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1 | INTRODUCTION

In this paper, we consider the problem of decomposing the complete multipartite graph into
cycles. We use the notation K, [n] to denote the complete multipartite graph with m parts of
size n. Note that if n = 1, then K,,,[1] is isomorphic to the complete graph K,, on m vertices,
whereas K, [2] is isomorphic to K, — I, the complete graph on 2m vertices with the edges of a
1-factor I removed. We denote by C, a cycle of length ¢ (briefly, an ¢-cycle), and by
(co, €1, .., Cp—1) the €-cycle whose edges are {co, c1}, {c1, 2}, ..., {Co—1, Co}.

We say that a graph I' is decomposed into subgraphs I3, I}, ..., I}, if the edge sets of the [
partition the edges of I'. If I} @ I, & ..+ = I} > H, then we speak of an H-decomposition of I.
A Cy-decomposition of a graph I is also referred to as an ¢-cycle system of I'. The problem of
decomposing K,, if m is odd, or K, — I if m is even, into cycles of fixed length ¢ has a long
history (see [17], Chapter 8 and [16], Chapter VI.12]) until its solution in [1,28] (see also [7]).
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Theorem 1.1 (Alspach and Gavlas [1] and Sajna [28]). There is a C,-decomposition of K,
m odd, if and only if 3 <€ <m and ¢ ‘(';) There is a Cp-decomposition of K, — I, m

even, if and only if 3 < ¢ < m and €| m(mz—z)'

A natural next step is to consider #-cycle decompositions of K,,[n]. Obvious necessary
conditions for the existence of such a decomposition are that ¢ is at most the number of vertices
in K, [n] that the degree (m — 1)n is even and that ¢ divides the number of edges of K, [n],
summarized in the following lemma.

Lemma 1.2. If there exists a Co-decomposition of Ky, [n], then 3 < € < mn,(m — 1)n is

even and € ‘('Z)nz

These conditions have been shown to be sufficient in several cases. The results of [1,28]
show sufficiency when n € {1, 2}. Other cases that have been settled include that m <5
[3,4,13], ¢ € {3, 4, 5, 6, 8} [5,14,15,18], and ¢ is prime [22], twice a prime [30], or the square of a
prime [29,33]. Among the most general results are that the obvious necessary conditions are
sufficient if the cycle length ¢ is small relative to the number of parts m, in particular £ < m ifn
is odd or 2m if n is even [31,32]; see also [2] for some recent works on decompositions into
cycles of variable length. Nevertheless, the existence problem for cycle decompositions of the
complete multipartite graph remains open in general.

In this paper, we consider the problem of constructing cyclic €-cycle systems of K,,, [n]. To define
this concept, we first recall the definition of a Cayley graph on a group G with connection set Q,
denoted by Cay[G : Q]. Let G be an additive group, not necessarily abelian, and let Q@ C G\{0} such
that for every w € Q we also have —w € Q. The Cayley graph Cay[G : Q] is the graph whose
vertices are the elements of G and in which two vertices are adjacent if and only if their difference is
an element of Q (an analogous definition can be given in multiplicative notation).

Consider the natural action of G on the cycles of I' = Cay[G: Q]: given a cycle
C=(cp,C1,sCco—1) in T and g€ G, we define C+g to be the cycle (co+ g c1+
g, s Co—1 + g). The subgroup of G consisting of all the elements g such that C + g =C is
called the G-stabilizer of C. The set Orbg(C) = {C + g|g € G} of all distinct translates of C is
called the G-orbit of C. For T = Cay[G : Q], a cycle system of I is said to be regular under the
action of G, or G-regular, if it is isomorphic to a cycle system ¥ of Cay[G : G\N], for a suitable
subgroup N of order n, such that C + g € ¥ foreveryC € ¥ and g € G. In particular, when G
is the cyclic group Z,, a G-regular cycle system is called cyclic.

Clearly, K, [n] is isomorphic to Cay[G : G\N], where G is a group of order mn and N is any
of its subgroups of order n. Note that the right cosets of N in G determine the m disjoint parts of
K, [n]. In this paper, our primary focus is cyclic cycle systems of K, [n], in which case we take
G = Zpmn and N = mZ,,,, = {mx|x € Zpy}.

Cyclic ¢-cycle decompositions of K, (ie, the case n = 1) have been extensively studied, and
the existence problem has been solved when m = 1, € (mod 2¢) [6,8,21,27,34], ¢ = m [9],
€ < 32 [38], ¢ is twice or three times a prime power [37,38], or ¢ is even and m > 2¢ [36]. For
n = 2, the existence problem for #-cycle systems of K,,[2] = K, — I is solved when m =1
(mod ¢) [6] or € | 2m [20]. Less is known for cyclic #-cycle systems of K, [n] with n > 3. The
case ¢ = 3 is solved in [35]. More generally, cyclic £-cycle decompositions of K, [n] have been
studied for € odd and n = ¢ [8] and for Hamiltonian cycle systems of K,,[n] with mn even
[19,24,25].
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In this paper, we focus on the existence of cyclic #-cycle systems of K,,[n] when
2¢|1(m — 1)n. This is a natural case to consider, as it means that we may construct cyclic cycle
systems in which all cycle orbits are full, that is, the orbit of any cycle has cardinality mn. Note
that when ¢ > 3 and 2¢1(m — 1)n, the conditions of Lemma 1.2 hold, so that an £-cycle system
of K,,,[n] may exist. A complete solution for cyclic decompositions is known when n € {1, 2}, or
when n = ¢ and both ¢ and m are odd.

Theorem 1.3 (Buratti and Del Fra [8]). For any integers € >3 and m such that
2¢1(m — 1), there is a cyclic €-cycle system of K,

Theorem 1.4 (Bryant et al [6]). If € |(m — 1), then there is a cyclic £-cycle system of K, [2]
if and only if m = 0 or 1 (mod 4).

Theorem 1.5 (Buratti and Del Fra [8]). Let m, € > 3 be odd with (m, ¢) # (3, 3). Then
there is a cyclic €-cycle system of K, [€].

We will extend these results to the case n > 3, giving necessary and sufficient conditions for
the existence of a cyclic £-cycle system of K, [n] when 2¢€1(m — 1)n. As in the results above, the
main tools are difference methods. Our main result is the following theorem.

Theorem 1.6. Let m,¢ > 3 and n > 1 be integers such that 2¢1(m — 1)n. There exists a
cyclic ¢-cycle system of K, [n] if and only if the following conditions hold:

1. If n = 2 (mod 4) and ¢ is odd, then m = 0 or 1 (mod 4).
2. Ifn =2 (mod 4) and € = 2 (mod 4), then m % 3 (mod 4).

The paper is organized as follows. Section 2 contains basic observations, definitions, and
methods: we first explain the necessity of Conditions 1 and 2 of Theorem 1.6 in Section 2.1; we
then discuss difference families in Section 2.2 and present a recursive construction in Section
2.3 which will be very useful in what follows. In the rest of the paper, we prove the sufficiency
of Conditions 1 and 2 by explicitly constructing a cycle system in all possible cases: we deal with
cycles of even length ¢ in Section 3, whereas the case ¢ odd, which is more complex, is
discussed in Sections 4-6. In Section 4 we outline the proof of the odd case and present some
preliminary lemmas, and then treat separately the case £/m — 1 in Section 5 and ¢|n in Section
6. In Section 7 we make some final remarks on what happens if we study regular, rather than
cyclic, systems.

2 | BASICS

21 | Necessary conditions for cyclic cycle systems

If there is a cyclic €-cycle system of K, [n], then the conditions of Lemma 1.2 hold. However,
these conditions are not sufficient for the existence of a cyclic cycle system. In this section, we
state further necessary conditions, which reduce to those of Theorem 1.6 when 2¢|(m — 1)n,
and consider necessary conditions for the existence of regular cycle systems of K, [n] more
generally. We start by recalling a result, proven in [24] (see also [12]), which gives us necessary
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conditions for the existence of a cyclic ¢-cycle system of K, [n]. Here, given a positive integer x,
we denote by Ix|, the largest e for which 2¢ divides x.

Theorem 2.1 (Merola et al [24]). Let n be an even integer. A cyclic ¢-cycle system of Ky, [n]
cannot exist in each of the following cases:

(a) m =0 (mod 4) and 1€1, = Imly, + 2 Inl, — 1;

(b)) m=1(mod 4) and 1€, =Im — 1, + 2 Inl, — 1;

(¢c) m=2,3(mod 4),n =2 (mod 4), and ¢ # 0 (mod 4);
(d) m=2,3(mod 4),n =0 (mod 4), and 1€, =2 Inl,.

As we are interested in the case where 2¢1(m — 1)n, we note the following consequence.

Corollary 2.2. Suppose 2¢|(m — 1)n. There does not exist a cyclic €-cycle system of
K, [n] if either of the following hold:

1. n =2 (mod 4), ¢ is odd, and m = 2, 3 (mod 4), or
2. n=2(mod 4),¢ =2 (mod 4), and m = 3 (mod 4).

2.2 | Difference families

We now describe the general method we use to construct cyclic #-cycle systems of K,,, [n] in the
case where 2¢ is a divisor of (m — 1)n.

We will view K,,, [n] as the Cayley graph Cay|Z,.y, : Zyy\MZ ], where by mZ,,, we mean the
only subgroup of order n of Z,,,; thus vertices of K,, [n] will generally be taken as elements of
Zmn and the parts of K, [n] as the cosets of mZ,,, in Z,.

Given a cycle C =(cg,C1,...r Co—1) With vertices in Z, the multiset AC = {+
(cp+1 — €n)10 < h < €}, where the subscripts are taken modulo ¢, is called the list of differences
from C. More generally, given a family ¥ of cycles with vertices in Z,,,, by AF¥ we mean the
union (counting multiplicities) of all multisets AC, where C € F.

Notation 2.3. We will frequently consider intervals of consecutive differences, and for
a, b € Z with a < b, we will use the notation [a, b] to denote the set {a,a + 1, ..., b}. If
a > b, then [a, b] = @.

Definition 2.4. An (mn, n, Cy)-difference family (DF in short) is a family F of £-cycles
with vertices in Z,,, such that A¥ = Z,,,\mZ,,. In other words, an (mn, n, C,)-DF is a set
of base cycles whose lists of differences partition between them Z,,,\mZ7Z,,,.

Since |AC| = 2¢ for every C € ¥, it follows that 2¢ |F| = |Z,,\mZp,| = (m — 1)n.
Therefore, a necessary condition for the existence of an (mn, n, Cp,)-DF ¥ is that 2¢ is a
divisor of (m — 1)n, so that |F| = (m — 1)n/2¢.

Let us recall the following standard result (see, eg, [10]).

Proposition 2.5. If there exists an (mn, n, C,)-DF, then 2¢ is a divisor of (m — 1)n, and
there exists a cyclic €-cycle system of K, [n].
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Proof. Let ¥ ={C,Cy..,C} be an (mn,n,Cp)-DF. It is easy to check that
UJi=10rbz,, (C) is the desired cyclic ¢-cycle system of K, [n]. O

Note that in the cycle system we obtain from the DF all cycles will have trivial stabilizer, so
that all the orbits on the cycles are full orbits.

Example 2.6. Let ¢=6,m=7,n=4, and let C;=(0,-1,2,—4,4,—-5) and
G, =(0,-2,2,-9, 3, —10) be two 6-cycles with vertices in Z,g. Since

AC = +{1,3,5,6,8,9} and AC,= +{2,4,10,11, 12,13},

we have that AC; U AC, = +[1, 13]\{7} = Z5\7-Z»3, hence F = {C}, C,} is a (28, 4, Cy)-
DF. It is not difficult to check that the set {C; + j, C; + jlj € Zyg} of all translates of C;
and C, under the action of Zyg is a cyclic 6-cycle system of K;[4].

As a consequence of Proposition 2.5, Corollary 2.2 gives further necessary conditions for the
existence of an (mn, n, C,)-DF. We thus make the following definition.

