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Abstract

Last-Mile Delivery denotes the last leg of the delivery process, where goods are transferred
from a local depot to the final recipients. Its inefficiencies, driven by the need for a large
number of relatively small vehicles and high labor intensity, make it the most expensive part
of the overall delivery process. Since its introduction, the Vehicle Routing Problem, modeling
the routing of a fleet of vehicles starting from a depot, visiting the customers exactly once,
and returning to the depot, has played a pivotal role in Operations Research in general and
Last-Mile Delivery in particular (Dantzig and Ramser, 1959). Over the decades, researchers
and practitioners alike have been looking for innovative extensions and improvements to the
original problem. Such improvements include new models and algorithms to solve existing
problems more efficiently, and novel delivery paradigms to extend the delivery mechanisms
beyond traditional truck-based operations.

In this thesis, we explore two new extensions to Last-Mile Delivery. The first part of
this thesis is devoted to Public Transport Crowdshipping, a delivery paradigm where public
transport users take part in the delivery process. In such a system, automated parcel lock-
ers are installed in public transport stations. Some of these lockers, likely the ones outside
the city, are loaded by the logistics service provider with parcels that have to be delivered
to lockers inside the city. Commuters, called crowdshippers, transfer parcels, during their
regular journey, from locker to locker until each parcel’s destination locker is reached. En-
abling this service requires interconnected planning decisions. The first one is the strategic
selection of the right stations to install lockers and the identification of their number in each
station. To this end, we propose a mixed integer programming model that jointly maxi-
mizes customer satisfaction and the number of stations with installed lockers, under budget
and commuter-flow constraints. Extensive computational analysis highlights that the two
objectives are not in sharp contrast. The second key operational decision addresses how
parcels are routed through the network. This involves two tightly coupled choices: assign-
ing each parcel to the initial locker where the logistics provider deposits it, and selecting
and synchronizing the crowdshippers who will carry the parcel across successive transfers.
To achieve this, we introduce a mixed integer programming model, strengthened with valid
inequalities, to find the optimal scheduling. This model can find optimal solutions for small-
sized instances, with solution times ranging from minutes to almost an hour. However, it
struggles with larger scale instances, reaching a point where for the solver it is impossible
to identify an integer solution within the time limit. Therefore, to solve real-world sized
instances, we introduce a custom Adaptive Large Neighborhood Search metaheuristic. Such
an algorithm finds high-quality solutions to large scale instances, always outperforming the
model. Moreover, in small scale instances its solutions are of comparable or equal quality to
the ones found by a state-of-the-art MILP solver. Detailed computational experiments show
the positive effects of the valid inequalities and that the proposed algorithm outperforms the
model in medium and large sized instances. A thorough sensitivity analysis identifies the
relationship between the model’s parameters and the effectiveness of the proposed delivery
method. The comparison between a traditional delivery plan and a crowdshipping one shows
that crowdshipping can help to reduce the overall environmental impact, given that a large
enough number of parcels is delivered by crowdshippers. Finally, we propose a non-compact
set covering formulation, solved using a Branch-and-Price algorithm, for parcel scheduling
and locker selection. This latter method achieves a significant speed up with respect to both
the compact MILP formulation and the ALNS algorithm, solving exactly instances of large
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size in a short amount of time, finding optimal solutions within minutes on very large scale
instances.

The second part of this thesis focuses on mitigating the social externalities associated
with last-mile delivery. Beyond air pollution, last-mile traffic contributes to noise exposure
and increases the risk of accidents due to heavy vehicle flows in urban areas. Such issues
impact the population disproportionately, with people living near major roadways receiv-
ing a larger share of the disturbance. Therefore, we propose two extensions of the vehicle
routing problem, both aiming at steering heavy vehicular traffic from populated areas. The
first extension minimizes the total delivery time and the overall penalty costs for visiting
city districts during peak hours. To solve this problem, we propose a bi-objective mixed
integer linear program. To represent the concept of peak hours, we divide the day in multi-
ple time windows, each with a different associated penalty for each district. Such penalties
are higher the more a time window is associated with a peak hour in the relative district.
Moreover, an optional constraint can be use to allow the visit of a district only within one
time window. To assess this model and its impact on a real-world case, we conduct a com-
prehensive computational study based on synthetic instances generated over San Francisco
(USA) map. Test results show a mild increase in routing cost as penalties are minimized.
However, forcing to visit a district only in one time window has a major impact on both the
routing and penalty costs. Final insights highlight the middle ground between the delivery
time minimization and the off-peak hour policy. The second extension actively steers traffic
away from densely populated areas by jointly minimizing the total delivery costs and the
disturbance over 𝑘 most impacted streets. We define the impact over a street as the num-
ber of inhabitants multiplied by the number of times that street is traversed by a vehicle in
the solution. To this end, we propose a compact bi-objective mixed integer linear model,
formulated on a multigraph, minimizing the 𝑘 largest values of a set of variables. The for-
mulation, taken from the literature, is compared with three other well-known formulations
in order to assess its efficacy in a VRP context. Moreover, to solve large-scale instances, we
propose a novel Kernel Search matheuristic with a new way to construct the initial kernel
and a new way to sort variables. Such Kernel Search iterates over the bucket set multiple
times, each time adapting its metaparameters based on the behavior in the previous iteration.
Experimental analysis, run on synthetic instances built on top of the well-know Solomon in-
stances, shows that it can outperform a state-of-the-art solver in both solution quality and
computational time. To evaluate the effect of the proposed model in a real-world scenario,
we constructed a large set of synthetic instances based on the cities of Charleston and San
Francisco (USA). Using census data and street information from an online repository, we
validate the proposed model’s ability to re-route heavy vehicular traffic away from densely
populated areas. Results show that it is possible to identify a reasonable middle ground be-
tween routing cost minimization and disturbance avoidance. In fact, we can observe that
a small percentage increase in the routing cost allows for a significant decrease in popula-
tion disturbance, whereas larger increases cause a proportionally less significant reduction.
Moreover, we observe that such results are highly dependent on the city’s characteristics,
where densely populated cities with tight street network can benefit more of such a model
with respect to sparsely populated areas with few alternative routes between two points.



Sommario

La Logistica dell’Ultimo Miglio identifica l’ultimo segmento della logistica, in cui i beni sono
trasferiti da un magazzino locale fino al destinatario. Tale segmento è anche il più onero-
so dell’intero processo distributivo: le sue inefficienze, dovute alla necessità di impiegare
un elevato numero di veicoli relativamente piccoli e all’elevata intensità di manodopera, lo
rendono la parte più costosa della catena logistica. Sin dalla sua concezione, il Vehicle Rou-
ting Problem, la formalizzazione del problema di instradare una flotta di veicoli che partono
da un deposito, visitano i clienti una e una sola volta, e tornano al deposito, ha avuto un
ruolo fondamentale nella ricerca operativa (Dantzig and Ramser, 1959). Negli ultimi decen-
ni, la logistica dell’ultimo miglio è stata ampiamente studiata per ridurne gli elevati costi
e inefficienze, dovuti all’elevato numero di veicoli usati in rapporto alla quantità di merci
trasportate e alla conseguente manodopera. Tra i miglioramenti si possono citare sia esten-
sioni modellistiche e algoritmiche, volte a risolvere più efficientemente problemi già noti, sia
nuovi paradigmi di consegna che estendono il meccanismo distributivo oltre la tradizionale
operatività basata su camion, come l’introduzione di robot a guida autonoma o droni nel si-
stema di consegne, oppure cambiamenti metodologici volti a trovare soluzioni di maggiore
qualità in minor tempo a problemi già noti. In questa tesi si esplorano due estensioni alla
logistica dell’ultimo miglio. Nella prima parte viene trattato il Crowdshipping su traspor-
to pubblico, ossia un innovativo sistema di consegne in cui i pendolari prendono parte al
processo di spedizione. Per applicare tale sistema, nelle stazioni della rete urbana vengono
installati locker per il deposito e il ritiro di pacchi. Alcuni di questi, idealmente quelli in aree
periferiche, vengono selezionati dal fornitore di servizio logistico, e all’inizio di ogni servi-
zio di spedizione sono caricati con pacchi provenienti dal magazzino. Dunque, i pendolari,
chiamati crowdshippers, durante il loro percorso ordinario, trasportano i pacchi da un locker
al successivo finché la destinazione di ogni pacco è raggiunta. La messa in pratica di tale si-
stema richiede diverse decisioni interconnesse. In primo luogo, è necessario determinare in
quali stazioni installare i locker, e in queste quanti locker installare. Per questo fine, nella tesi
viene proposto un modello di programmazione lineare misto intera compatto che massimiz-
za congiuntamente la soddisfazione dei clienti e il numero di stazioni con locker, rispettando
vincoli di budget e il flusso di crowdshipper tra ogni coppia di stazioni. Con l’ausilio di prove
computazionali effettuate su un grande numero di istanze sintetiche, è stato possibile deter-
minare che i due obiettivi non sono in forte contrasto. La seconda decisione necessaria per
l’implementazione di un sistema di crowdshipping riguarda l’instradamento dei pacchi nella
rete. Tale pianificazione è composta da due sotto decisioni: come prima cosa è necessario
determinare, per ogni pacco, quale sia la stazione di partenza ideale, quindi a tale stazione
va individuato il percorso che il pacco seguirà nella rete. Queste scelte vanno fatte tenendo
conto della disponibilità di crowdshipper, inclusa la sincronizzazione nel caso in cui un pacco
venga spedito da più di una persona, e della capacità dei locker nelle varie stazioni. Questo
problema viene formalizzato in un modello di programmazione lineare misto intera compat-
to, rinforzato con disuguaglianze valide, che minimizza i costi di spedizione totali. Il modello
è in grado di trovare soluzioni ottime per istanze di piccola dimensione in tempi che variano
da pochi minuti fino a circa un’ora, ma incontra difficoltà su istanze più grandi, fino a casi in
cui il risolutore non riesce ad identificare una soluzione intera entro il limite di tempo. Per
trattare istanze di grandi dimensioni, utili in applicazioni pratiche, successivamente viene
proposta una metaeuristica Adaptive Large Neighborhood Search. Tale algoritmo è in grado
di produrre soluzioni di alta qualità su istanze di grande scala, superando sistematicamente le
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prestazioni del modello compatto; inoltre, su istanze di piccola scala, la qualità delle soluzioni
è comparabile o uguale a quella ottenuta da un risolutore MILP di riferimento. I risultati delle
analisi computazionali mostrano l’impatto positivo delle disuguaglianze valide e conferma-
no che l’algoritmo proposto supera il modello su istanze di media e grande dimensione. Una
successiva analisi di sensitività mostra le relazioni tra i parametri del modello e l’efficacia del
metodo, evidenziando che il sistema può aiutare a ridurre l’impatto ambientale della logistica
dell’ultimo miglio, a patto che un numero sufficientemente elevato di pacchi venga trasferito
da crowdshipper; a tal fine, un confronto tra un piano di consegna tradizionale ed uno basato
su crowdshipping evidenzia una potenziale riduzione dell’impatto complessivo quando tale
condizione è soddisfatta. Alla fine di questa prima parte, viene proposto un modello non-
compatto alternativo a quello precedente, basato su una formulazione di tipo set covering,
risolto tramite Branch-and-Price per la schedulazione dei pacchi e la selezione dei locker. Tale
approccio mostra un notevole incremento delle prestazioni rispetto sia al modello compatto,
sia alla metaeuristica, ottenendo un significativo miglioramento dei tempi computazionali e
risolvendo esattamente istanze di grande dimensione in tempi ridotti, fino a trovare soluzioni
ottime in pochi minuti anche su istanze di scala molto elevata. Nella seconda parte della tesi
vengono discusse estensioni del tradizionale vehicle routing problem mirate alla minimizza-
zione delle esternalità imposte alla popolazione. Infatti, il traffico pesante causato dai servizi
di consegna non è solo fonte di inquinamento atmosferico, ma anche di rumore ed elevato
rischio di incidenti. Si nota inoltre che queste problematiche affliggono la popolazione in
maniera sproporzionata, dove i residenti in aree vicine a grandi arterie stradali sono coloro
ne che subiscono maggiormente gli effetti. Pertanto, in questa tesi vengono proposte due
estensioni, entrambe mirate a deviare il traffico pesante da aree densamente popolate. La
prima punta a disincentivare l’ingresso in certe aree della città durante le ore di picco. A tale
fine viene proposta una formulazione bi-obiettivo che minimizza congiuntamente il costo di
trasporto e le penalità per l’ingresso in specifici quartieri durante determinate fasce orarie.
Per rappresentare il concetto di ore di picco, la giornata viene suddivisa in più finestre tem-
porali, ciascuna associata ad una penalità diversa per ogni distretto; tali penalità risultano
tanto più elevate quanto più la relativa finestra temporale è coerente con una fascia di picco
per quel distretto. Un vincolo opzionale consente di transitare in ogni quartiere durante una
sola fascia oraria, limitando così la flessibilità dell’operazione. L’efficacia di questo modello
viene validata su istanze sintetiche costruite usando la rete stradale e la distribuzione di po-
polazione di San Francisco (USA). I risultati mostrano un incremento moderato dei costi di
instradamento al diminuire delle penalità; tuttavia, l’introduzione del vincolo opzionale ha
un impatto rilevante sia sui costi di trasporto sia su quelli di penalità. Nel complesso, l’ana-
lisi evidenzia l’esistenza di un punto intermedio tra la minimizzazione dei tempi e costi di
consegna e l’adozione di una politica di consegna orientata alle fasce orarie non di punta. La
seconda estensione punta attivamente a deviare il traffico dalle vie più densamente abitate,
minimizzando congiuntamente il costo di trasporto e il disturbo sulle 𝑘 strade maggiormente
interessate. L’impatto su una strada è definito come il numero di abitanti lungo strada mol-
tiplicato per il numero di volte che questa strada è attraversata nella soluzione. A tal fine,
viene proposto un modello bi-obiettivo compatto, formulato su un multigrafo, che minimiz-
za i costi di spedizione e, congiuntamente, i 𝑘 valori peggiori di una collezione di variabili
che rappresentano l’impatto sulle strade. La formulazione impiegata per minimizzare i 𝑘 casi
peggiori, tratta dalla letteratura, viene confrontata con altre tre formulazioni note al fine di
valutarne l’efficacia in un contesto di vehicle routing problem. Per risolvere istanze di grandi
dimensioni, viene proposta una innovativamateuristica Kernel Search, la quale utilizza nuovi
metodi per costruire il kernel di partenza ed ordinare le variabili fuori dal kernel. Le variabili
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fuori il kernel vengono iterate più volte e, ad ogni iterazione, i metaparametri dell’euristica
vengono adattati in base al comportamento osservato nell’iterazione precedente. L’analisi
sperimentale, condotta su istanze sintetiche costruite a partire dalle note istanze di Solomon,
evidenzia che l’approccio proposto può superare un risolutore di riferimento sia in qualità di
soluzione sia in tempo computazionale. L’impatto di tale modello è inoltre validato su istan-
ze sintetiche costruite sulla base delle mappe e popolazione di Charleston e San Francisco
(USA), combinando dati censuari e informazioni stradali ottenute da un repository online. I
risultati confermano la capacità del modello di reinstradare il traffico pesante lontano dalle
aree densamente popolate e mostrano che è possibile individuare un compromesso ragione-
vole tra minimizzazione dei costi di consegna ed riduzione del disturbo: piccoli incrementi
percentuali nel costo di instradamento possono produrre riduzioni significative dell’impatto
sulla popolazione, mentre incrementi maggiori generano benefici progressivamente meno
marcati. Infine, si osserva che tali effetti dipendono in misura rilevante dalle caratteristiche
della città: contesti molto densi e con una rete stradale fitta offrono maggiori possibilità di
deviazione e possono beneficiare maggiormente del modello, mentre aree più scarsamente
popolate e con poche alternative di percorso presentano un margine di miglioramento più
limitato.
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Chapter 1

Introduction

Last-Mile Delivery denotes the final transport step that brings goods from local depots to
end customers in urban and suburban areas. It has become a central component of parcel
logistics as electronic commerce reshapes shopping habits and increases delivery volumes
worldwide. The global Last-Mile Delivery market was estimated at about 133 billion US
dollars in 2022 and is expected to almost double by 2030, with annual growth close to 9
percent (Research, 2023). In major markets, last-mile activities account for roughly half of
total shipping or logistics costs, despite representing only a short segment of the physical
journey (DHL, 2023). This cost share reflects dense stop patterns, high labor and vehicle
costs, repeated delivery attempts, and the need to respect tight delivery time windows. The
Vehicle Routing Problem, first introduced by Dantzig and Ramser (1959), played a central
role in Operations Research and Last-Mile Delivery. It consists of finding minimum-cost
routes of a set of vehicles with limited capacity, starting from a depot, visiting customers
exactly once, and returning to the depot.

In this thesis, we focus on two distinct innovations for last-mile delivery. The first one,
explored in Part I, deals with public transport crowdshipping, a novel delivery paradigm
where public transport users are included in the delivery process, in exchange for a small
remuneration. Automatic parcel lockers are installed in public transport stations. Some of
these lockers, likely outside the city boundary, are loaded in the morning with parcels by a
logistics service provider. Then, commuters, called crowdshippers, on their regular journey,
transfer parcels from the initial locker to the destination one selected by the recipient. It
is possible to deliver parcels in more than one step. In this case, parcels are left at lockers
acting as transshipment points. A backup service is available to deliver parcels that cannot
be handled by crowdshippers. Such a paradigm presents several advantages over traditional
delivery systems. First, it can reduce the number of delivery vehicles on the road by shifting
part of the workload to commuters and vehicles already traveling for other purposes. Also,
it may serve as an incentive for people to commute by public transport, as to commute using
public transport, since the overall cost for a user crowdshipping is smaller. However, this
delivery method presents several challenges. Some of these decisions are strategic, such as
the placement of parcel lockers at public transport stations, while others are operational,
such as routing parcels through the network. Others relate to the legal framework needed to
allow regular commuters to handle parcels, as well as the economic design required to keep
the initiative attractive to commuters while remaining profitable for the operator. These
aspects are beyond the scope of this thesis, therefore theywill not be discussed further. In this
thesis, we analyze the strategic decision concerning the optimal installation of automated
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parcel lockers in a network, and the operational problem of routing parcels through the
network using crowdshippers.

The second novelty, presented in Part II, proposes two distinct extensions of the Vehi-
cle Routing Problem. Both extensions optimize, alongside the delivery costs, delivery plans’
social impact. Most VRPs optimize for costs, and some authors proposed extensions to take
into account environmental impact, workers’ equity, and customer well-being, among oth-
ers. However, most studies fail to take into account the overall social impact, measured as
the disturbance imposed on citizens not involved in any part of the process. The first novel
formulation introduces a penalty associated with certain city districts in certain time win-
dows, aiming at, for instance, discouraging traffic near schools when children are arriving
or leaving. The second one uses a compact 𝑘-sum formulation to steer traffic away from
densely populated areas.

Contributions
The main contributions of this thesis are as follows.

1. We have formulated, modeled, and solved a number of problems connected to Last-
Mile Delivery and solved several novel problems in Last-Mile Delivery.

2. We have developed, tuned, and analyzed several tailored solution procedures formedium-
and large-sized instances based on variants of matheuristics (Kernel Search) and meta-
heuristics (ALNS and Tabu Search).

3. We have developed exact approaches based on Branch and Cut with several classes of
valid inequalities and Branch and Price.

4. We have generated new realistic and synthetic benchmark instances for the studied
problems. We have conducted extensive computational and sensitivity analysis on
these instances, understanding models and algorithmic properties and drawing useful
managerial insights.

Structure of the Thesis
This thesis is divided into two parts and 7 chapters.

Part I focuses on Public Transport Crowdshipping. It studies delivery systems where
public transport users participate in parcel delivery in exchange for a monetary incentive.
The main contributions of this part concern optimization models and exact and heuristic
algorithms for strategic and operational planning. Part II focuses on the social impact of
urban parcel delivery. It introduces routing models that explicitly account for equity and
social externalities, together with dedicated solution methods.

Chapters 2–6 are based on published or submitted research papers. Each chapter is self-
contained. It presents a formal problem definition, a review of the relevant literature, and the
proposed models and algorithms. When a solution methodology is introduced, it is preceded
by a short methodological overview.

Chapter 2 studies an automated parcel locker location problem in a public transport net-
work. The chapter introduces a mixed-integer optimization model to select locker locations
that maximize service quality and customer satisfaction while controlling installation costs.
Computational results show that a limited number of well-placed lockers can significantly
improve the feasibility of crowdshipping operations. Chapter 3 addresses the operational
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crowdshipping problem. It models parcel routing and transfer decisions over a public trans-
port network, accounting for passenger flows, locker capacities, and timing constraints. The
chapter proposes exact and heuristic solution approaches and evaluates their performance
on realistic instances. Chapter 4 focuses on the exact solution of the operational crowdship-
ping problem introduced in Chapter 3. It presents an alternative non-compact mathematical
formulation that enables a tailored branch-and-price algorithm. Computational results show
that the proposed approach substantially improves scalability compared to a standardmixed-
integer programming formulation. Chapter 5 introduces an off-peak delivery framework for
urban logistics. The chapter proposes amodel that promotes deliveries during off-peak hours
time windows to reduce congestion and emissions. Results show that modest temporal shifts
can lead to significant reductions in traffic-related externalities with limited impact on op-
erational costs. Chapter 6 presents the 𝑘 Equitable Vehicle Routing Problem. The chapter
introduces a bi-objective routing model that jointly minimizes travel cost and social impact.
Equity is captured through a 𝑘-sum objective that limits exposure in the most affected ur-
ban areas. A dedicated kernel search algorithm is proposed, and computational experiments
show substantial improvements over general-purpose solvers.
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Chapter 2

Locker Selection Problems for
Public Transport-based
Crowdshipping

The content of the following chapter is adapted and extended from Alessandro Gobbi, Renata
Mansini, LorenzoMoreschini, and Filippo Ranza. Optimal locker placement for budget-constrained
crowdshipping in public transport networks. IFAC-PapersOnLine, 59(10):3041–3046, 2025, pre-
sented at the 11th IFAC Conference on Manufacturing Modelling, Management and Control –
IFAC MIM2025.

Contents
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2.5 Experimental Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 14
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Summary Crowdshipping is a novel delivery paradigm where regular commuters are in-
volved in the delivery process. The idea is to exploit the spare capacity of already travel-
ing vehicles to reduce traffic, with the associated benefits thereof. Commuters who deliver
parcels, called crowdshippers, receive a small remuneration for their service. Such remuner-
ations are, in many cases, designed to be large enough to encourage people to participate but
still small enough to avoid professionalization, i.e. people crowdshipping as their main or
sole source of income. These systems can, in general, be classified in two macro categories:
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Private-transport based crowdshipping, where crowdshippers commute with their own pri-
vate vehicle, and Public-transport based crowdshipping, where transits are done via a public
transport system.

Many public-transport based crowdshipping systems rely on a network of automated
parcel lockers, installed in, or nearby, public transport stations. Parcels are placed by a logis-
tics service provider in lockers in selected stations, so that crowdshippers can later transfer
them, potentially in more than one step, to the locker selected by the recipient. By care-
fully selecting which stations will receive parcels from the logistics service provider, which
are used as intermediate delivery points, and which are used by the customers to retrieve
their parcels, it is possible to limit heavy vehicular traffic to selected areas outside the city
and deliver parcels only through public transport vehicles. In this chapter, we address the
strategic design of such a locker network inside a public transport system, where the opti-
mal number of lockers to install in each station has to be found within budget constraints.
Such an optimal design must take into account both the available traffic within the network,
and the customers’ demand outside it. To this end, we propose a bi-objective mixed-integer
programming model that jointly maximizes customer satisfaction and the spatial coverage
of the locker network, while explicitly considering fixed installation, variable operational
costs, and constraints imposed by the available traffic flow.

2.1 Introduction

Large metropolitan areas pose considerable difficulties for parcel delivery companies. Con-
gested roads, scarce parking, and unpredictable access to customers often lead to inefficien-
cies such as delays, rising costs, and reduced service quality. To overcome these issues, many
delivery systems now rely on designated collection points, where recipients pick up parcels
instead of receiving them at home.

Nowadays, customers’ expectations are shifting towards more flexible, faster, and more
reliable services. Emerging logistics models aim to satisfy these requirements by providing
tailored, efficient delivery solutions that not only improve customer satisfaction but also re-
duce the environmental impact of last-mile operations (Bonomi et al., 2022b). In this context,
the strategic decision of the location of parcel lockers becomes a critical factor in optimiz-
ing delivery systems. With customers seeking faster, greener, and more flexible services,
strategically placing lockers can substantially enhance the efficiency of the delivery process.
Several authors have addressed this issue, employing various solution methodologies to de-
termine optimal locker placements. For instance, in Moslem and Pilla (2023), the authors use
the Spherical FuzzyAnalytic Hierarchy Process to identify sixmetrics for preferred locations,
and five hierarchical scores to evaluate the quality of each potential position. Their study
identifies public transport stops - like bus stops and subway stations - as the most suitable
locations. Ottaviani et al. (2023) combines Mixed Integer Linear Programming (MILP) with
greedy heuristics to minimize lockers’ installation costs, all while ensuring client satisfaction
by imposing dedicated constraints.

Lockers installed in densely populated or other hot-spots enable crowdshipping-based
last-mile delivery systems, where commuters transfer parcels during their usual journey.
In fact, lockers in areas with a larger population size, near by amenities, and close to bus
stops experience a larger customer demand (Ma et al., 2024). However, parcel lockers can
face some resistance by customers, despite their environmental advantages (Karlı and Karlı,
2026). Crowdshipping is inspired by the hub-and-spoke model, where parcels are stored at
intermediate points before final delivery by various fleets. Bruno et al. (2025) optimize the
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selection of pick-up point (i.e. lockers installation points) locations in order to maximize cus-
tomers choosing self collection. Pan et al. (2020) propose a two-echelon optimization model
to minimize locker installation, operational, and delivery costs, relying on vans to transport
parcels from depots to lockers, and then onward to final customers. Yang et al. (2020) in-
troduce a Bi-Level model to minimize the lockers’ installation cost, while the lower level
minimized the customer’s pick up costs. Ozyavas et al. (2024) study a hybrid locker-based
and hub-and-spoke system, where lockers serve as storage for the company and pick-up
points for customers, while residual deliveries are handled by cargo bikes. Lin et al. (2022)
maximize locker placement profit by accounting for fixed costs and revenue, with customer
pick-up preferences estimated via a threshold Luce model. Li and Li (2025) propose to use the
well-known 𝑝-median problem to identify the locker location given minimizing the detour
length of people traveling by taxi. Wang et al. (2024) optimize mobile locker routes with
recourse strategies for uncertain demands and pick-up times. Deutsch and Golany (2018)
study the location problem of parcel lockers to facilitate a last mile delivery system to max-
imize the total profit. Commuter-based crowdshipping systems using public transport are
quite interesting since they offer a sustainable alternative to private transport-based models,
reducing traffic and environmental impact (Cebeci et al., 2024; Buldeo Rai et al., 2018). More-
over, such systems also meet the European Commission’s directive for efficient, multimodal
transport systems to enhance life quality and cut emissions (European Commission, 2020).
Such approaches typically do not require commuters to change their usual routes, such a
constraint is in place to make the system more attractive for the commuters. Studies like
Gatta et al. 2019a and Gatta et al. 2019c, highlight that locker placement is a most critical
aspect for system efficiency with a large number of users. Cheng et al. (2024) presents two
MILP models to minimize locker placement costs and van travel times, assuming the locker
locations and parcel destinations are predefined. Tests on Copenhagen data highlight the
benefits of public transport-based crowdshipping. Zhang et al. (2023) considers a crowd-
shipping network involving commuters using public transport and regular delivery drivers
as well. Such a problem aims to minimize locker placement costs and parcel movements
using data derived from travel surveys in the Greater Toronto Area. The interested reader
can refer to Boysen et al. (2021) for an in-depth analysis of the latest advances in last-mile
delivery and parcel lockers.

In this chapter, we study the strategic decision of optimal design and sizing of a crowd-
shipping system where commuters are responsible for transferring parcels between lockers
located at public stations. The system is structured so that logistics service providers (LSPs)
drop off parcels at easily accessible stations (drop off points), for instance outside the city or
near their depot. Then commuters transfer, in one or more steps, to the stations selected
by the recipients as pick-up points. In particular, we focus on the perspective of an LSP that
must decide whether and how much to invest in the realization and management of such a
delivery system. The LSP faces both one-time costs to purchase and install lockers, as con-
sidered for example in Kahr (2022), and recurring daily costs to transfer parcels from the
depot to drop-off points. Therefore, it is crucial to understand how to manage the available
resources and assess their impact on the size of the network. For the operational details of
such a network, please refer to Chapter 3.

This chapter contributes in several respects:

1. We introduce a novel problem concerning the joint optimization of locker placement
and network size, based on estimated commuters flows in a public transportation sys-
tem.
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2. We propose and solve a new bi-objective MILP model that simultaneously maximizes
customer satisfaction and the number of stations equipped with lockers.

3. We generate and analyze synthetic benchmark instances that vary in terms of trans-
port lines, station numbers, and traffic flows, thereby testing the robustness of the
model under different conditions.

4. We provide a general decision-support tool to assess the feasibility of commuter-based
crowdshipping systems.

The remainder of this chapter is organized as follows: Section 2.2 introduces the prob-
lem in detail, and Section 2.3 presents the MILP formulation. Then, Section 2.4 discusses
solution methodologies for multi-objective optimization, Section 2.5 reports computational
experiments and managerial insights, and finally Section 2.7 concludes with final remarks
and possible directions for future research.

2.2 Problem Description

Let 𝐺 = (𝑁 , 𝐴) be a directed complete graph, where 𝑁 represents the set of stations and 𝐴
is the set of connections among them. Such connection can be either direct physical links
or indirect paths in the network. Crowdshippers collect parcels at their boarding station
and deposit them at their destination station. A parcel can be delivered in more than one
segment, by more than one crowdshipper. A crowdshipper can carry at most one parcel.
Each arc (𝑖, 𝑗) ∈ 𝐴, is associated with a value 𝜏𝑖𝑗 ∈ ℕ, which represents the average number of
crowdshippers traveling from station 𝑖 to station 𝑗 in each day. Let 𝐶 be the set of customers,
and 𝑁 𝑐 ⊆ 𝑁 the stations where each 𝑐 ∈ 𝐶 is willing to collect their parcel. Let 𝑠𝑖𝑐 ∈ ℕ
be the satisfaction score for station 𝑖 ∈ 𝑁 𝑐 . Lockers are installed in fixed-capacity racks of
size 𝜂 ∈ ℕ+. To install lockers in a station 𝑖 ∈ 𝑁 , the LSP incurs a fixed setup cost 𝑎𝑖 ∈ ℕ
and a proportional cost 𝑏𝑖 ∈ ℕ per rack, with a maximum of 𝑚𝑖 ∈ ℕ racks per station.
The total installation cost across all selected stations is limited to 𝐵1 ∈ ℕ. Choosing station
𝑖 ∈ 𝑁 as a drop-off point incurs a daily cost 𝑐𝑖 ∈ ℕ for the LSP, with total costs bounded
at 𝐵2 ∈ ℕ. The goal of the Commuter-based Crowdshipping Network Design Problem with
Resource Constraints (CCNDP-RC) is to determine the optimal selection of drop-off and pick-
up points, as well as the identification of the number of racks to install at each station, to
maximize customer satisfaction and ensure thewidest possible distribution of pick-up points.

2.3 Mathematical Formulation

The model has to make two connected decisions: how many racks to install in each station
in the network and the role each station with at least one rack plays in the delivery system.
Among these stations, we identify three classes:

• Drop-off Stations: these stations are used in the morning by the LSP to drop parcels
that will by delivered be crowdshippers.

• Pick-up Stations: these stations are used by the recipients to pick up their parcels.

• Intermediate Stations: these stations are used by crowdshippers as transshipment
points when a delivery requires more than one person to be completed.
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Moreover, these decisions have to be taken by considering the commuters flow, station phys-
ical limit, and the customers needs as well.

To define a unified model that makes all these decisions at once, we propose a network
flow design problem. Such network uses three types of nodes: regular nodes representing
the public transport stations, a fictitious node 𝑠 representing the LSP’s depot, and a fictitious
node 𝑡 representing the destination of the flow. Parcels flow originating the fictitious node 𝑠
is moved through the network by crowdshippers to reach a fictitious node 𝑡 . Nodes receiv-
ing flow directly from 𝑠 can be identified as the drop-off ones, whereas nodes sending flow
directly into 𝑡 identify the pick-up stations. With the exception of 𝑠 and 𝑡 , the flow entering
and leaving any node 𝑖 ∈ 𝑁 has to remain constant. The parcels’ flow between two stations
has to respect the commuters capacity 𝜏𝑖𝑗 , and the lockers’ capacity in node 𝑖 and 𝑗.

2.3.1 Mixed Integer Programming Model

Formally, we define an extended directed graph 𝐺 = (𝑁 , 𝐴), where 𝑁 = 𝑁 ∪ {𝑠, 𝑡} and
𝐴 = 𝐴 ∪ {(𝑠, 𝑖)|𝑖 ∈ 𝑁 } ∪ {(𝑖, 𝑡)|𝑖 ∈ 𝑁 }.

The MILP model uses the following decision variables:

• 𝑟𝑖 ∈ ℕ: the number of racks to be installed in station 𝑖 ∈ 𝑁 ;

• 𝑜𝑖 ∈ ℕ: the order of visit of station 𝑖 ∈ 𝑁 in the path from 𝑠 to 𝑡 ;

• 𝑧𝑖 ∈ {0, 1}: 1 if at least one rack is installed in station 𝑖 ∈ 𝑁 and 0 otherwise;

• 𝑒𝑖𝑗 ∈ {0, 1}: 1 if at least one parcel is moved from node 𝑖 to node 𝑗 with (𝑖, 𝑗) ∈ 𝐴;

• 𝑓𝑖𝑗 ∈ ℕ: the number of parcels directly transferred from node 𝑖 to node 𝑗 with (𝑖, 𝑗) ∈ 𝐴;

• 𝑦𝑖𝑐 ∈ {0, 1}: 1 if customer 𝑐 ∈ 𝐶 picks up their parcel in station 𝑖 ∈ 𝑁 𝑐 , and 0 otherwise.

We formulate the CCNDP-RC as follows:

max 𝑓1 ∶= ∑
𝑐∈𝐶

∑
𝑖∈𝑁 𝑐

𝑠𝑖𝑐𝑦𝑖𝑐 (2.1)

max 𝑓2 ∶= ∑
𝑖∈𝑁

𝑒𝑖𝑡 (2.2)

𝑧𝑖 ≤ 𝑟𝑖 ≤ 𝑚𝑖𝑧𝑖 𝑖 ∈ 𝑁 (2.3)

∑
𝑗∈𝑁 |(𝑖,𝑗)∈𝐴

𝑓𝑖𝑗 = ∑
𝑗∈𝑁 |(𝑗,𝑖)∈𝐴

𝑓𝑗𝑖 𝑖 ∈ 𝑁 (2.4)

𝑧𝑖 ≤ ∑
𝑗∈𝑁 |(𝑖,𝑗)∈𝐴

𝑓𝑖𝑗 ≤ 𝜂𝑟𝑖 𝑖 ∈ 𝑁 (2.5)

𝑒𝑠𝑖 ≤ 𝑓𝑠𝑖 ≤ 𝜂𝑚𝑖𝑒𝑠𝑖 𝑖 ∈ 𝑁 (2.6)
𝑒𝑖𝑡 ≤ 𝑓𝑖𝑡 ≤ 𝜂𝑚𝑖𝑒𝑖𝑡 𝑖 ∈ 𝑁 (2.7)
𝑒𝑖𝑗 ≤ 𝑓𝑖𝑗 ≤ 𝜏𝑖𝑗𝑒𝑖𝑗 (𝑖, 𝑗) ∈ 𝐴 (2.8)

𝑜𝑗 ≥ 𝑜𝑖 + 1 − |𝑁 |(1 − 𝑒𝑖𝑗) (𝑖, 𝑗) ∈ 𝐴 (2.9)

∑
𝑐∈𝐶|𝑖∈𝑁 𝑐

𝑦𝑖𝑐 = 𝑓𝑖𝑡 𝑖 ∈ 𝑁 (2.10)

∑
𝑖∈𝑁 𝑐

𝑦𝑖𝑐 ≤ 1 𝑐 ∈ 𝐶 (2.11)
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∑
𝑖∈𝑁

𝑎𝑖𝑧𝑖 + ∑
𝑖∈𝑁

𝑏𝑖𝑟𝑖 ≤ 𝐵1 (2.12)

∑
𝑖∈𝑁

𝑐𝑖𝑒𝑠𝑖 ≤ 𝐵2 (2.13)

𝑟𝑖, 𝑜𝑖 ∈ ℕ 𝑖 ∈ 𝑁 (2.14)
𝑧𝑖 ∈ {0, 1} 𝑖 ∈ 𝑁 (2.15)

𝑒𝑖𝑗 ∈ {0, 1} (𝑖, 𝑗) ∈ 𝐴 (2.16)

𝑓𝑖𝑗 ∈ ℕ (𝑖, 𝑗) ∈ 𝐴 (2.17)
𝑦𝑖𝑐 ∈ {0, 1} 𝑐 ∈ 𝐶, 𝑖 ∈ 𝑁 𝑐 (2.18)

The primary objective function (2.1) maximizes the total customer satisfaction, whereas
the secondary objective function (2.2) maximizes the number of stations used as pick-up
points. Objective function (2.1) tends to select stations in densely populated areas, and con-
figures all the stations as both pick-up and drop-offs, without opening any intermediate
stations. Of course, such a decision is the one maximizing lockers utility since all of them
provide service to the final customers. However, such a solution has two main drawbacks.
First, it creates a delivery network that does not use crowdshippers to deliver parcels, going
against the high level objective of the study. Second, it precludes service from less densely
populated areas of the city. Thus comes into play objective function (2.2), that forces the
model to select a larger number of pick-up points. This objective incentivize the model to
select as pick-up points also stations away from densely populated areas, and so to keep
under control the handling costs by the LSP the model also selects stations as intermediate
transfer.
For each station 𝑖 ∈ 𝑁 , Constraints (2.3) impose that a station becomes part of the crowd-
shipping network (𝑧𝑖 = 1) if and only if it hosts at least one rack (𝑟𝑖 ≥ 1), and limit to 𝑚𝑖 the
number of racks that can be installed. Constraints (2.4) ensure flow conservation by setting
that the flow entering is equal to the flow leaving each station 𝑖 ∈ 𝑁 . Nodes 𝑠 and 𝑡 are not
included into these constraints since parcels flow originates and terminates in them. Con-
straints (2.5) impose consistency between the number of racks installed and the parcel flows
handled at a station, ensuring that capacity is not exceeded. Constraints (2.6) mark a station
𝑖 ∈ 𝑁 as a drop-off point (𝑒𝑠𝑖 = 1) if and only if this node receives a non-zero flow from the
source node 𝑠 ∈ 𝑁 . Analogously, Constraints (2.7) mark a station 𝑖 ∈ 𝑁 as a pick-up point
(𝑒𝑖𝑡 = 1) if and only if this node sends a nonzero flow to the sink node 𝑡 ∈ 𝑁 . For each arc
(𝑖, 𝑗) ∈ 𝐴, Constraints (2.8) set each binary variable 𝑒𝑖𝑗 to one if and only if the flow between
nodes 𝑖 and 𝑗 is non-zero. Constraints (2.9) impose an ordering on the nodes guaranteeing
that nonzero flow only enters nodeswith a higher rank than the origin. These constraints fol-
low the Miller-Tucker-Zemlin formulation for the Traveling Salesman Problem (Miller et al.,
1960) and are needed to prevent the creation of ‘virtual flow’, i.e. flow circulating between
intermediate nodes that is not coming from 𝑠 and not going into 𝑡 . Such flow is harmful since
it causes an artificial increase in the number of installed lockers, thereby increasing the costs,
without generating extra profit or service quality. Constraints (2.10) ensure that each unit
of flow going from a station 𝑖 ∈ 𝑁 to the sink node 𝑡 corresponds to a customer reaching
that station to pick up its parcel, and Constraints (2.11) guarantee that each customer can be
associated with at most one pick-up point. Constraints (2.12) and (2.13) impose the spending
limits for rack installation and parcel transportation to the drop-off points (i.e. stations 𝑖 ∈ 𝑁
identified by 𝑒𝑠𝑖 = 1). Finally, Conditions (2.14) to (2.18) define the model variables.
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2.4 SolutionMethodologies forMulti Objective Programs

Usually, Mixed Integer Linear Program (MILP) problems have one objective function, repre-
senting the sole goal of the decision maker. However, in certain situations it is not possible
to represent the whole complexity of the decision making process through a unique objec-
tive function. For example, consider a Vehicle Routing Problem (VRP) where it is required
to minimize the delivery costs and maximize the customer satisfaction. It is clear that it
is not meaningful to incorporate such diverse quantities in one unique objective. In these
situations two, or more, concurrent objective functions are required to fully represent the
problem at hand. While the best possible solution of a single objective function is clear -
it is the optimal value of the objective function - it is impossible to define the best solution
in multi-objective problems, since there are many solutions such that it is impossible to im-
prove one objective function without spoiling the value of any other one. Such solutions are
called Pareto efficient solutions, and their set is defined as the Pareto front.

For simplicity, in the following we assume to have twomaximization objective functions.
Such simplifications are not restrictive, since all the methodologies presented hereafter are
easy to extend to more than two objective functions, and to adapt to minimization functions
requires only sign management. The reader interested to a more in-depth discussion on
multi objective problem is referred to Ehrgott (2005). Moreover, in this section we will focus
only on general purpose exact methods using MILPs and solvers.

In the following the generic optimization problem (2.19)–(2.22) will be used to explain
the solution methods.

max 𝑓1 ∶= 𝑐𝑇1 𝑥 (2.19)

max 𝑓2 ∶= 𝑐𝑇2 𝑥 (2.20)
s.t
𝐴𝑥 ≤ 𝑏 (2.21)
𝑥 ∈ 𝒳 (2.22)

2.4.1 The weighted sum method
Given the Bi-Objective MILP in (2.19)–(2.22), the weighted sum method defines a new objec-
tive function as the weighted sum of two previous ones, as follows:

max 𝑓 ∶= 𝛼1𝑓1 + 𝛼2𝑓2 (2.23)
s.t
𝐴𝑥 ≤ 𝑏 (2.24)
𝑥 ∈ 𝒳. (2.25)

Controlling the values of the coefficients, it is possible to both scale the functions so that
they represent the same unit of measure and to set the priority of the two objective functions.
For instance, if 𝑓1 and 𝑓2 both range over the unit interval, using 𝛼2 ≫ 𝛼1, will prioritize 𝑓2
over 𝑓1. The vice versa is also true. However, since the two objective function might take
values that are orders of magnitude apart, it can be hard to correctly find such parameters
𝛼1 and 𝛼2 that impose a correct scaling and a correct priority, especially in the general case.
When this is the case, it is possible to normalize them, as shown in (2.26).
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̂𝑓𝑘 =
𝑓𝑘 − 𝑓 𝑚𝑖𝑛𝑘

𝑓 𝑚𝑎𝑥𝑘 − 𝑓 𝑚𝑖𝑛𝑘
𝑘 = 1, 2 (2.26)

Notice that such a normalization guarantees that:

̂𝑓𝑘 ∶ 𝒳 → [0, 1] 𝑘 = 1, 2, (2.27)

ensuring that the two objective function take comparable value, at least in terms of size.
However, it is worth noting that the normalization approach can be computationally expen-
sive, since it requires the optimization of four distinct optimization problems, to identify the
value of 𝑓 𝑚𝑖𝑛𝑘 𝑘 = 1, 2, before it is possible to tackle the bi-objective problem.

In summary, the weighted sum is straightforward to implement and, if run without nor-
malization, efficient to solve since the two objective functions are optimized as one. How-
ever, it can be hard to control the trade-off between the two objective functions, since the
impact of the two coefficients is highly dependent on the values taken by the two objective
functions. Moreover, if the two objective functions take values that differ by one or more
order of magnitude, it might be necessary to normalize the two objective function, which
adds computational burden to the optimization.

On the Identification of the Pareto front

The weighted sum method by itself cannot identify all point of the Pareto front.
It is straightforward to identify the Pareto front using the weighted sum method. By

defining the objective function as

𝑓𝜆 ∶= 𝜆𝑓1 + (1 − 𝜆)𝑓2 (2.28)

with 𝜆 ∈ [0, 1], it is possible to find the Pareto front, with precision 𝜖 and tolerance 𝛿 using
Algorithm 2.1.

Algorithm 2.1 Pareto front with Weighted sum method
1: function Weighted-Sum-Pareto-Front(f: the Pareto front, p: MILP to solve, 𝜆1, 𝜆2,

𝜖, 𝛿 )
2: 𝑧∗𝜆1 ← solve p with objective function 𝑓𝜆1 and add value to f
3: 𝑧∗𝜆2 ← solve p with objective function 𝑓𝜆2 and add value to f
4: ▷ Memoization can be used to avoid solving the same problem twice.
5: if |𝑧∗𝜆1 − 𝑧∗𝜆2 | ≥ 𝜖 and |𝜆1 − 𝜆2| ≥ 𝛿 then

6: 𝜆3 ←
𝜆1+𝜆2
2

7: Weighted-Sum-Pareto-Front(p, 𝜆1, 𝜆3, 𝜖, 𝛿)
8: Weighted-Sum-Pareto-Front(p, 𝜆2, 𝜆3, 𝜖, 𝛿)
9: end if

10: end function

Algorithm 2.1 describes a recursive procedure that adaptively identifies the Pareto front
by solving weighted-sum formulations at different points in the weight space.

The procedure starts by solving the MILPs at two extreme weights, 𝜆1 = 0 and 𝜆2 = 1,
corresponding to the optimization of each single objective. The resulting solutions 𝑧∗𝜆1 and
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𝑧∗𝜆2 are stored in the set f, which represents the current approximation of the Pareto front. In a
recursive algorithm it is possible for the same sub-problem to be solved more than once. An
uncareful implementation of Algorithm 2.1, might optimize the same problem up to three
times (the first time, in the left, and in the right recursive call). To avoid such redundant
computation, it is possible to store previously solved problems, and then when the same
problem arises again its previous solution can be retrieved and used for the next steps. Such
caching technique is known as memoization, and it is commonly used as an acceleration
method for recursive algorithms.

If the objective values corresponding to the two weights differ by more than a threshold
𝜖, and the distance between the weights is larger than a tolerance 𝛿 , the algorithm considers
themidpoint weight 𝜆3 =

𝜆1+𝜆2
2

. The algorithm is recursively applied to the two sub-intervals
[𝜆1, 𝜆3] and [𝜆2, 𝜆3]. Such a recursion allows the algorithm to automatically explore in more
detail areas of the weight space where the objective function changes significantly, while
areas that are flatter are explored less intensively.

This recursive refinement continues until no significant improvement can be obtained,
either because the objective values between two neighboring solutions are sufficiently close
(within 𝜖) or because the weight interval is too small (below 𝛿). The final set f constitutes
an approximation of the Pareto front obtained through a sequence of weighted-sum MILP
solves.

The algorithm is intended to be called with f = ∅, 𝜆1 = 0, and 𝜆2 = 1.

Supported and Unsupported Pareto Efficient Solutions

Let 𝒴 = {{𝑓1(𝑥), 𝑓2(𝑥)} ∶ 𝑥 ∈ 𝒳} be the solution space of (2.19)–(2.22). If the feasible region
𝒳 is non-convex, the solution space 𝒴 is non-convex as well. A practical consequence is
that there is no guarantee that the Pareto front will be convex. Indeed, the Pareto front is
constituted by so-called supported and unsupported solutions. Supported solutions are ones
forming a convex subset of the Pareto front, and can be identified by linear scalarization
techniques. Unsupported, being part of a non-convex set, ones are instead those solutions
that cannot be identified by linear scalarization techniques. Therefore, the Pareto front iden-
tified with Algorithm 2.1 can provide a good approximation of the true front. In the general
case, little can be said about the quality of such an approximation.

2.4.2 The 𝜖-constraint method
Given the generic Bi-ObjectiveMILP problem in (2.19)–(2.22), the 𝜖-constraint methodworks
as follows. First, the main objective function 𝑓1 is optimized as a standalone objective func-
tion, subject only to the original problem’s constraints, like shown in (2.29)–(2.31).

max 𝑓1 ∶= 𝑐𝑇1 𝑥 (2.29)
s.t
𝐴𝑥 ≤ 𝑏 (2.30)
𝑥 ∈ 𝒳 (2.31)

Then, the secondary objective function 𝑓2 is optimized, as shown in (2.32)–(2.35), subject to
the original constraint plus the 𝜖-constraint (2.34).

max 𝑓2 ∶= 𝑐𝑇2 𝑥 (2.32)
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s.t
𝐴𝑥 ≤ 𝑏 (2.33)

𝑐𝑇1 𝑥 ≥ (1 − 𝜖)𝑓 ∗1 (2.34)
𝑥 ∈ 𝒳 (2.35)

Such a constraint allows the optimization of 𝑓2 upto a maximum worsening of the value of
𝑓1 of (1−𝜖)with respect to its optimal value 𝑓 ∗1 . In many cases, a third problem is optimized,
in which the value of 𝑓1 is optimized again, without allowing worsening to the value of 𝑓2.
This ensures that the identified solution will be Pareto efficient.

In the applications this method is appreciated for several reasons. For starters, it allows
the decision maker to explicitly control the order of the optimization by choosing which
objective function is optimized first and which is optimized later. More importantly, this
technique allows to explicitly decide how much to spend on 𝑓2 in terms of 𝑓1, allowing an
explicit trade-off that is independent from the specific instance. Last but not least, with
the epsilon constraint it is never a problem if the to objective functions have incomparable
values, both in terms of metric and in terms of absolute value. However, this method always
requires solving two, or three if the Pareto efficient solution is desired, optimization problems
in order to identify the final solution.

Notice that the 𝜖-constraint method is a generalization of the lexicographic approach,
where the objective functions are solved in hierarchical order but without allowing anywors-
ening to the previously optimized one.

On the Identification of the Pareto front

It is quite simple to find the Pareto front with the 𝜖-constraint method as well. Given 𝑓 ∗1 , the
optimal unconstrained value of 𝑓1, and 𝑓 ∗1 |(𝑓 ∗2 , ∞), the Pareto efficient value of 𝑓1 at 𝑓 ∗2 , it
is possible to compute 𝜖𝑚𝑎𝑥 , which is smallest the value of 𝜖 that allows to find the optimal
value of 𝑓2, as:

𝜖𝑚𝑎𝑥 =
𝑓 ∗1 − 𝑓 ∗1 |(𝑓 ∗2 , ∞)

𝑓 ∗1
. (2.36)

Considering that the smallest value of 𝜖 is 0, it is straightforward to adapt Algorithm 2.1
to work with the 𝜖-constraint method. As such, it will not be presented here. Unlike the
weighted sum, the 𝜖-constraint method can explore the whole Pareto frontier, allowing the
identification of both supported and unsupported solutions.

2.5 Experimental Analysis

In this section, we present the results obtained by solving the proposed model on a large set
of synthetic instances. All tests have been executed on a computer equipped with an AMD
Ryzen 5 5600U CPU, 40 GB of RAM, running Debian 12. The code is implemented in Python
3.11, and Gurobi 11.0.3 has been used as the back-end MILP solver. The Bi-objective MILP
model is solved using the 𝜖-constraint method, where 𝑓1 is optimized as primary objective
function and 𝑓2 is the secondary. All solutions analyzed in the following are Pareto efficient
with respect to 𝑓1.
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2.5.1 Benchmark Instances

We generated eight distinct public transport networks over a rectangular area of 5 × 10 km2,
each consisting of between two and six lines and comprising 51 to 132 stations. For ev-
ery network, 80 test instances were created, each characterized by a different distribution
of customers and traffic patterns. In total, this yielded a comprehensive test set of 640
instances. In particular, each instance has customer set 𝐶 ∈ [2000, 5000], and the traffic
flow 𝜏𝑖𝑗 ∈ [60000, 90000]. To simulate customer distribution in each network, we randomly
place 15 focal points across the map: 75% of these were designated as attraction points (e.g.,
schools, supermarkets), representing desirable areas for residential development, whereas
the remaining 25% served as repulsion points (e.g., landfills), discouraging settlement nearby.
Candidate customer positions were then evaluated based on their proximity to attraction and
repulsion points and accepted if they are not too close to repulsion point and close enough
to attraction points.

For each customer 𝑐 ∈ 𝐶 , 𝑁 𝑐 includes all stations located within a 1 km radius from it.
The score 𝑠𝑖𝑐 takes a value equal to 3 if the distance between customer 𝑐 and station 𝑖 ∈ 𝑁 𝑐 is
lower than 250m, 2 if the distance is between 250 and 500m, 1 if the distance is between 500
m and 1 km. The LSP depot and the clients are located in the area, and the delivery cost 𝑐𝑖
to reach station 𝑖 is an increasing stepwise function of the distance between station 𝑖 and the
depot, with a minimum value of 10 and a maximum value of 100. The number of lockers 𝜂
in each rack is set to 10 and the number of racks 𝑚𝑖 that can be installed in a station 𝑖 ranges
between 2 and 5. We assume that the company has an annual budget 𝐵, which is divided into
two parts: 𝐵1 for the installation of the racks and 𝐵2 for the daily delivery operations, referred
to as the daily budget. The total budget is therefore 𝐵 = 𝐵1+365𝐵2, where 𝐵2 is determined as
⌊ 𝛼
365

𝐵⌋ for 𝛼 ∈ {5%, 10%, 15%, 20%}, and 𝐵1 is computed as 𝐵1 = 𝐵−365𝐵2. In our experiments,

we set 𝐵 = 500000, and tested scenarios with 𝑎𝑖 =
1
100

𝐵, and 𝑏𝑖 =
1
50
𝐵 for each station 𝑖 ∈ 𝑁 .

Finally, we computed Pareto-efficient solutions for 𝜖 = 0, 0.05, 0.1, 0.25, 0.5, 0.75, and 1.

2.5.2 Sensitivity Analysis & Managerial Insights
All test instances were solved to optimality. The average solution time was 8.2 seconds,
with a maximum of 299.8 seconds. In the following 𝑓 ∗1 and 𝑓 ∗2 represent the optimal value
of 𝑓1 and 𝑓2 when optimized a first objective function. On the other hand, the notation 𝑓 𝜖1
and 𝑓 𝜖2 represent the Pareto efficient solution when optimizing 𝑓1 (resp. 𝑓2), with the extra
𝜖-constraint on the maximal worsening on the value of 𝑓2 (resp. 𝑓1).

Each boxplot in Figure 2.1 shows the distribution of 𝑓 𝜖1 for different values of the daily
budget and 𝜖. Each boxplot illustrates the variation across instances, with the cross inside
the box denoting the average objective value. The average values of 𝑓 𝜖1 are 60.4, 93.7, 123,
and 150 for 𝛼 equal to 5%, 10%, 15%, and 20%, respectively. The results show that the average
value of 𝑓 𝜖1 increases as the daily budget 𝐵2 grows: this means that allocating a larger portion
of the total budget to daily deliveries yields better rewards than increasing the number of
lockers designated only for pick-ups. It can be observed that the maximization of 𝑓2 has
a limited impact on the optimal value of 𝑓 𝜖1 compared to 𝑓 ∗1 since the average worsening
from 𝜖 = 0% to 𝜖 = 100% is quite small, independently of the value 𝛼 . In particular, with
𝛼 = 5%, the gap between the average values of 𝑓 0%1 and 𝑓 100%1 is minimal and equals 4.1%,
whereas the maximal gap is equal to 10.4% when 𝛼 = 10%. This behavior is explained by the
following aspects: the number of drop-off lockers is always equal to the number of pick-up
lockers (due to the flow conservation constraints), and the larger 𝐵1 the smaller 𝐵2 becomes,
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Figure 2.1: Evolution of 𝑓 𝜖1 for each value of 𝛼 .

leading to an inevitably small number of drop off lockers. Moreover, if the budget 𝐵2 is
too small, the low number of drop-off lockers that can be opened becomes a bottleneck
for the system, reducing the total number of parcels that can be shipped, thus preventing
the increase in 𝑓2. On the other hand, when 𝐵2 is too large, the available budget to install
intermediate lockers becomes a bottleneck; when this value is limited, it is also difficult to
increase the number of pick-up points. This analysis highlights the need for the decision
maker to carefully allocate economic resources among 𝐵1 and 𝐵2. When the budget 𝐵2 is too
low, the capacity to deliver a large number of parcels is limited, making the crowdshipping
system ineffective; however, excessively high values for 𝐵2 reduce the possibility of opening
more pick-up points in the entire area and also reduce the effectiveness of crowdshipping to
contrast pollution and traffic.

Figure 2.2 shows the average percentage of pick-up points out of the total, for different
values of 𝜖. This value is the ratio between 𝑓 𝜖2 and the number of stations in each network.
We observe that for 𝜖 ≥ 25%, the average values are mostly steady, regardless of the allotted
daily budget. All charts show nearly constant average values: allowing for further deteri-
oration in the value of 𝑓1 leads to improvements for 𝑓2 by at most 1.4% in the second chart
where the daily budget is set to 10% of 𝐵. This means that pursuing a widespread crowdship-
ping network is not in contrast with the primary goal of maximizing customer satisfaction.
On the other hand, the maximum gaps between 𝑓 0%2 and 𝑓 ∗2 range from 7.1% when the daily
budget is 5% of 𝐵 to 27% when the daily budget is 20%𝐵.
Since the total flow of parcels through customers is equal to the number of lockers at drop-
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Figure 2.2: Percentage of pick up points for each 𝛼 and 𝜖.

off points, a smaller number of drop-off points results in fewer lockers assigned to pick-up
points, thereby significantly impacting the system’s expansion. For this reason, for 𝛼 = 5%
we found the lowest average values for 𝑓2. Instead, in instances with 𝛼 = 20%, the larger
value of 𝐵2 allows us to open more drop-off lockers, and consequently a larger number of
pick-up lockers. It should be noted that this reasoning also explains the greater variance
observed in the charts, as indicated by the wider boxplots, for higher values of 𝐵2. When the
number of drop-off lockers is sufficiently high, more pick-up stations can be opened.
It is interesting to observe that neither low daily budgets (𝛼 = 5%) nor high daily budgets
(𝛼 = 20%) provide the highest percentage of pick-up points: in fact, the highest percentage
(out of all values of 𝜖) is found for 𝛼 = 15% and equals 38.2%, closely followed by the value
37.9% achieved for 𝛼 = 10%.
Even when the largest part of the total budget 𝐵 is assigned to the locker installations
(𝛼 = 5%), it is useless to open a large number of pick-up points as the number of drop-
off lockers is small, reducing the total number of parcels that flow through the network.
This analysis highlights the importance of properly distributing resources between fixed
and variable costs.

For each value of 𝛼 and 𝜖, Figure 2.3 shows the percentage of stations chosen to install
at least one rack of lockers (represented by triangles), and the number of stations selected
as drop-off points (represented by dots). As expected, the number of drop-off points grows
as the amount dedicated to the daily budget increases. Interestingly, when 𝛼 is fixed, the
percentage of drop-off stations is mostly constant, fluctuating by only 0.8% when 𝛼 = 5%,



CHAPTER 2. LOCKER SELECTION PROBLEMS FOR PUBLIC TRANSPORT-BASED
CROWDSHIPPING 18

Figure 2.3: Percentages of stations hosting lockers and stations chosen as drop-off points for
each value of 𝛼 and 𝜖.

and up to 1.5% when 𝛼 = 20%.
Regarding the total number of stations selected to host at least one locker rack, we observe
that this value is minimized when 𝛼 = 20%. Although a higher number of drop-off points is
required to deliver more parcels, the remaining budget for purchasing and installing lockers
is lower compared to the other scenarios.

𝛼 𝐵1 consumption 𝐵2 consumption

Mean Min Max Mean Min Max

5% 88.3% 86.6% 89.1% 97.5% 97.5% 97.6%
10% 96.4% 94.4% 97.3% 97.3% 97.2% 97.4%
15% 97.7% 95.2% 98.7% 97.9% 97.9% 98.0%
20% 97.9% 96.0% 98.7% 98.6% 98.6% 98.6%

Table 2.1: Consumption of budgets 𝐵1 and 𝐵2.

