This
proves (A.32).
On the other hand,

oo
G(.X, ¥, )\’) — |X _ y|2—d/ (4ﬂu)—d/28—ﬁe—l\x—yl2u dl/t S E(d|x _ y|2—d
0

where ¢; = fooo(4ﬂu)_d/2e_ﬁ du < oo if d > 3, which proves (A.33) whend > 3.
Ifd =2, thenfor 0 < |[x — y| < 1/2, one has

00 1
G(.x, y’ )\’) — (47T)_1 / eﬁe—)\«lx—y‘zu dl S / eﬁ du
0 u 0 u

=y172 gy o0 2, du
+/ _ +/ e*)\\xfyl u
1 u [x—y|~2 u

) 1 2 .
Since /01 e %u < land f;o,yrz e Mx=ylTu % = [Ce ™ % < 1 for A > 1, this proves
(A.33) whend = 2. ’ O

Appendix B. Gronwall type bounds

LemmaB.1 Let T > 0andlet w, E : [0, T] — [0, 00). If for some ¢ > 0
t
w() < EQ@) + c/ e w(s)ds, (B.1)
0
forallt € [0, T], then

t
w(t) §E(t)+c/ U= E(syds Vi e[0,T]. (B.2)
0
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Moreover; if

!
w() < EQ@) + c/ e w(s)ds, (B.3)
0
forallt € [0, T], then

t
w(t) §E(t)+c/ V) E(syds Vi e[0,T]. (B.4)
0

Proof Put v(t) := fot e’ w(s) ds. Then v(0) = 0 and, assuming (B.1),
V) =v@) +w®) < EE)+ A +co)v)

Hence

%(e—““” v(t)) = NV @) — 1+ @) < e I E@).

It follows that
td t
e~ (1ot v(t) 2/ 7(6—(1+c)s U(S)) ds 5/ e~ (+0)s E(s)ds .
0 ds 0
This implies
t
v(t) < / eI E(s)ds,
0

and (B.2) follows, cf. (B.1). ]

Appendix C. Optimizing the threshold

It is tempting to split the potential V = V| 4 V; at infinity in order to optimize the threshold
above which one can exclude existence of eigenvalues. Using Vi = sV and V, = (1 —5)V,
Theorem 4.8 shows the non—existence of eigenvalues with

E> J 20— ) = % e
>Z(,3+wls+ (B + w15)” + 2w2( —S)> _Z(g(s))

where for 0 < s < 1 we set

g(s):=b+5+(b+95)?%+2c(l —s) (C.1)
with b = /w1 and ¢ = wz/w%. The goal is to minimize g over s € [0, 1].
Lemma C.1 (Bang-Bang type Lemma) For g given in (C.1) we have ming<s<j g(s) =
min(g(0), g(1)). More precisely,

g0 ifc<2b+2

g ifec>2b+2 (C.2)

min g(s) = {

0<s<l1

and g is constant if c = 2b + 2.
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Proof Write ¢ =2b+2+r.Then (b+ )% +2¢(1 —s) = (b+2 — s)2 4+ 2r(1 — 5), hence

g@)=b+s+Vb+2—952+2r(1—s)

forall 0 < s < 1. Note that g is clerly constant on [0, 1] if » = 0. On [0, 1] the derivative of
g is given by

O =1+ ((b+2-2+2r(1 =N (s = +2+7)).
Fix 0 < s < 1. A calculation shows
(G+2—5+2r(1—s) (s —b+2+47)) > 1

ifand only if 0 < r(r +2b+2) = rc. Since ¢ > 0, this implies thatif r < 0,1.e.,c < 2b+2,
we have ¢’ > 0 on [0, 1], i.e., g is strictly increasing on [0, 1].

On the other hand, if ¢ > 2b + 2, thenalsoc —b >b+2>2andr <0,s0g <0Oon
[0, 1], i.e., g is strictly decreasing on [0, 1]. This proves the lemma. O

Corollary C.2 Setting

B2 =y (B?), 0=yee((xV)?), wr=yf(x-VV) (€3

the threshold A(B, V) defined in (1.14) optimized for splitting the potentialas V = V| + V;
with Vi =sV, V=1 —s)V and 0 < s < 1is given by

~ 1 (02 .
A(B,V)={2('B o2+ fy/B+2wn) if w2 < 2wn(p + 1) CH

B+ 1) if w2 > 201 (B + w1)
Proof Given Lemma C.1 this is just a simple calculation. O

Appendix D. IMS localization formula

In one step in the proof of Lemma 4.6 we need a quadratic form version of the well-known
IMS localization formula under minimal assumptions on the quadratic form of the magnetic
Schrodinger operator. This result is not new, see e.g. [34, pp. 98, Prop. 4.2]. For the sake of
completeness we include a short proof.

Theorem D.1 (IMS localization formula) Let A be a locally square integrable magnetic
vector potential and V form small w.r.t. (P — A)?. Then for all bounded real-valued & €
C®(RY) such that VE is also bounded and all ¢ € D(P — A), also £¢ and £2¢ € D(P — A)
and

Reqa v(E*p, ¢) = qav(Ee. ) — (0, IVE[ ) (D.1)

Proof As before, one easily checks that £¢ and £2¢ are in the domain of P — A when ¢
is. Moreover, the potential V commutes with the multiplication operator &, so as quadratic
forms (S 20, V<p> = <?§ o, V& (p) and we only have to check the kinetic energy term. Since
(P — A)(E2p) = (P — A)(Ep) + (P&)Eg a short calculation reveals
(P — A)E%p), (P — A)g) = ((P — A)(EQ), (P — A)(E)) + (PE)p. (P — A)(Ep))
—((P = AEp), (PHP)) — [0, IVEPg),

@ Springer



Absence of positive eigenvalues of magnetic Schrodinger... Page 650f66 63

SO
2 2
Reqa0(° ¢.9) =Re((P — A)(E%p). (P — A)g)
2
=((P = A)(E@). (P — A)(Ep)) + (o, IVE[p)

which proves (D.1). O
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