Definition 2.7. Let m,¢ >3 and n > 1 be integers. We call the triple (mn,n, €)
admissible if 2¢ |(m — 1)n, and the following conditions are both satisfied:

1. If n = 2 (mod 4) and ¢ is odd, then m = 0 or 1 (mod 4).
2. If n =2 (mod 4) and ¢ = 2 (mod 4), then m # 3 (mod 4).

Thus if there exists an (mn, n, C,)-DF, then (mn, n, €) is admissible.
We note that the results quoted in Theorems 1.3, 1.4, and 1.5 are proved using difference families.
For future reference, we restate these results using the language of difference families.

Theorem 2.8 (Buratti and Del Fra [8]). For any integers ¢ >3 and m such that
2¢1(m — 1), there is an (m, 1, Cp)-DF.

Theorem 2.9 (Bryant et al [6]). If ¢|(m — 1), then there is a (2m, 2, C,)-DF if and only if
m = 0 or1 (mod 4).

Theorem 2.10 (Buratti and Del Fra [8]). Let m, £ > 3 be odd with (m, €) # (3, 3). Then
there is a (mé, €, Cp)-DF.

23 | A blow-up construction
The following result will be an essential tool in our later constructions to blow up parts in a

cyclic cycle system of K, [n] and increase cycle lengths.

Theorem 2.11. If there is an (mw, w, Cp)-DF, u is a positive divisor of s > 0, and €(s — 1)
is even, then the following hold:

1. there exists an (mws, ws, Cp)-DF;
2. there exists a cyclic €u-cycle system of K, [ws].
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Proof. Let ¥ be an (mw, w, C,)-DF, let u be a positive divisor of s and set ¢t = s/u. For
every cycle C of ¥, with C = (¢, ¢y, ..., co—1), and for every j € [0, s — 1], we define the
éu-cycle C/ = (coj, ¢y cgu_l) as follows:

¢ if i iseven,and i < ¢ — 2,
¢ + jmw if i isodd,and i < ¢ — 1,
L ¢ + jmw/2 ifi=¢—1iseven,
¢/ +qmw ifi=qgf+rwithl<g<u-1land0<r<©¢.

We point out that the vertices of C are considered as integers in [0, mw — 1], whereas the
vertices of CV are elements of Z .

We recall that, by assumption, (s — 1)# is even, hence s is odd when ¢ is odd. In this
case, the map x € mwZ,,,; = 2x € mwZy,, is bijective, which means that for every
X € mwZy,,s the element x/2 is uniquely determined.

Set 7 = {C/IC € F,j € [0, s — 1]}. We start showing that A" contains every element
of  Zpws\MZypys. Let d=mwj+ k € Zyys\mZyys, where je[0,s—1] and
k € [0, mw — 1] is not a multiple of m. Recalling that ¥ is an (mw, w, Cy)-DF, there
exists a cycle C = (cy, ¢1, ..., Co—1) of F such that ¢;4; = ¢; + kK (mod mw) (replacing k
with —k if necessary). It is not difficult to check thatd € AC", where h € [0, s — 1] is the
following:

J if i iseven,and i < ¢ — 2,
—j if i isodd,and i < ¢ — 3,
h = —2j ifi=¢—2isodd,
(mod s)

2(t =) if i=¢ —1 iseven,
=) if i =¢ — 1 isodd.

Hence, AF" 2D Zipws \MZippws. Since |AF| = 26u |F'| = 26u |F1 s = (m — 1)wsu, when
u = 1 we have that AF" = Z,s\MZ s, hence F is the desired (mws, ws, C,)-DF.

It is left to show that 7 = | JcerOrb(C) is a cyclic fu-cycle system of K, [ws], where
Orb(C) denotes the Z,,,s-orbit of C. We denote by € the number of edges of K, [ws]—
counted with their multiplicity—covered by the cycles in #”. By construction,
C + tmw = C for every C € ¥, then |0rb(C)| < ™=, hence

u

mws mws

e=CulF'| <€ulF| = fus | Fl

= |E (K, [ws])I. (D)
u

Therefore, it is enough to show that every edge of K,,, [ws] lies in at least one cycle of .
By recalling that AF" D Zyys\MZpys, it follows that every edge {x, x + d} of K, [ws]—
hence with d ¢ mZ,,—belongs to some translate of the cycle of ¥ whose list of
differences contains +d. Therefore, F” is a cyclic u-cycle system of K, [ws]. O

Note that some recursive constructions similar to the one above can be found in [11].
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Example 2.12. Let m=s=3 and ¢=w=5. Also, let ¢g=0,c=1,¢c,=175,
c3 = 10, ¢4 = 8. Setting C = (co, ¢1, 2, C3, €4), We have that AC = +{1, 2, 4, 5, 8}. Hence,
if the vertices of C are considered modulo 15, we obtain a (15, 5, Cs)-DF.

We take u = 1 and, following the proof of Theorem 2.11, for every j € [0, 2] we define
the 5-cycle CJ = (c({ ,ef e ed el ) as follows:

¢ if i =0,2,
¢/ =3¢ +15 ifi=1,3,
¢ +30] ifi=4

Hence C° = C, C! = (0, 16, 5, 25, 38), and C? = (0, 31, 5, 40, 23). One can check that
7 ={C° C', C? is a (45, 15, Cs)-DF.

Finally, we take u = 3, and for every j € [0, 2] we let ¢/ = (¢, ¢/, ..., ¢/,_;) be the
5u-cycle defined as follows:

Ci ifi:0,2,
¢+ 15) ifi=1,3,
i = Lo+ 30j if i = 4,

¢/ s+ 15 if i €[5,9],
¢/ o +30 ifiel10,14].

We then have

Cc®=(o,1,5,10,8, 15, 16, 20, 25, 23, 30, 31, 35, 40, 38),
Cct=(o, 16, 5, 25, 38, 15, 31, 20, 40, 8, 30, 1, 35, 10, 23),
C?=(o0, 31, 5, 40, 23, 15, 1, 20, 10, 38, 30, 16, 35, 25, 8),

and the set #7 = {C/ + h|h € [0, 14]} is a cyclic 15-cycle system of K3[15].

3 | CYCLES OF EVEN LENGTH

In this section we construct cyclic €-cycle systems of K,,[n] when ¢ is an even divisor of
(m — 1)n/2. By Proposition 2.5, it is enough to provide suitable difference families. We will
build these difference families by making use of Lemma 3.2, which can be thought of as a
generalization of Lemma 5.3 in [23], proved using alternating sums.

Definition 3.1. If D ={d), dy, ..., dx} is a set of positive integers, with d; < d;;; for
i € [1, 2k — 1], the alternating difference pattern of D is the sequence (sy, S, ..., S¢), Where
S; = dy; — dy;_1 for everyi € [1, k]. Furthermore, D is said to be balanced if there exists an
integer 7 € [1, k] such that );7_ s; = Zf=r+1 Si.

Lemma 3.2. If D is a balanced set of 2k positive integers, then there exists a 2k-cycle C
such that AC = +D and V (C) C [—d, d’], where d = maxD and d’ = max(D\{d}).
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Proof. Let D ={d;, dy, ..., dpx} Wwith d; < d;;; for i € [1, 2k — 1]. Since D is balanced,
there is 7 € [1, k] such that ¢ = Eiz;(—l)idi — Zizizﬂl(—l)idi = 0. Let &, 8y, ..., 2 be
the sequence obtained by reordering the integers in D as follows:

d; ifi e [1, 21’],
51' = di+1 ifie [2‘[ + 1,2k — 1],
d2t+1 if i = 27.

Setco=0and¢ = Zih:l(—l)héh fori € [1,2k — 1].Since 0 < 8; < 8, < -+ < 8y_1, WE
have that ¢; # ¢; whenever i # j. Also, the following inequalities hold:

J % j—1
0< Z (82n — on-1) = Z (=D = ¢y = =81 + Z (82 — Sans+1) + 8y < 6y
h=1 h=1 h=1
for every j € [1, k — 1], and
j 2j+1
—8yi41 < Z (62n — Gan-1) — Sgjy1 = Z (—D)hs,
h=1 h=1

J
=Cjp1 = =61 + Z (62n — S2n+1) < =61
h=1

for every j € [0,k —1]. Therefore, every c¢; belongs to [—Op_1,0x—2], Where
O2k—1 = max D and &y, = max(D\{0x_1}).

To prove that C = (co, €1, ..., Cop—1) is the desired 2k-cycle, it is left to show that
AC = £D. Note that

2k—1 27 2k—1
Com1— Co=Cpor = Y, (DG = D (=Dldp + Y, (=1)dpi
h=1 h=1 h=27+1
27 2k
=2, DMy = Y (-D'dy =0~ dyy1 = 0~ b
h=1 h=27+2

By recalling that o = 0, we have that ¢y, — ¢ = —8y. Finally, ¢; = ¢;_ + (—1)'6; for every
i € [1, 2k — 1], therefore AC = +{8;, 95, ..., 5} = £D, and this completes the proof. O

Remark 3.3. We note that Lemma 3.2 constructs the cycle C with vertices in Z. In
practice, we will use this lemma to construct cycles in K, [n] with vertices in Z,,,; the
condition V (C) C [—d, d'] ensures that C is a cycle provided mn > d + d'.

Example 3.4. Take k=6 and D =1{1,3,5,7,8,9, 10, 12, 14, 15,17, 19}. Since the
alternating difference pattern of D is (2, 2, 1, 2, 1, 2), D is clearly balanced.
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Following the notation of Lemma 3.2, we have (6,9, ...,615) =(1,3,5,7,8,9,
12,14, 15,17, 19, 10), and the 12-cycle C = (0, cy, ..., Cox—1), built using this sequence,
where ¢; = Zlh:l(—l)héh fori € [1, 11] is the following:

Cc=1(0,-1,2,-3,4,-4,5-7,7,-8,9, —10).

Note that V' (C) C [-19, 17] and AC = +D.

31 | ¢=0(mod 4)

We first consider the case in which the cycle length ¢ is a multiple of 4 and 2¢1(m — 1)n, hence
the nonexistence conditions of Corollary 2.2 are never realized. Indeed, we can use Lemma 3.2
to build an (mn, n, C,)-DF, thus proving that in this case we always have a cyclic ¢-cycle system
for K, [n].

Theorem 3.5. If 41¢ and 2¢\n(m — 1), then there exists an (mn, n, Cp)-DF, and hence
there exists a cyclic €-cycle system of K, [n].

Proof. Set D = [1, |nm/2|]\([1, n]-m) and note that +D = Z,,,\mZ,,,. To build an
(mn, n, C,)-DF, it is enough to show that D can be partitioned into a family of balanced #-
sets, and apply Lemma 3.2. The existence of a cyclic £-cycle system of K,, [n] then follows
from Proposition 2.5.

Case 1: m is odd. We recall that by assumption|D| = (m — 1)n/2 is a multiple of ¢, hence
(m — n/2 = q¢ for some q > 0. Now, let D = {d;, dy, ..., dgp} With d; < d;;;. Since m
is odd, one can check that dy — dy_1 = 1 for every i € [1, g¢/2]. Therefore, we can
partition D into the subsets D; = {d¢j11, dgj+2, --., de(j+1)} Whose alternating difference
pattern is (1, 1, ..., 1) for every j € [0, q — 1]. Since ¢ = 0 (mod 4), every D; is clearly
balanced.

Case 2: m is even. In this case, n = 0 (mod 8). Let £ = 41, n = 8t for some ¢t > 0, and let
be the involutory permutation of the set D defined by t(x) = 4tm — x for every x € D.
We notice that if X is a subset of [1, 2tm — 1] with size 24 and alternating difference
pattern is (s, sy, ..., $3), then the set X = X U t(X) has size 41 and its alternating
difference pattern is (sy, S, ..., S1, S3, ---» S2, S1); hence X is clearly balanced.