Table 2.1 shows, for each value of 𝛼 , the average consumption of budgets 𝐵1 and 𝐵2 across
all values of 𝜖. The columns Mean, Min, and Max show the mean, minimum, and maximum
consumption average for each budget. 𝐵2 consumption never falls below 97% and is almost
constant. This behavior aligns with the trend in the number of drop-off points shown in
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Fig. 2.3, emphasizing their strong correlation. In addition, the almost complete consumption
of 𝐵2 confirms the intuition that optimal solutions aim to open as many drop-off points as
possible. Moreover, as the percentage of the total budget allocated to 𝐵1 decreases, its con-
sumption increases, due to two distinct phenomena. Higher values of 𝐵2 lead to lower 𝐵1
values (owing to the relation with 𝐵), increasing consumption percentages even when the
actual paid amount of 𝐵1 does not change much. In addition, higher daily budgets enable
more drop-off points, which require additional pick-up points and intermediate lockers, as
the number of lockers for pick-ups equals those for drop-offs due to flow conservation con-
straints. Combining these two observations, it is possible to understand why less than 90% of
𝐵1 is used when 𝛼 = 5%, whereas when 𝛼 = 20% the consumption of 𝐵2 is at least 96%. This
also explains the smaller number of stations selected when the daily budget is set to 5%𝐵 or
20%𝐵, as shown in Fig. 2.3. In the first case, the limited number of drop-off points restricts
the network’s throughput, thus limiting the number of required pick-up points. In the other
case, the high value of 𝐵2 reduces the available 𝐵1 for activating pick-up points, although
the system could benefit from additional lockers (note that for 𝛼 = 20%, 𝐵1 consumption is
nearly complete).
Overall, this analysis highlights the need for a careful allocation of the total budget among
fixed and variable costs. In fact, if too large a percentage of 𝐵 is allocated to 𝐵1 or 𝐵2, our
simulations show that various types of bottlenecks can occur, negatively impacting the per-
formance of the crowdshipping system.

Figure 2.4: Example of a Pareto Frontier

Figure 2.4 shows the example of a Pareto frontier of a benchmark instance, under the
change of the value 𝛼 . The line represents the frontier, whereas the dots represent the dis-
tinct solutions. These frontier, identified using Algorithm 2.1, have same general evolution,
and they all display the same concave shape common to a Pareto frontier of a max-max
bi-objective problem. On the left hand side of the line, it is possible to observe the uncon-
strained optimal value of 𝑓2 that generates a quite poor quality value of 𝑓1. At the other end,
one can observe the unconstrained optimal value of 𝑓1 with a quite poor value of 𝑓2. The
intermediate points find a balance between the two objective function. The algorithm was
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configured with 𝜖 = 0.01 and 𝛿 = 0.01, resulting in a total 128 different problems solved for
each instance. The algorithm found 7, 8, 7, and 6 distinct solutions for 𝛼 = 5%, 10%, 15%, and
20% respectively.

Figure 2.5: Value of the weighted sum 𝑧∗ = 𝜆𝑓1 + (1 − 𝜆)𝑓2 for the frontier in Figure 2.4

In Figure 2.5 we present the value of weighted sum obtained by Algorithm 2.1 while
identifying the frontier of Figure 2.4. Since the values of 𝑓1 and 𝑓2 are on quite different
orders of magnitude, the 𝑦-axis, representing 𝑧∗, is on a logarithmic scale. As expected, as
𝜆 grows, so does 𝑧∗ since the impact of 𝑓1 becomes more and more relevant. Moreover it is
possible to notice a clear change of the gradient around 𝜆 = 0.25. This is connected to the
change in gradient that is possible to observe in Figure 2.4. The latter is connected to the
behavior analyzed in Figure 2.2, where we observed that large 𝑓1 values are connected with
relatively good value of 𝑓2.

2.6 Cycles in CCNDP-RC solutions

In Figure 2.6 we present the optimal solution of a benchmark instance obtained without
Constraints (2.9). Such a solution presents virtual flow between nodes 7 and 8, with their
cycle highlighted in red.

Virtual flow can present itself whenever Constraints (2.8) provide a loose upper bound on
the flow leaving a node 𝑖. Whenever the input flow in a node is less than the actual available
capacity 𝜂𝑚𝑖𝑟𝑖, then Constraint (2.8) does not prohibit the generation of extra units of flow.
Until the flow respects the conservation Constraints (2.4), for the solver it is possible to create
virtual flow that circulates among the nodes without any changes the optimal solution. It is a
simple case of multiple optimal solutions. Moreover, if budget constraints (2.12) is also loose,
then it is also possible for the solver to increse the value of 𝑟𝑖, loosening further constraints
(2.8), allowing for extra virtual flow.

Notice that minimizing the value ∑𝑖∈𝑁 𝑎𝑖𝑧𝑖 +∑𝑖∈𝑁 𝑏𝑖𝑟𝑖, without allowing any worsening
to 𝑓1 and 𝑓2, only partially addresses this issue. Even if such action will reduce the value 𝑟𝑖 to
the bare minimum, it will only partially tighten the right-hand side of (2.8). Take as example
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Figure 2.6: Example of a solution without Constraints (2.9).

the solution in Figure 2.6. In there, the minimal value of 𝑟7 is 1. Therefore, the gap between
the real outgoing flow and the actual capacity is 8, thus leaving some free space that can be
filled with virtual flow.

Another corrective action could be to penalize the flow in the objective function. How-
ever, such a correction introduces a new set of issues to the optimization. Indeed, adding a
penality will not only change the objective function value, but might potentially change the
optimal solution as well. Take into account 𝑓2. This objective function counts the number of
nodes that send flow directly to 𝑡 . It is easy to imagine, fact also confirmed by Figure 2.6, that
many of these nodes provide more than one unit of flow to 𝑡 . Therefore, their number is, in
general, smaller than the total flow in the network. In such cases penalized 𝑓2 takes negative
values if there is flow, while it takes value 0 if there is no flow. It is evident that without this
penalty the solution will take that not only is larger than zero, but its flow will be larger than
0. With a similar line of reasoning, it is possible to observe that a similar behavior is possible
also when penalizing 𝑓1. Therefore, such penalization would require a correct weigthing a
the penalization coefficent, which consists in an optimization problem of its own.

Last but not least, taking into account that any flow not originating from 𝑠 and not target-
ing 𝑡 will not alter neither of 𝑓1 nor 𝑓2, and that a flow network is an acyclic directed graph,
imposing a partial order to the nodes cannot change the value of the objective function and
cannot change the optimal network layout. Therefore, including (2.9) cannot worsen the
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objective solution, but it will actively remove any cycle in the optimal network.

2.7 Conclusions

This chapter has addressed the strategical decision of designing and dimensioning a commuter-
based crowdshipping system integrated into the public transport infrastructure of ametropoli-
tan area. A mixed-integer linear programming (MILP) model was developed to select the
location and capacity of lockers at transport stations, with two concurrent objectives that
maximized customer satisfaction and the extension of the distribution network. The pro-
posed formulation has proven to be an effective tool for decision support, enabling logistics
service providers to assess both the feasibility and the expected benefits of implementing a
commuter-based crowdshipping network under a variety of conditions. The computational
study has shown that the model can provide detailed insights into the allocation of financial
resources between fixed installation costs and recurring operational expenses. By explicitly
representing the trade-off between service quality and network coverage, the analysis offers
valuable guidance for strategic decisions concerning investments in sustainable last-mile de-
livery systems.
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Summary In this chapter, we introduce a novel last-mile delivery paradigm that employs
commuters traveling on public transportation (PT) networks, to transfer parcels between
parcel lockers installed in the stations. At the beginning of each delivery period, parcels are
transported by a logistics service provider (LSP) to selected stations and assigned to com-
muters willing to act as crowdshippers. These commuters carry parcels along their regular
journeys through the public transport network without deviating from their planned routes.
A backup service ensures the final delivery of parcels that cannot be completed via crowd-
shipping. We call this problem the Public Transportation-based Crowdshipping Problem
(PTCP), whose goal is defined as the task of determining the optimal schedule and routing
of parcels, with the objective of minimizing total delivery costs.

We propose a compactMixed-Integer Linear Programming (MILP) formulation, strength-
enedwith valid inequalities, to represent the PTCP. To solve large-scale instances that cannot
be handled efficiently by commercial MILP solvers, we design an Adaptive Large Neighbor-
hood Search (ALNS) metaheuristic. Computational experiments conducted on an extensive
set of problem instances confirm the effectiveness of the proposed heuristic compared with
exact optimization. Furthermore, sensitivity analyses highlight the significant influence of
crowdshipping and backup delivery costs on the overall efficiency of the system.

3.1 Introduction

In the past ten years, e-commerce and on-demand services have experienced significant
growth. Industrial reports, like Chevalier (2024), foresee these services to grow further over
the next few years. This rise has placed an ever-increasing strain on urban centers and has
resulted in last-mile logistics becoming a significant contributor to urban issues such as pol-
lution, noise, accidents, and congestion, as discussed by Demir et al. (2015); Savelsbergh and
Van Woensel (2016); Manerba et al. (2018b). Moreover, last-mile delivery accounts for more
than a quarter of the overall delivery cost, making it a major expense for logistics companies
and retailers alike (Ranieri et al., 2018; Côté et al., 2024b). Therefore, innovative paradigms,
that are both economically feasible and sustainable, to tackle last-mile delivery are in need
(Mansini et al., 2024). In the last decades, several solutions have been proposed to address
these issues (Boysen et al., 2021). Among these alternatives, many contributions focus on
drones and autonomous robots as new technologies available for widespread delivery (Boy-
sen et al., 2018; Gajda et al., 2024). In this chapter, we investigate a crowdshipping model
based on public transportation (PT), a novel delivery paradigm in which regular commuters
are involved in the delivery process. We focus on urban settings equipped with automated
parcel lockers (APLs) strategically placed at selected stations of public transport systems,
such as subways, buses, and trams. The proposed framework is designed for urban and sub-
urban logistics networks with dense APL deployment and high commuter availability, mak-
ing same-day delivery feasible. It is particularly suitable for e-commerce platforms, postal
services, and logistics providers aiming to consolidate deliveries at APLs instead of distribut-
ing parcels to individual households.

PT commuters register on a digital platform, indicating their availability in terms of days,
times, and travel routes. A matching system assigns parcels to available crowdshippers in
accordance with their regular journeys. Each parcel is associated with both an origin sta-
tion and one or more feasible destination stations. The logistics service provider (LSP), re-
sponsible for traditional home delivery, specifies the stations through which each parcel
can enter the PT network, while the recipient identifies a set of preferred pick-up stations
within a reasonable distance from home. Parcels are then transported by crowdshippers
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along their routine commuting paths, either directly to the recipient’s selected destination
station or through intermediate transfer points such as exchange stations, where parcels
may be passed between different commuters. Since crowdshippers cannot deviate from their
planned routes, some deliveries require multiple transfers before the parcel reaches its final
destination station. The PT-based crowdshipping framework therefore enables LSPs to avoid
distribution within dense city centers by directing parcels to APLs at peripheral stations, re-
ducing congestion and environmental impact in urban cores. The system is designed for
small and medium-sized parcels, such as typical e-commerce goods weighting a few kilo-
grams, while excluding perishable or fragile products. Parcels allocated to crowdshipping
are pre-qualified by the LSP to comply with size, weight, and volume requirements, ensur-
ing compatibility with the slots of standard APLs.

Each service day, early in the morning and before peak commuter hours, the LSP de-
termines the optimal starting station for each parcel. Parcels are transported by truck and
delivered to selected APLs within the PT network, ensuring they are ready for pick up when
crowdshippers arrive. A pool of crowdshippers, with known travel routes and journey tim-
ings, is available to handle the delivery of each parcel between its source and destination
station. Deliveries must be completed within the same operational day, aligning with urban
logistics practices, without strict time windows. Once a parcel reaches its destination APL,
the last-mile process is considered complete, as the destination APL serves as the customer’s
designated endpoint. By treating the destination APL as the terminal node in the deliv-
ery chain, we align with urban logistics trends where customers opt for self-service pick-up
points, thereby reducing failed deliveries and improving flexibility.

In this chapter, we analyze a new problem to optimize parcel delivery through a PT
network. We jointly optimize two main segments: from the LSP’s central warehouse to the
APL at the source station, and from there to the destination APL, intentionally decoupling
it from the retrieval phase between the destination APL and the final customer (recipient).
The problem looks for:

(i) the selection of a starting station (source station) for each parcel. Each source is selected
from a subset of stations identified by the LSP and will receive its parcels directly from
the central warehouse by the LSP truck.

(ii) the selection of the final station (destination station) for each parcel. Each destination is
selected from a subset of stations specified by the customer following their preferences.

(iii) the assignment of parcels to crowdshippers, together with their routing and schedul-
ing across the PT network, subject to APL capacity constraints at each station. Since
crowdshippers must follow their regular commuting paths without deviations, the for-
mulation also accounts for the possibility that a parcel undergoes multiple transfers
and temporary storage at intermediate stations before reaching its final destination.

Suitable parcels that cannot be included in daily planning due to capacity constraints or
other limitations are delivered via a backup service arranged by the LSP. This ensures that
all parcels reach their destination at the end of the day. The problem aims to minimize the
total cost, which includes the remuneration of crowdshippers, the cost of transferring parcels
from the warehouse to the source stations, the cost of parcel handling at the stations, and
the backup cost for undelivered parcels.

From an economic standpoint, the advantages of such a delivery paradigm are evident.
Crowdshippers receive a fixed travel credit in their customer accounts, which can be re-
deemed for discounted or subsidized travel with the LSP. On the other hand, through crowd-
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shipping, LSPs can optimize delivery routes and vehicle capacity, thereby reducing opera-
tional costs such as fuel and labor. Additionally, this system supports an eco-friendly ap-
proach: recipients contribute by opting for crowdshipping rather than requesting door-to-
door delivery.

In this chapter, we provide the following contributions:

• Although the issue of crowdshipping in urban PT networks is a known paradigm in
the literature (Filippi and Plebani, 2021; Boysen et al., 2021; Wyrowski et al., 2024), We
propose a new problem in relation to the state of the art. First, unlike other formu-
lations, PTCP explicitly allows crowdshippers to transfer parcels to any subsequent
station on their journey. This feature is integrated into a multi-step routing system,
where a parcel can be delivered by more than one crowdshipper if necessary and eco-
nomically feasible. Second, the problem evaluates the overall cost-effectiveness of the
backup service with respect to the use of crowdshippers. In some cases, relying on the
backup service may be preferable if transferring the parcel through multiple crowd-
shippers results in higher costs. Although none of these features is novel on its own,
to the best of our knowledge, this is the first time they have been integrated into a
single problem.

• We develop a mixed-integer linear programming (MILP) formulation for the PTCP.
Our model minimizes overall costs by deciding the source and destination stations
for each parcel, assigning parcels to crowdshippers, and routing them through the PT
network while guaranteeing the less expensive option between using crowdshippers
or the backup service.

• We strengthen the proposed mathematical formulation by introducing several valid
inequalities. We compare their impact when all are included from scratch versus when
they are dynamically separated during the solution process.

• We develop an Adaptive Large Neighborhood Search (ALNS) metaheuristic algorithm
with two destroy and four repair operators that can efficiently handle large-scale in-
stances derived from different PT networks and commuter traffic flows.

• We generate a comprehensive set of problem instances reflecting different PT system
structures to assess the applicability of our model and the performance of our solution
approaches across various scenarios.

• We provide relevant managerial insights for operators in the logistics sector. In par-
ticular, our sensitivity analysis results indicate that several factors are crucial for the
success of a PT-based crowdshipping system. Specifically, these systems are highly
influenced by cost structure, crowdshipper availability, and system scale. Effective
implementation requires a careful balance among these factors, maintaining a large
crowdshipper network while optimizing the backup delivery system to ensure relia-
bility.

• Although the proposed model is deterministic, we analyze the impact of potential de-
lays and disruptions on travel times, which may affect parcel pick-up schedules and
render some delivery plans infeasible. Specifically, we perform a sensitivity analysis
to assess how delays along a transit line influence the final solution.
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3.2 Literature Review

Transportation research has extensively examined the critical role of last-mile delivery in
the movement of goods. This final leg of the delivery process has traditionally relied on
delivery vans, yet it remains the most inefficient and expensive component, accounting for
over 40% of total supply chain costs in the United States (Joerss et al., 2016). The rapid
growth of e-commerce, coupled with increasing customer expectations for faster and more
flexible deliveries, has intensified pressure on last-mile logistics systems (Boysen et al., 2021).
Contemporary challenges include high delivery costs, restricted delivery time windows, and
a proliferation of delivery vehicles on urban roads, contributing to congestion, emissions,
noise pollution, and increased accident risks (Department of Transportation, 2019).

The need for innovative last-mile delivery solutions has led researchers to rethink tra-
ditional paradigms, exploring approaches like crowdshipping, which leverages commuter
mobility for parcel delivery. Recent studies propose a conceptual framework to integrate an
urban parcel delivery system with public transport by using a crowdshipping system Zhang
and Cheah (2025); Zingler and Vidyarthi (2025). In parallel, urbanization and sustainability
challenges have driven interest in underground freight transportation (UFT) to reduce con-
gestion and improve efficiency. Powell et al. (2024) propose UFT with electric autonomous
vehicles in tunnels, modeling it as a fixed-charge multicommodity flow problem. Their study
shows that a 45-mile network in Chicago could divert 42% of packages from roads and reduce
costs by 40%. Zhang et al. (2022a) analyze 222 studies on underground logistics, focusing on
metro-based networks. Their review identifies key research areas like system planning, ve-
hicle design, and operations, while noting a gap between theory and practice, echoing Powell
et al. (2024) on the need for government support.

Integrating freight movement with existing PT assets is another promising strategy.
Freight on transit (FoT) systems aim to utilize the surplus capacity on buses, trams, or even
metro vehicles to transport cargo. In the context of FoT, Elbert and Rentschler (2022) dis-
cuss various operational models and optimization techniques for sharing vehicles and in-
frastructure between passenger and freight services. This review describes the evolution
of FoT models, from small pilot projects (e.g., off-peak metro deliveries) to more compre-
hensive mathematical frameworks that account for emissions, congestion, and stochastic
demand. While mixed-integer programming is able to optimize shared vehicle routing, chal-
lenges like passenger resistance and scheduling conflicts require adaptive pricing models
that can adjust to changing conditions. Further exploring this integration concept, Derse
and Van Woensel (2024) present a conceptual framework for integrated people-and-freight
transportation, combining multiple approaches at the strategic, tactical, and operational lev-
els. This study highlights the socio-economic benefits of such a system, including reductions
in urban traffic density by 18–24%, while identifying policy gaps and passenger dissatisfac-
tion as key barriers to adoption. These findings underscore the need for data-driven public-
private partnerships to address conflicting interests.

Modular vehicle routing studies have explored the consolidation of passenger and freight
demand into a single vehicle platoon. In this context, Hatzenbühler et al. (2023) demon-
strates how combining passenger and freight demand can result in 48% cost savings through
the Modular Multipurpose Pick-up and Delivery Problem framework. A case study in Stock-
holm confirms a 60% reduction in empty vehicle kilometers, with demand consolidation con-
tributing an additional 9% efficiency gain. Despite challenges like limited depot space and
regulations, the study supports the idea that transit and logistics operators should collabo-
rate, especially through adaptive pricing and infrastructure adjustments.
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Within this evolving landscape of infrastructural and technological innovations, crowd-
shipping emerges as a promising paradigm that addresses many last-mile challenges through
a fundamentally different approach. Unlike traditional solutions, crowdshipping, also known
as crowd logistics, leverages the existing mobility patterns of individual commuters to fa-
cilitate parcel delivery. The operational framework of crowdshipping generally manifests
mainly through two different models. The first approach involves occasional drivers who
integrate parcel deliveries into their personal vehicle commutes, accepting minor detours to
transport goods. These drivers utilize spare cargo space in private vehicles, adapting their
routine travel patterns to additionally accommodate the delivery they are assigned. The sec-
ond model, and the primary focus of this analysis, exploits the potential of PT systems. Here,
commuters using trains, buses, or metros voluntarily participate as couriers, transporting
parcels between stations based on their commute. Crowdshipping represents a shift toward
more flexible, adaptive logistics systems that can potentially reduce both costs and environ-
mental impacts by utilizing excess capacity in existing PT networks. This model aligns with
the broader principles of the sharing economy while tackling key last-mile delivery chal-
lenges. As Carbone et al. (2017) highlight, crowdshipping presents notable advantages over
traditional delivery models, particularly in urban density, delivery flexibility, and sustain-
ability performance.

Research on occasional drivers includes several studies. In Archetti et al. (2016), the
authors introduce the Vehicle Routing Problem with Occasional Drivers (VRPOD), which
involves both regular vehicles and non-professional delivery couriers, and results in cost
savings and efficiency improvements. In this work, occasional drivers are required to de-
viate from their usual routes to deliver packages in exchange for a small financial reward.
The authors propose a multi-start matheuristic that integrates both metaheuristic and exact
optimization strategies. The approach starts by generating diverse initial solutions using a
sequential greedy insertion algorithm, alongside integer programming to assign customers
to either regular or occasional drivers based on criteria such as distance, demand, and cost.
An internal tabu search is then applied, using moves like 1-move, swap-move, in-move, and
out-move, to iteratively improve the solution while avoiding cycling due to temporary tabu
restrictions. The study explores various compensation methods for occasional drivers and
demonstrates that this crowdsourced delivery system can lead to more cost-efficient solu-
tions. More specifically, significant cost savings can be achieved when a large number of
flexible occasional drivers are available for deliveries. Building on this, Arslan et al. (2019)
extend the analysis by considering a dynamic version of the problem, where an online crowd-
sourcing platform continuously receives new delivery tasks and driver trip announcements
over time. A rolling horizon framework is developed to reoptimize the system whenever
new information becomes available. In addition, their heuristic accelerates the routing sub-
problem by pruning infeasible routes early and storing only a limited number of the most
promising candidate routes, particularly under strict route duration constraints for backup
vehicles. This approach reduces computational complexity without compromising solution
quality. Results indicate that employing occasional drivers can significantly enhance cost-
efficiency in last-mile delivery operations, potentially achieving system-wide vehicle-mile
savings of up to 37% compared to conventional delivery systems relying solely on dedicated
vehicles. Dayarian and Savelsbergh (2020) analyze a dynamic setting that accounts for un-
certainty in both future demand (online orders) and delivery capacity (owned and crowd-
sourced). A specific constraint imposes that the delivery of an order must occur within a
fixed time window after the order is placed. The authors developed two variants (static
and dynamic) of a fast algorithm capable of making real-time decisions based on incoming
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demand and delivery capacity. In contrast, Di Puglia Pugliese et al. (2023) introduce the VR-
PODwith TimeWindows (VRPODTW), considering uncertain travel times and penalties for
missed deliveries. The problem is formulated using a chance-constrained stochastic model
to develop a distribution plan that minimizes the total costs, including routing expenses for
regular drivers, compensation for occasional drivers, and penalties for violating customer
time windows. Additionally, the authors propose a robust model and apply two decompo-
sition techniques: Benders decomposition and column-and-row generation, leveraging the
problem’s two-stage nature. In Archetti et al. (2021b), the online VRPOD is studied, where
a company’s fleet is supplemented by occasional drivers available within specific time win-
dows. The research focuses on addressing dynamic customer requests, assuming a prior
knowledge of crowdshippers’ availability. The objective function aims to minimize overall
distribution costs and incorporates a penalty function for time window violations. Unlike
previous studies, such as Archetti et al. (2016) and Dayarian and Savelsbergh (2020), the occa-
sional drivers can handle multiple deliveries during their assigned routes. Despite concerns
about the negative impacts of delivery vans in urban areas, most research on crowdshipping
systems has largely focused on operational challenges and cost efficiency. Although these
studies have optimized logistics processes, they have not addressed the impact of additional
vehicles and their detours on urban traffic, congestion, and pollution. Thus, a research gap
remains, focusing on strategies that enhance cost-effectiveness while mitigating environ-
mental concerns in crowdshipping systems.

Gatta et al. (2018) highlight the environmental and economic impacts, revealing potential
reductions in particulate matter and greenhouse gas emissions through a PT-based crowd-
shipping system integrated with APLs. Results indicate significant environmental benefits,
such as an average annual reduction of 239 kg in particulate matter emissions. Gatta et al.
(2019b) identify key factors influencing crowdshipping, highlighting that in-station APLs are
preferred over external ones, even more than monetary incentives. The authors also empha-
size the importance of delivery scheduling flexibility for consumers and the reluctance of
crowdshippers to significantly alter their commuting routes. Similarly, Filippi and Plebani
(2021) analyze a metro-based crowdshipping service in Brescia, Italy, finding that young and
retired metro users are willing to participate without monetary incentives. The authors as-
sess the economic impact of combiningmetro-based crowdshippingwith traditional delivery,
using a MILP model. The results show that this integration could reduce delivery costs by
up to 66% and vehicle miles traveled by 17% compared to standard van deliveries. Fessler
et al. (2022) find that younger individuals, students, and employed people are most willing
to carry parcels on PT in Copenhagen. Higher compensation increases participation, while
larger parcels decrease willingness.

The concept of PT-based crowdshipping is closely linked to the successful implementa-
tion of APLs and their location (Gatta et al., 2019b). The adoption of APLs provides a con-
venient delivery method, with growing popularity worldwide (Zurel et al., 2018). Seghezzi
et al. (2022) analyze the cost benefits of APLs. An analytical model compares the cost of
home delivery and delivery through APLs. Results show that APLs can significantly reduce
delivery costs by 60% averaging 1.2 € per parcel versus 2.9 € for home delivery. Vakulenko
et al. (2018) highlight that the most important factor for customers is the location of APLs,
preferring those close to their destination or on their way to work/home. Balancing this
customer-centric approach with environmental concerns, Bonomi et al. (2022c) explore the
strategic positioning of APLs. This study shows that while the placement of APLs is crucial,
the eco-conscious behavior of consumers has the highest impact on reducing emissions. This
outcome depends on two key parameters: the maximum distance individuals are willing to
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travel to reach a locker and that they are willing to cover by foot or bicycle. Zurel et al. (2018)
analyze implications of APLs on logistics and postal systems. The authors unveil APLs’ cost
efficiency and sustainability benefits by comparing the integration of these systems across
different countries and focusing on regulatory considerations accompanying the widespread
adoption of APLs.

Relevant research on the operational challenges of PT-based crowdshipping has emerged
in recent years, and it is within this specific area of study that our project is situated. Within
the context of Singapore’s PT system, Zhang et al. (2022b) assess the viability and benefits
of the PT-based crowdshipping delivery method. Focusing on the congested urban envi-
ronment of Singapore, the authors assess the feasibility and impact of crowdshipping on
e-commerce logistics. A parcel allocation problem is introduced to match parcels with suit-
able public bus journeys, but no mathematical formulation is provided. When an insufficient
number of crowdshippers are available, traditional delivery vans are used to complete the
deliveries. A simple heuristic algorithm is proposed to solve the problem. The findings re-
veal that crowdshipping can significantly reduce kilometers traveled and air emissions by
up to 17%, while the delivery cost per parcel improves by up to 29%, even when limited to
off-peak hours. Kızıl and Yıldız (2023) propose a slightly different variant of the problem
discussed by Zhang et al. (2022b). The main idea is to place APLs in PT stations and other
strategically located spots around the city, known as satellites. In this framework, crowd-
shippers are employed to transfer parcels from the satellites to the PT stations, while the
transfers between PT stations are handled by the PT vehicles (i.e., trains) independently of
the crowdshippers. If no crowdshipper is available, a backup transfer vehicle is used instead.
The authors formulate a two-stage stochastic problem that accounts for uncertainties in de-
mand and crowdshipper capacity. To efficiently solve realistic instances of the problem, they
propose a Branch-and-Price algorithm enhanced with a new branching rule. This approach
can achieve up to an 84.4% reduction in run time, with an average reduction of 61.5% across
all problem instances, compared to the standard Branch-and-Price implementation. Differ-
ent scenarios involving 10 to 80 crowdshippers and 149 network nodes are considered (39
PT connection locations and 110 satellites outside the PT system). The best algorithm can
optimally solve the instance with 80 crowdshippers in 7,356 seconds (approx. 123 minutes).
Mohri et al. (2025) propose a crowdshipping system where parcels are either allocated to
crowshippers, with an expected cost related to the probability for the job not being accepted
by any commuter, or to a backup service. In this system a parcel assigned to crowdshippers
is delivered by exactly one person, without any transshipments.

A more complete analysis of the PT-based crowdshipping paradigm is provided by Wy-
rowski et al. (2024). The authors examine a problem where metro users can transfer parcels
between stations. They provide a mathematical formulation for the problem and indepen-
dently test five different objective functions: the maximization of (i) the profit (difference
between the income for the delivered parcels and the crowdshipper remuneration cost); (ii)
the number of delivered parcels; and (iii) the crowdshipper involvement; the minimization
of (iv) the total number of entrainments (joint travel of a crowdshipper and a parcel from
one station to another) and (v) the maximum length of entrainment sequences. Unlike the
present work, their framework does not consider the first leg of delivery, which involves
transshipment of parcels from the warehouse to the starting stations, nor a backup system
for parcels that remain unserved by the crowdshippers. We account for both such aspects
dealing with the selection of a starting station for each parcel and the assignment of parcels
to crowdshippers depending on the initial cost of the logistics service provider to deliver the
parcel, as well as the backup cost. Additionally, in the formulation byWyrowski et al. (2024),
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a crowdshipper can only transfer a parcel from their current location to the immediate next
location on their path. This simplification restricts the set of feasible paths for parcels. In
our formulation, we explicitly consider the possibility of a crowdshipper delivering a par-
cel not only to the next station on their route but to any subsequent station being the final
destination or any exchange station. This assumption leads us to introduce a discrete time
setting instead of the continuous one used in (Wyrowski et al., 2024). Wyrowski et al. (2024)
propose a decomposition heuristic to solve the problem, which involves generating numer-
ous parcel paths and selecting the best subset using a MILP model. The authors recognize
that their heuristic is generally outperformed by the pure solver approach and is only a vi-
able option when the number of crowdshippers exceeds twice the number of parcels to be
delivered. Although their work introduces a first attempt to tackle the complex PT-based
crowdshipping problem by focusing on parcel movement through the PT stations, it does
not fully address the integrated parcel delivery system. In Table 3.1, we summarize the main
differences between the study in (Wyrowski et al., 2024) and the present work.

Table 3.1: Comparison between the study in Wyrowski et al. (2024) and the present one.

(Wyrowski et al., 2024) This Chapter
Backup cost ✓

Loading and delivery costs ✓
Multiple crowdshippers ✓ ✓

Valid inequalities ✓ ✓
Delivery time windows ✓

Different objective functions ✓
Selection of the starting station ✓

Selection of the destination station ✓
Explicit time synchronization ✓

Time management Continuous Discrete
Main objective function Profit maximization Cost minimization

Parcel transfer Subsequent station Any exchange station
Heuristic framework MILP decomposition ALNS

Maximal number of parcels 100 250
Maximal number of crowdshippers 300 300

Maximal number of stations 147 44

While recent literature on crowdshipping delivery systems has been expanding and ad-
dressing various issues, this work introduces a newMILP formulation for the global PT-based
crowdshipping delivery problem. Our approach manages synchronization between crowd-
shippers coordinated to transport the same parcel, while minimizing the overall system cost.

In this work, we develop an efficient ALNS (Ropke and Pisinger, 2006) metaheuristic to
deal with real-size instances of the problem. ALNS-based metaheuristics, as highlighted in a
recent survey by Windras Mara et al. (2022), have proven to be very effective and adaptable
for various combinatorial optimization problems, especially in vehicle routing. The survey
highlights the algorithm’s ability to handle tightly constrained problems, shown by its suc-
cessful use in several two-echelon VRPs (Grangier et al., 2016; Hemmelmayr et al., 2012; Jie
et al., 2019) and large-scale crowdsourcing routing problems in the food delivery industry
with large vehicle networks (Liu et al., 2019), among others.
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3.3 Problem Definition and Notation

We define the parcel delivery system over a public transport (PT) network consisting of a
set 𝐿 = {1, … , 𝑙max} of 𝑙max transportation lines and a set 𝑁̄ of network stations equipped
with APLs with capacity 𝐶𝑖, representing the number of parcels that can be stored at station
𝑖 ∈ 𝑁̄ . Each transportation line 𝑙 ∈ 𝐿 serves a subset of network stations 𝑁̄𝑙 ⊆ 𝑁̄ . We
denote as ̄𝑆 ⊂ 𝑁̄ the set of source stations, indicating the subset of network stations where
parcels can enter the network. Which of these stations are actually used as entry points
depends on the specific delivery plan and the LSP’s scheduled stops. Similarly, the subset
𝐷̄ ⊂ 𝑁̄ defines the set of destination stations, where recipients can collect parcels, with the
understanding that the final selection of these stations will depend on the choices made by
the final recipients. We assume ̄𝑆 ∩ 𝐷̄ = ∅. This is not a restrictive assumption: if a station
is both a source and a destination, the parcel is directly delivered by the truck during its
stop, making crowdshipping unnecessary. Some stations serve as exchange stations, enabling
passengers and, consequently, parcels to switch between different transportation lines. A
station 𝑖 ∈ 𝑁̄ is an exchange station if there exists a set 𝐿𝑖 ⊆ 𝐿 such that |𝐿𝑖| ≥ 2 and
∩𝑙∈𝐿𝑖𝑁̄𝑙 ≠ ∅. Note that the set of network stations 𝑁̄ ∖ ( ̄𝑆 ∪ 𝐷̄) includes all exchange stations
that are not part of ̄𝑆 or 𝐷̄, as well as additional network stations (not necessarily exchange
stations) that serve as entry or exit points for crowdshippers. Each station 𝑖 ∈ ̄𝑆 has two
associated cost coefficients: an activation cost 𝜈𝑖 if the LSP selects the source station as entry
point, and a cost 𝜎𝑖 proportional to the number of parcels loaded by the LSP at that station.

A set 𝐾 of crowdshippers operates within the PT network. We assume that crowdship-
pers follow the shortest path (in terms of travel time) between their entry and exit stations
without deviating from their planned route. The sequence of network stations traversed by
a crowdshipper 𝑘, where parcels can be picked up or delivered, is denoted as𝑁𝑘 ⊂ 𝑁̄ for each
𝑘 ∈ 𝐾 . A crowdshipper can transport parcels only if their route meets specific conditions:
they must either pick up a parcel at their entry station, which must be a network station, or
their route must pass through at least one exchange station. If the crowdshipper picks up
the parcel at an exchange station, it must be delivered either to the crowdshipper exit station
or another exchange station. We indicate as 𝐾𝑖𝑗 ⊆ 𝐾 the subset of crowdshippers who can
transfer a parcel from station 𝑖 to station 𝑗, being two stations of their planned route. Each
crowdshipper 𝑘 ∈ 𝐾 receives a fixed remuneration 𝜌 > 0 for their service. To explicitly
prevent professionalization, our system employs non-monetary and distance-independent
incentives: crowdshippers earn rewards exclusively as public transit fare credits (e.g., dis-
counted or free tickets), avoiding cash exchanges. This ensures that participation remains
casual and aligns with existing mobility patterns of the commuters, rather than encouraging
full-time roles.

To formalize the problem, we introduce three key graph representations that progres-
sively refine the structure of the initial PT network:

• Transfer Graph: We first construct a transfer graph ̄𝐺 = (𝑁̄ , 𝐴̄), which models the
real PT network by considering only the network stations equipped with APLs. We
define as 𝐴̄𝑙 = {(𝑖, 𝑗)|𝑖, 𝑗 ∈ 𝑁̄𝑙}, the set of arcs representing all possible parcel transfers
on the line 𝑙 and 𝐴̄ = ⋃𝑙∈𝐿 𝐴̄𝑙 all possible transfers on the PT network. Each arc
(𝑖, 𝑗) ∈ 𝐴̄ corresponds to the shortest path between network stations 𝑖 and 𝑗 in the real
network.
In Figure 3.1(a), we show an example of a small PT network consisting of three trans-
portation lines (blue, red, and green) and 11 stations, where the nodes drawn as squares
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represent network stations equipped with APLs, whereas nodes represented as circles
are stations without lockers. Arcs with the same color and pattern belong to the same
PT line. Note that when referring to a transportation line, we consider both direc-
tions of travel, which typically operate on two separate tracks. Stations 2 and 3 are
the exchange stations where lines blue and red and lines blue and green intersect, re-
spectively. The corresponding transfer graph (represented in Figure 3.1b) is obtained
by excluding the stations without lockers and constructing all possible connections
between the network stations belonging to each line.
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Figure 3.1: Example of a real network and its associated transfer graph.

• Crowdshipper Delivery Graph: Given the transfer graph, each crowdshipper 𝑘 ∈ 𝐾
operates on a delivery graph 𝐺𝑘 = (𝑁𝑘 , 𝐴𝑘), where 𝑁𝑘 ⊂ 𝑁̄ consists of the network
stations that the crowdshipper can interact with, meaning the stations from which
parcels can be picked up or delivered without deviating from the planned route. The
set 𝐴𝑘 = {(𝑖, 𝑗) ∈ 𝐴̄ ∣ 𝑖, 𝑗 ∈ 𝑁𝑘} represents the set of feasible parcel transfers for that
crowdshipper.
In the left part of Figure 3.2, we show the individual delivery graphs associated with
three crowdshippers traveling on their regular journeys over the transfer graph re-
ported in Figure 3.1(b). The routes of the three crowdshippers are: {9, 2, 3, 7}, {1, 3, 7},
and {11, 2, 1}, respectively. The arrows in each of Figures 3.2(a) to 3.2(c) show all the
possible ways a crowdshipper can transfer parcels. For example, Figure 3.2(a) repre-
sents the delivery graph of the first crowdshipper. Since this crowdshipper follows the
path {9, 2, 3, 7}, a parcel can be transferred from station 9 to stations 2, 3, or 7; from
station 2 to stations 3 or 7; or from station 3 to station 7. Notice that the transfers do
not include station 8, even though it is a network station. This is because the station
8 is neither an entry nor an exit station for that commuter, nor does it serve as an
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exchange station. Similarly, Figures 3.2(b) and 3.2(c) represent the delivery graphs for
the second and third crowdshippers, respectively.
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(a) Delivery graph 𝐺1 for Crowdshipper 1

(b) Delivery graph 𝐺2 for Crowdshipper 2

(c) Delivery graph 𝐺3 for Crowdshipper 3 (d) Graph 𝐺 = (𝑁 , 𝐴)

Figure 3.2: Union of crowdshipper delivery graphs 𝐺1, 𝐺2, and 𝐺3 into final graph 𝐺.

• Global Delivery Graph: The final directed graph 𝐺 = (𝑁 , 𝐴) is the global delivery
graph obtained as the union of the delivery graphs of all crowdshippers. The node
set 𝑁 = ∪𝑘∈𝐾𝑁𝑘 includes all stations where at least one crowdshipper can perform a
transfer, and the arc set 𝐴 = ∪𝑘∈𝐾𝐴𝑘 represents all feasible transfers in the system.
For each arc (𝑖, 𝑗) ∈ 𝐴 we indicate as 𝑡𝑖𝑗 the cumulative travel time across the shortest
path between 𝑖 and 𝑗 in the transfer graph. Given 𝐺 = (𝑁 , 𝐴), we redefine the sets of
the source and destination stations, ̄𝑆 and 𝐷̄, to include only the stations used by at
least one crowdshipper: 𝑆 = 𝑁 ∩ ̄𝑆, 𝐷 = 𝑁 ∩ 𝐷̄, with 𝑆 ∩ 𝐷 = ∅.
Figure 3.2(d) shows the global delivery graph obtained as union of the three crowd-
shippers delivery graphs reported in Figures 3.2(a)–3.2(c).

Finally, let 𝑃 be the set of parcels to be delivered. One ormore crowdshippers can transfer
parcels. Each parcel 𝑝 ∈ 𝑃 is associated with a set of feasible destination stations 𝐷𝑝 ⊆ 𝐷
selected by the corresponding recipient and a backup cost 𝛾𝑝 , incurred if the parcel is handled
by the LSP, which uses a vehicle to retrieve and transport parcels that the crowdshipping
system does not deliver. Moreover, once a source station 𝑖 ∈ 𝑆 for a parcel is selected, a
fixed cost 𝜈𝑖 is incurred, representing the transportation cost of the parcel from the depot to
station 𝑖 by the LSP vehicle, along with a unit cost 𝜎𝑖 for loading the parcel in the APL. To
synchronize the parcel transfer between consecutive crowdshippers while complying with
the capacity constraints for the APL at each network station, the delivery day is divided
into equally sized time slots. Let 𝑇 represent the set of available time slots. We assume that
each parcel can be picked up from or dropped off at a network station no more than once
per time slot. This time discretization allows for accurately calculating the total capacity
used at each station during a given time slot and ensures that a parcel is handled by at most
one crowdshipper per time slot. To simplify the problem formulation, we assume that the
time slot at which each crowdshipper starts from their initial station is known in advance,
meaning we are aware of when each crowdshipper begins their journey. We also assume that
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the average travel time between any station and the next one is known. These assumptions
make the problem fully deterministic and allow us to handle time within the model without
relying on dedicated time variables. To this end, we denote by 𝐾 𝑡

𝑖 the set of crowdshippers
present at network station 𝑖 ∈ 𝑁 at time slot 𝑡 ∈ 𝑇 .

The PTCP aims to find the optimal assignment of parcels to crowdshippers and their
optimal route through the network, while determining both the source and destination sta-
tion for each parcel and complying with capacity constraints of APL at network stations.
The problem is framed from the perspective of the LSP, seeking to minimize the total costs.
These costs include the remuneration paid to crowdshippers, the backup costs for delivering
parcels to their destinations using the LSP vehicles, and the costs for loading parcels at the
source and exchange stations.
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Figure 3.3: Example of a parcel transfer with crowdshippers’ flow indicated by a black arrow
and their id.

It is worth noting that the backup service is not only employed when no crowdshippers
are available to complete a parcel transfer, but also when relying on a large sequence of
crowdshippers would result in excessive costs, making vehicle-based transportation a more
convenient alternative. As an illustrative example, consider the parcel transfer depicted in
Figure 3.3, where the parcel starts at source station 5 and is delivered to destination station
9 via a route involving sequentially four distinct crowdshippers. Crowdshipper 1 travels di-
rectly from station 5 to 7 without line changes; crowdshipper 2 takes the parcel from station
7 to exchange station 3; crowdshipper 3 travels from station 3 to station 2 leaving the parcel
there, whereas crowdshipper 4 enters station 2, retrieves the parcel, and leaves it at destina-
tion station 9. Assuming that the remuneration for each crowdshipper is 𝜌 = 2 and that the
backup cost for the parcel is 𝛾𝑝 = 6, using the backup service becomes more cost-effective
than relying on crowdshippers. Moreover, this simplified comparison considers only the re-
muneration of crowdshippers, neglecting additional costs such as the potential activation
cost of station 5 and the expense of loading the parcel into the APL.
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The sets and parameters required for the formal definition of the problem are summarized
in Table 3.2.

Table 3.2: Sets and Parameter

Sets
𝑃 Set of parcels to be delivered
𝐾 Set of available crowdshippers
𝑁 Set of network stations visited by at least one crowdshipper
𝐴 Set of arcs connecting nodes in 𝑁
𝑆 Set of source stations
𝐷𝑝 Set of possible destination stations for parcel 𝑝 ∈ 𝑃 provided by the recipient
𝐷 Set of possible destination stations for all parcels, 𝐷 = ∪𝑝∈𝑃𝐷𝑝

𝐴𝑘 Set of arcs in 𝐴 traversed by crowdshipper 𝑘 ∈ 𝐾
𝑇 Set of discrete time slots
𝑇 ′ Set of discrete time slots without the last one
𝐾 𝑡
𝑖 Set of crowdshippers visiting stations 𝑖 ∈ 𝑁 at time slot 𝑡 ∈ 𝑇

𝐾𝑖𝑗 Set of crowdshippers moving from station 𝑖 ∈ 𝑁 to station 𝑗 ∈ 𝑁 at any time
Parameters
𝜌 Reward granted by the LSP to crowdshippers
𝜈𝑖 Fixed cost to send a delivery vehicle to source station 𝑖 ∈ 𝑆
𝜎𝑖 Unitary cost to load a parcel into source station 𝑖 ∈ 𝑆
𝛾𝑝 Backup cost for parcel 𝑝 ∈ 𝑃
𝐶𝑖 Maximum capacity of the APL located at station 𝑖 ∈ 𝑁

3.4 Mathematical Formulation

In this section, we introduce a new compact Mixed-Integer Linear Programming (MILP) for-
mulation for the PTCP. The sets of decision variables required to formulate the model are
defined in Table 3.3.
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Table 3.3: Decision Variables

𝑥𝑘𝑝𝑖𝑗
Binary variable taking value 1 if crowdshipper 𝑘 ∈ 𝐾 transfers parcel 𝑝 ∈ 𝑃
from station 𝑖 ∈ 𝑁 to station 𝑗 ∈ 𝑁 ; 0 otherwise.

𝑧𝑘
Binary variable taking value 1 if crowdshipper 𝑘 ∈ 𝐾 is selected;
0 otherwise.

𝑦𝑘𝑝
Binary variable taking value 1 if parcel 𝑝 ∈ 𝑃 is assigned to crowdshipper 𝑘 ∈ 𝐾 ;
0 otherwise.

𝑜𝑖𝑝𝑡
Binary variable taking value 1 if parcel 𝑝 ∈ 𝑃 is at station 𝑖 ∈ 𝑁 at time slot 𝑡 ∈ 𝑇 ;
0 otherwise.

𝑎𝑖𝑝𝑡
Binary variable taking value 1 if parcel 𝑝 ∈ 𝑃 arrives at station 𝑖 ∈ 𝑁 at time slot 𝑡 ∈ 𝑇 ;
0 otherwise.

𝑙𝑖𝑝𝑡
Binary variable taking value 1 if parcel 𝑝 ∈ 𝑃 leaves station 𝑖 ∈ 𝑁 at time slot 𝑡 ∈ 𝑇 ;
0 otherwise.

𝑠𝑖𝑝
Binary variable taking value 1 if parcel 𝑝 ∈ 𝑃 starts its route at source station 𝑖 ∈ 𝑆;
0 otherwise.

𝑑𝑖𝑝
Binary variable taking value 1 if parcel 𝑝 ∈ 𝑃 terminates its route at destination station 𝑖 ∈ 𝐷;
0 otherwise.

𝑒𝑖
Binary variable taking value 1 if source station 𝑖 ∈ 𝑆 is selected;
0 otherwise.

𝑞𝑝
Binary variable taking value 1 if parcel 𝑝 ∈ 𝑃 is delivered by the backup service;
0 otherwise.

The MILP for the PTCP is stated as follows:

min 𝜌 ∑
𝑘∈𝐾

𝑧𝑘 +∑
𝑖∈𝑆

𝜈𝑖𝑒𝑖 +∑
𝑖∈𝑆

𝜎𝑖 ∑
𝑝∈𝑃

𝑠𝑖𝑝 + ∑
𝑝∈𝑃

𝛾𝑝𝑞𝑝 (3.1)

s. to:

∑
𝑖∈𝑆

𝑠𝑖𝑝 = 1 − 𝑞𝑝 𝑝 ∈ 𝑃 (3.2)

∑
𝑖∈𝐷𝑝

𝑑𝑖𝑝 = 1 − 𝑞𝑝 𝑝 ∈ 𝑃 (3.3)

∑
𝑝∈𝑃

𝑠𝑖𝑝 ≤ 𝐶𝑖𝑒𝑖 𝑖 ∈ 𝑆 (3.4)

∑
𝑗∈𝑁

∑
𝑘∈𝐾𝑖𝑗

𝑥𝑘𝑝𝑖𝑗 − ∑
𝑗∈𝑁

∑
𝑘∈𝐾𝑗𝑖

𝑥𝑘𝑝𝑗𝑖 = 𝑠𝑖𝑝 − 𝑑𝑖𝑝 𝑝 ∈ 𝑃, 𝑖 ∈ 𝑁 (3.5)

𝑥𝑘𝑝𝑖𝑗 ≤ 𝑦𝑘𝑝 𝑝 ∈ 𝑃, 𝑘 ∈ 𝐾, (𝑖, 𝑗) ∈ 𝐴𝑘 (3.6)

∑
𝑝∈𝑃

𝑦𝑘𝑝 ≤ 𝑧𝑘 𝑘 ∈ 𝐾 (3.7)

𝑙𝑖𝑝𝑡 = ∑
𝑗∈𝑁

∑
𝑘∈𝐾 𝑡

𝑖

𝑥𝑘𝑝𝑖𝑗 𝑝 ∈ 𝑃, 𝑖 ∈ 𝑁 , 𝑡 ∈ 𝑇 (3.8)

𝑎𝑖𝑝𝑡 = ∑
𝑗∈𝑁

∑
𝑘∈𝐾 𝑡

𝑖

𝑥𝑘𝑝𝑗𝑖 𝑝 ∈ 𝑃, 𝑖 ∈ 𝑁 , 𝑡 ∈ 𝑇 (3.9)
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𝑜𝑖𝑝(𝑡+1) ≥ 𝑎𝑖𝑝𝑡 𝑖 ∈ 𝑁 , 𝑝 ∈ 𝑃, 𝑡 ∈ 𝑇 ′ (3.10)

𝑜𝑖𝑝(𝑡+1) ≥ 𝑜𝑖𝑝𝑡 − 𝑙𝑖𝑝𝑡 𝑖 ∈ 𝑁 , 𝑝 ∈ 𝑃, 𝑡 ∈ 𝑇 ′ (3.11)

𝑜𝑖𝑝(𝑡+1) ≤ 1 − 𝑙𝑖𝑝𝑡 𝑖 ∈ 𝑁 , 𝑝 ∈ 𝑃, 𝑡 ∈ 𝑇 ′ (3.12)

∑
𝑖∈𝑁

𝑜𝑖𝑝𝑡 ≤ 1 − 𝑞𝑝 𝑝 ∈ 𝑃, 𝑡 ∈ 𝑇 (3.13)

∑
𝑝∈𝑃

𝑜𝑖𝑝𝑡 + ∑
𝑝∈𝑃

𝑎𝑖𝑝𝑡 ≤ 𝐶𝑖 𝑖 ∈ 𝑁 , 𝑡 ∈ 𝑇 (3.14)

𝑜𝑖𝑝1 = 𝑠𝑖𝑝 𝑝 ∈ 𝑃, 𝑖 ∈ 𝑁 (3.15)

𝑥𝑘𝑝𝑖𝑗 ∈ {0, 1} (𝑖, 𝑗) ∈ 𝐴𝑘 , 𝑘 ∈ 𝐾, 𝑝 ∈ 𝑃 (3.16)

𝑧𝑘 ∈ {0, 1} 𝑘 ∈ 𝐾 (3.17)
𝑎𝑖𝑝𝑡 , 𝑙𝑖𝑝𝑡 , 𝑜𝑖𝑝𝑡 ∈ {0, 1} 𝑖 ∈ 𝑁 , 𝑝 ∈ 𝑃, 𝑡 ∈ 𝑇 (3.18)

𝑠𝑖𝑝 ∈ {0, 1} 𝑖 ∈ 𝑆, 𝑝 ∈ 𝑃 (3.19)

𝑑𝑖𝑝 ∈ {0, 1} 𝑖 ∈ 𝐷𝑝 , 𝑝 ∈ 𝑃 (3.20)

𝑦𝑘𝑝 ∈ {0, 1} 𝑘 ∈ 𝐾, 𝑝 ∈ 𝑃 (3.21)

𝑞𝑝 ∈ {0, 1} 𝑝 ∈ 𝑃 (3.22)

𝑒𝑖 ∈ {0, 1} 𝑖 ∈ 𝑆 (3.23)

The objective function (3.1) minimizes the overall cost that comprises the remuneration
for selected crowdshippers, the cost to send delivery vehicles to source stations, the cost for
the loading of the parcels, and the backup cost for the parcels undelivered through crowd-
shipping. Constraints (3.2) and (3.3) ensure that, if the LSP does not deliver parcel 𝑝 ∈ 𝑃
through the backup service (i.e., 𝑞𝑝 = 0), the parcel must have exactly one source and one
destination stations. Constraints (3.4) set variable 𝑒𝑖 equal to 1 if station 𝑖 ∈ 𝑆 is used as a
source station by at least one parcel. Constraints (3.5) deal with three distinct cases:

• 𝑠𝑖𝑝−𝑑𝑖𝑝 = 1. In this case, station 𝑖 is the source station for parcel 𝑝 (𝑠𝑖𝑝 = 1 and 𝑑𝑖𝑝 = 0).
The constraints impose that parcel 𝑝 must leave station 𝑖 without entering it.

• 𝑠𝑖𝑝 − 𝑑𝑖𝑝 = −1. In this case, station 𝑖 is the destination station for parcel 𝑝 (𝑠𝑖𝑝 = 0 and
𝑑𝑖𝑝 = 1). The constraints impose that parcel 𝑝 must enter 𝑖 without leaving it.

• 𝑠𝑖𝑝 − 𝑑𝑖𝑝 = 0. This configuration holds when 𝑠𝑖𝑝 = 𝑑𝑖𝑝 = 0, so station 𝑖 is an exchange
station for parcel 𝑝. In this case, the constraints impose flow conservation.

According to constraints (3.6), crowdshipper 𝑘 ∈ 𝐾 can transfer parcel 𝑝 ∈ 𝑃 from station
𝑖 to 𝑗 only if parcel 𝑝 has been assigned to them (𝑦𝑘𝑝 = 1). Constraints (3.7) guarantee that
each crowdshipper 𝑘 ∈ 𝐾 (if selected) can deliver at most one parcel. Constraints (3.8) set
variable 𝑙𝑖𝑝𝑡 to 1 if parcel 𝑝 leaves station 𝑖 at time 𝑡 . Since variables 𝑙𝑖𝑝𝑡 are binary, these
constraints prohibit a parcel from leaving a station more than once. Similarly, constraints
(3.9) set variable 𝑎𝑖𝑝𝑡 to 1 if parcel 𝑝 arrives at station 𝑖 at time 𝑡 and exclude the parcel from
entering station 𝑖 more than once at time 𝑡 . Constraints (3.10) force variable 𝑜𝑖𝑝(𝑡+1) to 1 if
variable 𝑎𝑖𝑝𝑡 = 1, thus specifying that parcel 𝑝 is located at station 𝑖 at time 𝑡 + 1, if the
parcel arrived at this station at time 𝑡 . Constraints (3.11) force the location of parcel 𝑝 at
station 𝑖 at time 𝑡 + 1 if the parcel has not been moved from station 𝑖 at time 𝑡 (𝑙𝑖𝑝𝑡 = 0) and
it was already located there at time 𝑡 (𝑜𝑖𝑝𝑡 = 1). Constraints (3.12) force variable 𝑜𝑖𝑝(𝑡+1) to
0 if parcel 𝑝 leaves station 𝑖 at time 𝑡 , otherwise the constraint is not binding. Notice that
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constraints (3.10) and (3.12) imply that binary variables 𝑎𝑖𝑝𝑡 and 𝑙𝑖𝑝𝑡 are mutually exclusive.
If parcel 𝑝 is managed by crowdshippers (i.e., 𝑞𝑝 = 0), constraints (3.13) impose that it can
be located in at most one station for each time slot. Otherwise, the LSP will take care of the
delivery and the parcel will not travel through the network∑𝑖∈𝑁 𝑜𝑖𝑝𝑡 = 0. Constraints (3.14)
are capacity constraints, ensuring that the number of parcels located at station 𝑖 plus the
number of parcels arriving at the same station at time 𝑡 has to be lower than or equal to the
station capacity. Constraints (3.15) set the location of parcel 𝑝 at time 1 at its source station
𝑖 when 𝑠𝑖𝑝 = 1. Finally, constraints (3.16 - 3.23) are binary and non-negativity conditions on
variables.

3.4.1 Valid Inequalities
Our formulation (3.1)–(3.23) involves a large set of variables and constraints driven by the
number of network stations, parcels, crowdshippers, and the selected time slots discretiza-
tion. While complete and correct, we introduce the following valid inequality classes to
strengthen the relationships among the variables, a common technique to improve themodel’s
structure and optimization performance.

∑
𝑝∈𝑃

𝑠𝑖𝑝 ≥ 𝑒𝑖 𝑖 ∈ 𝑁 (3.24)

∑
𝑖∈𝐷

𝑑𝑖𝑝 ≤ ∑
𝑘∈𝐾

𝑦𝑘𝑝 𝑝 ∈ 𝑃 (3.25)

∑
𝑖∈𝑆

𝑠𝑖𝑝 ≤ ∑
𝑘∈𝐾

𝑦𝑘𝑝 𝑝 ∈ 𝑃 (3.26)

∑
𝑖∈𝑁

∑
𝑡∈𝑇

𝑙𝑖𝑝𝑡 ≤ ∑
𝑘∈𝐾

𝑦𝑘𝑝 𝑝 ∈ 𝑃 (3.27)

∑
𝑖∈𝑁

∑
𝑡∈𝑇

𝑎𝑖𝑝𝑡 ≤ ∑
𝑘∈𝐾

𝑦𝑘𝑝 𝑝 ∈ 𝑃 (3.28)

𝑦𝑘𝑝 ≤ 1 − 𝑞𝑝 𝑝 ∈ 𝑃, 𝑘 ∈ 𝐾 (3.29)

𝑠𝑖𝑝 + 𝑑𝑖𝑝 ≤ 1 𝑖 ∈ 𝑁 , 𝑝 ∈ 𝑃 (3.30)

∑
𝑖∈𝑁

𝑜𝑖𝑝𝑡 ≤ ∑
𝑖∈𝑆

𝑠𝑖𝑝 𝑝 ∈ 𝑃, 𝑡 ∈ 𝑇 (3.31)

∑
𝑖∈𝑁

𝑜𝑖𝑝𝑡 ≤ ∑
𝑖∈𝐷

𝑑𝑖𝑝 𝑝 ∈ 𝑃, 𝑡 ∈ 𝑇 . (3.32)

Inequalities (3.24) impose that if the source station 𝑖 ∈ 𝑆 is selected (𝑒𝑖 = 1), at least one
parcel must start its path at station 𝑖. Inequalities (3.25) and (3.26) establish that neither a
destination station nor a source station can be selected for parcel 𝑝 ∈ 𝑃 if the parcel has not
been assigned to a crowdshipper. Similarly, inequalities (3.27) and (3.28) allow a parcel 𝑝 to
leave (resp. arrive) at a station only if a crowdshipper handles this parcel. Each inequality
(3.29) ensures that parcel 𝑝 ∈ 𝑃 cannot be assigned to crowdshipper 𝑘 ∈ 𝐾 if the parcel has
already been allocated to the backup service (i.e., 𝑞𝑝 = 1). Inequalities (3.30) state that, for a
given parcel 𝑝, since a station 𝑖 cannot be jointly its source and destination stations, variables
𝑠𝑖𝑝 and 𝑑𝑖𝑝 cannot be both equal to 1. Finally, valid inequalities (3.31) and (3.32) ensure that
the location variables 𝑜𝑖𝑝𝑡 for parcel 𝑝 ∈ 𝑃 at time slot 𝑡 ∈ 𝑇 can only be active at a station
𝑖 ∈ 𝑁 if both a starting and a destination stations have been assigned to this parcel.
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3.5 An ALNS Algorithm for the PTCP

This section we first provide a general introduction to the Adaptive Large Neighborhood
Search (ALNS) metaheuristic, then we introduce the proposed ALNS to solve the PTCP.