Now, let A =[1, 2tm — 1]\([1, 2t — 1]-m). Recall that by assumption 2¢In(m — 1),
hence 2A11Al Let {4;, A;, ...,Aq} be a partition of A into sets of size 21 and set
A; = A; U t(A;). As shown above, each A; is balanced. Considering that {A, t(4)} is a
partition of D, it follows that the A;’s partition between them D and this completes the
proof. O

Example 3.6. Let ¢ =12, m = 4, and n = 16. Following the notation of the proof of
Theorem 3.5 we have D = [1,32]\([1, 8]-4), and A = [1, 15]\{4, 8, 12}. Setting, for
instance, A; = [1,7]\{4} and A, = [9,15]\{12}, we partition D into the two sets
A = AU (4) for i = 1,2, where t(4;) = [25, 31]\{28} and ((4,) = [17, 23]\{20}. By
applying Lemma 3.2 we build the two cycles:
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Cl = (05 19 _]-’ 29 _3y 35 _49 22, _S, 24, _6, 25),
C,=(0,9, -1, 10, 3, 11, —4, 14, —5, 16, —6, 17),

such that AC; = +A4; for i = 1, 2. Therefore {C,, C,} is a (64, 16, C;»)-DF.

32 | ¢=2(mod 4)

Let us now consider the case ¢ = 2 (mod 4). We will show that for any such ¢, there is a cyclic
¢-cycle decomposition of K,,[n] whenever the conditions of Theorem 1.6 hold. Our general
approach in this case is as follows. Let 4,, = gcd(m — 1, €) and let ny be the smallest value for
which the triple (mng, ng, €) is admissible. If 4,, > 3, we build an (mng, ny, G;)-DF, where
A = A, (Theorem 2.8) or 21,, (Lemma 3.7), and if 4,, < 2, we find an (mn,, ny, Cy)-DF (Lemma
3.8). We then obtain a cyclic C,-decomposition of Ky, [n] by applying Theorem 2.11.

We start by recalling that Theorem 2.8 guarantees the existence of an (m, 1, C,)-DF
whenever m = 1 (mod 2¢) and ¢ = 2 (mod 4).

We now prove two lemmas which we will need to prove the general existence result.

Lemma 3.7. There exists a (4m,4,Cp)-DF whenever 6 <€ =2 (mod 4) and
€12(m — 1).

Proof. Letq = 2(m — 1)/¢, and note that 2¢g < m — 1; also let

_ )1, 2q] if m is odd,
“l1,2g - 2]u{m —1,m+ 1} if m iseven,

Since g # m (mod 2), there exists a partition {{a;, a; + 2}li € [1, q]} of the elements of A
into pairs at distance 2, where a; = m — 1 if m is even. Set

[2¢g+1,m—1]U[m+ 1,2m — 1] if m isodd,
[2¢g —1,m—=2]u[m+2,2m —2]uU{2m + 1} if m iseven,

and let {B;li € [1, q]} be a partition of 8 such that each B; contains £ — 2 elements and
maxpep, d < minyep d whenever i < j. Note that each B; can be partitioned into pairs of
consecutive integers except when i = g and m is even. In this case, B, can be partitioned
into pairs of consecutive integers and a pair at distance three. Finally, for each
iel,q],set

D; = {a;, a; + 2} U B,.

Clearly, the ¢-sets D; between them partition A U B, and each D; has the following
alternating difference pattern:
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2,1,..,1) ifi<gqg, ori=gq and m isodd,

2,1,..,1,3) ifi=q#1 and m iseven,

(1,..,1,2,1,..,1,3) ifi=qg=1 and m iseven.
(+2)/4  (¢-2)/4

Therefore, each D; is balanced and the assertion follows from Lemma 3.2. O

Lemma 3.8. There exists an (mn, n, Cp)-DF whenever 6 < € = 2 (mod 4) and at least
one of the following conditions holds:

1. m =1 (mod 4) and 2n = 0 (mod ¢), or
2. n =0 (mod 2¢).

Proof. We first consider the case m = 1 (mod 4) and 2n = 0 (mod ¢). It is enough to
show that there exists an (m%, g, Cg)-DF; the result then follows from Theorem 2.11 with
s = 2n/é.

We have that ¢ = (m — 1)/4 is the number of cycles in an (MTB, %, Cg)-DF. Also, let

17
4 4

[(€—2)m + 1, €m—6]u{€m+2} if m = 5 (mod 8).
4 4 4

[(€—2)m N €m—2] if m =1 (mod 8),

Note that A can be partitioned into pairs {{a;, a; + 2}li € [1, q]}.

Let B8 =[1, (¢ — 2)m/4]\m|[1, (£ — 2)/4], and let {B;|i € [1, q]} be a partition of B
such that each B; contains ¢ — 2 elements and max B; < min B; if i <j. Since
m = 1 (mod 4), it follows that each B; can be partitioned into pairs of consecutive
integers. Now, for each i € [1, q], set D; = {a;, a; + 2} U B;. Clearly, D; has alternating
difference pattern (1,1, ..., 1, 2). Hence each D; is balanced, and by Lemma 3.2 there
exists a set ¥ = {Cj|i € [1, q]} of £-cycles with vertices in Zy,, such that AC; = +D;.
Since the sets +D; partition between them +(A U B) = Zpe/2\MZpe 2, it follows that F is
the desired (ng g, Cg)-DF.

Now suppose n = 0 (mod 2¢). It is enough to construct a (2¢m, 2¢, C,)-DF and then
apply Theorem 2.11 with s=n/2¢. For ie€[l,m—1], let D;={i+ jm|je
[0, ¢ — 2] U {¢}}. Each D; has alternating difference pattern (m, ..., m, 2m); hence D; is
clearly balanced and by Lemma 3.2 there exists a set ¥ = {C;li € [1, q]} of £-cycles with
vertices in Z,,, such that AC; = +D;. Considering that the sets +D; partition between
them Z,p,\mZ,,, we have that ¥ is a (2ém, 2¢, C,)-DF. O

Example 3.9. Let ¢ = 10, m = 13, and n = 5. Following the notation of the proof of
Theorem 3.8, we have that ¢ = 3, the set A = [27, 31] U {33} is partitioned as

{{27, 29}, {28, 30}, {31, 33}},
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and the set 8 = [1, 26]\{13, 26} is partitioned as follows:

Bl = {1’ 29 35 47 5’ 6’ 79 8}9
B, =1{9,10,11, 12, 14, 15, 16, 17},
B; ={18, 19, 20, 21, 22, 23, 24, 25}.

Set D; = B; U {27,29}, D, = B, U {28,30}, and D3 = B3 U {31,33}. The cycles of a
(65, 5, Cip)-DF are given by

Cl = (0’ _la 1’ _2a 25 _3’ 3a _5’ 225 _7),
c,=(0,-9,1,-10,2,-12, 3, —14, 14, —16),
C;=(0,-18,1,-19, 2, —20, 3, —22,9, —24).

Example 3.10. Let¢ = 6, m = 3, and n = 2¢ = 12. Following the notation of the proof
of Theorem 3.8, we have that g = 2,

D, ={1,4,7,10,13,19} and D, ={2,5,8, 11, 14, 20}.
The cycles of a (36, 12, Cyx)-DF are given by
¢, =(0,-1,3,-4,6,—-13) and C,=(0,—-2,3,-5,6, —14).

We now prove the main result of this section, which gives necessary and sufficient
conditions for the existence of a cyclic cycle system when ¢ = 2 (mod 4).

Theorem 3.11. Let¢,m > 3 andn > 1 be integers. If ¢ = 2 (mod 4) and2¢ | n(m — 1),
then there exists a cyclic €-cycle system for K, [n], except when m = 3 (mod 4) and
n = 2 (mod 4).

Proof. When m = 3 (mod 4) and n = 2 (mod 4), the nonexistence of a cyclic #-cycle
system for K, [n] follows from Corollary 2.2.

We now show sufficiency. Let 6 < ¢ =2 (mod 4) such that 2¢ | n(m — 1), and
assume that n # 2 (mod 4) when m = 3 (mod 4). Set 4,, = gcd(¢, m — 1) and note that
m and A, have different parities, and 1,, = 2 (mod 4) when m is odd.

If 4, > 3andm = 1 (mod 4), then m = 1 (mod 21,,). By Theorem 2.8, there exists an
(m, 1, C,,)-DF. The result then follows by Theorem 2.11, taking u = €/A4, and s = n. If
Am >3 and m £ 1 (mod 4), then 4 | n. Setting A = A,,, if m = 3 (mod 4) and 1 = 24,
otherwise, by Lemma 3.7 there exists a (4m, 4, C;)-DF. The result then follows by
Theorem 2.11, taking u = ¢/4 and s = n/4.

Finally, we assume that 1,, < 2. If m = 1 (mod 4), then 4,, = 2, hence ¢/2 is a divisor
of n, that is, 2n = 0 (mod #). If m # 1 (mod 4), then n = 0 (mod 2¢). This is clear when
Am = 1.1f1,, = 2, thenm = 3 (mod 4), and by assumption n # 2 (mod 4). Recalling that
2¢ln(m — 1), we have that 2¢€In. The result then follows from Lemma 3.8 and
Proposition 2.5. |
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4 | CYCLES OF ODD LENGTH

In this section we deal with the existence of ¢-cycle systems of K,,[n] when ¢ is odd and
2¢1(m — 1)n; the main result is the following theorem.

Theorem 4.1. Let £,m > 3 and n > 1 be integers. If € is odd and 2€|1n(m — 1), then
there exists a cyclic €-cycle system for K, [n], except when m = 2,3 (mod 4) and
n = 2 (mod 4).

We first note that the case ¢ = 3, that is, the existence of cyclic triple systems of K, [n] with
no short-orbit cycles, has been settled in [26,35].

Theorem 4.2 [26,35]. There exists an (mn, n, C3)-DF if and only if m > 2,61(m — 1)n,
and m = 0,1 (mod 4) when n = 2 (mod 4).

To prove the main result, we first consider in Section 5 the case where ¢ > 3 is a divisor of
m — 1, and n = 0 (mod 4), and show the following.

Theorem 4.3. Let £ > 5 be odd, and let m >3 and n> 1. If m =1 (mod ¢) and
n = 0 (mod 4), then there exists a (mn, n, Cy)-DF.

Then, in Section 6 we consider the case where 2¢|n, and show the following.

Theorem 4.4. Let £ > 5 be odd, and let m > 3 and n > 1. There exists a (mn, n, Cp)-DF
in each of the following cases:

1. n=2¢ and m = 0,1 (mod 4),
2. n =0 (mod 4¢).

We now have all the ingredients we need to prove Theorem 4.1.

Proof of Theorem 4.1. The case ¢ = 3 is dealt with in Theorem 4.2, so we assume ¢ > 5.
Necessity of the condition that n # 2 (mod 4) when m = 2 or 3 (mod 4) follows from
Corollary 2.2, so we show sufficiency.

Let Ay, = ged(@, m — 1), A, = €/, and n = 2°4,n’, where a > 0 and n’ is odd. Note
that if a = 0, then the condition 2¢1(m — 1)n implies that m is odd.

First, suppose that 1,, > 3. In this case, Theorems 2.8 and 2.9 (when a = 0, 1), and
Theorem 4.3 (when a > 1) guarantee that there is an (m2?, 2%, C,,)-DF, and the result
follows by applying Theorem 2.11 with u = 4, and s = A, n’.

Otherwise, 4,, = 1 so that ¢|n, and by Theorem 2.10 (when a = 0) and Theorem 4.4
(when a > 0) there exists a (m2%¢, 2%, C,)-DF. The result now follows by applying
Theorem 2.11 withu = 1 and s = n'. O

We end this section with two lemmas which will be used to construct the difference families
of Theorems 4.3 and 4.4.
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Lemma 4.5. Let D = {d, d*} U X be a set of 21 positive integers with d < d*. If X can be
partitioned into pairs of consecutive integers, then there exists a path P = 0, p;, D, ..., P53 Of
length 2A satisfying the following properties:

i. (p1,py) =(=d,d*—d), and p, € [d* —d +1,d* — d + max X] fori > 2,
ii. py=d*—d+1-1,
iii. AP = +D.

Proof. Letting X = {x, %, ..., %12}, We can assume that
Xi>Xxip1 and X — % =1, 2

for every i € [1,24 — 3] and j € [1,4 — 1]. Now, let P =0, p;, p,, ..., p,; be the trail
defined as follows:

i/2 -1 if i €[1,24] and i iseven,
p=d*—d+<{-d* ifi=1,
Xi_o+ (i —3)/2 ifie[3,21] and i isodd.

By property (2), it is not difficult to check that the sequence p,,0,p,,
Dis w» Doy Pas1> Pai—3» - D5 1S strictly increasing. Therefore, P is a path, and for every
i > 2, we have that p, € [p,, p;] = [d* —d + 1,d* — d + x], where x = max X. Also,

AP =+ {d, d*} U £{py 1 — Dyj» Pyjy1 — Doyl € [1,4 — 11}
=+ {d, d*} V] i{XZj—thj—l - llj (S [1,/1 - 1]} = +D.

Therefore, P is the desired path. O

Example 4.6. Let 1=3, d=9,d*=11, and X ={7,8,13,14}: the path is
(0, -9, 2,16, 3, 11, 4)

Notation 4.7. We will use the notation [a, b]e (resp. [a, b],) to denote the set of even
(resp. odd) integers in {a, a + 1, ..., b}. Also, given nonempty sets X; C Z and integers
¢, ¢, fori € [1, t], we denote by Zﬁzl ¢i-X;-c’; the subset of Z defined as follows:

t t
Zci X -0 = {Zcixici’lxi € X; forevery i € [1, t] }
i=1 i=1

If some X; = &, then we define Z;zlci ‘X ¢l = @.

In the proofs of Theorems 4.3 and 4.4, a crucial ingredient will be the following Lemma
4.8.

Lemma 4.8. Let I and J be two nonempty intervals of Z, with |11 < u, and set
A =1+ J-u. For every T € Z, there is a bijection a € A - a* € A + 7 such that
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fa* —alae A} = (1,2 II1], + [1,2 J1]o-t) + T =TI = 1T .

Proof. 1t is not difficult to check that the map a€ A~ a*€ A+ 7, with
a* = max A + min A + 7 — a, is a bijection.

Let I=[j —s+1,3] and J=1[j, —s + 1,j;] be intervals of size s; and g,
respectively. For every a=1i+jue€ A, we have that a*=Q2j —s+1—-1)+
(2jy, —sr+ 1 —j)u + 7, hence

a*—a=204—-D+1+ QG —)D+Du+@—s—sH1)
e€C-[0,s;—=1]+ 1)+ (2-[0,85 — 1] + D + (t — 85y — s5u)
=[1,2s1)o + [1, 257]0 - 1 + (T — 57 — sp00).

Since the map a — a* — a is injective, the assertion follows. |

5 | THE PROOF OF THEOREM 4.3

The aim of this section is to prove Theorem 4.3. The case n =4 (mod 8) is treated in
Proposition 5.2, whereas the case n = 0 (mod 8) is dealt with in Proposition 5.5 for m odd, and
in Proposition 5.8, for m even.

The idea beneath the three proofs is similar: we partition the set D = [1, mn/2]\[1, n/2]-m
of differences to be realized into various sets. A first set A of size g, the cardinality of the DF,
will serve as the set of indices for the cycles in the DF, and it will be paired up with a second g-
set, the set A*. To each pair of elements (a, a*) € A X A* we will associate a set X, C D of size
¢ — 5 that can be partitioned into pairs of consecutive integers, so that we can have a path F, of
length ¢ — 3, built using Lemma 4.5 for each a € A, and whose lists of differences between
them cover D’ = (UgeaX,) U A U A*. We obtain an ¢-cycle C, by joining the path P, to a path Q,
of length 3, built to ensure that the differences coming from Q,, a € A, will describe the set
D\D'. The set C = {C,la € A} will be the desired DF. The partitions of D just outlined are given
in Lemmas 5.1, 5.4 and 5.7.

Lemma 5.1. Let ¢ =21+ 3 > 5 be odd, let m =1 (mod ¢), and set s = 2(m — 1)/¢.
Then there exists a partition of D = [1, 2m — 1]\{m} into five subsets A, A*, B, X, and Y
satisfying the following properties:

1. Al =1A*I = IBl =5,1X| =(€ = 5)s, 1Y | = 2s;

2. there is a bijection a € A — a* € A* such that B— 1 = {a* — ala € A};
3. X and Y can be partitioned into pairs of consecutive integers;

4 1¢A,B—AC[l,s+ 1, andY C[1,m — 1] when € > 7.

Proof. Lete = 0 or1 according to whether A is even or odd. Also, let A = Ay U 4, and
A* = (Ag + 1) U (4 + 5§), where A, and 7, are the following:
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Ay Th
h=0 [=s/2,-1] + m s/24+1
h=1 [s/2+1,5] + m s/2 + 2¢

and set B=[1+4+ ¢+ 1,1 + ¢ + s]. It is easy to check that Ay and A4, are disjoint, as are
Ag + 19 and A; + 5; hence |A| = |A*] = |B| = 5. We need to show that the sets A, A*,
and B are pairwise disjoint. It is straightforward to see that A N A* = @. To check that B
is disjoint from A U A* note that the elements of A U A* are contained in the interval
[m - % m+ % + 2e]. Thus, it suffices to show that 1 + ¢ + s < m — % or equivalently,

that/l+e+§<m.lf€:5,

/1+€+§
2

3im—-1) 3m+7
== <m

=1+1+

sincem >¢€ +1=6.For ¢ >7,since £ <m — 1 < m, we have

3 -3 3 -1
Aver Bo073 . 3m-D
2 2
<m—3_i_1_|_3(m—1)
2
_13(m — 1)
14
< m.

By Lemma 4.8 (with I = [—%,—1] or [% + 1,S],J: {1} and u = m), there are
bijections a € A, = a* € A, + 1, h € {0, 1}, such that

fa* —alae€e Ay} =([1,8]o + m) —m + 1 =1, s]e;
{a* —ala € A} =([1, 8], + m) — m + 2¢ = [1, 5], + 2¢.

Therefore, {a* —ala € A} =[e+ 1,e +s] =B — A.

Set W = D\(A U A* U B). Note that |[W| = (¢ — 3)s, and both W = Wn [1,m — 1]
and W N [m + 1, 2m — 1] are the disjoint union of intervals of even size. In particular, if
€ >7 then IWj|l =m — 1 — 3s/2 = (€ — 3)s/2 > 2s. Therefore, W can be seen as the
disjoint union of two subsets X and Y each of which can be partitioned into pairs of
consecutive integers, with [ X | = (¢ — 5)s, Y| = 2s,andY C¢ W; C [1, m — 1]. Therefore,
the sets A, A*, B, X, Y provide the desired partition of [1, 2m — 1]\{m}. O

Proposition 5.2. Let¢ > 5beodd, and letm = 1 (mod ¢). Then there is a (4mv, 4v, Cy)-
DF for every odd v > 1.

Proof. By Theorem 2.11, it is enough to prove the assertion when v = 1.
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First, if ¢ = m — 1 = 5, take C = {(0, 11,1, 10, 2), (0, 7, 2, 5, 1)}. Since AC = Zy,\
{0, 6, 12, 18}, then C is a (24, 4, Cs)-DF. We can therefore assume that (¢, m) # (5, 6).

As in Lemma 5.1, let A = (¢ — 3)/2 and s = 2(m — 1) /¢. By that lemma, there is a
partition of D = [1, 2m — 1]\{m} into five subsets A, A*, B, X, and Y which satisfy the
following conditions:

1. |Al = |A*| = IBl =5,1X| =(€ = 5)s,1Y| = 2s;

2. there is a bijection a € A — a* € A* such that B— 1 = {a* — a|a € A};
3. X and Y can be partitioned into pairs of consecutive integers;
4.1¢A,B—AC[l,s+1],andYC[1,m — 1] when € > 7.

In particular, X can be seen as the disjoint union of s sets X, of size £ — 5, indexed
over the elements of A, each of which can be partitioned into pairs of consecutive
integers, and Y = {,, ), — 1la € A}.

We will construct a set C of s = 2(m — 1)/¢ base cycles, indexed over the elements of
A, and each obtained as a union of two paths of length ¢ — 3 and 3. By applying Lemma
4.5 (withd = a € A and X = X,), we construct the path E, of length 21 = ¢ — 3 such that

theendsof P, are 0 and p, =a* —a + 4 — 1, 3)
V(R) € {0,-a} U [@* — a,a* — a + max X,], 4)
AR, = {a, a*} U £X,, ©)

where max X, = 0 when ¢ = 5. Fora € A, let C, be the closed trail obtained by joining E,
and the 3-path Q, = 0, —),, —1, p,, and considering its vertices as elements of Z,,,. We
claim that C = {C,la € A} is the desired DF.

We first show that AC = +D. Recalling (5) and that B ={a* - a+
Ala € A} = {p, + 1la € A}, and considering that AQ, = +{y;,,), — 1, p, + 1}, then

AC=JAC = UBRUAQ) =+ X, Ufa,a%y,), —Lp +1})

a€A a€eA acA

=+(D\B) U +{p, + 1la € A} = +D.

It is left to show that each C, is a cycle. Since a* —a € B— 1 C [1,s + 1], where
s =2(m —1)/¢ < m, and max X, < 2m, it follows by (4) that

V(R) C{-a}ul0,2m + s] C {—a}l U [0,3m — 1].

But y, € Y C [1, m — 1], so it follows that P, and Q, share a vertex other than 0 or p,
modulo 4m if and only if —a € {—1, —),}. Recalling that 1 ¢ A and A N Y is empty, we
see that the latter condition is not satisfied; thus, P, and Q, only share their end-vertices
modulo 4m. Hence C, is a cycle for every a € A, and this completes the proof. |

Example 5.3. Let £ =9 and m = 10; we have to build a (40, 4, Cy)-DF, so we need
q = 2 base cycles. Here 4 = 3 and, following the proof of Lemma 5.1, we have that
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AO = {9}9 Al = {12}9 A(;k = {11}5 Al* = {15}’ B = {59 6}a

and the index set is A = {9, 12}. Also, we can take Y = [1, 4], Xo = {7, 8, 13, 14}, and
X, = [16, 19].

The path Py is the path 0, -9, 2,16, 3,11, 4, and we might take y, =2 so that
Qy=0,-2,-1,4, and

Cy=PyuU Q9 =(0,-9,2,16,3,11,4, -1, —2),
whereas Py, is the path 0, —12, 3, 22, 4, 21, 5 and Q,; is 0, —4, —1, 5 so that
Ci,=P,UQ,=(0,-12,3,22,4,21,5, -1, —4).
It is easily checked that ACy U ACyy = Zyo\10-Z .
Lemma 5.4. Let £ =21+ 3 > 5 be odd, let m =1 (mod 2¢) and set s = 4(m — 1)/¢€.

Then for every integer v > 1, there exists a partition of D = [1, 4mv]\([1, 4v]-m) into five
subsets A, A*, B, X, and Y satisfying the following properties:

1. 1Al = |A*| = IBl =vs,|X| =(€ — 5)vs, |Y| = 2vs;

2. there is a bijection a € A — a* € A* such that B— A = {a* — ala € A};
3. X and Y can be partitioned into pairs of consecutive integers;

4 1¢AB—AC[1,v—1m],and Y C[1,(2v + 1)m — 1] when € > 7.