3.5.1 Introduction to ALNS
First introduced in Ropke and Pisinger (2006) and Pisinger and Ropke (2007), the Adap-
tive Large Neighborhood Search (ALNS) metaheuristic in recent years has become one of
the most commonly used metaheusitic algorithms to solve complex combinatorial problems,
thanks to its adaptability and ease of implementation. An ALNS algorithm starts from an
initial feasible solution, then it iteratively modifies the current solution by applying a destroy
and repair operators to it. The destroy operator modifies the current solution by rendering
it either infeasible or of worst quality. On the other hand a repair operator either restores
the feasibility of the current solution or tries to improve the value of the current solution.
An ALNS algorithm makes use of multiple destroy and repair operators. At each iteration,
random destroy and repair operators are selected, usually with a roulette wheel selection.
Given Ω− and Ω+ the set of destroy and repair operators respectively, this selection method
creates |Ω−| × |Ω+| local search algorithms, each one with its own distinct neighborhood of
the current solution. The different operators contribute to expand the effective size of the
neighborhood, without the need to design and implement complex local search heuristics.

Algorithm 3.1 Adaptive Large Neighborhood Search
1: Construct a feasible solution 𝑥
2: 𝑥∗ ← 𝑥
3: 𝑡 ← initial temperature
4: while 𝑡 ≥ 𝑡𝑚𝑖𝑛 do
5: 𝑑 ← random destroy operator from Ω− using scores 𝜋−𝑖
6: 𝑟 ← random repair operator from Ω+ using scores 𝜋+𝑖
7: Generate new solution 𝑥′ ← 𝑟(𝑑(𝑥)) applying destroy and repair operators
8: if Accept 𝑥′ as current solution ? then
9: 𝑥 ← 𝑥′

10: end if
11: if 𝑓 (𝑥′) < 𝑓 (𝑥∗) then ▷ Assume a minimization problem.
12: 𝑥∗ ← 𝑥′
13: end if
14: Update score 𝜋+(𝑟) and 𝜋−(𝑑) of the selected operators
15: 𝑡 ← 𝑐𝑟 ∗ 𝑡
16: end while
17: return 𝑥∗

In Algorithm 3.10 we present the general outline of the method. First, an initial solution
is constructed, usually with a constructor operator, and it is saved as the current incumbent
solution 𝑥∗. In the version proposed by Ropke and Pisinger (2006), the ALNS is controlled
with a Simulated Annealing. The temperature is used to determine the termination criteria,
as shown in Line 4, and as an acceptance criteron for worsening solutions. However, it is
possible to embed the ALNS inside other metaheuristics like a Tabu search. During each iter-
ation, a random destroy and a random construct operators are selected. These operators are
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applied to the current solution 𝑥 to generate a new solution 𝑥′. Then the algorithm decides
to accept or reject the new solution. A common acceptance criteria is to always accept an
improving solution, and to accept a worsening solution with a probability dependent on the
current temperature. At this point the algorithm checks if the new solution is better than
the incumbent, and in that case updates it. After checking the solution value the algorithm
updates the scores for the selected operators according to the obtained improvements. At
the end of each iteration the algorithm proceeds with the temperature schedule.

We chose ALNS as heuristic framework thanks to its ease of implementation and its abil-
ity to handle diverse destroy and repair operators. This makes it well-suited to our problem,
despite differences from (Ropke and Pisinger, 2006) (e.g., APL capacities, time-dependent
crowdshipper availability). ALNS effectively explores large solution spaces, balancing in-
tensification and diversification to address the trade-offs in PTCP.

3.5.2 The proposed ALNS Algorithm
The ALNS framework iteratively applies destroy and repair operators to refine solutions.
Destroy operators remove parcel assignments, while repair operators reassign them more
effectively. An adaptive scoring mechanism prioritizes effective operators. This process is
embedded in an Iterated Simulated Annealing (ISA) framework, which regulates solution ac-
ceptance via a temperature-based criterion, aiding in escaping local optima while balancing
exploration and exploitation. The stopping condition is the maximum computation time.

In the following, we introduce the concept of parcel path to denote the sequence of steps
a parcel takes from its source station to its destination, with its length indicating the num-
ber of crowdshippers involved. Shorter paths are more cost-effective. Our ALNS prioritizes
crowdshipper–based paths over backup services, when they incur higher costs due to ad-
ditional personnel and vehicles. This principle guides the development of our destroy and
repair operators, which aim to minimize the use of backup services while efficiently using
available crowdshippers.

Algorithm 3.2 outlines our ALNS within an ISA framework, initializing a baseline start-
ing solution and assigning an initial score of 1 to each operator. The outer loop runs until the
time limit is reached, initializing operator scores before executing the simulated annealing
temperature schedule. In each iteration of the inner loop, a destroy and a repair operator
are selected via roulette wheel selection (Line 6). The selected destroy operator removes a
predetermined number of parcel assignments (Line 7), reducing node capacities to prevent
regenerating the same solution (Line 8). The selected repair operator then reinserts as many
parcels as possible while minimizing costs (Line 9). Finally, each node’s capacity is reset to
its original value. In Lines 11–23, the algorithm decides whether to accept the new solution.
Lower-cost solutions are always accepted, while worse solutions are accepted probabilisti-
cally based on the current temperature. If the new solution improves the incumbent, the
latter is updated and a reheating policy is applied. The new solution is compared to the
current solution based on cost difference, and a temperature-dependent criterion is used to
determine if the new solution should be accepted. The temperature is systematically reduced
by the so called cooling rate factor 𝑐𝑟 (Line 24). Finally, in Lines 25–30, operator scores are
reset to their initial value after each 𝐿𝑖𝑚𝑖𝑡 iterations.

During iterations, operator scores are updated based on solution quality (Lines 13–20):

• New best solution: Operators are rewarded by 𝜂best when finding a new globally im-
proved solution.
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Algorithm 3.2 ALNS within ISA Framework
1: Initialize solution 𝑠𝑜𝑙
2: while stopping criteria not met do
3: operator scores 𝜔𝑑 , 𝜔𝑟 ← 1, temperature 𝑡𝑒𝑚𝑝 ← 𝑇0
4: iterations ← 0
5: while 𝑡𝑒𝑚𝑝 > 𝑡min do
6: Get destroy and repair operators (𝑑, 𝑟) via roulette wheel method on 𝜔𝑑 , 𝜔𝑟
7: 𝑠𝑜𝑙′ ← apply 𝑑 to remove 𝑞 parcels from 𝑠𝑜𝑙 ▷ Destroy phase
8: Reduce node capacity according to the destroy operator
9: ▷ Avoid to recreate the previous solution

10: 𝑠𝑜𝑙′ ← apply 𝑟 to reinsert removed parcels into 𝑠𝑜𝑙′ ▷ Repair phase
11: Reset node capacity
12: Compute cost difference 𝛿 = cost(𝑠𝑜𝑙′) − cost(𝑠𝑜𝑙)
13: if 𝛿 < 0 or 𝑈 (0, 1) < exp(− 𝛿

𝑡𝑒𝑚𝑝
) then

14: ▷ Acceptance rule, with 𝑈 (0, 1) Uniform random in [0, 1].
15: 𝑠𝑜𝑙 ← 𝑠𝑜𝑙′
16: Update scores:
17: if 𝑆′ is a new best solution then
18: 𝜔𝑑 ← 𝜔𝑑 + 𝜂best, 𝜔𝑟 ← 𝜔𝑟 + 𝜂best ▷ Reward for new best solution
19: Reheat: 𝑡𝑒𝑚𝑝 ← 𝑡𝑒𝑚𝑝 + Δ𝑡 ▷ Δ𝑡 = ( ̄𝑧 − 𝑧∗) exp (− 𝑡𝑒𝑚𝑝

𝑇0
)

20: else if 𝑆′ is better than current solution then
21: 𝜔𝑑 ← 𝜔𝑑 + 𝜂incumbent, 𝜔𝑟 ← 𝜔𝑟 + 𝜂incumbent
22: ▷ Reward for new incumbent
23: else
24: 𝜔𝑑 ← 𝜔𝑑 + 𝜂accepted, 𝜔𝑟 ← 𝜔𝑟 + 𝜂accepted
25: ▷ Reward for accepted solution
26: end if
27: end if
28: Cool temperature: 𝑡𝑒𝑚𝑝 ← 𝑐𝑟 ∗ 𝑡𝑒𝑚𝑝 (𝛼 ∈ (0, 1))
29: if iterations = Limit then
30: ▷ Reset operator scores after a certain number of iterations
31: operator scores 𝜔𝑑 , 𝜔𝑟 ← 1,
32: iterations ← 0
33: else
34: iterations ← iterations + 1
35: end if
36: end while
37: end while
38: return best solution found

• New incumbent solution: Operators are increased by 𝜂incumbent when finding a solu-
tion better than the current one but not the best.

• Accepted solution: Operators are rewarded by 𝜂accepted even if they do not provide
any solution improvement.

In the remainder of this section, we describe the destroy and repair operators tailored
to PTCP, highlighting their role in addressing the problem’s specific characteristics. Then,
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we present the constructive initial heuristic to generate the starting solution, ensuring a
high-quality baseline for ALNS.

Destroy Heuristics

The destroy heuristics remove existing parcel routes and allocate them to the backup set. Let
𝐻 ∈ ℕ|𝑁 |×|𝑇 | be the load matrix where ℎ𝑖𝑡 denotes parcels at station 𝑖 at time slot 𝑡 . Each of
the proposed destroy operators influence station prioritization through four metrics:

• Absolute Load: sort stations according to the value 𝛼𝑖 = max
𝑡∈𝑇

ℎ𝑖𝑡 , targeting peak con-
gestion;

• Relative Load: sort stations according to the value 𝜌𝑖 = 𝛼𝑖/𝐶𝑖, identifying peak utiliza-
tion rate;

• Average Load: sort stations according to the value 𝜇𝑖 = ∑
𝑡∈𝑇

ℎ𝑖𝑡/|𝑇 |, identifying sus-

tained usage;
• Random: sort stations according to the value 𝜐𝑖 = 𝑈 (0, 1), enabling diversification.

The chosen metrics help identify stations under high stress or congestion. Specifically,
the Absolute Load metric targets stations with peak demand, the Relative Load metric high-
lights stations operating near capacity, and the Average Load metric reflects sustained high
usage over time. These metrics directly inform the destroy operators by prioritizing the re-
moval of parcel paths from the most burdened stations. Destroy operators (D1–D2) apply
these metrics to select stations for parcel removal.

(D1) Parcel Paths Elimination. This heuristic targets parcel paths that originate from a se-
lected station, thereby encouraging the formation of completely new paths. The pro-
cedure is as follows:

(a) Station Selection: Select the top-ranked station using one of the four metrics.
(b) Path Sorting: Select the longest the parcel paths originating from the selected

station.
(c) Determination of Paths to Remove: Let ̄𝜋 denote the number of parcel paths from

the selected station. Define 𝜋∗ = min( ̄𝜋 , 𝜋), where 𝜋 is the pre-specified number
of paths to eliminate.

(d) Path Removal and Update: Remove the 𝜋∗ longest parcel paths and assign them
to a backup service. Update the load matrix 𝐻 accordingly.

(D2) Capacity Reduction. This procedure reduces the effective capacity of a selected subset
of stations, forcing the reassignment of parcel paths that no longer comply with the
updated capacity constraints:

(a) Station Selection: Select the highest scoring stations using one of the fourmetrics
and select the top 𝜋 stations.

(b) Capacity Adjustment: For each selected station 𝑖, update its capacity by setting
𝐶̃𝑖 = max(𝛼𝑖 − 𝜋̃, 0), where 𝛼𝑖 is the original capacity of station 𝑖 and 𝜋̃ is the
specified reduction amount.

(c) Path Sorting and Removal: For each selected station, rank the incident parcel
paths by length. Iteratively remove the longest paths until the load at station 𝑖,
for every time slot 𝑡 , satisfies ℎ𝑖𝑡 ≤ 𝐶̃𝑖.



CHAPTER 3. PUBLIC TRANSPORT-BASED CROWDSHIPPING 44

Selection and ranking are all done using dedicated priority queues. This implementation
choice allows the algorithm to identify the top ranking objects (i.e. the longest paths, the
highest scoring stations,...) without the need to sort the entire list of objects. Such an opti-
mization is particularly useful when the cardinality of the objects list is significantly larger
than the number of items to select. All priority queues are cached, so the computational
cost to allocate memory and initialize the data structure is paid only once during the overall
algorithm initialization.

Repair Heuristics

The repair heuristics aim to deliver backup set parcels through crowdshipping by construct-
ing feasible delivery paths using a label-setting algorithm. For each undelivered parcel in
the backup set, the method aims at (i) assigning a reasonable source station and (ii) comput-
ing a feasible path from that source station to the destination, considering the availability of
crowdshippers. Two distinct cost functions are used in the labeling process: one that mini-
mizes the number of crowdshippers employed, and another that penalizes overused crowd-
shippers to promote assignment diversification. Regardless of the specific variant, if a fea-
sible path is found, the parcel is marked as delivered; otherwise, it remains in the backup
set.

The proposed label-setting algorithm, presented in Algorithm 3.3, is an extension of Di-
jkstra’s algorithm, and associates with each station 𝑗 a label given by the tuple (𝑐𝑗 , 𝑡𝑗 , 𝑘, 𝑖),
where 𝑐𝑗 is the cumulative cost to reach station 𝑗; 𝑡𝑗 is the arrival time at station 𝑗 of crowd-
shipper 𝑘 who traveled from station 𝑖; 𝑘 identifies the crowdshipper; 𝑖 is the predecessor
station in the path. At the source station, the label is initialized as (0, 0, ∅, ∅). Each station
is assigned at most one label corresponding to the lowest cost (or best) path found so far.
When processing a station 𝑖 with label (𝑐𝑖, 𝑡𝑖, ⋅, ⋅), the algorithm considers each feasible move
to a neighboring station 𝑗. For every crowdshipper 𝑘 not yet employed in the current path
and able to depart after time 𝑡𝑖, a new label is computed as 𝑐𝑗 = 𝑐𝑖+𝑓𝑘(𝑖, 𝑗) and 𝑡𝑗 = 𝑡𝑘𝑖 + 𝑡𝑖𝑗 ,
where: 𝑡𝑘𝑖 is the arrival time of crowdshipper 𝑘 at station 𝑖; 𝑡𝑖𝑗 is the travel time from station
𝑖 to station 𝑗, and 𝑓𝑘(𝑖, 𝑗) is a cost function associated with the arc (𝑖, 𝑗) for crowdshipper 𝑘.
A new label replaces the current one at station 𝑗 if it is the first label or if it has a lower cost
than the one previously recorded. The algorithm terminates when a label for a destination
station is fixed.

We consider two alternative cost functions:

(i) 𝑓𝑘(𝑖, 𝑗) = 1 for all 𝑘 ∈ 𝐾 and (𝑖, 𝑗) ∈ 𝐴, which minimizes the number of crowdshippers
used;

(ii) A cost function that counts the number of times crowdshippers were employed in
previous solutions. This second function encourages diversification.

In all cases, the cost of the final solution is evaluated according to Eq. (3.1).
The repair procedure is applied sequentially to all undelivered parcels that are in the

backup set. The order in which parcels are processed follows one of the following strategies:

• As-Is: Process parcels in their original order.
• Random: Process parcels in a randomly shuffled order.
• Max Backup: Process parcels in descending order of their backup costs, thus prioritiz-
ing those that are most expensive to handle via the backup service.
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Algorithm 3.3 Parcel path finding
Require: 𝑜𝑟 𝑖𝑔𝑖𝑛: path source, 𝐹 𝑖𝑛𝑎𝑙𝑠: parcel possible destinations
1: Initialize 𝑜𝑟 𝑖𝑔𝑖𝑛 station cost to 0, and all other stations to +∞
2: Initialize the station queue 𝑞 sorted by station’s cost
3: while 𝑞 is not empty do ▷ Set all labels
4: 𝑐𝑢𝑟𝑟 ← 𝑝𝑜𝑝(𝑞)
5: 𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑜𝑟𝑠 ← free crowdshippers leaving 𝑐𝑢𝑟𝑟 after 𝑡 𝑖𝑚𝑒[𝑐𝑢𝑟𝑟]
6: for 𝑛𝑒𝑥𝑡 ∈ 𝑠𝑢𝑐𝑐𝑒𝑠𝑠𝑜𝑟𝑠 do
7: if 𝑐𝑜𝑠𝑡[𝑐𝑢𝑟𝑟] + 𝑐𝑜𝑠𝑡[𝑛𝑒𝑥𝑡] < 𝑐𝑜𝑠𝑡[𝑑𝑠𝑡[𝑛𝑒𝑥𝑡]] then
8: ▷ Set label if it cheaper to move parcel in that way
9: 𝑐𝑜𝑠𝑡 ← 𝑐𝑜𝑠𝑡[𝑐𝑢𝑟𝑟] + 𝑐𝑜𝑠𝑡[𝑛𝑒𝑥𝑡]

10: 𝑡 𝑖𝑚𝑒 ← 𝑡𝑖𝑚𝑒[𝑐𝑢𝑟𝑟] + 𝑡𝑖𝑚𝑒[𝑛𝑒𝑥𝑡]
11: 𝑙𝑎𝑏𝑒𝑙 ← (𝑐𝑜𝑠𝑡, 𝑡 𝑖𝑚𝑒, 𝑐𝑟𝑠[𝑛𝑒𝑥𝑡], 𝑝𝑜𝑠𝑖𝑡 𝑖𝑜𝑛[𝑐𝑢𝑟𝑟])
12: Set 𝑙𝑎𝑏𝑒𝑙 for node 𝑑𝑠𝑡[𝑛𝑒𝑥𝑡]
13: Push 𝑙𝑎𝑏𝑒𝑙 into 𝑞
14: end if
15: end for
16: end while
17: 𝑓 ← ∅, 𝑐𝑜𝑠𝑡 ← +∞
18: for 𝑓 𝑖𝑛𝑎𝑙 ∈ 𝐹 𝑖𝑛𝑎𝑙𝑠 do ▷ Look for the cheapest destination station
19: if 𝑐𝑜𝑠𝑡[𝑓 𝑖𝑛𝑎𝑙] < 𝑐𝑜𝑠𝑡 then
20: 𝑐𝑜𝑠𝑡 ← 𝑐𝑜𝑠𝑡[𝑓 𝑖𝑛𝑎𝑙]
21: 𝑓 ← 𝑓 𝑖𝑛𝑎𝑙
22: end if
23: end for
24: 𝑝𝑎𝑡ℎ ← []
25: 𝑐𝑢𝑟𝑟 ← 𝑓
26: while 𝑐𝑢𝑟𝑟 ≠ 𝑜𝑟 𝑖𝑔𝑖𝑛 do ▷ Rebuild the path
27: 𝑝𝑟𝑒𝑣 ← 𝑝𝑟𝑒𝑣[𝑐𝑢𝑟𝑟]
28: Push 𝑐𝑢𝑟𝑟 into 𝑝𝑎𝑡ℎ
29: 𝑐𝑢𝑟𝑟 ← 𝑝𝑟𝑒𝑣
30: end while
31: Push 𝑜𝑟 𝑖𝑔𝑖𝑛 into 𝑝𝑎𝑡ℎ
32: Peverse 𝑝𝑎𝑡ℎ
33: return 𝑝𝑎𝑡ℎ, 𝑐𝑜𝑠𝑡

• Min Backup: Process parcels in ascending order of their backup costs, thereby prioritiz-
ing parcels that require minimal backup adjustments and can yield early, incremental
improvements.

These various processing orders allow the heuristic to target different aspects of solu-
tion quality, ranging from aggressively reducing high backup costs to quickly capturing
low-hanging improvements, while the baseline (As-Is) and randomized orders help ensure
diversification. Based on the above, four repair heuristic operators are proposed:

(R1) Parcel Distribution + Shortest Path

(a) Station Assignment: An undelivered parcel in the backup set is assigned to a
source station using function 𝑝𝑖(𝑛) that represents the cost of loading 𝑛+1 parcels
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at station 𝑖. A priority queue is initialized with all stations that are not full, sorted
by 𝑝𝑖(𝑛) value. For each parcel, the stationwith the lowest loading cost is selected;
if the station is not yet full after the assignment, it is reinserted into the queue.
If no station is left, the process stops.

(b) Path Computation: Using the label-setting algorithm, a path is computed for each
parcel from the assigned source station to its destination to minimize the number
of crowdshippers employed.

(R2) Delivery Cost Minimization + Shortest Path

(a) Station Assignment: stations are first sorted in ascending order of their base
loading cost 𝑝𝑖(0). Undelivered parcels are then assigned to source stations by
matching each parcel with the nearest feasible destination from the current sta-
tion until the station reaches its capacity. This process is repeated with the next
station.

(b) PathComputation: The labeling algorithm is used to compute each parcel’s short-
est path (in terms of the number of crowdshippers).

(R3) Parcel Distribution + Uniform Crowdshipper Load

(a) Station Assignment: As in variant R1.
(b) Path Computation with Load Balancing: Each arc cost in the labeling algorithm

is set to the number of times the corresponding crowdshipper has been used in
previous solutions. This penalizes overused crowdshippers, thus favoring paths
that involve less frequently employed resources.

(R4) Delivery Cost Minimization + Uniform Crowdshipper Load

(a) Station Assignment: As in variant R2.
(b) Path Computation with Load Balancing: As in variant R3.

Constructive Initial Heuristic

The Constructive Initial Heuristic (CIH) generates a starting solution used as a baseline in
the ALNS. CIH sequentially improves the solution starting from a full backup set containing
all the parcels to be delivered. In more detail, CIH:

(1) Uses Repair Heuristic R1 (Parcel Distribution + Shortest Path) for parcel assignment.

(2) Processes parcels in the As-Is order.

(3) Employs a uniform arc cost 𝑓𝑘(𝑖, 𝑗) = 1 to minimize the number of crowdshippers.

All parcels are initially placed in the backup set, and CIH iteratively assigns them to the
source stations using the introduced labeling algorithm to compute feasible delivery parcel
paths. If no feasible path is found for a parcel, it stays in the backup set. If a feasible path is
found, the parcel is removed from the backup set, which ensures that the obtained starting
solution is at least as good as the one involving all the parcels in the backup set.
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3.6 A Branch-and-Cut Algorithm for PTCP

The valid inequalities introduced in Section 3.4.1 are polynomial in the size of 𝑁 , 𝑃 , 𝐾 , and
𝑇 . As such, it is either possible to insert them from scratch, i.e. as regular constraints, in the
model or to separate them dynamically during the Branch-and-Cut.

3.6.1 Introduction to the Branch-and-Cut Algorithm
Historically, the first formally described algorithm to solve generic integer problem was the
cutting planes method proposed by Gomory (1958). The algorithm begins by solving the
linear programming relaxation of the problem. If such a solution is not integer-feasible, the
method derives a new constraint satisfied by all integer solutions but violated by the current
fractional one. Such a constraints is called a valid inequality or a cut. This cut is then added
to the model, thereby excluding the fractional solution. The process is repeated until an
integer solution is obtained or no further useful cuts can be found. The cutting planes is
an exact method, meaning that, sooner or later, it will find the optimal integer solution or
prove that the problem is infeasible. However, new cuts have the tendency to be less and less
effective in removing fractional solutions from the feasible region. This lead to a potentially
slow convergence.

The branch-and-bound algorithm, introduced by Land and Doig (1960), systematically
explores the solution space of an integer program through a search tree. At each node, the
problem is relaxed into a linear program whose solution yields a bound on the objective
value. If this solution is fractional, the algorithm selects a fractional variable and branches
on it by imposing two additional constraints: one requiring the variable to be at least the
ceiling of its current value, and the other forcing it to be at most the floor. These constraints
generate two subproblems, which inherit all additional constraints from the parent problem.
If instead the relaxation is infeasible or its bound is worse than the best known integer solu-
tion, the node is pruned and no descendants are created. The procedure repeats until every
node has either been explored or pruned, ensuring that the best integer solution is even-
tually identified. While branch-and-bound can often find feasible integer solutions quickly,
certifying their optimality may require examining an exponential number of nodes in the
worst case.

To overcome the issues from these method, and exploit their strengths, Padberg and
Rinaldi (1987) proposed the branch-and-cut algorithm. A simple pseudocode for the method
is presented in Algorithm 3.4.

Algorithm 3.4 provides a high-level pseudocode of the branch-and-cut algorithm. The
procedure begins by initializing the branch-and-bound tree with a root node containing the
linear relaxation of the MILP. The algorithm then iteratively selects a node to process, ac-
cording to a chosen search strategy such as depth-first, breadth-first, or best-bound. At the
selected node, the LP relaxation is solved. If it is infeasible, typically due to previously im-
posed branching constraints, or if its objective value does not improve upon the current
incumbent, the node is pruned. If the relaxation yields an integral solution (up to a numer-
ical tolerance), this solution updates the incumbent. When the solution is fractional, the
algorithm attempts to strengthen the relaxation by adding cutting planes. These may be
general-purpose cuts, such as Gomory cuts, or problem-specific valid inequalities (e.g., as
described in Section 3.4.1). Heuristic rules and effectiveness estimates are typically used to
decidewhether cuts should be added. If cuts are introduced, the LP relaxation is re-optimized,
and this process may be repeated multiple times. If no suitable cuts are found, the algorithm



CHAPTER 3. PUBLIC TRANSPORT-BASED CROWDSHIPPING 48

Algorithm 3.4 Branch-and-Cut Algorithm
1: Initialize search tree with root node (relaxation of MILP)
2: while Open nodes exist do
3: Select node from tree
4: Solve LP relaxation at current node
5: if Infeasible or Bound ≥ best solution then
6: Prune the node
7: else if Solution integral then
8: Update best solution
9: else

10: Try to add cutting planes
11: if Cuts added then
12: Re-optimize LP at current node
13: else
14: Branch on fractional variable, add children to tree
15: end if
16: end if
17: end while
18: return Best Solution or Infeasible

branches on a fractional variable, commonly chosen using strategies such as pseudo reduced
costs, and generates two new subproblems that are added to the tree. This process continues
until all nodes are either solved or pruned. At termination, the algorithm returns the optimal
integer solution if one exists, or proves that the MILP is infeasible.

To improve the efficiency of a branch-and-cut algorithm, implementations often incor-
porate heuristic methods, both general-purpose and problem-specific, to quickly generate
feasible integer solutions. These solutions provide a primal bound that aids pruning and can
serve as a valid incumbent when the algorithm is run under strict time limits.

3.6.2 Separation Procedure
In this section, we explain the procedure used to identify and separate the violated valid
inequalities.

First, the algorithm checks if it is worthwhile to search for new valid inequalities to
separate. To do so, the algorithm checks if the objective value at the current cutting planes
iteration has improved from the value at the previous iteration. If it is the case, it means
that the previous cuts have been useful, so it might be useful to search and add new ones.
Otherwise, the previous cuts didn’t contribute strengthening the linear relaxation, so it is
unlikely that new cuts might help. If the algorithm proceeds to search for violated valid
inequalities, it searches, for one class of valid inequalities at a time, the most violated one,
and adds it to the model. Violation is check up to a parameter 𝜖. Some of the cuts are
processed together to improve the computational efficiency of the method. For instance,
Algorithm 3.5 shows the pseudocode used to identify violated (3.25) and (3.26). Since both
these valid inequalities share a similar underlying structure of checking that the sum of
location-related variables is less the the number of crowdshippers used to transfer a parcel,
the same algorithm can do both the checks without any significant modification.
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Algorithm 3.5 Search for violated (3.25)–(3.26)
Require: 𝑉 : 𝑉 ∈ |𝑁 | × |𝑃 | containing the value of either 𝑑𝑖𝑝 or 𝑠𝑖𝑝
1: 𝑣 𝑖𝑜𝑙𝑎𝑡𝑖𝑜𝑛 ← 0
2: 𝑖𝑑𝑥 ← −1
3: for 𝑝 ∈ 𝑃 do
4: 𝑙ℎ𝑠 ← 0
5: for 𝑖 ∈ 𝑁 do ▷ For all 𝑖 ∉ 𝐷 or 𝑖 ∉ 𝑆 𝑉𝑖𝑝 = 0
6: 𝑙ℎ𝑠 ← 𝑙ℎ𝑠 + 𝑉𝑖𝑝
7: end for
8: 𝑟ℎ𝑠 ← 0
9: for 𝑘 ∈ 𝐾 do

10: 𝑟ℎ𝑠 ← 𝑟ℎ𝑠 + 𝑦𝑘𝑝
11: end for
12: 𝑑 = 𝑙ℎ𝑠 − 𝑟ℎ𝑠
13: if 𝑑 > 𝜖 and 𝑑 > 𝑣𝑖𝑜𝑙𝑎𝑡𝑖𝑜𝑛 then ▷ 𝜖 is a small number used to prevent numerical

issues
14: 𝑣 𝑖𝑜𝑙𝑎𝑡𝑖𝑜𝑛 ← 𝑑
15: 𝑖𝑑𝑥 ← 𝑝
16: end if
17: end for
18: return violation, idx

Algorithm 3.5 is quite straightforward. It gets as input either the values of 𝑑𝑖𝑝 or 𝑠𝑖𝑝 , and
it initialize the largest violation score and the current violation parcel to placeholder values.
Then, for each parcel compute the left hand side and the right hand side of (3.25) or (3.26)
respectively. The currently largest violation is checked against the current one, if the current
one is larger than the largest violation and the most violated parcel are updated. At the end,
the largest violation and the violating parcel are returned to the caller. If the violation score
corresponds to the initial placeholder, the caller knows that the current valid inequality is
never violated.

A similar procedure is implemented to check for the violation of all the other valid in-
equalities. Due to their similarities with Algorithm 3.5, the procedures will not be presented.

3.7 Experimental Results

In this section, we first introduce the procedure used to generate the synthetic instances,
followed by a description of the experimental setup. Next, we discuss the results obtained
from the introduced strengthened MILP, as well as the performance of the proposed ALNS
algorithm. Finally, we present and analyze the sensitivity of some key problem parameters.

3.7.1 Instance Generation and Experimental Setup
We generate synthetic instances based on three key components: the transportation net-
work, the crowdshippers, and the parcel demand. We randomly create different PT networks
depending on the number of lines and the total number of stations. Each transport line is
generated as a random curve on the plane, ensuring that it intersects with at least one other
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curve and contains no self-intersections. These intersections define exchange stations be-
tween lines, while the remaining stations are randomly distributed along the available lines.
The travel time between consecutive stations is an integer value in minutes distributed in
the range [5, 15]. We generated four PT networks with the following configurations in terms
of number of lines and stations: (4, 24), (6, 36), (8, 40), (8, 44). The first network contains 3
exchange stations, the second contains 6, and the last two contain 9 each. We created six
instance classes, each defined by a given number of crowdshippers and parcels. Each class
includes four families, with six instances per family all sharing the same transportation net-
work. In all instances, the number of time slots is set to 85, with each time slot lasting five
minutes.

Each station is associated with two probabilities: the likelihood of being selected as a
starting point by a crowdshipper and the likelihood of being chosen as a destination station
by a customer. These probabilities are higher for traffic-intensive stations, such as terminal
or exchange stations. A random variable with a realistic time pattern distribution determines
when crowdshippers arrive at their starting stations. A random point on the plane is chosen
as the depot for the LSP, and the distance between the depot and each station is used to
compute the backup cost, which is regularized to be an integer between 12 and 20. Each
instance is solved three times using the CPLEX solver: first on the base model without the
valid inequalities, then with the valid inequalities separated dynamically, and finally on the
model strengthened with valid inequalities added from scratch. The solver is configured
with a 1-hour time limit, with no restrictions on the maximum number of threads or memory
available. Each instance is also solved using our ALNS algorithmwith different configuration
parameters. These parameters cover possible combinations of the cooling rate value, set to
[0.75, 0.8, 0.85, 0.9], with the time limit threshold, set to 1, 5, and 10 minutes, respectively.

The destroy heuristic (D1) is configured with 𝑞 = [10, 15, 20], whereas for the destroy
heuristic (D2) both 𝑞 and 𝑞̃ can take value between 1 and 4. To ensure the robustness of
the results, each instance-configuration combination is solved five times. The reported re-
sults always present the family-wise average. All experiments were executed on a computer
running Debian 12.1, with an AMD Ryzen 5 5600U CPU, with 6 cores and 12 threads, and
equipped 40 Gb of RAM. The ALNS algorithm is implemented in Rust 1.70, the MILPmodel is
implemented in Java 20, and solved using CPLEX 22.1. All valid inequalities are inserted with
CPLEX’s flag UseCutForce that forces the solver to insert the proposed valid inequalities in
the current and all subsequent cutting plane iteration.

3.7.2 MILP Formulation Results: Base CPLEX versus Implemented
Branch-and-Cut

This section presents the results of our computational experiments when solving the pro-
posed mathematical formulation. We begin by discussing the results obtained with CPLEX
without any valid inequality, then we describe the outcomes from CPLEX with the valid in-
equalities separated dynamically (as discussed in Section 3.6), finally we present the results
from CPLEX with the valid inequalities added from scratch. Henceforth, we will refer to
a solution that makes use of the backup service to deliver parcels as a default solution. It
is important to note that finding a default solution is always straightforward, as it involves
simply summing the lowest backup costs for each parcel.

Table 3.4 presents a summary of the results obtained from running CPLEX without in-
corporating our valid inequalities. The table is composed of 11 columns representing the
following information. The first three columns identify the instance family, specifying the
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number of stations (|𝑁 |), crowdshippers (|𝐾 |), and parcels (|𝑃 |) in the instance family, respec-
tively. The fourth column (Gap) shows the family average MIP gap (between the incumbent
integer solution and the best bound) provided by CPLEX. The fifth column (Opt.) shows the
number of family instances (out of 6) solved to optimality. The sixth column (Nodes) shows
the average number of nodes explored in the Branch-and-Bound tree. The seventh column
(Obj.) shows the average objective function value. The column (Bound) shows the average
bound value. The ninth column (Time[s]) indicates the execution time, in seconds, whereas
the tenth column (TTB[s]) displays the average time to best, in seconds. Finally, the last
column (Def.) shows the number of instances in the family for which the solver reaches the
time limit without improving the default solution.

Table 3.4: Base CPLEX: solution statistics

|𝑁 | |𝐾 | |𝑃 | Gap Opt. Nodes Obj. Bound Time[s] TTB[s] Def.
24 75 50 11.01% 1 437.17 613.17 546.28 3029.36 1311.72 0
36 75 50 8.20% 0 1019.67 654.3 600.66 3600.17 1338.78 0
40 75 50 1.28% 3 2455.33 671.67 663.08 2648.68 124.25 0
44 75 50 1.42% 3 2949.83 692.83 683.29 2000.27 181.11 0
24 100 75 14.51% 0 1.17 951.17 814.54 3600.15 2037.67 0
36 100 75 30.53% 0 0.00 1063.33 730.80 3600.19 1138.09 2
40 100 75 7.50% 0 77.67 999.17 924.50 3600.29 1609.20 0
44 100 75 3.93% 0 178.67 1059.33 1018.00 3600.45 1449.46 0
24 150 120 35.11% 0 0.00 1809.83 1173.93 3600.25 46.66 5
36 150 120 36.30% 0 0.00 1862.00 1185.85 3600.38 0.09 6
40 150 120 16.94% 0 0.00 1833.83 1524.86 3600.33 66.89 5
44 150 120 10.99% 0 0.00 1859.67 1653.38 3600.41 532.68 3
24 200 160 38.00% 0 0.00 2501.67 1552.05 3600.45 120.83 5
36 200 160 33.78% 0 0.00 2363.33 1564.88 3600.63 0.13 6
40 200 160 17.72% 0 0.00 2495.67 2052.65 3600.56 164.28 5
44 200 160 16.75% 0 0.00 2487.50 2070.05 3600.60 205.58 5
24 250 225 30.48% 0 0.00 3348.33 2327.01 3600.72 0.13 6
36 250 225 63.00% 0 0.00 3536.50 1293.66 3601.43 0.19 6
40 250 225 16.30% 0 0.00 3437.00 2876.30 3600.83 0.21 6
44 250 225 27.87% 0 0.00 3552.33 2572.97 3601.07 0.21 6
24 300 250 34.61% 0 0.00 3853.00 2518.59 3600.85 0.16 6
36 300 250 100.00% 0 0.00 3740.67 0.00 3602.82 0.24 6
40 300 250 85.53% 0 0.00 3782.33 538.19 3602.15 565.39 5
44 300 250 86.21% 0 0.00 3861.00 530.60 3602.20 0.26 6

Averages 30.33% 0.29 340.02 2209.62 1309.06 3482.07 453.82 3.71

By examining Table 3.4, we observe that only 7 out of 144 instances were solved to op-
timality within the one hour time limit. Even the family with the smallest average solution
time, namely (44, 75, 50), still takes more than 37minutes on average to find a solution. Look-
ing at the Nodes column, we observe that in 17 out of 24 families, the solver is unable to
explore the solution tree beyond the root node. Many instance families display very small
time-to-best (TTB) values, often below one second. Such findings can be explained by the
fact that the solver only finds the default solution. However, in several families, the solver
managed to find better solutions than the default one, resulting in more reasonable TTB val-
ues. Finally, the MIP gap values are generally high, with an average value of 30.33%. The
minimum gap observed is 1.28%, while the maximum reaches 100% (for family (36, 300, 250),
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the solver is unable to find a feasible solution for any instance). The solver struggles to find
improving solutions for numerous large instances, and in several cases, CPLEX could not
even find the optimal solution of the linear relaxation. Although the solver performs better
with smaller instances, even in these cases computational times are close to or reach the time
limit. These suggest that CPLEX alone is not sufficient for handling large-scale instances,
therefore heuristic methods should be considered to improve the solution process.

Table 3.5: Implemented Branch-and-Cut: solution statistics

|𝑁 | |𝐾 | |𝑃 | Gap Opt. Nodes Obj. Bound Time[s] Impr. TTB[s] Def.
24 75 50 6.65% 0 877.17 610.83 570.27 3621.28 4.39% 818.85 0
36 75 50 3.86% 0 835.5 649.7 623.92 3626.62 0.70% 311.80 0
40 75 50 0.76% 4 249.00 671.67 666.48 2008.88 0.51% 208.67 0
44 75 50 0.57% 4 242.17 692.83 689.06 1552.07 0.00% 604.80 0
24 100 75 8.09% 0 81.50 936.50 861.71 3619.18 5.79% 1872.32 0
36 100 75 15.58% 0 3.83 944.50 787.18 3619.48 7.71% 2114.86 0
40 100 75 4.53% 0 10.83 1000.17 954.93 3624.80 3.29% 1956.47 0
44 100 75 1.92% 0 31.83 1054.17 1033.95 3624.16 1.57% 1374.48 0
24 150 120 34.00% 0 0.00 1809.83 1194.37 3600.27 1.74% 45.29 5
36 150 120 36.00% 0 0.00 1862.00 1191.43 3600.38 0.47% 0.09 6
40 150 120 16.80% 0 0.00 1833.83 1527.58 3600.36 0.18% 66.44 5
44 150 120 10.53% 0 0.00 1849.83 1652.97 3600.43 -0.02% 1201.96 2
24 200 160 37.85% 0 0.00 2501.67 1555.80 3600.47 0.24% 122.44 5
36 200 160 33.38% 0 0.00 2363.33 1574.24 3600.69 0.60% 0.13 6
40 200 160 17.34% 0 0.00 2495.67 2062.36 3600.63 0.47% 185.06 5
44 200 160 16.49% 0 0.00 2487.50 2076.63 3600.63 0.32% 219.17 5
24 250 225 30.17% 0 0.00 3348.33 2337.39 3600.72 0.45% 0.14 6
36 250 225 63.00% 0 0.00 3536.50 1293.66 3653.59 0.00% 0.20 6
40 250 225 16.29% 0 0.00 3437.00 2876.77 3949.77 0.02% 0.20 6
44 250 225 27.75% 0 0.00 3552.33 2576.98 3823.56 0.16% 0.21 6
24 300 250 34.61% 0 0.00 3853.00 2518.59 3737.91 0.00% 0.17 6
36 300 250 100.00% 0 0.00 3740.67 0.00 3603.02 N.A. 0.26 6
40 300 250 85.53% 0 0.00 3782.33 538.19 3602.21 0.00% 580.21 5
44 300 250 86.21% 0 0.00 3861.00 530.60 3602.22 0.00% 0.26 6

Averages 28.66% 0.33 94.81 2203.20 1320.69 3503.52 1.28% 474.90 3.58

Table 3.5 summarizes the corresponding results obtained by our implementation of the
Branch-and-Cut obtained from running the solver CPLEX with our valid inequalities sep-
arated dynamically. Table 3.5 consists of 12 columns following the structure of Table 3.4
with the addition of column “Impr.” showing the average percentage improvement in the
objective value compared to the initial one found by Base CPLEX. This column provides var-
ious insightful observations. Primarily, our cuts are more effective with smaller instances,
providing only minimal enhancements for larger instances. Furthermore, as shown in Ta-
ble 3.6, no valid inequalities are added in the final three instance families, as the solver is
unable to compute the linear relaxation within the time limit. In one instance with 44 nodes,
150 crowdshippers, and 120 parcels, the introduction of valid inequalities resulted in a slight
deterioration of the objective bound. This is presumably due to the substantial number of
constraints added, resulting in a slower optimization process and hence worsening the re-
sults. For class |𝑁 | = 36, |𝐾 | = 300, and |𝑃 | = 250, CPLEX never solved the linear relaxation,
hence it is impossible to compute the improvement from the Base CPLEX. For this reason,
the corresponding cell contains the placeholder N.A. (Not Available), and the average pre-
sented at the bottom of the table is computed without considering this value. The use of valid
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inequalities allows to solve an additional instance to optimality with respect to Base CPLEX.
We observe that, on average, the valid inequalities increase the average TTB by 4.65%. On
the other hand, the valid inequalities improve the MIP gap by 1.67%.It suggests that the in-
troduction of valid inequalities forces CPLEX to spend more time on the Branch-and-Cut
algorithm, thereby reducing the time available for the internal heuristics, which results in
a generally worse TTB. However, the new information given to the Branch-and-Cut allows
the solver to find better linear relaxation to the problem, proving the effectiveness of our
valid inequalities. With respect to Base CPLEX, we can observe that it has been possible to
find solutions that are not the default one for a larger number of instances: 86 against 89. An
interesting result to discuss is the average number of nodes explored by the solver for small
size classes when compared to Base CPLEX. With a few exceptions, this number is smaller.
This can be attributed to the fact that the added cuts enabled the solver to close subproblems
without necessitating branching.

In Table 3.6, we summarize the statistics on the number of generated cuts. The table
consists of nine columns, where the first three identify the instance size, the fourth column
displays the average number of added cuts for inequalities (3.24). Similarly, from the fifth to
the ninth column, we provide the average numbers of added cuts for valid inequalities (3.25)
and (3.26) jointly applied for each instance, valid inequalities (3.27) and (3.28), (3.29), (3.30),
and (3.31) and (3.32), respectively.

Table 3.6: Statistics on generated number of cuts

|𝑁 | |𝐾 | |𝑃 | (3.24) (3.25)–(3.26) (3.27)–(3.28) (3.29) (3.30) (3.31)–(3.32)
24 75 50 28.00 6171.67 11224.50 10035.33 40.50 95830.83
36 75 50 117.83 3146.50 4345.83 13789.16 96.00 43205.50
40 75 50 7.17 572.50 873.67 2001.17 12.17 15703.50
44 75 50 1.00 1553.50 1930.00 4235.33 15.17 19614.67
24 100 75 0.00 1393.83 2578.50 1747.17 6.50 14601.83
36 100 75 0.50 183.17 321.83 91.50 0.50 1252.67
40 100 75 6.50 226.50 331.83 513.33 2.17 2548.83
44 100 75 6.17 431.33 564.67 815.83 1.33 4024.50
24 150 120 0.00 129.83 145.00 18.83 0.00 252.50
36 150 120 0.00 98.83 134.33 87.00 0.00 192.17
40 150 120 0.00 58.17 68.17 161.17 0.00 153.67
44 150 120 0.17 63.33 74.33 48.33 0.00 140.67
24 200 160 0.00 152.33 184.00 18.17 0.00 152.67
36 200 160 0.00 153.33 192.00 121.83 0.00 293.17
40 200 160 0.00 76.50 95.00 190.33 0.00 303.83
44 200 160 0.00 76.83 109.33 525.50 0.00 727.50
24 250 225 0.00 206.67 225.50 204.50 0.00 338.67
36 250 225 0.00 26.33 41.00 0.83 0.00 21.33
40 250 225 0.00 121.83 135.17 462.50 0.00 458.00
44 250 225 0.00 81.17 91.83 1074.17 0.00 982.67
24 300 250 0.00 195.33 227.00 60.83 0.00 111.00
36 300 250 0.00 0.00 0.00 0.00 0.00 0.00
40 300 250 0.00 0.00 0.00 0.00 0.00 0.00
44 300 250 0.00 0.00 0.00 0.00 0.00 0.00

It is interesting to note that the smaller the size of the instance, the larger the number of
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added cuts. This can be explained by the fact that, given the time limit, in small instances,
the solver explored a large number of Branch-and-Cut nodes. On the other hand, no cuts
were generated for the last three families where the solver cannot even find the optimal
solution of the continuous relaxation within the time limit. By examining the columns of
Table 3.6, we observe that cuts like (3.31) and (3.32) were generally applied the most. Cuts
(3.27) and (3.28) were also applied frequently. This is likely because these cuts operate on
larger variable sets, such as the location variables 𝑜𝑖𝑝𝑡 and the movement variables 𝑎𝑖𝑝𝑡 and
𝑙𝑖𝑝𝑡 . The least used cuts are (3.24) and (3.30).

Table 3.7: Valid inequalities incorporated into the model from scratch: solution statistics

|𝑁 | |𝐾 | |𝑃 | Gap Opt. Nodes Obj. Bound Time[s] Impr. TTB[s] Def.
24 75 50 6.51% 2 3348.17 610.67 571.87 3023.85 0.37% 420.53 0
36 75 50 5.58% 0 3363.67 571.33 538.06 3600.22 1.28% 635.36 0
40 75 50 0.00% 6 1118.50 671.67 671.67 731.54 0.00% 98.87 0
44 75 50 0.17% 5 2186.83 692.83 691.64 1000.00 0.00% 144.39 0
24 100 75 8.21% 0 601.33 937.17 860.88 3600.38 1.47% 329.14 0
36 100 75 7.03% 0 251.50 871.50 809.49 3600.61 17.45% 1886.17 0
40 100 75 3.45% 0 1899.83 993.83 959.24 3600.47 0.54% 894.71 0
44 100 75 1.51% 1 1054.17 1054.00 1038.21 3538.96 0.52% 586.34 0
24 150 120 15.44% 0 7.33 1521.50 1274.84 3600.61 16.02% 1278.46 1
36 150 120 8.36% 0 1.17 1418.50 1297.43 3601.13 23.88% 2077.48 0
40 150 120 3.54% 0 243.17 1633.00 1576.18 3601.30 11.03% 2091.54 0
44 150 120 1.83% 0 539.83 1730.67 1697.84 3601.23 6.88% 1084.99 0
24 200 160 21.39% 0 0.00 2154.83 1672.92 3600.51 13.92% 1607.61 2
36 200 160 19.51% 0 0.00 2116.33 1669.03 3600.72 10.49% 1402.88 3
40 200 160 5.20% 0 0.00 2248.83 2131.94 3600.86 9.86% 2415.93 0
44 200 160 4.33% 0 0.00 2241.67 2142.71 3601.31 9.86% 2869.15 0
24 250 225 23.77% 0 0.00 3230.00 2446.32 3601.06 3.58% 514.53 5
36 250 225 88.25% 0 0.00 3536.50 435.27 3601.92 0.00% 0.21 6
40 250 225 26.45% 0 0.00 3334.33 2441.27 3602.15 2.94% 1078.69 4
44 250 225 34.96% 0 0.00 3310.00 2057.00 3601.49 6.88% 1783.58 2
24 300 250 30.90% 0 0.00 3853.00 2661.80 3601.13 0.00% 0.18 6
36 300 250 88.77% 0 0.00 3740.67 423.81 3603.31 0.00% 0.25 6
40 300 250 85.57% 0 0.00 3782.50 570.62 3602.81 0.00% 0.26 6
44 300 250 69.56% 0 0.00 3769.83 1065.55 3602.98 2.37% 599.50 5

Averages 23.35% 0.58 606.01 2084.44 1321.12 3340.22 5.80% 990.91 1.92

Table 3.7 presents the results obtained when valid inequalities (3.24)–(3.32) are incorpo-
rated directly into the model. These results are compared with the two previously consid-
ered approaches: solving the model using CPLEX without valid inequalities (Base CPLEX)
and with a Branch-and-Cut algorithm that dynamically separates these inequalities. Column
Opt. reports the number of instances solved to optimality within the time limit, totaling 14.
In particular, all instances previously solved optimally by both Base CPLEX and Branch-and-
Cut algorithm with dynamically separated inequalities were also solved by the current ver-
sion that incorporates inequalities from scratch. For the configurationwith |𝑁 | = 40, |𝐾 | = 75
and |𝑃 | = 50, incorporating valid inequalities directly into the model proves more effective in
finding the optimal solution in all instances. On average, the incumbent solution improves
by 5.80% (column Impr.) compared to Base CPLEX, significantly outperforming the 1.28%
improvement achieved with dynamically separated inequalities. The improvement is most
significant for medium-sized instances (|𝐾 | = 100 and 150) with a peak at 23.88%, while for
smaller instances (|𝐾 | = 75), it is negligible or absent. This occurs because the solver finds
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the same incumbent solution, but struggles to prove optimality without valid inequalities.
Regarding MIP gaps (column Gap.), two key insights emerge: (1) the average gap is lower
than both Base CPLEX and Branch-and-Cut with dynamically added inequalities, and (2) no
instances reach the worst-case 100% gap, with even the largest instances (|𝐾 | = 300) suc-
cessfully solving their linear relaxations. In terms of computing times, the time to the best
solution (column TTB[s].) is generally higher than for the other two approaches. How-
ever, this must be interpreted in the context of the number of instances solved. Since fewer
instances are solved to their default value, the solver must invest more effort in refining bet-
ter incumbent solutions, which naturally takes more time. This is confirmed by the overall
solution time (column Time[s].), which is lower than for both the other two approaches,
demonstrating that incorporating valid inequalities directly into the model improves effi-
ciency.

3.7.3 ALNS Results
In this section, we analyze the performance of our ALNS algorithm. Table 3.8 shows the

Table 3.8: CPLEX and ALNS results for the instances solved to optimality

|𝑁 | |𝐾 | |𝑃 | ID CPLEX Obj. ALNS Obj. ALNS Gap CPLEX Time [s] ALNS Time [s]
24 75 50 3 638 638 0.00 377 9.0
24 75 50 6 629 632 0.41 3364 269.0
40 75 50 1 750 750 0.00 30 0.0
40 75 50 2 617 618 0.16 93 20.0
40 75 50 3 694 695 0.17 3178 81.0
40 75 50 4 647 647 0.00 94 233.0
40 75 50 5 708 712 0.56 73 1.0
40 75 50 6 614 614 0.00 918 57.0
44 75 50 2 716 716 0.00 48 1.0
44 75 50 3 715 715 0.00 72 1.0
44 75 50 4 646 648 0.31 1248 5.0
44 75 50 5 684 685 0.15 58 0.0
44 75 50 6 718 718 0.00 972 0.0
44 100 75 2 1143 1143 0.00 3231 3.0

comparison between the optimal solution values found by CPLEX with the valid inequalities
inserted from scratch, and the best value returned by our ALNS algorithm. The table includes
only the fourteen instances that were solved to optimality. All these results come from small
instances: thirteen from instances with |𝐾 | = 75 crowdshippers and |𝑃 | = 50 parcels to
deliver, and only one from an instance with |𝐾 | = 100 crowdshippers and |𝑃 | = 75 parcels
to deliver. The first column indicates the number |𝑁 | of stations in the network, the second
column represents the number |𝐾 | of crowdshippers, the third column the number |𝑃 | of
parcels, while the fourth column represents the instance id. The fifth and sixth columns
show the CPLEX and ALNS objective values, respectively. The last two columns display the
execution times (in seconds) for CPLEX andALNS, respectively. By observing theALNSGap
column, we see that our ALNS algorithm found the optimal value in seven instances. For the
instances where our ALNS did not find the optimal value, in six cases, the gap between the
optimal value and the heuristic solution is below 1%. From this initial analysis, we can see
that our ALNS algorithm can find near-optimal solutions in the vast majority of cases, and
in a fraction of the time required by a state-of-the-art solver.
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Table 3.9 summarizes the results obtained from employing the ALNS algorithm with
the best configuration for each instance family. Our tests reveal that, for each family, the
configuration achieving the best results consistently uses a time limit of 600 seconds and a
cooling rate fixed to 0.9. The table consists of nine columns. The first three columns identify
the instance family, specifying the number of nodes (|𝑁 |), crowdshippers (|𝐾 |) and parcels
(|𝑃 |), respectively. The following two columns (TTB[s] and ITB) show the average time to
the best solution, in seconds, and the average number of ISA iterations to the best solution,
respectively. The next column (Obj.) shows the average objective function value. The last
three columns (N. Sols, Δ Bound, and Δ Obj.) display respectively the average number of
improving solutions found during the search, the average difference in percentage between
the best solution from ALNS and the best known lower bound from CPLEX, and the average
difference in percentage between the ALNS solution value and the CPLEX’s one.

Table 3.9: ALNS results

|𝑁 | |𝐾 | |𝑃 | TTB[s] ITB Obj. N. Sols Δ Bound Δ Obj.
24 75 50 206.35 14948.47 613.63 15.97 7.60% 0.46%
36 75 50 11.89 353.56 684.83 8.33 9.76% 5.41%
40 75 50 65.80 7153.37 672.70 11.00 0.93% 0.15%
44 75 50 19.03 1754.80 693.43 9.83 1.48% 0.86%
24 100 75 236.20 7523.03 940.90 16.77 9.19% 0.47%
36 100 75 55.32 827.07 933.37 13.37 18.57% -1.18%
40 100 75 150.98 7433.87 996.10 13.13 4.31% -0.41%
44 100 75 111.30 10530.87 1054.47 12.70 1.98% 0.03%
24 150 120 307.69 4078.70 1450.83 21.17 21.47% -19.84%
36 150 120 219.16 1159.50 1482.97 18.60 24.47% -20.36%
40 150 120 242.29 6007.00 1636.03 15.77 7.10% -10.79%
44 150 120 196.41 9468.60 1725.00 16.47 4.36% -6.75%
24 200 160 271.20 1826.20 1988.03 19.83 27.78% -20.53%
36 200 160 287.85 838.40 1871.80 22.03 18.90% -20.80%
40 200 160 259.53 3335.20 2240.30 17.53 8.63% -10.23%
44 200 160 262.97 7454.17 2208.77 19.83 6.36% -11.21%
24 250 225 312.18 1314.33 2789.67 22.00 19.35% -16.68%
36 250 225 283.21 327.80 2912.67 20.20 125.15% -17.64%
40 250 225 240.26 1704.13 3112.23 17.87 8.19% -9.45%
44 250 225 267.37 4537.57 3219.60 22.20 24.94% -9.37%
24 300 250 328.80 912.77 3130.80 25.07 24.31% -18.74%
36 300 250 318.09 297.00 2895.57 25.90 N.A. -22.59%
40 300 250 271.92 1154.87 3417.20 20.00 534.94% -9.65%
44 300 250 275.87 3686.90 3521.30 19.37 563.64% -8.80%

Averages 216.74 4109.47 1925.01 17.68 64.07% -9.48%

An important aspect to highlight concerns the time to the best solution (TTB[s]). It is
worth noting that the average TTB is consistently below the five-minute mark (300 seconds),
and even below one minute for some instances. Nevertheless, the best configurations are
always the oneswith a 10-minute time limit. Likely, a longer time limit allowed the algorithm
to find better solutions in later phases of the optimization without sacrificing lucky runs, in
which the incumbent was found in the initial phases. We observe in the Δ Bound column
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that, in general, small gaps from the objective bound exist when the MIP gap itself is small.
This indicates that our heuristic approach is able to find solutions that are close to optimal,
especially for small instances. For the instance family |𝑁 | = 36, |𝐾 | = 300, and |𝑃 | = 250, the
placeholder N.A. (Not Available) is due to the absence of any linear relaxation coming from
CPLEX, and the average presented at the bottom of the table is computedwithout considering
this value. Finally, we observe from the Δ Obj. column that CPLEX found better average
solutions than our ALNS approach in only five instance families. Except for one case, all
these gaps are equal to or below 1%. Additionally, there is a noticeable trend of the gap
improving as the instance sizes increase.

Table 3.10: Correlation matrix

|𝑁 | |𝐾 | TTB[s] ITB N. Sols
|𝑁 | - 0.00 -0.35 0.06 -0.34
|𝐾 | 0.00 - 0.79 -0.50 0.84

TTB[s] -0.35 0.79 - -0.17 0.93
ITB 0.06 -0.50 -0.17 - -0.32

N. Sols -0.34 0.84 0.93 -0.32 -

In order to gain further valuable insights, we examine the correlation coefficients be-
tween the different columns presented in Table 3.9. The most significant insights from this
analysis, which are independent of the instances themselves, are summarized in Table 3.10.
Significant correlation indexes are highlighted in bold. We observe a strong positive cor-
relation between the number of crowdshippers (|𝐾 |) and the number of improved solutions
found (N. Sols). This correlation suggests that our ALNS algorithm can effectively used the
larger pool of crowdshippers to its advantage. The observed correlations between the time
to the best solution (TTB[s]) and the number of stations (|𝑁 |), as well as the correlation
between TTB[s] and the number of crowdshippers (|𝐾 |), are also of interest. Generally, a
larger pool of crowdshippers leads to a longer TTB, which is expected due to the increased
number of solutions found. On the other hand, a larger set of stations results in shorter
TTBs. To explain this further, it is important to consider the existing correlation between
the number of stations (|𝑁 |) and the number of improved solutions found (N. Sols). Both of
these correlations are negative, indicating that in a larger network, the ALNS algorithm has
more possible alternatives for transferring parcels, enabling the heuristic to find solutions
more easily. Finally, the nearly negligible correlation between |𝑁 | and the average number of
ISA iterations to the best solution (ITB) suggests that larger networks are not significantly
more computationally demanding than smaller ones for our ALNS algorithm.

In Figure 3.4, we compare the solution found by our ALNS (Figure 3.4a) with the one
found by CPLEX (Figure 3.4b) on the same instance, namely the third instance of the family
with |𝑁 | = 44, |𝐾 | = 75, |𝑃 | = 50. The solution value remains the same, but the paths
followed by the parcels differ slightly. CPLEX consumed the time limit of 1 hour with a final
MIP gap equal to 0.58%, whereas our ALNS required the assigned 10 minutes. In each of
the two graphs, the nodes represent the PT stations, with square labels indicating source
stations. The double-headed arcs between the nodes represent direct connections between
the two stations. Each arc represents a step in a parcel’s path, with each step associated with
the crowdshipper involved. Each parcel is associated with a different color, and the number
on each colored arc indicates the crowdshipper responsible for the transfer. For clarity, each
parcel’s path is represented directly on the original PT network. Both in Figure 3.4a and
Figure 3.4b, we observe that some parcels have been delivered by multiple crowdshippers,
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(b) CPLEX Solution

Figure 3.4: Visual comparison of the solutions obtained with (a) ALNS and (b) CPLEX for the
same instance.

even though most parcels are handled by only one. Furthermore, in this specific instance,
several parcels in both solutions have completed only one step in the network, while others
have followed much longer paths. This behavior arises from the remuneration structure of
crowdshippers. Delivering a parcel with a single crowdshipper is always cheaper, and paths
with too many crowdshippers can exceed the backup cost.

3.7.4 Tuning of ALNS Parameters
This section presents a comprehensive analysis of the main ALNS parameters, namely the
cooling rate and the time limit (TL), to evaluate the algorithm’s robustness under different
settings, providing guidance for decision makers. First, we analyze the impact of their values
on the solution quality (effectiveness), then on the TTB (efficiency). Finally, we rank the
various parameter values to summarize the findings and provide decision makers with a
practical rule.