Proof. Lete =0 or1 according to whether A is even or odd, and set g = sv.
We start by defining intervals I, J,, and integers z,, for h € {0, 1, 2}, as follows:

I, Jn Th
h=0 [1,5/2] [2v — 1, 3v — 2] (v—1m +s/2 + 2
h=1 [—s/2,—-1] [2v, 3y — 2] vm + s/2 + 1
h=2 [—s/2, —1] {av -1} s/2+1

For every h € {0, 1, 2}, set A, = I, + J,-m, Ajf = A, + 1, and let

2 2
A= JA, and A*= |JA).
h=0 h=0

Also,set B=[A+€+ 1,1+ ¢ + 5] + [0,v — 1]-2m. It is not difficult to check that the
sets Ag, 41, Ay, A, A, Ay, and B are pairwise disjoint; hence |[A| = |A*| = IB| = vs. By
Lemma 4.8, there is a bijection a € A, — a* € A} such that
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242 Wl LEY BURGESS ET AL.

fa* —ala € Ap} =([1,s]o + [1,2v], - m) — m + 2¢ = [1 + 2¢, 5 + 2¢], + [0,2v — 2], - m;
{a* —alae A}=(1,s]o + [1,2v = 2], - m)+ m+ 1 =][1,s]. + [1,2v — 2], - m;
fa* —alae A}=(1,s]o + m) —m+1 =11, 8.

Therefore, {a* —ala € A} =[e+ 1,e +s] + [0,v — 1]2m = B — A.

Now set W = D\(A U A* U B) and note that |[W| = (¢ — 3)sv. Also, for every
j € [0,4v — 1] we have that ([1, m — 1] + jm) N W is the disjoint union of intervals of
even size. Therefore, W can be seen as the disjoint union of two subsets X and Y, each of
which can be partitioned into pairs of consecutive integers, with IX| = (¢ — 5)vs and
Y| = 2sv. Since (A U A* UB)N[1,2v + 1)m]l = (v + 2)s, for every £ > 7 we have
that

Wn[l, v+ 1Dm]l=Qv+1D(m—-1)—-@w+2s=¢s2v +1)/4— v+ 2)s
=€ —2)sv/2 + (€ — 8)s/4 > 2sv + sv/2 — s/4 > 2sv.

Therefore, without loss of generality, we can assume that Y C [1, (2v + 1)m — 1] when
¢ > 7, and this completes the proof. O

Proposition 5.5. Let ¢ >5 be odd, and let m =1 (mod 2¢). Then there is a
(8mv, 8v, Cy)-DF for every v > 1.

Proof. Set A=(¢—3)/2 and let e¢€{0,1}, with e¢=21(mod 2). Also, set
s = 4(m — 1)/¢ and note that the number of required base cycles is g = vs.

By Lemma 5.4, there is a partition of D = [1, 4mv]\([1, 4v]-m) into five subsets
A, A*, B, X, and Y which satisfy the following conditions:

1. Al = |A*| = IBl = s, IX| = (€ — 5)vs, Y| = 2vs;

2. there is a bijection a € A — a* € A* such that B— 1 = {a* — ala € A};
3. X and Y can be partitioned into pairs of consecutive integers;
4.1¢A,B—AC[1,2v—1m],and Y C [1,(2v + 1)m — 1] when ¢ > 7.

In particular, X can be seen as the disjoint union of q sets X, of size £ — 5, indexed
over the elements of A, each of which can be partitioned into pairs of consecutive
integers, and Y ={y,,), — 1la € A}. By applying Lemma 4.5 (with d =a € A and
X = X,), we construct a path E, of length 21 = ¢ — 3 such that

theendsof P, are 0O and p, =a* —a + 4 — 1, (6)
V(B) C {0,—a} U [a* — a,a* — a + max X,], 7
AR, = +{a, a*} U £X,, (8)
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where max X, = 0 when ¢ = 5. Fora € A, let C, be the closed trail obtained by joining E,
and the 3-path Q, = 0, —),, —1, p,, and considering its vertices as elements of Zg,,,. We
claim that C = {C,la € A} is the desired DF.

We first show that AC = +D. Recalling (8) and that B={a* —a + 1|
a € A} = {p, + 1la € A}, and considering that AQ, = +{y,, ), — 1, p, + 1}, it follows that

AC= [ AC, = | (AR U AQ,)

acA acA
=+ U (Xa U {a, a*ryarya - l’pa + 1})
ac€A

=+(D\B) U +{p, + 1|a € A} = +D.

It is left to show that each C, is a cycle. By (7), if € =25, then
V(R)=1{0,a,p, = a* — a}. By recalling that A,Y C[1,4mv —1], it follows that
a¢{-y,—1}, hence C, is a cycle. Again by (7), if ¢>7, then
V(R) C {0, —a} U [a* — a, a* — a + max X,]. Recalling Conditions 2 and 4, we have
that a* —a€B—1C[1,(2v — 1)m] for every a € A. Since max X, < 4mv, then
V() C{0,—a}uU[l,(6v — 1)m — 1] for every a € A. Recalling that 1 ¢ A and
YC[1,2v + 1)m — 1] (Condition 4), and that ANY is empty, it follows that
{—1, —y,} ¢ V(R), that is, P, and Q, only share their end-vertices. Hence C, is a cycle
for every a € A, and this completes the proof. O

Example 5.6. Let¢ =9,m =19,andn = §,sothatyv =1,4 =3,e = 1,5 = 8, and the

size of our (152, 8, Cy)-DF will be ¢ = vs = 8. Following the proof of Lemma 5.4, we have
that

Ag=[20,23], A, =[53,56], A§ =1[26,29], A =]58,61],
A=A =@, B=]5,12],

and our index set is A = [20, 23] U [53, 56].
We can take, for instance,

Y = [1,4] U [13, 18] U [24, 25] U [30, 33],

and the remaining differences in D = [1, 152]\([1, 8]-19) can be partitioned to form the
eight 4-sets X,, a € A:

X0 =1[34,37], X1 =[39,42], X5, =[43,46], X3 = [47,50],
X53 = {519 52, 62’ 63}’ X54 = [645 67]’ XSS = [68’ 71]’ X56 = [725 75]

Following the proof of Proposition 5.5, the paths we can get with this partition
of D are
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Py, =(0, —-20, 9, 46, 10, 45, 11), Q5 = (0, —2, —1, 11),
P, =(0,-21,7,49,8,48,9), Q= (0,—-4,-1,9),
P, =(0,-22,5,51,6,50,7), Qxn=(0,-14,-1,7),
Py3=(0,-23,3,53,4,52,5), Qs =1(0,-16,-1,5),
P;;=(0,-53,8,71,9,61,10), Qs; =(0,—18, -1, 10),
Py =(0,-54,6,73,7,72,8), Qs4 =(0,-25,-1,8),
Ps=(0,—55,4,75,5,74,6), Qs =(0,-31,—1,6),
Py = (0, -56, 2,77,3,76,4), Qs¢ = (0,—33,-1,4),

and joining them will give us the eight cycles making up the required DF.

Lemma5.7. Let € =21+3>5 be odd, let m=¢+1(mod 2¢), and set
s=4(m — 1)/¢. Then for any integer v >1, there exists a partition of
[1, 4mv]\([1, 4v]-m) into nine subsets X and A;, A’*,B;, Y, for i € {0, 1}, which satisfy
the following properties:

X1 = (6= 5)s, 1Al = 1A"] = IB;| = 2, 1Y]| = vs;

there is a bijection a € A; — a* € A such that Bi— A +i—1={a* —ala € A;};
X and Y; can be partitioned into pairs of consecutive integers;

Yy can be partitioned into pairs at distance 2.
1€AUA,Bi—A+i—-1C[2,2myv—1,andYyU Y; C [1,2mv — 1] when € > 7.

U S

Proof. Lete =0 or1 according to whether A is even or odd, and set g = sv.
For every h € {0, 1, 2}, set A, = I + J, - m, where the intervals I, J,, and the integer
7, are defined as follows:

I, Jn Th
h=0 [—s/2,-1] [2v + 1, 3v] w—-1m+s/2+1
h=1 [1,s/2 — 1] [2v,3v — 1] vm + s/2
h=2 (-1 [1,v] vm

Also, let By, B;, and Y be the sets defined below:

By=([3,5s + 1], + [0,2v — 2]c - m) + 4,
B, =([0,s — 2] + [1,2v — 1], - m) + A,
Yo=Yo0U Yy1, where Y5;=B; + (—1)*1(2c—1) forie€ {0, 1}

It is not difficult to check that the sets A, (h € {0,1,2}), A + % (k € {0,1,2}), B;
(i € {0,1}), and Yy are pairwise disjoint. We denote by W’ their union, and note that
[Agl = vs/2, 1A/l =v(s/2 —1),1A;1 =v,|IByl = IB;l =vs/2, and 1Yyl =vs; hence
W'l = 4vs.
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Now set W = D\W' and note that |[W | = (¢ — 4)sv. Also, for every j € [0, 4v — 1], it
is not difficult to check that ([1, m — 1] + jm) N W is the disjoint union of intervals of
even size. Therefore, W can be seen as the disjoint union of two subsets X and Y; each of
which can be partitioned into pairs of consecutive integers, with IX| = (¢ — 5)vs and
Y11 = sv.

By construction, ¥, C [1, 2mvy — 1] and it can be partitioned into pairs at distance 2.
Also, since IW' n [1,2mv — 1] = 2v(s + 1), we have that

IWn[l,2my —1]l=2v(m — 1) — 2v(s + 1) = 2v((€ — 4)s/4 — 1)
=sv((€ — 4)/2 — 2/s) > sv,

when ¢ > 7, in which case we can assume that ¥; C [1, 2mv — 1].
Finally, by Lemma 4.8, there is a bijection a € A, — a* € A, + 7, such that

[2,8]e +[0,2v — 2], - m if h=0,
fa* —alae Ay} =<1[2,s = 2] + [1,2v—1],-m if h=1,
[1,2v —1],-m if h =2.

Setting Ag = Ag, Ay = Ay + 10, 4 = A] UA;, and A = (4] + 1) U (A, + 1), one can
easily check that Condition 2 is satisfied, and this completes the proof. O

Proposition 5.8. Let ¢ > 5 be odd, and let m = € + 1 (mod 2¢). Then there is an
(8mv, 8v, Cy)-DF for every v > 1.

Proof. We first consider the case ¢ = m — 1 € {5, 7}. For everyi € [1,2v] and j € {0, 1},
set x; =2v + i,y = 2i — 1, and let ij be the following £-cycle:

s _ (0,6x; — 1,6y, —4,6y, —2) ifj=0,
H 0, 6x; — 3,6y,5,6y, +1) ifj=1,
{(0, 8x; — 7,8y;,3,8), —1,4,8y, — 2) if j =0,

c’ =
(0,8x; — 1,8y, 16y, + 6,8y, + 1,16y, + 5,8y, + 2) if j=1.

i, =

Letting C? = {C/;li € [1, 2v],j € {0, 1}}, since

ACYy = +{6x; — 1,6(x; — y) — 1,6y, + 4,6y, + 2,6y, — 2)},
ACY = #{6x; — 3,6(x; —y) — 3,6y, — 5,6y — 4,6y + 1)},
ACT) = +{8x; — 7,8(x; — ) — 7,8y — 3,8y, — 4,8y, — 5,8y — 6,8y, — 2)},
AC/, = +{8x; —1,8(x; — ) — 1,8y, + 6,8y, + 5,8y, + 4,8y + 3,8y + 2)},

and considering that {x; —yli e [1,2v]} ={2v — i+ 1li € [1,2v]}, it follows that
AC? = +[1, 4mv]\(£[1, v]-m) = Zgy,\(Mm-Zgy,), hence C¢ is a set of base cycles for a
cyclic ¢-cycle decomposition of K, [8v].

We now assume that (¢, m) & {(5, 6), (7,8)}. Set A = (¢ — 3)/2 and let ¢ € {0, 1}, with
€ = A (mod 2). Also, set s = 4(m — 1)/¢ and q = vs, and note that the number of base
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cycles in the DF is g. By Lemma 5.7 there is a partition of D = [1, 4mv]\([1, 4v]-m) into
nine subsets, X and A;, A, B;, Y;, for i € {0, 1}, which satisfy the following properties:

1. IXI = (¢ = 5)vs, 1Al = |A*| = |B;| = §,| Y | = vs;

2. there is a bijection a € A; » a* € A such that B, — 1+ i — 1 = {a* — ala € A;};
3. X and Y; can be partitioned into pairs of consecutive integers;

4. Y, can be partitioned into pairs at distance 2;

501 A0 UA,B —A+i—1C[2,2myv—1],and YU Y; C [1,2mv — 1] when € > 7.

In particular, X can be seen as the disjoint union of q sets X, of size £ — 5, indexed
over the elements of Ay U A4;, each of which can be partitioned into pairs of consecutive
integers. Also, we can write Y, = {),, ), — 2la € Ap} and ¥, = {y,,, — 1la € A}

By applying Lemma 4.5 with d = a € Ay U 4, and X = X,;, we construct a path E, of
length 24 = ¢ — 3 such that

theendsof R, are 0 and p,=a*—a+41-1, 9)
V() C {0,—a} U [a* — a,a* — a + max X,], (10)
AR, = +{a, a*} U £X,, (11)

where max X, = 0 when ¢ = 5. For i € {0,1} and a € A;, let C, be the closed trail
obtained by joining F, and the 3-path Q, = 0, —),, i — 2, p,, and considering its vertices
as elements of Zg,,,. We claim that C = {C,la € A} is the desired DF.
We first show that AC = +D. Recalling (11), and considering that
Bi={a*—a+iA-i+1llaceA}l=1{p +2—-ila €A}
and AQ, = +{y,,y, — 2+ i,p, + 2 — i}, for every i € {0, 1} and a € A;, then

AC = | Uac,= U U @R uUAQ)

i€{0,1} a€A; i€{0,1}a€A;
=+ U U&ula,aty,y—2+ip +2—1i)
ie{0,1} a€A;

= +(D\(ByUB))U x{p, + 2 —ili€{0,1},a € A;} = +D.

We finish by showing that C, is a cycle. Recalling (10), if ¢ =5, then
V(R)=1{0,a,p, = a* — a}. Considering that Ag, A, Yo, ¥i C [1,4mv — 1], it follows
that a & {—),,—1}, hence C, is a cycle. Again by (10), if ¢ >7, then
V(R) C {0, —a} U [a* — a,a* — a + max X,;]. By Conditions 2 and 4, we have that
a*—a€B—-1+i—1cC]|[2,2my — 1] for every a € A;. Since max X, < 4mv, then
V(R) C {0, —a} U [2, 6mv — 1] for every a € Ag U A;. Recalling that 1 ¢ Aq U 4; and
YoU Y C[1,2mv — 1], and that A,Y,, and Y] are pairwise disjoint, it follows that
{—1, —y,} ¢ V(R), therefore E, and Q, only share their end-vertices, hence C, is a cycle,
for every a € Ag U A;, and this completes the proof. O
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Example 5.9. Let¢ =9,m =10,andn = 8,sothatv =1,1 =3,¢ =1,5 = 4, and the
size of our (80, 8, Cy)-DF will be ¢ = 4. Following the proof of Lemma 5.7, we have that

Ao =1{28,29}, A ={9,21}, AF ={31,32}, A" ={19,33},
By=16,8}, B, ={13,15}, Yo0=By—1=1{57}, Yo, =B, + 1= {14, 16}.

Our index set is A ={9,21,28,29}, and Yy = Yo U Y51 = {5, 7, 14, 16}. We can now
choose, for instance, ¥; = [1, 4] and X3 = {11, 12, 17, 18}, X3¢ = [22, 25], Xy = {26, 27, 34,
35}, X1 = [36, 39].

Following the proof of Proposition 5.8, the paths we can get with this partition of
D =[1, 80]\([1, 8]-10) are

Py =(0,—28,4,22,5,17, 6), Qs = (0, -7, -2, 6),
Py =(0, —29, 2, 27, 3, 26, 4), Q9 = (0, 16, -2, 4),
Py=(0,-9, 10, 45,11, 38,12), Qg = (0, -2, -1, 12),
Py =(0, —21, 12, 51, 13, 50, 14), Q; = (0, —4, —1, 14),

and joining them will give us the four cycles making up the required DF.
6 | THE PROOF OF THEOREM 4.4

The aim of this section is to prove Theorem 4.4. The case n = 2¢ is treated in Proposition 6.1,
whereas the case n = 0 (mod 4¢) is dealt with in Proposition 6.4 for m odd, and in Proposition
6.7 for m even.

These results will be proved using a strategy very similar to the one used in Section 5. Once more,
we partition (in Lemmas 6.3, 6.6) the set D of differences to be realized into various sets, namely
D=AUA*UBUYU W, where A is a set of size g, the cardinality of the DF, that will serve as the
set of indices for the cycles in the DF; it will be paired up with a second g-set, the set A* chosen with
the help of Lemma 4.8. To build the cycle C,, to each pair of elements {a, a*} we will associate a set
W, C W of size £ — 5 that can be partitioned into pairs at distance m, and a pair of integers {y,, y,}
from Y, in such a way that AC, = +{a, a*,y,,),, 8} U £W, where g, is an integer depending on a.
Since the pairs {a, a*}, {),,y,} are chosen to partition, between them, A U A* and Y, respectively,
whereas the sets W, partition W, then UycaAC, = +(D\B) U +{5,la € A}. By showing that
{6ala € A} = B, we prove that {C,la € A} is the desired DF.

We choose to also prove Proposition 6.1, the case n = 2¢, with this strategy to help
familiarize the reader with the techniques we use later in Propositions 6.4 and 6.7. In this
particular case, a simpler proof using Rosa sequences—a variation of Skolem sequences—is also
possible, but adapting such an approach to the general case is not straightforward.

Proposition 6.1. If ¢=21+3>5 and m=0,1(mod 4), then there exists a
(2¢ém, 2¢, Cp)-DF.

Proof. Lete = 0 or1 according to whether 1 is even or odd, and let ¢ = (m — 1); the DF
will have size gq.

We begin by considering the case that either m > 4 or (m,¢) = (4,1). We first
partition the set D = [1,m — 1] + [0, ¢ — 1]m of differences to be realized into five
subsets A, A*, B, Y, and W, with |[A| = |A*| = IBl =q,|1Y| =2q,IWI| = (¢ — 5)q.
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We will set A = A_; U Ap UA, and A* = A* U A U A", where the sets A;, A" for
i € [-1,1] and B are defined as follows. If m is odd, then

Ay=@ and Af =g,
and if m is even, then
Ao=fm—-14+ A —-2+2)m} and A=A +(1Q —¢e)m + 2.

In any case,

Alz[l, m_lJ]+(/1—2+2€)m, Af = A +lm2_1J,

(SN \V)

A_lzﬂm; ],m—1]+(e—2)m, Afle_1+[m+1J,

B=[l,m—-1]+ @ - Dm.

Either directly, or by applying Lemma 4.8, it is easy to see that there is a bijection
a €A~ a* € Af, fori € [—1, 1], such that

-

%) if i =0 and m isodd,
[1,m - 2], if i=1 and m isodd,
[2,m — 1], if i=—1 and m isodd,
a* —ala e A} =4 . . 12
{ i 1—-—em+2 ifi=0and m iseven, (12)
[1,m — 3], if i=1 and m iseven,
[[2, m — 2] if i =—1 and m iseven.

Therefore,

fa* —a+ili=+1,a€ A} U {a* —a+ (em — 3)la € Ay}

=[1,m—-1=B- 1 - Dm. (13)

Letting D'=[1,m —1]+{A—-2+26,14+¢,¢ -2, —1}m, A=A_1UAyUA,
and A* = A*, U AJ U A, we notice that A U A* C D' and BN D’ = @. Also, the set
Y = D'\(A U A*) has size 2m — 2 = 2 |Al and it is the disjoint union of the following
three intervals:

[1,m — 1] if m isodd,
[2,m — 1] if m iseven,

Yzz[l,[mz_1”+(€—2)m, (14)

Y3:Hm;1J,m—1]+(€—l)m.

Y1:(A+e)m+{
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Recalling thatm = 0, 1 (mod 4), it follows that ¥, and Y; have even size. Therefore, Y can
be partitioned into pairs of consecutive integers and a pair {y’,y”} C ¥y such that
+(’' —y") = £(em — 3). Using the elements of A to index such pairs, we can thus write

Y=10,x —1llae A\A} U {y,y — (m — 3)la € A} (15)
Finally, let W = D\(D’ U B) and note that W = [1, m — 1] + (U; U U,)m, where
Uy=[0,1—-3+4+¢] and U,=[1+1+¢,¢€— 3] (16)

Since both U; and U, have even size, and |U; | + |U,| = € — 5, it follows that W can be
partitioned into m — 1 = q subsets {W,|a € A} each of size £ — 5 such that

Wl = {Wa,t’ Wa,t - mlt € [131 - 1]}’ (17)
Wai > Wy +2m and  w,, # a (mod m) forevery ¢ € [1,4 — 2]. (18)

We use the partition {4, A*,B,Y,W} of D to construct the desired DF. Let
F ={Cyla € A}, with C, = (cq,0, Ca.15 - Ca.0—1), be a set of g closed trails of length ¢
defined as follows:

(Ca,O’ Ca,15 Ca,2) =(0, a*, a* — a),
(=1, =n) if a € A,
(Cao—2sCap-1)=1Q, =y, +1) ifaeA,,
(3 —em,—y,) if a € A,

u-—3

w ou-1 + m if u € [3,¢ — 4] isodd,
2

Cou=a*—a+
au u-—2

2

if u e [4,¢ — 3] iseven.

We claim that F is a (2ém, 2¢, C,)-DF, that is, AF = Zypmm\(MZypn) and the vertices of
each C, are pairwise distinct. Fori € [—1, 1] and a € A;, we have

+{a,a*,y,y, — 1, chp—3+1 if i = +1,
ACa:inU{{ ya ya a,f—3 }

I
e

i{aa a*a yaa ya - (Gm - 3)5 ca,€—3 + (Em - 3)} lf i=
Since ¢y -3 = a* — a + (4 — 1)m, by Condition (13) it follows that
{car—s+ili=x1,a €A} U{cio_3+ (em — 3)la € Ay} = B.

Recalling also Conditions (15) and (17), we have that AC = +D = Z,,\(mZ,,,). Finally,
we have to show that each C, does not have repeated vertices. By (12),
a*—a€[l,m+2], and by Conditions (16) and (18) we have that
(¢ —-3)m<w,; <(€—2)mand wy; > w1+ 2m foreverya € A and t € [1,1 — 2].
Hence
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em>a* —a+ Wy =Cu3>Cu5 > ** > Cap—s
>cppa=0"—a+w 1+ @A —-2)m
>a*—a+ A —1)m=cgp_3>Cap-5> -+ >Cap
>cpa=a*—a+2m>a*—a=cu>1

Also, by (14) cqe-1 € [-¢m, —Am]. Recalling that c,,€{3 —m,-1,1,3}, if
Co2=a* —a €{1,3}, then a € A4 by (12), hence c¢,,_, = —1. Therefore, ¢, = 0 and
Ca.2> Ca,3» s Cq¢—1 are pairwise distinct. By (18) and considering that a* # 0 (mod m) and
a* € [2,¢m — 1], we have that a* = ¢, 1 # ¢, for every u € [0, ¢ — 1]. It follows that
each C, is a cycle, and this completes the proof provided (m, ¢) # (4, 0).

The case m = 4 and € = 0 is similar, except that in D and D’ we replace the difference
ém —1=4¢ — 1 with ém + 1 = 4¢ + 1, and partition the set Y = D'\(A U A*) into
intervals Y] = [2, 3] + 44 and Y; = [1, 2] + 4(¢ — 2) as before together with the set

YF(H'";1J,m_z]+(e—1)m)u{em+1}={4€—2,4€+1}-

Note that Y] and Y, each consist of consecutive integers, so that Y is partitioned into
q—1=2 npairs of consecutive integers and one pair {)’,y"} satisfying
+(' —y") = £3 = +(em — 3). The remainder of the proof proceeds as before. O

Example 6.2.