In our computational experiments, we run the ALNS algorithm with all possible com-
binations of cooling rates in [0.75, 0.80, 0.85, 0.90] and time limits (in minutes) in [1, 5, 10].
Table 3.11 shows, for each instance class and across all the configurations, the mean best,
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Table 3.11: ALNS solutions statistics

|𝑁 | |𝐾 | |𝑃 | Best Worst Avg. 𝑄25 𝑄50 𝑄75 Gap%
24 75 50 611.83 618.17 614.94 614.17 615.00 615.83 1.06%
36 75 50 634.50 635.00 634.54 634.50 634.50 634.50 0.08%
40 75 50 672.67 673.67 672.85 672.67 672.67 672.88 0.15%
44 75 50 701.33 702.00 701.56 701.50 701.50 701.67 0.10%
24 100 75 938.50 946.33 942.41 941.33 942.17 943.54 0.84%
36 100 75 933.17 934.33 933.53 933.33 933.50 933.67 0.13%
40 100 75 995.33 999.00 997.04 996.33 996.83 997.33 0.38%
44 100 75 1054.00 1056.50 1054.96 1054.67 1055.17 1055.17 0.24%
24 150 120 1447.83 1463.00 1454.63 1452.29 1454.67 1456.42 1.05%
36 150 120 1481.50 1489.17 1484.16 1483.00 1483.67 1485.00 0.53%
40 150 120 1634.17 1642.17 1637.53 1636.17 1637.08 1638.54 0.50%
44 150 120 1724.17 1728.33 1726.11 1725.63 1726.00 1726.83 0.25%
24 200 160 1981.50 2005.83 1993.61 1990.00 1993.08 1996.63 1.23%
36 200 160 1866.83 1888.33 1875.52 1872.29 1874.50 1878.25 1.16%
40 200 160 2236.83 2248.50 2242.45 2240.50 2242.17 2243.92 0.52%
44 200 160 2205.83 2216.33 2211.43 2209.96 2211.33 2212.88 0.48%
24 250 225 2782.33 2808.83 2795.77 2791.29 2795.58 2799.67 0.96%
36 250 225 2909.17 2932.33 2917.52 2913.25 2916.83 2920.88 0.80%
40 250 225 3108.83 3123.67 3115.45 3113.46 3115.33 3117.21 0.48%
44 250 225 3216.33 3229.17 3222.19 3220.33 3222.00 3223.88 0.40%
24 300 250 3122.50 3160.67 3139.40 3134.17 3138.42 3144.88 1.22%
36 300 250 2886.33 2927.67 2903.95 2897.29 2903.25 2909.58 1.43%
40 300 250 3414.00 3433.17 3421.88 3419.13 3421.42 3424.33 0.57%
44 300 250 3517.67 3530.67 3523.75 3522.13 3523.42 3525.04 0.37%

worst, average, and the quartiles of objective values over all the instances in the class. The
last column shows the percentage gap between the best and the worst. These statistics are
computed over all the 𝑇𝑚𝑎𝑥 and all the cooling rates. In fact, the maximal gap is below 1.5%,
with an average of 0.62%, and a minimal at 0.08%. Moreover, it is possible to notice that the
gap between the 𝑄25 and the worst case is always below 1.10%, with an average gap at 0.43%.
Analyzing the gap between the best case and 𝑄75, one can see that the maximal gap is 0.81%,
the average is 0.35%, and the minimal is 0.00%. This table illustrate the general stability of
the algorithm with respect to the configuration values across different instance sizes.

Cooling Rate
0.75 0.80 0.85 0.90

T
L

1 1929.33 1928.56 1927.73 1926.87
5 1925.91 1925.40 1924.91 1923.99

10 1924.81 1924.33 1923.82 1922.91

Table 3.12: Average objective value obtained from ALNS with various values for the cooling
rate and the time limit.

Table 3.12 shows the average best objective function value found by our ALNS, computed
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over all instances without class distinction. In the table, the columns represent the outcomes
for the different cooling rates, while the rows show the results for each time limit. As seen
in Table 3.12, the average best solution value returned by ALNS appears to be independent
of the values taken by the two parameters.

Since the ALNS relies heavily on randomization, it is important to determine whether the
differences in outcomes are due to chance alone or if the parameters play a pivotal role in the
algorithm’s performance. To investigate this behavior in depth, we conduced the Wilcoxon
signed-rank paired test on the two parameters (for more information about the Wilcoxon
test, see Tiit (2000)). The 𝑝-values from the tests comparing the cooling rate outcomes are
all below 10−10, indicating that, even if the differences are minimal, the null hypothesis can
always be rejected, meaning the differences cannot be attributed to chance alone. Similarly,
when comparing the outcomes based on time limits, the 𝑝-values are always below 10−10. In
this case as well, all tests allow us to reject the null hypothesis, indicating that even aminimal
but significant difference exists between the outcomes for different time limit values.

Considering the average heuristic results with varying cooling rates and time limits, we
observe a limited impact on the solution value. However, Wilcoxon’s test results indicate
otherwise. Although unexpected, this outcome can be attributed to key aspects of our algo-
rithm’s design. First, in our ALNS, the ISA runs repeatedly until the time limit is reached.
Unlike standard implementations that use a smooth cooling rate (close to 1) for gradual inten-
sification, we employ multiple restarts within a single run. An aggressive cooling rate (close
to 0) shortens each diversification-intensification cycle, increasing the number of runs. Con-
versely, a smoother cooling rate extends each run, reducing the number of iterations but
allowing a deeper search per iteration, often yielding better solutions.

Second, the reheating policy prevents premature convergence by increasing the temper-
ature whenever a new best solution is found, effectively restarting diversification. This bal-
ances the effects of the cooling rate, ensuring a thorough exploration of the search space and
explaining the consistent performance of the algorithm in different settings of parameters.

Now, let us focus our analysis on the impact of the cooling rate and time limit on the
time to the best solution found (TTB). The goal of this analysis is to assess the impact of
the configuration parameters on the efficiency, i.e., the amount of time our ALNS takes to
find the best solution provided as output. In Table 3.13 we present the TTBs quartiles and
standard deviation with respect to the number of nodes in the network and the 𝑇𝑚𝑎𝑥 . From

Table 3.13: ALNS time to best statistics

|𝑁 | 𝑇𝑚𝑎𝑥 𝑄25 𝑄50 𝑄75 Std. Dev.
24 1 11.00 25.35 41.01 17.51
36 1 5.90 20.80 39.35 18.52
40 1 7.65 20.09 38.29 17.47
44 1 3.60 14.27 31.89 17.69
24 5 46.93 120.52 207.21 90.01
36 5 15.08 83.35 179.31 93.57
40 5 29.97 85.06 171.22 88.61
44 5 7.94 73.63 166.25 91.12
24 10 96.89 238.83 401.39 174.14
36 10 23.94 138.37 357.57 187.73
40 10 48.86 170.27 333.51 174.72
44 10 11.43 129.12 349.14 185.44
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Table 3.13 it is possible to notice several interesting trends. In this table and in the following,
𝑄𝑥 , with 𝑥 ∈ [0, 100], identifies the 𝑥-th percentile of population under analysis. First, it
can be observed that in all cases 𝑄25 is smaller than a quarter of 𝑇𝑚𝑎𝑥 . Similarly, 𝑄50 is
always less than 1

2
𝑇𝑚𝑎𝑥 and 𝑄75 is always less then 3

4
𝑇𝑚𝑎𝑥 . This shows that, in general, the

algorithm finds the incumbent result well within the available time limit. As a consequence,
an eventually too short runtime is not too decremental for the solution quality. On the other
hand, these time to best show that the algorithm is capable of exploiting the extra available
time to further improve the solution. Moreover, it is possible to notice that in networks
|𝑁 | = 36, 40, 44 the value of 𝑄50 for 𝑇𝑚𝑎𝑥 = 10 is smaller than 𝑄75 for 𝑇𝑚𝑎𝑥 = 5. On the other
hand, with |𝑁 | = 24 the gap between 𝑄50 for 𝑇𝑚𝑎𝑥 = 10 and 𝑄75 for 𝑇𝑚𝑎𝑥 = 5 is 15.26%. This
is further evidence of the proposed ALNS’s efficacy in finding good quality solutions in a
short amount of time.

(a) Time-to-Best value for different ISA cooling
rates

(b) Time-to-Best value when changing the ALNS’s
time limit

Figure 3.5: Comparison of Time-to-Best metrics: (a) by cooling rate, (b) by time limit.

Figure 3.5a displays the TTB distribution across the different considered networks, grouped
by time limit, under varying cooling rates. In this figure, the boxplots represent the quantiles
of the TTB distributions, while the dots indicate the average TTB for each combination of
cooling rate, time limit, and network. Unsurprisingly, a lower time limit corresponds to a
lower TTB. Figure 3.5b shows the TTB distribution for each network, grouped by cooling
rate, under varying time limits. Naturally, this figure presents the same information as Fig-
ure 3.5a but from a different perspective, serving two purposes. First, it confirms previous
observations, such as the fact that longer time limits correspond to larger TTBs. Second, it
clearly shows that there is no trend, i.e., no positive or negative correlation between cool-
ing rate and TTB. From the analysis of Figure 3.5, it is clear that the time limit significantly
impacts the time to the best solution found, demonstrating our algorithm’s ability to contin-
uously find new and improved solutions.

On the left, Figure 3.6a represents histograms, for each network and time limit, repre-
senting the number for solution for a specific time to best. From this figure it is possible to
notice that a good number of incumbent solutions is found in the early stages of the opti-
mization, independently from the actual 𝑇𝑚𝑎𝑥 . Then, for 𝑇𝑚𝑎𝑥 = 5, 10 the distribution tends
to flatten, showing the algorithm’s ability to find improving solutions even in later optimiza-
tion stages. Such a flattening of the distribution is likely connected to the stochastic nature
of the algorithm. In fact, improving on an already high quality solution is hard and mostly
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(a) Time to best histogram for each network and
𝑇𝑚𝑎𝑥

(b) Time to best cumulative distribution for each
network and 𝑇𝑚𝑎𝑥

Figure 3.6: Comparison of Time to Best statistics: (a) by Histogram, (b) by Empirical Cumu-
lative Density

dependent on the right sequence of destroy and repair operators. On the right, Figure 3.6b
shows, for each network, the empirical cumulative distribution function of the time to best
with respect to each network and time limit. To improve the readability, the figure shows
dots on the ECDFs lines representing, for each 𝑇𝑚𝑎𝑥 , the value of the associated quantile.
Several interesting patterns emerge from this figure. This figure gives a visual aid to under-
stand the pattern emerging from Table 3.13. In fact, in the figure it is possible to notice that
only in a small portion of the instances the incumbent value is found near the time limit.
Moreover, it can be observed how close to each other the ECDFs are below the 50% line, and
how they become almost indistinguishable below the 25% line.

To conclude, we present two critical distance plots (Demšar, 2006) to rank the different
parameter values according to their overall performance. In these plots, a lower ranking
value indicates better performance of a given configuration. The size of the Critical Distance
(CD), computed using the Nemenyi test, determines when the test results can be considered
significant (for more information on the Nemenyi test, see Tiit (2000)).
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Figure 3.7: Comparison of Critical Distance: (a) by Cooling Rate, (b) by Time Limit.

Figure 3.7a shows the CD ranking of the solution values under varying cooling rates. In
this plot, the ranking is clear, with the distance between the scores consistently exceeding
the critical distance. This image distinctly ranks a cooling rate of 0.9 as the best value among
those tested. The second is 0.85, the third is 0.8, and the fourth is 0.75. Even if differences are
minimal, a smoother cooling rate enhances the overall performance of our ALNS. A similar
result is shown in Figure 3.7b, where the CD plot compares the solution quality of the ALNS
under varying time limits. In this figure, all the scores exceed the critical distance, indicating
that the ranking is significant. The best performing time limit is 10 minutes, followed by 5
minutes in second place, and 1 minute in third. This indicates that, in general, allowing the
heuristic to run longer leads to better solutions. It is noteworthy that there is a significant
gap between the one-minute and five-minute scores. However, the gap between the 5-minute
and 10-minute scores is smaller. Increasing the time limit from 1 to 5 minutes multiplies the
run time by five, while increasing it from 5 to 10 minutes only doubles the available time for
the algorithm. Nonetheless, as seen in Table 3.9, the average TTB is below five minutes for
each 10-minute ALNS execution. Furthermore, Figure 3.5b confirms this, showing that 75%
of the executions find the incumbent well before the time limit.

Based on the performed CD ranking, a useful recommendation for decision-makers run-
ning this algorithm in an application is to configure the ALNS with a smooth cooling rate
(≥ 0.85) and allow it to run for a relatively long time, more than 5 minutes. However, is a
solution is needed very quickly, it is possible to run the algorithm with a short time limit and
expect high quality results.

3.7.5 Sensitivity Analysis of System Efficiency
In this section, we perform a sensitivity analysis to evaluate how different values of the
reward 𝜌 granted to the crowdshippers (here referred to as cs-cost) and the backup cost 𝛾𝑝
affect the overall cost and efficiency of the delivery system. The cs-cost is the amount paid
to the crowdshipper for delivering a parcel, while the backup cost is the expense incurred
by the LSP when a parcel is delivered via the backup service. We assume that the cs-cost is
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always lower than the backup cost, making crowdshipping generally preferable from a cost
perspective.

We consider nine sets of instances, each representing a different combination of cs-cost
and backup cost ranges. The cs-cost varies between the values [1; 2; 3], while the backup
cost ranges are [4-8; 6-12; 8-16]. The backup cost for each parcel depends on its destination
and is chosen from the corresponding range. We also vary the number of crowdshippers
and parcels to be delivered for each set of instances. The number of crowdshippers takes
the values [15; 30; 45], while the number of parcels varies between [10; 20; 30]. These are
small instances to ensure that optimality can be reached and the obtained results are not
biased. Each set of instances consists of nine subsets, each with a different combination of
crowdshippers and parcels.

We can observe how these parameters influence the trade-off between cost and efficiency
by varying the cs-cost and backup cost. Lower cs-cost and higher backup cost will encourage
crowdshipping, as employing crowdshippers becomes more attractive than opting for the
backup delivery alternative. The reverse is true when higher cs-cost and lower backup cost
are imposed. We also expect that different public transportation lines will have varying levels
of crowdshipping potential, depending on their network structure, frequency, and coverage.

Table 3.14 and Table 3.15 summarize the results of our sensitivity analysis. The average
values are given for each set of instances relative to the percentage of parcels delivered by
crowdshippers (in Table 3.14) and the objective function value (in Table 3.15). Columns are
grouped by cs-cost (𝜌 = 1, 2, 3), with subcolumns representing backup cost ranges ( 𝛾𝑝∈[4, 8],
𝛾𝑝∈[6, 12], 𝛾𝑝∈[8, 16] ), where the backup cost for each parcel is drawn uniformly from the
specified range. Rows are labeled with two integers separated by a comma (e.g., (10,15)),
where the first number indicates the total number of parcels to be delivered, and the second
denotes the number of available crowdshippers. For example, the column group 𝜌 = 2 with
sub-column 𝛾𝑝 ∈ [8, 16] corresponds to a cs-cost of 2 and backup cost ranging between 8
and 16, while the row (30,45) represents instances with 30 parcels to be delivered and 45
available crowdshippers.

Table 3.14: Sensitivity analysis – percentage of parcels delivered by crowdshippers across
different cost configurations

(|𝑃 |, |𝐾 |) 𝜌 = 1 𝜌 = 2 𝜌 = 3

𝛾𝑝 ∈
[4, 8]

𝛾𝑝 ∈
[6, 12]

𝛾𝑝 ∈
[8, 16]

𝛾𝑝 ∈
[4, 8]

𝛾𝑝 ∈
[6, 12]

𝛾𝑝 ∈
[8, 16]

𝛾𝑝 ∈
[4, 8]

𝛾𝑝 ∈
[6, 12]

𝛾𝑝 ∈
[8, 16]

(10,15) 2.50 26.66 30.00 0.00 15.55 28.33 0.00 10.00 26.67
(10,30) 8.75 56.11 60.43 5.83 42.22 62.77 0.00 20.55 48.23
(10,45) 14.54 70.00 81.81 7.22 53.33 82.77 0.00 41.66 63.89

(20,15) 0.94 14.72 18.00 0.83 14.16 17.77 0.00 7.78 15.83
(20,30) 7.50 32.77 33.33 2.22 25.00 33.88 1.38 20.55 28.88
(20,45) 24.25 50.27 59.44 18.30 43.05 51.38 3.61 32.22 39.79

(30,15) 1.67 11.66 13.51 3.15 10.37 12.40 1.11 9.07 11.85
(30,30) 4.63 21.37 22.74 8.33 16.27 21.76 0.92 16.66 18.82
(30,45) 19.44 40.55 43.51 12.96 35.92 40.74 3.89 32.04 36.85

Average 9.36 36.01 40.31 6.58 28.43 39.09 1.21 21.17 33.14
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Table 3.15: Sensitivity analysis – objective function value across different cost configurations

(|𝑃 |, |𝐾 |) 𝜌 = 1 𝜌 = 2 𝜌 = 3

𝛾𝑝 ∈
[4, 8]

𝛾𝑝 ∈
[6, 12]

𝛾𝑝 ∈
[8, 16]

𝛾𝑝 ∈
[4, 8]

𝛾𝑝 ∈
[6, 12]

𝛾𝑝 ∈
[8, 16]

𝛾𝑝 ∈
[4, 8]

𝛾𝑝 ∈
[6, 12]

𝛾𝑝 ∈
[8, 16]

(10,15) 57.13 86.88 109.87 61.72 87.27 110.11 59.83 92.00 111.94
(10,30) 57.25 76.94 98.00 59.58 82.11 95.17 58.28 86.88 101.94
(10,45) 57.09 71.00 87.00 58.72 79.11 92.39 57.83 84.38 96.27

(20,15) 111.62 171.27 220.40 120.10 177.88 226.11 120.66 174.44 224.94
(20,30) 111.16 162.72 209.91 116.30 173.22 212.22 118.61 173.05 217.72
(20,45) 107.75 147.72 179.44 117.50 155.55 191.38 121.33 164.88 204.92

(30,15) 170.88 257.66 336.88 178.30 262.61 339.33 176.38 266.22 350.44
(30,30) 174.77 245.94 320.17 178.00 254.35 327.35 180.61 258.55 334.52
(30,45) 162.96 229.05 293.14 178.89 240.44 300.56 181.34 256.15 306.17

Average 112.29 161.02 206.09 118.79 168.06 210.51 119.43 172.95 216.54

The results displayed in Table 3.14 and Table 3.15 confirm our expectations. The percent-
age of parcels delivered through crowdshipping and the total cost displayed by the objective
function value are strongly influenced by the cs-cost and the backup cost. For example, when
the cs-cost is set to 1 and the backup cost ranges between [8, 16], we observe in Table 3.14
that over 80% of parcels are delivered by crowdshippers in the best-case scenario, with an
average of 40.30% across the nine instance sets under investigation. On the other hand, when
the cs-cost is set to 3 and the backup cost range lies within [4, 8], we observe that crowd-
shippers do not deliver any parcels, as the cost of crowdshipping becomes comparable to
the backup delivery cost, making it much less attractive overall. The average percentage of
parcels delivered by crowdshippers in this cost setting is only 1.21%. An additional aspect
worth noting from the results of our sensitivity analysis is linked to the ratio of crowd-
shippers available to the number of parcels to be delivered. We observe that an increasing
number of crowdshippers relative to the number of parcels leads to a higher percentage of
parcels delivered by crowdshippers. For example, considering the first column where cs-cost
= 1 and the backup cost ranges between [8, 16], we observe that the percentage of parcels
delivered by crowdshippers increases from 30% to 81.81% as the number of crowdshippers
increases from 15 to 45, while delivering the same number of parcels (i.e., 10). This is an
important consideration when designing a crowdshipping delivery system, as ensuring a
sufficient number of crowdshippers is available to deliver the parcels is crucial. Table 3.15
shows similar impacts in the trends for the objective function value. We can conclude that
changes in the cs-cost and backup cost directly impact the delivery system, influencing both
the total cost and the number of crowdshippers that can be employed. Therefore, it is crucial
to carefully select the appropriate values for these costs.

To further enhance our sensitivity analysis, we also explore the impact of varying time-
slot configurations on our crowdshipping delivery model. Our main testing framework is
based on a full delivery day divided into |𝑇 | = 85 time-slots, each lasting Δ𝑡 = 5 minutes. To
challenge our approach and broaden our understanding, we conducted additional tests using
different (|𝑇 |, Δ𝑡) configurations, while still keeping the cs-cost and backup cost as defined
previously (i.e., cs-cost = 2, and backup cost ranging between 12 and 20). Specifically, we
examined the following configurations:
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• (85,5): The day is divided into 85 time-slots, each lasting 5 minutes;
• (42,10): The day is divided into 42 time-slots, each lasting 10 minutes;
• (28,15): The day is divided into 28 time-slots, each lasting 15 minutes;
• (21,20): The day is divided into 21 time-slots, each lasting 20 minutes.

Upon analyzing the results shown in Table 3.16, we observe that the objective function
value for the first three configurations (85,5), (42,10), and (28,15) shows only minor varia-
tions. More specifically, amodest increase in the objective function valuewas observedwhen
comparing (85,5) with (42,15) across all instance groups. However, a more pronounced dif-
ference emerged when comparing the standard (85,5) and the (21,20) configurations. In the
instance set (30,45), the objective function value increased by 9.11%moving from the (85,5) to
the (21,20) configuration, highlighting that reducing the number of time-slots significantly
impacts overall performance, even for small instances like those under investigation. Ad-

Table 3.16: Sensitivity analysis – objective function value across different time-slot configu-
rations

(|𝑃 |, |𝐾 |) (|𝑇 |, Δ𝑡)

(85,5) (42,10) (28,15) (21,20)

(10,15) 138.58 142.66 141.50 150.33
(10,30) 122.21 127.13 133.33 138.73
(10,45) 109.47 114.60 116.69 135.16

(20,15) 284.91 287.12 293.33 299.21
(20,30) 269.41 277.34 275.87 289.37
(20,45) 235.77 243.18 256.29 279.65

(30,15) 446.00 459.33 451.25 452.91
(30,30) 422.86 413.41 433.47 443.39
(30,45) 389.52 392.05 410.25 425.00

Average 285.02 272.98 296.31 290.42

ditionally, as seen in Table 3.17, it becomes even more evident that reducing the number of
available time-slots significantly affects the percentage of parcels delivered via crowdship-
ping. This effect is most pronounced in the (21,20) configuration, as shown by the data in
the last column.

Managerial Insights

Based on the results obtained through our sensitivity analysis, we can draw some key man-
agerial insights that should be taken into consideration while designing a PT-based crowd-
shipping delivery system:

• Cost structure: The relationship between the cs-cost and the backup delivery cost is
crucial. Our results show that when the cs-cost is low (i.e., 1) and the backup cost is
high (ranging from 8 to 16), an average of 40.31% of parcels are delivered by crowdship-
pers. However, this value drops dramatically to just 1.21% when the cs-cost increases
to 3 and the backup cost decreases to the [4, 8] range. Therefore, to maximize crowd-
shipping utilization and minimize total delivery costs, maintaining a favorable cost
ratio is essential.
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Table 3.17: Sensitivity analysis – percentage of parcels delivered by crowdshippers across
different time-slot configurations

(|𝑃 |, |𝐾 |) (|𝑇 |, Δ𝑡)

(85,5) (42,10) (28,15) (21,20)

(10,15) 2.76 3.16 2.25 1.16
(10,30) 6.52 5.00 6.20 3.13
(10,45) 8.76 9.08 9.34 5.00

(20,15) 3.08 4.08 3.00 2.08
(20,30) 5.91 5.95 6.12 4.08
(20,45) 11.90 10.80 10.90 6.39

(30,15) 3.54 2.95 3.08 1.34
(30,30) 5.63 7.12 5.78 4.52
(30,45) 11.60 11.80 11.20 7.09

Average 7.12 7.10 7.06 4.20

• Crowdshippers availability: Not surprisingly, increasing the number of available
crowdshippers relative to the number of parcels to be delivered significantly improves
the system efficiency. For example, with 10 parcels to be delivered, increasing the
number of crowdshippers from 15 to 45 raises crowdshipping utilization from 30%
to 81.81% in the most favorable cost scenario. This underscores the importance of
incentivizing and maintaining a large, active crowdshipper network.

• Scalability: As the delivery volume increases, crowdshipping efficiency tends to de-
crease. When the cs-cost is set to 1 and the backup cost ranges in [8,16], crowdshipping
utilization drops from 81.81% for 10 parcels to 43.51% for 30 parcels (with 45 available
crowdshippers). This provides useful information on the necessity of defining different
distribution strategies based on the volume of parcels to be delivered.

• Pricing: The significant impact of the cs-cost on system performance (e.g., crowd-
shipping utilization dropping from 40.31% to 1.21% as the cs-cost increases from 1 to
3) suggests that pricing is a decisive factor for the ultimate success of crowdshipping
delivery.

• Network effect: Larger systems with more crowdshippers and parcels to be delivered
tend to achieve higher crowdshipping percentages. For example, when the cs-cost
is set to 1 and the backup cost ranges in [8,16], the 30-45 (parcels–crowdshippers)
configuration achieves 43.51% crowdshipping utilization, compared to 30% for the 10-
15 configuration. This implies that there may be a “critical mass” that needs to be
achieved to make the system have a positive impact.

• Backup delivery: Even in the most favorable conditions (when the cs-cost is set to 1
and the backup cost ranges in [8,16], 10 parcels to be delivered, 45 available crowdship-
pers), 18.19% of parcels still rely on backup delivery. This highlights the necessary role
of the backup system in ensuring service reliability. When implementing such crowd-
shipping delivery frameworks, managers should not neglect the optimization of this
backup system.
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• Route-specific strategies: Although not explicitly quantified in our analysis, dif-
ferent PT lines have varying crowdshipping potentials. This implies that while im-
plementing a PT-based crowdshipping system, one should consider developing and
implementing route-specific strategies to maximize efficiency across different parts of
the network.

By considering such factors, stakeholders can potentially make more informed decisions.
The complex relationship between different factors in the success of a PT-based crowdship-
ping delivery system suggests the need for a more holistic approach, where changes in one
area are carefully evaluated for their impact on the performance of the entire system.

3.7.6 Sensitivity to Travel Delays and Path Length Variability
While our problem is formulated within a deterministic environment, assuming PT adheres
to predefined timetables, it is essential to consider system performance in real-world scenar-
ios, where delays and disruptions may impact travel times, potentially altering parcel pickup
schedules and rendering some delivery plans infeasible. To assess this aspect, we first ex-
amine the distribution of parcel path lengths (i.e., the number of crowdshippers required to
transfer a parcel) in the solutions obtained by our ALNS. Next, we refine the analysis by fo-
cusing on parcel paths involvingmultiple crowdshippers, specifically analyzing the temporal
gap between parcel drop-off and subsequent pickup at exchange stations. Thesemetrics offer
valuable insights into the robustness of the obtained solutions when faced with real-world
timing variations. Finally, the analysis focuses on the impact of delays introduced along a
predefined PT line, simulating disruptions to assess their effect on optimal solutions and the
system’s resilience.

Table 3.18: Percentage of parcel paths for each length, grouped by network size |𝑁 | and
number of available crowdshippers |𝐾 |

|𝑁 | Path Length |𝐾 |
75 100 150 200 250 300

24

1 89.22% 79.93% 81.15% 78.62% 84.40% 78.98%
2 10.76% 19.84% 18.35% 20.94% 14.99% 20.63%
3 0.02% 0.23% 0.50% 0.43% 0.60% 0.38%
4 0.00% 0.00% 0.00% 0.00% 0.01% 0.01%

36

1 93.33% 91.59% 94.51% 93.65% 93.96% 93.83%
2 6.67% 8.41% 5.35% 6.19% 5.87% 5.99%
3 0.00% 0.00% 0.14% 0.16% 0.17% 0.16%
4 0.00% 0.00% 0.00% 0.00% 0.00% 0.02%

40
1 94.45% 96.30% 93.92% 89.06% 90.38% 85.64%
2 5.55% 3.66% 5.95% 10.39% 9.21% 13.73%
3 0.00% 0.04% 0.14% 0.56% 0.42% 0.63%
4 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

44

1 84.02% 86.20% 86.92% 81.16% 81.70% 70.15%
2 14.58% 13.32% 12.95% 16.20% 17.15% 25.37%
3 1.40% 0.48% 0.13% 2.60% 1.15% 4.24%
4 0.00% 0.00% 0.00% 0.04% 0.00% 0.24%

Table 3.18 presents the distribution of parcel path lengths across the various network
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configurations. Specifically, for each network size (denoted by |𝑁 | in the first column) and
number of available crowdshippers (indicated by |𝐾 | in columns 3 to 8), the table shows the
percentage of paths requiring from 1 to 4 parcel transfers (Path Length column). Table 3.18
shows a consistent pattern across all network configurations: paths involving a single crowd-
shipper dominate. Their share is lowest at 70.15% for |𝑁 | = 44, |𝐾 | = 300 and highest at
96.30% for |𝑁 | = 40, |𝐾 | = 100. These single-crowdshipper paths remain unaffected by typi-
cal service disruptions, as they do not require intermediate transfers and synchronization.

The high share of single–crowdshipper deliveries results from the objective function’s
structure, which inherently minimizes the number of involved crowdshippers to reduce
costs. Since using fewer crowdshippers is the most cost-effective option under the reward
scheme, our method assigns multiple crowdshippers only when necessary. This is evident
in the |𝑁 | = 44, |𝐾 | = 300 case, where paths involving three (resp. four) crowdshippers
reach just 4.24% (resp. 0.24%). The effectiveness of this mechanism depends on the network
topology, as seen in Table 3.18, where instances with |𝑁 | = 44 display a higher share of
multiple–crowdshipper parcel paths.

Moreover, the cost structure also influences parcel path length, particularly the crowd-
shipper reward 𝜌 and backup cost 𝛾𝑝 . Ignoring 𝜎𝑖 and 𝜈𝑖 for simplicity, a parcel 𝑝 ∈ 𝑃 cannot

be assigned to a path longer than ⌊
𝛾𝑝
𝜌
⌋, as such paths would exceed the backup delivery

cost. This underscores that selecting 𝜌 in relation to 𝛾𝑝 and network topology, while con-
sidering business constraints such as minimum crowdshipper involvement and commuter
patterns, can also promote shorter paths, reducing exposure to travel disruptions. While
single–crowdshipper parcel paths remain unaffected by typical travel disruptions, those re-
quiring synchronization (ranging from 3.70% to 29.85% of cases, depending on the network
configuration; Table 3.18) may be impacted. To evaluate this risk, we analyze the waiting
time between parcel drop-off at exchange stations and pick-up by the next crowdshipper,
assessing the likelihood of failed transfers due to upstream delays.

Figure 3.8: Distribution of parcel waiting times at exchange stations for paths involving
multiple crowdshippers.
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Figure 3.8 shows violin plots depicting the distribution of parcel waiting times at ex-
change stations, with each quadrant representing a different network size and further sub-
divided by the number of parcels per instance. Inner boxplots highlight the 25th, 50th, and
75th percentiles, while the central cross marks the average waiting time. Across all network
sizes and parcel counts, the average waiting time remains around 45 minutes. The shortest
average waiting time, just over 27 minutes, is observed for |𝑁 | = 44 and |𝑃 | = 250. Examin-
ing network-wide averages, we find approximately 40 minutes for |𝑁 | = 24, 43 minutes for
|𝑁 | = 36, 53 minutes for |𝑁 | = 40, and 31 minutes for |𝑁 | = 44.

Figure 3.9: Percentage of parcels missing planned transfers at exchange stations as a function
of the incurred travel delay.

Overall, the distributions in Figure 3.8 indicate that, for the parcel deliveries requiring
synchronization between multiple crowdshippers, the waiting time at exchange stations is
generally sufficient to prevent missed transfers. Figure 3.9 further illustrates this by show-
ing the percentage of parcels involving two or more crowdshippers that fail to transfer at
an exchange station (y-axis) as a function of the incurred travel delay before reaching that
station (x-axis). The developed crowdshipping framework demonstrates strong resilience to
typical travel delays, particularly in reliable transport systems such as trains, metros, and
dedicated-lane buses. The results indicate that networks with |𝑁 | = 36 (resp. |𝑁 | = 40) are
the most robust, with failure rates below 25% for delays under 20 (resp. 30) minutes and
below 50% for delays up to 40 (resp. 55) minutes. The failure rate would increase to 50% in
the case of travel delays larger than 35 (resp. 25) minutes.

Additional experiments were conducted to evaluate the resilience of the crowdshipping
framework, considering an extreme configuration with |𝑃 | = 30 parcels, |𝐾 | = 30 crowdship-
pers, and travel delays ranging from 20% to 50% of the scheduled travel time. The network
used for these tests has |𝑁 | = 44 nodes and |𝐿| = 7 PT lines.

Figure 3.10 displays the distribution of the number of parcels delivered by crowdshippers
under different delay conditions applied to each network line separately. Due to the reduced
number of available crowdshippers, only a portion of the parcels can be assigned to crowd-
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Figure 3.10: Number of parcels delivered in presence of travel delays for instances involving
|𝑃 | = 30 parcels, |𝐾 | = 30 available crowdshippers, |𝑁 | = 44 stations and |𝐿| = 7 public
transportation lines.

shipping in this setup. The cross of each box plot (each line is associated with a different
color) represents the average number of parcels delivered in each scenario. The black box
plot in the leftmost part of each quadrant corresponds to the base case without any travel
delays, serving as a benchmark for comparison. The impact of travel delays depends on
which PT line is affected. Interestingly, delays on certain lines can lead to an improvement
in the number of parcels ultimately delivered. For example, when line 3 is delayed, the num-
ber of delivered parcels is never reduced by more than 4.76%, but it can, in the best case,
increase by 28.57%. A similar improvement, though smaller, is also observed for lines 4 and
5. This suggests that delays in certain parts of the network can create new synchroniza-
tion opportunities, ultimately leading to more crowdshipping possibilities. However, these
new opportunities come at a cost, as alternative crowdshippers must be compensated with
a reward. In contrast, for line 1, the presence of delays consistently decreases the number
of parcels delivered, as they cause missed transfers between crowdshippers. The impact is
minimal, with a reduction of 7.14% (resp. 2.38%) in parcels delivered for 30% (resp. 50%) de-
lays. For lines 2 and 7, the number of delivered parcels remains constant despite the incurred
delays, indicating that these lines do not serve as primary bottlenecks limiting the system’s
delivery performance.

These additional experiments confirm that the system’s resilience to travel delays is
mainly influenced by two factors: the timing of crowdshipper movements and the network
topology. The timing factor is especially evident for line 3, where the number of parcels de-
livered varies with increasing delays, suggesting that certain delivery routes become feasible
or infeasible depending on the delay conditions. Regarding the network topology, the length
and connectivity (number of intersections) of PT lines impact the effect of travel disruptions,
as shown by the variations in Figure 3.10 across the different lines.

In summary, the analysis highlights several key points. First, the system is inherently
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resilient to delays, primarily due to the majority of parcels being delivered by a single crowd-
shipper, reducing the need for precise synchronization. This is a result of the objective func-
tion, which minimizes the delivery costs and, indirectly, the number of crowdshippers in-
volved. Second, for parcel paths requiringmultiple crowdshippers, resilience to synchroniza-
tion issues depends on the network topology and commuter patterns, with most deliveries
unaffected by limited delays. Third, when a parcel transfer is missed, the application of dy-
namic rerouting procedures could ensure delivery by reassigning the parcel to a different
crowdshipper. The development of such dynamic algorithms, which would also help handle
situations where crowdshipper availability changes on short notice, requires a deeper un-
derstanding of the realistic time frames within which commuters can respond to crowdship-
ping requests. As such, we leave it as a promising avenue for future research. To conclude,
travel delays would only significantly impact the system in rare cases involving multiple
crowdshippers, missed transfers, and no alternative crowdshipping options, with the need
for backup services remaining limited.

3.8 Environmental Impact Comparison: Crowdshipping
versus Traditional Delivery Systems

This section analyzes how a crowdshipping system can reduce environmental impact com-
pared to a scenario in which an LSP vehicle handles all deliveries. Specifically, we compare
the total travel effort of the LSP in two scenarios: (i) the one derived from the optimal crowd-
shipping solution, where the LSP operates in themorning to deliver parcels to source stations
and in the evening to perform backup deliveries for parcels not served by the crowdshippers,
and (ii) a hypothetical case in which the LSP delivers all parcels directly to the destination
stations. For scenario (i), we estimate the LSP’s travel effort by solving two Traveling Sales-
man Problems (TSPs): one in the morning, covering the source stations (identified in our
model’s optimal solution), and another in the evening visiting the destination stations for
parcels not handled by crowdshippers. In contrast, for scenario (ii), a single TSP is solved
over the destination stations for all parcels.

We apply this analysis to a representative instance (|𝑁 | = 24, |𝐾 | = 75, |𝑃 | = 50, 𝐼 𝑑 = 3),
solved to optimality, where each parcel has a fixed, predefined destination station. Starting
from this instance, we generate three additional ones by incrementally increasing the number
of available crowdshippers, adding 75 randomly generated ones at each step. In this way, we
analyze how the environmental footprint of the crowdshipping system evolves as the number
of participants increases, thereby expanding the potential volume of parcels delivered via
crowdshipping.

Table 3.19 presents the results and comparative analysis between the crowdshipping sys-
tem (i) and the traditional delivery scenario (ii). All instances were solved to optimality using
our mathematical model: column Obj. reports the optimal objective function value (i.e., op-
timal crowdshipping system cost), while column # indicates the number of parcels delivered
by crowdshippers in the optimal solution. As the number of crowdshippers increases, a
larger share of parcels is delivered through the public transport network, significantly re-
ducing the dependence on LSP backup intervention and the associated global cost. This
trend is captured by Obj. value which decreases from 629 to 340 as the number of crowd-
shippers grows from 75 to 300, and by the # value which shows a corresponding increase
in the number of parcels delivered by crowdshippers from 15 to 50 (all parcels delivered by
the crowdshippers). These results confirm the ability of our mathematical model to improve



CHAPTER 3. PUBLIC TRANSPORT-BASED CROWDSHIPPING 73

cost-efficiency as more crowdshipping options become available.
The remaining columns in Table 3.19 report the estimated travel effort required by the

LSP under both delivery systems, expressed as total travel times (in seconds). Under the
Crowdshipping System, the morning, the evening and the total travel times are reported
for each instance. While morning travel times remain constant across instances, yielding
3354 seconds and involving the same 3 source stations, as the number of available crowd-
shippers progressively increases, the travel time required by the backup service (Evening
CS) decreases accordingly, as fewer parcels remain unassigned to crowdshippers. This leads
to a reduced travel effort for the LSP, from 5439 seconds when 35 parcels require LSP deliv-
ery with 75 crowdshippers, down to 0 seconds with 300 crowdshippers, when the crowd-
shipping system can handle all parcel deliveries. In the Traditional Delivery System,
where all parcels are delivered solely by the LSP, a single TSP is solved on the full set of
destination stations, resulting in a constant travel time of 7043 seconds across all instances.
Finally, column Impr. shows the percentage improvement of the total LSP travel time in the
crowdshipping system over the traditional one, highlighting the reduction in vehicle routing
effort due to the involvement of crowdshippers. Interestingly, when the number of available
crowdshippers is low, as in the first instance, the traditional delivery system actually out-
performs the crowdshipping-based approach, with column Impr. showing a negative value
of –24.5%. However, as the number of crowdshippers increases, the trend reverses: with 150
crowdshippers, the crowdshipping system already achieves a positive improvement of 4.88%,
which further rises to 52.38% when 300 crowdshippers are available.

Table 3.19: Travel time comparison between the Traditional Delivery System and the Crowd-
shipping System under varying numbers of crowdshippers

Optimal solution Crowdshipping System Traditional Delivery System

|𝐾 | Obj. # Morning CS Evening CS Total CS TSP Impr.
75 629.0 15 3354 5439 8793 7043 -24.85%
150 474.0 33 3354 3345 6699 7043 4.88%
225 377.0 48 3354 1674 5028 7043 28.61%
300 340.0 50 3354 0 3354 7043 52.38%

While the initial comparison is based on travel times, the analysis becomes more impact-
ful when directly considering CO2 emissions, offering a clearer assessment of the crowd-
shipping system’s effectiveness in reducing the LSP’s environmental footprint. Assuming
an average driving speed of 30 km/h for the LSP vehicle, travel times can be converted into
distances. Considering a conservative fuel consumption of 8.5 liters of diesel per 100 km,
typical for a modern urban delivery van, we estimate that traditional delivery systems that
require an average daily travel time of 7043 seconds (approximately 58,69 km) would pro-
duce approximately 23 kg of CO2 per day. In contrast, in the best crowdshipping scenario,
with |𝐾 | = 300, the total travel time (corresponding only to the morning parcel transfer)
is equal to 3354 seconds (about 27,5 km) resulting in about 11 kg of CO2 emissions. If we
assume the service operates 300 days per year and these figures are taken as representative
averages, the crowdshipping system would prevent the emission of approximately 3.6 tons
of CO2 annually.
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3.9 Conclusions

In this chapter, we investigated optimization strategies for the Public Transportation-based
Crowdshipping Problem (PTCP), integrating public transportation (PT) networks into last-
mile delivery systems. The proposed framework employs PT stations equipped with auto-
mated parcel lockers (APLs), whose location problem was dealt with in Chapter 2, as col-
lection and transfer points, while commuters act as crowdshippers to transfer parcels along
their regular journeys. A backup delivery service is included to ensure the completion of
deliveries for parcels not successfully transferred through crowdshipping.

We formulated the PTCP as a Mixed-Integer Linear Programming (MILP) model, ex-
plicitly incorporating synchronization constraints to capture the operational characteristics
of the system. The model minimizes total delivery costs by jointly optimizing the use of
crowdshippers and the backup service. To address the computational complexity of the prob-
lem, we developed two complementary solution methods: an Adaptive Large Neighborhood
Search (ALNS) metaheuristic and a Branch-and-Cut algorithm strengthened with multiple
valid inequalities.

A broad set of synthetic instances, generated from randomized PT networks of differ-
ent sizes and topologies, was employed to evaluate the effectiveness of the proposed ap-
proaches. Computational experiments revealed the limitations of a commercial solver in
handling large-scale instances of PTCP, while the ALNS algorithm demonstrated efficiency
in producing high-quality solutions within short computation times. In small instances,
CPLEX occasionally outperformed the heuristic, although the ALNS consistently achieved
near-optimal solutions with marginal optimality gaps.

An extensive sensitivity analysis highlighted the decisive influence of cost structures,
particularly the relationship between crowdshipping remuneration and backup delivery costs,
on overall system performance. The results also emphasized the importance of crowdshipper
availability and system scale in ensuring efficient operations. Further analyses investigated
the effects of time-slot discretization, travel delays, and path length variability, confirming
the robustness of the framework under realistic conditions.

The proposed deterministic model establishes a balance between tractability and practi-
cal relevance, offering a foundation for the study of sustainable, PT-based last-mile delivery.
Future research could enrich the framework by incorporating stochastic elements such as
uncertain travel times or dynamic commuter availability. Promising directions include the
integration of real-time coordination mechanisms, the design of refined pricing and incen-
tive schemes, and the possibility of limited route deviations to enhance delivery flexibility.
Finally, collaboration between public transport operators and logistics providers may lead to
dedicated infrastructure and coordination protocols, facilitating the adoption of sustainable,
PT-integrated crowdshipping systems.



Chapter 4

A Column Generation
Algorithm for PTCP

This chapter present an exact algorithm to tackle the problem proposed in Chapter 3. This work
has been presented at International Conference on Optimization and Decision Science (ODS)
2025, in Milan, Italy.
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In Chapter 3 PTCP has been solved using a compact MILP, having a polynomial number
of variables and constraints with respect to the instance size, formulation and an ALNSmeta-
heuristic. The first method proved itself useful to tackle only small-sized instances. On the
other hand, the ALNS has been able to solve large-sized instances with ease. However, rely-
ing on a heuristic has a key limitation: solutions are generally not guaranteed to be optimal,
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and even when they are, optimality cannot be certified. This may cause higher operating
costs and, consequently, reduced profitability. BnP is an exact optimization framework that
merges Branch-and-Bound with Column Generation. Branch-and-Bound systematically ex-
plores a search tree of subproblems to enforce integrality, using bounds to prune regions
that cannot contain an optimal integer solution. Within BnP, the linear programming (LP)
relaxation at each node is not solved over the full (huge) variable set; instead it is handled
by Column Generation (CG), a decomposition technique designed for LPs with an extremely
large number of variables. A Column Generation procedure starts from a restricted master
problem containing only a small subset of variables (columns), solves its LP relaxation, and
then checkswhether additional columns could improve the solution. This check is performed
by solving an auxiliary optimization subproblem known as the pricing problem (often called
the pricer ). The pricer uses information from the current LP solution (the dual prices) to
search for a new column with negative reduced cost (i.e., a variable that would improve the
objective if added to the master problem). If such a column is found, it is appended to the
master model and the process repeats. If none exists, the current solution is optimal for the
full LP relaxation, even though most variables were never explicitly generated. Specialized
branching rules are usually in need to tighten integrality and keep a balanced search tree.

BnP algorithms are among the leading methods to exactly solve a plethora of combina-
torial optimization problems including vehicle routing, packing, and scheduling.

4.1 Problem Definition

In this section, we first provide a formalization of the problem, extending the one proposed
in Section 3.3 with sets and parameters required by the subsequently introduced set covering
formulation.

We formulate the PTCP on a public transport network whose nodes are the stations
equipped with parcel lockers, denoted by the set N. The locker capacity at station 𝑖 ∈ 𝑁 is 𝐶𝑖.
A subset 𝑆 ⊂ 𝑁 of the stations are a priori selected by the LSP to act as source stations. Parcels
at these source station are loaded, in the early morning, by a truck starting from a central
depot. Each source station 𝑖 ∈ 𝑆 is associated with two cost parameters: 𝜈𝑖, representing the
truck driving cost of reaching station 𝑖, and 𝜎𝑖, denoting the handling cost for loading a single
parcel into the locker at 𝑖. All remaining stations, collected in the set 𝐷 = 𝑁 ∖ 𝑆, may be
chosen by recipients as pickup locations and can also serve as intermediate nodes for parcel
transfers.

𝑃 is the set of parcel that have to be delivered. Each parcel has a fixed destination station,
decided by the its recipient, 𝑖 ∈ 𝐷. Notice that we assume that parcel destinations belong to
the set of non-source stations 𝐷 = 𝑁 ∖𝑆. Indeed, if a parcel were destined to a source station
𝑖 ∈ 𝑆, it could be deposited directly by the logistics service provider when replenishing
station 𝑖, and no crowdshipping transfer would be required. Therefore, such deliveries are
not modeled within the PTCP and are excluded without loss of generality.

𝐾 represents the set of available crowdshippers. Each crowdshipper 𝑘 ∈ 𝐾 has a start
and destination station of their commute. We assume that a crowdshipper always takes the
shortest path in the network. A crowdshipper can transfer parcels only over this path, from
any station (but the last one) to any subsequent one. Moreover, each crowdshipper is asso-
ciated with an arrival time at their origin station. If, given this start time, the crowdshipper
would reach their final destination after the end of the planning horizon, the route is trun-
cated at the last station that can be reached within the horizon. Each crowdshipper receives
for their service a fixed remuneration 𝜌, independent from the length of the path taken with
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the parcel.
To ensure proper synchronization between parcels and crowdshippers and to enforce

locker-capacity constraints, the proposed model adopts a discrete-time representation. We
identify with 𝑇 the set of the equally sized discrete time slots. We assume that the size of a
time slot is such that for a crowdshipper, it is possible to pick up a parcel and to board the
public transport vehicle within it. Moreover, we assume that within any given time slot a
parcel can be picked up or dropped off at most once, i.e., it cannot undergo multiple handling
operations in the same time frame.

A backup service is in place for all the parcel that cannot be delivered by crowdshippers.
Each station 𝑖 ∈ 𝐷 is associated with a backup 𝛾𝑖. Parcels that cannot be delivered through
crowdshipping , either because no suitable crowdshipper is available or because the cheap-
est feasible crowdshipping route is more expensive than the fallback option, are delivered
directly to their destination station.

In Table 4.1 it is possible to get a summary of the sets used in the mathematical formu-
lation

Table 4.1: Sets

Name Description
P Set of all parcels to be delivered
K Set of the available crowdshippers
N Set of stations with lockers
T Set of discrete time slots
S Set of source stations
D Set of destination stations
𝑅𝑝 Set of paths for parcel 𝑝 ∈ 𝑃

The novel formulation proposed in this chapter selects, for each parcel, the most efficient
parcel path, i.e. the one that will allow to minimize the overall delivery cost. A parcel path
can either be a sequence of transfers, done in sequence by distinct crowdshippers, from any
station in 𝑆 to the destination station, or the backup transfer. We denote with 𝑅𝑝 the set of all
feasible paths for parcel 𝑝 ∈ 𝑃 . Each path has associated three classes of parameters. First,
binary parameter 𝑎𝑟𝑝𝑘 takes value 1 if parcel 𝑝 ∈ 𝑃 is transferred by crowdshipper 𝑘 ∈ 𝐾 over
route 𝑟 ∈ 𝑅𝑝 and 0 otherwise. Second, binary parameter 𝑠𝑟𝑝𝑖 takes value 1 if parcel 𝑝 ∈ 𝑃
uses station 𝑖 ∈ 𝑁 as loading station when transferred using route 𝑟 ∈ 𝑅𝑝 and 0 otherwise.
Finally, binary parameter 𝑜𝑝𝑖𝑖𝑡 takes value 1 if parcel 𝑝 ∈ 𝑃 , transferred along route 𝑟 ∈ 𝑅𝑝 ,
occupies station 𝑖 ∈ 𝑁 at time 𝑡 ∈ 𝑇 and 0 otherwise. In the first case, where parcel 𝑝 ∈ 𝑃 is
transferred by crowdshippers, 𝑐𝑟𝑝 is proportional to the number of crowdshippers employed
in the transfer plus the handling cost to load the parcel in the locker at the source station.
Moreover, the 𝑎𝑟𝑝𝑘 associated with the employed crowdshippers, the 𝑠𝑟𝑝𝑖 associated with the

starting station, and the 𝑜𝑝𝑖𝑖𝑡 associated with the intermediate stations are all set to 1. The
other parameters take value 0. In the second case, where the parcel is handled by the backup
service, the cost is equal to the backup cost for the destination station. In such paths, all
associated parameters 𝑎𝑟𝑝𝑘 , 𝑠

𝑟
𝑝𝑖, and 𝑜𝑝𝑟𝑖𝑡 take value 0. The parameters used in the model are

summarized in Table 4.2.
The selection of the parcel path is done by the binary variable 𝑥 𝑟𝑝 , which takes value 1

if parcel 𝑝 ∈ 𝑃 is transferred with path 𝑟 ∈ 𝑅𝑝 . The activation of the cost 𝜈𝑖 for the source
station 𝑖 ∈ 𝑆 is managed by the variable 𝑧𝑖, taking value 1 if the source station is used, zero
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Table 4.2: Parameters

Name Description
𝑐𝑟𝑝 cost to move parcel 𝑝 ∈ 𝑃 over route 𝑟 ∈ 𝑅𝑝
𝑎𝑟𝑝𝑘 Binary parameter takes value 1 if parcel 𝑝 ∈ 𝑃 is transferred by crowd-

shipper 𝑘 ∈ 𝐾 over route 𝑟 ∈ 𝑅𝑝 ; 0 otherwise
𝑠𝑟𝑝𝑖 Binary parameter takes value 1 if parcel 𝑝 ∈ 𝑃 uses station 𝑖 ∈ 𝑁 as

loading station when transferred using route 𝑟 ∈ 𝑅𝑝 ; 0 otherwise
𝑜𝑝𝑟𝑖𝑡 Binary parameter takes value 1 if parcel 𝑝 ∈ 𝑃 , transferred along route

𝑟 ∈ 𝑅𝑝 , occupies station 𝑖 ∈ 𝑁 at time 𝑡 ∈ 𝑇 ; 0 otherwise

otherwise.

4.1.1 Set Covering Formulation for PTCP
The required variables are presented in Table 4.3.

Table 4.3: Variables

Name Description
𝑥 𝑟𝑝 1 if parcel 𝑝 ∈ 𝑃 is transferred via route 𝑟 ∈ 𝑅𝑝 , 0 otherwise
𝑧𝑖 1 if station 𝑖 ∈ 𝑁 is used as loading station, 0 otherwise

The Set Partitioning model for PTCP is as follows:

min ∑
𝑝∈𝑃

∑
𝑟∈𝑅𝑝

𝑐𝑟𝑝𝑥 𝑟𝑝 +∑
𝑖∈𝑆

𝜈𝑖𝑧𝑖 (4.1)

s.t

∑
𝑟∈𝑅𝑝

𝑥 𝑟𝑝 ≥ 1 ∀𝑝 ∈ 𝑃 (4.2)

∑
𝑝∈𝑃

∑
𝑟∈𝑅𝑝

𝑎𝑟𝑝𝑘𝑥
𝑟
𝑝 ≤ 1 ∀𝑘 ∈ 𝐾 (4.3)

𝑧𝑖 ≥ ∑
𝑟∈𝑅𝑝

𝑠𝑟𝑝𝑖𝑥 𝑟𝑝 ∀𝑖 ∈ 𝑆, 𝑝 ∈ 𝑃 (4.4)

∑
𝑝∈𝑃

∑
𝑟∈𝑅𝑝

𝑜𝑝𝑟𝑖𝑡 𝑥 𝑟𝑝 ≤ 𝐶𝑖 ∀𝑖 ∈ 𝑁 , 𝑡 ∈ 𝑇 (4.5)

𝑥 𝑟𝑝 ∈ {0, 1} ∀𝑝 ∈ 𝑃, 𝑟 ∈ 𝑅𝑝 (4.6)

𝑧𝑖 ∈ {0, 1} ∀𝑖 ∈ 𝑆 (4.7)

Objective function (4.1) minimizes the overall delivery costs, made of the costs for de-
liver each parcel, either by crowdshipping or backup service, and shipment costs from the
depot to the source stations. Constraints (4.2) impose that each parcel has to be delivered.
Constraints (4.3) allow each crowdshipper to handle at most one parcel during their com-
mute. Constraints (4.4) force activation of the shipment cost to station 𝑖, if it is used as source
station. Constraints (4.5) impose to respect each station’s locker capacity, at each time step.
Finally conditions (4.6) and (4.7) define the variables and restrict their domains.
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4.2 Introduction toColumnGeneration andBranch-and-
Price

Column Generation (CG) can be seen as a decomposition variant of the simplex method for
linear programs with an extremely large number of variables, typically far exceeding the
number of constraints. In such methods, the identification of a variable candidate to enter
the basic solution, and therefore the identification of an optimal solution, is done by an op-
timization problem rather than complete enumeration of the out-of-base variables. Branch-
and-Price (BnP) refers to a CG algorithm embedded in a Branch-and-Bound framework to
enforce integrality. The reader interested in a deeper discussion about the subject is referred
to the excellent papers Feillet (2010); Costa et al. (2019); Petris et al. (2025) and books from
Desaulniers et al. (2006); Uchoa et al. (2024); Desrosiers et al. (2024).

4.2.1 Why Branch-and-Price?
The vast majority of problems can be expressed using a compact, therefore with a polyno-
mial number of variables and constraints with respect to the instance size, MILP. Once de-
vised, such formulations are simple to implement using any black-box solver, which, given
enough time and memory, will return an optimal solution. The solver uses a variation of
the Branch-and-Cut algorithm described in Algorithm 3.4. Such algorithms, first solve the
linear relaxation, i.e. integrality constraints are removed, and then enforce integrality with
valid inequalities and with branching. This procedure, however, is as effective as the linear
relaxation is close to the integer optimal. So, to solve exactly complex large-scale integer
problem, one needs a formulation with a better linear relaxation.

Such reformulations, either hand-made or using machinery like Dantzig–Wolfe decom-
position (Dantzig and Wolfe, 1961), take a set partitioning or set covering form. There, a
reformulated variable correspond to, ideally, more than one original variable, therefore rep-
resenting a piece of the original formulation. Set partitioning, or covering, constraints ensure
that all required pieces are used, and the objective function minimizes the cost. For instance,
take formulation (4.1)–(4.7) and compare it with formulation (3.1)–(3.23). (4.1)–(4.7) has a
variable to represent an entire parcel path, which consists of several low-level decisions
taken by (3.1)–(3.23). In the compact flow-based formulation, a parcel’s route must be de-
scribed through two types of variables: flow variables, indicating where the parcel moves,
and synchronization (time-indexed) variables, indicating when the parcel is at each location.
All these variable are merged into one unique variable in the set covering formulation. Set
covering objective is to select the cheapest parcel paths among the available ones in order
to deliver all possible parcels. Naturally, since there an exponentially large number of par-
cel paths, the set covering formulation requires an exponential number of variables, one for
each possible way to transfer a parcel through the network.

Such reformulations provide a tighter linear relaxation than the original counter part,
making it easier to enforce integrality. Intuitively, it can be noticed by the fact that one
reformulated variable corresponds to several original ones. By construction, it is possible to
map any integer solution from one formulation to the other. However, this does not hold for
continuous solutions. It can be noticed that a reformulated linear relaxation can always be
mapped into an original’s formulation relaxed solution: All original variables associatedwith
a reformulated one must take the same value. On the other hand, if the original variables
take distinct values, the mapping from an original solution into a reformulated one is not
possible. Therefore there are valid continuous solution of the original formulation that are
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invalid for the reformulated formulation, making the latter’s linear relaxation tighter.
Such reformulation has, as already discussed, a major drawback: they require an expo-

nential number of variables. Therefore, it is not only computationally intractable, but it is
also pointless to run a MILP after all possible solutions have been enumerated. In the next
sections we introduce the two key steps to handle such non-compact formulations. First, in
Section 4.2.2 we provide an introduction to Column Generation, and later, in Section 4.2.3
we provide a description of the Branch-and-Price method.

4.2.2 Column Generation
Let (4.8)–(4.10) be generic minimization linear program defined over variable set 𝐼 and con-
straint set 𝐽 :

min∑
𝑖∈𝐼

𝑐𝑖𝑥𝑖 (4.8)

s.t.

∑
𝑖∈𝐼

𝑎𝑖𝑗𝑥𝑖 ≥ 𝑏𝑗 𝑗 ∈ 𝐽 (4.9)

𝑥𝑖 ≥ 0 𝑖 ∈ 𝐼 . (4.10)

Saying that 𝑛 is a number specifying the size of the instance, |𝐼 | has an exponential size in
terms of 𝑛, whereas |𝐽 | is polynomial. Therefore, 𝐼 size is such to make the whole problem
intractable. In CG terminology, (4.8)–(4.10) is called the Master Problem (MP).

Let ̂𝐼 ⊆ 𝐼 be a subset of variables such that (4.8)–(4.10) defined over ̂𝐼 is feasible, tractable,
and bounded. Since this problem is defined on a reduced set of variables, in CG terminology,
it is called the Reduced Master Problem. Naturally, it holds that 𝑧∗𝑀𝑃 ≤ 𝑧∗𝑅𝑀𝑃 . This fact can be
observed by taking into account the dual problem of RMP:

max∑
𝑗∈𝐽

𝑏𝑗𝜆𝑗 (4.11)

s.t.

∑
𝑗∈𝐽

𝑎𝑖𝑗𝜆𝑗 ≤ 𝑐𝑖 𝑖 ∈ ̂𝐼 (4.12)

𝜆𝑗 ≥ 0 𝑗 ∈ 𝐽 (4.13)

Since (4.11)–(4.13) does not contain all constraints 𝐼 ∖ ̂𝐼 , the global dual problem is poten-
tially infeasible. If a dual problem is infeasible, it is associated primal problem is suboptimal.
Therefore, to identify the optimal global solution, 𝑧∗𝑅𝑀𝑃 has to be inspected for violated con-
straints (4.12). Such an inspection procedure has to be able to either identify at least one
violated (4.12) or proof that none exists, confirming dual feasibility and global optimality. If
a violated constraint is identified, it has to be included in (4.8)–(4.10) as a new variable and
the problem has to be reoptimized. Such inspection-reoptimization loop continues until all
constraints are satisfied.

A violated (4.12) takes the following form:

𝑐𝑖 < ∑
𝑗∈𝐽

𝑎𝑖𝑗𝜆𝑗 → (4.14)
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→ 𝑐𝑖 −∑
𝑗∈𝐽

𝑎𝑖𝑗𝜆𝑗 < 0 (4.15)

Notice that the left hand size of (4.15) is the reduced cost of the out-of-base variable 𝑥𝑖, and the
whole expression states that identifying a violated (4.12) is equivalent to find a new negative
reduced cost variable, or to prove that none exists. The reduced cost column interpretation
suggests that the suited variable to include in the RMP is the one with the most negative
reduced cost. The optimization procedure used to identify the most negative reduced cost
column is called pricer. Notice that such a procedure also determines the termination criteria:
when the smallest values reduced cost is non-negative, the pricer has also to prove dual
feasibility and global optimality.

With that in mind, it is possible to formulate Algorithm 4.1, a basic CG algorithm.

Algorithm 4.1 Column Generation Algorithm

1: Construct initial set ̂𝐼
2: repeat
3: Optimize RMP and get dual variables
4: Run pricer and add new negative reduced cost variables to RMP
5: until(There are negative reduced cost variables)

Algorithm 4.1 starts by constructing the set of initial variables ̂𝐼 . Then, it runs final
condition loop as follows. First, it optimizes the current RMP and retrieves the optimal dual
variables. Then, it inspects for new negative reduced cost variables and if any are found,
they are added to RMP. The loop terminates when the inspection procedure confirms that
there aren’t new negative reduced cost variables.

4.2.3 Branch-and-Price
CG by itself is a method to solve linear program, therefore, in general, an integral solution
cannot be guaranteed. To enforce integrality, the most common method is to embed CG
inside a Branch-and-Bound. Such an algorithm is called a Branch-and-Price (BnP).

BnPs are among the most efficient exact algorithms for a plethora of combinatorial prob-
lems, including vehicle routing (Şahin and Yaman, 2022; Lera-Romero et al., 2024; Duman
et al., 2024), packing problems (Wahlen and Gschwind, 2025; Dell’Amico et al., 2020; Zhang
et al., 2020), and scheduling (Speckenmeyer et al., 2025; Bargetto et al., 2023; Fei et al., 2025),
among others.

Algorithm 4.2 presents a pseudocode detailing the key steps of a BnP algorithm.
The algorithm starts by initializing a queue to hold the unexplored nodes, and the ini-

tial problem. At this point, it enters a loop that continues until there are nodes to explore.
First, the node to explore is retrieved from the queue, and it is optimized with CG. Once
its optimality is proved, the solution is checked for integrality. If it is integer, then the cur-
rent incumbent is updated and the loop continued to the next node. Otherwise, a branching
condition is identified, child nodes are initialized and added pushed into 𝑞𝑢𝑒𝑢𝑒. For sake
of simplicity, Algorithm 4.2, does not detail the handling of new integer solution nor node
bounding. For information about these topics, refer to Algorithm 3.4.

In Line 9, branching is not well described, and for a valid reason. Unlike in a regular
branch and bound, in BnP direct branching on the variables can be very ineffective. For
instance, let’s take into account a BnP for a VRP. In such a formulation, a variable represents
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Algorithm 4.2 Generic Branch-and-Price Algorithm
1: 𝑞𝑢𝑒𝑢𝑒 ← new node queue
2: Create initial problem and add it to 𝑞𝑢𝑒𝑢𝑒
3: while queue is not empty do
4: 𝑝𝑟𝑜𝑏 ← pop queue
5: Solve 𝑝𝑟𝑜𝑏 with Column Generation
6: if 𝑝𝑟𝑜𝑏 is integer then
7: Update current incumbent solution
8: else
9: Identify a branch condition, create child nodes, and add them to 𝑞𝑢𝑒𝑢𝑒

10: end if
11: end while

a feasible route from the depot, to some customers, and back to the depot. Variables are
binary, taking value one when the path is selected, and zero otherwise. Suppose that one of
the variable, in the optimal solution, takes value 0.5. The intuitive action would be to create
to branches, one where such variable is imposed to take value at least one, and another
where it is imposed to take value at most 0. The up-branch, the one imposing the variable
to take at least value 1, is indeed quite effective: the route is selected, and all the customers
associated to it are served. However, the down-branch, the one imposing the variable to take
at most value 0, is very ineffective. Imposing such a variable to zero, is equivalent to create
a new problem where that variable has never been created. Therefore it is possible for it to
be generated again, and likely branched on in future iterations. This leads to unbalanced
search trees, where the number of nodes in the down-branches is larger than the one in
the up-branches. This issue is a consequence of the variables being somewhat artificial,
since they represent high-level pieces of a solution, instead of low-level decision that can be
effective into cutting large portions of the solution space.

4.3 Branch-and-Price Algorithm

It is possible to notice that model (4.1)–(4.7) has an exponential number of 𝑥 𝑟𝑝 variables,
namely one for every possible way to delivery every parcel. As such, it is intractable by a reg-
ular Branch-and-Cut algorithm. Therefore, we propose a Branch-and-Price algorithm, where
each node’s relaxation is solved by Column Generation. In the following of this section, first
we show the derivation of the pricer problem, then we illustrate a dynamic-programming
(DP) algorithm to solve it.

4.3.1 Derivation of the Pricing Problem
Given the linear relaxation of Model (4.1)–(4.7), we define its dual variable as follow. Let
𝜋𝑝 ≥ 0, for 𝑝 ∈ 𝑃 , be the dual variable associated with constraint (4.2). Let 𝜆𝑘 ≤ 0, for
𝑘 ∈ 𝐾 , be the dual variable associated with constraint (4.3) Let 𝜇𝑖𝑝 ≥ 0, for 𝑖 ∈ 𝑆, 𝑝 ∈ 𝑃 , be
the dual variable associated with constraint (4.4). Let 𝜉𝑖𝑡 ≤ 0, for 𝑖 ∈ 𝑁 , 𝑡 ∈ 𝑇 , be the dual
variable associated with constraint (4.5). It is possible to notice that in an optimal solution,
neither 𝑥 𝑟𝑝 nor 𝑧𝑖 can take a value larger than 1. In fact, a solution with larger value would
be either more expensive than necessary, or simply infeasible. For instance 𝑥 𝑟𝑝 = 2 would
violate constraint (4.3). Therefore, it is possible for both variables 𝑥 𝑟𝑝 and 𝑧𝑖 to relax their
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domain from {0, 1} to ℤ+. In this way, we also remove the dual variables associated with the
upper bound constraint.

Model (4.1)–(4.7) dual’s is formulated as follow:

max ∑
𝑝∈𝑃

𝜋𝑝 + ∑
𝑘∈𝐾

𝜆𝑘 + ∑
𝑖∈𝑁

∑
𝑡∈𝑇

𝑐𝑖𝜉𝑖𝑡 (4.16)

𝜋𝑝 + ∑
𝑘∈𝐾

𝑎𝑟𝑝𝑘𝜆𝑘 − ∑
𝑖∈𝑁

𝑠𝑟𝑖𝑝𝜇𝑖𝑝 + ∑
𝑖∈𝑁

∑
𝑡∈𝑇

𝑜𝑝𝑟𝑖𝑡 𝜉𝑖𝑡 ≤ 𝑐𝑟𝑝 ∀𝑝 ∈ 𝑃, ∀𝑟 ∈ 𝑅𝑝 (4.17)

∑
𝑝∈𝑃

𝜇𝑖𝑝 ≤ 𝜈𝑖 ∀𝑖 ∈ 𝑁 (4.18)

𝜋𝑝 ≥ 0 ∀𝑝 ∈ 𝑃 (4.19)

𝜆𝑘 ≤ 0 ∀𝑘 ∈ 𝐾 (4.20)
𝜇𝑖𝑝 ≥ 0 ∀𝑖 ∈ 𝑁 , 𝑝 ∈ 𝑃 (4.21)

𝜉𝑖𝑡 ≤ 0 ∀𝑖 ∈ 𝑃, ∀𝑡 ∈ 𝑇 (4.22)

From (4.16)–(4.22) it is possible to observe that the reduced cost of an out of basis 𝑥 𝑟𝑝
variable is:

𝑐𝑟𝑝 − 𝜋∗𝑝 − ∑
𝑘∈𝐾

𝑎𝑟𝑝𝑘𝜆
∗
𝑘 + ∑

𝑖∈𝑁
𝑠𝑟𝑝𝑖𝜇∗𝑖𝑝 − ∑

𝑖∈𝑁
∑
𝑡∈𝑇

𝑜𝑝𝑟𝑖𝑡 𝜉 ∗𝑖𝑡 (4.23)

where 𝜋∗𝑝 , 𝜆∗𝑘 , 𝜇
∗
𝑖𝑝 , and 𝜉 ∗𝑖𝑡 are the optimal value of dual variables. Taking into account that

cost of a path starting from node 𝑖 ∈ 𝑆 is

𝑐𝑟𝑝 = 𝜎𝑖 + 𝜌 ∑
𝑘∈𝐾

𝑎𝑟𝑝𝑘 (4.24)

which is the handling cost at it source station, 𝜎𝑖, plus 𝜌 time the number of crowdshippers,
it is possible to substitute (4.24) into (4.23):

𝜎𝑖 + ∑
𝑘∈𝐾

(𝜌 − 𝜆∗𝑘 )𝑎
𝑟
𝑝𝑘 − 𝜋∗𝑝 + ∑

𝑖∈𝑁
𝑠𝑟𝑝𝑖𝜇∗𝑖𝑝 − ∑

𝑖∈𝑁
∑
𝑡∈𝑇

𝑜𝑝𝑟𝑖𝑡 𝜉 ∗𝑖𝑡 . (4.25)

Since the objective of a column generation algorithm is to identify a negative reduced cost
column, we need to identify a path such that (4.25) is strictly smaller than zero. This leads
to the negative reduced cost formulation:

∑
𝑘∈𝐾

(𝜌 − 𝜆∗𝑘 )𝑎
𝑟
𝑝𝑘 − ∑

𝑖∈𝑁
∑
𝑡∈𝑇

𝑜𝑝𝑟𝑖𝑡 𝜉 ∗𝑖𝑡 < 𝜋∗𝑝 − 𝜎𝑖 − ∑
𝑖∈𝑁

𝑠𝑟𝑝𝑖𝜇∗𝑖𝑝 (4.26)

For convenience the components of (4.25) that are not dependent on the actual path on the
network are placed on the right-hand side of the inequality. In Equation (4.26) the left hand
side of the inequality is strictly dependent only on the path the parcel follows from the source
station to its destination. Specifically the first term represents the cost associated with the
crowdshippers transferring the parcels, whereas the second represents the cost associated
with a parcel waiting at a station occupying a spot in the parcel locker. It is possible to
interpret the crowdshipper dual 𝜆∗𝑘 as the extra cost in which one incurs when reusing a
crowdshipper already selected by the RMP for another parcel path. Similarly, the maximal
capacity duals 𝜉 ∗𝑖𝑡 represent the extra cost in incurred when a parcel is stored in an overloaded
station and time step. On the other hand, the right hand side of the inequality depends on
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static, i.e. path independent. Therefore the final pricer formulation is the following shortest
path with cumulative costs:

min ∑
𝑘∈𝐾

(𝜌 − 𝜆∗𝑘 )𝑎
𝑟
𝑝𝑘 − ∑

𝑖∈𝑁
∑
𝑡∈𝑇

𝑜𝑝𝑟𝑖𝑡 𝜉 ∗𝑖𝑡 . (4.27)

Notice, the right hand side of Equation (4.26) can be used to computed a valid upper
bound on the cost of such a path, allowing to create an effective acceleration technique for dy-
namic program. The upper bound can be computed as 𝑈𝐵 = min {𝑏𝑝 , 𝜋∗𝑝 − 𝑐0 −∑𝑖∈𝑁 𝑠𝑟𝑝𝑖𝜇∗𝑖𝑝}.

4.3.2 Pricing Problem
In this section, we describe the procedures used to solve the pricing problem. First, we start
with a high-level overview of the method, then we delve into the details of the procedure
used to compute each parcel path.

Algorithm 4.3 Pricer
duals ←− getDuals (rmp)
new-columns ←− []
for 𝑝 ∈ 𝑃 do

for 𝑠𝑟𝑐 ∈ 𝑆 do
if src is not blocked then

upper-bound ←− computer-upper-bound(duals, p, src) ▷ See (4.26)
dst ←− get-destination(p)
(cost, path) ←− compute-path(src, dst, duals, upper-bound) ▷ See Algorithm 4.4

and Algorithm 4.5
if cost < upper-bound then

new-column ←− make-column (path)
append new-column to new-columns

end if
end if

end for
end for

Algorithm 4.3 computes, for each parcel and for each source station, the shortest path
from the source station to the parcel’s destination. The algorithm starts by getting the dual
values from an optimal RMP solution, then it initializes an empty list of new columns. At
this point two nested for loop, the outer iterating through all the parcels, the inner iterating
through all the source stations 𝑆, are executed. In the body of the inner loop, the algorithm
first computes the upper bound for the current parcel and source station, as described in
the right hand side of Equation (4.26). Then, the algorithm retrieves the destination for the
current parcel. Now, using the procedures described in Algorithm 4.4 and Algorithm 4.5,
the algorithm computes the shortest path from the source to the destination station. The
first value returned is the cost of the path, whereas the second is the path itself. If there is
no path from the source to the destination that cost lower than the upper-bound the cost
is set to +∞. On the other side, if the cost is less than the current upper-bound, so it has a
negative reduced cost, the path is converted into a new column for the RMP, and the column
is inserted into the list of columns. Later these columns will be inserted in batch in the RMP.
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The shortest path with cumulative costs (4.27) can be computed with the recursion pre-
sented in the following paragraph. Its practical implementation is presented inAlgorithm 4.3.
Let𝒮 = {(𝑖1, 𝑗1, 𝑘1, 𝑡1), … , (𝑖|𝒮 |, 𝑗|𝒮 |, 𝑘|𝒮 |, 𝑡|𝒮 |)} be the set of all possible transfers done by crowd-
shippers. An entry (𝑖, 𝑗, 𝑘, 𝑡) ∈ 𝒮 represent a crowdshipper 𝑘 ∈ 𝐾 that can transfer a parcel
from 𝑖 ∈ 𝑁 to 𝑗 ∈ 𝑁 leaving 𝑖 at time 𝑡 ∈ 𝑇 . Moreover, let 𝑀 be an |𝑁 | × |𝑇 | matrix of labels.
Label𝑀𝑖𝑡 represents the cheapest path to reach node 𝑖 ∈ 𝑁 at time 𝑡 ∈ 𝑇 . Each label has fields
presented in Table 4.4. The parcel path can be computed as a shortest path with cumulative

Table 4.4: Label Fields

Field Domain Descr.
Cost ℝ+ Cost to reach node 𝑖 ∈ 𝑁 at time 𝑡 ∈ 𝑇

Crowdshipper 𝐾 Crowdshipper who did the last transfer
Prev. Location 𝑁 Previous node in this path

Prev. Time 𝑇 Departure time from the previous node

costs using the following recursion:

𝑀(𝑖, 𝑡) = min {𝑀(𝑖, 𝑡); 𝑀(𝑖, 𝑡 − 1) + 𝜉𝑖𝑡 ;
min {𝑀(𝑖′, 𝑡′) + 𝜌 + 𝜆𝑘 + 𝜉𝑖𝑡 ∀(𝑖′, 𝑗, 𝑘, 𝑡′) ∈ 𝒮 |𝑖 = 𝑗 and 𝑡 = 𝑡′ + 𝛿𝑖′𝑗} }. (4.28)

Recursion in (4.28) states that the cost label in 𝑀𝑖𝑡 is equal to the minimal of three elements:

1. The label itself, to represent a node 𝑖 ∈ 𝑁 that cannot be reached at time 𝑡 ∈ 𝑇 with a
pass cheaper than the upper bound.

2. The label at the previous time step in this node. This propagates the previous solution
to the current label. Cost has to increase by dual variable 𝜉𝑖𝑡 associated with locker
being used.

3. The label representing the cheapest transfer from another node arriving in 𝑖 at time 𝑡 .
Such label is searches among all labels expanded by previous a node 𝑖′ ∈ 𝑁 such that
a crowdshipper can transfer a parcel from 𝑖′ and arrive in 𝑖 at time 𝑡 ∈ 𝑇 . The cost is
updated by adding to it the crowdshipper remuneration 𝜌, the dual variable associated
to this crowdshipper 𝜆𝑘 , and the cost st associated with locker being used 𝜉𝑖𝑡 .

To simplify the notation, in (4.28) we intentionally ignore to update fields other than cost.
Moreover, adding a number to a label should be read as create a new label whose cost is the
cost of the previous label plus this number.

Algorithm 4.4 presents a forward implementation of (4.28), and it is used to compute
the path for the current parcel from the given source station. First, the algorithm initializes
an |𝑁 | × |𝑇 | label matrix, in which label M(i, t) indicates the cheapest cost to reach node i at
time step t. Additionally such labels also contain all the additional information to rebuild the
path later on, namely the crowdshipper who drops the parcel in node i at time t, the previous
node , and the time step, indicatingwhere andwhen the crowdshipper pickup the parcel. The
initial cost of each label is set to a valid upper bound for the cost of any feasible path. This
value corresponds to the minimum between the backup cost for the parcel destination and
right-hand side of (4.26). The first case represents a path whose cost is larger than the backup
cost. The second case represents a path whose cost is such that the newly generated column
cannot have a negative reduced cost. In either cases, a column whose value is larger than the
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Algorithm 4.4 Compute Path
Require: src: Source station for the path, duals: Values of the dual variables, upper-bound:

Maximal cost of any feasible path.
1: M ←− |𝑁 | × |𝑇 | matrix of labels of cost upper-bound
2: cost[M(src, 1)] ←− −𝜉𝑠𝑟𝑐,1
3: for 𝑡 = 1 to |𝑇 | do
4: for 𝑖 = 0 to |𝑁 | do
5: label ←− M(i, t)
6: if cost[label] < upper-bound then
7: if 𝑡 ≠ |𝑇 | then
8: new-label ←− cost
9: cost[new-label] ←− cost[new-label] − 𝜉𝑖(𝑡+1)

10: if cost[new-label] < cost[M(i, t + 1)] then
11: M(i, t + 1) ←− new-label
12: end if
13: end if
14: for arc in Successors(i, t) do
15: if arc is not blocked and then
16: new-label ←− Empty Label
17: cost[new-label] ←− cost[label] + 𝜌 − 𝜆crs[arc] − 𝜉dst[arc],time[arc]
18: if cost[new-label] < cost[M(dst[arc], time[arc])] then
19: crowdshipper[new-label] ←− crs[arc]
20: prev-location[new-label] ←− i
21: prev-time[new-label] ←− t
22: M(dst[arc], time[arc]) ←− new-label
23: end if
24: end if
25: end for
26: end if
27: end for
28: end for
29: return M

upper bound cannot contribute positively to the optimization process and can therefore be
ignored. Now, the algorithm updates the cost of label (𝑠𝑟𝑐, 1) with the dual cost associated to
the capacity constraint at that station during the first time step. The algorithm proceeds with
two nested for loops: the outer loop iterates though all time steps, while the inner iterates
though all nodes. The body of the inner for loop operates as follows. First, the algorithm
checks if the cost of the current label at current node and time step is less than the known
valid upper value. If this is not the case, then the current station and time have never, and
will never, be used in any valid parcel path, therefore the current label doesn’t need to be
processed. If the cost is less the algorithm propagates the current label (Lines 7-13), then
extends it (Lines 14-25). The propagation step represent a parcel that is not moved at time
𝑡 , so in this case the current label is copied, the new label’s cost is updated with the dual
from the capacity constraints in this node at the next time step, finally if this new label is
cheaper entry 𝑀(𝑖, 𝑡 + 1) is updated with the new label. Now, the extension phase computes
all possible transfers of the parcel from the current station during the current time step.
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In this phase, a for loop iterates through all crowdshippers leaving the current node at the
current time step. Each successor of the current node contains the information about the
crowdshippers doing the transfer, the destination node of the crowdshipper, and the arrival
time at the destination. For each successor, first it is checked if the arc is not blocked by
a branching rule. If the arc is free, a new empty label is initialized, its cost is calculated
from the previous cost, the crowdshipper remuneration, and the duals associated with the
crowdshipper and the destination’s load constraint. If the cost of this new label is smaller
than the cost current one, all the parameters to reconstruct the solution are initialized, and
the entry in the matrix M is updated. At the end, the algorithm returns the matrix M.

Algorithm 4.5 Build Path
Require: M: Filled dynamic matrix fromAlgorithm 4.4, src: Source station, dst: Destination

station, upper-bound: Valid upper bound on the path cost.
1: cost = M(dst, |𝑇 |)
2: if cost = upper-bound then
3: return (+∞, [])
4: end if
5: path ←− []
6: t = |𝑇 |
7: while dst ≠ src do
8: label ←− M(dst, t)
9: t-begin ←− prev-time[label]

10: arc ←− (crowdshipper[label], prev-location[label], dst, t-begin, t)
11: append arc to path
12: t ←− t-begin
13: dst ←− prev-location[label]
14: end while
15: reverse path
16: return (cost, path)

Given an output fromAlgorithm 4.4, Algorithm 4.5 is used to reconstruct the path, which
later can be used to determine the coefficients of the new column. The algorithm starts by
getting the cost associated with the label at the destination station for the current parcel at
the final time step. If this cost is equal to the upper bound, then no feasible path has been
found and the algorithm terminates early by returning an infinity cost and an empty path.
Otherwise, an empty list to store the path is initialized and the current time step is set to
the last one. Now, the algorithm enters a while loop, that will terminate when the node to
process is equal to the source node of the path. At each loop iteration the label at the current
time step is retrieved from the matrix, a new arc of the path is created, the arc is appended to
the path list, and finally the current time and node are reset to the start time and source node
of the current label. Each arc is a tuple that indicates the crowdshipper doing the transfer, the
source and destination station of the transfer, and the start and end time step of the transfer.
After the while loop, the path is reversed. Finally, the cost and the path can be returned.

ColumnSelectionRule Algorithm 4.3 looks for, for each parcel, a new candidate (columns
with a negative reduced cost) path for each station 𝑖 ∈ 𝑆. So, it is possible to generate none,
one, or more such paths. On a CG, one should always find a good balance between inserting
a small number of column, to keep the RMP fast, and a large number of columns, which help
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the algorithm to converge faster. Taking these things into account, Algorithm 4.3 can be
configured to select and insert columns in the RMP according to the following rules:

• All: insert all the generated columns with a negative reduced cost in the master prob-
lem;

• Best: insert the column with the most negative reduced cost among generated ones;

• First: insert the first column with negative reduced cost that is generated.

The rationale behindAll is to provide a more complete view of the instance to the master
problem, in the hope to reduce the overall number of pricing problems solved. The next
two rules, on the other hand, aim at keeping the master problem as small as possible. Rule
Best does it while inserting only very promising columns, at the expense of longer pricing
problems, whereas, rule First, accept to provide less promising columns, at the advantage
of a faster pricing phase. Notice that First could, and should, be implemented in a short-
circuited way, so as a negative reduced cost column is found the algorithm can stop.

4.3.3 Feasibility Cuts
To improve computational performance, constraints (4.4) and (4.5) are separated dynami-
cally.

Identifying violated constraints (4.4) is relatively simple. Indeed, it is enough to iterate
through all columns, and if the associated 𝑥 𝑟𝑝 ≥ 𝜖 the appropriate constraint (4.4) is inserted
into the RMP, given that this constraint doesn’t already exist.

On the other hand, identifying violated constraints (4.5) is slightly more involved. First,
a load matrix, of size |𝑁 | × |𝑇 |, is constructed to specify the number of parcels at node 𝑖 ∈ 𝑁
at time 𝑡 ∈ 𝑇 . Finally, the load matrix is inspected for capacity violation, and the associated
constraints (4.5) are inserted into the RMP.

4.3.4 Branching Rules
In this paragraph we present the branching rules used to ensure the integrality of the final
solution.

First, let us define the scoring function 𝑔𝛼 (𝑥) = 𝑚𝑖𝑛 ( 1
𝛼
𝑥; 1

𝛼−1
𝑥 − 1

𝛼−1
), where 𝛼 =]0, 1[

is a user defined parameter, that will be used to select the variable to branch on. Notice that
𝑔𝛼 (𝑥) takes value 0 if 𝑥 = 0 or 𝑥 = 1, and it takes value 1 if 𝑥 = 𝛼 . Function 𝑔𝛼 (𝑥) provides
a non-integrality score, taking minimal, namely 0, value if its argument is either 0 or 1 (so
it’s integer) and taking maximal value, namely 1, when its argument takes value 𝛼 . This
function allows for a clean implementation of the branching selection of the variable closer
to a certain fractional value. It is possible that the numerical approximation carried out by
the CPU leads to values of 𝑔𝛼 (⋅) that are never exactly zero, we introduce parameter 𝜖, a small
number such that any value less than 𝜖 can be safely considered 0. In the implementation
𝜖 = 10−8.

Open/Close Source Station This rule forces one variable 𝑧𝑖 to take an integer value. We
denote with 𝑧∗𝑖 the objective value of variable 𝑧𝑖 in the current BnB node. The rule follows
the following steps:

• Compute the non-integrality score 𝛿𝑖 = 𝑔𝛼 (𝑧∗𝑖 )∀𝑖 ∈ 𝑁 ;
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• If max 𝛿𝑖 ≤ 𝜖, then continue to the next rule;

• Select 𝑧𝑖 with the maximal 𝛿𝑖 and impose:

– 𝑧𝑖 ≥ 1
– 𝑧𝑖 ≤ 0

To effectively impose 𝑧𝑖 ≤ 0, it is required for the pricer to block the source station 𝑖. This
can be achieved by not creating paths starting from a close source station, see Line 5 of
Algorithm 4.3.

Allow/Block Multi-Crowdshipper Path A parcel path is made of one, or more, crowd-
shipper transfers. For a given route 𝑟 ′ ∈ 𝑅, delivering parcel 𝑝′ ∈ 𝑃 , having 𝑎𝑟

′

𝑝′𝑘′ = 1 where
crowdshipper 𝑘′ ∈ 𝐾 is moving a parcel from 𝑖′ ∈ 𝑁 to 𝑗′ ∈ 𝑁 , is equivalent to have variable
𝑥𝑝

′𝑘′
𝑖′𝑗′ = 1 in model (3.1)–(3.23).

Let 𝑥̂ 𝑟𝑝 the optimal value of variable 𝑥 𝑟𝑝 in a branch and bound node. Let 𝑅𝑝𝑘𝑖𝑗 ⊆ 𝑅 be the
subset of routes where crowdshipper 𝑘 ∈ 𝐾 transfers parcel 𝑝 ∈ 𝑃 from station 𝑖 to 𝑗. It holds
that

𝑥̂𝑘𝑝𝑖𝑗 = ∑
𝑟∈𝑅𝑘𝑝

𝑖𝑗

𝑎𝑟𝑝𝑘 𝑥̂
𝑟
𝑝 ∀(𝑖, 𝑗) ∈ 𝐴, 𝑘 ∈ 𝐾, 𝑝 ∈ 𝑃. (4.29)

In a non-integer solution 𝑥̂𝑘𝑝𝑖𝑗 can take values in ]0, 1[, whereas in an integer solution 𝑥̂𝑘𝑝𝑖𝑗
takes value that is either 0 or 1. Therefore, the branching rule is as follows:

• Compute value 𝑥̂𝑘𝑝𝑖𝑗 as in Equation (4.29);

• Compute non-integrality score 𝛿𝑘𝑝𝑖𝑗 = 𝑔𝛼 (𝑥̂
𝑘𝑝
𝑖𝑗 )∀(𝑖, 𝑗) ∈ 𝐴, 𝑘 ∈ 𝐾, 𝑝 ∈ 𝑃 ;

• If max 𝛿𝑘𝑝𝑖𝑗 ≤ 𝜖, then continue to the next rule;

• Select variable 𝑥𝑘𝑝𝑖𝑗 with maximal 𝛿𝑘𝑝𝑖𝑗 and impose:

– 𝑥𝑘𝑝𝑖𝑗 ≥ 1

– 𝑥𝑘𝑝𝑖𝑗 ≤ 0

The down-branch 𝑥𝑘𝑝𝑖𝑗 ≤ 0 decision is rather easy to impose. Indeed, one has to modify
function Successors, Line 14 in Algorithm 4.4, to not propose transfer of parcel 𝑝 from 𝑖 to 𝑗
done by 𝑘. Since this transfer is not going to be proposed, it is impossible for variable 𝑥𝑘𝑝𝑖𝑗
to take any value other than 0. The up-branch 𝑥𝑘𝑝𝑖𝑗 ≥ 1 is slightly more involved. In fact,
the algorithm needs to select transfer for parcel 𝑝 to 𝑗 with crowdshipper 𝑘 only if node 𝑖
has been visited but not otherwise. Therefore, Successors has to be modified by removing all
transfers from 𝑖 but the one towards 𝑗 made by crowdshipper 𝑘. In this way, the pricer is free
to transfer 𝑝 for 𝑖 to 𝑗, but if it decides to do so, it must do it by employing crowdshipper 𝑘.
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4.4 Experimental Results

In this section we first introduce the instance generation procedure, then we analyze the
computation experiments run on the instances. The algorithm is implemented in C++, using
CPLEX22.11 as back end LP solver. Experiments are run on a computer equipped with an
Apple M3 Max CPU and 64Gb of RAM running macOS 26.1, with a one-hour time limit.

4.4.1 Instance Generation
The instances are constructed over four distinct random metro networks, with 24, 36, 40,
44 stations respectively. These are the same synthetic public transport network used in
Section 3.7.1. For each network we generate a traffic pattern, used to determine the source-
destination of each crowdshipper and the destination of each parcel, and a time pattern,
used to determine when crowdshippers will start their commute. From these pattern, we
generate a list of 4000 crowdshippers and a list of 2000 parcels for each network. From each
crowdshipper list, we extract a subset of 2000 crowdshippers. Moreover, from each parcel list,
we sample a list of 1000 parcels. Then, from the crowdshipper list we extract three sublists,
with 500, 1000, and 1500 items respectively. Similarly, from the parcel list we sample three
sub list, with 250, 500, and 750 items respectively. Notice that in all the cases the lager list is
a super set of the smaller one. For all the combinations of number of crowdshippers, number
of parcels we generate one instance. Such a procedure is repeated 4 times. This leads to a
total of 4 (number of networks) * 4 (number of crowdshippers set) * 4 (number of parcel set)
* 4 (number of instances) = 256 instances. Notice that all the instances for a given network
are generated from the same global population of crowdshippers and parcels. Each network
has four source stations, each with 𝐶𝑖 = 250, all the other stations have 𝐶𝑖 = 50. The four
source stations are chosen to be the one that maximize that average distance between them.
This rule allows for the selection of the four station most on the border. Each network has a
fixed and known depot set in a random location reasonably far away from the network.

We decided to generate a new set of larger instances with respect to the ones used in
Section 3.7. There the maximal size of an instance is |𝐾 | = 300 and |𝑃 | = 250. During
preliminary tests, this instances were solved to optimality in the matter of seconds, so it was
impossible to use them as a reliable and complete way to test this algorithm.

4.4.2 Analysis of Total Solution Time
Preliminary analysis, non presented here for brevity, have highlighted that the value of 𝛼
for 𝑔𝛼 (⋅), i.e. the non-integrality score, is not crucial for the optimal performance of the
algorithm. Therefore, all results presented in the following are obtained with 𝛼 = 0.5 since
it the value that tends to provide the most consistent results for the overall instance set.

All instances are solved to optimality. The average solve time, independently from the
column selection rule or the instance class, is 15.28s. The maximal one is 126.08s and the
minimal is 0.68s.

Table 4.5 reports, for each network (Col. |𝑁 |) and each number of crowdshippers (Col.
|𝐾 |), the average (Avg.), median (𝑄50), 75th (𝑄75) and 90th (𝑄90) quantile of the total run time
for each column selection rule.

A quick look at the table shows that it is impossible to identify a clear winner among the
configurations. However, it is possible to observe some interesting patterns. First, average
columns, gap between the best and worst performing formulation tends to be not small.



CHAPTER 4. A COLUMN GENERATION ALGORITHM FOR PTCP 91

Table 4.5: Total run time statistics for the three configurations by number of crowdshippers

|𝑁 | |𝐾 | Avg. 𝑄50 𝑄75 𝑄90
All Best First All Best First All Best First All Best First

24 500 8.53 9.91 9.36 6.64 7.59 6.11 12.14 16.36 13.93 16.04 19.04 19.18
24 1000 15.35 16.32 15.46 12.71 13.88 15.67 19.37 20.16 21.73 25.91 28.97 25.82
24 1500 22.44 23.11 26.00 19.70 21.37 20.85 33.35 30.60 38.73 41.14 40.62 45.71
24 2000 32.55 34.93 50.14 33.60 37.98 48.51 40.73 50.33 70.63 59.28 59.15 77.45
36 500 10.11 12.13 9.60 8.32 9.93 8.44 12.88 18.58 13.76 20.47 25.35 20.25
36 1000 9.79 12.11 9.97 8.07 9.47 8.61 13.46 14.46 13.42 20.83 27.17 18.93
36 1500 11.16 13.83 12.06 10.59 11.91 10.22 15.16 21.18 17.25 19.80 26.14 22.13
36 2000 15.56 17.57 17.52 13.97 16.14 16.86 21.10 25.53 24.79 25.84 30.03 26.55
40 500 16.23 6.13 17.36 11.52 4.86 12.91 25.51 9.60 24.42 37.26 13.13 43.82
40 1000 16.48 9.39 16.54 13.50 7.16 12.60 26.70 14.21 24.85 30.95 17.94 35.98
40 1500 17.20 11.55 16.49 12.61 8.97 13.35 26.19 16.01 27.62 37.26 28.48 35.47
40 2000 17.91 16.18 18.69 14.19 12.92 14.60 27.08 24.20 26.95 38.27 32.80 41.50
44 500 10.74 10.76 9.87 8.80 7.61 9.47 15.40 15.66 13.77 22.18 25.28 18.52
44 1000 8.65 10.66 8.75 7.42 8.25 6.95 13.38 17.04 11.85 15.17 21.40 16.79
44 1500 10.63 12.55 10.30 9.84 12.69 10.34 17.34 17.36 13.30 18.64 22.40 16.42
44 2000 13.07 15.95 13.35 13.15 16.47 13.17 16.12 21.61 16.69 22.47 25.48 22.79

It is possible to observe that the average gap is 36.23%, with a minimal value of 6.3% (for
|𝑁 | = 24, |𝐾 | = 1000) and a maximal of 183.43% (|𝑁 | = 40, |𝐾 | = 500). However, it should
be noticed that the second largest gap, found for |𝑁 | = 40, |𝐾 | = 1000, takes value 76.28%,
showing that the largest value is more an outlier then the norm. Similar gaps, can be found
for the median case. Moreover, this pattern is not related with the number of crowdshippers
nor the with the network. It should be noticed that this irregular behavior does not come
unexpected. In general, it is very hard to understand the correct strategy. In some cases
All, Best, and First might have similar performance, for instance where there are few, maybe
even just one, reduced cost columns for each parcels. In other, investing more time to find
the column with the smallest reduced cost might prove to be the best strategy, whereas in
other, for instance when all columns have comparable reduced costs, just selecting the first
one is the best strategy. Finally, it other cases, a larger number of columns added at each CG
iteration might be the best one.

It is possible to notice a mild positive correlation between the number of crowdshippers
and the total runtime. In fact, between the number of crowdshippers (|𝐾 |) and the total run
time in the average case there is a Pearson’ correlation of 0.53. When selecting only solution
from the All configuration the correlation takes value 0.52, for configuration Best the corre-
lation is 0.64, and correlation for configuration First takes value 0.50. The reason for such
a behavior is two fold. First of all, instances with a larger number crowdshippers make for
a more computationally expensive pricer. More crowdshipper, in fact, corresponds to more
successors in Algorithm 4.4, and therefore a longer run. Second, with more crowdshippers
there’s room to generate more parcel paths at negative reduced cost, resulting in a more
complex whole optimization.

Table 4.6 reports, for each network (Col. |𝑁 |) and each number of parcels (Col. |𝑃 |), the
average (Avg.), median (𝑄50), 75th (𝑄75) and 90th (𝑄90) quantile of the total run time for each
column selection rule. In this table and in the following, 𝑄𝑥 , with 𝑥 ∈ [0, 100], identifies the
𝑥-th percentile of population under analysis.

Similar to the previous analysis, also in this table it is not possible to identify a clear best
column selection rule. Moreover, also in this case it is possible to notice the wide perfor-
mance difference between the fastest and the slowest column selection rule. In the average
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Table 4.6: Total run time statistics for the three configurations by number of parcels

|𝑁 | |𝑃 | Avg. 𝑄50 𝑄75 𝑄90
All Best First All Best First All Best First All Best First

24 250 4.86 4.91 8.03 4.97 5.66 7.96 6.45 6.81 10.70 7.80 7.18 12.01
24 500 15.19 17.98 25.43 11.14 14.09 10.00 18.49 22.66 24.40 33.56 36.59 62.52
24 750 22.84 23.38 26.13 23.83 21.25 20.38 30.12 29.77 37.58 35.47 37.98 48.51
24 1000 35.98 37.98 41.37 36.56 35.91 36.02 49.18 50.57 65.86 59.28 59.15 72.13
36 250 2.99 3.17 3.78 2.21 2.64 3.14 3.31 3.77 4.73 5.31 5.87 7.90
36 500 7.85 7.98 8.16 7.19 8.12 7.19 9.62 9.67 9.91 11.17 12.15 13.52
36 750 13.13 16.96 15.14 11.68 16.05 12.48 14.72 19.88 18.15 18.09 20.99 22.42
36 1000 22.65 27.54 22.07 22.58 27.19 22.13 25.44 29.63 24.79 28.56 36.41 26.63
40 250 1.95 1.64 2.17 1.95 1.65 2.10 2.09 2.22 2.44 2.42 2.40 2.53
40 500 7.99 6.08 8.06 8.13 5.92 7.97 8.84 7.96 8.89 9.37 9.72 9.64
40 750 21.58 12.52 20.10 22.52 12.04 19.54 24.24 15.58 22.56 25.05 18.89 23.73
40 1000 36.30 23.00 38.75 36.53 22.01 39.53 40.44 29.46 44.25 42.44 32.80 47.30
44 250 2.92 2.95 3.11 3.18 2.65 3.10 3.80 4.22 3.87 4.00 4.79 4.95
44 500 7.80 8.27 8.12 6.79 7.33 7.24 8.94 11.33 10.86 12.12 12.81 12.32
44 750 12.67 14.56 11.78 12.81 14.12 11.66 13.45 17.13 12.80 15.12 19.00 13.92
44 1000 19.70 24.14 19.26 18.50 23.76 18.52 22.43 26.25 20.89 26.99 32.15 24.22

case, the average gap between the best and worst performing rule is 32.10%, with a minimal
of 3.91%, and a maximal of 72.39%. Similarly large gaps can be found for the other statistics.

It is possible to notice a strong correlation between the number of parcels to deliver
and the overall time required by the algorithm. Pearson’s coefficient between these two
figures takes value 0.89 for All, 0.90 for Best, and 0.80 for First. The overall coefficient is 0.86.
These results are far from being unexpected. A larger parcel set, corresponds to more pricer
problems to solve, and more columns to add to RMP.

Table 4.7: Column selection rule ranking by |𝐾 | and |𝑃 |

|𝐾 | |𝑃 | All Best First
500 250 1.94 1.56 2.50
500 500 2.44 1.50 2.06
500 750 2.06 1.88 2.06
500 1000 1.81 2.12 2.06

1000 250 1.94 1.75 2.31
1000 500 2.31 2.00 1.69
1000 750 2.12 2.06 1.81
1000 1000 1.62 2.12 2.25
1500 250 1.62 1.62 2.75
1500 500 1.81 2.38 1.81
1500 750 2.06 2.12 1.81
1500 1000 1.81 2.19 2.00
2000 250 1.44 2.06 2.50
2000 500 1.44 2.06 2.50
2000 750 1.50 2.25 2.25
2000 1000 1.88 2.12 2.00

# Best 7 4 3

Table 4.7 shows the statistical ranking, in terms of computing time, of the three column
selection rules, by the size of the crowdshippers and parcels sets. Statistical ranking is com-
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puted as follows. For each instance, the column selection rule is assigned to its position in
the leader board. So the fastest formulation takes score 1, the second 2, and the third 3. In
case of a tie, the equivalent rules are assigned the same score, which is the average of their
position in the leader board. For instance, if the two fastest rules take the same value, each
gets score 1.5. The final score, reported in Table 4.7, is the average among all the scores
obtained by each rule. The last row identifies how many times the column selection rule has
been the best performing one for the specific |𝐾 |-|𝑃 | couple.

From this table, it is possible to observe several interesting patterns. First, in small sized
instances, both in |𝐾 | and in |𝑃 |, rule Best tends to be the best performing, whereas in larger
instances All is the best one. In medium sized instances, it is harder to find a real winner.

Table 4.8: Comparison of column selection rules by |𝐾 | and |𝑃 |

|𝐾 | |𝑃 | Rule First Best

Wins Losses 𝑝-value Wins Losses 𝑝-value
500 250 All 12 4 0.08 5 11 0.21
500 250 Best 12 4 0.08 - - -
500 500 All 6 10 0.45 3 13 0.02
500 500 Best 11 5 0.21 - - -
500 750 All 7 9 0.80 8 8 1.00
500 750 Best 10 6 0.45 - - -
500 1000 All 10 6 0.45 9 7 0.80
500 1000 Best 7 9 0.80 - - -

1000 250 All 10 6 0.45 7 9 0.80
1000 250 Best 11 5 0.21 - - -
1000 500 All 4 12 0.08 7 9 0.80
1000 500 Best 7 9 0.80 - - -
1000 750 All 6 10 0.45 8 8 1.00
1000 750 Best 7 9 0.80 - - -
1000 1000 All 12 4 0.08 10 6 0.45
1000 1000 Best 8 8 1.00 - - -
1500 250 All 13 3 0.02 9 7 0.80
1500 250 Best 15 1 0.00 - - -
1500 500 All 8 8 1.00 11 5 0.21
1500 500 Best 5 11 0.21 - - -
1500 750 All 6 10 0.45 9 7 0.80
1500 750 Best 7 9 0.80 - - -
1500 1000 All 9 7 0.80 10 6 0.45
1500 1000 Best 7 9 0.80 - - -
2000 250 All 13 3 0.02 12 4 0.08
2000 250 Best 11 5 0.21 - - -
2000 500 All 14 2 0.00 11 5 0.21
2000 500 Best 10 6 0.45 - - -
2000 750 All 12 4 0.08 12 4 0.08
2000 750 Best 8 8 1.00 - - -
2000 1000 All 9 7 0.80 9 7 0.80
2000 1000 Best 7 9 0.80 - - -
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To better understand the algorithm’s performance in relation to the instance size, in
Table 4.8 we propose an instance-wise comparison detailing how many times one selection
rule outperforms the others. ColumnsWins specifies the number of times the rule on the row
outperforms the one in the column. On the other side, columns Losses tell how often rule
on the row is outperformed by the one in the column. Finally, column 𝑝-value reports the 𝑝-
value from the Binomial test. We use 0.05 as a threshold value to discard the null hypothesis.
Notice that each row describes 16 instances, namely 4 instances for each network.

The most interesting thing to observe is that, with the exception of a few cases, a better
performing selection rule never outperforms another one in a statistically significant way. In
fact, it is possible to find a significant result only in 5 comparisons out of 48. In four of these
cases, the losing rule is First, whereas in the other the losing one is All against Best. Best is
never outperformed in a statistically significant way. Moreover, it should be noticed that if
we choose a tighter threshold values, for instance 0.01, only two cases would be significant.

By taking the absolute difference between the number of Wins and Losses over all the
formulations, it is possible to observe a maximal difference of 14, with a median of 4, 𝑄75 is
6.5, and 𝑄90 is 8.6. This shows that, in general, the difference between two column selection
rules rather small, and deeply connected with the property of a specific instance.

4.4.3 Impact of the Percentage of Backup Parcels

Table 4.9: Impact of backup parcels on algorithmc performance

|𝑁 | |𝐾 | 𝑐𝑜𝑟 𝑟(𝐵%, 𝑟 𝑡) 𝑐𝑜𝑟 𝑟(𝐵%, 𝑛𝑝) 𝑐𝑜𝑟𝑟(𝐵%, 𝑛𝑛)
24 500 0.78 0.82 -0.06
24 1000 0.67 0.77 -0.35
24 1500 0.82 0.84 0.02
24 2000 0.72 0.82 -0.08
36 500 0.76 0.77 -0.02
36 1000 0.76 0.77 0.17
36 1500 0.86 0.86 0.24
36 2000 0.86 0.88 -0.30
40 500 0.67 0.72 0.10
40 1000 0.74 0.79 -0.14
40 1500 0.78 0.81 -0.42
40 2000 0.82 0.84 -0.30
44 500 0.77 0.76 0.11
44 1000 0.81 0.83 -0.30
44 1500 0.84 0.85 -0.36
44 2000 0.87 0.86 0.09

Table 4.9 shows, for each network (Col. |𝑁 |) and number of crowdshippers (Col. |𝐾 |), the
Pearson’ correlation coefficients between the fraction of backup parcels (𝐵%) and the total
run time (𝑟 𝑡), the number of pricing problems solved (𝑛𝑝), and the number of branch-and-
bound nodes (𝑛𝑛).

With a minimum of 0.67 and a maximum of 0.87, Table 4.9 shows a general strong cor-
relation between the percentage of backup parcels and the total run time. Similarly, there’s
a strong correlation between the fraction of backup parcels and the number of pricing prob-
lems solved. Such behavior is easy to explain. Backup is, by construction, themost expensive
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delivery option. Therefore, the algorithm has all the reason to prefer using crowdshippers
whenever possible. If available crowdshippers are either not enough or simply don’t fol-
low the right patterns, CG has to continue until it can prove all delivery options are taken
into account. This naturally leads to a larger number of pricing problems solved, which in
turns increases the total run time of the algorithm. However, it should be noticed that a
larger fraction of backup parcels does not alter the formulation strength. Such an observa-
tion is confirmed by checking the correlation index between the fraction of backup parcels
and the number of BnB nodes generated. These correlations range from weak negative to
weak positive, with many taking values small enough to exclude any correlation whatsoever.
Since correlation is never strong, and it oscillates between positive and negative values, it is
safe to assume that a larger fraction of backup parcel in the optimal solution is not a direct
contributor to poorer primal bounds.

4.4.4 Analysis of the Branch-and-Bound Tree

Table 4.10: Statistics about the number of BnB nodes for the three configurations

|𝑁 | |𝐾 | Avg. 𝑄50 𝑄75 𝑄90
All Best First All Best First All Best First All Best First

24 500 16.62 16.25 17.50 15.00 15.00 17.00 15.50 17.00 17.50 18.00 19.00 20.00
24 1000 23.75 34.62 98.12 19.00 18.00 17.00 22.00 27.50 31.50 29.00 55.00 111.00
24 1500 21.88 17.75 31.12 20.00 15.00 21.00 24.50 17.00 29.00 32.00 26.00 34.00
24 2000 44.88 43.00 169.50 20.00 17.00 18.00 55.50 26.50 52.00 121.00 101.00 391.00
36 500 15.00 15.88 15.00 15.00 15.00 15.00 15.00 15.00 15.00 15.00 19.00 15.00
36 1000 15.00 14.75 15.12 15.00 15.00 15.00 15.00 15.00 15.00 16.00 15.00 16.00
36 1500 16.12 17.25 14.50 15.00 16.00 15.00 17.00 17.50 15.00 17.00 21.00 15.00
36 2000 27.50 23.88 21.00 15.00 15.00 17.00 20.00 19.50 21.50 23.00 29.00 31.00
40 500 15.25 15.00 15.00 15.00 15.00 15.00 15.00 15.00 15.00 15.00 15.00 15.00
40 1000 15.50 15.00 15.00 15.00 15.00 15.00 15.00 15.00 15.00 16.00 15.00 15.00
40 1500 16.12 15.38 16.50 15.00 15.00 15.00 15.50 15.00 17.00 19.00 16.00 20.00
40 2000 16.62 17.25 15.00 15.00 15.00 15.00 15.50 15.00 15.00 17.00 15.00 15.00
44 500 15.25 15.00 15.12 15.00 15.00 15.00 15.00 15.00 15.00 16.00 15.00 15.00
44 1000 23.88 15.50 16.62 15.00 15.00 15.00 15.00 15.00 17.00 15.00 16.00 21.00
44 1500 18.12 20.50 21.38 15.00 15.00 15.00 21.50 17.00 17.00 25.00 19.00 22.00
44 2000 18.50 17.12 15.38 15.00 16.00 15.00 15.50 19.00 15.00 31.00 20.00 18.00

In Table 4.10 we present the average, median, 75th, and 90th percentile of the total num-
ber of generated nodes, grouped for network size (|𝑁 |) and number of crowdshippers (|𝐾 |).
The global minimum number of nodes explored is 11, the maximum is 1613, and the global
average is 23.83. In all instances, it was required to branch on variables 𝑧𝑖 multiple times
before start to branch on variables 𝑥 𝑟𝑝 . This is a natural behavior easy to explain. Variable
𝑧𝑖 is associated with cost 𝜈𝑖 in the objective function. Therefore, the cheapest solution is the
one using the least amount of 𝜈𝑖 as possible. This can be achieved by taking combinations of
paths starting from multiple stations at the same time, in such a way that constraint (4.2) is
satisfied. This is the reason why we first check for the integrality of 𝑧𝑖 and then of 𝑥 𝑟𝑝 . Until
𝑧𝑖 are forced to be integer, it is easy for the solver to find a combination of fractional 𝑥 𝑟𝑝 such
the constraints are satisfied and the 𝜈𝑖 does not have to be paid as a whole. Only once all
required 𝑧𝑖 are set to their optimal value in an integer solution, the algorithm can start to
branch on 𝑥 𝑟𝑝 variables.

In Table 4.10 it is possible to observe that, in general, the average total number of nodes
explored is quite consistent along the various instance classes for the different column se-
lection rules. Ignoring the outliers |𝑁 | = 24 with |𝐾 | ≥ 1000, it is possible to observe that
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the percentage gap between the largest and smallest number of nodes in the BnB tree takes
a minimal value of 1.67%, a maximal of 54%, and an average of 14.4%. A similar pattern can
be observed in the median case, where in only 4 out of 16 cases the median number of nodes
differs among the column selection rules. For 𝑄75 this happens 8 times, and for 𝑄90 it hap-
pens 12 times. The outliers are likely due to an unfortunate interaction between the instance
properties and the selection rule First. Likely this produced a large number of column whose
source node is always the same, forcing BnB to exhaust such columns before it was possible
to use other source stations and solve instance to integrality.

It is also possible to notice that there is no trend connecting the number of crowdshippers
and the number of nodes. In the overall solution set it is possible to notice that the Pearson’s
correlation coefficient between |𝐾 | and the number of BnB nodes takes value 0.08. When
filtering for the number of stations, we observe that for |𝑁 | = 24 the coefficient take value
0.13, for |𝑁 | = 36 it takes value 0.21, for |𝑁 | = 40 we obtain 0.16, finally for |𝑁 | = 44 we
get 0.06. These are all values that allow to assume that there is no clear linear relationship
between the number of nodes and the number of crowdshippers.

4.4.5 Analysis on the Number of Generated Columns

Table 4.11: Statistics on the number of generated columns for the three configurations

|𝑁 | |𝐾 | Avg. 𝑄50 𝑄75 𝑄90
All Best First All Best First All Best First All Best First

24 500 59089.25 49244.25 47731.94 59839.00 45950.50 36931.00 80394.00 67966.00 71373.25 106627.50 83143.00 93669.50
24 1000 108826.19 80672.12 95546.94 92203.00 61646.00 68493.00 141283.75 108884.00 157515.25 180687.50 149205.00 178748.00
24 1500 132646.00 94215.69 128839.81 135534.50 71324.50 118443.50 175781.75 155922.25 189363.75 250739.50 186127.00 230806.50
24 2000 163652.81 113211.69 188717.56 148950.50 95796.50 175346.00 235704.50 168531.00 272690.75 335036.00 215198.00 353817.00
36 500 42594.06 43442.00 10778.31 20827.00 13284.00 7903.00 45596.25 51935.00 10875.50 63937.00 105551.00 13557.50
36 1000 41770.94 41969.38 28078.94 35985.50 28805.00 16494.50 60637.50 51111.75 40974.25 78791.50 93789.00 63543.00
36 1500 45499.06 47552.25 46950.44 42379.00 38588.50 39598.50 56636.00 66055.50 58136.00 71794.00 104238.50 93680.50
36 2000 53214.88 44916.94 51388.00 54830.00 37183.00 44322.50 70341.00 55118.50 68995.50 81249.00 76117.00 90445.50
40 500 4587.56 3475.38 5549.38 4500.00 3356.50 5137.00 5611.75 3960.75 6701.50 6590.50 6035.50 8865.00
40 1000 8912.81 5370.25 8734.88 7510.50 5482.50 7910.00 9696.75 6695.00 10948.75 12270.00 8108.50 14540.50
40 1500 12153.06 8298.94 13195.75 12625.50 8169.00 13063.50 16111.00 9500.00 19157.00 18926.50 13418.50 20854.00
40 2000 19525.88 14126.75 14328.38 15896.50 10558.50 14330.50 22524.50 16486.00 20082.50 27630.50 28366.00 21303.00
44 500 12662.88 6707.81 9996.69 9334.00 5850.00 8520.00 12343.00 7891.50 10774.00 29563.00 11761.00 17031.50
44 1000 18062.06 20737.88 25144.62 16943.50 11785.00 17741.00 24224.50 23193.00 30857.25 28978.00 43580.00 46656.00
44 1500 35961.62 35984.62 32719.69 30450.50 23110.50 31413.50 50634.50 54241.25 44791.25 60370.00 75350.00 55458.50
44 2000 50167.31 47438.75 49065.81 43475.50 45044.50 47231.00 61322.75 65914.00 64920.50 83630.00 73434.50 84373.00

In Table 4.11 we present the average, median, 75th, and 90th percentile of the total number
of generated columns with negative reduced cost, groped for network size (|𝑁 |) and number
of crowdshippers (|𝐾 |).

There are several interesting observations about this statistics. First of all, we focus on
the average number of columns generated by each column selection rule. There it is possible
to notice that column selection All is the one who generated the most columns in 8 out of
16 cases. On the other hand, column selection Best does it 4 times, and First does it 4 times
as well. This result does not come unexpected: All can generate, with these instance, up-to
4 times more columns per iteration, so it is natural the in many cases this column selection
rule ends up with a larger number of columns. It is interesting to observe that when All is
the column selection rule with the largest number of columns, the gap between its number of
columns and the minimal one is on average of 39.6%, with a minimal of 5.75%, and a maximal
of 88.8%. This illustrates that, in general, the total number of columns with negative reduced
cost is not particularly large. Such a comment, is confirmed by checking the same gaps for
𝑄90. It is possible to observe that the average gap in this statistic is 58.9%, the maximal is
151.0%, with a minimal of 21.1%, confirming that, in general, most pricer iterations do not
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produce a negative reduced column. Finally, it is possible to observe that, in the average
case, the total number of generated columns tends to be quite consistent among the column
selection rules. In fact, only in 40% of the cases the gap between the largest and smallest
number of columns for each selection rule is larger than 50%. Similar figures can be observed
also for 𝑄75, where only 38% of the cases have a gap larger than 50%. For 𝑄90, we observe
practically the same figures as in 𝑄75.

In Table 4.11, it is possible to observe that, in general, there is a mild correlation between
the number of columns and the number of crowdshippers. In fact, for |𝑁 | = 24 Pearson’s
correlation takes value 0.43, for |𝑁 | = 36 it takes value 0.19, for |𝑁 | = 40 the correlation
coefficient is 0.51, and for |𝑁 | = 44 it is 0.59. All mild correlation coefficients are intuitive, and
don’t need any explanation. On the contrary it is interesting to observe the small correlation
coefficient for |𝑁 | = 36. It is possible to observe in Table 4.11 that in the average case
for |𝑁 | = 36 the algorithm generated fewer columns for |𝐾 | = 1000 than for |𝐾 | = 500.
This is possible to observe that in these instances with |𝐾 | = 500 86.8% of the parcels are
transferred with the backup service, whereas with |𝐾 | = 1000 with figure takes value 73.1%.
As already observed in Table 4.9, the larger the fraction of backup parcel, the harder the
problem. Therefore, such a decrease in the number of generated column is just related to the
instance properties.

Figure 4.1: Distribution of the ratios between the number of generated columns and number
of pricing problems

To conclude this analysis, Figure 4.1 presents, for each column selection rule and each
network, the distribution of the ratio between the number of generated columns and the
number of pricing problems. The dot in inside the boxplots represent the average value.
First of all, notice that for All it is normal to generate more than one column for each pricing
problem, therefore it is normal to have ratios larger than one. Moreover, it is possible to
observe that, with the exception of |𝑁 | = 24, the distribution of these ratios are quite con-
sistent between the column selection rules. Not only this further confirms that the general
behavior of the column selection rules is relatively consistent, but it helps to explain why
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the column selection rules have practically indistinguishable performance. In most cases,
less than 50% of the pricing problems generate a column. Moreover, in extreme some cases,
like for |𝑁 | = 40, this percentage goes below 10%. This suggests that in many cases, all the
selection rules propose the same column. When this happens over a large number of pricing
problems, the differences between the column selections averages out, leading to relatively
consistent performances.

Now, we focus on the outlier represented by All in |𝑁 | = 24. It is possible to observe that
average ratio is 0.66, the largest among all configurations and networks, while the average
ratio for Best is 0.36, and for First it is 0.40. This behavior is easy to explain. All networks
are used to construct instances with crowdshipper sets of the same cardinality. It is easy
to imagine that in a small network a crowdshipper of a given size is more likely to provide
redundant paths then in a larger network. And with more redundant paths it is easy to
generate more columns. This has an even larger impact with column selection rule All, that
proposes multiple column for each parcel.

4.4.6 Comparison of the Solution Methods for PTCP
In this section, we provide a comparison of the three solution method proposed for PTCP.
We generated a set of 128 instances by sampling larger scale instances introduced in Sec-
tion 4.4.1. For each network, we selected 8 instances, and each was sampled to have |𝑃 | =
50, 100, 150, 200 and |𝐾 | = 50, 100, 150, 200. All combinations of |𝑃 | and |𝐾 | are tested. Such
small sizes are chosen to ensure that all methods can tackle these instances effectively. To
provide a meaningful comparison of the methods, we choose to only represent the 29 in-
stances where both CPLEX and the proposed column generation found the optimal solution.
Table 4.12 summarizes the results.

The first three column represents the network (𝑁 ), the number of crowdshippers (|𝐾 |),
and number of parcels (|𝑃 |). Then, the next two column, with the common label Obj. Val.,
report the objective value from the heuristic (ALNS) and from the exact algorithms (Opt.).
Finally, the last three columns, with the common label Time, show the computational time
from CPLEX, ALNS, and the column generation. For the ALNS, we report the time to best,
whereas for the other methods the total computational time is shown.

ALNS was configured with the best performing parameter setting, found in Section 3.7.3.
The column generation was configured to include all negative reduced cost columns in the
RMP.

First of all, we discuss the objective values. In only 10 out of 29 instances ALNS did
not find the optimal solution. Moreover, in these 10 cases the average gap between the
optimal and worst solution is 0.35%, showing the effectiveness of the ALNS in this small-
sized instance set.

Now, we analyze the computational time. CPLEX scores an average time of 238.21s,
with a minimum of 10.6s, and a maximum of 1506.62s (approx. 25 minutes). ALNS scores
an average, minimum, and maximum time of 61s, 0s, and 563.73s respectively. Finally, BnP
takes 0.45s in the average case, with a minimum of 0.02s and a maximum of 1.44s. These
results are quite unsurprising.