1. Let ¢=9 and m=5We have A ={16,17},A_; ={38,39}, A" = {18, 19},
A* ={41,42},B = {11, 12,13, 14}, Y = [21, 24] U {36, 37} U {43, 44}, so that W =
[1,4] U [6,9] U [26,29] U [31, 34]. The (2¢m, 2¢, C,)-DF consists of the following
four cycles:

Cis = (0,19, 3,37,8,17,13, -1, —24),
C; = (0,18,1, 34, 6,14, 11, —1, —22),
Cys = (0,42,4,36,9, 16, 14,1, —43),
Cy = (0,41,2,33,7,13,12,1, —36).

2. Let ¢=7 and m =8. We have A, ={1,2,3}, Ag = {7}, A_; = {45, 46,47}, A}
={4,5,6}, AF ={17}, A* = {49, 50, 51}, B = [9, 15], Y= [18, 23] U[41, 44] U [52,55],
so that W = [25, 31] U [33, 39]. The (2¢m, 2¢, C,)-DF consists of the following seven
cycles:

C,=(0,6,5,39,13, -1, —20), C, = (0, 5, 3, 38, 11, —1, —23),

C;=(0,4,1,37,9, -1, —42), C; = (0,17, 10, 47, 18, 3, —18),
Cus= (0, 51, 6,44, 14, 1, —43), Css = (0, 50, 4,43, 12, 1, —52),
Cyy = (0,49, 2, 35, 10, 1, —54).
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3. Leté =7,m=4andn = 14. Wehave Ay = {3}, A ={9}, 4 ={1}, A" ={2}, A =
(23}, A* =1{25}, B=15,7], Y={10,11} U {21,22} U {26,29} and W = [13,15]U
[17,19]. The (2¢m, 2¢, C,)-DF consists of the following three cycles:

¢ = (0,2,1,20,5,—1, —22),
C; = (0,9, 6,23, 10, 3, —26),
Cy; = (0,25,2,20,6,1,—10).

We now deal with the case where n = 0 (mod 4¢). The partitions of D (ie, the set of differences to
be realized) outlined in the beginning of this section are given in Lemmas 6.3 and 6.6.

Lemma 6.3. Let¢ =21+ 3 > 5beodd, letm > 3 be odd, andn = 46v with v > 1. Then
there exists a partition of [1, mn/2]\([1, n/2]-m) into seven subsets, A;, A, fori = +1, and
B, Y, W, satisfying the following properties:

L IAl = 1Al =(m — v fori=+1,2IBl =1Y| = 4(m — 1)v, and IW| =2(€ — 5)
(m — 1v;
2. There is a bijection a € A; — a* € A, fori = %1, such that

B-—A—-1m={a*—a+ili==x1,a €A};

3.a*—a>2foreverya € A_; UA;

4. Y can be partitioned into pairs of consecutive integers;

5. W can be partitioned into 2(m — 1)v sets {W,la € A_1 U A} each of size € — 5 such that
(@) W, = {wy,w, — mit e [1,4 — 1]}, and
(b) a > Wy > Wyi1 + 2m foreveryt € [1,4 — 2].

Proof. Lete = 0 or1 according to whether A is even or odd, and let ¢ = 2(m — 1)v. We
start by defining the intervals I, J,, and the integer 1,, for h € [0, 4], as follows:

I, Jn h
h=0 [1.71] [(2¢ — 4, (26 — 3)v — 1] ym 4 M2
h=1 = [2¢ — 2)v, (26 — 1)v — 1] vm + "1
h=2 [’"Z“,m—z] [(2¢ = 4, (2¢ = 3)v — 1] ym + 12"
h=3 fm -1 [(2¢ — 4)v, (26 — 3)v — 1] vm
h=4 [ m - 1] [2¢ — 2)v, (26 — 1)v — 1] vm + 1
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For every hel0,4], set Ay, =IL+Jym, A=A, +71. Also, set
B=[1,m—1]+[A— 1,4 — 2 + 2v] - m. Furthermore, by Lemma 4.8, there is a
bijection a € A, — a* € A; s, for h € [0, 4], such that

[0,m — 2] + [0,2v — 1], - m if h=0,
[0,m — 2], +[0,2v — 1], - m ifh=1,
fa* —alae Ay} =<2, m—1], + [0,2v — 1] - m if h =2,
{m}+[0,2v —1]. - m if h =3,
[2,m]e +[0,2v — 1], - m if h = 4.

Considering that the sets A, and B are pairwise disjoint, it is not difficult to check that B and
the sets Ay = AjUA],A" = AL UA{, A1 =AJUAjUA,, and A¥ = Aj U Ag U Ag
satisfy Conditions 1-3.

Now, denoting by D the set of all elements of [1, mn/2]\([1, n/2]-m) not lying in any
of the sets A;, A, for i = +1, or B, we have that D can be partitioned into the following
two subsets:

Y=[1l,m—-1]+(A-1+2v,1 —=3+6v]U{A— 2+ 6ve}) - m,
W:[l,m— 1]+(U1UU2)m,

where Uy = [0, — 3 +¢land U, = [A — 2+ 6v + ¢, (26 — 4)v — 1].

Note that Y has size 4(m — 1)v = 2 |A_; U A1l and it is the disjoint union of 4v
intervals of size m — 1 = 0 (mod 2); hence Y can be partitioned into |[A_; U A; | pairs of
consecutive integers, therefore Condition 4 holds.

Finally, since U; and U, have even size, and |U; U U,| = 2(¢ — 5)v, then W has size
2(¢ — 5)(m — 1)y = (€ — 5)IA_; U A;| and there exists a partition {W,|a € A_; U A} of
W satisfying Condition 5, and this completes the proof. O

Proposition 6.4. Let € > 5 be odd, and let n = 0 (mod 4¢). There exists a (nm, n, Cp)-
DF for every odd m > 3.

Proof. Set D = [1, mn/2]\([1, n/2]-m), let n = 4¢v with v > 1, and set ¢ = 2(m — 1),
noting that q is the size of the DF to be constructed. Also, set A = (¢ — 3)/2 and lete = 0
or 1 according to whether 1 is even or odd. By Lemma 6.3, there is a partition of
D = [1, mn/2]\([1, n/2] - m) into seven subsets, A;, A, for i = +1, and B, Y, W which
satisfy the Conditions 1-5 of Lemma 6.3.

By Condition 4, we can write Y=1{y,) —1lla€ A UA_,}. Now, et
F={Cqsla € A UA_}, with C, = (cg0, Ca15 ---» Ca,0—1), De a set of g closed trails of
length ¢ defined as follows:
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(Ca,O’ Ca,h Ca,z) = (O’ a*’ a* - a)’

, : (-1, -y) if a € A,
Ca,0—25 Ca,0—1) = i
a,6-25 Ca,0—1 1,-y, +1) faeA,,

_3m if uel[3,¢—4]isodd,

m if u e [4,¢ — 3] iseven.

We claim that ¥ is the desired DF, that is, AF = Z,,,\(mZ,,,) and the vertices of each C,
are pairwise distinct.
For i = +1 and a € A;, we have that

AC, = {a,a*,y,y, — 1, cap—3+ i} U W,

Since ¢, -3 =a* —a + (A — 1)m, by Condition 2 it follows that {c,,_3 + i|i = +1,
a € A;} = B, therefore AC = +D = Z,,\(mZ,y,,).

Finally, considering that, by Conditions 3 and 5 of Lemma 6.3, m < wg;
< a,Wyy > Wy + 2m, and a* —a > 2, for every a € 4 UA_; and t € [1,4 — 2], it
follows that

mn/2>a* =cg1>a* —a+ Wy =Cq3>Cas > o+ > Caps
>cpoa=0a"—a+w 1+ @A —2)m
>a*—a+ A —1)m=cgp_3>Cop-5 > -+ > Cap
>cpa=a*—a+2m>a* —a=cu>2

and this guarantees that each C, is a cycle. ]
Example 6.5. Let# =7,m =5, and n = 28, so that v = 1,1 = 2,q = 8. We have

Ag =1{51,52}, A =1{57,58}, Aj ={61,62}, A ={68,69},
A, = {53}, Aj = {56}, Al = {54}, Af = {59},
A; = 1{63, 64}, Ag = {66, 67},

so that A, = {51, 52,61, 62}, A* = {57, 58, 68, 69}, A_; = {53, 54, 63,64}, and A*=
{56, 59, 66, 67}.

Also, B=1[6,9] U[11,14] and Y = [1,4] U [16,19] U [21, 24] U [26, 29], so that
W = [31, 49]\{35, 40, 45}. For the sets W,, a € A; U A_; we can choose, for instance,

Ws1 = {36,31}, y5 =2, Ws=1{37,32}, y, =4,

We = {38, 33}, Ya =17, We = {39, 34}, Yoo = 19,
Wss = {46, 41}, ys3 = 22, Wsy = {47,42}, y5, = 24,
Wes = {48, 43}, yg3 = 27, Wea = {49, 44}, Y,y = 29.
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The (mn, n, C,)-DF we obtain from this choice consists of the following eight cycles:

Cs1 = (0,58,7,43,12, -1, -2), Cs, = (0,57, 5,42, 10, —1, —4),
Ce1 = (0,69, 8, 46,13, =1, —17), Ce, = (0, 68, 6, 45, 11, —1, —19),
Cs3 = (0,56, 3,49,8,1,—21),  Cs; = (0, 59, 5, 52, 10, 1, —23),
Ces = (0,67,4,52,9,1,-26), Ces = (0,66,2,51,7,1,—28).

Lemma 6.6. Let¢ =21+ 3 > 5beodd, letm > 4 be even andn = 4€v withv > 1. Then
there exists a partition of [1, mn/2])\([1, n/2]-m) into 10 subsets, A;, A* fori € {—2,—1,1},
and B, Y1, Y5, W, satisfying the following properties:

1. 1ALl =2, 1Al =(m — 4)v, |A]l = my, |Bl = 2(m — 1)v,
Yl =4v(m — 2), 151 =40, W] =2 - 5)(m — 1)v;

2. there is a Dbijection a€A; —~ a*€A* for i€{-2,-1,1} such that
B-A—-1m={a*—-—a+ilie{-2,-1,1},a € A;};

3. a*—a>2foreverya€ A, UA_; UA;

Y; can be partitioned into pairs at distance j, for j € {1, 2};

5. W can be partitioned into 2(m — 1)v sets {W,la € A_, U A_; U A} each of size ¢ — 5
such that
(@) Wy = {wy, Wy — mlit e [1,1 — 1]}, and
(b) a > Wy > Wyyi1 + 2m foreveryt € [1,1 — 2].

A

Proof. Lete = 0 or1 according to whether A is even or odd, and set g = 2(m — 1)y and
u =2 —e)m. We start by defining the intervals I,J,, and the integer 7,, for
h e {-2,-1,1} x {1, 2}, as follows:

Jp=1[2°( — 2)v,2¢(¢ — 2)vy +v — 1], and

I, Th
-1.1 [2+2,m-1] w -2 -1
1,1 [1,%4.1] v+ 7 =2
(=12 Qv)ym + [% +1,m-— 2] v =7
@2 @v)'m + [1, == 1] o+ =1
(-2,1) Qv)m + {%} v —1
(=2,2) v)'m + {m — 1} 72
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For h € {-2,-1,1} x {1, 2}, set A, = I, + Jy-u and A; = A, + 7. Also, let B and
Y, = ij U Yj’/, for j € {1, 2}, the sets defined as follows:

B=[1,20], -4+ A —1Dm+ ([-m + 1, m — 1]\{0}),
[-m+1,-2]u2,m—1] ifj=1,
YJI = [1, 27/]0 U+ (A - 1)m + 2my¢ + {_1, 1} lf] =2,

[-m+1,-2lu2,m—1] ifj=1,
{-1,13 if j = 2.