CPLEX presents a large variance in its run time values, with a standard deviation 336.24.
In general, CPLEX seems to be more negatively affected by a larger number of crowdshipper
than a by a larger number of parcels. This can be notices by observing that the Pearson’s
coefficient between CPLEX solve time and |𝐾 | is 0.68, a value showing a strong correlation,
while the same statistic takes between solve time and |𝑃 | takes value 0.36, showing a weak
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Table 4.12: Comparison of solution methods for PTCP

|𝑁 | |𝐾 | |𝑃 | Obj. Val. Time [s]

ALNS Opt. MILP ALNS BnP
36 50 200 4296.00 4296.00 68.61 0.26 0.66
36 50 150 3138.00 3138.00 43.24 0.86 0.37
40 50 200 4228.00 4228.00 94.71 0.01 1.02
36 50 50 1019.00 1019.00 13.02 0.01 0.05
40 50 150 3211.00 3211.00 25.13 0.00 0.13
36 100 150 3112.00 3112.00 250.91 40.60 0.49
40 50 150 3216.00 3216.00 33.61 0.02 0.39
40 100 50 983.00 976.00 23.38 2.56 0.02
44 50 200 4135.00 4135.00 36.51 0.09 0.50
36 150 100 1829.00 1805.00 400.67 109.72 0.35
24 50 150 3109.00 3109.00 48.57 0.01 0.16
40 150 50 1020.00 1020.00 90.72 3.88 0.10
24 50 200 4257.00 4257.00 127.04 0.02 0.88
40 150 200 4301.00 4301.00 1506.62 0.00 0.66
40 100 100 2064.00 2064.00 128.07 33.96 0.33
44 50 50 1001.00 1001.00 12.58 0.00 0.05
40 150 100 1981.00 1979.00 275.27 140.71 0.46
44 50 50 965.00 964.00 10.60 1.98 0.06
36 50 100 2103.00 2103.00 26.44 2.04 0.23
36 100 100 1927.00 1925.00 242.94 175.30 0.40
36 150 150 2983.00 2980.00 597.02 253.94 0.74
36 150 200 3990.00 3982.00 987.18 37.43 1.44
44 100 200 4107.00 4107.00 311.67 11.46 0.88
36 200 100 1608.00 1598.00 478.02 209.90 0.38
40 150 150 3025.00 3021.00 598.78 563.73 0.73
36 150 100 1890.00 1888.00 296.86 158.13 0.32
24 50 150 3161.00 3161.00 120.42 0.13 0.87
36 50 100 2078.00 2078.00 28.53 5.68 0.22
44 50 150 3036.00 3036.00 30.94 16.34 0.32

correlation. Moreover, Pearson’s correlation between solve time and the product |𝑃 | ∗ |𝐾 |
is 0.91, a very strong correlation. Such coefficients show the large impact the scale of the
problem has on CPLEX ability to solve it efficiently, therefore explaining the large variance
in its solve time.

It is interesting to notice that in 3 cases, ALNS found the optimal solution just by using
its constructive heuristic. It is possible to identify these cases by observing the ALNS time
column with entries 0.0. In general, ALNS is quite fast at identifying high quality solution.
This can be noticed by looking at the 75th quantile of the run times, taking value 40.6s.
However, in the remaining 25% of the instances ALNS struggle to find the best solution
quick. In fact, the average solve time in the long running 25th percentile is 230.20s.

Finally, BnP is clearly the best performing method. This is clear not only in terms of run
time but also by taking into account their consistency. Indeed, solve time standard deviation
is just 0.34. Interestingly, unlike CPLEX, BnP has a no evident correlation, taking value 0.21,
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between |𝐾 | and its solve time, while it has a strong correlation, 0.78, between the solve time
and |𝑃 |. This is natural, since more parcels means more pricing problems.

In summary, these analysis show that all methods can be effective in solving PTCP, and
each comes with its strengths and weaknesses. However, considering the scalability issues
presented by CPLEX, BnP is the best method to solve large scale instances at optimality.

4.5 Conclusions

In this Chapter we formulated a set covering formulation of PTCP introduced in Chapter 3.
To solve such a formulation efficiently, we propose and implement a Branch-and-Price algo-
rithm, where the pricing problem is solved using a tailored dynamic programming algorithm.
The proposed algorithm outperforms by several orders of magnitude the performance of the
compact MILP model proposed in Chapter 3. We’ve conduced a large number of computa-
tional experiments, highlighting the impact over the total computational time of parameters
like the number of crowdshippers and parcels, and algorithmic configurations. These com-
putational experiments show that the harder instances are the ones with a larger share of
backup parcels in the optimal solution. However the latter figure does not affect the strength
of the linear relaxation.

Thanks to its good computational performance, proposed formulation and algorithm can
be extended to take into account the stochastic nature of the problem at hand. Such exten-
sions include a stochastic or robust reformulations of the set covering model (4.1)–(4.7).

Another interesting avenue for future research is the design and implementation of a
predictor to automatically switch between the available column selection rules. In this way,
the algorithm could automatically adapt to the current state of the CG and the BnB tree and
accelerate the search procedure.
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Summary In recent years, last-mile delivery research has shifted from focusing solely on
cost minimization to a broader consideration of sustainability and environmental impact.
The following chapter explores the novel trend of evaluating the social impact of last-mile
delivery, emphasizing factors such as road safety, congestion, and noise pollution. A key
strategy that has garnered attention in addressing these multifaceted concerns is Off-Peak
Hours Delivery (OPHD), which involves scheduling deliveries during non-peak hours, often
in the evenings or at night. This chapter investigates implementing a city-wide policy in-
spired by OPHD, strategically encouraging or discouraging deliveries in specific urban areas
and time slots. The objectives of such a policy span from environmental considerations to
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nuanced social factors, potentially leading to dynamic shifts in time slot preferences. Adopt-
ing such a policy aligns with the growing citizen concern for environmental and social issues,
leveraging changing attitudes toward sustainable practices. To evaluate this policy, we for-
malize it as a bi-objective mixed-integer programming model, aiming to strike a balance be-
tween the economic interests of retailers and the municipality’s overarching goals. Through
realistic instances, the paper offers managerial insights, providing valuable perspectives on
the practical effects of the proposed policy on delivery operations. This facilitates a deeper
understanding of the ramifications of integrating social considerations into the optimization
framework.

5.1 Introduction

The evolution of last-mile delivery within the scientific community has witnessed a contin-
ual shift in focus, transitioning from initial considerations centered around costminimization
and profit maximization (Mansini and Zanotti, 2022; Ouyang et al., 2023; Côté et al., 2024a)
towards sustainability goals. The surge in e-commerce, accentuated by the COVID-19 pan-
demic, has underscored the relevant impact of last-mile delivery companies not only on
their direct customers but on the broader community. Notably, sustainability and environ-
mental evaluation of last-mile delivery impact have garnered significant attention, prompt-
ing a thorough examination of various components and the proposal of different solutions.
These include analyses of different-sized time windows (Manerba et al., 2018a), the integra-
tion of parcel lockers (Bonomi et al., 2022a), and the use of drones and autonomous robots
(Lemardelé et al., 2021), among other aspects. An emerging trend involves assessing the so-
cial impact of last-mile delivery, encompassing considerations such as road safety, conges-
tion, and noise pollution (Viu-Roig and Alvarez-Palau, 2020). Addressing the environmen-
tal, social, and cost challenges induced by last-mile delivery, the Off-Peak Hours Delivery
(OPHD) strategy has gained attention (Sánchez-Díaz et al., 2017). OPHD entails scheduling
deliveries during evening or overnight hours to bypass traffic congestion, reduce overall de-
livery time, and achieve concurrent benefits such as cost reduction (Fu and Jenelius, 2018),
pollution mitigation (Mousavi et al., 2021; Saleh et al., 2022), and enhanced customer satis-
faction (Holguín-Veras et al., 2011). Primarily adopted in freight transportation for the last
mile, OPHD faces challenges such as recipient resistance and community rejection due to
overnight noise pollution (Holguín-Veras et al., 2006a,b). An additional concern arises from
the health and annoyance costs associated with road noise exposure, as reported by the Eu-
ropean Environment Agency. These costs escalate from 17€ (noise between 50 and 54dB) to
72€ (over 75dB) per dB (European Environment Agency, 2019).

A municipality can employ several strategies to alleviate the impact of last-mile logistics
in urban areas, including the promotion of sustainable mobility through bike rental pro-
grams, the establishment of safe paths for foot or bicycle couriers, the identification of re-
stricted traffic zones in densely populated or historical areas, and encouragement of electric
or low-emission vehicle use in designated zones. Advanced traffic monitoring systems and
the introduction of logistic consolidation hubs further contribute to efficient traffic flow and
the use of electric vehicles.

This study explores the potential impact of a city-wide policy for home deliveries that
closely aligns with OPHD, investigating its effects on delivery companies (or retailers) and
their operational costs. Instead of imposing night deliveries, which might face limited cus-
tomer acceptance, we consider a scenario where a city administration seeks to encourage
or discourage deliveries in specific time slots according to the urban areas. These time slots
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could align with the conventional OPHD definition or be chosen for different reasons. For
instance, a focus on the social impact of last-mile operations might lead to discouraging
deliveries in a mid-afternoon time slot in a district with several schools, coinciding with
children going home. Moreover, the flexibility of these time slots allows for dynamic ad-
justments, such as discouraging deliveries during specific public events that attract crowds.
Adopting such a policy holds the potential for favorable reception by citizens, leveraging
the increasing importance placed on environmental and social issues. Additionally, cou-
pling this policy with promoting unattended delivery paradigms, like parcel lockers, can
mitigate the slight loss in flexibility regarding delivery options. In freight transportation,
delivery companies naturally lean towards an OPHD approach due to its inherent benefits
(Sánchez-Díaz et al., 2017). However, customer reluctance often hinders its adoption, even
with financial incentives (Holguín-Veras et al., 2006a). Navigating the complex landscape
of multi-stakeholder optimization, where each stakeholder may have multiple conflicting
goals, presents a significant challenge. Identifying which objectives to optimize and how to
achieve a satisfactory balance becomes intricate, especially when dealing with a problem of
this magnitude (Bonomi et al., 2024b). When the companies’ goals align with those of the
city administration, particularly in the joint pursuit of environmental goals through time
window penalties, there is room to control traffic congestion during peak hours, leading to
lower emissions and reduced average time-to-delivery. However, the distribution company’s
primary goal is to minimize transport costs while ensuring customer satisfaction. This ob-
jective may still conflict with the municipality’s objectives. It is not uncommon for a deliv-
ery company, especially when customers pay a premium for its services, to incur additional
costs to meet customers’ expectations. These added costs may include expenses related to
congestion control implemented by city administrations, typically involving variable urban
tolls based on the time of day to discourage unnecessary vehicle access. Conversely, when
social considerations dictate penalties for specific time windows, striking the right balance
between citizens’ benefits and the economic viability of last-mile operations becomes crucial
for promoting a more sustainable last-mile logistics system.

To model such a potential trade-off, we propose a bi-objective vehicle routing problem
optimizing the goals associated with the main decision-makers: the retailer, primarily in-
terested in minimizing total travel time, and the municipality, which seeks to reduce social
and environmental impact by mandating the retailer’s minimization of penalties for access-
ing specific zones within defined time windows. We call this problem the Off-Peak Vehicle
Routing Problem (OP-VRP).

5.2 Problem Description

Let 𝐷 be the set of districts (areas, zones) into which a city can be partitioned. The OP-VRP
can be formulated on a directed graph 𝐺 = (𝑉 , 𝐴) where the node set 𝑉 = {0} ∪ 𝑁 consists
of the depot (node 0) and the set 𝑁 of delivery points (customers) within the urban area,
whereas arc set 𝐴 represents the connections between nodes. Set 𝑁 can be partitioned into
|𝐷| disjoint subsets, i.e., 𝑁 = ∪𝑑∈𝐷𝑁𝑑 with 𝑁𝑑 ∩ 𝑁𝑓 = ∅ ∀𝑑, 𝑓 ∈ 𝐷, 𝑑 ≠ 𝑓 . Subset 𝑁𝑑
represents the subset of delivery points located in district 𝑑 ∈ 𝐷. The travel cost and time
associated with each arc (𝑖, 𝑗) ∈ 𝐴 are denoted as 𝑐𝑖𝑗 and 𝑡𝑖𝑗 , respectively. Both travel costs
and times satisfy the triangular inequality and are proportional to the distances traveled.
The service time required to serve the delivery point 𝑖 ∈ 𝑁 is represented by 𝑠𝑖. We refer to
𝑊 as the set of disjoint time slots into which the day (or specific periods like morning/af-
ternoon) is partitioned. Penalty coefficient 𝑝𝑑𝑤 > 0, used to incentivize or penalize a specific
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time window of a defined district, serves as a multiplicative factor of the transportation cost
incurred by the delivery company when serving delivery points belonging to district 𝑑 ∈ 𝐷
during the time interval [𝑎𝑤 , 𝑏𝑤 ], where 𝑎𝑤 and 𝑏𝑤 denote the start and end times of time
slot 𝑤 ∈ 𝑊 . The fleet of vehicles involved in the service is denoted as 𝐹 . Each vehicle must
return to the depot within a working time limit 𝑡𝑚𝑎𝑥 . The retailer’s objective is to visit all
delivery points, minimizing the total time required for the service and, as a secondary ob-
jective, minimizing the total penalties paid for visiting customers within the districts during
the selected time slots.

5.3 Mathematical Formulation

To provide a mathematical formulation of the OP-VRP we introduce the following sets of
variables.

For each district 𝑑 ∈ 𝐷 and each time slot 𝑤 ∈ 𝑊 , we introduce the binary variable 𝑦𝑑𝑤 ,
taking value 1 if district 𝑑 is visited in time slot 𝑤 , 0 otherwise. The second set of binary
variables is defined for each arc (𝑖, 𝑗) ∈ 𝐴, 𝑥𝑖𝑗 take value 1 if arc (𝑖, 𝑗) is traversed, and 0
otherwise. The final set consists of continuous non-negative variables 𝑧𝑖𝑗 for all (𝑖, 𝑗) ∈ 𝐴,
defining the arrival time at node 𝑗 when coming from node 𝑖. From now on, for any subset
𝑆 ⊂ 𝑉 , let 𝛿+(𝑆) = {(𝑖, 𝑗) ∈ 𝐴 ∶ 𝑖 ∈ 𝑆, 𝑗 ∉ 𝑆} and 𝛿−(𝑆) = {(𝑖, 𝑗) ∈ 𝐴 ∶ 𝑖 ∉ 𝑆, 𝑗 ∈ 𝑆} be the
sets of arcs leaving from and entering set 𝑆, respectively. Moreover, for simplicity, we call
𝛿+(𝑖) = 𝛿+({𝑖}), 𝑖 ∈ 𝑉 and 𝛿−(𝑖) = 𝛿−({𝑖}), 𝑖 ∈ 𝑉 .

The mathematical formulation of OP-VRP as a bi-objective problem is as follows:

min 𝑓1 ∶= ∑
(𝑖,𝑗)∈𝐴

𝑡𝑖𝑗𝑥𝑖𝑗 (5.1)

min 𝑓2 ∶= ∑
𝑑∈𝐷

∑
𝑤∈𝑊

𝑝𝑑𝑤𝑦𝑑𝑤 ∑
𝑖∈𝑁𝑑

∑
𝑗∈𝛿−(𝑖)

𝑐𝑗𝑖𝑥𝑗𝑖 + ∑
(𝑗,0)∈𝛿−(0)

𝑐𝑗0𝑥𝑗0 (5.2)

∑
(0,𝑖)∈𝛿+(0)

𝑥0𝑖 = ∑
(𝑗,0)∈𝛿−(0)

𝑥𝑗0 ≤ |𝐹 | (5.3)

∑
(𝑗,𝑖)∈𝛿−(𝑖)

𝑥𝑗𝑖 = ∑
(𝑖,𝑗)∈𝛿+(𝑖)

𝑥𝑖𝑗 = 1 𝑖 ∈ 𝑁 (5.4)

∑
(𝑖,𝑗)∈𝛿+(𝑖)

𝑧𝑖𝑗 − ∑
(𝑗,𝑖)∈𝛿−(𝑖)

𝑧𝑗𝑖 ≥ ∑
(𝑖,𝑗)∈𝛿+(𝑖)

(𝑡𝑖𝑗 + 𝑠𝑖)𝑥𝑖𝑗 𝑖 ∈ 𝑁 (5.5)

𝑧0𝑖 = 𝑡0𝑖𝑥0𝑖 𝑖 ∈ 𝛿+(0) (5.6)
𝑧𝑖𝑗 ≥ (𝑡0𝑖 + 𝑡𝑖𝑗 + 𝑠𝑖)𝑥𝑖𝑗 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗 (5.7)
𝑧𝑖𝑗 ≤ (𝑡𝑚𝑎𝑥 − 𝑠𝑗 − 𝑡𝑗0)𝑥𝑖𝑗 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗 (5.8)

∑
𝑤∈𝑊

𝑎𝑤𝑦𝑑𝑤 ≤ ∑
(𝑗,𝑖)∈𝛿−(𝑖)

𝑧𝑗𝑖 𝑑 ∈ 𝐷, 𝑖 ∈ 𝑁𝑑 (5.9)

∑
(𝑗,𝑖)∈𝛿−(𝑖)

𝑧𝑗𝑖 ≤ ∑
𝑤∈𝑊

𝑏𝑤𝑦𝑑𝑤 𝑑 ∈ 𝐷, 𝑖 ∈ 𝑁𝑑 (5.10)

∑
𝑤∈𝑊

𝑦𝑑𝑤 ≤ 1 𝑑 ∈ 𝐷 (5.11)

𝑥𝑖𝑗 ∈ {0, 1} (𝑖, 𝑗) ∈ 𝐴 (5.12)
𝑧𝑖𝑗 ≥ 0 (𝑖, 𝑗) ∈ 𝐴 (5.13)

𝑦𝑑𝑤 ∈ {0, 1} 𝑑 ∈ 𝐷, 𝑤 ∈ 𝑊 (5.14)
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Objective function 𝑓1 in (5.1) minimizes the total travel time of all vehicles. In contrast, Ob-
jective function 𝑓2 in (5.2) minimizes the total penalty. For each district 𝑑 ∈ 𝐷, the latter is
computed as an approximation of the total traveling costs associated with selected arcs en-
tering nodes of the district (∑𝑖∈𝑁𝑑

∑𝑗∈𝛿−(𝑖) 𝑐𝑗𝑖𝑥𝑗𝑖) multiplied by the penalty term∑𝑤∈𝑊 𝑝𝑑𝑤𝑦𝑑𝑤
that depends on the time slot, among all the available ones, that will be selected for the dis-
trict (corresponding variable 𝑦𝑑𝑤 set to 1). To account for the cost of returning to the depot,
we also add a term (∑(𝑗,0)∈𝛿−(0) 𝑐𝑗0𝑥𝑗0). Notice that objective function 𝑓2 directly multiplies
variables 𝑥 and 𝑦 and thus is non-linear. However, it can be linearized. First, we introduce
the non-negative variable 𝑞𝑑𝑤 , taking the value of the associated penalty if district 𝑑 is tra-
versed during time window 𝑤 , and zero otherwise. The linear reformulation of (5.2) is as
follows:

min ∑
𝑑∈𝐷

∑
𝑤∈𝑊

𝑞𝑑𝑤 + ∑
(𝑗,0)∈𝛿−(0)

𝑐𝑗0𝑥𝑗0 (5.15)

𝑞𝑑𝑤 ≥ 𝑝𝑑𝑤 ∑
𝑖∈𝑁𝑑

∑
𝑗∈𝛿−(𝑖)

𝑐𝑗𝑖𝑥𝑗𝑖 − 𝑀𝑑(1 − 𝑦𝑑𝑤 ) 𝑤 ∈ 𝑊 , 𝑑 ∈ 𝐷 (5.16)

𝑞𝑑𝑤 ≥ 0 𝑤 ∈ 𝑊 , 𝑑 ∈ 𝐷 (5.17)

where 𝑀𝑑 is a large enough value that can be set to ∑𝑖∈𝑁𝑑
𝑚𝑎𝑥𝑗∈𝛿−(𝑖)𝑐𝑗𝑖. Notice that, due to

constraints (5.11), at most one variable 𝑦𝑑𝑤 will take value 1 for each district 𝑑 ∈ 𝐷, eliminat-
ing 𝑀𝑑 and forcing the corresponding variable 𝑞𝑑𝑤 to take the value 𝑝𝑑𝑤 ∑𝑖∈𝑁𝑑

∑𝑗∈𝛿−(𝑖) 𝑐𝑗𝑖𝑥𝑗𝑖.
Constraints (5.3) indicate that no more than |𝐹 | vehicles can be used and that the number of
vehicles that leave the depot must also re-enter it. Constraints (5.4) guarantee that exactly
one arc enters and leaves each node 𝑖 ∈ 𝑁 . Constraints (5.5) manage subtour elimination
by establishing that if a vehicle visits node 𝑗 right after node 𝑖 (i.e., 𝑥𝑖𝑗 = 1), the time elapsed
between the arrival times in the two nodes is at least equal to the service time 𝑠𝑖 required
to serve node 𝑖 plus the travel time 𝑡𝑖𝑗 required to go from 𝑖 to 𝑗 (Gobbi et al., 2019a, 2023b).
Constraints (5.6) set the minimum time required to reach the first node 𝑖 after the depot,
whereas Constraints (5.7)-(5.8) define lower and upper bounds on the values of each variable
𝑧𝑖𝑗 , 𝑖, 𝑗 ∈ 𝑁 , 𝑖 ≠ 𝑗. Constraints (5.9) and (5.10) force the activation of variable 𝑦𝑑𝑤 when the
arrival time at node 𝑖 ∈ 𝑁𝑑 is included in the time slot [𝑎𝑤 , 𝑏𝑤 ]. Constraints (5.11) impose
that, for each district 𝑑 ∈ 𝐷, at most one time slot 𝑤 ∈ 𝑊 can be activated. Finally, the
remaining constraints are variable definitions and domain restrictions.

Model (5.1)–(5.14) guarantees optimality is the graph it’s formulated on has costs 𝑡𝑖𝑗 re-
specting the triangular inequality. This property is connected to Constraints (5.7) and (5.8).
Specifically, Constraints (5.7) tighten the range of values 𝑧𝑖𝑗 can assume, by taking into ac-
count the time it takes to reach node 𝑖 from the depot 0. Such bounds are valid if and only
if 𝑡0𝑗 < 𝑡0𝑖 + 𝑠𝑖 + 𝑡𝑖𝑗∀(𝑖, 𝑗) ∈ 𝐴, otherwise, if such an inequality is not satisfied, the associ-
ated bound will render arc (0, 𝑗) unusable. Clearly, only graphs whose distances respect the
triangular inequality will satisfy such an inequality for all values of 𝑠𝑖. The case for (5.8) is
perfectly analogous, therefore will not be discussed further.

If the underling graph does not respect the triangular inequality, two courses of actions
are possible.

1. It is possible, for instances when the triangular inequality is violated by a small margin,
to triangularize the graph. Such a procedure replaces the cost of the arc (𝑖, 𝑗) with the
cost of the shortest path from 𝑖 to 𝑗. Since a shortest path is made of sub shortest paths,
this will ultimately guarantee that the new distances respect the triangular inequality.
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2. If the former point is not applicable, Model (5.1)–(5.14) can be relaxed by removing
(5.7) and by relaxing (5.8) to

𝑧𝑖𝑗 ≤ 𝑡𝑚𝑎𝑥𝑥𝑖𝑗 (𝑖, 𝑗) ∈ 𝐴. (5.18)

Such a re-formulation is correct for graph not respecting the triangular inequalities.
Moreover, it remains correct for graph respecting it, albeit with weaker bounds.

5.4 Instance Generation

The construction of realistic instances for the vehicle routing problem requires an accu-
rate and coherent representation of the underlying street network. The street topology of
the selected city was therefore extracted and processed from OpenStreetMap1 data through
OSMnx (Boeing, 2017). This approach ensures that the resulting network reproduces the real
urban infrastructure while remaining fully reproducible and transparent.

OpenStreetMap was chosen as the data source because it provides open, community-
curated geographic information covering a broad range of urban and transportation features.
Its open-source nature grants full control over data acquisition and processing, facilitating
replication and verification by other researchers. Although minor local inconsistencies may
occur, the completeness and reliability of OpenStreetMap in most metropolitan areas make
it particularly suitable for studies of urban mobility and last-mile logistics.

OSMNx retrieves street networks directly fromOpenStreetMap by specifying both a geo-
graphical boundary and a network type. In this study, the administrative limits of the target
urban area were used to define the region of interest. Only roads accessible to motorized
vehicles were included to ensure that the resulting graph represents the infrastructure rele-
vant to last-mile delivery operations. OSMNx automatically downloads all nodes and edges
within the defined boundary, along with associated metadata such as street names, segment
lengths, functional classifications, and access restrictions.

During graph construction, OSMnx performs several preprocessing operations to refine
and standardize the data. The network is represented as a directed multigraph, which allows
multiple edges between the same pair of nodes. This representation accommodates typical
urban layouts, such as multi-lane highways or parallel one-way streets. OSMnx simplifies
the topology by merging consecutive edges that share identical attributes and by collaps-
ing intermediate nodes that do not represent actual intersections or terminal points. Edge
attributes are standardized, self-loops and redundant edges are removed, and disconnected
components are identified for possible exclusion. The network is then projected from geo-
graphic coordinates to a planar coordinate system to enable accurate metric distance calcu-
lations.

Despite the extensive preprocessing carried out by OSMnx, additional post-processing
was required to ensure consistency and analytical robustness. Very small disconnected com-
ponents, often representing cul-de-sacs, parking access roads, or mapping artifacts, were
identified and removed to guarantee full network connectivity. The classification of road
types was also standardized to obtain uniform and coherent labeling across the dataset. In
particular, inconsistencies such as the coexistence of “residential” and “living street” cate-
gories, which refer to comparable functional types, were harmonized under a single classi-
fication scheme. This normalization ensures a consistent interpretation of street hierarchy
and accessibility.

1openstreetmap.org

https://www.openstreetmap.org/
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After the construction and cleaning of the street network, a subset of nodes was identi-
fied to represent potential customer locations. Candidate nodes were selected among those
tagged as commercial or service-oriented, including categories such as commercial, amenity,
office, library, and logistics, among others. The procedure implemented to select suitable cus-
tomer nodes proceeds as follows. First, a random node is chosen to serve as the depot. Then,
the list of potential customer nodes is randomly shuffled. The algorithm iterates through the
shuffled list and selects nodes according to the following conditions: a) a minimal distance
𝑑min between any pair of selected nodes, b) a minimal distance 2𝑑min between each selected
node and the depot, c) an average distance between all selected nodes and the depot close
to a target value 𝑑avg, and d) compliance with the node type criteria described above. If the
algorithm fails to select a sufficient number of customer nodes, the entire procedure restarts
until the desired number of nodes is obtained.

The resulting graph provides a coherent and computationally efficient abstraction of the
street infrastructure of the selected city, where intersections are represented as nodes and
street segments asweighted edges. OSMnx returns the edgesweights in terms of distance, we
convert their traversal time in seconds, assuming an average speed of 30km/h. This graph,
together with the selected customer nodes and depot, forms the spatial foundation for the
generation of last-mile delivery instances and for the evaluation of routing algorithms under
realistic urban conditions.

5.5 Experimental Analysis

In this section, we present the results obtained by solving the OP-VRP mathematical model
on realistic instances and evaluate the interplay between the company oriented objective
function (5.1) and the municipality oriented one (5.2). All tests have been conducted on a
computer equipped with an Apple M3 Max with 64Gb of RAM running macOS 26.1, using
Gurobi 12 as a Mixed Integer Programming Solver. All instances solved to optimality.

5.5.1 Benchmark Instances
We generated instances based on the road graph of San Francisco, CA, USA, using Open-
StreetMap data. We generated instances with 14 and 19 customers nodes randomly selected
on the map, with at least one node for each city district (|𝐷| = 11) and an additional node
outside the city serving as the depot. Hence, |𝑉 | = 15 or |𝑉 | = 20. Together with the rules
described in Section 5.4, these points are selected ensuring that (i) there is a customer within
the border of each district and (ii) the depot is outside the city border (as shown in Fig-
ure 6.21), so no district suffers an unfair disadvantage. Two values of |𝑊 |, corresponding to
1-hour and 30-minute time slots, are considered over an operational time window 𝑡𝑚𝑎𝑥 of 4
hours. Results should be scalable based on an increase of 𝑡𝑚𝑎𝑥 and the number of customers.
For each district 𝑑 ∈ 𝐷, we set 𝑝𝑑𝑤 values such that the best time slot has 𝑝𝑑𝑤 = 1 (no penalty),
and the worst has 𝑝𝑑𝑤 = 2 (twice the arc costs). Time slots in between have evenly spaced
penalties between 1 and 2. Computed penalties are randomly assigned to each time slot. The
number of vehicles |𝐹 | is always set to 3. We generated 20 base graphs with different cus-
tomer locations. Given |𝑊 | ∈ {4, 8}, the total number of instances is 80. Figure 6.21 provides
the visual representation of an instance with dotted lines indicating district borders, different
colors representing each district, and symbols denoting the depot and the customers.
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Figure 5.1: Example of an instance with 15 nodes.

5.5.2 Managerial Insights and Sensitivity Analysis
The initial analysis revolves around the impact of constraints (5.11) that impose entering
each district within a single time slot.

Figure 5.2: Worsening of 𝑓1 with constraints (5.11).

Figure 5.2 illustrates the value deterioration of 𝑓1 when such constraints are incorporated,
contrasting the optimization outcomes with and without them. The color of the box plot
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identifies the value |𝑉 |. As expected, the use of shorter time slots (|𝑊 | = 8) exhibits a more
noticeable effect, resulting in a average increase of about 0.83% and 2.61% in the total time
required for delivery operations for |𝑉 | = 15 and |𝑉 | = 20 respectively. Instances with
negligible impact (approximately 0%) are observed, while the maximal increase for |𝑉 | = 15
is 5.70% and for |𝑉 | = 20 is 7.12%. When |𝑊 | = 4, the average impact stays below 0.5% for
both instance sizes, with the maximum hovering around 0.73% and 1.52% for |𝑉 | = 15 and 20.
A 1-hour time window appears reasonable for most practical scenarios, such as discouraging
visits to commercial areas during rush hours or school districts during the start or end of the
school day. This initial assessment shows how the one-slot policy can influence delivery
operations. In this scenario, the delivery company can select its preferred time slot without
considering how the city decision-makers value it. The more fine-grained the control over
the access to a district is, the higher the increase in costs will be.

Figure 5.3: Worsening of 𝑓2 with constraints (5.11).

Figure 5.3 shows the distribution in penalty costs (𝑓2) when constraints (5.11) are en-
forced. Notice that quadrants are on different scales. It is interesting to observe that with
the exception of a couple of outliers, constraints (5.11) have no effect on the value of 𝑓2 when
|𝑉 | = 15. However, when |𝑉 | = 20 the outcomes are quite different. In fact, there is an av-
erage increase of 3.70% and 57.48% for |𝑊 | = 4, and 8 respectively. Naturally, instance with
more customers require a vehicle to spend more time inside a district. So, enforcing con-
straint (5.11) might force the solver to identify paths that traverse exactly one district per
time slot, instead of selecting the same time slot for multiple district, reducing the freedom
it has to visit districts only during low penalties time windows. While 1 hour time windows
might prove to be quite challenging to correctly navigate, the true problem rises with 30
minutes time windows.

Figure 5.4 provides a visual representation of how solutions evolve when optimizing 𝑓1
without constraints (5.11), with them, and when optimizing 𝑓2, respectively. In this specific
instance with |𝑊 | = 4, the amount of traveled kilometers varies significantly: from 47.9 in
the first case to 56.8 in the second, reaching 64.3 in the third one. Notably, the first solution
achieves all deliveries with a single vehicle, while the other two require the activation of
two vehicles. Interestingly, the one-slot policy forces the company to use a second vehicle to
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Figure 5.4: Example of a solution when optimizing (a) 𝑓1 without constraints (5.11), (b) 𝑓1,
and (c) 𝑓2.

service a single customer. Comparing the solutions in Figures 5.4(b) and 5.4(c) with the one in
Figure 5.4(a), we can notice that the path followed to visit nodes located northeast of the city
changes. Moreover, in both solutions, the driver exits and re-enters a district after visiting an
adjacent one. This is possible when opting for the same time slot in both districts. A trade-
off emerges: choosing the optimal slot for neighboring districts or finding a compromise
with a middle ground slot. A preliminary insight, applicable to all instances, is evident: the
introduction of a single-slot policy and the penalization of unwanted slots can result in a
noticeable increase in total traveled distance and, consequently, environmental emissions.
However, it is important to recognize that this model is more tactical than operational. For
instance, if a city discourages a specific time slot due to heavy traffic, yet a company uses
it based on lower predicted distance, this may not translate to lower emissions in practice.
The company driver may get stuck in traffic in that rush hour slot with the engine of its
vehicle still producing emissions. Nevertheless, in certain cases, a trade-off between distance
traveled and added social value will emerge. Balancing social (e.g., avoiding a school-day
ending) against environmental costs becomes a crucial consideration.

To comprehensively assess the interplay between the two objectives, we employ the 𝜖-
constraint method considering a specific lexicographic order. In this method, we prioritize
and optimize objectives sequentially, ensuring that while enhancing lower-priority objec-
tives, higher-priority ones remain within defined boundaries. Initially, we optimize 𝑓1, yield-
ing an optimal value denoted as 𝑓 ∗1 . Subsequently, we solve five additional problems where
𝑓2 is minimized, while bounding 𝑓1 to stay below predefined thresholds: 0%, 5%, 10%, 15%,
and 20%, both with and without constraints (5.11). The reverse process starts by optimizing
𝑓2. Therefore, each instance we conduct 24 optimizations. Across the 80 instances, a total
of 1920 optimizations are performed. On average, each optimization required 17.90 seconds,
with a maximal of 3229s. Solving 𝑓1 first (without constraints on 𝑓2) is slightly harder than
solving 𝑓2 first (without constraints on 𝑓1). On average the first optimization takes 27.53s,
while the latter takes 12.49s. In general optimizing with constraints (5.11) takes on aver-
age 26.67s vs 9.14s of optimization without it. The optimization of 𝑓2 with |𝑊 | = 8 and
constraints (5.11) enforced takes by far the longest, with an average time of 101.93s. In the
second place there the optimization of 𝑓1 in the same conditions with an average time of
78.13s. Figure 5.5 illustrates the degradation in 𝑓1 when optimizing 𝑓2 first and allowing a
certain percentage deterioration in 𝑓2.

It is evident that 𝑓2 significantly influences the value of 𝑓1. In general it is possible to
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Figure 5.5: worsening of 𝑓1 for different degradation of 𝑓2.

notice that when constraints (5.11) are enforced the average worsening of 𝑓1|(𝑓2, 𝜖) when
compared to 𝑓 ∗1 is smaller thanwithout the constraint. Even if counter intuitive this behavior
is natural. Adding a constraint worsens both 𝑓1 and 𝑓2, and reduce their free space to worsen
each other in order to improve.

5.6 Conclusions

Municipalities can implement different policies to reduce congestion during peak hours, in-
cluding dynamic toll systems based on traffic density, which dissuade vehicles from entering
the city unnecessarily during high-demand periods. In this study, we address a complex
optimization problem for last-mile delivery that incorporates both environmental and so-
cial considerations to discourage retail companies from delivering in specific time slots. We
name it the Off-Peak Vehicle Routing Problem (OP-VRP) and develop a bi-objective mixed-
integer programming formulation optimizing both the traveling time and the total penalty
costs incurred by a delivery company. We solve the problem on realistic instances, encom-
passing 80 customers configurations and a total of 1920 optimizations. Results reveal that
restricting to one time slot per area leads to a modest median cost increase of approximately
3%, even in the challenging setting of 30-minute time slots. A noteworthy observation is
that allowing a 5% cost increase could help delivery companies align their objectives more
closely with the city administration’s goals. This finding suggests a potential avenue for
collaboration, fostering a compromise that benefits both stakeholders. As a future develop-
ment, we aim to refine the model by incorporating time-dependent travel times and costs,
reflecting real-world traffic patterns. This evolution will enhance the model’s applicability
to urban logistics scenarios, providing a more accurate representation of the challenges and
opportunities in the last-mile delivery optimization landscape.
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Summary In recent decades, the exponential growth of e-commerce has accelerated the
expansion of last-mile delivery (LMD), themost costly and inefficient segment of the logistics
chain, contributing to traffic congestion, noise, and pollution. Traditional LMD solutions are
typically based on Vehicle Routing Problems (VRPs), focusing on cost minimization, fairness
in the treatment of customers and workers, and the mitigation of environmental impacts.
However, these approaches often fail to account for the disproportionate disruption endured
by residents living near heavily congested roads, such as freeways, main streets, and inter-
sections. In this chapter, we introduce the 𝑘-Equitable Vehicle Routing Problem (𝑘-EqVRP), a
bi-objective extension of the classical VRP that minimizes both the overall routing time and
the disruption experienced by residents on the 𝑘 most densely populated streets, where 𝑘 is a
parameter chosen by the planner. The two objectives are addressed in lexicographic order by
means of the 𝜖-constraint method, where the routing time is minimized first, and the disrup-
tion is subsequently minimized while allowing a controlled increase in travel time. The prob-
lem is modeled on a multigraph representation, which permits to avoid densely populated
streets through alternative routing options while preventing excessive increases in travel
distances. We conducted an extensive sensitivity analysis on a large number of instances de-
rived from street networks and population data of Charleston and San Francisco, USA. The
results show that it is possible to substantially reduce the impact on the population without
incurring significant additional routing costs. The study also provides practical insights for
policymakers and practitioners engaged in the design of sustainable urban transportation
strategies. Moreover, to tackle large scale instances we propose a novel Self Adapting Kernel
Search (SAKS) matheuristic, designed to handle 𝑘-EqVRP. Such a matheuristic, designed to
dynamically adapt its metaparameters according to the algorithmic performance, proves to
be very effective, returning high quality results in a short computational time.

6.1 Introduction

E-commerce has become synonymous with economic convenience, speed, and easy access
to products. Recent data show that customers increased from 1.2 billion in 2017 to 2.4 billion
in 2023, with revenue growth of 2.21 trillion over the same period. Analysts predict an
annual growth rate of 9.48% in the next four years (Statista, 2024). However, this convenience
comes at an environmental cost, particularly in urban areas. Home deliveries contribute
to increasing vehicular traffic, adding pressure on already congested roads. Each delivery
potentially introduces another vehicle, leading to slower urban mobility, higher levels of air
and noise pollution, negative public health impacts, and decreased road safety.

Sustainable solutions are necessary to mitigate these issues and reduce the overall im-
pact of e-commerce. These include optimizing either delivery routes to minimize the num-
ber of vehicles (Nasir and Kuo, 2024) or time windows assignment to delivery zones (Côté
et al., 2024a), investing in low-emission transport systems such as electric vehicles (Bruglieri
et al., 2023), exploring new delivery paradigms such as crowd-shipping and off-peak de-
liveries (Gajda et al., 2025; Mansini et al., 2024), and adopting autonomous vehicles such
as drones and droids, which offer greater flexibility, scalability, and cost savings (Corberán
et al., 2025). Consumer education is also relevant to promote more responsible purchasing
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habits and support sustainable delivery practices (Bonomi et al., 2022c; Helo and Thai, 2024).
A significant operational challenge in sustainable last-mile delivery (LMD) is the efficient
routing of vehicles. The criteria for evaluating this efficiency have evolved over time, partic-
ularly in urban settings, where routing problems need to balance various objectives. These
involve minimizing travel time and costs, as traditionally done (Laporte, 1992; Bektaş, 2006)
and also consider environmental and social impacts, and service quality (Bonomi et al., 2025).
A particularly important research direction has focused on variants of the Vehicle Routing
Problem (VRP), often referred to as Pollution Routing Problems (PRPs), that go beyond the
traditional goal of minimizing travel distance, incorporating more comprehensive and envi-
ronmentally conscious objectives. In particular, they account for factors such as greenhouse
gas emissions, fuel consumption, travel times, and associated costs (Asghari et al., 2021).
By integrating these considerations, PRPs aim to balance operational efficiency with sus-
tainability, addressing the growing need for greener and more socially responsible logistics
solutions.

The impacts on human health of vehicular pollutants are well documented (Knol et al.,
2009; Lipfert and Wyzga, 2008; Di et al., 2017; Southerland et al., 2021). Pollutant concentra-
tions near highways and major roads are higher than in surrounding areas (Lal et al., 2020).
For example, carbon monoxide (CO) concentrations drop to background levels within 150
meters from highways, and pollutants such as nitrogen dioxide (NO2), ozone (O3), and par-
ticulate matter (PM10) show similar decay within 600 meters (Karner et al., 2010). The foot-
print of transportation extends beyond fuel use and greenhouse gas emissions. Low-income
populations in high-traffic neighborhoods often carry a disproportionate share of last-mile
delivery externalities, such as traffic, accident risk, and health impacts, despite making fewer
online purchases themselves (Fried et al., 2024; Yuan andWang, 2021; Antonczak et al., 2023).
Satellite data confirms that low-income neighborhood residents are often exposed to up to
37% more NO2 than those in wealthier areas (Demetillo et al., 2020, 2021). These disparities
highlight the need for new LMD paradigms that reduce costs and environmental impacts
and mitigate social inequities caused by disproportionate exposure to traffic and pollutants.

To address these challenges, we propose the 𝑘-Equitable Vehicle Routing Problem (𝑘-
EqVRP). This variant of the traditional Vehicle Routing Problem (VRP) minimizes the total
delivery time and the broader externalities that affect city inhabitants, especially those in
low-income areas. In this model, we incorporate the environmental and social impacts of
LMD by steering traffic away from densely populated and vulnerable neighborhoods when-
ever possible. The VRP is traditionally formulated on a directed graph, where each arc (𝑖, 𝑗)
represents the shortest path between locations 𝑖 and 𝑗 on a street network. However, exclu-
sively optimizing metrics such as distance or travel time can overlook critical factors such
as environmental and social impacts, particularly for residents living along access roads or
main streets with heavy traffic flows. 𝑘-EqVRP balances traditional optimization objectives,
measured as cost-efficiency for delivery companies, with the minimization of negative exter-
nalities, quantified as the number of residents affected by last-mile deliveries. More precisely,
we define the impact on each street as the product of the number of residents living there and
the number of times it is traversed by a delivery vehicle (population impact). To measure the
impact of a set of routes on local communities, we introduce the concept of k-equity, which is
defined as the average impact on the 𝑘 most affected streets in a delivery solution, where 𝑘 is
a parameter set by the policymaker. While equity in optimization models is often addressed
via a min–max formulation (for example, minimizing the maximum route length in classical
VRP), this approach tends to disproportionately emphasize outliers, potentially leading to
suboptimal trade-offs in practical applications. For this reason, we decided to introduce eq-
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uity in our optimization model through a 𝑘-sum formulation (see Gupta and Punnen (1990)),
which allows for a more flexible and robust approach.

𝑘-EqVRP exploits a multigraph representation, introducing multiple arcs for each pair
of nodes. Each arc represents a path (a sequence of streets in the real network). Different
paths can share one or more streets. Each path is characterized by two features: delivery
travel time and population impact, measured as the number of people living along the streets
belonging to the path. The problem minimizes both the total traveling times of the vehicles
involved in the delivery service than the impact on the 𝑘-most populated streets.

The paper offers several key contributions: (i)We introduce the 𝑘-Equitable Vehicle Rout-
ing Problem (𝑘-EqVRP), a new last-mile delivery model based on a multigraph formulation
that allows multiple paths between nodes. This structure enables flexible and socially-aware
routing decisions by balancing total travel time and population exposed to delivery oper-
ations. (ii) We introduce a bi-objective mathematical formulation of the problem, using a
k-sum equity metric that minimizes the cumulative impact on the 𝑘 most affected streets,
effectively quantifying distributional fairness. This is, to the best of our knowledge, the
first paper to incorporate a 𝑘-sum-based equity measure into a routing problem formula-
tion. (iii) We propose a lexicographic optimization approach that prioritizes total travel time
minimization, followed by the optimization of population impact, ensuring cost-efficient yet
equitable solutions. (iv) We conduct a comprehensive computational study on realistic in-
stances built from detailed street networks and population data of two cities (Charleston and
San Francisco), providing robust empirical validation and practical relevance. (v)We perform
an extensive sensitivity analysis and derive relevant managerial insights to support practi-
tioners and policymakers in designing last-mile delivery strategies that mitigate social and
environmental externalities. Our results show that equitable routing can effectively combine
operational efficiency with goals of social justice and environmental sustainability, making
it suitable for real-world implementation in urban logistics systems. (vi) We propose a Self
Adapting Kernel Search (SAKS) matheuristic to tackle large scale instances. To this end, we
first compare four well-known k-sum formulations applied to a VRP context to understand
which is the most effective. Extensive computational experiments run on synthetic instances
constructed over the Solomon instance set prove that SAKS can handle large scale instances
effectively.

6.2 Literature Review

In this section we present a review of the literature related to this work. Considering the
multiple aspects dealt with in this work, the following review is structured in three sub-
sections. First, in Section 6.2.1 we present the related works concerning fair and equitable
VRPs, an issue often approached with multi-objective formulations. Then, in Section 6.2.2
we introduce the relevant works on the 𝑘-sum optimization, detailing its applications and
more philosophical considerations as well. Finally, Section 6.2.3 discusses Kernel Search al-
gorithms applied to routing problems, 𝑘-sum optimization, and bi-objective problems.

6.2.1 Fair and Equitable Vehicle Routing Problems
In this section, we propose a review of the main literature on single and multi-objective
routing problems focused on sustainability and equity, possibly making use of a multigraph.

In the context of the VRP, externalities refer to the social, environmental, and economic
consequences of routing decisions. However, the specific notion of social impact as intended
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in this work, namely the effect on the urban population, is rarely addressed in the literature.
Therefore, in the following, we focus on studies that adopt a broader interpretation of social
impact, as well as those that consider other types of externalities.

PRP, first introduced in Bektaş and Laporte (2011), extends the classical capacitated VRP
with time windows by including fuel consumption and emissions minimization. Vehicle
emissions depend on the slope of the traversed street and vehicle parameters such as load
and speed. Speed is a decision variable and can be different for each arc. Demir et al. (2014)
propose a bi-objective extension of the PRP. The first objective functionminimizes the overall
fuel consumption, whereas the second minimizes the total driver working time. Dabia et al.
(2017) analyze a variant of the PRPwhere speed is decided for vehicles instead of arcs, and the
start-time of a vehicle is a decision variable. In Raeesi and Zografos (2019), the authors extend
the PRP to a graph structure that includes both required nodes, representing customers, and
non-required nodes such as street junctions. This variant is referred to as the Steiner PRP.
More recently, Gao et al. (2023) propose the Time-dependent PRP taking into account traffic
to further mitigate the environmental impact. Finally, in Lai et al. (2024), the authors define a
PRPwith speed optimization. The proposedmodel takes into account the terrain topography,
including varying road gradients across all arcs.

Multi-objective optimization is a common approach for developing green variants of
routing problems, where the optimization of traditional costs (typically total travel cost or
time) is combined with a second objective aimed at minimizing greenhouse gas emissions
(Govindan et al., 2014; Mirzapour Al-e-Hashem et al., 2019; Xu et al., 2021; Zhou et al., 2022).
In this field, most studies consider aspects related to estimating emissions based on distance
traveled. The higher the fuel consumed, the higher the GHG emissions. Only a restricted
set of works considers fuel consumption as directly dependent on vehicle load, traffic speed,
and acceleration frequency as in PRP variants.

Behnke et al. (2021) propose the emission-oriented VRP that optimizes fuel emissions de-
pending on the vehicle load. Their mathematical formulation is based on amultigraph where
different emission-minimal arcs for traveling between two locations are introduced. The goal
of the problem is to minimize the total emissions. Zhang et al. (2022c) aims at minimizing
delivery costs, environmental impact, and workforce satisfaction. Similarly, Golmohammadi
et al. (2024) include the maximization of job opportunities when opening distribution centers
as the problem’s goal alongside the delivery cost minimization and the minimization of the
environmental impact.

As far as social impact is concerned, in Lin et al. (2011), the authors propose a three-
objective problem in humanitarian logistics dealingwith the supply of critical items to people
in need. The three objective functions minimize, respectively, the total penalization due
to items delivered outside the time window, the total routing time, and the difference in
satisfaction between different groups of people.

Equity (fairness) in VRP is a critical aspect of sustainable logistics, especially when con-
sidering social externalities. Typically, equity is intended as the equitable distribution of
resources among all the actors of a problem. This is particularly common in the healthcare
domain. For instance, Decerle et al. (2019) propose a three-objective nurse routing problem,
where one of the goals is to minimize the sum of maximal time difference between nurses
working times. Bonomi et al. (2024a) propose a multi-objective multi-actor nurse routing
problem. Each actor represents a different stakeholder in the problem, namely the operation
center, the nurses, and the patients receiving care at home. The authors propose three dif-
ferent objective functions for every actor, each managing a different metric. For nurses and
patients, the objective functions are equity-related, such as balancing the nurses’ workload
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or the overrun of the patient service deadline. Makboul et al. (2024) propose the Green Home
Health Care problem, considering the minimization of the total travel costs, the total CO2
emissions, and the balancing of the nurses’ workload. Bonomi et al. (2022d) propose a Nurse
Routing Problem where several fairness metrics are solved alongside the total travel time
minimization.

In VRPs social impact is usually measured as workload balance between workers (Lee
and Ueng, 1999; Matl et al., 2018; Kritikos and Ioannou, 2010; Golden et al., 1997), but in
Dukkanci et al. (2022), where the authors define it as dependent on driver’s and customer’s
welfare. Another equity metric is customer satisfaction. In Mansini et al. (2024), the authors
propose an Off-Peak Hour VRP where penalties are imposed based on environmental and
social impact considerations. Although in general equity is seen as a goal to reach, another
approach imposes it as a requirement to be satisfied (Zehtabian, 2024). The interested reader
can also refer to the review Xinying Chen and Hooker (2023).

Paper Impact Equity
Environmental Social

Golden et al. (1997) ✓
Lee and Ueng (1999) ✓

Kritikos and Ioannou (2010) ✓
Bektaş and Laporte (2011) ✓

Lin et al. (2011) ✓
Demir et al. (2014) ✓ ✓

Govindan et al. (2014) ✓
Dabia et al. (2017) ✓
Matl et al. (2018) ✓

Decerle et al. (2019) ✓
Mirzapour Al-e-Hashem et al. (2019) ✓

Raeesi and Zografos (2019) ✓ ✓
Behnke et al. (2021) ✓

Xu et al. (2021) ✓
Dukkanci et al. (2022) ✓

Zhang et al. (2022c) ✓ ✓ ✓
Zhou et al. (2022) ✓
Gao et al. (2023) ✓

Bonomi et al. (2024a) ✓ ✓
Golmohammadi et al. (2024) ✓ ✓ ✓

Lai et al. (2024) ✓
Makboul et al. (2024) ✓ ✓
Mansini et al. (2024) ✓

This Work ✓ ✓

Table 6.1: Comparison of the literature on Vehicle Routing Problems

In Table 6.1, we summarize the main literature contributions related to fairness-related
VRPs. Papers analyzed are listed in the first column. The column labeled Impact Environ-
mental indicates whether the routing problem, addressed in the paper, accounts for envi-
ronmental impact. The Impact Social column specifies whether social considerations are
integrated into the problem formulation. Finally, the Equity column identifies whether the
paper explicitly incorporates equity-related aspects. To the best of our knowledge, we are
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the first to apply the concept of equity, measured through the 𝑘-sum metric, to a vehicle
routing problem.

6.2.2 On the 𝑘-sum Optimization Problems
The 𝑘-sum optimization problem, which consists of minimizing (maximizing) the sum of the
𝑘 largest (smallest) values in a set 𝑆 of functions generalizes the classical min(max)-sum case
(when 𝑘 = |𝑆|) and the min-max (max-min) case (when 𝑘 = 1). This metric is commonly used
as a measure of inequality (Filippi et al., 2019). Frequently, 𝑘-sum is used to address the draw-
backs of min/max strategies, which only reduce the unfairness for the worst case, without
considering what happens to the remainder, and also leading to more expensive solutions
when compared to the traditional minimization of the overall costs (Bertazzi et al., 2015). The
𝑘-sum optimization problem was first modeled by Gupta and Punnen (1990). This formula-
tion requires an exponential number of constraints, one for each possible sum of 𝑘 elements
from 𝑆, making it computationally impractical. The first compact 𝑘-sum formulation, based
on the dual of a knapsack problem, can be found in Ogryczak and Tamir (2003). Another
compact formulation is presented in Blanco et al. (2014). Puerto et al. (2017) discuss several
continuous, discrete, and combinatorial 𝑘-sum problems dealing with computational com-
plexity issues. Aouad and Segev (2019) propose approximation algorithms for the 𝑘-median
problem, a specific form of 𝑘-sum emerging from location theory. Blanco et al. (2024) pro-
pose discrete and continuous location problems with a new envymeasure that minimizes the
𝑘 worst locations without the need to know all the customer preferences in advance. León
et al. (2020) generalize the concept of 𝑘-sum to multi-objective stochastic problems, showing
an application to the multi-objective stochastic knapsack problem. In Ponce et al. (2018),
different 𝑘-sum formulations are applied to the problem of electing a committee by approval
voting (i.e., each voter can select more than one candidate). The winners are selected as
those that minimize the 𝑘 largest Hamming distances between the selected committee and
the voters’ selection.

6.2.3 Kernel Search Algorithms
Kernel Searchmatheuristic was first proposed by Angelelli et al. (2010) to tackle multi dimen-
sional knapsack problems. Over the year, several extensions and improvements have been
proposed in the literature (Angelelli et al., 2012; Guastaroba and Speranza, 2014; Carrabs
et al., 2025). In the following we propose a review of kernel search algorithms designed to
tackle routing problems, Bi-Objective formulations, and 𝑘-sum formulations.

Archetti et al. (2021a) propose a Kernel Search for the Inventory Routing Problem, where
a set of customers have to be replenished over time at minimal transportation and inventory
cost. KS uses the initial solution and the variable rankings are identifiedwith the Tabu Search
algorithm presented in Archetti et al. (2017). In Bruglieri et al. (2023) the authors introduce a
Random Kernel Search matheuristic to solve the electric vehicle routing problem with time
windows. Such an algorithm internally uses a Random 𝑘-Degree matheuristic to find the
initial solution, that is later improved by the Random Kernel Search. Borčinová (2022) pro-
poses a KS to optimize a VRP. The algorithm, instead of using the linear relaxation, uses
the saving algorithm proposed by Clarke and Wright (1964) to construct the initial solution.
Hanafi et al. (2020) propose a KS algorithm for a TeamOrienteering Problemwith precedence
constraints. Gobbi et al. (2023a) study a Nurse Routing Problem where the priority of the
satisfied requests is maximized. Large instances are solved with an hybrid matheuristic algo-
rithm combining an Adaptive Large Neighborhood Search with a Kernel Search. Assunção
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and Santos (2025) Robust Steiner Team Orienteering Problem with Decreasing Priorities, a
robust variation of the TeamOrienteering Problem emerging in disaster relief where location
are known but demand cannot be foreseen. The authors propose, among others, a Kernel
Search algorithm tailored to solve the problem at hand. Interestingly, such algorithm uses a
dynamic time limit to solve the buckets, where to later (and potentially lower quality) buck-
ets is given a shortest amount of time. The time limit decreases following a geometric series,
down to it minimal allowed value. Their algorithm iterates the bucket only once. Zhang
et al. (2019) analyze a closed-loop supply chain for perishable items, and propose a dedicated
kernel search algorithm to tackle the problem. Their algorithm constructs an initial kernel
of a random size, selecting the variables with largest value in the linear relaxation. Simi-
larly the number of buckets depends on the size of the kernel set and size of other problem’s
set. Later, Zhang et al. (2022d) extended the previous proposing a bi-objective formulation,
aiming at the profit maximization and the carbon emission minimization, for a closed-loop
supply chain with perishable items. The authors propose a kernel search that, using the
𝜖-constraint method (Ehrgott, 2005; Mansini et al., 2024; Gobbi et al., 2025; Manerba et al.,
2025), finds an approximation of the Pareto frontier. Li et al. (2021) study a capacitated mul-
timodal transportation planning problem, aiming at satisfying all customers’ requests at the
minimal cost. A kernel search and dynamic programming algorithm is proposed. This algo-
rithm, at each iteration uses a dynamic program to select the most promising variables to be
included in the kernel set, then the new restricted problem is optimized using a MILP solver.
To enhance the formulation, at each KS iteration valid inequalities are included in the for-
mulation. Guastaroba et al. (2017) propose an enchantment of the Kernel Search framework
called Adaptive Kernel Search, aimed at solving general hard MILP problems. This algo-
rithm using the root node relaxation instead of the linear relaxation to construct the kernel
and the buckets. Moreover, the authors add functionality to handle general integer variables,
functionalities to find an initial feasible solution, and a classification mechanism to identify
harder instances. Carvalho et al. (2024) take into account a multi-item production and distri-
bution system where the overall production, inventory, and transportation costs have to be
minimized. To address this problem, the authors propose a Hybrid Kernel Search, extended
from the one presented in Carvalho and Nascimento (2018), that uses a dedicated MIP based
algorithm to find the initial solution to build the kernel set. Filippi et al. (2016) study a Bi-
Objective index tracking problem, where the average excess return is maximized and the
total tracking error in the re-balanced portfolio is minimized. The authors propose a Kernel
Search, extended from the one proposed in Guastaroba and Speranza (2012), to tackle the
problem at hand. The algorithm identifies heuristic solution for the two objective function
independently. These values are used to find the range for the value 𝜖. Finally, the algo-
rithm run a mono-objective kernel search with an 𝜖-constraint for a given number of steps,
iteratively increasing the value of 𝜖, to find an approximation of the Pareto frontier. Filippi
et al. (2021) propose a Kernel Search algorithm fair facility location problem, a variation of a
facility location where the weighted sum average distance traveled by all customers, and the
average distance traveled by the 𝛽% most distance customers is minimized. This algorithm
is designed to find, for a given linear combination of the two objective functions, the value
of the objective function under different 𝛽 values. Each step is optimized by an adaptive
kernel search algorithm. Huerta-Muñoz et al. (2022) study a heterogeneous flexible periodic
vehicle routing problem. The authors propose three formulations, with different constraints
and variables, and compare their performance when used within a Kernel Search algorithm.

Table 6.2 provides a comparison of the various contributions in the literature. The first
column identifies the source of the study. The second one specifies if the problem at hand is
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a routing problem in a quite general sense, whereas the third column identifies algorithms
that are explicitly designed to deal with bi-objective problems. Finally, the fourth column
tells if the algorithm handles a 𝑘-sum formulation of sum sort. As it is possible to observe

Paper Routing Bi-Obj. 𝑘-Sum
Archetti et al. (2021a) ✓
Bruglieri et al. (2023) ✓

Borčinová (2022) ✓
Gobbi et al. (2023a) ✓

Assunção and Santos (2025) ✓
Zhang et al. (2019) ✓
Hanafi et al. (2020) ✓
Zhang et al. (2022d) ✓ ✓

Li et al. (2021) ✓
Guastaroba et al. (2017)1 ✓ ✓

Carvalho et al. (2024) ✓
Filippi et al. (2016) ✓
Filippi et al. (2021) ✓

Huerta-Muñoz et al. (2022) ✓
This Work ✓ ✓ ✓

Table 6.2: Comparison of Related Kernel Search Literature

from this table, to the best of our knowledge this is the first time a Kernel Search algorithm
is used to tackle a Bi-Objective VRP with a 𝑘-sum formulation.

6.3 Problem Definition

The 𝑘-EqVRP is formulated on a directed multigraph 𝐺 = (𝑉 , 𝐴), where 𝑉 = {0}∪𝑁 is the set
of nodes (𝑁 represents the set of customers and the node 0 is the depot) and 𝐴 is the arc set.
Set A is partitioned into subsets 𝐴𝑖𝑗 , 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗, each corresponding to the set of multiple
arcs connecting each pair of nodes 𝑖 and 𝑗 , 𝐴 = ⋃𝐴𝑖𝑗 , 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗. We indicate as (𝑖, 𝑗, 𝑝)
the 𝑝-th alternative arc, 𝑝 = 1, ..., |𝐴𝑖𝑗 |, that connects nodes 𝑖 and 𝑗. For each arc (𝑖, 𝑗, 𝑝), we
define 𝑡𝑝𝑖𝑗 as the corresponding traversal time.

Each arc (𝑖, 𝑗, 𝑝) corresponds to a path that traverses zero, one or more residential streets.
Let 𝑅 be the set of residential streets of a real network, each one included in at least one path
associated with arcs in 𝐴. Each street 𝑟 ∈ 𝑅 is assigned a value 𝑤𝑟 , indicating the number of
people living there, and a subset𝐴𝑟 ⊆ 𝐴 representing the arcs in𝐴 that share the traversal of
street 𝑟 in the corresponding path. For each customer 𝑖 ∈ 𝑁 , the service time is denoted by
𝑠𝑖. The service is performed by a set 𝐹 of homogeneous vehicles (delivery vans), each leaving
the depot 0 at time 0. We assume that vehicles cannot wait at the depot or any other nodes of
the graph (visited for a delivery). Each customer has to be visited exactly once. Furthermore,
the total route duration of a vehicle, comprising travel and service times, cannot exceed a
given threshold 𝑡𝑚𝑎𝑥 .

The 𝑘-EqVRP is formulated as a bi-objective problem that looks for a set of routes, starting
and ending at depot 0 and complying with all the described constraints, while minimizing

1Works on general MILP problems, and so also on routing problems and 𝑘-sum optimization.
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the sum of the travel time of all vehicles and the 𝑘-equity defined as the average impact on
the 𝑘 most affected streets in a delivery solution.

6.4 Minimization of the k Largest Variables in a Linear
Program

In this section, we provide a quick introduction to the 𝑘-sum problems, namely the min-
imization, or maximization, of the 𝑘 largest, smallest, variables in a linear program. This
class of problems, often referred to as 𝑘-sum optimization problems (KSOP), arises in several
application domains (including location analysis, risk minimization, and equity-oriented op-
timization) whenever decision makers are interested in controlling the impact on the � most
critical or most affected elements rather than on the entire set. These formulations are in-
strumental to get a compact MILP formulation for 𝑘-EqVRP in Section 6.5.

Without loss of generality, in this section we focus on minimization problems.
First, let us define some notation used throughout this section. Let𝒳 ∶= {𝑥 ∈ ℝ𝑛|𝐴𝑥 ≥ 𝑏}

be the feasible region of a generic linear program, where 𝐴 ∈ ℝ𝑛×𝑚 is the constraint matrix,
and 𝑏 ∈ ℝ𝑚 is the vector of the known terms. We identify a feasible solution 𝑥 ∈ 𝒳 , where
𝑥𝑖, 𝑖 = 1, … , 𝑛 is the 𝑖-th term of 𝑥 .

Given the aforementioned notation, it is straightforward to define a linear program that
minimizes the sum of the variables each multiplied by an appropriate cost coefficient: 𝑧∗ =
min𝑥∈𝒳 𝑐𝑇 𝑥 , where 𝑐 ∈ ℝ𝑛. Similarly, it is simple to define a linear model to minimize the
largest component 𝑥𝑖 multiplied by an appropriate cost coefficient:

𝑧∗ = min{𝑡 ∶ 𝑡 ≥ 𝑐𝑖𝑥𝑖 ∀𝑖 ∈ 1, … , 𝑛; 𝑥 ∈ 𝒳} (6.1)

However, it is not so simple to define a linear model that minimizes the values of the 𝑘
largest components 𝑥𝑖 multiplied by their cost coefficient. Indeed, the first linear formulation
for such a problem is due to Gupta and Punnen (1990) and is as follows:

𝑧∗ = min {𝑡 ∶ 𝑡 ≥ ∑
𝑖∈𝑆

𝑐𝑖𝑥𝑖 ∀𝑆 ⊂ 1,… , 𝑛; |𝑆| = 𝑘; 𝑥 ∈ 𝒳} . (6.2)

Such formulation add a new constraint for each possible way to sum 𝑘 items out of 𝑛. Being
a non-compact formulation, requiring exactly (𝑛𝑘) additional constraints, it applicable only if
these constraints are separated dynamically or if 𝑘 is either small or very close to 𝑛.

The first compact formulation is due to Ogryczak and Tamir (2003). In the following we
propose a derivation of such formulation based on duality theory. Let us define the knapsack
program

max {𝑑𝑇 𝑦 ∶
𝑛′

∑
𝑖=1

𝑦𝑖 = 𝑘; 𝑦 ∈ {0, 1}𝑛
′
} (6.3)

The vector 𝑑 ∈ ℝ𝑛
′
+ represent the profits, i.e. 𝑑𝑖 is the profit of the 𝑖-th item. The vector

𝑦 represents binary variables whose 𝑖-th term 𝑦𝑖 is set to one if and only if the 𝑖-th item
is selected in the optimal solution. This problem is subject to the only constraint that the
number of selected numbers has to be equal to 𝑘. Naturally, the optimal solution of (6.3)
selects the 𝑘 largest values in 𝑑 , and the objective values is their sum.
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From here, is possible to observe that the constraint matrix is totally unimodular, so it is
possible to relax the integrality constraints on 𝑦 . Moreover, if we assume that 𝑑𝑖 > 0 𝑖 =
1, … , 𝑛′, it is possible to relax the equality constraint to a less or equal one.

max {𝑑𝑇 𝑦 ∶
𝑛′

∑
𝑖=1

𝑦𝑖 ≤ 𝑘; 0 ≤ 𝑦𝑖 ≤ 1 𝑖 = 1, … , 𝑛′} (6.4)

Since program in (6.4) is feasible and bounded, it is possible to calculate its dual.

min {𝑘𝑡 +
𝑛′

∑
𝑖=1

𝑟𝑖 ∶ 𝑡 + 𝑟𝑖 ≥ 𝑑𝑖, 𝑑𝑖 ∈ ℝ+, 𝑡 ∈ ℝ+} (6.5)

Notice that, in (6.5), the profit coefficient 𝑑𝑖 is alone on the right-hand side of a constraint,
therefore it is possible to substitute it with any arbitrary complex linear expression. So the
following program minimizes the 𝑘 largest entries in 𝑥 ∈ 𝒳 :

min {𝑘𝑡 +
𝑛′

∑
𝑖=1

𝑟𝑖 ∶ 𝑡 + 𝑟𝑖 ≥ 𝑥𝑖, 𝑑𝑖 ∈ ℝ+, 𝑡 ∈ ℝ+, 𝑥 ∈ 𝒳} (6.6)

A similar formulation is proposed by Filippi et al. (2019), where the authors instead of
minimizing the sum over the 𝑘 largest values, minimize their average. This difference results
in the following formulation:

min {𝑘𝑡 +
𝑛′

∑
𝑖=1

𝑟𝑖 ∶ 𝑘𝑡 + 𝑘𝑟𝑖 ≥ 𝑑𝑖, 𝑑𝑖 ∈ ℝ+, 𝑡 ∈ ℝ+} (6.7)

The full derivation of such a program is not presented here since it is equivalent to the one
already proposed for the formulation in (6.5).

Another possible formulation is due to Blanco et al. (2014). Such formulation is based on
the dual of an assignment problem.

max{
𝑛′

∑
𝑖=1

𝑘
∑
𝑗=1

𝑑𝑖𝑝𝑖𝑗 ∶

𝑛′

∑
𝑖=1

𝑝𝑖𝑗 = 1, 𝑗 ∈ 1, … , 𝑘;

𝑘
∑
𝑗=1

𝑝𝑖𝑗 = 1, 𝑖 ∈ 1, … , 𝑛′;

𝑝𝑖𝑗 ∈ {0, 1} 𝑖 ∈ 1, … , 𝑛′, 𝑗 ∈ 1, … , 𝑘} (6.8)

As above 𝑑 ∈ ℝ+ represents the profit of the items. The model works by selecting a per-
mutation of the elements of 𝑑 . The two constraints set exactly 𝑘 𝑝𝑖𝑗 variables to one. The
first constraint imposes that for each position only one item is selected, whereas the second
imposes that for i position only one item is selected. The objective function maximizes the
sum over the 𝑘 selected entries from 𝑑 , thus selecting the 𝑘 largest entries.

It is possible to observe two things about the program in (6.8):
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• under the assumption that 𝑞𝑟 > 0, it is possible to relax the equality constraints to less
or equal;

• the constraints matrix is totally unimodular, so it is possible to relax the integrality
constraint on 𝑝𝑖𝑘 .

This lead to the following equivalent formulation:

max{
𝑛′

∑
𝑖=1

𝑘
∑
𝑗=1

𝑑𝑖𝑝𝑖𝑗 ∶

𝑛′

∑
𝑖=1

𝑝𝑖𝑗 ≤ 1, 𝑗 ∈ 1, … , 𝑘;

𝑘
∑
𝑗=1

𝑝𝑖𝑗 ≤ 1, 𝑖 ∈ 1, … , 𝑛′;

0 ≤ 𝑝𝑖𝑗 ≤ 1 𝑖 ∈ 1, … , 𝑛′, 𝑗 ∈ 1, … , 𝑘} (6.9)

This program is feasible and bounded, so it is possible to compute its valid dual formu-
lation:

min {
𝑘
∑
𝑙=𝑗

𝑢𝑗 +
𝑛′

∑
𝑖=1

𝑣𝑖 ∶ 𝑢𝑗 + 𝑣𝑖 ≥ 𝑑𝑖, 𝑖 ∈ 1, … , 𝑛′, 𝑗 ∈ 1, … , 𝑘; 𝑢𝑗 ≥ 0, 𝑣𝑖 ≥ 0} (6.10)

In (6.10), it is possible to observe that the cost coefficient 𝑞𝑟 is now on the right-hand side of
a constraint, allowing to place arbitrarily complex linear equations in its place.

So to minimize the 𝑘 largest components of 𝑥 ∈ 𝒳 using Blanco et al. (2014) formulation,
the final program is:

min{
𝑘
∑
𝑗=1

𝑢𝑗 +
𝑛′

∑
𝑖=1

𝑣𝑖 ∶

𝑢𝑗 + 𝑣𝑖 ≥ 𝑥𝑖 𝑖 ∈ 1, … , 𝑛′, 𝑗 ∈ 1, … , 𝑘;

𝑢𝑗 ≥ 0, 𝑣𝑖 ≥ 0, 𝑥 ∈ 𝒳} (6.11)

6.5 Mathematical Formulation

In this section, we first present the mathematical formulation of the problem’s routing con-
straints, followed by a description of the mathematical modeling of the objective functions
and of the additional constraints they require.

To model the constraints of the 𝑘-EqVRP, we introduce two sets of variables:

• Binary variable 𝑥𝑝𝑖𝑗 , (𝑖, 𝑗, 𝑝) ∈ 𝐴𝑖𝑗 , 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗: takes value 1 if the 𝑝−th arc (path)
between 𝑖 and 𝑗 is traversed, and 0 otherwise;

• Continuous variable 𝑧𝑖𝑗 , 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗: indicates the arrival time in node 𝑗 when coming
from node 𝑖, and 0 otherwise.
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For each subset 𝑆 ⊂ 𝑉 of nodes, let 𝛿+(𝑆) = {(𝑖, 𝑗, 𝑝) ∈ 𝐴 ∶ 𝑖 ∈ 𝑆, 𝑗 ∉ 𝑆, 𝑝 = 1, ..., |𝐴𝑖𝑗 |} and
𝛿−(𝑆) = {(𝑖, 𝑗, 𝑝) ∈ 𝐴 ∶ 𝑖 ∉ 𝑆, 𝑗 ∈ 𝑆, 𝑝 = 1, ..., |𝐴𝑖𝑗 |} be the sets of arcs leaving and entering set
𝑆, respectively. To simplify notation, the special case with |𝑆| = 1 is indicated as 𝛿+(𝑖) (𝛿−(𝑖))
instead of 𝛿+({𝑖}) (𝛿−({𝑖})).

The constraints for 𝑘-EqVRP are formulated as follows:

min 𝑓1 = ∑
(𝑖,𝑗,𝑝)∈𝐴

𝑡𝑝𝑖𝑗 𝑥
𝑝
𝑖𝑗 (6.12)

min 𝑓2 = 𝑘𝑦 +∑
𝑟∈𝑅

𝑑𝑟 (6.13)

𝑦 + 𝑑𝑟 ≥ ∑
𝑖,𝑗,𝑝∈𝐴𝑟

𝑤𝑟𝑥
𝑝
𝑖𝑗 𝑟 ∈ 𝑅 (6.14)

∑
(0,𝑖,𝑝)∈𝛿+(0)

𝑥𝑝0𝑖 = ∑
(𝑗,0,𝑝)∈𝛿−(0)

𝑥𝑝𝑗0 ≤ |𝐹 | (6.15)

∑
(𝑗,𝑖,𝑝)∈𝛿−(𝑖)

𝑥𝑝𝑗𝑖 = ∑
(𝑖,𝑗,𝑝)∈𝛿+(𝑖)

𝑥𝑝𝑖𝑗 = 1 𝑖 ∈ 𝑁 (6.16)

∑
𝑗∈𝑉 ,𝑗≠𝑖

𝑧𝑖𝑗 − ∑
𝑗∈𝑉 ,𝑗≠𝑖

𝑧𝑗𝑖 = ∑
(𝑖,𝑗,𝑝)∈𝛿+(𝑖)

(𝑡𝑝𝑖𝑗 + 𝑠𝑖)𝑥
𝑝
𝑖𝑗 𝑖 ∈ 𝑁 (6.17)

𝑧𝑖𝑗 ≤ ∑
(𝑖,𝑗,𝑝)∈𝐴𝑖𝑗

(𝑡𝑚𝑎𝑥 − 𝑠𝑗 − min
(𝑗,0,𝑢)∈𝐴𝑗0

𝑡𝑢𝑗0)𝑥
𝑝
𝑖𝑗 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗 (6.18)

𝑧𝑖𝑗 ≥ ∑
(𝑖,𝑗,𝑝)∈𝐴𝑖𝑗

(𝑠𝑖 + 𝑡𝑝𝑖𝑗 + min
(0,𝑖,𝑢)∈𝐴0𝑖

𝑡𝑢0𝑖)𝑥
𝑝
𝑖𝑗 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗 (6.19)

∑
(𝑖,𝑗,𝑝)∈𝐴𝑖𝑗

𝑥𝑝𝑖𝑗 ≤ 1 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗 (6.20)

𝑧0𝑖 = ∑
(0,𝑖,𝑝)∈𝐴0𝑖

𝑡𝑝0𝑖𝑥
𝑝
0𝑖 𝑖 ∈ 𝑁 (6.21)

𝑦 ≥ 0 (6.22)
𝑑𝑟 ≥ 0 𝑟 ∈ 𝑅 (6.23)

𝑥𝑝𝑖𝑗 ∈ {0, 1} (𝑖, 𝑗, 𝑝) ∈ 𝐴 (6.24)

𝑧𝑖𝑗 ≥ 0 𝑖, 𝑗 ∈ 𝑉 , 𝑖 ≠ 𝑗 (6.25)

Objective function (6.12) minimizes the total travel time, whereas Objective function
(6.13) minimizes the 𝑘 largest impacts. Constraints (6.14) defines the impact as the popu-
lation on street 𝑟 ∈ 𝑅 multiplied by the number of times it is traversed by a vehicle. Ob-
jective function (6.13) and constraints (6.14) are defined according to formulation (6.5) from
Ogryczak and Tamir (2003). Constraints (6.15) ensure that the number of vehicles leaving
the depot is equal to the number of vehicles entering the depot and that this number is lower
than or equal to the fleet size |𝐹 |. Constraints (6.16) ensure that each customer 𝑖 in𝑁 is visited
exactly once by guaranteeing the selection of exactly one incoming arc and one outgoing arc
for each node. Constraints (6.17) impose that if a vehicle visits node 𝑗 immediately after node
𝑖 in a path 𝑝, then the time elapsed between the arrival times in the two nodes is equal to
the service time 𝑠𝑖 plus the travel time 𝑡𝑝𝑖𝑗 associated with the arc selected to travel from 𝑖 to
𝑗 (Gobbi et al., 2019b, 2023a). Constraints (6.18) and (6.19) impose upper and lower bounds
on the arrival time at node 𝑖 when coming from node 𝑗. In particular, natural upper bound
𝑡𝑚𝑎𝑥 is strengthened by considering the time required to serve node 𝑗 and return to the depot
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(the minimum time in this case, considering the multiple available arcs). The lower bound
is strengthened by imposing that the arrival time in 𝑗 is at least equal to the time to serve
node 𝑖 plus the minimum time to go from the depot to node 𝑖 and the minimum time to go
from 𝑖 to 𝑗. Notice that, together, constraints (6.17)–(6.19) also impose subtour elimination.
Constraints (6.20) set that at most one arc for each pair of nodes in 𝑉 is selected. Constraints
(6.21) impose that the arrival time in node 𝑖 when coming from the depot is exactly equal to
the travel time 𝑡𝑝0𝑖 associated with the 𝑝-th arc selected to travel from 0 to 𝑖. Finally, conditions
(6.24)-(6.25) introduce integrality and non-negativity restrictions on the variables.

6.6 Solution Methodology

We solve the bi-objective 𝑘-EqVRP lexicographically by using the 𝜖-constraint method (Sec-
tion 2.4.2). In this application, we consider both optimization directions. We first consider
the 𝑘-sum (function 𝑓2) as the primary function to optimize and comply with the transporta-
tion cost function (𝑓1) in the constraint. To this aim, we first identify the optimal value 𝑓 ∗1
of the function 𝑓1 (routing time) without considering any constraint on 𝑓2. We identify this
optimization as 𝑓2|(𝑓 ∗1 , 𝜖). For the sake of simplicity, we refer to the optimization problem
that has 𝑓 ∗1 as the optimal solution with 𝑓1|(𝑓 ∗2 , ∞).

Notice that there is a trade-off between the two objective functions, even though both are
minimized: optimizing the 𝑘-sum steers the routing solution away from the most populated
streets, potentially leading to higher transportation costs. Let 𝑓 ∗2 be the optimal solution
value when 𝑓2 is optimized as a single objective and no constraint on the other function
is imposed. Similarly, we perform reverse optimization by considering 𝑓1 as the primary
function and 𝑓2 in the constraints. We identify this optimization as 𝑓1|(𝑓 ∗2 , 𝜖). As above, we
refer to the optimization problem that has 𝑓 ∗2 as the optimal solution with 𝑓2|(𝑓 ∗1 , ∞).

To enforce the current formulation, we also introduce General Connectivity Constraints
(GCC) and Subtour Elimination Constraints (SEC):

∑
(𝑖,𝑗,𝑝)∈𝛿+(𝑆)

𝑥𝑝𝑖𝑗 ≥ 1 𝑆 ⊂ 𝑁 , |𝑆| ≥ 2. (6.26)

∑
(𝑖,𝑗,𝑝)∈𝐴(𝑆)

𝑥𝑝𝑖𝑗 ≤ |𝑆| − 1 𝑆 ⊂ 𝑁 , |𝑆| ≥ 2. (6.27)

where 𝐴(𝑆) = {(𝑖, 𝑗, 𝑝) ∶ 𝑖, 𝑗 ∈ 𝑆, 𝑝 = 1, ..., |𝐴𝑖𝑗 |} with 𝑆 a subset of nodes strictly included
in 𝑁 . In the first case, GCCs are dynamically separated during the search by solving a Max
FlowProblem through Boykov andKolmogorov’s algorithm (Boykov andKolmogorov, 2004),
whereas SECs are introduced from scratch by only adding the violated constraints with |𝑆| =
2.

6.7 Real-World Instances

To create realistic scenarios, we base our instances on the real networks of two cities: San
Francisco (CA, USA) and Charleston (SC, USA). The two cities have been selected to repre-
sent contrasting urban planning contexts: a large-size, densely populated city with 873,965
inhabitants and a density of 7,192.73 people per square kilometer (U.S. Census Bureau, b)
characterized by a predominantly standard grid road network (San Francisco), and amedium-
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Figure 6.1: Map of San Francisco

sized city with 150,227 inhabitants and a density of 505.45 per square kilometer (U.S. Census
Bureau, a) characterized by a more unstructured road network (Charleston). San Francisco’s
road network offers many alternative paths with similar travel time between pairs of nodes,
whereas Charleston’s network often shows substantial routing time increases for alternative
paths. As a result, the two cities are expected to yield different insights when solving the
𝑘-EqVRP. The road network is source and processed as described in Section 5.4. Population
impact 𝑤𝑟 , 𝑟 ∈ 𝑅 is computed from population data derived from the 2010 US Census and
processed using Cenpy (Cenpy, 2025). The census provides population counts for small city
areas called tracts. Each tract contains between 1200 and 8000 people, with an average of
4000. Population is allocated only to streets labeled as residential in openstreetmap based on
their length within the area associated with a tract, with random noise added to introduce
variability. The allocation is then adjusted to ensure that the sum of the population of the
streets matches the tract’s population.

Besides the base road network, the instances are generated considering the parameters
reported in Table 6.3. Parameter 𝑡 indicates the average traveling time between all pairs of
nodes in 𝑉 . Parameter ̄𝑝 defines the number of alternative paths for each pair of nodes. Al-
ternative paths between each pair of locations are generated by first computing the shortest-
time path on the road network, whose length serves as a reference point in the actual path
generation. The paths are obtained by solving shortest-path problems where street costs are
set to population weights 𝑤𝑟 , subject to a time constraint that allows a controlled deterio-
ration (up to 𝛾 ) compared to the optimal travel-time path. For each successive value of 𝛾 ,
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Figure 6.2: Map of Charleston

Parameter Values

𝑡 {150𝑠, 300𝑠, 450𝑠, 600𝑠}
̄𝑝 {1, 3, 5}

𝑡𝑚𝑎𝑥 {3ℎ, 4ℎ, 5ℎ}
𝑠𝑖 900𝑠
|𝑁 | 10
|𝐹 | 3

Table 6.3: Instance generation parameters.

the algorithm ensures that the new path is different from each previous ones. This extra
constrain is required since it is possible that the shortest path is already does not traverse
residential streets or that to reduce the cost further requires an increase in the travel time
that is beyond the allowed worsening 𝛾 . Notice such choice is coherent with the proposed
optimization problem. Indeed, a different path traverses different residential streets, and as
such gives room to the solver to mitigate the disturbance in the 𝑘 worst cases. All paths are
then reoptimized to minimize the travel time, ensuring that the population impact cannot
increase. In our case, we use 𝛾 = {0.00, 0.25, 0.50, 0.75, 1.00} to generate up to 5 alternative
paths per pair. For each parameter combination, as shown in Table 6.3, we generate 25 dif-
ferent node selections, giving rise to a total number of instances equal to 1800, 900 for each
city.

Regarding the lexicographic approach adopted and the measure of equity through the
𝑘-sum, we considered two different parameters in our experiments: 𝑘 = {1, 5, 10, 15, 20} and
𝜖 = {0.00, 0.05, 0.10, 0.25, 0.50, 1.00}. Hence, the total number of solutions considered in this
work is 54000.
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6.8 Sensitivity Analysis

This section presents the computational results obtained from solving the proposed MILP
formulations under different scenarios. We also highlightmanagerial insights to assist decision-
makers in the last-mile delivery field. In Section 6.8.1 we provide a detailed analysis of the
computational experiments. Section 6.8.2 summarizes the previous experimental analysis by
providing managerial insights for practitioners and policymakers. Finally, in Section 6.8.3,
we discuss the statistical relevance of the obtained results.

6.8.1 Sensitivity analysis on main parameters

In this section, we evaluate the impact of parameters 𝑘, 𝜖, 𝑡𝑚𝑎𝑥 , and 𝑡 on the objective func-
tions 𝑓1 and 𝑓2.

Sensitivity analysis for parameter 𝑘

To analyze the impact of parameter 𝑘 on objective function 𝑓1, we first optimize 𝑓2|(𝑓 ∗1 , 0).

Figure 6.3: Distribution of optimal objective function value of 𝑓1|(𝑓 ∗2 , 0), when changing the
value of 𝑘, considering Charleston and San Francisco.

Figure 6.3 shows how the distribution values of 𝑓1 change when modifying 𝑘, when con-
sidering both cities. The most noticeable trend is the general increase in the routing time as
the parameter 𝑘 increases. This behavior is expected: larger values of 𝑘 determine greater
changes to the original routing plan to reduce the overall population impact. Moreover, hav-
ing more paths for each pair of nodes (higher ̄𝑝 value) allows solutions with shorter routing
times. The largest decrease in routing times occurs when ̄𝑝 increases from 1 to 5, with an
average decrease of about 12% for Charleston and about 24% for San Francisco. For larger
values of 𝑘, routing times keep increasing up to 𝑘 = 15 for Charleston. This is consistent
with the network structure for this city, in which the alternative paths have very different
costs.
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On the contrary, in San Francisco, there is no significant routing increase when moving
from 𝑘 = 5 to 𝑘 = 10, due to the similarity (in terms of cost) between the alternative paths.
Interestingly enough, after a peak in 𝑘 = 10 the value of 𝑓1 slightly decreases in a counter
intuitive way. We explain this situation by providing an example.

A

B

C

D

I

30

II

10 × 4 III

8 × 3 + 7

I
II

III

I
II

III
I

II

III

Figure 6.4: Example of a Multigraph

Figure 6.4 shows a small multigraph with four nodes, where multiple arcs (representing
paths on the road network) can exist between the same pair of nodes. Node A, depicted as a
square, represents the depot. Double-headed arrows indicate that both directions, from node
𝑖 to node 𝑗 and from 𝑗 to 𝑖, are included. The arcs labeled I, II, and III have lengths of 1, 2,
and 3, respectively. For simplicity, we assume that only the arcs between nodes A and B are
associated with the population data. Specifically, arc I corresponds to a single street with a
population of 30 people; arc II traverses 10 streets, each with 4 residents; and arc III includes
8 streets with 3 residents each, plus one street with a population of 7.

When optimizing 𝑓1|(𝑓 ∗2 , ∞), it is straightforward to see that there are two equivalent op-
timal solutions: the cycle A–B–C–D–A and the cycle A–D–C–B–A. Both routes exclusively
use arcs labeled I and have a total cost of 4. These two solutions are also Pareto efficient with
respect to 𝑓2|(𝑓 ∗1 , 0), for any value of 𝑘.

When optimizing 𝑓2|(𝑓 ∗1 , ∞), objective function value depends on the chosen value of 𝑘.
Table 6.4 shows the value of 𝑓2 when traversing the three alternative arcs connecting A and
B, for 𝑘 = 1, 5, 10, and 15. The optimal objective values for 𝑓1|(𝑓 ∗2 , 0) are shown in Table 6.5.
All the values represented in the table are Pareto-efficient.

𝑘 Arc
I II III

1 30 4 7
5 30 20 19
10 30 40 31
15 30 40 31

Table 6.4: Value of 𝑓2 when traversing each option between A and B under the change of 𝑘
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𝑘 1 5 10 15
𝑓1|(𝑓 ∗2 , 0) 5 6 4 4

𝑓 ∗2 4 19 30 30
Arc II III I I

Table 6.5: Optimal solutions for the optimization 𝑓1|(𝑓 ∗2 , 0) for different values of 𝑘

When 𝑘 = 1, only the most impacted street counts, so the solution selects the arc with
the street with the least population, that is II. The other alternatives would have a cost of 30
and 7, for arcs I and III, respectively. With 𝑘 = 5, the most convenient option becomes arc
III, with 𝑓 ∗2 = 19 and the objective function value of 𝑓1|(𝑓 ∗2 , 0) equal to 6. Finally, with 𝑘 = 10
and 15, the most convenient option becomes arc I, with 𝑓 ∗2 = 30 in both cases. This example
shows that , counter intuitively, the optimal objective function value of 𝑓1|(𝑓 ∗2 , 0) may not
grow monotonically with the increase of 𝑘.

Figure 6.5: Distribution of the optimal objective function value of 𝑓2|(𝑓 ∗1 , 0) when changing
the value of 𝑘, considering Charleston and San Francisco.

Figure 6.5 illustrates the impact of the parameter 𝑘 on 𝑓2|(𝑓 ∗1 , 0) values for both cities. Two
observations can be drawn from the figure. First, the optimal values of 𝑓2|(𝑓 ∗1 , 0) consistently
decrease as the value of 𝑘 increases. This result aligns with our earlier analysis of Figure 6.3.
When 𝜖 = 0, there is no flexibility to improve 𝑓2 values, and having alternative paths does
not help. In this case, the impact of 𝑘 is significant when increasing from 1 to 5 (with an
average decrease of 38.2% in Charleston, and 29.9% in San Francisco), but diminishes for
similar increments at higher values of 𝑘 (e.g., from 𝑘 = 10 to 𝑘 = 15).

Sensitivity analysis on parameter 𝜖

In this section, we analyze the impact of different values of the parameter 𝜖 when solving
the optimization problem 𝑓2|(𝑓 ∗1 , 𝜖).
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Figure 6.6: Distribution of equity value improvement, in the two cities, when comparing
𝑓2|(𝑓 ∗1 , 𝜖) with 𝑓2|(𝑓 ∗1 , 0)

Figure 6.6 shows the average equity percentage improvement for different values of 𝜖 > 0
with respect to the base case with 𝜖 = 0. The data points for both cities are grouped by the
values of the parameter ̄𝑝.

It is evident that there are common patterns between the two cities. In both cities, inde-
pendently of the number of parallel arcs, it is possible to observe an asymptotic improvement
of the equity values. There is a sharp improvement between 𝜖 = 0 to 𝜖 = 0.25, then the val-
ues start to settle. In Charleston, averaging the three classes of instances corresponding to
the three values of ̄𝑝, there is an average decrease of 44.5 in the value of the equity when
moving from 𝜖 = 0 to 0.05. In San Francisco, this improvement has value 53.3. It should be
noted that in both cities, the average improvement in equity value more than doubles when
moving from instances with ̄𝑝 = 1 to instances with ̄𝑝 > 1. This fact shows the positive
effect of considering alternative paths (multigraph) to mitigate the population impact. For
both cities, there is a minimal difference when increasing 𝜖 from 0.5 to 1.0. In fact, such an
average improvement is only 0.58% and 2.4% for Charleston and San Francisco, respectively.
This suggests that a value of 𝜖 equal to 0.5 is almost enough to reach the optimal value of
𝑓2|(𝑓 ∗1 , ∞), and no further improvements can be obtained by increasing it.

Similarly to what has been observed in Figure 6.5, we can notice that there is almost no
difference (average percentage improvement below 0.75) between instances with ̄𝑝 = 3 and
̄𝑝 = 5.

It is easy to observe that, for both cities, the difference between instances with ̄𝑝 = 1
and ̄𝑝 = 3 is quite remarkable. In Charleston, the average gap stands at 26.3 percentage
points, with a minimal gap at 23.8 when 𝜖 = 1 and a maximum of 28.8 percentage points
when 𝜖 = 0.1. In San Francisco, the same average gap is larger, reaching 31.5 percentage
points, with a minimum value of 27.3 percentage points for 𝜖 = 1.0 and a maximum of 37.40
percentage points for 𝜖 = 0.05. What is even more remarkable, showing the effectiveness
of the introduction of alternative paths, is that, in both cities, the improvement observed for
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instances with ̄𝑝 = 3 and ̄𝑝 = 5 and 𝜖 = 0.05 is better than the one observed for ̄𝑝 = 1
and 𝜖 = 1. This outcome comes as no surprise. In fact, with one path between any pair of
nodes in the graph, the only available way to reduce the equity is by changing the order in
which customers are visited. This order cannot be altered too much without violating the
𝜖-constraint.

Figure 6.7: Distribution of traveling time worsening, in the two cities, when comparing the
value of 𝑓1 computed on the optimal solution of 𝑓2|(𝑓 ∗1 , 𝜖) with 𝑓1|(𝑓 ∗2 , ∞)

Figure 6.7 shows the distribution of the traveling time worsening when comparing the
value of 𝑓1 computed on the optimal solution of 𝑓2|(𝑓 ∗1 , 𝜖) with 𝑓1|(𝑓 ∗2 , ∞). Results are shown
grouped for ̄𝑝 values by separating the two cities. These graphs show the actual cost of the
equity, since, even if a certain 𝜖 worsening of 𝑓 ∗1 is allowed, the computed optimal solutions
may not take full advantage of this flexibility, but have values of 𝑓1 that are considerably
better than (1 + 𝜖)𝑓 ∗1 . This is especially true for larger values of 𝜖, where in instances with
̄𝑝 = 3 and ̄𝑝 = 5, the worsening is consistently lower than half of the maximum allowed.

This trend is also present for smaller 𝜖, even if it is less pronounced.
In both cities, a similar pattern emerges. For small worsening values, below 10%, the

behavior of the instances with ̄𝑝 = 1, 3, 5 is almost the same. For larger values, the worsening
for instances with ̄𝑝 = 1 starts to diverge from those with ̄𝑝 = 3, 5. Let us consider the gap
between ̄𝑝 = 1 and ̄𝑝 = 3. In Charleston, the gap settles at 0.95 percentage points for 𝜖 = 0.05
(with minimum obtained for ̄𝑝 = 1), and reaches 12.7 points for 𝜖 = 1.0 (minimum got for
̄𝑝 = 3). Similarly, in San Francisco the first difference is 1.35 percentage points, in favor of
̄𝑝 = 1, for 𝜖 = 0.05, and with 𝜖 = 1.0 the figure grows to 26.1 points, in favor of ̄𝑝 = 5. In

both cities, the absolute value of this gap grows monotonically. Also interesting, after 0.25,
the percentage worsening for ̄𝑝 = 3 and ̄𝑝 = 5 remains almost constant. Naturally, this is
related to the behavior emerged in Figure 6.6, where the equity value does not show relevant
improvements with those 𝜖 values. As expected from the other analysis, the three and five
arcs instances in general worsen the 𝑓1 objective value less than the other configuration. In
both cities, for ̄𝑝 = 1, it is possible to observe a relevant worsening of the routing time to
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achieve an almost indistinguishable improvement of the equity value.
An interesting fact to notice, by looking at Figure 6.7, is the difference between the aver-

age routing time worsening with 𝜖 = 0.05 in ̄𝑝 = 3 instances and the one with 𝜖 = 1.0 in the
̄𝑝 = 1 instances. In fact, in Charleston the worsening is more than 7 times larger, whereas

in San Francisco, this figure is more than 9 times.
It is interesting to note that in Charleston, the actual average worsening for large 𝜖 values

is smaller than in San Francisco. This difference is likely connected to the different popula-
tion density and street topology in the two cities. Given this, it is reasonable to expect that
achieving better equity in San Francisco requires a greater increase in routing time.

For illustrative purposes, in Figures 6.8-6.11, we showcase the comparison of two solu-
tions obtained by setting 𝜖 = 0 and 1, respectively, in Charleston and San Francisco. Both

Figure 6.8: Solution in Charleston with 𝜖 = 0

instances are characterized by 𝑡 = 450𝑠, 𝑘 = 15, and 𝑡𝑚𝑎𝑥 = 4ℎ. In each figure, the solution
consists of two routes (two vehicles) highlighted in different colors. The black square rep-
resents the depot, whereas the red dots are the customers. By comparing the two solutions
for the Charleston instance, it is evident that reducing the population exposure can alter the
routing plan. With 𝜖 = 0, one vehicle is assigned to serve only two customers, and the chosen
routes follow shorter paths that traverse residential areas. In contrast, the solution obtained
with 𝜖 = 1 shows a more balanced load distribution between the two vehicles, selecting
routes entering residential zones only when strictly necessary.

Turning to the San Francisco instance, both solutions highlight how minimizing popula-
tion impact can lead to non-intuitive routing choices. In the solution with 𝜖 = 0, one vehicle
is used to serve a single customer. A similar pattern emerges with 𝜖 = 1, where one vehicle
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Figure 6.9: Solution in Charleston with 𝜖 = 1

serves only two customers. In both solutions, the routes avoid residential areas whenever
possible. This often results in longer paths, especially in the 𝜖 = 1 case. Even in the solution
with 𝜖 = 0, a similar behavior can be observed on a smaller scale: for example, the sky-blue
path crosses a park to bypass a residential zone.

Sensitivity analysis on parameters 𝑡𝑚𝑎𝑥 and 𝑡

We now analyze the impact of parameter 𝑡𝑚𝑎𝑥 on the routing time and equity.
Figure 6.12 displays boxplots showing the distribution of routing times in each city,

grouped by 𝑡𝑚𝑎𝑥 values. San Francisco’s values are more concentrated, while Charleston’s
are more spread out, due to San Francisco’s more compact topology. In both cities, higher
𝑡𝑚𝑎𝑥 values lead to lower routing times. This is because a larger time limit allows the use
of fewer vehicles, thereby reducing total routing time. In Charleston, the average number
of vehicles used decreases from 2.25 (𝑡𝑚𝑎𝑥 = 3ℎ) to 1.64 (4ℎ) and 1.17 (5ℎ). Similarly, in San
Francisco, the average number of vehicles is 2.02 (3ℎ), 1.57 (4ℎ), and 1.02 (5ℎ).

Figure 6.13 illustrates the distribution of the equity values in each city, grouped by 𝑡𝑚𝑎𝑥 .
In Charleston, as 𝑡𝑚𝑎𝑥 increases, the equity function value slightly decreases. This is because
allowing more time for each vehicle enables solutions with longer paths that, in turn, have
better equity values. In San Francisco, 𝑡𝑚𝑎𝑥 = 5ℎ yields the best equity values, as expected.
However, the worst-performance configuration is 𝑡𝑚𝑎𝑥 = 4ℎ, showing a larger difference
between upper and lower quantiles and higher average values. This is due to the sharp
reduction in the routing time when moving from a 3ℎ to a 4ℎ time limit. Generally, a lower
number of vehicles (due to longer time limits) leads to lower routing times but also less
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Figure 6.10: Solution in San Francisco with 𝜖 = 0

flexibility to improve equity. While a larger time limit often leads to better routing times, it
does not guarantee a lower impact on the population in this context.

Figure 6.14 shows the evolution of the equity values in both cities as 𝜖 changes. Values are
grouped by the parameter 𝑡𝑚𝑎𝑥 . The behavior is consistent with observations in Figure 6.6. In
Charleston, average equity values for the 3ℎ case are slightly larger than the 4ℎ ones, which
are in turn larger than the 5ℎ instances. This aligns with Figure 6.13.

In San Francisco, for 0.05 ≤ 𝜖 ≤ 0.25, equity values for 4ℎ instances are larger than for
3ℎ ones. To understand this, we can consider the average remaining delivery time, measured
as 𝑡𝑚𝑎𝑥 minus the total travel time for the vehicle minus the customers’ service time. In the
10% worst cases, with 0.05 ≤ 𝜖 ≤ 0.25, for 𝑡𝑚𝑎𝑥 = 4ℎ, the average remaining delivery time is
equal to 930s, compared to over 2032s for 3ℎ and 2326s for 5ℎ. Since the 𝜖-constraint likely
prevents the use of additional vehicles, reducing equity depends on increasing current route
lengths. With limited remaining delivery time, altering the routing plan is difficult, leading
to worse performance for the 4ℎ time limit in San Francisco.
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Figure 6.11: Solution in San Francisco with 𝜖 = 1

Figure 6.15 depicts the distribution of routing times based on the average distance be-
tween nodes, grouped by maximum route duration. As expected, routing times increase
with 𝑡 . In Charleston, the routing time more than doubles when passing from 𝑡 = 150𝑠 to
𝑡 = 300𝑠, increases 1.53 times when passing to 𝑡 = 450𝑠. Finally when passing to 𝑡 = 600𝑠 the
routing time increases 1.36 times. Similarly, in San Francisco the first switch increases the
routing time by 1.91 times, the second switch increases the cost by 1.30 times, finally the last
switch increases the cost by 1.12 times. It is interesting to note that in both cities a similar
pattern emerges. At the beginning the increase in routing time is fairly large, then the value
tends to become less and less relevant.

Lastly, the inverse relationship between the routing time and the time limit remains valid,
also when taking into account 𝑡 . In fact, as can be easily seen, with 𝑡𝑚𝑎𝑥 = 3ℎ the average
routing time is maximal for each average distance. We observe that in Charleston, the rout-
ing time with 𝑡𝑚𝑎𝑥 = 3ℎ is 1.15 times larger than the average, whereas this figure for San
Francisco takes the value 1.12.
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Figure 6.12: Distribution of the value of 𝑓1 in the solutions of 𝑓2|(𝑓 ∗1 , 𝜖) with respect to 𝑡𝑚𝑎𝑥 ,
in the two cities

Figure 6.13: Distribution of the value of 𝑓2 in the solutions of 𝑓2|(𝑓 ∗1 , 𝜖) with respect to 𝑡𝑚𝑎𝑥 ,
in the two cities

In Figure 6.16, statistics of the equity value by the average distance between nodes are
shown. Values are grouped by the maximum route duration. Equity tends to grow with the
average distance between nodes, whereas it is inversely proportional to 𝑡𝑚𝑎𝑥 .

In both cities, when 𝑡 = 150𝑠, the differences between the various values of 𝑡𝑚𝑎𝑥 are al-
most negligible. For example, in Charleston, the gap between the maximum and minimum
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Figure 6.14: Distribution of the value of 𝑓2 in the solutions of 𝑓2|(𝑓 ∗1 , 𝜖) with respect to 𝑡𝑚𝑎𝑥

Figure 6.15: Distribution of the routing time by the average distance between nodes

average equity is only 1.56%, while in San Francisco it is 8.27%. These differences are partic-
ularly small when compared to those observed at other values of 𝑡 : on average, the difference
is 28.73% in Charleston and 21.71% in San Francisco. The fact that, regardless of the value
of 𝑡𝑚𝑎𝑥 , the average equity is almost always the same for 𝑡 = 150𝑠 can be attributed to two
concurrent factors. First, since with such a small average distance between nodes, it is possi-
ble to complete the routing schedule a lot in advance. It can be observed that in Charleston,
on average, 27.10% of the available routing time is not used. Similarly, in San Francisco,
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Figure 6.16: Distribution of the equity value by the average distance between nodes

this figure has the value 26.23%. This shows that 𝑡𝑚𝑎𝑥 is not a constraining factor for the
equity function in 𝑡 = 150𝑠 instances. Second, with such a small average distance between
two nodes, it is quite likely that the equity values, especially with a larger 𝜖, are indeed the
optimal ones.

Looking at San Francisco, in Figure 6.16, it is possible to observe that in 300 and 450 s
instances the equity values tend to be higher with 𝑡𝑚𝑎𝑥 = 4ℎ than with 3ℎ. This confirms
what has been discussed in Figure 6.15.

6.8.2 Managerial insights
Our sensitivity analysis of key parameters reveals several critical insights for practitioners
and policymakers who aim to optimize last-mile deliveries while mitigating their impact on
urban residents. We briefly summarize the main results for each parameter and how they
translate into practical strategies:

1. Parameter 𝑘: increasing 𝑘 leads, as expected, to a gradual improvement of the equity.
However, after a certain point, the marginal gains diminish while the routing time,
although increasing, remains within reasonable limits. This suggests that managers
should consider increasing 𝑘 up to an optimal threshold while evaluating routing effi-
ciency. Particular attention in the selection of the value of 𝑘 should be placed especially
for cities like Charleston where alternative paths have diverse costs. Having at least
three alternative paths for any pairs of nodes mitigates the negative impact of 𝑘 on
routing costs. Moreover, it is desirable that 𝑘 value should be related to the number of
customers and scale accordingly.

2. Parameter 𝑡𝑚𝑎𝑥 : on one side, as 𝑡𝑚𝑎𝑥 increases, the routing time decreases. Allowing
more time per route reduces the number of vehicles required, optimizing routing effi-
ciency. Managers should carefully adjust 𝑡𝑚𝑎𝑥 to balance between reducing the number
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of vehicles and maintaining operational flexibility also considering city network. For
cities with more compact networks (e.g., San Francisco), the reduction in vehicles may
be less pronounced compared to cities with more spread population distribution (e.g.,
Charleston). On the other side, increasing 𝑡𝑚𝑎𝑥 often leads to better equity values, as
longer routes can be balanced more effectively. However, a larger 𝑡𝑚𝑎𝑥 does not neces-
sarily guarantee significant improvements in equity in all scenarios. For example, in
San Francisco, increasing the 𝑡𝑚𝑎𝑥 from 3 to 4 hours did not lead to an improvement
in equity. Managers should be cautious about setting excessively long time limits, as
they may reduce flexibility in equity improvements without substantial gains in rout-
ing efficiency.

3. Parameter 𝑡 : as the average distance between nodes increases, routing times naturally
rise, though the incremental increase may become less significant with higher 𝑡 values
(e.g., for San Francisco). Similarly, equity tends to increase with larger distances but
is inversely related to the 𝑡𝑚𝑎𝑥 value. Jointly fine-tuning both 𝑡𝑚𝑎𝑥 and 𝑡 is essential
for balancing routing efficiency and equity. Managers should adjust these parameters
based on the network’s characteristics and their operational priorities.

4. Parameter 𝜖: when dealing with two different objective functions, it becomes relevant
for managers to analyze Pareto frontiers of the bi-objective problem to understand
trade-offs and support informed and efficient decision-making. In fact, there is no
single optimal solution for a multi-objective problem, and the identification of the best
trade-off for a company depends on the strategic vision of its management.
In the following, we show, as an example, the Pareto frontiers of two instances, one
related to Charleston and one to San Francisco. The Pareto frontiers have been gen-
erated for each value of 𝑘 = {1, 5, 10, 15, 20}.
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Figure 6.17: Pareto frontier for each 𝑘 value - city of Charleston (𝑡 = 600𝑠, 𝑡𝑚𝑎𝑥 = 4ℎ, and
̄𝑝 = 3)

Figure 6.17 and Figure 6.18 depict the five Pareto frontiers for Charleston and San
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Francisco, respectively. In both cases, the gap between the frontiers is large when
comparing 𝑘 = 1 and 𝑘 = 5, but it gradually decreases as 𝑘 increases. In all the Pareto
frontiers, the decrease in equity values is very sharp at the beginning (for lower values
of 𝑓1) and becomes almost flat at the end (for higher values of 𝑓1).
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Figure 6.18: Pareto Frontier by 𝑘 in San Francisco (𝑡 = 600𝑠, 𝑡𝑚𝑎𝑥 = 4ℎ, and ̄𝑝 = 3)

6.8.3 Statistical analysis of the results
In this section, we first analyze the Pearson correlation index between the objective functions
and the most relevant parameters. Using a dimensionless statistic gives us the possibility of
comparing emerging behaviors in the two cities, ignoring differences in population densities
and street topologies. At the end, we provide the statistical relevance of the results obtained
for different values of 𝑝 and 𝜖 from an equity point of view.

In Table 6.6, results are grouped by city (first column), objective function type (second
column), number of parallel arcs (third column). The RS column indicates the correlation
between the objective functions and the number of residential streets traversed in the so-
lution. The NV column indicates the correlation between the number of vehicles used by
the solutions and the objective functions. The other columns take the names of the param-
eters introduced in Section 6.3. First, we focus on Charleston. The total routing time is
strongly correlated with parameter 𝑡 : with any number of paths, the correlation is always
above 0.88. With respect to NV, the correlation is significant, although less pronounced. As
already noticed in the previous analysis, there is a weak negative correlation between 𝑡𝑚𝑎𝑥
and the routing time. Notably, there is no correlation between the routing time and param-
eters 𝑘 and 𝜖. It is also possible to notice a weak negative correlation between the number
of residential streets traversed and the routing time. In fact, in Charleston many shortest
paths are likely to be on residential streets, meaning that traversing more residential streets
might return cheaper routing times. As expected, there is a moderate negative correlation
between equity and 𝑘. A milder effect is also present between the equity and 𝜖. It is possible
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City Obj ̄𝑝 ̄𝑡 𝑡𝑚𝑎𝑥 𝑘 𝜖 RS NV

Ch
ar
le
st
on 𝑓1

1 0.88 -0.22 0.05 0.16 -0.13 0.64
3 0.90 -0.23 0.02 0.08 -0.10 0.66
5 0.90 -0.23 0.02 0.07 -0.10 0.67

𝑓2
1 0.36 -0.09 -0.50 -0.14 0.08 0.16
3 0.23 -0.06 -0.40 -0.27 0.16 0.11
5 0.23 -0.06 -0.40 -0.27 0.16 0.11

Sa
n
Fr
an

ci
sc
o

𝑓1
1 0.82 -0.23 0.03 0.32 -0.41 0.54
3 0.86 -0.28 0.01 0.12 -0.36 0.53
5 0.87 -0.28 0.01 0.11 -0.35 0.53

𝑓2
1 0.26 -0.05 -0.39 -0.25 -0.17 0.06
3 0.13 -0.02 -0.25 -0.29 0.18 0.03
5 0.13 -0.02 -0.25 -0.29 0.18 0.03

Table 6.6: Pearson correlation index between parameters and objective function values

to notice that the correlation between 𝑓2 and 𝜖 becomes larger when the number of parallel
arcs increases, whereas it gets smaller with respect to 𝑘. A counter intuitive outcome is the
negligible impact of the number of residential streets traversed on the equity value. Due
to Charleston’s street layout and population distribution, the number of residential streets
traversed is irrelevant for the equity value. The correlation of 𝑡 with 𝑓2 is rather weak. It is
not hard to imagine that larger distances mean a larger geographical area to cover, which
implies a larger impact on the population. This effect, however, is partially mitigated by the
number of parallel arcs, as it can be observed by the decrease in the correlation index when
the number of paths increases.

San Francisco shows similar correlation results. The correlation of parameter 𝜖 with 𝑓1 is
higher with respect to Charleston but remains weak. Compared to Charleston, it is possible
to see a moderate negative correlation between RS and the routing time.

To further investigate the results, we check whether the equity values produced using
different 𝜖 and 𝑝 values are statistically different in a pairwise manner. In order to do that, we
apply the Bonferroni-adjusted Wilcoxon test. The method ranks the equity values for each
instance. If the average difference between the ranks of two parameters (computed out of all
instances) is greater than a Critical Difference (CD), then the two parameter values have a
significantly different performance. CD is a constant value computed according to a chosen
significance level 𝛼 , equal to 0.01 in this case. In Demšar (2006), the author introduces a way
to visually represent CD and the difference between parameters. We use this representation
in Figure 6.19. In the upper line, each parameter is connected to the corresponding average
rank. CD value is also represented. If the difference between the ranks is less than CD, a
bold line is drawn across the lines belonging to the two parameter values, indicating that
their results are not statistically different. Figure 6.19a and Figure 6.19b show the statistical
impact of the parameter 𝜖 on the equity value in Charleston and San Francisco, respectively,
whereas Figure 6.19c and Figure 6.19d show the statistical impact of the number of parallel
arcs on the equity value in the two cities. In Figure 6.19a and Figure 6.19b, we note that the
difference between 𝜖 = 0.50 and 𝜖 = 1.00 is not statistically significant. It is worth noting that
𝜖 = 0.25 obtains an average ranking below two, confirming previous analysis that showed
limited improvements beyond this value of 𝜖. In Figure 6.19c and Figure 6.19d, we can notice
that the difference between ̄𝑝 = 3 and ̄𝑝 = 5 is not statistically significant for San Francisco,
but in the Charleston case, it is barely above the Critical Distance threshold.
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Figure 6.19: Critical Distance plots on the equity value

6.9 A Kernel Search for 𝑘-EqVRP

In this section, we introduce the Kernel Search algorithms designed to tackle 𝑘-EqVRP. The
following of this section is structured as follows. First in Section 6.9.1 we provide a general
introduction of the Kernel Search Matheuristic. Then, Section 6.9.2 presents the algorithm
in detail.

6.9.1 An Introduction to Kernel Search
Kernel Search (KS) is a general purpose matheuristic framework proposed by Angelelli et al.
(2010). KS strategically controls a MILP solver to identify high-quality solutions within a
shorter time with respect to a full optimization.

Before continuing with the introduction of the pseudo code, let us define some notation.
Let 𝐼 be a set of binary variables, and let 𝐽 be a set linear constraints. Let 𝑃 be a generic
minimization problem, defined as follows:

𝑃 ∶= min {∑
𝑖∈𝐼

𝑐𝑖𝑥𝑖 ∶ ∑
𝑖∈𝐼

𝑎𝑖𝑗𝑥𝑖 ≥ 𝑏𝑗∀𝑗 ∈ 𝐽 , 𝑥𝑖 ∈ {0, 1}∀𝑖 ∈ 𝐼 } . (6.28)

Now, let ̂𝐼 ⊆ 𝐼 be a subset of variables, and 𝑃( ̂𝐼 ) be the problem restricted to variables in ̂𝐼 ,
as follows:

𝑃( ̂𝐼 ) ∶= min {∑
𝑖∈𝐼

𝑐𝑖𝑥𝑖 ∶ ∑
𝑖∈𝐼

𝑎𝑖𝑗𝑥𝑖 ≥ 𝑏𝑗∀𝑗 ∈ 𝐽 , 𝑥𝑖 ≤ 0∀𝑖 ∈ 𝐼 ∖ ̂𝐼 , 𝑥𝑖 ∈ {0, 1}∀𝑖 ∈ 𝐼 } . (6.29)

Notice that 𝑃(𝐼 ) ≡ 𝑃 . Moreover, we define with 𝑥𝑖 an optimization varialbe of 𝑃 , with ̄𝑥 𝑙𝑝𝑖 we
identify its optimal value in a linear relaxation, and with ̄𝑥 𝑟𝑐𝑖 we identify its reduced cost.
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We this notation, we can proceed with the introduction of the KS pseudo code in Algo-
rithm 6.1.

Algorithm 6.1 Kernel Search Matheuristic
1: Solve 𝑃 linear relaxation.
2: Construct Kernel: Λ ∶= {𝑖 ∶ ̄𝑥 𝑙𝑝𝑖 ≥ 1∀𝑖 ∈ 𝐼 }
3: Sort variables in 𝐼 ∖ Λ, and split them in NB equally size buckets.
4: Solve 𝑃(Λ) as MILP, and let 𝑧∗ be the incumbent value
5: for 𝑏 ∈ 1..𝑁𝐵 do
6: Add constraints:

1. ∑𝑖∈𝑏𝑏
𝑥𝑖 ≥ 1

2. ∑𝑖∈𝐼 𝑐𝑖𝑥𝑖 ≤ 𝑧∗

7: Solve 𝑃(Λ ∪ 𝑏𝑏) and update 𝑧∗
8: Remove additional constraints
9: Construct Λ𝑏 = {𝑖 ∶ 𝑥∗𝑖 = 1∀𝑖 ∈ 𝑏𝑏}

10: Λ = Λ ∪ Λ𝑏
11: end for

Its main steps are as follows. First, the linear relaxation is solved to identify the set of
promising variables. These are called the Kernel Set. The remaining variables are sorted
and partitioned into subsets, called buckets, according to some criterion. Then, KS solves
a sequence of MILPs, one for each bucket, where only variables in the union of the kernel
set and the current bucket are allowed to take values other than zero. Each iteration serves
two purposes. First and foremost, it looks for a new improving feasible solution; second, it
identifies variables candidate to enter the kernel set. Kernel set is non-decreasing, i.e. when
a variable enters the kernel set it cannot leave it. The idea is to iteratively identify only the
most relevant variables, and to have, at the last iteration, a kernel set containing almost all
the variables selected in an optimal solution.

A commonway to construct the initial kernel set is to select variables set to one in the lin-
ear relaxation. Moreover, variables outside the kernel set are sorted in non-decreasing order
with respect to to their value in the relaxation; whereas zero-valued variables are sorted in
non-increasing order of their reduced costs. Such a sorting hopes to group together similarly
promising variables in the same bucket, allowing the solver to try to use them effectively.

6.9.2 The Kernel Search Matheuristic
The core assumption of a KS as the one described above is that it is possible to gather useful
information about the problem from its linear relaxation. When such an assumption does
not hold, the performance of the algorithm can be quite mediocre, therefore it is required
to identify new mechanisms to construct the kernel set, and new methods to sort variables
outside.

As an example in Figure 6.20 we present the relaxed solution of the same instance. On
the left when optimizing 𝑓1 (Figure 6.20(a)), on the right when optimizing 𝑓1 (Figure 6.20(b)),
both subject to (6.14)–(6.25). The color of the arc, ranging from red to green, indicates the
value taken by the associated 𝑥𝑝𝑖𝑗 variable, where colors closer to red indicates a value closer
to 0, and colors closer to green indicates values closer to 1. In both graphs, it is possible
to observe similar patterns. First, many times if arc (𝑖, 𝑗) is selected so is arc (𝑗, 𝑖). In both
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Figure 6.20(a): 𝑓1 LP solution Figure 6.20(b): 𝑓2 LP solution
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Figure 6.20: Example of an LP relaxation of an instance with 51 nodes

graphs, it is possible to observe several subtours. Paying attention at Figure 6.20(b), it is
possible to observe that almost all non-null 𝑥𝑝𝑖𝑗 have a value that is less than 0.25. Moreover,
in this solution a large number of parallel arcs have been selected to very similar values.

This simple analysis shows that the quality of information contained in the linear relax-
ation is quite low. In fact, a very small number of variables takes values close to 1, therefore
creating a very small, and likely infeasible, initial kernel. Moreover, the sorting variables
outside the kernel set according to their objective value can prove to be ineffective, since
many of them take similar values.

To address this issue, we propose a novel way to construct the initial kernel, and an
innovative mechanism to sort variables outside it. The general outline of the algorithm is as
follows:

1. A high-quality, according to 𝑓1, solution is found with a dedicated Tabu Search/ALNS
heuristic. This procedure is described in Section 6.9.3.

2. The solution from Step 1 is used to compute the variable rank in an iterative process
where multiple LPs are optimized. The rationale and the ranking routine are intro-
duced in Section 6.9.4.

3. A so called Self Adapting Kernel Search is run with the initial kernel set found at Step
1, and bucket variables sorted as in Step 2. Buckets are iteratively until time limit
is reached, at each iteration number of buckets and their time limit are dynamically
adjusted according to the previous iteration. The algorithm is detailed in Section 6.9.5.

6.9.3 Initial VRP solution
The VRP is found using a custom Tabu Search (TS) (Glover, 1986, 1989) running an embedded
Adaptive Large Neighborhood Search (ALNS) (Ropke and Pisinger, 2006; Pisinger and Ropke,
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2007). We call this algorithm TS-ALNS. Besides the fact the 𝑘-EqVRP is formulated over a
multigraph, TS-ALNS considers only the shortest one in terms of travel time. The pseudo
code is presented in Algorithm 6.2.