Yi=[1,2v], - m+ 4+ 41— e)m+{
It is tedious but not difficult to check that

thesets Ay, Ay, B, Y, and Y, are pairwise disjoint. (19)

Also, by Lemma 4.8, there is a bijection a € A, —~ a* € A} such that

[—m + 2, —4]e if h =(-1,1),
[—2 2]e if h =(,1),
. _ ‘ [— m+3 -3], if h =(-1,2),
{a aIaeAh}_[l,ZV]o,u+<[Lm 3, ifh=(L2).
{-1} if h =(-2,1),
{0} if h =(-2,2).

Recalling (19), it is not difficult to check that the sets B, ¥, Y5, A; = A¢1) U A2y and
Al = Al UA(,, fori € {-2, —1, 1}, satisfy Conditions 1-3. Furthermore, since ¥; has
size 4v(m —2) =21A_; U Al and it is the disjoint union of 4v intervals of size

— 2 =0 (mod 2), ¥, can be partitioned into |[A_; U 4| pairs of consecutive integers,
hence Y=0,% —1lla€A_; UA}. Similarly, since ¥, is the disjoint union of
2v = |A_;| pairs at distance two, we can write Y; = {y;, 3, — 2la € A_,}; hence, Condition
4 holds.

Finally, denoting by W the set of all elements of [1, mn/2]\([1, n/2]-m) not
lying in any of the sets defined above, we have that W has size
20 —5(m—-1Dy=(F —-5I1A_, UA_ UAIl Also, W= uUU)m+[1l,m—1],
where U; = [0, — ¢ —1] and U, = [A — € + 6v, (2¢ — 4)v — 1]. Since U; and U, have
even size, and |U; U U, | = 2(€ — 5)v, there exists a partition {W,la € A} of W satisfying
Condition 5, and this completes the proof. O

Proposition 6.7. Let ¢ > 5 be odd, and let n = 0 (mod 4¢). There exists a (mn, n, Cp)-
DF for every even m > 4.

Proof. Set D = [1, mn/2]\([1, n/2]-m), let n = 4¢v with v > 1, and set ¢ = 2(m — 1)v.
Also, set 1 = (¢ — 3)/2 and let € = 0 or 1 according to whether 1 is even or odd.

By Lemma 6.6, there is a partition of D = [1, 4mv]\([1, 4v]-m) into 10 subsets A;, A*
fori € {-2, 1,1}, and B, Y3, Y5, W satisfying the Conditions 1-5 of Lemma 6.6.
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Set A=A, UA_; UA and let C = {C,la € A}, with C; = (c4,0, C4,15 - Ca,0—1), DE @
set of g closed trails of length ¢ defined as follows:

(Ca,Oa Cq,1» ca,2) = (0, a*, a* — Cl),
1,-y, +1) ifaeA,,
(ca,€—2a ca,f—l) = (_1’ _ya) lf ae Al’
(2,—y, +2) ifaeA,,

u-—3

w, u-1 +
T2

u-—2
m
2

m if u€el[3,¢— 4] isodd,
Cou=0a*—a+

if u €4, — 3] iseven.

We claim that C is the desired set of base cycles, that is, AC = Z,,\(mZ,,,) and the
vertices of each C, are pairwise distinct. For every i € {—2, —1, 1} and a € A;, we have
that

AC, =+{a, a*,y,,y, — lil, Cap_3 — Cap_2} U W,
=+{a,a*,y,y - lilLba*—a+ @A -1)m+iju W,

By Conditions 1-5, it follows that AC = +D = Z,,\(mZ,;,).

Finally considering that, by Conditions 3 and 5 of Lemma 6.6,
M < Wy <a Wy > Wy +2m, and a* —a > 2, foreverya € Aandt € [1,4 — 2], it
follows that

mn/2>a* =cg1>a* —a+ w1 =Cq3> Cas > > Cap—s
>Choa=0"—a+wy 1+ U1 —-2)m
>a*—a+ A —1)m=cyp_3>Chp-5 > > Cap
>cpa=a*—a+2m>a* —a=cyp>2

and this guarantees that each C, is a cycle. |

Example 6.8. Take ¢ =7,m =4, and n = 28, so that v = 1,4 = 2,q = 6. We have

A(—l,l) =g, A(*—l,l) =@, A(l,l) = {41, 42, 43}, A(ﬂi,l) = {49, 50, 51},
A1y =0, Al =0, Aay =1{45}, Al = {54},
A(—2,l) = {46}’ A(*—2,1) = {53}5 A(—Z,Z) = {47}a A(*—2,2) = {55},

so that A; = {41, 42, 43, 45}, A)* = {49, 50, 51, 54}, A_, = {46, 47}, A*, = {53, 55}, whereas
in thiscase A_; = A* = @.

Also, B =[9,11] U [13,15], Y’ =[17,18] U [22,23], 1" = [25,26] U [30, 31], and
Y, =1{19,21}, ;" = {27, 29}, so that W = ([1, 7]\{4}) U (|33, 39]\{36}). For the sets W,
and elements y,,a € 4 U A_,(UA_;) we can choose, for instance,
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Wa=1{51} yy =18, Win=1{6,2}, y, =23
Wis=1{7.3} 33 =26, Wis=1{37,33}, y;=3L,
Mﬁ = {38, 34}, y46 = 19, M7 = {39, 35}’ y47 = 27.

The (mn, n, C,)-DF we obtain from this choice consists of the following six cycles:

Cy = (0, 51, 10, 15, 14, —1, —18), Cy, = (0, 50, 8, 14, 12, —1, —23),
Cys = (0,49, 6,13,10, —1, —26), Cys = (0, 54,9, 46, 13, —1, —31),
Cuis = (0,53,7,45,11,2,—-19),  Cy = (0, 55, 8, 47, 12, 2, —27).

7 | CONCLUDING REMARKS

Recall that Corollary 2.2 gives certain definite exceptions to the existence of a cyclic £-cycle
system of K, [n]. The reader may wonder if these exceptions can be ruled out if we consider
regular ¢-cycle systems under a group G which is not necessarily cyclic. The following two
results will partially answer this question. The first provides us with a necessary condition for
the existence of a G-regular ¢-cycle system of K,, [n] under the assumption that the G-stabilizer
of each cycle has odd order.

Theorem 7.1. Let B be a G-regular ¢-cycle system of K,,,[n]. If each cycle of B has a G-
stabilizer of odd order, then either m % 2,3 (mod 4) or n # 2 (mod 4).

Proof. We assume for a contradiction that m = 2, 3 (mod 4) and n = 2 (mod 4), hence
IGl £ 0 (mod 8). Let B be a G-regular ¢-cycle system of K,[n]. Without loss of
generality, we can assume that

1. K,;[n] = Cay[G : G\N], where N is a subgroup of G of order n, and
2.C+geBforeveryCe B and g € G.

We first show that every element of G of order 2 (ie, involution of G) belongs to N. In
fact, if G\N contains an element y of order 2, then the edge {0, y} must be contained in
some cycle of B, say C. Hence the edge {0, y} belongs to C + y, which is still a cycle of B.
Since 8 is a cycle system of K, [1], every edge of K, [n] is contained in exactly one cycle
of B. Therefore C + y = C, meaning that y belongs to the G-stabilizer of C, which
therefore has even order in contradiction to our assumption.

We now show that a Sylow 2-subgroup of G, say P, is cyclic. IfIG| = 2 (mod 4), then
|P| = 2, and hence P is cyclic. Since |G| # 0 (mod ), it is left to consider the case where
|G| = 4 (mod 8), hence P is either cyclic or isomorphic to Z, X Z,. But in the latter case,
all nonzero elements of P have order 2, hence P is a subgroup of N which therefore has
order divisible by 4 contradicting the assumption. We have thus proven that all Sylow 2-
subgroups of G are cyclic.

From the above arguments, we can prove that G has a subgroup of index 2. Indeed,
since all Sylow 2-subgroups P are cyclic we can apply the Cayley normal 2-complement
theorem, so that G has a normal subgroup S of order |G |/IP|with G = P + S. Since the
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factor group G/S is isomorphic to P, it is cyclic so it has a subgroup H/S of index 2, and H
is therefore a subgroup of G of index 2.

Also, if H has even size, then it contains all the involutions of G. Indeed, denoting by y
any element of G of order 2, then y belongs to a suitable Sylow 2-subgroup of G, say Q.
Since Q is cyclic, y is the only involution of Q. Considering that H n Q is a Sylow 2-
subgroup of H, then |[H N Q| > 2 is even, hence y € H N Q.

Finally, recalling that |G| = mn with m = 2,3 (mod 4) and n = 2 (mod 4), we can
show that

1 if m =2 (mod 4),

2 if m = 3 (mod 4). (20)

IN/(HN N)I = {

Since H has index 2 in G, then IN/(HNN)l €{1,2}. If m =2 (mod 4), then
|[H| =2 (mod 4). Since IN| =n =2 (mod 4), by the Cayley normal 2-complement
theorem we have that N = N’ + {0, y}, where N’ is a subgroup of index 2 and y is any
involution of N. Since H contains all the involutions of G, and IN’| = IN |/2 is odd, then
N’,{0,y} C H, thatis, N= N’ + {0, y} C H; therefore HN N = N and IN/(Hn N)| = 1.
If m = 3 (mod 4), then |H | is odd and IN/(H n N)| = 2.

Let ¥ = {C}, Cy, ..., C;} be a complete system of representatives for the G-orbits of B, let
S; = {g € GIC; + g = C;} be the G-stabilizer of C;, and set s; = 1S;1 for i € [1, t]. Since by
assumption s; is odd, and recalling that the automorphism group of an ¢-cycle is the
dihedral group D, of size 2¢, then each S; is isomorphic to a subgroup of D,, and s; is a
divisor of ¢, fori € [1, t]. Also, considering that all subgroups of ID,, of odd size are cyclic,
then each S; is cyclic. Therefore, letting A; = ¢/s; and C; = (¢, Ci,1, - Cip—1), We have
that

Ciar+b = Cip + aX; (21)

for every a € [0,s; — 1] and b € [0, 4; — 1], where Xx; is a suitable generator of S;.

Now set D; = {6;;1j € [0,4; — 1]}, where &;; = ¢;j+1 — ¢;; for every i € [1,¢t] and
j € 10,4 — 1]. Since every edge of K,,[n] = Cay[G: G\N] is contained in exactly one
cycle of B and recalling that any translation preserves the differences, it follows that

{D;, —D;li € [1, t]} is a partition of G\N. (22)

Also, by (21) it follows that &; 5, + &;1,-1 + -+, S0 + Cio = Ciz, = Cio + X;. Since x; has
odd order, it follows that x; € H. Considering that G/H is abelian (since it has order 2),
the following equality involving cosets of N holds:

Ai
ZéiJ+H:xi+H:H. (23)
Jj=0

This means that Zj‘: o 8ij € H. In other words, each D; contains an even number of elements
belonging to G\H ; hence, by (22) it follows that [((G\N)\H | = 0 (mod 4). However, by (20) it
follows that (G\N)\H | = |m/2|n = 2 (mod 4) which is a contradiction. O
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It follows that a regular ¢€-cycle system of K, [n] over a noncyclic group G and satisfying

Condition 2 of Corollary 2.2 must necessarily contain cycles with nontrivial G-stabilizers of even
size. On the contrary, regular ¢-cycle systems of K, [n] satisfying Condition 1 of Corollary 2.2 do
not exist, as shown below.

Corollary 7.2. Let G be an arbitrary group of order mn. Then there is no G-regular €-cycle
system of Ky, [n] whenever ¢ is odd, m = 2,3 (mod 4), and n = 2 (mod 4).

Proof. Since ¢ is odd, it is easy to note that the G-stabilizer of any cycle of a G-regular ¢-
cycle system B has odd size. Indeed, an involution of G fixing an ¢-cycle of 8 must fix one
of its vertices contradicting the assumption that G acts sharply transitively on the vertex
set. Then the assertion follows from Theorem 7.1. O
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