Algorithm 6.2 TS–ALNS for VRP
Require: instance data, parameter 𝐼 𝑡𝑚𝑎𝑥 (outer iterations)
1: 𝑥 ← 𝐼𝑛𝑖𝑡𝑖𝑎𝑙𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛() ▷ Parallel Cheapest Insertion
2: 𝑥𝑏𝑒𝑠𝑡 ← 𝑥 ▷ Set best solution so far
3: Initialize operator weights and tabu list
4: for 1..𝐼 𝑡𝑚𝑎𝑥 do
5: for 𝑖 ∈ 1..|𝑁 | do
6: 𝑏𝑒𝑠𝑡 ← false
7: 𝑇𝑇 ← 𝑆𝑒𝑙𝑒𝑐𝑡𝑇 𝑎𝑏𝑢𝑇 𝑒𝑛𝑢𝑟𝑒() via roulette wheel
8: 𝑅𝑚𝑎𝑥 ← 𝑆𝑒𝑙𝑒𝑐𝑡𝑀𝑎𝑥𝑅𝑒𝑚𝑜𝑣𝑎𝑙() via roulette wheel
9: for 𝑗 ∈ 1..|𝑁 | do

10: 𝑈𝑝𝑑𝑎𝑡𝑒𝑇 𝑎𝑏𝑢𝐿𝑖𝑠𝑡() ▷ decrease tabu counters
11: (𝑑, 𝑟) ← 𝑆𝑒𝑙𝑒𝑐𝑡𝐷𝑒𝑠𝑡𝑟𝑜𝑦𝑅𝑒𝑝𝑎𝑖𝑟() via roulette wheel
12: 𝑣 ← 𝑅𝑎𝑛𝑑𝑜𝑚𝐼𝑛𝑡𝑒𝑔𝑒𝑟(1, 𝑅𝑚𝑎𝑥)
13: 𝑆𝑟𝑒𝑚 ← 𝑆𝑒𝑙𝑒𝑐𝑡𝑅𝑒𝑚𝑜𝑣𝑎𝑏𝑙𝑒𝑁 𝑜𝑑𝑒𝑠(𝑥, 𝑣) avoiding tabu nodes
14: 𝑥′ ← 𝑟(𝑑(𝑥, 𝑆𝑟𝑒𝑚)) ▷ destroy & repair
15: 𝑀𝑎𝑟𝑘𝑁𝑜𝑑𝑒𝑠𝐴𝑠𝑇 𝑎𝑏𝑢(𝑆𝑟𝑒𝑚, 𝑇 𝑇 )
16: if 𝑐𝑜𝑠𝑡(𝑥′) < 𝑐𝑜𝑠𝑡(𝑥) then
17: 𝑈𝑝𝑑𝑎𝑡𝑒𝑂𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑊 𝑒𝑖𝑔ℎ𝑡𝑠𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡(𝑑, 𝑟)
18: end if
19: if 𝑐𝑜𝑠𝑡(𝑥′) < 𝑐𝑜𝑠𝑡(𝑥𝑏𝑒𝑠𝑡) then
20: 𝑥𝑏𝑒𝑠𝑡 ← 𝑥′
21: 𝑈𝑝𝑑𝑎𝑡𝑒𝑂𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑊 𝑒𝑖𝑔ℎ𝑡𝑠𝐵𝑒𝑠𝑡(𝑑, 𝑟)
22: 𝑏𝑒𝑠𝑡 ← true
23: end if
24: 𝑥 ← 𝑥′ ▷ move to new solution
25: end for
26: if not best then
27: 𝑥 ← 𝑥𝑏𝑒𝑠𝑡 ▷ restart from best
28: else
29: 𝑈𝑝𝑑𝑎𝑡𝑒𝑆𝑐𝑜𝑟𝑒𝑠(𝑇 𝑇 , 𝑅𝑚𝑎𝑥) ▷ reward good param choices
30: end if
31: end for
32: 𝑅𝑒𝑠𝑒𝑡𝑂𝑝𝑒𝑟𝑎𝑡𝑜𝑟𝑊 𝑒𝑖𝑔ℎ𝑡𝑠()
33: 𝑅𝑒𝑠𝑒𝑡𝑇 𝑎𝑏𝑢𝐿𝑖𝑠𝑡()
34: end for return 𝑥𝑏𝑒𝑠𝑡

First, we present a general outline of the algorithm, thenwe provide a detailed description
of all the operation it performs. TheALNS part of the algorithm select, using a roulettewheel,
a destroy operator that removes nodes from the solution and a repair operator that reinserts
the removed nodes in a (hopefully) cheaper manner. The TS part of the algorithm is carried
out by a tabu-list, specifying for each node for how many iterations which nodes cannot be
removed from the solution, prohibitingALNS from removing themwith the destroy operator.
Nodes that have been removed and reinserted are set as tabu for a certain number of iteration.
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In detail, the algorithm works as follows. First, an initial solution is identified using a
parallel cheapest insertion heuristic. This initial solution is then copied into the incumbent
solution. At this point, three nested loops are executed. The outer one (lines 4–34) runs I, a
parameter specified by the user, times. Inside it, the median loop (5–31) runs an intensifica-
tion procedure, aiming at improving the current best. At the beginning of this loop the size
of the tabu-tenure and the maximal number of items removable by each destroy operator.
Then, the inner loop (9–25) run the local search iterations. In each iteration, first the tabu-list
is updated by decreasing by one the number of iterations tabu nodes cannot be removed from
the current solution. Then, using a roulette wheel, the algorithm selects a destroy and a re-
pair operators. At this point the algorithm selects a random number of nodes to remove, and
proceeds to remove this number of non-tabu nodes from the current solution. Notice that if
this number is larger than the pool of non-tabu nodes, then all non-tabu nodes are removed
from the solution. The algorithm reinserts the removed nodes, according to the logic defined
by the repair operator, then set the new re-inserted nodes as tabu for TT iterations. If the
cost of the new solution 𝑥′ is better than the incumbent, then the weights for the selected
operators are updated. Moreover, if the solution is the new best, the weights are updated
and the best solution are updated. After the inner loop, if a new best solution has not been
found, the incumbent is reset to be best solution, otherwise the score for the selected tabu
tenure and max remove size are updated. At the end of the outer loop, the roulette wheels
and the tabu list are reset to the initial values, to avoid an over fitting of their parameters.

Given a valid VRP route Π = {0, … , 𝑖, 𝑗, 𝑘, … , 0}, we define the removal discount node 𝑗 as
𝑐𝑖𝑗+𝑐𝑗𝑘−𝑐𝑖𝑘 , that is the reduction in cost of Πwhen 𝑗 is removed from it. The ALNS algorithm
uses the following remove operators.

• Global Random: remove randomly selected nodes from all the available routes.

• Random Route Max Cost: remove nodes with the largest discount from a randomly
selected route.

• Longest Route Max Cost: remove nodes with the largest discount from the longest
route.

• Global Max Cost: remove nodes with the largest discount from all the available routes.

• GlobalMinCost: remove nodeswith the smallest discount from all the available routes.

We propose the following repair operators.

• Best Cheapest Insertion: insert nodes sequentially into the cheapest possible feasible
position.

• Regret-𝑞: insert nodes using the regret rule, with 𝑞 = 2, 3, 4. Regret-based insertions
(Potvin and Rousseau, 1993) mitigate the myopic behavior of pure greedy heuristics as
the cheapest insertion. Let 𝛿ℎ𝑖 denote the cost of inserting node 𝑖 into its ℎ-th cheapest
feasible position. The Regret-𝑞 score is:

𝑖∗ ∶= argmax
𝑖∈𝑁

(
𝑞
∑
ℎ=2

𝛿ℎ𝑖 − 𝛿1𝑖 ) . (6.30)

which selects the node whose deferred insertion would be most detrimental. Nodes
are inserted iteratively until none remain.
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• First Cheapest Insertion: insert nodes in the cheapest position on the first feasible
path.

• Worst Cheapest Insertion: insert nodes in themost expensive cheapest position among
all paths.

6.9.4 Variable Ranking
In this section we introduce our variable ranking algorithm.

Given an initial VRP solution, Algorithm 6.3 computes two distinct scores for each vari-
able by repeatedly solving LP models, one for each arc (𝑖, 𝑗) active in the initial solution. In
each LP model, the variable associated with the currently processed arc is set to 1, while the
others are left unconstrained. Such a process allows to inspect the impact each variable has
on the global solution. Moreover, by inspecting the objective value of each variable, it al-
lows to understand which variables are most likely to be selected in high-quality or optimal
solution by inspecting the following metrics. The first score transition counts how many
times the variable has changed value with respect to the previous iteration. Variables with
a higher transition score are the ones about which the solver is less sure. The rationale is
that variables taking value 0, or anything close to it, are most likely variables that will never
be used in a high-quality solution. On the other hand, variables taking value 1, or anything
close to it, are very likely to be selected in a high-quality solution. This leaves out the vari-
ables that oscillates between 0 and 1 in different iterations, for which it is harder to predict if
they will or won’t be selected in a high-quality solution. The second score set-high counts
how many times the variable has an objective value that is at least equal to threshold quan-
tile of the values of the non-zero variables. Variables with a higher set-high score are the
ones that are most often used in an LP relaxation, independently from the state of the other
variables. We propose to lexicographically sort variables according to the transition score
first, and in case of ties by their set-high score. In this way, a kernel search algorithm more
hard to classify variables first, allowing to quickly identify good quality solution.

Assuming that the input is a solution, who’s a collection of paths, and a route is the se-
quence of arcs representing a vehicle’s cycle, the algorithm works as follows. The algorithm
first initilizes the score of each arc to zero. Then, for each route in the solution, and for each
arc in the route the algorithm computes the comulative score for each arc as follows. First,
a new constraint forcing the 𝑥0𝑖𝑗 variable associated with the currently processed arc to one
is added to the problem. The new model is then optimized as an LP, the solution is retieved,
and a set containing all variable whose value is larger than 𝜖0, a small number to filter nu-
merical noise, is constructed. At this point, the algorithm iterates through each arc in 𝐴. For
each arc, the algorithm retrieves the value of the associated 𝑥 variable, and if this value is
above the 𝑞ℎ the associated set-high score is increased. Moreover, if the value changed from
the previous solution, then the associated transition score is increased by one. Once all the
arcs have been processed, the algorithm removes the constraint and proceeds to process the
next arc.

6.9.5 Kernel Search Algorithm
Before presenting the proposed Kernel Search (KS) algorithm, let us introduce some notation.
Let ̄𝑥 be a feasible solution with respect to (6.15)-(6.25). We call 𝑓𝑖( ̄𝑥) the value of objective
function 𝑓𝑖, 𝑖 = 1, 2 of solution ̄𝑥 . With 𝑓 𝜖2 (𝐴̄)|𝑓1( ̄𝑥), with 𝐴̄ ⊆ 𝐴, we denote the following
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Algorithm 6.3 𝑅𝑎𝑛𝑘𝑆𝑐𝑜𝑟𝑒(𝑠𝑜𝑙, 𝜉 )
Require: sol: initial VRP solution; parameter 𝜉 ∈ (0, 1]
1: Initialize score array 𝑆[(𝑖, 𝑗, 𝑝)] with fields set-high and transition equal to zero
2: Initialize array 𝑝𝑟𝑒𝑣[(𝑖, 𝑗, 𝑝)] ← undefined ▷ Stores value from previous LP
3: for each route in sol do
4: for each arc (𝑖, 𝑗, 𝑝) in route do
5: Add constraint: 𝑥𝑝𝑖𝑗 = 1
6: Solve LP relaxation and obtain solution ̄𝑥
7: 𝒜 ← { ̄𝑥𝑝

′

𝑖′𝑗′ ∶ (𝑖′, 𝑗′, 𝑝′) ∈ 𝐴, ̄𝑥𝑝
′

𝑖′𝑗′ ≥ 𝜖0}
8: 𝜏 ← 𝑄𝜉 (𝒜) ▷ Threshold quantile
9: for each variable (𝑖′, 𝑗′, 𝑝′) ∈ 𝐴 do

10: 𝑣 ← ̄𝑥𝑝
′

𝑖′𝑗′
11: if 𝑣 ≥ 𝜏 then
12: 𝑆[(𝑖′, 𝑗′, 𝑝′)].set-high +=1
13: end if
14: if 𝑣 ≠ 𝑝𝑟𝑒𝑣[(𝑖′, 𝑗′, 𝑝′)] then
15: 𝑆[(𝑖′, 𝑗′, 𝑝′)].transition +=1
16: end if
17: 𝑝𝑟𝑒𝑣[(𝑖′, 𝑗′, 𝑝′)] ← 𝑣
18: end for
19: Remove constraint 𝑥𝑝𝑖𝑗 = 1
20: end for
21: end for
22: return 𝑆

optimization problem:

min
𝑥,𝑧

{𝑓2 ∶

𝑓1 ≤ (1 + 𝜖)𝑓1( ̄𝑥)

𝑥𝑝𝑖𝑗 = 0 ∀(𝑖, 𝑗, 𝑝) ∈ 𝐴 ∖ 𝐴̄,

(6.15) − (6.25)} (6.31)

The optimization model (6.31) minimizes the objective function 𝑓2, subject to (6.15)-(6.25),
a maximal worsening of the incumbent of 𝑓1, and a restriction of the available arcs. Notice
that such a problem can be infeasible even if the original unrestricted problem is feasible.
Moreover, in the following, we identify with 𝐾 ⊆ 𝐴 the kernel set and with 𝐵 = {𝑏1, … , |𝐵|}
the set of non-overlapping buckets, with 𝑏𝑖 ⊆ 𝐴.

The proposed KS algorithm extends the usual iterative algorithmic framework by includ-
ing an adaptive system to dynamically update the algorithm metaparameters according to
the optimization process. At the end of each bucket set iteration the algorithm controls var-
ious statistics, described in detail later, about the previous optimizations and decides if the
number of buckets and the time limit have to increse, decrease, or be kept unchanged.

In Algorithm 6.4 we introduce the pseudocode of the proposed KS algorithm.
The algorithm works as follows. First, a VRP solution is identified using Algorithm 6.2.

Such a solution will be used a reference point, specifying the maximal routing cost that any
solution is allowed to take. Variables are ranked with Algorithm 6.3, using the TS-ALNS
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Algorithm 6.4 Self-Adjusting Kernel Search (SAKS)

1: Find VRP solution ̄𝑥𝑣𝑟𝑝 using Algorithm 6.2
2: call 𝑅𝑎𝑛𝑘𝑆𝑐𝑜𝑟𝑒( ̄𝑥𝑣𝑟𝑝 , 𝜉 ) ▷ call Algorithm 6.3
3: ̄𝑥∗ ← ̄𝑥𝑣𝑟𝑝
4: 𝑛𝑏 ← 𝑛𝑏𝑚𝑖𝑛
5: 𝑡 𝑙 ← 𝑡𝑙𝑚𝑖𝑛
6: noImproveCount← 0
7: while 𝑡 < 𝑇𝑚𝑎𝑥 do
8: betterSolutionFound ← false
9: Initialize kernel set 𝐾 with the selected arcs in ̄𝑥∗

10: Initialize 𝑛𝑏 buckets with remaining arcs
11: for 𝐵𝑖 ∈ 𝐵 do
12: ̄𝑥 ← Solve 𝑓 𝜖2 (𝐾 ∪ 𝐵𝑖)|𝑓1( ̄𝑥𝑣𝑟𝑝) with 𝑡 𝑙 time limit
13: if 𝑓2( ̄𝑥) < 𝑓2( ̄𝑥∗) then
14: 𝐵𝑖 = {(𝑖, 𝑗, 𝑝) ∈ 𝐵𝑖 ∶ 𝑥𝑝𝑖𝑗 = 1}
15: 𝐾 ← 𝐾 ∪ 𝐵𝑖
16: ̄𝑥∗ ← ̄𝑥
17: betterSolutionFound ← true
18: call 𝑅𝑎𝑛𝑘𝑆𝑐𝑜𝑟𝑒( ̄𝑥∗, 𝜉 )
19: end if
20: call CollectStatistics() ▷ current bucket
21: end for
22: 𝑠𝑛𝑏 ← ComputeBucketNumberScore()
23: if 𝑠𝑛𝑏 > 0 then
24: 𝑛𝑏 ← min(𝑛𝑏max, 𝑛𝑏 + Δ𝑛𝑏)
25: else if 𝑠𝑛𝑏 < 0 then
26: 𝑛𝑏 ← max(𝑛𝑏min, 𝑛𝑏 − Δ𝑛𝑏)
27: end if
28: 𝑠𝑡 𝑙 ← ComputeTimeLimitScore()
29: if 𝑠𝑡 𝑙 > 0 then
30: 𝑡 𝑙 ← min(𝑡 𝑙max, 𝑡 𝑙 + Δ𝑡 𝑙)
31: else if 𝑠𝑡 𝑙 < 0 then
32: 𝑡 𝑙 ← max(𝑡 𝑙min, 𝑡 𝑙 − Δ𝑡 𝑙)
33: end if
34: if not betterSolutionFound then
35: noImproveCount ← noImproveCount + 1
36: else
37: noImproveCount ← 0
38: end if
39: if noImproveCount == MAX𝑖𝑚𝑝 then
40: 𝑛𝑏 ← 𝑛𝑏𝑚𝑖𝑛
41: 𝑡 𝑙 ← 𝑡𝑙𝑚𝑖𝑛
42: end if
43: end while
44: return ̄𝑥∗
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solution as input. The loop on lines 7–43 runs the KS algorithm until the time limit allows.
In this loop, first initialize the kernel set using the 𝑥𝑝𝑖𝑗 variables set in the incumbent. All
the other variables are sorted in non-decreasing order based on the current ranking. The
algorithm creates 𝑛𝑏 equally sized buckets, with the last potentially smaller if the number
of variables outside 𝐾 is not divisible by 𝑛𝑏. At this point, for each bucket 𝑏𝑖 ∈ 𝐵, model
(6.31) is solved restricted to the variables in 𝐾 ∪𝑏𝑖. If the best solution returned by the solver,
either optimal or the best found within the time limit, is better than the incumbent, then
the incumbent is updated, the kernel set is extended with the arcs from 𝑏𝑖 selected in ̄𝑥 , and
the variables ranking are updated. Once all the buckets have been processed, the number of
buckets 𝑛𝑏 and the iteration time limit 𝑡 𝑙 are updated. For both parameters an update score is
computed. If such a value is larger than zero, then the parameter is increased. If the score is
smaller than zero, then the parameter is decreased. Otherwise, the value is left unchanged.
After that, the algorithm checks if the incumbent hasn’t changed in the last MAX𝑖𝑚𝑝 iterations,
and if it is the case the metaparameters are reset to their initial values.

During the evaluation of each bucket, the function CollectStatistics() records the
behavior of the restricted MIP solved on that bucket. In particular, it keeps track of the
minimum, average, and maximum MIP gap (Gurobi parameter) observed across all buck-
ets (MipGap_min, MipGap_avg, MipGap_max), together with the number of subproblems
solved to optimality (nOpt), those that improved the incumbent solution (nImp), and those
terminated by the time limit with or without a feasible solution (nTimeLimitFeasible,
nTimeLimitInfeasible). These statistics provide a global picture of how difficult the cur-
rent set of restricted MIPs is to solve and allow the algorithm to adjust its metaparameters
adaptively.

The update score associated with the number of buckets, denoted by 𝑠𝑛𝑏 , is computed by
evaluating a set of conditions, each controlled by a threshold parameter. For every difficulty
condition that holds, namely:

MipGap_max> 𝛾1

MipGap_max - MipGap_min > 𝛾2

MipGap_avg > 𝛾3

nTimeLimitFeasible < nTimeLimitInfeasible

the score 𝑠𝑛𝑏 is increased by one. These conditions signal that the restricted MIP problems
tend to be hard, typically because buckets are too large; increasing 𝑛𝑏 reduces bucket size
and decreases the complexity of the associated subproblems. Conversely, for every ease
condition that holds

MipGap_max< 𝜌1

MipGap_max - MipGap_min < 𝜌2

MipGap_avg< 𝜌3

nOpt < nImp

nTimeLimitFeasible > nTimeLimitInfeasible

the score 𝑠𝑛𝑏 is decreased by one. These cases suggest that the restricted problems might be
too easy, often because buckets are too small, and reducing 𝑛𝑏 enlarges the neighborhood
explored at each iteration.
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The update score associated with the time limit, denoted by 𝑠𝑡 𝑙 , is computed analogously.
In particular, the first three difficulty conditions correspond exactly to the first three difficulty
conditions used for computing 𝑠𝑛𝑏 , as they reflect the intrinsic hardness of the restricted MIP
problems. Whenever one of these conditions holds, 𝑠𝑡 𝑙 , is increased by one. The score is also
increased when the solver frequently reaches the time limit, either with or without a feasible
solution:

nTimeLimitFeasible > 𝑛𝑏
2

nTimeLimitInfeasible > 𝑛𝑏
2

These cases indicate that the allocated time is insufficient for the solver to converge reliably.
Symmetrically, the first three easy conditions correspond exactly to the first three easy

conditions used in the update of 𝑠𝑛𝑏 and indicate that the restricted problems are consistently
easy. Each of these contributes a−1 to the score. The score is also decreasedwhen few bucket
optimizations hit the time limit:

nTimeLimitFeasible < 𝑛𝑏
4 ,

or when the majority of them are solved to optimality:

nOpt > 𝑛𝑏
2 ,

indicating that the solver has more time than necessary.
In summary, both update rules rely on the same core measures of problem difficulty

captured by the MIP gap thresholds, while the additional conditions for each parameter (𝑛𝑏
and 𝑡 𝑙) reflect the specific role they play in controlling bucket size and allotted computational
time.

Taken together, the dynamic adjustment of the metaparameters and the specialized vari-
able–ranking mechanism described in Section 6.9.4 make the proposed procedure funda-
mentally different from traditional Kernel Search schemes. For these reasons, we refer to the
method as the Self-Adjusting Kernel Search (SAKS), emphasizing its ability to refine both the
search structure and the exploration priorities through continuous, data-driven feedback.

6.10 Computational Results

In this section, we present the computational results of the proposed algorithms. We first
describe the two instance classes used in our experiments. We then provide a preliminary
comparison of the different 𝑘-sum formulations, identifying the most effective one to be
adopted in the subsequent analysis. All models are solved with Gurobi 12. Notice that for-
mulationℱ1 is not compact, and constraints are handled dynamically as lazy constraints by
the solver.

In Section 6.10.3, we examine the performance of TS-ALNS as a standalone heuristic
and compare it with the results obtained by Gurobi, which is run for one hour. Next, in Sec-
tion 6.10.4, we discuss the outcomes of the bi-objective problem, focusing on the optimization
of the 𝑘-sum impact under an 𝜖−constraint on the travel time. Finally, in Section 6.10.5 we
present the performance of SAKS on medium- and large-scale instances.
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Figure 6.21: Example of an instance made from random (R) points

6.10.1 Instances generation
Set A consists of 30 instances with 50 customers and one depot. We employ this set to
evaluate the four 𝑘-sum formulations and to tune the SAKS metaparameters. Set B consists
of 75 instances with 100 customers and one depot. We use it to assess the computational
performance of SAKS.

In both instance sets, the road network is generated by randomly placing a set of in-
tersection points on a plane and connecting nearby intersections to form the street graph.
The population is then constructed by placing a number of attraction points (e.g., schools,
parks) and repulsion points (e.g., industrial areas) and generating household locations that lie
sufficiently close to attractions and sufficiently far from repulsion sources (see Figure 6.21).
Each household is assigned to its nearest street segment. Customers and the depot are then
placed on the map and linked to their nearest intersection. In Set A, customer locations are
generated randomly while enforcing a minimum separation distance. In Set B, customer co-
ordinates are taken from the Solomon VRP instances (Solomon, 1987), which include three
spatial distributions: uniformly random (R), clustered (C), and clustered–uniformly random
(RC).

For every pair of customers and for each customer–depot pair, we first compute the short-
est path. We then generate five additional paths that minimize population exposure while
allowing deviations of 0, 25, 50, 75, and 100% from the shortest travel distance. Each can-
didate path is subsequently refined to reduce travel time without increasing its population
impact. On the same plane, we generate five alternative street networks and five population
distributions. For every combination of customer set, street map, and population distribu-
tion, we construct one EqVRP instance, yielding a total of 75 instances.

Figure 6.21 presents an example of a synthetic instance. The brown squares represent
customers and the orange pentagon represents the depot. These points are from the uniform
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random Solomon points. Olive circle represents crossroads and junctions in the virtual street
networks. Lines connecting them and Solomon points show street segments. Finally, blue
dots represent the population. A deeper blue color corresponds to a densely populated area.

All algorithms were implemented in C, with Gurobi 12 used as the MILP backend. All
experiments were executed on a machine equipped with an AMD Ryzen 9 3950X (16 cores),
32 GB of RAM, and running Ubuntu 22.

6.10.2 Comparison of the 𝑘-sum formulations
In this section, we present the experimental results conducted to identify the most suitable
formulation among the ones presented in Section 6.4.

Each instance of Set A is optimized with 𝑘 = 5, 10, and 20. This leads to a total of 3 ×
30 = 90 instances. For each instance, first objective function 𝑓1 (travel time) is optimized
for 15 minutes, obtaining a VRP solution. Then each 𝑘-sum formulation is solved with a
time limit of 1 hour, by allowing a 10% worsening of the VRP solution value. Given the four
formulations, this leads to a total of 90 × 4 = 360 solutions. The VRP solution is used as MIP
start for each 𝑘-sum formulation.

Table 6.7: k-worst value statistics for the four formulations

𝑘 𝑄05 𝑄25 Avg. 𝑄50 𝑄75 𝑄95
5 ℱ1 985.85 1087.25 1391.43 1260.50 1545.25 2293.40
5 ℱ2 699.00 760.00 1027.77 887.50 1031.00 1988.20
5 ℱ3 699.90 859.50 1077.77 923.00 1184.00 2012.95
5 ℱ4 641.50 812.75 1031.10 918.50 1056.25 2008.15

10 ℱ1 2032.25 2382.25 3125.53 2798.00 3338.50 4127.25
10 ℱ2 1231.00 1428.50 1729.07 1654.00 1785.75 2732.80
10 ℱ3 1361.40 1558.25 1833.87 1752.00 1995.75 2791.40
10 ℱ4 1261.00 1470.50 1738.97 1677.00 1853.50 2689.20
20 ℱ1 3811.95 4805.25 5833.20 5243.00 6371.25 9514.05
20 ℱ2 2091.65 2719.50 2977.67 2948.50 3314.75 3990.45
20 ℱ3 2208.80 2788.75 3151.33 3171.50 3486.00 4114.30
20 ℱ4 2219.90 2478.50 2949.63 2807.00 3298.25 3957.00

In Table 6.7, for each value of 𝑘 and for each 𝑘-sum formulation (from ℱ1 to ℱ4 ), In this
table and in the following, 𝑄𝑥 , with 𝑥 ∈ [0, 100], identifies the 𝑥-th percentile of population
under analysis. we report the distribution of the best objective values found byGurobi within
the 1-hour time limit. Specifically, the table shows the empirical 5th and 25th percentiles
(𝑄05 and 𝑄25), the average and the median, and the 75th and 95th percentiles (𝑄75 and 𝑄95)
computed over all benchmark instances.

All four 𝑘-sum formulations model the same optimization problem and would therefore
return identical objective values if solved to optimality. The differences observed in the
table arise exclusively from the limited time threshold assigned to the solver. The reported
statistics thus measure how effectively each formulation guides Gurobi toward high-quality
solutions within one hour, capturing both solution quality and robustness across instances.

Several trends emerge from the table. First, formulation ℱ1 is consistently the worst-
performing across all values of 𝑘 and across all statistics. On average over all values of 𝑘,
the percentage gap between ℱ1 and the best-performing formulation is 67.9%, 66.0%, and
76.7% for 𝑄25, 𝑄50, and 𝑄75, respectively. The smallest gap observed amounts to 15.4% for
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𝑘 = 5 under the 𝑄95 statistic, whereas the largest gap reaches 140% for 𝑘 = 20 under the
same statistic. These values indicate thatℱ1 is substantially harder for the solver to explore
effectively, even when considering the upper quantiles of performance.

Across all values of 𝑘 and all statistics, formulation ℱ1 is by far the weakest performer,
returning the largest objective values and exhibiting the lowest robustness. The formula-
tions ℱ4 and ℱ2 consistently produce the best results, with ℱ3 typically ranking between
them andℱ1 . Althoughℱ2 andℱ4 are compact and appear structurally similar, their com-
putational behavior seems to differ. Theℱ2 model provides a sharper and more informative
LP relaxation when 𝑘 is small (𝑘 = 5, 10), yielding faster progress in the branch-and-bound
tree. Conversely, as 𝑘 grows (𝑘 = 20), the ℱ4 formulation produces a more stable and less
degenerate relaxation, which results in better solver performance.

The performance of formulation ℱ3 is consistently inferior to both ℱ2 and ℱ4 . On
average across all quantiles and all values of 𝑘, ℱ3 is 6.45% worse than ℱ2 , with gaps of
6.6%, 7.9%, and 4.8% for 𝑘 = 5, 10, and 20, respectively. This trend is particularly evident
in the higher quantiles, where the average gap between ℱ2 and ℱ3 reduces to 2.16%, but
remains positive for all 𝑘, taking values of 1.24%, 2.14%, and 3.10%. Across all quantiles
and all values of 𝑘, the average percentage gap between formulations ℱ2 and ℱ4 is only
0.38%, confirming their overall similarity in solver performance. Examining each value of
𝑘 separately, the average gap across all quantiles is 1.13% for 𝑘 = 5, 1.79% for 𝑘 = 10, and
−1.77% for 𝑘 = 20, the latter indicating that ℱ4 slightly outperforms ℱ2 when 𝑘 becomes
large.

To assess the statistical significance of these observations, we conducted several com-
plementary statistical analyses. We first computed an average ranking to identify, for each
value of 𝑘, which formulation performs best on average and how the others compare. We
then applied a Binomial test to evaluate how often one formulation outperforms another
and whether these pairwise differences are statistically significant. Finally, to validate the
robustness of these findings, we performed paired 𝑡-tests and Wilcoxon tests for all formula-
tion pairs and all values of 𝑘, using the Holm correction to account for multiple comparisons.
In all tests, the null hypothesis was rejected at the 0.05 significance level.

Table 6.8: Formulation Rankings

k ℱ1 ℱ2 ℱ3 ℱ4
5 3.92 1.58 2.52 1.98

10 4.00 1.72 2.42 1.87
20 4.00 1.90 2.33 1.77
All 3.97 1.73 2.42 1.87

Table 6.8 reports the average ranking of the four formulations for each value of 𝑘 and for
the entire test set. The ranking is computed by assigning score 1 to the best formulation on
each instance, score 2 to the second best, and so on; in the case of ties, the average score is
assigned. Smaller values therefore indicate better overall performance. The results show a
consistent ordering across all values of 𝑘. Formulation ℱ2 achieves the best average rank
for both 𝑘 = 5 and 𝑘 = 10, while ℱ4 becomes the best-performing formulation for 𝑘 = 20
confirming previous results. Formulation ℱ3 systematically ranks third, whereas ℱ1 is
always the poorest performer. As 𝑘 increases, the gap between the formulations narrows,
indicating that the relative differences among models become less pronounced for larger
values of 𝑘. The last row of the table, aggregating all instances, confirms this global pattern:
overall, ℱ2 obtains the best average ranking, followed by ℱ4 , ℱ3 , and finally ℱ1 .
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Table 6.9: Pairwise formulation comparisons: number of wins, losses, and ties

Form. ℱ4 ℱ3 ℱ1

Wins Losses Ties 𝑝-value Wins Losses Ties 𝑝-value Wins Losses Ties 𝑝-value
ℱ2 48 35 7 0.09 61 26 3 1.12 ⋅ 10−4 90 0 0 8.08 ⋅ 10−28
ℱ4 - - - - 63 24 3 1.74 ⋅ 10−5 88 1 1 1.45 ⋅ 10−25
ℱ3 - - - - - - - - 89 1 0 7.35 ⋅ 10−26

Table 6.9 provides a pairwise comparison between formulations, reporting wins, losses,
ties, and the corresponding 𝑝-values from the Binomial test. These results reinforce the
trends observed in the ranking analysis. Formulation ℱ2 outperforms all others most fre-
quently and is the only one that always dominates ℱ1 . Its superiority over ℱ3 and ℱ1 is
further confirmed by extremely small 𝑝-values, whereas the comparison with ℱ4 , as ex-
pected, does not yield statistical evidence of a significant difference. The second row shows
that ℱ4 clearly dominates ℱ3 and ℱ1 , despite tying or losing only rarely. The third row
indicates that ℱ3 also significantly outperforms ℱ1 , which wins only once.

Table 6.10: 𝑝-values for 𝑡-test and Wilcoxon tests

Form. 𝑘 ℱ4 ℱ1 ℱ3

𝑡-test Wilcoxon 𝑡-test Wilcoxon 𝑡-test Wilcoxon
ℱ1 5 1.52 ⋅ 10−8 1.20 ⋅ 10−5 - - - -
ℱ3 5 0.02 0.03 4.12 ⋅ 10−7 2.79 ⋅ 10−8 - -
ℱ2 5 0.80 0.80 2.66 ⋅ 10−8 1.12 ⋅ 10−8 4.09 ⋅ 10−3 1.69 ⋅ 10−3
ℱ1 10 2.72 ⋅ 10−4 1.12 ⋅ 10−8 - - - -
ℱ3 10 0.03 0.02 5.31 ⋅ 10−4 1.12 ⋅ 10−8 - -
ℱ2 10 0.68 0.51 2.72 ⋅ 10−4 1.12 ⋅ 10−8 0.01 9.67 ⋅ 10−3
ℱ1 20 1.43 ⋅ 10−8 1.12 ⋅ 10−8 - - - -
ℱ3 20 3.08 ⋅ 10−3 3.39 ⋅ 10−3 3.68 ⋅ 10−8 1.12 ⋅ 10−8 - -
ℱ2 20 0.66 0.73 2.09 ⋅ 10−8 1.12 ⋅ 10−8 0.03 0.05
ℱ1 All 4.59 ⋅ 10−12 1.07 ⋅ 10−15 - - - -
ℱ3 All 1.36 ⋅ 10−5 7.03 ⋅ 10−6 2.52 ⋅ 10−11 1.06 ⋅ 10−15 - -
ℱ2 All 0.83 0.72 4.70 ⋅ 10−12 1.06 ⋅ 10−15 1.24 ⋅ 10−4 1.34 ⋅ 10−5

Table 6.10 reports the 𝑝-values from paired 𝑡-tests and Wilcoxon tests for each value of
𝑘 and for the full dataset. For 𝑘 = 5 and 10, the only non-significant comparison is between
ℱ2 and ℱ4 , confirming that these two formulations behave similarly when 𝑘 is small. For
𝑘 = 20, ℱ2 and ℱ4 remain statistically indistinguishable, while the gaps between ℱ3 and
the two best formulations narrow. Over the entire test set, the only pair that remains not
statistically different is again ℱ2 –ℱ4 .

Overall, these statistical tests confirm that ℱ2 and ℱ4 form the top tier of 𝑘-sum for-
mulations, while ℱ3 and ℱ1 are consistently inferior. Since ℱ2 outperforms ℱ4 slightly
more often, especially for smaller values of 𝑘, we adopt ℱ2 as the default formulation in the
following experiments.

6.10.3 TS-ALNS
In this section, we present the outcome of the computational experiments conducted to eval-
uate TS-ALNS. These tests are conducted over Set B, using only the subset of instances with
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a different underlying VRP graph. TS-ALNS random number generator is configured with a
fixed seed, in this way different runs always produce the same output value.

Table 6.11: TS-ALNS results and computational time with I = 10, 25, 50, 100

Name Map I 10 I 25 I 50 I 100

Obj. Time Obj. Time Obj. Time Obj. Time
C101 1 856.03 1.19 854.72 3.06 854.25 6.25 852.55 12.54
C101 2 918.89 1.37 918.89 3.45 912.97 6.50 912.97 12.97
C101 3 884.50 1.12 883.67 2.82 868.38 5.83 866.95 11.67
C101 4 868.59 1.24 868.43 2.90 868.43 5.77 868.43 11.60
C101 5 864.44 1.18 861.24 3.11 861.24 6.11 861.24 11.99
R101 1 952.08 1.43 950.93 3.21 944.09 6.53 944.09 12.99
R101 2 1002.78 0.98 1001.31 2.58 996.17 5.25 969.52 9.98
R101 3 1005.30 1.11 1005.30 3.10 1005.29 6.03 997.64 12.24
R101 4 1015.48 1.37 1010.91 3.53 1010.91 6.92 1010.91 13.64
R101 5 1011.43 1.46 1011.43 3.52 1011.42 7.06 976.78 13.71
RC101 1 1109.97 1.03 1094.70 2.63 1064.58 5.36 1064.58 11.13
RC101 2 1142.55 1.31 1142.54 3.49 1141.30 6.90 1141.30 13.52
RC101 3 1137.65 1.25 1137.65 3.31 1121.90 6.85 1113.87 13.11
RC101 4 1155.21 1.33 1155.21 3.36 1143.48 6.56 1142.47 12.95
RC101 5 1108.47 1.14 1108.47 2.77 1102.75 5.51 1102.75 11.23

Table 6.12: TS-ALNS results and computational time with I = 200, 300, 400

Name Map I 200 I 300 I 400

Obj. Time Obj. Time Obj. Time
C101 1 852.55 25.18 852.55 32.85 852.55 44.38
C101 2 885.42 25.58 883.74 38.44 883.74 51.38
C101 3 866.95 23.01 866.95 35.16 866.95 46.31
C101 4 868.43 23.03 865.93 34.81 865.93 46.75
C101 5 860.00 23.85 857.33 35.73 857.33 48.04
R101 1 944.09 25.47 944.09 38.35 944.09 49.33
R101 2 969.52 19.48 968.94 28.67 968.52 37.91
R101 3 993.05 25.05 993.05 38.13 993.05 51.00
R101 4 1010.91 27.50 1010.91 41.47 1010.91 55.94
R101 5 975.63 27.42 975.63 40.23 975.54 53.11
RC101 1 1064.58 22.06 1064.58 33.34 1064.58 43.09
RC101 2 1112.75 26.92 1097.52 40.37 1085.87 54.37
RC101 3 1089.95 25.77 1089.95 38.74 1082.25 52.48
RC101 4 1142.47 25.03 1142.47 32.66 1142.47 37.13
RC101 5 1102.75 22.69 1102.72 33.89 1102.72 45.04

Table 6.11 and Table 6.12 report the performance of TS-ALNS for different values of the
number of outer iterations (I). The first table considers short runs (I = 10, 25, 50, 100), whereas
the second table reports longer runs (I = 200, 300, 400). Both tables use the same layout: for
each instance and each value of I, we report the objective value obtained (column Obj.) and
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the corresponding computational time in seconds (column Time).
Overall, TS-ALNS reaches its best average solution at I = 210 for instances C101 (average

time 26.6 seconds), at I = 215 for R101 (25.2 seconds), and at I = 250 for RC101 (31.8 seconds).
Averaged over all instances, the best solution typically appears around I = 228 with a runtime
of 27.9 seconds. However, the improvements obtained by increasing I are relatively small:
from I = 10 to I = 400, the average improvement is only 1.47% for C101, 1.89% for R101, and
3.11% for RC101, with an overall average of 2.16%. These results indicate that TS-ALNS is
able to produce high-quality solutions even with a modest number of outer iterations.

Since the time limit of Algorithm 6.4 is global and must include the TS-ALNS runtime, it
is essential to select a value of I that balances solution quality and running time. To select a
suitable value of I, we analyze the marginal improvement obtained by increasing the num-
ber of outer iterations. For each instance and each value of I, we compute the normalized
improvement (𝑜𝑏𝑗𝑡−1−𝑜𝑏𝑗𝑡)/(𝑡𝑡 −𝑡𝑡−1),which measures the reduction in routing cost per unit
of additional computation time. Figure 6.22 reports these values for all 15 VRP instances.

Across all instance types (C101, R101, and RC101), the curves show that the largest im-
provements occurwithin the first 100 outer iterations. In several cases the curves flatten even
earlier, around 50 iterations, while in others they decline more gradually and stabilize only
after approximately 200 iterations. Overall, the common trend is that marginal gains drop
sharply after I = 100, with subsequent iterations contributing little relative to their compu-
tational cost. Given that substantial progress is consistently achieved before I = 100 and that
both earlier and later flattening behavior point to diminishing returns beyond this thresh-
old, we adopt I = 100 as an effective compromise between solution quality and computational
efficiency, leaving more time available for SAKS in the subsequent optimization phase.
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Figure 6.22: Regression of the normalized improvements

Table 6.13 reports on the comparison between TS-ALNS (configured to run for 100 outer
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iterations) and Gurobi (GRB) solving each VRP instance with a time limit of 1 hour. Columns

Table 6.13: Gurobi results in 1 hour compared to TS-ALNS

Name Map TS GRB Diff.% Gap%
C101 1 852.55 864.19 -1.37% 10.87%
C101 2 912.97 874.68 4.19% 10.79%
C101 3 866.95 865.97 0.11% 10.31%
C101 4 868.43 853.30 1.74% 9.46%
C101 5 861.24 848.29 1.50% 10.21%
R101 1 944.09 940.92 0.34% 4.30%
R101 2 969.52 963.88 0.58% 5.77%
R101 3 997.64 957.22 4.05% 5.58%
R101 4 1010.91 1010.88 0.00% 8.85%
R101 5 976.78 971.75 0.51% 5.15%
RC101 1 1064.58 1064.54 0.00% 6.55%
RC101 2 1141.30 1086.53 4.80% 8.89%
RC101 3 1113.87 1081.04 2.95% 8.52%
RC101 4 1142.47 1104.78 3.30% 10.14%
RC101 5 1102.75 1074.73 2.54% 8.58%

TS and GRB report the objective values obtained by TS-ALNS and Gurobi, respectively,
while Diff.% gives their percentage difference. The last column, Gap%, shows Gurobi’s MIP
gap after one hour of computation.

Overall, Gurobi produces slightly better solutions, but the difference is small: the average
gap between TS-ALNS and Gurobi is below 2%, with median values even smaller (1.50%) and
always under 5% across all instance types. Since TS-ALNS finds these solutions in only
a few seconds compared with Gurobi’s one-hour limit, its performance can be considered
quite strong. Gurobi’s MIP gaps remain nonzero for all instances, ranging from about 4%
to over 12%, confirming that even one hour of computation is insufficient to fully close the
search tree. This further highlights the value of TS-ALNS: it delivers near-optimal solutions
very quickly, while Gurobi struggles to significantly improve themwithin the available time.

6.10.4 Gurobi performance on the 𝑘-sum formulation
In this section we analyze Gurobi’s performance on the 75 instances when optimizing 𝑓2
with 𝑘 ∈ {5, 10, 20} and imposing an 𝜖-constraint on 𝑓1 (allowing at most a 10% worsening
from the value returned by TS-ALNS with 100 outer iterations).

Table 6.14: Gurobi k-sum results

Name 𝑘 𝑄25 Avg. 𝑄50 𝑄75 𝑄90
Obj. Gap Impr. Obj. Gap Impr. Obj. Gap Impr. Obj. Gap Impr. Obj. Gap Impr.

C101 5 195.00 70.65% 0.00% 223.88 70.92% 10.21% 219.00 75.44% 0.00% 236.00 81.95% 0.00% 303.20 84.54% 56.56%
C101 10 251.00 71.47% 0.00% 371.68 71.96% 12.80% 366.00 77.49% 0.00% 401.00 81.84% 20.00% 523.80 84.43% 46.38%
C101 20 554.00 75.28% 0.00% 627.84 74.24% 8.10% 620.00 76.11% 0.00% 707.00 81.32% 0.00% 880.20 84.52% 40.18%
R101 5 198.00 53.04% 0.00% 251.76 59.99% 6.62% 241.00 62.17% 0.00% 300.00 69.44% 0.00% 318.00 75.36% 24.00%
R101 10 334.00 55.94% 0.00% 427.00 59.43% 7.49% 417.00 63.39% 0.00% 497.00 67.37% 0.00% 554.80 73.39% 36.81%
R101 20 527.00 46.37% 0.00% 672.44 55.30% 11.29% 640.00 61.56% 0.00% 802.00 66.75% 30.66% 900.80 71.18% 39.62%
RC101 5 224.00 66.76% 0.00% 251.96 70.72% 6.65% 252.00 73.25% 0.00% 286.00 76.48% 0.00% 311.20 79.99% 32.22%
RC101 10 353.00 60.09% 0.00% 394.68 67.48% 13.00% 416.00 71.71% 0.00% 458.00 75.32% 30.24% 505.00 79.28% 48.54%
RC101 20 642.00 65.48% 0.00% 699.52 68.99% 7.03% 717.00 70.43% 0.00% 780.00 76.23% 0.00% 816.80 80.44% 30.90%
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Table 6.14 reports aggregated statistics for each instance group and each value of 𝑘. For
each block of columns, we show the objective value, the MIP gap, and the improvement of
the incumbent with respect to the initial solution, evaluated at the 25th percentile, mean,
median, 75th percentile, and 90th percentile. Overall, Gurobi exhibits slow convergence and
remains far from optimality on these models. The MIP gaps remain very large across all
configurations: the minimum gaps are already high (20.3% for C101, 15.4% for R101, and
35.8% for RC101), while the average gaps rise to 72.4%, 58.2%, and 69.1%, respectively. In
all groups, the mean gap is significantly lower than the median, indicating that only a few
instances have relatively small gaps, while the majority exhibit gaps close to or above 70%.
The solver rarely improves the initial solution provided by TS-ALNS: only 14, 15, and 18
improved incumbents are observed for R101, C101, and RC101, respectively (i.e., fewer than
21% of all cases). Improvements do not correlate with the value of 𝑘 (11, 19, and 17 improve-
ments for 𝑘 = 5, 10, 20). When improvements do occur, they are typically large: average
improvements exceed 6.5% in all groups, and the top 10% exceed 24%.

These results indicate that improvements are almost exclusively found byGurobi’s heuris-
tics, since the branch-and-cut process rarely closes the gap. At the same time, the heuristics
are not sufficiently effective to reliably improve the initial solution. Overall, the combina-
tion of large MIP gaps and few incumbent improvements confirms the need for a dedicated
heuristic approach to solve these instances effectively.

6.10.5 SAKS performance
In this section we evaluate the performance of the proposed SAKS algorithm and compare
its results with those obtained by Gurobi. To assess the robustness of SAKS with respect
to its main design parameters, we tested the algorithm under two configurations, summa-
rized in Table 6.15. These configurations reflect the outcome of a parameter-tuning phase
aimed at identifying suitable ranges for the key KS hyperparameters. Configuration 1 was
manually designed after several preliminary experiments, whereas Configuration 2 was gen-
erated through automatic hyperparameter tuning using Optuna (Akiba et al., 2019), a widely
adopted framework for algorithmic parameter optimization. The tuning phase was con-
ducted on the instances of Set A, whereas SAKS was evaluated on instances of Set B to avoid
overfitting.

Table 6.15: Configuration Parameters

Conf. 𝑛𝑏𝑚𝑖𝑛 𝑛𝑏𝑚𝑎𝑥 𝑡 𝑙𝑚𝑖𝑛 𝑡 𝑙𝑚𝑎𝑥
1 5 30 15 40
2 9 26 15 42

For each configuration, we then solved all 75 benchmark instances in Set B with 𝑘 = 5, 10,
and 20, using a time limit of 10minutes per run. In total, this resulted in 450 SAKS executions.

Preliminary tests, not presented here for brevity, allows us to identify good threshold
values for ComputeBucketNumberScore and ComputeTimeLimitScore functions used in
SAKS. Their values are reported in Table 6.16. Keep in mind that 𝛾𝑥 thresholds identify if the
problem is too hard, whereas 𝜌𝑥 identify if the problem is too easy.

Table 6.17 reports aggregated performance statistics for the two SAKS configurations.
The first column identifies the instance class, the second the value of 𝑘, and the remaining
columns present the 25th percentile, average, median, 75th percentile, and 90th percentile for
each configuration. The results indicate that the two configurations perform very similarly.
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Table 6.16: SAKS Threshold values

Param. Value Formula
𝛾1 0.3 MipGap_max> 𝛾1
𝛾2 0.2 MipGap_max - MipGap_min > 𝛾2
𝛾3 0.1 MipGap_avg > 𝛾3
𝜌1 0.001 MipGap_max< 𝜌1
𝜌2 0.1 MipGap_max - MipGap_min < 𝜌2
𝜌3 0.001 MipGap_avg< 𝜌3

Table 6.17: KS results with different configurations

Name 𝑘 𝑄25 Avg. 𝑄50 𝑄75 𝑄90
Conf. 1 Conf. 2 Conf. 1 Conf. 2 Conf. 1 Conf. 2 Conf. 1 Conf. 2 Conf. 1 Conf. 2

C101 5 91.00 98.00 109.60 110.88 112.00 109.00 126.00 126.00 135.40 144.40
C101 10 165.00 174.00 195.68 200.28 198.00 199.00 218.00 225.00 243.20 245.60
C101 20 299.00 311.00 348.16 347.24 342.00 347.00 380.00 380.00 437.00 421.60
R101 5 146.00 135.00 158.76 160.08 156.00 149.00 171.00 181.00 187.40 214.00
R101 10 254.00 256.00 289.40 295.76 287.00 295.00 326.00 325.00 353.40 349.20
R101 20 422.00 433.00 493.48 489.84 504.00 498.00 536.00 533.00 620.40 580.40
RC101 5 132.00 141.00 157.84 163.32 153.00 148.00 168.00 170.00 192.20 221.00
RC101 10 252.00 246.00 287.60 294.36 273.00 295.00 311.00 323.00 361.00 357.60
RC101 20 452.00 468.00 500.48 512.00 490.00 497.00 539.00 552.00 599.40 603.40

Only in one case, RC101 with 𝑘 = 5, the percentage gap between the best and worst con-
figuration exceeds 3%. On average, however, the gap remains even smaller: 1.26% for C101,
1.25% for R101, and 2.7% for RC101, with minimum differences consistently below 1%. A fur-
ther observation is that the performance difference between configurations decreases as 𝑘
increases. Such an observation is supported by the Pearson’s correlation coefficient between
the gap and the value of 𝑘 taking value -0.37, indicating a weak negative correlation between
them. It is also easy to rationalize this: Since higher values of 𝑘 lead to more challenging
instances, the specific configuration appears to have a decreasing influence on the quality of
the solution.

Table 6.18: Configuration ranking

Inst. 𝑘 Conf. 1 Conf. 2 GRB
C101 5 1.58 1.74 2.68
R101 5 1.64 1.60 2.76
RC101 5 1.38 1.70 2.92
C101 10 1.48 1.76 2.76
R101 10 1.66 1.66 2.68
RC101 10 1.52 1.96 2.52
C101 20 1.60 1.64 2.76
R101 20 1.84 1.68 2.48
RC101 20 1.32 2.00 2.68
C101 - 1.55 1.71 2.73
R101 - 1.71 1.65 2.64
RC101 - 1.41 1.89 2.71
All - 1.56 1.75 2.69
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To compare the two SAKS configurations, Table 6.18 reports their statistical ranking,
computed following the same procedure used in Table 6.8. Recall that lower ranking values
correspond to better performance. The first block shows, for each instance group and each
value of 𝑘, the average rank of Configuration 1, Configuration 2, and Gurobi (GRB). The
second block aggregates the ranks over all 𝑘 within each instance group, while the last row
reports the ranking aggregated over all instances and all 𝑘. The results show that both SAKS
configurations consistently outperform Gurobi, which always attains the highest (worst) av-
erage rank. Between the two configurations, performance differences are small, but Config-
uration 1 tends to achieve the best overall ranking (1.56), followed closely by Configuration 2
(1.75). Examining the instance–𝑘 combinations, each configuration is best at least once, and
neither configuration is consistently superior across all cases. The narrow spread of ranking
values confirms that SAKS performance is largely robust to parameter choices.

Table 6.19: Binomial tests

Conf. 2 GRB

Wins Losses Tot. 𝑝-val. Wins Losses Tot. 𝑝-val.
1 132 88 220 1.82 × 10−3 190 35 225 2.85 × 10−27
2 - - - - 191 34 225 5.19 × 10−28

Table 6.19 reports pairwise Binomial tests comparing the two SAKS configurations and
Gurobi (GRB). For each comparison, the table shows how many times the configuration on
the row outperforms the one on the column (Wins), how many times it is outperformed
(Losses), the total number of comparisons, and the corresponding 𝑝-value. The Binomial
test assesses whether the probability of winning differs significantly from 0.5; small 𝑝-values
therefore indicate that one method consistently outperforms the other. The comparison be-
tween Configurations 1 and 2 shows that Configuration 1 wins more often (132 vs. 88), and
the very small 𝑝-value confirms that this advantage is statistically significant. When com-
paring SAKS to Gurobi, both configurations clearly outperform the solver: Configuration 1
wins 190 times against 35 losses, and Configuration 2 wins 191 times against 34 losses, with
both comparisons yielding 𝑝-values equal to zero up to numerical precision.

Table 6.20 reports the 𝑝-values of paired Wilcoxon and paired 𝑡-tests comparing Config-
uration 1 with Configuration 2 and with Gurobi (GRB) for each instance group. These tests
evaluate whether the distributions of objective values produced by two methods differ sig-
nificantly. The comparison between Configurations 1 and 2 shows a heterogeneous behavior
across instance groups. For C101 and R101, the 𝑝-values are generally above 0.05, indicating
no statistically significant difference between the two settings. In contrast, for the RC101
instances, especially for 𝑘 = 10 and 𝑘 = 20, the tests return 𝑝-values below 0.05, show-
ing that Configuration 1 performs significantly better than Configuration 2 on these harder
instances. The comparisons with Gurobi are unambiguous: every test returns 𝑝=0.00 (up
to numerical precision), confirming that both SAKS configurations consistently and signifi-
cantly outperform the MILP solver across all instance classes. Overall, these results indicate
that while Configurations 1 and 2 perform similarly on most instances, their differences be-
come statistically relevant on more challenging RC101 cases. Both configurations, however,
dominate Gurobi by a wide statistical margin.

In Table 6.21 we present the gap between KS and Gurobi. These statistics, cumulative
over KS configuration, are presented for each instance group, first column, and value of
𝑘, second column. The third column presents the 25th percentile, the fourth presents the
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Table 6.20: Wilcoxon tests

Conf. Name Conf. 2 GRB

W T W T
1 C101 0.50 0.44 7.69 × 10−6 2.48 × 10−6
2 C101 - - 7.69 × 10−6 2.48 × 10−6
1 C101 0.06 0.06 2.50 × 10−6 1.05 × 10−6
2 C101 - - 2.50 × 10−6 1.12 × 10−6
1 C101 0.57 0.88 2.50 × 10−6 1.75 × 10−8
2 C101 - - 2.50 × 10−6 1.75 × 10−8
1 R101 0.84 0.75 1.15 × 10−4 2.01 × 10−5
2 R101 - - 1.15 × 10−4 1.86 × 10−5
1 R101 0.56 0.28 7.69 × 10−6 1.59 × 10−5
2 R101 - - 7.69 × 10−6 1.59 × 10−5
1 R101 0.77 0.60 6.23 × 10−4 1.38 × 10−4
2 R101 - - 1.91 × 10−4 1.38 × 10−4
1 RC101 0.09 0.07 3.58 × 10−7 3.30 × 10−9
2 RC101 - - 3.33 × 10−5 4.23 × 10−8
1 RC101 0.02 0.04 1.55 × 10−3 7.33 × 10−6
2 RC101 - - 1.55 × 10−3 8.94 × 10−6
1 RC101 1.50 × 10−3 6.90 × 10−4 1.97 × 10−5 3.70 × 10−7
2 RC101 - - 2.47 × 10−5 6.77 × 10−7

Table 6.21: Gaps between KS and Gurobi

Name 𝑘 𝑄25 Avg. 𝑄50 𝑄75 𝑄90
C101 5 -56.66% -43.83% -51.50% -42.13% 2.37%
C101 10 -54.16% -40.41% -45.69% -36.44% 1.32%
C101 20 -51.36% -40.39% -44.59% -38.72% 1.20%
R101 5 -42.72% -31.86% -38.17% -28.52% 7.17%
R101 10 -40.52% -28.07% -32.69% -23.04% 3.31%
R101 20 -35.21% -22.04% -28.46% 1.19% 11.12%
RC101 5 -47.35% -34.20% -39.09% -23.25% -9.23%
RC101 10 -38.74% -23.65% -30.77% -1.41% 4.19%
RC101 20 -39.00% -25.25% -30.85% -13.33% 3.10%

average, and the fifth shows the median case. Finally the last two column present 75th and
90th percentile respectively.

This table show that in the average and median case, KS outperforms Gurobi by a large
margin in all instance groups and all values of 𝑘. On the other side, watching column 𝑄90 it
is possible to observe that in the best cases for Gurobi, it can outperform KS.

Table 6.22 reports the gap between KS and Gurobi when Gurobi at least as good as one
of the configurations. The table layout is the same as in Table 6.21.

From this table it is possible to observe that the average and median columns, when
Gurobi outperforms KS, this happens by a small margin. Ignoring the outlier of R101 𝑘 = 5,
the gap stay consistently under 10% both in the median case and in the average one as well.
Moreover it is possible to notice that these gaps are dependent on instance group. In fact,
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Table 6.22: Gaps between KS and Gurobi Best Solutions

Name 𝑘 𝑄25 Avg. 𝑄50 𝑄75 𝑄90
C101 5 2.08% 8.58% 4.59% 12.62% 24.76%
C101 10 2.75% 6.12% 4.96% 8.51% 11.80%
C101 20 3.00% 5.26% 3.78% 7.01% 10.20%
R101 5 9.04% 15.93% 13.73% 21.35% 25.84%
R101 10 1.59% 9.67% 8.86% 15.35% 20.77%
R101 20 4.38% 8.10% 8.59% 12.77% 14.53%
RC101 5 1.85% 2.22% 2.22% 2.59% 2.81%
RC101 10 0.36% 2.45% 2.62% 5.60% 6.76%
RC101 20 2.58% 5.00% 5.56% 7.09% 8.34%

the largest gaps for RC101 are comparable with the average ones for the other groups.

6.11 Conclusions

In this chapter, we introduced and analyzed a novel bi-objective extension of the Vehicle
Routing Problem in the context of last-mile delivery. The proposed formulation simultane-
ously minimizes the routing time and the congestion on the most densely populated streets.
The second objective is defined through the concept of k-equity, measured as the average im-
pact on the k most affected streets in a delivery solution. The impact of a street is quantified
as the product of the number of residents living there and the number of times a vehicle tra-
verses it. The model relies on a multigraph representation that allows multiple alternative
paths between pairs of nodes, thus enabling different trade-offs between routing duration
and population exposure. An extensive sensitivity analysis was performed on a large set of
instances derived from real-world data from the cities of Charleston and San Francisco, USA.
The computational results demonstrate that significant reductions in population impact can
be obtained with only marginal increases in routing time. The study provides several rules
of thumb that can assist decision makers in designing policies for last-mile delivery that are
both efficient and equitable. As a direction for future research, we plan to refine the estima-
tion of population impact by incorporating temporal variations, allowing routing strategies
to adapt to fluctuations in exposure throughout the day.



Chapter 7

Conclusions

In this thesis, we have studied two classes of Last Mile Delivery (LMD) Problems concern-
ing alternative multi-modal delivery methods and Fair Vehicle Routing Problem (VRP). Us-
ing compact Mixed Integer Linear Programming (MILP) formulation we run comprehensive
sensitivity analysis on realistic instances to draw useful insights for decision makers in pub-
lic and private sector. Precisely, we formulate single-objective MILPs to address complex
decision making process, and bi-objective problems to address conflicting or intertwined de-
cision. Then, we propose, and validate, exact and heuristic methods to tackle large scale
instances efficiently. Proposed algorithms prove themselves efficient and effective in solving
hard instances, outperforming state-of-the-art solver terms of solution quality and compu-
tational time.

The computational analysis presented throughout Chapters 2 to 6 provides a compre-
hensive assessment of both modeling and algorithmic choices. Chapter 2 shows that when
installing lockers in public transport station, in order to facilitate a public transport crowd-
shipping system, under fixed and variable budget constraint, it is possible to efficiently lo-
cate them in such a way to not only maximize the total customers satisfaction, but also
network coverage, to provide service to customers in sparsely populated areas. In Chap-
ter 3, we shows that given a large enough number of crowdshippers, it is possible to prove
a high-quality delivery service that is both cheaper and more environmentally friendly than
a traditional one. We also show that a compact MILP model is incapable of handling re-
alistically sized instances. Therefore, we propose a tailored Adaptive Large Neighborhood
Search metaheuristic to handle these instances efficiently. Chapter 4 reports the results of
a high-performance Branch-and-Price algorithm for the problem introduced in Chapter 3,
which illustrate that it is possible to solve to optimality very large scale instance in short
computational time. Moreover, results show that a major contributing factor in the instance
complexity is the number of backup parcels in the optimal solution. In Chapter 5, we provide
computational results, run on real-world base instances, showing that it is possible to re-
route traffic away from certain city districts during peak-hours without increasing too much
the total routing cost. Finally, Chapter 6 shows that it is possible to steer heavy-vehicular
traffic away densely populated streets without increasing tomuch the total routing cost. This
is especially true when more than one path is allowed between two customers. Moreover,
the proposed Kernel Search algorithm outperforms Gurobi in large scale instances, allowing
to apply such a system in a real-world applications.

In conclusion, this thesis show, in Part I, that it is possible to reduce environmental im-
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pacts with out a sacrifice in delivery efficiency, and, in Part II, that it is possible to reduce
disturbance imposed to residents without resorting to excessively expensive delivery plans.
Future avenues of research, besides the ones highlighted at the end of each chapter, include
the integration of the two proposed paradigms into one, where disturbance, costs, and envi-
ronmental impacts are all taken into account by one method combining alternative delivery
methods with disturbance minimization.
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